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Abstract

Hadamard states were originally introduced for quantised Klein—Gordon fields and occupy a
central position in the theory of quantum fields on curved spacetimes. Subsequently they have
been developed for other linear theories, such as the Dirac, Proca and Maxwell fields, but the
particular features of each require slightly different treatments.

This paper gives a generalised definition of Hadamard states for linear bosonic and fermionic
theories encompassing a range of theories that are described by Green-hyperbolic operators with
‘decomposable’ Pauli-Jordan propagators, including theories whose bicharacteristic curves are not
necessarily determined by the spacetime metric. The new definition reduces to previous definitions
for normally hyperbolic and Dirac-type operators. We develop the theory of Hadamard states in
detail, showing that our definition propagates under the equation of motion, and is also stable under
pullbacks and suitable pushforwards. There is an equivalent formulation in terms of Hilbert space
valued distributions, and the generalised Hadamard condition on 2-point functions constrains the
singular behaviour of all n-point functions. For locally covariant theories, the Hadamard states form
a covariant state space. It is also shown how Hadamard states may be combined through tensor
products or reduced by partial tracing while preserving the Hadamard property. As a particular
application it is shown that state updates resulting from nonselective measurements preserve the
Hadamard condition.

The treatment we give was partly inspired by a recent work of Moretti, Murro and Volpe (MMV)
[Ann. H. Poincaré 24, 3055-3111 (2023)] on the neutral Proca field. Among the other applications,
we revisit the neutral Proca field and prove a complete equivalence between the MMV definition
of Hadamard states and an older work of Fewster and Pfenning [J. Math. Phys. 44, 4480-4513
(2003)].

1 Introduction

A striking difference between quantum field theory (QFT) and quantum mechanics is that the same
algebra of observables can have many inequivalent Hilbert space representations. An equally striking
difference between QFT on curved spacetimes and QFT in Minkowski spacetime is that there is
generally no physically preferred state that can be used to identify a particularly natural representation
— a long-standing folk-theorem that can be formulated as a rigorous no-go result [306, 27].

Lacking a single preferred state, attention is directed instead to the question of what class of states
can be considered physically relevant. For linear Klein—Gordon fields in general globally hyperbolic
spacetimes, the consensus answer is the class of Hadamard states, which were first identified in at-
tempts to renormalise the stress-energy tensor [1], with key properties established in [15, 11], and a
full formal definition eventually given in [70] in terms of the Hadamard expansion. In outline, the
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two-point function W(z,y) = (¢(x)¢(y)) of a Hadamard state in four spacetime dimensions should
take the form

Ulzx,
Wie,y) = —o 0 V(o) log(o (2, 9)/¢2) + smooths (11)
4m O+ (.ﬁU, y)
see [18] for general spacetime dimensions. Here, U and V are specific geometrically determined smooth

functions, £ > 0 is an arbitrary length scale and o4 is a particular distributional regularisation of the
signed squared geodesic separation between points x and y, which can be defined within geodesically
convex normal neighbourhoods. A subtle point, which was missed for many years, is whether there is
any dependence on the choice of these neighbourhoods; this was addressed and resolved in [77] with
a slightly tightened definition.

One sees from (1.1) that all Hadamard states have the same singular structure and the specificity
of any individual state is encapsulated within the smooth terms in (1.1). Moreover, the geometric
nature of the singular terms permits covariant regularisation of the stress-energy tensor and related
observables by point-splitting.

In a major development thirty years ago, Radzikowski showed how (1.1) could be replaced by
a wavefront set condition on the two-point function [31]. (It transpires that this reformulation is
equivalent to the corrected definition of [77]). We recall that the wavefront set [58, 59] describes both
positional and directional information about distributional singularities, and plays an essential role in
the general theory of propagation of singularities [23]. Radzikowski replaced (1.1) by the condition

WFW) = {(x,k;2',—K) € T*(M x M) : (z,k) ~ (2, k'), k € NT}, (1.2)

where A/t is the bundle of future-directed nonzero null covectors, and the relation (z,k) ~ (2, k)
holds if and only if the two points lie on a common bicharacteristic strip in the cotangent bundle 7™ M
— the precise definition is recalled in Section 5.

The microlocal form (1.2) of the Hadamard condition initiated, and continues to stimulate, a
wave of remarkable progress in the theory of QFT in curved spacetimes. Among other things, it has
provided the basis for a rigorous perturbative construction of interacting fields in curved spacetime [13,

, 04, 43, 82, 24]. Tt was also a spur to reconsider the locality and covariance of QFT across different
spacetimes, resulting in an understanding that QFTs can be expressed in terms of functors from
categories of spacetimes to suitable target categories [15, 36, 10]. Other physical applications include
general results on quantum energy inequalities [25], the strong cosmic censorship conjecture [57, 63],
the chronology protection conjecture [(9], studies of states of low energy [30], and the microlocal
formulation of adiabatic states [(4]. In addition the existence and Hadamard nature of various states
of interest on specific (particularly black hole) spacetimes [17, 87, 73] has been established, and the
asymptotic symmetries of asymptotically flat spacetimes have provided another route to construct
Hadamard states [70], as have direct series constructions [74] and pseudodifferential techniques [17,

, 62, 34]. Any Hadamard state determines a Feynman propagator in a simple way. However, the
reverse construction of a Hadamard state from a Feynman propagator involves a subtlety that is
resolved in [34].

The condition (1.2) can be simplified to the requirement that

WE(W) C Nt x N7, (1.3)
where N~ is the bundle of past-pointing nonzero null covectors — an observation made in [34]. Even
further, it was shown in [91] that a vector state ¢ in a Hilbert space representation of the theory is
Hadamard if and only if

WF(®()1) € N, (1.4)

where ® is the scalar quantum field in the representation and f — ®(f) is understood as a vector-



valued distribution taking values in the Hilbert space. This boils down the Hadamard condition to the
idea that — in the high frequency limit — physical two-point functions are positive-frequency in their
first argument and negative frequency in their second, and fields create negative frequency excitations
of physical states.

In fact, (1.3) implies much more detailed information both on WF(W) and on the higher n-
point functions of w. A result of Sanders [35] shows that w is Hadamard if and only if it satisfies
the microlocal spectrum condition, which constrains the wavefront sets of all n-point functions and
delineates the class of states relevant to the perturbative construction of interacting theories [32].
General reviews on the microlocal techniques in QFT on curved spacetimes and related matters can
be found in [39, 72, 27, 68]. In particular, see [27] for commentary on why the Hadamard condition fails
for some apparently natural constructions [2, 38] and discussion of results showing that the Hadamard
condition can be motivated by the demand that certain Wick products have finite fluctuations [39].

The purpose of this paper is to give a detailed, unified and generalised account of the Hadamard
condition for a wide class of bosonic and fermionic theories described by suitable Green hyperbolic
operators. To explain the motivation for this work, we first describe the existing theory of Hadamard
states for more general fields before turning to Green-hyperbolic operators.

The Hadamard condition has been formulated using microlocal techniques for other theories of
interest including the Dirac [53, 86], Proca (massive spin-1) [33], Maxwell equations [33] and linearised
gravity [61]. A general class of normally hyperbolic and related Dirac theories was treated in [34];
here, we recall that a normally hyperbolic operator on sections of a vector bundle is a second order
partial differential operator, with principal part g“”@ua,,éAB relative to local coordinates and frame
components. See the sources just cited and references therein for the corresponding definitions via
Hadamard series.

These microlocal treatments are, in most cases, somewhat indirect.! They proceed by relating
the theory at hand to an auxiliary normally hyperbolic equation, such as the spinorial Klein—Gordon
equation, the 1-form Klein—Gordon equation, the 1-form wave equation or the de Donder gauge-
fixed equation for linearised gravity. One says that a state of the QFT is Hadamard if its two-point
function can be related to a distributional bisolution to the auxiliary equation that is of ‘Hadamard
form’, in particular satisfying a microlocal condition of the form (1.2). For instance, the mass m > 0
Proca theory was studied by Fewster and Pfenning (FP) in [33]. According to FP, a Proca state is
Hadamard if there exists a Hadamard-form bisolution H to the 1-form Klein—Gordon equation so that
the Proca 2-point function is W = (1 ® D)H, where D is given in terms of the exterior derivative d
and codifferential 6 by D =1 — m~2dé.

Recently, Moretti, Murro and Volpe (MMV) [79] have proposed a direct definition of the Hadamard
condition in the form (1.2) for the Proca two-point function, rather than the indirect FP definition.
Unfortunately, it transpires that [79] contains a gap that was identified and fixed in a companion paper
to this one [29]. Nevertheless, [79] has provided some of the inspiration for this paper, which will give
direct definitions of the Hadamard condition for a wide range of operators. We will also return to
the relationship between the FP and MMV definitions of Hadamard states for the Proca theory and
demonstrate a full equivalence between them.

Green-hyperbolic operators were introduced by Bér [1], who isolated the essential algebraic struc-
ture common to many partial differential operators arising in physics, and showed how much of the
analytic theory can be extracted from the algebraic data. The idea is to study those partial differential
operators that (together with their formal adjoints) admit advanced and retarded Green operators.
Green-hyperbolic operators with suitable additional properties can be quantised as free quantum fields
of Bose or Fermi type [5] as we will describe in Section 3.

The advanced and retarded Green operators of a Green-hyperbolic operator are required to map

! An exception is the treatment of the Dirac equation in [86] where the analogue of (1.4) is employed.



test functions f (or, in general, test sections of a vector bundle) to solutions of the inhomogeneous
equation that are supported in the causal past or future of the support of f. This is certainly satisfied
by normally hyperbolic operators; however, Green-hyperbolicity is much broader, and encompasses
the Dirac operator (which is first order), the Proca operator (which has second order terms beyond
those coming from the metric) and many others. Further examples include operators that are nor-
mally hyperbolic with respect to a ‘slow metric’, whose cones of future/past-directed causal vectors
are subsets of the cone of spacetime future/past-directed causal vectors. Dually, the cone of causal
covectors of the slow metric is a superset of the cone of causal covectors for the spacetime metric.
This type of behaviour can also be seen in the theory of birefringence for electrodynamics in media
(see [32, 90] and references therein). Similarly, suitable convex combinations of normally hyperbolic
operators with respect to different metrics are Green-hyperbolic but not normally hyperbolic [75].
Meanwhile, Lorentz-violating quantum field theories also result in effective null cones differing from
those of the spacetime geometry [3]. The idea can be pushed further — see, for example [28] for the
existence of some nonlocal operators that obey a modified version of Green-hyperbolicity.

Green-hyperbolic operators can be combined in various ways to construct other Green-hyperbolic
operators [1]. For example, the direct sum of two Green-hyperbolic operators is Green-hyperbolic.
This simple fact makes the class of Green-hyperbolic operators a natural source of examples for the
theory of measurement for QFT in flat and curved spacetimes introduced in [11] — see [12] for a
short presentation and a survey of more general questions concerning measurement for QFT. In this
framework, one measures a ‘system QFT’ by coupling it to another ‘probe QFT’. The dynamics of
the coupling can be described by a scattering map on the theory of the ‘uncoupled combination’ of
system and probe. If both the system and probe are obtained from Green-hyperbolic operators P
and @, then their uncoupled combination is obtained from the direct sum P @ ). The measurement
framework, further developed in [9, 31], applies to general QFTs described within algebraic QFT.
It provides a description of measurement schemes for system observables and also the updates to
system states resulting from selective and nonselective measurements, while avoiding pathologies.
Although QFTs based on Green-hyperbolic operators have provided a good source of examples, it
has not yet been shown how the state updates interact with the theory of Hadamard states. One
reason for this is that the theory of Hadamard states has not been developed for Green-hyperbolic
operators, beyond the normally hyperbolic class and the examples related to that in various ways.
Given that the theory of Hadamard states is tightly linked to aspects of the PDE theory, like the
principal symbol of the field equation and the related propagation of singularities, while the theory of
Green-hyperbolicity deliberately avoids these concepts, it is not immediately clear how to proceed. In
fact, the characteristic set of the field equation cannot have any bearing on the matter, because the
Proca field operator turns out to be everywhere characteristic!

The present paper has two goals. First, we will present a generalised definition of what a Hadamard
state should be for a class of Green-hyperbolic operators going well beyond the normally hyperbolic
class, for both bosonic and fermionic statistics. This not only unifies the discussion of Hadamard states
for standard linear theories, but also opens up the possibility of describing more general measurement
interactions involving combinations of theories in our class. Second, we illustrate the advantages of
this new framework by presenting applications to measurement theory and the Proca field.

Our approach proceeds by analogy with the standard theory of the Klein—Gordon field, in which
the wavefront set of the difference of advanced and retarded Green operators (the Pauli-Jordan prop-
agator) has a wavefront set contained in (VT x N'7)U (N~ x N'T). Extrapolating, we will focus on
Green-hyperbolic operators P whose advanced-minus-retarded Green operator Ep has a wavefront set
obeying

WF(Ep) C (VT x V) )u (V™ x V) (1.5)

for some conic set VT in the spacetime cotangent bundle T*M that does not intersect its opposite



V= = —V* (see Section 5 for the precise definition). No relation is assumed between V* and the cones
N* of null (or causal) covectors. Such operators P will be described as V*-decomposable. States
with two-point functions obeying the obvious modification of (1.3), namely

WE(W) Cc Vvt x V-, (1.6)

will be described as V*-Hadamard; one can equally proceed from the corresponding modification
of (1.4). Evidently, (1.3) for Klein-Gordon fields corresponds to the A't-Hadamard condition in this
terminology.

Starting from these definitions, we will show how various standard properties of Hadamard states
have analogues for our generalised definition. In particular, differences of Hadamard two-point func-
tions are smooth, and the Hadamard property propagates under the equation of motion (Theorem 5.4);
there is an equivalent Hilbert space formulation mirroring (1.4) (Theorem 5.9) from which one can
see that the existence of a single Hadamard state implies the existence of many more (Corollary 5.11).
We also show that the Hadamard form is preserved under suitable pullbacks and pushforwards, and,
for similar reasons, is stable under scattering processes (Theorem 5.22). For locally covariant the-
ories [15, 10] described by Green-hyperbolic operators, this implies that the Hadamard states form
a covariant state space (Corollary 5.18). Moreover, we show in Theorem 5.23 that the Hadamard
condition interacts well with direct sums and partial traces. Our final general results are given in
Theorem 5.24 and Corollary 5.25, where we adapt a result of Sanders [35] to show how the Hadamard
condition on 2-point functions actually constrains the singular structure of all n-point functions. In a
precise sense, all Hadamard states are microlocally quasifree.

The general theory is illustrated by various examples and applications. First, recent results of
Islam and Strohmaier [(2], further developed in [34], can be used to show that all normally hyperbolic
operators on bundles with positive definite hermitian metrics admit N t-Hadamard states for their
bosonic QFTs (Theorems 5.3) and similarly that all Dirac-type operators of definite type [5] admit
N*t-Hadamard states for their fermionic QFTs (Theorem 5.7).

Second, our results that the Hadamard condition is preserved by tensor products, scattering and
partial traces combine to prove that state updates resulting from nonselective measurements yield
Hadamard states, if the system and probe states are initially Hadamard — see Theorem 6.1. This is
a significant contribution to the measurement framework because it shows that these measurement
updates do not result in pathological states. Other applications to the theory of measurements will
appear elsewhere.

As a further application, we consider the Hadamard states of the Proca field in section 7. There, it is
shown that the states considered by MMV (Moretti, Murro and Volpe [79]) are precisely the quasifree
NT-Hadamard states in the sense of this paper. Although the gap in MMV is fixed in [29], our
general results provide an independent proof of the existence of such states on all globally hyperbolic
spacetimes (Theorem 7.2). More significantly, we are able to establish a full equivalence between the
NT-Hadamard condition and the FP definition of Hadamard (Theorem 7.3). This shows that the
MMV definition (setting aside the inessential restriction to quasifree states in MMV) is equivalent
to the FP-definition, something that was only partly shown in MMV. What is necessary here is to
construct a Hadamard form bisolution for the 1-form Klein—Gordon operator corresponding to a given
Proca 2-point function. It turns out that there is a simple formula (7.17) that achieves this, by adding
to the Proca 2-point function a term obtained from an auxiliary scalar Hadamard 2-point function
but with the ‘wrong’ sign. This can be interpreted as the contribution from the ghost associated with
the Proca constraint.

The paper is structured as follows. After necessary preliminaries in Section 2, we review in some
detail the definition of Green-hyperbolic operators on sections of vector bundles over globally hy-
perbolic spacetimes, focussing on the subclass that are real and formally hermitian, which possess



quantisations as hermitian bosonic quantum fields and (with additional structure) as fermionic fields.
Some material here is new, in particular the categorical structures on these operators and the de-
lineation of fermionic real formally hermitian Green-hyperbolic operators. Special cases include the
normally hyperbolic operators and Dirac-type operators in the bosonic and fermionic cases respec-
tively. In Section 5 we present the generalised Hadamard condition and establish its properties, as
described above, before moving to the application in measurement theory in Section 6. As a specific
example, we describe the Hadamard states of the neutral Proca field in Section 7. After a summary
in Section 8, two appendices provide a proof deferred from the main text and a brief account of how
the theory of Hadamard states developed for real bose fields extends to complex fields.

2 Preliminaries

General conventions The symbol C allows for equality. Alternatives labelled with vertically
stacked symbols, such as J¥(S), are ordered from top to bottom.

Globally hyperbolic spacetimes A globally hyperbolic spacetime consists of a smooth paracom-
pact n-dimensional manifold M with at most finitely many components, equipped with a smooth
Lorentzian metric g on M of signature +— - -- — and a time-orientation t, so that there are no closed
g-causal curves in M and J*(K)N.J~(K) is compact for every compact K C M, where J*(S) are the
causal future/past of a set S C M. The time-orientation t is expressed as a nontrivial component of
the set of nowhere zero g-timelike 1-form fields on M. We will study globally hyperbolic spacetimes
that are also oriented, that is, equipped with a nontrivial component o of the set of nowhere zero
n-forms. The globally hyperbolic spacetimes of dimension n form a category Loc with objects M and
morphisms ¢ : (M, g,0,t) = (M',¢’,0’,t) given by smooth isometric embeddings ¢ : M — M’ with
causally convex image ¢ (M), and so that *o’ = o, ¥*t' =t [15].

A closed subset S of globally hyperbolic M is future/past-compact if S N J*(x) is compact for
all x € M, strictly past/future-compact (resp., spatially compact) if S ¢ J*(K) (resp., S C J(K))
for some compact K, and temporally compact if S is both future- and past-compact. The spaces of
smooth sections of a bundle B over M that have these types of support will be denoted I'3°(B), with
e = fc/pc/spc/stc/sc/te respectively. The smooth sections with compact support are denoted I'g°(B),
those supported in closed set S by I'¢°(B), and those with unrestricted support by I'*°(B).

An open causally convex subset of a globally hyperbolic spacetime is called a region. An open (resp.,
closed) Cauchy slab in a globally hyperbolic spacetime M is any set of the form IT(X7) NI~ (XT)
(resp., JT(X7) N J~(¥F)), where ¥F are smooth spacelike Cauchy surfaces with £* c I*(XF) and
I*(S) denote the chronological future/past of S. An open Cauchy slab is a region; the closure of
an open Cauchy slab is a closed Cauchy slab; closed Cauchy slabs are temporally compact, and all
Cauchy slabs are causally convex.

Densities A density of order @ € R (or a-density) on an n-dimensional vector space V' is an a-
homogeneous map p : A"V \ {0} — C, where A denotes the exterior product (see e.g., [22]). Thus
p(Av) = [A%(v) for X € R\ {0}, v € A"V \ {0}. We write Q*(V) for the 1-dimensional complex
vector space of all a-densities on V. Given a smooth n-dimensional manifold X, Q5 is the complex
line-bundle over X with fibre Q%(7,X) at x € X. If the base manifold is clear from context, we
write Q%; we also write Q' as Q. An example that will appear frequently is the volume density
p € I'>°(9) induced by the spacetime metric g on Lorentzian spacetime M, with coordinate expression
(— det gee) /2.

Distributions and kernels Let B be a finite-rank complex vector bundle over manifold X with
dual bundle B* and fibrewise duality pairing (-, )) B> (the subscripts will be omitted when they are



clear from context). The same notation can be used without ambiguity for a Q%+ #-valued pairing
of B*® 0 and B® QP for o, € R. The space of distributional sections of B is the topological
dual 2'(B) =T§°(B* ® Q) with the weak-* topology and there is a canonical continuous embedding
L :T°(B) — 2'(B) given by

(LF)(h) = /X«h, F), FeTI™B), he TP(B*2Q). (2.1)

For bundles of the form B ® Q2 (i.e., B-valued half-densities) there is a more symmetric formula
2'(B @ QY?) =T2(B* @ Q'/?Y, (2.2)

(noting that (B ® Q1/2)* = B*® Q~1/2). It is often convenient to keep an explicit half-density bundle
factor. For example, if Bx and By are bundles over manifolds X and Y, then any continuous linear
map T : T (Bx @ Q%) = 2'(By ®QY/?) has a distributional kernel T¥ € 9/((By K B%) 0 QY2 ),

Ty @u) = (Tu)(v), uelPBx®Y?), velP(B; o0/ (2.3)

Here, By X By — Y x X is the external tensor product.
In some situations there is little ambiguity in writing 75" as T. Another slight abuse is that we

also consider kernel distributions for continuous linear maps T : I'?°(Bx ® Q¥2) — I'*°(By ® Q%,/ 2),
writing 7% € 2'((By K B%) ® Q%,/z «) where we would more properly write (1o T)%". In such cases

one has the formula

TRl (y @ u) = / (v, Tu), welPBx %), velF(B; o0/ (2.4)
X

It is frequently useful to identify (By X BY ), . with the space of linear maps Hom((Bx),, (By)y), so

that v ® £ is identified with the map w — &(w)v.

3 Green-hyperbolic operators

3.1 Hermitian vector bundles over globally hyperbolic spacetimes

In this paper, a hermitian vector bundle (B, M, (-,-),C) over M € Loc will consist of a smooth finite-
rank complex vector bundle B = M, equipped with a smooth (nondegenerate, but not necessarily
positive definite) hermitian bundle metric (-, -), in each fibre 771(x), antilinear in its first argument,
and an antiunitary involutive base-point preserving bundle morphism C so that (Cv,Cw), = (v, w),.”
The corresponding antilinear involutions C : I'S°(B) — I'e°(B) are continuous for all support types.
There is a sesquilinear pairing on smooth sections of B with compactly intersecting supports given by

(11715)=:b%;(Jl(w),fé(x))deOb(x)- (3.1)

There is a bilinear bundle metric (-, -) so that (v, w), = (Cv,w),, and a corresponding bilinear pairing
(f1, f2) on sections of B with compactly intersecting supports obtained by replacing (-, ), by (-, )
in (3.1). The duality pairing ((-,-))» of B} with B, gives a bilinear pairing

Mﬁ»zAﬁﬂ@J@»ﬂmum (3.2)

2In section 4.3 and Appendix B we will use bundles of the type described but which do not necessarily possess
a complex conjugation. It would be very reasonable to call these ‘hermitian vector bundles’ and to find a different
terminology for those with a complex conjugation but we have opted for simplicty of usage.



of F € '™(B*), f € I'*°(B) with compactly intersecting supports.

We define a category HVB of Hermitian vector bundles in which a morphism g : (B, M, (-,-),C) —
(B',M’,(-,-)',C’") is a smooth vector bundle map 3 : B — B’ that covers a Loc-morphism v between
the base manifolds M and M’, and which is a fibrewise isometry such that 30C = C’ o 3. Associated
with 3 there is a linear, continuous push-forward g, : I°(B) — I'g°(B’) so that S, f is the extension
by zero of Bo foy~ L

Adjoints, transposes and duals Suppose S : I'°(B;) — I'*°(By) is a linear map, where B; =
(Bj,Mj,(-,-);,Cj) (j = 1,2) are hermitian vector bundles. Then the formal hermitian adjoint s (if
it exists) is the unique linear map .S : I'°°(By) — I'°°(B;) obeying

(f1,5f2)2 = ('S, fahi (3.3)

for all smooth sections f; € I'°°(B) so that fi and S f, have compactly intersecting supports (implicitly
assuming that TSf; and f, have compactly intersecting supports). The same definition is used if
S :T3°(By) — TP (By), again seeking 1S : T®(By) — I'°(B;). Every partial differential operator has
a formal hermitian adjoint that is also a partial differential operator. The push-forward g, : I'g°(B) —
I's°(B’) of a HVB-morphism (8 : B — B’ covering Loc-morphism ¢ has a formal hermitian adjoint
(tBeh)(x) = Bih(1(z)), where B} is the fibre-metric adjoint of B, : By — qub(m). We have 18,03, =id
on I'°(B), and, for any compact K C M,

B TR(B) C T30 (B, BT iy (B) € T o) (B) (3.4)

where the second inclusion is due to causal convexity of ¢(M).
The formal transpose is 'S = C1(TS)Cy and obeys

(f1,Sf2)2 = ("Sf1, fa (3.5)

under the same conditions on f;. We also write S := (C»5C; and say that S is real if S = S. In the case
By = By, S is said to be formally hermitian (vesp., formally symmetric) if $ = 1S (resp., S = '9).
For example, the map f3, defined by HVB-morphism 3 : B — B’ is real, and also satisfies '3, o 8, = id
on I'§?(B). Real, formally symmetric operators are formally hermitian.
Finally, if it exists, the formal dual *S is the linear map *S : T'*°(B3) — I'°(Bf) uniquely
determined by
("SF, [ = (F.Sf)2 (3.6)

for all ' € I'°°(B3) and f € I'°°(B;) so that F' and Sf (and, implicitly, *SF and f) have compactly
intersecting supports.

Note that our terminology and notation for formal adjoint and formal transpose differ from e.g., [4]
and other sources, but seem more natural in the current context.

Musical notation Let B be a hermitian vector bundle over M. By nondegeneracy of the bun-
dle metric, there is a fibrewise linear isomorphism f : B — B* with inverse b : B* — B so that
{f% hY = (f,h). In particular, *Sf* = (!Sf)%. The dual hermitian vector bundle to (B, M, (-,-),C) is
(B*, M, (b-,b-),$ o C ob). Density-weighted versions of § and b are introduced so that, for f € I'*°(B),
fhe e T®(B*®0%) is f&* = p*ff, where p is the metric volume density of M; the inverse to f ~ fH
is the map h — B> = (p~*h)°. For a linear map T : T°(B;) — I'*°(By), the notation T%* denotes
the linear map from I'®(Bf ® QF) to I'®(B; ® QF) given by Thh = (Th»*)be ie.,

TH — p% 40T obho py . 3.7
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We will occasionally write T%® = p§ o T o p;* : T™(B; ® Q) — T'°(By ® Q3).

3.2 (Semi)-Green-hyperbolic operators and RFHGHO’s

Let P : I'>°(B) — I'*°(B) be a partial differential operator where (B, M, (-, -),C) is a hermitian vector
bundle over M € Loc. If there are linear maps E5 : I'§°(B) — I'°°(B) such that the conditions

Gl PELf=f
G2 EEPf=f
G3 supp El:gf - Ji(supp f)

hold for all f € I'§°(B), then we say that P is semi-Green-hyperbolic and, as usual, call Ef; the
advanced (—) and retarded (4) Green operators for P. If P and one (and hence all) of *P, TP or *P
are semi-Green-hyperbolic, then P is Green-hyperbolic [].

Two useful facts are that Elig = E%, and that tEIJE = ETP. Therefore, if P is a real, formally
hermitian Green-hyperbolic operator (RFHGHO), one has Eflg = Ef; = t(Elf), whereas if P is formally
hermitian and Green-hyperbolic, E5 = T(Elf). We also define the advanced-minus-retarded operator
Ep :T3°(B) — I'°(B) Ep = Ep — E},, whose range is contained in I'S?(B). For any RFHGHO P,
there is an associated antisymmetric bilinear form

EP(f7 h) = <f7 EPh>7 f?h € FSO(B), (38)

which is antisymmetric because ‘Ep = —Ep and satisfies Ep(Cf,Ch) = Ep(f,h) because Ep = Ep
and also Ep(Pf,h) = Ep(f,Ph) = 0. A number of other general properties of Green-hyperbolic
operators will be needed below and are stated here for clarity.

Theorem 3.1. The following statements hold for any Green-hyperbolic P : T*°(B) — I'*°(B):

a) The Green operators E}:S are unique.

b) EL :T(B) — Fs;c/sfc(B) and Ep : TP (B) — I'(B) are continuous linear maps.

¢) For any f € T3°(B), F = Ef;f is the unique solution to PF = f with past/future compact
support.

d) ker PNT{°(B) = {0}; ker Ep = PT(B); ker PNTY(B) = Epl'§°(B); PTY(B) =T (B).

e) For any compact K C M,

PI%¥(B) Cker EpNT%(B) C PFﬁ(K)mJ_(K)(B). (3.9)
f) There is an injective linear isomorphism

Ep :T°(B)/PT(B) — Epl'S(B)
/] Epf (3.10)
and op(Epf, Eph) := Ep(f,h) defines a symplectic form op on EpI'{°(B); consequently 6p =

op o (Ep x Ep) is a symplectic form on T3°(B)/PT(B).
g) For any open causally convexr N C M that contains a Cauchy surface of M, one has

IF(B) = T (Bly) + PIE(B). (3.11)

Ezplicitly, let U be an open Cauchy slab with U C N and let x € C*(M) obey x =1 on a
neighbourhood of M \ J*(U) and x = 0 on a neighbourhood of M \ J~(U). Then PxEp =
[P,x]Ep :T3?(B) = I'¢°(Bly) C T¥(B|n) and [P,X|Epf — f € PT(B|n) for all f € TP(B).



Proof. All statements except (e) and (f) are established in [1], or are simple consequences of the exact
sequence

0 — T(B) — T3(B) 225 T2%(B) —£ T28(B) —— 0, (3.12)
stated as Theorem 3.22 of [1] and proved as Theorem 3.5 of [5]. Part (e) is a slightly refined version
of a statement in (d), from which the first inclusion follows. For the second, suppose that f € I'?(B)
with Epf = 0. Then E}f = Ep f has support in the compact set J™(K) N J~(K) and one applies
P to obtain f € PI‘ZOJF(K)QJ,(K) (B). For part (f), the statement concerning Ep also follows from the
exact sequence, while the rest follows from Proposition 3.4 of [5]. O

The symplectic form op of part (f) has the further property that

op(CEpf,CEph) = op(EpCf, EpCh) = Ep(Cf,Ch) = Ep(f,h) = op(Epf, Eph) (3.13)

for all f,h € T'§°(B). Consequently (EpI'Q°(B),op,C) is a complexified symplectic space, as is
(T(B)/PT(B),C,6p), where C[f] = [Cf]. In more detail [37], the category of complexified sym-
plectic spaces Symplc has objects (V, o, C), where V' is a complex vector space, 0 : VxV — Cis a
weakly nondegenerate antisymmetric bilinear form and C' is an antilinear conjugation on V' such that
o(Cu,Cv) = o(u,v). A Symplg-morphism 7" : (V,0,C) — (V',0’,C") is a (necessarily injective, due
to nondegeneracy) linear map 7' : V' — V'’ such that ¢’ o (T x T') = o and which is real in the sense
that C'T = T'C. Composition in Symplg is given by composition of linear maps.

Examples A normally hyperbolic operator is a second-order differential operator P : I'*°(B) —
['*°(B) whose principal symbol is given by p(x, k) = —g; *(k, k)idp,, where g is the spacetime metric.
Thus (recalling the correspondence k, <+ —id,,) in a local frame for B, P is equivalent to a matrix of
differential operators P% with

P =g""vV,V, 0%+ U, (3.14)

where U9 is a matrix of first order differential operators and V is the Levi-Civita derivative. Any
normally hyperbolic operator has advanced and retarded Green operators (see Corollary 3.4.3 in [0])
and is therefore semi-Green-hyperbolic; as the formal transpose of a normally hyperbolic operator is
also normally hyperbolic, these operators are Green-hyperbolic.

However, not all Green-hyperbolic operators are normally hyperbolic, as shown by the Dirac and
Proca field equations (see Sections 4 and 7 respectively) and, even more starkly, the elliptic operator
—d?/dt? on C*°(R) shows that Green-hyperbolic operators need not be hyperbolic. Another example
is given in [78]: suppose that ¢’ is a time orientable slow metric relative to the spacetime metric
g and suppose that P’ and P are normally hyperbolic operators with respect to ¢’ and g. Let
X € C§°(M;[0,1]) and define a convex combination P, = (1 —x)P+ xP’. Then there is a metric g, so
that g;l = (1—x)g '+ x(¢')~!, which is a slow metric relative to g (Theorem 2.18 in [78]) that is also
globally hyperbolic. Then P, is normally hyperbolic (and therefore Green-hyperbolic) with respect to
gy, while it is Green-hyperbolic, but not normally hyperbolic, with respect to the spacetime metric g
— see Theorem 3.14 in [78]. Further examples can be found in [1].

The category GreenHyp By Theorem 3.1 (f), every RFHGHO determines an object of Symplc. We
define the category GreenHyp of RFHGHO'’s so that this assignment is functorial. Previously developed
categories of Green-hyperbolic operators, such as GlobHypGreen in [5] have focussed on intertwining
the Green-hyperbolic operators with pushforward maps — as will be seen, our approach is more general
and has certain advantages.

Definition 3.2. Objects of GreenHyp are pairs (B, P) (sometimes abbreviated just to P), where B
is a hermitian vector bundle over a globally hyperbolic spacetime and P is a RFHGHO acting on
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I'*°(B). A morphism S : (B, P) — (B’, P’) in GreenHyp is a linear map S : T'{°(B) — I'g°(B’) obeying
SC = ('S, SPT(B) € P'TE(B'), and Ep/(Sf, Sh) = Ep(f, h) for all f,h € T (B).

A GreenHyp-morphism S : (B,P) — (B’,P’) determines a linear map Sol(S) : EpI'f°(B) —
Ep T (B’) by Sol(S)Epf = Ep/Sf, which is well-defined because Epf = 0 implies f € PI'§°(B) and
hence Sf € PT{(B’) = ker Ep. The identity Sol(S)C = C"Sol(S) follows from SC = C’S, and the
calculation

op(EpSf, EpiSh) = Ep/(Sf,Sh) = Ep(f,h) = op(Epf, Eph) (3.15)

shows that Sol(S) is symplectic and therefore a Symplc-morphism. Consequently, Sol(S) is injective;
we will describe S as Cauchy if Sol(S) is an isomorphism, and say that morphisms S,7 : (B, P) —
(B', P') are equivalent, written S ~ T, if Sol(S) = Sol(T'). A straightforward calculation shows that
EpS = Sol(S)Ep, where

S:T§°(B)/PI§(B) — I (B')/PTY(B)
S[f] = [SS]- (3.16)

Thus S is injective, S is Cauchy if and only if S is an isomorphism, and morphisms S, 7T : (B,P) —
(B, P') are equivalent if and only if S = 7.

Theorem 3.3. There is a functor Sol : GreenHyp — Sympl given by Sol(B, P) = (EpI'®(B),op,C),
where op(Epf, Eph) = Ep(f,h), and Sol(S)Epf = Ep/Sf. If S : (B,P) — (B, P') is a Cauchy
GreenHyp-morphism then Sol(S) is a Symplgc-isomorphism. One has

Sol(B® B, P& P') = (EpI'y®(B) ® EpT&(B'),0p & opr,CHC). (3.17)

Proof. It has already been established that Sol(B, P) € Sympl¢ for each (B, P) € GreenHyp, and that
a GreenHyp-morphism S : (B, P) — (B’, P') determines a Symplc-morphism Sol(S) : Sol(B, P) —
Sol(B', P'). 1t is clear that Sol(id(g py) = idgei(p,p)- Given GreenHyp morphisms P 5 p' 5 P’ then
Sol(S'S)Ep = EpnS'S = Sol(S")EprS = Sol(S”) Sol(S)Ep on I'i°(B), so Sol is a functor.

Finally, the statement (3.17) is immediate from the definitions. O

Lemma 3.4. (a) A composition of Cauchy GreenHyp-morphisms is Cauchy. Equivalence of GreenHyp-
morphisms is stable under composition, i.e., ST ~ S'T" if S~ 8" and T ~T".

(b) If S : (B,P) — (B',P") and T : TP (B) — I'y?(B’) is linear then T : (B, P) — (B', P') with
T ~ S if and only if T — S = P'R for (uniquely determined) linear map R : T (B) — L' (B’) that
obeys RC = C'R.

(c) If S : (B, P) — (B', P") has a formal transpose 'S : T(B') — I'*°(B) then 'SEp:S = Ep; if
S is Cauchy then *SEph = EpS~'[h] for all h € TP (B).

Proof. (a) Both statements follow from the trivial identity ST = ST for composable morphisms S, T
(b) Sufficiency: one clearly has TC = C'T and TPTP(B) C PTP(B’), and Ep/(Tf,Th) =
Epi(Sf,Sh) = Ep(f,h) for all f,h € Tg°(B); finally, (T — S)[f] = [P'Rf] = 0 for all f € T§°(B), so
T defines a GreenHyp-morphism 7' : (B, P) — (B’, P') with T ~ S. Necessity: as P’ is injective on
I's°(B’) by Theorem 3.1(d)) and T ~ S entails (7' — S)I'{°(B) € P'T{(B’), there is a unique map
R:Ty(B) — I'g?(B’) so that T'— S = P'R, which is necessarily linear and satisfies C'R = RC.
(c) We calculate

(f.!SEp:Sh) = (Sf, EpSh) = Ep/(Sf,Sh) = Ep(f,h) = (f, Eph) (3.18)

for all f,h € Tg(B). If S is Cauchy and h € T§°(B’) then there exists f € T'$°(B) so that [h] = S[f] =
[Sf], whereupon *SEph ='SEpSf = Epf = Ep[f] = EpS~'[h). O
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Some basic examples of GreenHyp-morphisms are set out in the next result, which we formulate
for ease of use in what follows.

Theorem 3.5. Suppose (B, P) and (B',P') are objects in GreenHyp over spacetimes M and M.
Then

a) If B : B — B’ is a HVB-morphism such that P'3, = B.P, then B, : (B, P) — (B', P") defines a
GreenHyp-morphism. If 5 is a fibrewise isomorphism covering a Cauchy Loc-morphism then [,
is Cauchy.

b) If N C M is open and causally convex then the inclusion map iy : Bly — B determines a
GreenHyp-morphism tyy« : (B|n, P|n) — (B, P) which is Cauchy if N contains a Cauchy surface
of M.

¢) Define (B®&B', P®P') with the obvious complex conjugation and bundle metric on B® B’ defined
by taking direct sums, noting that Elf@ pr = E}E &) Elf,. Then there are GreenHyp-morphisms

(B,P) “> (B® B',P& P') < (B, P), (3.19)

where 1 : B— B® B’ and ' : B — B® B’ are the canonical injections of B and B’ into B® B’
(which are bundle isometries but not isomorphisms).

d) If S : (B,P) — (B',P') is a Cauchy GreenHyp-morphism then there are (many, necessarily
equivalent) GreenHyp-morphisms L : (B',P') — (B, P) such that L = S~'. Euxplicitly, take
any open Cauchy slab U C M and choose x € C®°(M;R) with x = 1 on a neighbourhood of
M\ JH(U) and x = 0 on a neighbourhood of M \ J~(U). Then the required properties are
met by L : TP (B') — T'§°(B) given by Lf = [P,X]Epg_l[f]. If S has a formal transpose
tS:T2(B') — I'°(B) then L = [P, x]'SEp:.

e) In the case B' = B, suppose that P' agrees with P on a causally conver open set N C M that
contains a Cauchy surface of M. Then there exist Cauchy GreenHyp-morphisms S : (B, P) —
(B, P') such that ST (B) C TP (B|n) and S[f]lp = [f]p for all f € TP(B|n); all such mor-
phisms are equivalent. Explicitly, choose an open Cauchy slab U C N and x € C*°(M;R) with
X = 1 on a neighbourhood of M \ J*(U) and x = 0 on a neighbourhood of M \ J~(U). Then
S = PxEp = [P,x|Ep has the stated properties and (S —id)['§°(B) C PT'(B).

Proof. (a) As 8 is a HVB-morphism, one has C'8, = 3,C. Moreover, 3,PT¥(B) = P'S,I'¢°(B) C
P'T§°(B’). Taking the formal transpose of P'S, = 3, P gives P'3, =!8, P, and we compute

Ptﬁ*E%/ﬁ* - tﬁ*PlEglﬁ* - tﬁ*,ﬁ* =id

on I'(B), so 'B.E% B, satisfy G1 and G2 for P. Meanwhile, G3 holds because ‘B, E3, B.I'%(B) C
tB*EJf,FzO(K)(B) C B ﬁw(K))(B’) C F“’,"i(K)(B) (see (3.4), recalling that § covers a Loc-morphism).
Thus tB*EIf,ﬁ* are Green operators for P and Theorem 3.1(a)) gives t,B*Eﬁ,B* = Ef.? and therefore
'B.Epi3. = Ep. Finally, if (M) contains a M’-Cauchy surface, Theorem 3.1(g)) gives I'§°(B’) =
LB |yuy)) + PTE(B) = B.IF(B) + PTE(B) as . 'By = id on I§P(B|yr)) because § is a
fibrewise isomorphism. Consequently, S5, is surjective as well as injective and B, is therefore Cauchy.

(b,c) are immediate applications of (a) (see Lemma 3.6 in [1] for a proof that P|y is Green
hyperbolic; reality and formal hermiticity are easily checked).

(d) Tt is enough to check the explicit example, for which CL = LC" and LP’ = 0 are straightforward.
Note that LSf = [P, x|Ep[f] = [P, x]Epf, so by Theorem 3.1(g)), one has LST$(B) TP (B|y) C
I(B|y) and LSf = f mod PI'§°(B), and hence LS = id; by surjectivity of S it follows that
L=g5"1 Furthermore,

Ep(LSf,LSh) = Ep(f,h) = Ep/(Sf,Sh) (3.21)
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for all f,h € TF(B). As S is an isomorphism, for every f/ € I'6°(B’) there is f € I'g°(B) so that
Sf— f € PTP(B’) and therefore Lf’ = LSf. Combining with (3.21), one has Ep(Lf’,Lh) =
Ep(Sf,Sh) = Ep/(f', 1) for all f',h' € TP (B’), so L: (B',P') — (B, P). The last statement follows
by Lemma 3.4(c).

(e) Let M|y be the region N considered as a spacetime in its own right, with the induced metric
and causal structure from M. By (b), there are Cauchy morphisms ¢y : (B|y, P|y) — (B, P) and
Uy ¢ (Bln, P|n) — (B, P’) with the same underlying map. By (d) there is a Cauchy morphism
Ly : (B, P) — (B|n, P|y) so that Ly = iy}, so Sy = ¢y Ly : (B, P) — (B, P') is also Cauchy. Given
x and U as in the statement, part (d) gives an explicit expression for Ly = [P|n, x|n]|*tn«Ep, and
so Sy = Uy[PIn, xINfen«Ep = [P, X]Ep as [P, x] is a differential operator with coefficients supported
in N. It is straightforward to see that SyI'§°(B) C I'y°(B|n) and Sy[f]p = [f]pr for f € TP (B|n).
Thus S = Sy has the stated properties. Now consider any S of this type, noting that S is fixed
uniquely by its action on I'Q°(B|y) because I'g°(B) = I'g°(B|n) + P'T§°(B). Thus all morphisms
S: (B,P) — (B, P') obeying S[f]p = [f]p: for all f € T$°(B|y) are equivalent. The last statement
follows by Theorem 3.1(g). O

The morphisms of Theorem 3.5(a) generalise those of the category GlobHypGreen introduced in [5],
which however required /3 to be a fibrewise isometric isomorphism (between real vector bundles).

3.3 Quantisation

We now describe how every RFHGHO defines a bosonic hermitian QFT. Given the definitions so far,
the quantisation process may be described functorially. Let Alg be the category whose objects are
unital complex x-algebras, and whose morphisms are unit-preserving injective *-homomorphisms. We
have already seen that there is a functor Sol : GreenHyp — Sympl¢ turning RFHGHO’s into symplectic
spaces; by composing this with a quantisation functor 25 : Symplc — Alg (see, e.g., [37]) we obtain
the desired functor from GreenHyp to Alg. The main theorem on quantisation is essentially standard
and we state it without detailed proof.

Theorem 3.6. There is a functor % : GreenHyp — Alg with the following properties:

a) For each (B, P) € GreenHyp, % (P) is the unital *-algebra generated by symbols Tp(f) (f €
' (B)), subject to

Y1 f— YTp(f) is complex linear
Y2 To(f)* = Tr(Cf)
Y3 Tp(Pf)=0,
Y4 [Yp(f), Tp(h)] =1iEp(f. h)ly p)
for all f,h € TP(B), and where C is the antilinear bundle involution of B.
b) If S : P — P’ is a GreenHyp-morphism, then the Alg-morphism % (S) : #(P) — % (P’) is
uniquely determined by

Y(S)Yp(f) =Tp(S5f),  feTl§(B), (3.22)
and in particular, % (S) = % (T) if and only if S ~ T.
c) % (S) is an Alg-isomorphism if S is a Cauchy GreenHyp-morphism.

d) If P and P' are RFHGHQO’s on hermitian bundles B and B’ over a common M € Loc, then
YW(P@P)=%(P)®%(P') (the algebraic tensor product) under the correspondence

Trep (f & f)=Tp(f) @ Ly py+ Ly py @ Tp(f), feTP(B), feTP(B). (3.23)
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To be more explicit, the required functor is % = 2 o Sol. As a vector space

2 (P)= @ so(p)°, (3.24)

n€eNp

where © is the symmetrised tensor product, the x-operation is (v1 ®--- @ vy)* = (Cv, ©®---©®Cv;) and
the generators are given by Yp(f) = (0, Epf,0,...). The algebra product of % (P) is given explicitly
by

FH =®oexp(3i(0,0®9)) F ® H, (3.25)

which is a translation of the star product from the functional formalism [33] to the current setting.
Here, 0 : # (P) — Sol(P) ® #(P) is a linear map such that

k
1@ Ou)=> 1@ Oy Ovg),  Olyp =0, (3.26)
j=1

where the slash indicates an omission, Iy (py = (1,0,...) € #(P) and (o,-) : (Sol(P) ® #(P))®? —
% (P)®? is a linear map so that

(o,(v® F)® (w® H)) =0c(v,w)F ® H. (3.27)

As (op, 0®0) is nilpotent on any element of % (P)®% (P), the exponential in (3.25) can be understood
as a power series. It can be checked that this indeed defines an associative algebra product (cf. the
argument in Section 6.2.4 of [95] or Proposition II.4 of [71]). In particular, one has

Yp(f)Yp(h) = TP(f)QTP(h)‘i'%U(EPf, Eph)ly p), [Yp(f), Yp(h)] =iEp(f, h) iy (p. (3.28)

Part (d) of Theorem 3.6 is based on the isomorphism of the symmetric tensor algebra over Sol(P @ P’)
with the algebraic tensor product of those over Sol(P) and Sol(P’) (cf. 111§6.6 of [10]); a calcula-
tion shows that the same map is an isomorphism from % (P @& P’) to the algebraic tensor product
% (P) ®@ % (P') with the stated action on generators when the two algebras are identified under the
isomorphism, # (P & P') = % (P) ® % (P’). One interprets Y p(f) as the quantisation of the classical
functional Fy : Sol(P) — C given by Fr(¢) = (f, ¢).

Any functorial assignment of RFHGHO’s leads to a functorial assignment of algebras, just by
post-composing with the quantisation functor 2. This is particularly useful when the RFHGHO’s
arise from a natural equation of motion.

Definition 3.7. A functorial bundle over Loc is a functor % : Loc — HVB assigning hermitian vector
bundles to globally hyperbolic spacetimes such that #(M) is a bundle over M for each M € Loc.
A natural differential operator on % is a family (Ppr)preloc of linear partial differential operators
Prp : T(A(M)) — I'*°(%(M)) so that the identity Py 0% (1), = AB(1))«0Pns holds on I'F®(#(M))
for all Loc-morphisms v : M — M’. A functor EoM : Loc — GreenHyp is a functorial equation of
motion if EoM(M) = (B(M), Par), where (Pag) areLoc is a natural differential operator on a functorial
bundle % : Loc — HVB over Loc, and EoM(v¢)) = Z(1)), for every Loc-morphism ).

Conversely, if (Par)peloc 18 @ natural differential operator on a functorial bundle % : Loc — HVB
over Loc and (B(M), Ppr) is a RFHGHO for each M € Loc, then one has a functorial equation of
motion EoM so that EoM(M) = (Z(M), Ppr) for all M € Loc and EoM(v)) = Z(¢). for every
Loc-morphism ¢ : M — M’'. Here we use the fact that %(v). is a GreenHyp-morphism between
(B(M), Ppg) and (B(M'), Ppy) by Theorem 3.5(a). Moreover, if Z(v) : B(M) — B(M') is a
fibrewise isomorphism for every Cauchy morphism 1, then EoM maps Cauchy Loc-morphisms to
Cauchy GreenHyp-morphisms, also by Theorem 3.5(a).
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Theorem 3.8. Suppose that EoM : Loc — GreenHyp is a functorial equation of motion that takes
Cauchy Loc-morphisms to Cauchy GreenHyp-morphisms. Then % := % o EoM : Loc — Alg defines
a locally covariant QFT [15, /0] across all globally hyperbolic spacetimes, obeying Einstein causality
and the timeslice property.

Proof. Let % and (Ppr)peloc be the functorial bundle over Loc and natural differential operator on
% comprising EoM. We also write Zps(f) = Yp,,(f) for each M € Loc, f € TF(#A(M)). & is
certainly a functor from Loc to Alg and so defines a locally covariant QFT. Einstein causality is the
requirement that for any pair of morphisms ¢; : M ; — M with causally disjoint images 1;(M;) in M,
the images of the morphisms Z(1/;) commute elementwise in 2°(M). Now, for any f; € I'§°(#A(M3)),
one has Z°(v;)(Zm,(f;)) = Znm(EoM(v;) fj) = Zna(#(¢j)+f;). Therefore

(Z(V)(Znar, (f1), Z (W) (Zaa, (f2))] = iEpy (B(1)s f1, B(2) s f2) Lz (pry = 0 (3.29)

due to the causal disjointness of ¢ and the support properties of RFHGHO Green operators. Conse-
quently 2 (¢)(Z (M 1)) and Z(¢)(Z(M32)) commute elementwise, and Einstein causality is proved.

If ¢ is a Cauchy morphism in Loc then EoM(%)) is a Cauchy morphism in GreenHyp, so Z(¢) =
% (EoM(2))) is an Alg-isomorphism; thus 2 satisfies the timeslice property. O

Explicitly, the algebra 2°(M) = % (EoM(M)) is generated by symbols Zn(f) = Tgomar) (f)
(f e Tg°(B)) obeying the relations inherited from Y1-Y4, and with

Z(W)Zm(f) = Zpr (EoM(9) f) (3.30)

for ¢ : M — M’ in Loc.

3.4 States and n-point functions

Recall that a state on x-algebra A € Alg is a linear map w : A — C such that w(1) = 1 and w(A*A) > 0
for all A € A, ie., w is a positive normalised linear map. The set of states on A is denoted A% ; and,
as usual, w(A) is interpreted as the expectation value of A = A* € A in state w.

Suppose P is a RFHGHO with hermitian vector bundle B over globally hyperbolic spacetime
M, and let w € Z(P)} ; be any state on #/(P). Then we may define n-point correlators of the
form w(#p(f1) - %p(fn)) for fi,...,fn € IP(B). If w is sufficiently regular then the correlators
may be expressed as distributions in various ways. Most immediately, they define distributions in
ge(BHY = 92/((B* @ Qp)®"). However, this has the disadvantage that P would not act on the
n-point functions directly. Instead, we will say that w has distributional n-point functions if, for each
n € N, there is a distribution W™ e 2'(B¥") so that

WO @@ f2l) = w(Tp(f) - Tr(fa) (3.31)

for fi1,..., fn € I'e°(B), using the musical notation introduced in Section 3.1. The most interesting
case will be the two-point function, where we will usually drop the superscript and simply write
W e 2'(BRB)=TF((B*® Q) X (B*® Q) with

W' @b =w(Yp(f)Tp(h),  f.heTF(B). (3.32)

A similar ‘two-point distribution’ 7?P* € 2’(B X B) can be defined for any continuous linear map
T :T3(B) — I'*°(B), again using the bilinear bundle metric of B, by

T2 @ bty = T(f, h) == (f,Th),  f,heTF(B). (3.33)
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Particular examples of note include two-point distributions for the retarded and advanced Green
operators E]jS, and their difference Ep. In particular, the CCRs entail the identity

s 2
W — W =iE®", (3.34)

where "W (u @ v) = W (v ® u).
As we have already described, any continuous linear map T : I'°(B) — I'*°(B) also has an
associated kernel distribution which does not rely on the bundle metric of B. The kernel distributions

were defined for bundles with an explicit half-density factor, for which purpose we may regard B =
(B® Q7 1/?) @ Q2. In this way T : T$°(B) — I'°(B) also has kernel distribution

™ ¢ 7(Be ' /?)R(BoQ ) 0ql? =2 (BR(B* ), (3.35)
which is related to T?P* by
TY(F @ h) =T F@htt), FelP (B ®Qy), helF(B), (3.36)

or equivalently, 72" = T*"o(1®(hop™1)), which brings out the fact that the two-point distribution uses
the bundle metric and volume density for its definition in a way that the kernel distribution does not.
It will also be useful to consider another relation between two-point and kernel distributions. Namely,

1
each continuous linear map T : [§°(B) — I'™°(B) also determines T%2 : I'8°(B@0/2) — I°(BoQ/?2),
1
whose kernel distribution (7%2)%! € /((BX B*) ® Q}V/[iM) is related to T?* € 2'(BX B) by

(T53)(£53 @ WD) = (£,Th) = T @ W), f,h € T(B), (3.37)

or equivalently, T2Pt = (Tu’%)knlo (p~ 2@ (p'/?obop~1)). We drop the 2pt or knl superscript where no
confusion can arise between the underlying linear map and which of the two associated distributions
is intended. As will be seen, T?P* and T*"! have identical wavefront sets but their polarisation sets
(though related) are valued in different bundles.

The operator P extends to 2'(B) as the distributional dual of p(*P)p~! on T'§°(B* ® Qu). In
particular, we have (Pu)(f*!) = u(p(*P)f*) = u(CPf)H') = u((Pf)*!) using formal symmetry of the
RFHGHO P and the identity *Pf* = (*Pf)*, which is derived from the calculation

(“Pf* n) = (%, Ph)) = (f,Ph) = ("Pf,h) = (("Pf)}, h) (3.38)

for arbitrary f,h € I'°°(B) with compactly intersecting supports. Thus both W and Ep become
P-bisolutions, in the sense that

Po1)W=0=01cP)W, (Po)EX"=0=1oP)EF" (3.39)
Similarly, the two-point distributions of the Green operators Ef; obey

(P®1)(EF)®™" =id®" = (1 ® P)(E3)*". (3.40)

4 Fermionic Green-hyperbolic operators

4.1 Fermionic RFHGHO’s

We now describe a class of RFHGHO’s with additional structure that allows for a fermionic quantisa-
tion. A fermionic RFHGHO consists of a RFHGHO (B, P) equipped with a smooth fibrewise bundle
isomorphism R : B — B so that R = 'R and RC = —CR where C is the antilinear involution of B
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(consequently also ‘R = —R) and PR = RP. Then EpR = REp and

so (f,h) — iEp(f, Rh) is a symmetric bilinear form on I'{°(B) that vanishes on PI'§°(B) and obeys

iEp(Cf, RCh) = —iEp(Cf,CRh) = —iEp(f, Rh) = iEp(f, Rh). (4.2)

One may check that f-h = (f, Rh) defines an antisymmetric product on I'§°(B), making contact
with the description of fermionic matter models in e.g., [3, 51]. We denote the fermionic RFHGHO
by (B, P, R) or simply (P, R) or P if there is no ambiguity. Fermionic RFHGHO'’s form the objects
of a category fGreenHyp in which a morphism (P, R) — (P’, R') is a GreenHyp-morphism S : P — P’
so that SR = R'S.

In each fibre B, R has real nonzero eigenvalues with respect to the hermitian bundle metric, and
C maps any A-eigenvector of R to a (—\)-eigenvector. The projection onto the positive spectrum
determines a smooth decomposition B = By @ B_ with respect to which R and C take block forms

Ry 0 0 Cue
R:<0+ R_), C=<C_+ E) (4.3)

with C;_ = C:i and R_ = —C_4 Ry{C;_. Although the hermitian pairing is diagonal with respect to
the decomposition B = By @ B_, the bilinear pairing derived from it using C is off-diagonal,

< @ 7 (ﬁ) > = (€t f) + (CF H), (4.4

The requirements that PR = RP and PC = CP imply that P is also block diagonal,

P, 0
P= ( 0* P_) ,  P.=C_,P.C,_, (4.5)

and evidently PL are Green-hyperbolic. Thus, a fermionic RFHGHO can be seen as a doubled version
of a formally hermitian, but not necessarily real, Green-hyperbolic operator P on B, equipped with
an operator R, whose role is to ensure that Ep(f, Rh) is a symmetric bilinear form.

4.2 Quantisation

Any fermionic RFHGHO can be quantised to yield a bosonic field theory using . However it also
has a more appropriate quantisation as a fermionic field theory, which we now describe.

The fermionic analogue of Symplc is the category Metc of complexified real metric vector spaces,
with objects (V,7,C), where V' is a complex vector space, 7 : V x V — C is a weakly nondegenerate

symmetric bilinear form and C' is an antilinear involution such that 7(C'f,Ch) = 7(f,h). Here,
‘metric’ is understood in the sense of a (possibly indefinite) metric tensor. A Metc-morphism between
(V,7,C) and (V',7/,C") is a (necessarily injective) linear map 7' : V' — V' such that TC = C'T and
7 (Tv, Tw) = 7(v,w) for v,w € V. Evidently every (V,7,C) admits a sesquilinear form (v,w) =

7(Cv,w) which satisfies (Cv, Cw) = (w,v) = (v, w); Metc morphisms are isometries with respect to
these forms. There is an analogue of Theorem 3.3.

Theorem 4.1. There is a functor Solg : fGreenHyp — Metc so that

Solp(P, R,C) = (Sol(P),iop o (1® R),C), (4.6)
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whose action on morphisms has the same underlying map as Sol, and maps Cauchy morphisms to
Metc-isomorphisms. For fermionic RFHGHO’s (Pj, R;,C;) (j = 1,2), one has Solp(P1 ® P>, Ry @
Ry,C1 Cz) = SO]F(Pl,Rl,Cl) D SO]F(PQ,RQ,CQ).

Proof. Define the bilinear form 7(p ) : Sol(P) x Sol(P) — C by 7(pr)(Epf, Ep) = Ep(f, Rh), which
is well-defined because P and R commute and general properties of Ep. Then (4.1) and (4.2) show
that (Sol(P),7pry,C) € Metc, with 7(pr) = iop o (1 ® R); 7(ppr) inherits weak nondegeneracy
from op. Next, let S : (P,R,C) — (P',R',C’) in fGreenHyp. In particular, S : (P,C) — (P’,C’) is a
GreenHyp morphism and SR = R'S. Consequently, SC = C'S and 7(ps g (Sv, Sw) = iop:/ (Sv, R'Sw) =
iop(Sv, SRw) = iop(v, Rw) = 7(pr)(v,w) holds for all v,w € Sol(P), which shows that S is the
underlying map of a Metc-morphism from Solg(P, R,C) to Solg(P’, R',C"). The remaining functorial
properties and other statements follow directly from the analogous properties of Sol. O

The fermionic quantised theory is described by graded x-algebras. Let grAlg be the category of
graded x-algebras over Zy = {0, 1} with addition modulo 2. That is, an object A € grAlg is an object
of Alg with a preferred direct sum decomposition A = Ay & .A; so that the multiplication adds grades
modulo 2, A; A, C Ajy for j,k € Zy. A grAlg-morphism a : Ag & A — Aj & Aj is an Alg-morphism
so that ad; C Aj for j € Zy. Elements of A € A; are called homogeneous of grade |[A| = j. The
graded commutator is defined by

[A,B]= AB — (-1)I41BIBA (4.7)

for homogeneous elements A, B, and extended by linearity in each slot. The analogue to Theorem 3.6
can now be stated.

Theorem 4.2. There is a functor 2 : fGreenHyp — grAlg with the following properties:

a) If (P, R) € fGreenHyp has bundle B and antilinear involution C then 2 (P) is the unital *-algebra
generated by symbols Zp(f) (f € TP (B)), subject to

X1 f— Ep(f) is complex linear

X2 Ep(f)" =Ep(Cf)

X3 Ep(Pf) =0,

X4 [Zp(f),Zp(h)]=1Ep(f, Rh)1 4 p)
for all f,h € T§°(B), and graded so that each =p(f) is odd (whereupon the left-hand side of the
equality in X/ is an anticommutator);

b) if S: P — P’ is a fGreenHyp-morphism, then the grAlg-morphism Z°(S) : 2 (P) — Z (P') is

uniquely determined by

2 (S)Ep(f) =Ep(Sf),  [eTIF(B), (4.8)
and in particular, 2 (S) = Z(T) if and only if S ~ T.
c) Z(S) is an grAlg-isomorphism if S is a Cauchy fGreenHyp-morphism.
d) If (B, P,R) and (B’, P', R") are fermionic REFHGHQO’s then their direct sum (B® B', P& P', R®
R') is a fermionic RFHGHO, and
Z(POPY22(P)o 2 (P) (4.9)

under the isomorphism fized by

Epep (f @ 1) = Ep(f) @ Ly (pry + Lo (p) @ Ep/(f'), (4.10)
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where 2 (P)®.2 (P') is the graded tensor product, in which (A9 A')(BoB') = (-1)41IBl(AB)®
(A’B") and (A® B)* = (=1)IAIBIA* @ B* for homogeneous A,B € 2 (P), A',B' € 2 (P").

Explicitly, 2" = 2, o Solp, where 2, : Metc — grAlg is a quantisation functor defined by analogy
with 2 (but which we will not discuss directly). As a vector space,

2 (P) = € Solg(P,R)"", (4.11)

neNp

where A is the antisymmetrised tensor product, with x-operation so that (viA- - -Avy)* = (Cop A« - - Cvy)
and we write 1L o-(py = (1,0,...). Again adopting formulae from the functional formalism, the graded
algebra product on 2°(P) is

FH = Noexp (3(r,0, ® 0r)) F® H, (4.12)

where the linear maps 9, 0r : 2 (P) — Solp(P, R) ® Z (P) obey (note the numbering and ordering)

Or(vo A+ Nvg) =

M=

(=10, @ (v A+ -+ Ag),

.
Il
=)

(=1)70; ® (v A -1 Awp), (4.13)

hE

aR(Uk/\”-/\Uo):

<.
i
=)

and Op1 o (py = Orlly(py = 0, while 7 : (Solp(P,R) ® 2 (P))®? — 2 (P)®? is the linear map
determined by
(T, (W@ F)® (w® H)) =7(v,w)F @ H. (4.14)

To obtain the correct gradings, one should note that
(1,01, ® OR) : %(P)j ® X (P)r — %(P)j_l QR Z(P)k—1. (4.15)

In particular, writing Zp(f) = Epf, one has

Ep(f)Zp(h) = Ep(f)NEp(h)+ %T(EPJE, Eph)l g py, {ZEp(f),Ep(h)} =iEp(f, Rh)1 4 (p). (4.16)

A similar argument to the one used in the bosonic case (starting with III §7.7 of [10]) establishes an
isomorphism between 2°(P @ P’) and the graded tensor product 2 (P) ® 2 (P’), with the stated
action on generators.

It is not guaranteed that 2 (P) admits states or, equivalently, a completion as a C*-algebra. Indeed
a necessary condition for the existence of states is that the sesquilinear form (f,h) — iEp(Cf, Rh)
determines an inner product on I'§*(B)/PI'¢°(B), in which case we say that (P, R) has definite type.
The subset of definite-type fGreenHyp objects will be denoted fGreenHyp™.

If (P, R) is a fermionic RFHGHO, the n-point functions for states on 2 (P) are defined as in (3.31)
but replacing YT p by Zp. In particular, the two-point function obeys

W +'W =iE®" o (1@ R™), (4.17)

due to the anticommutation relations.

As in the bosonic case, any functorial assignment of fermionic RFHGHO’s results in a functorial
assignment of graded algebras. A fermionic functorial equation of motion is a functor fEoM : Loc —
fGreenHyp, so that, writing fEoM(M) = (Z(M ), Pprr, Ryr) for M € Loc, the assignment EoM(M) =
(#(M), Prr) defines a functorial equation of motion (see Definition 3.7). Then one has a functorial
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assignment of graded algebras 2" o fEoM : Loc — grAlg. There is an obvious analogue of Theorem 3.8
with the change that the requirement of commutativity in the definition of Einstein causality is replaced
by graded commutativity. To enlarge on this a little, note that the operator Rps does not change
supports and therefore Ep,,(f, Rph) = 0 if f,h € T3(#A(M)) have causally disjoint supports.
Therefore the corresponding generators Zp,,(f) and Zp,,(h) anticommute, indicating that (as is
expected for fermi fields) they are not observables. However, even-graded elements A, B € 2 (Pys) do
commute if the generators appearing in A and B are smeared fields with support in causally disjoint
regions O4, Op in M. In this way one sees that by taking the even part 2 (fEoM(M))o, we obtain
a locally covariant QFT that obeys Einstein causality.

More generally, one might consider functors from categories of globally hyperbolic spacetimes with
additional structure such as a spin structure, and, suitably adapted, the above discussion will again
yield a locally covariant QFT obeying graded Einstein causality, or Einstein causality on taking even
parts. Details are left to the reader.

4.3 Dirac type operators

Just as normally hyperbolic operators form a special class of RFHGHO’s, the operators of Dirac type
have a special role in the fermionic theory. Let B be a finite rank complex vector bundle over M € Loc
with a hermitian fibre metric but not necessarily a complex conjugation. (M need not admit a spin
structure). A first-order formally hermitian partial differential operator D on B is said to be of Dirac
type if its principal symbol op obeys

op(z,k)? = g;  (k, k)idg,, (4.18)

which entails that —D? is normally hyperbolic. It follows that D = D is Green-hyperbolic, with
Green operators Efs = DE]J:E)Q. As D is first order, its principal symbol is

O'D(xv k) = ku(vx)'uy (419)

where V € I'°(TM ®End(B)). Choosing a connection V5 on B that is compatible with the hermitian
form, the operator D may be written

D =~ (VIV} 4V MEPYH) LW, (4.20)

for a unique W € I'°(End(B)), where V? is extended to TM ® End(B) compatibly with the Levi-
Civita connection V of M. While V is fixed uniquely by D, the section W depends on D and the
chosen connection V2. A short calculation shows that formal hermiticity of D is equivalent to V = TV
and W = TW: for F, H ¢ I'*°(B) with compactly intersecting supports,

(DF, H) = / (VAVEF 4+ VIMOBYEE H)dvol + / (WF, H) dvol
M M

DO = DN~

/M (Vv MePyrp H) — (VM9PVI)F, H)| dvol + /M(F, "W H) dvol
—i / V. (VVF, H)dvol—% / [(F,TV“2V§H)+(F, (VEM@’BTV“)H)} dvol + / (F, "W H) dvol
M M M
= —% / (F,'VIVEH + VIMEB (VI H))dvol + / (F, "W H) dvol, (4.21)
M M
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where we have used the divergence theorem and compact support of (V#F, H) to remove the first
term in the penultimate line. Accordingly,

(DF,H) — (F,DH) = —% /M(F, VIVEBH + VIMEB(VEE))dvol + /M(F, W H) dvol, (4.22)
where V = 'V — v, W =W — W. Therefore formal hermiticity of D is equivalent to V = TV and
w="1w.

The hermitian fibre metric induces a unique antilinear isomorphism B + B*, written f — f, so
that (f*,h) = (f,h). We use the same notation for the inverse of this map. Defining a hermitian
fibre metric on B* so that (u,u’) = (v/T,u™), it is easily seen that *D is a Dirac type operator with
symbol oxp(z, k) = —*op(z, k).

Following [5, 62], we say that a Dirac-type operator D has definite type if there exists a smooth
spacelike Cauchy surface ¥ for M so that (f,h) — (op(n’)f, h) is a positive definite sesquilinear form
on Bly where n is the future-pointing unit normal vector field on ¥. In this case we say that ¥ is
a witness for the definite type.> A useful observation is that D has definite-type if and only if —*D
does, because o_»p(z,k) = k,(*V;)* and hence

(o_+p(n’)u,u) = (n VHu,u) = (n,VFut,ut) >0, u € I'g°(BY). (4.23)
The following appears as Lemma 4.1 of [62] and is closely related to Lemma 3.17 of [5] with
antecedents in Lemma 4.3 of [36] and [20]. We give a slightly streamlined proof for completeness and

to verify conventions.

Lemma 4.3. If Dirac-type operator D has definite type, witnessed by smooth spacelike Cauchy surface
Y, then there is an inner product on I'§°(B)/DI'§(B) given by

(1, 1)) v i(f. Eph) = / (o0 (")Enf, Eph)dA, (4.24)

where dA is the induced volume element on 2.

Remark 4.4. The proof will show that the equality in (4.24) holds for any smooth spacelike Cauchy
surface in place of 3. By considering the Cauchy formulation for D in terms of the solution restricted
to X2, and arbitrary data on arbitrary smooth spacelike Cauchy surfaces, it becomes clear that definite
type in our sense implies (and is hence equivalent to) definite type in the sense of Bar and Ginouz [5].

Proof of Lemma 4.3. The map in (4.24) gives a well-defined sesquilinear form on I'{°(B)/DI'g°(B),
and the last expression is a well-defined inner product on this space because D has definite type
witnessed by ¥ and Ep f vanishes identically on ¥ if and only if f € DI'§°(B).

It remains to establish the equality in (4.24). Let [f],[h] € I'§°(B)/DI'{°(B). Using the timeslice
property for D we may consider representatives f,h € I'g°(B) with supp f C I~ (X), supph C I (X).
Thus

/ (f, Eph)dvol — / (f, Eph)dvol — / (DES . Eph)dvol
M J= (%) J= (%)

=i / n,(VFELf, Eph)dA + / (E}f, DEph)dvol, (4.25)
X J= (%)

by essentially the same calculation used in (4.21) to establish formal hermiticity of D, except that

3 At first sight, this definition is more general than that of Bir and Ginoux [5], whose definition would require the
stronger requirement that (f, k) — (op(n”)f,h)p, should define a positive definite form (i.e., an inner product) on B,
for every x € M and all future-pointing timelike vectors n € T, M — see, however, Remark 4.4.
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there is now a boundary term at ¥ = 8J(X). The second term vanishes and Epf = —E}f in a

neighbourhood of ¥, and the equation in (4.24) follows. O
We now show that every Dirac-type operator on a bundle B4 determines a fermionic RFHGHO.
Setting B_ = B*, we endow B = B, ® B_ with the direct sum fibre metric and a complex conjugation
C =\ .+ feTr®(By), ueI'™(BY), (4.26)

u f
which makes B a hermitian vector bundle. Then set Ry =idp,, R— = —idp_, Py = D and P_ =*D

and define a RFHGHO P = D @ *D by (4.3) and (4.4). In particular, one has

D 0 \[(E p 0
Ep = . 4.2
F < 0 —*D> ( 0 E*D2> (4:27)

Furthermore, if D has definite type then (P, R) € fGlobHypGreen_, i.e., (P, R) has definite type as a
fermionic RFHGHO. To see this, we calculate

U U U —u U —FEspu
= l(f’ EDf,) + l(uu E_*D'LL/), (428)

and note that the right-hand side determines an inner product on I'§°(B)/PT'¢°(B).
In the corresponding quantised theory 2 (P), we may introduce fields ¥p and \I/j{) so that

Ep (i) = Wp(u) + U5 (f), feTF(By), uel'g(BY). (4.29)

These operators satisfy Wp(f)* = WL (f) for all f € T§(B4), the field equations
Up(*Du) = 0=V} (Df) (4.30)

for all f € T(By), u € I§°(B%) (the formalisation of equations DV p = 0 = *D¥})) and anticom-
mutation relations

{¥p(u), ¥p(v)} =0, {¥p(u), ¥5(f)} =iuw, Enf) o), fETF(BL), u,veTF(BY). (4.31)

Note that ¥p and \I/JLS, which may be regarded as sections of By and BY, are smeared with test
sections in B} and By. This contrasts with the convention adopted in Section 3.3, where we smeared
fields with test sections of the same bundle, taking advantage of the bilinear pairing.

A particular example of a Dirac type operator is provided by the usual Dirac equation, which we
briefly describe, referring to [36] for all details. Suppose M € Loc is equipped with a spin structure
and let DM and D*M be the bundles of spinors and cospinors over M. The Dirac adjoint is an
antilinear map u — u™ between DM and D*M, with an inverse denoted by the same symbol. The
(indefinite) hermitian bundle metric on DM is defined as (u,u’) = {(u™,u)); similarly the hermitian
metric on D*M is (v,v") = {(vT, ), where as usual the double angle bracket is the duality pairing
for the bundle in question. Then the spinorial Dirac operator is defined by

D= —i¥ +m (4.32)

for mass m > 0, with respect to a suitable Dirac spinor-tensor field (i.e., y-matrices) and is of definite
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type. Moreover the dual D is the cospinorial Dirac operator
*D =iV +m (4.33)

and the theory is then quantised as described above.

5 Generalised Hadamard States

The realisation that the Hadamard condition for states of the scalar field could be expressed mi-
crolocally was a major breakthrough [31], which has been achieved for other free fields including the
Dirac [53, 86], Proca [33, 79] and electromagnetic fields [33], and linearised gravity [16]. One of the
main purposes of this paper is to provide an analogue for a class of RFHGHO’s. We begin by recalling
the definition of the wavefront set and the microlocal form of the Hadamard condition.

5.1 Wavefront sets

As standing notation: for any manifold X, 7*X denotes the cotangent bundle of X with its zero
section Op+x removed; meanwhile, for any subset U C T* X, we set Uy := U U Op+x.

Let u € 2'(M) = T'3°(Qy)" be a distribution and let (y,1) € T*M. Choose coordinates X in
a neighbourhood of y and define smooth functions ey, (k € T;;M) on the chart domain by ex(r) =
exp(iX*(x)k(Oxa)), where Oxo are the coordinate basis vector fields. Then (y, 1) is said to be a regular
directed point of w if there is a smooth density x compactly supported in the coordinate chart, and
an open cone V in T;M such that x(y) # 0,1 €V, and

sup (1 + [|k[| ™) u(xer)| < oo (5.1)
keV

for all N € N, where || - || is any norm on T;; M. The wavefront set WF(u) is the set of all (y,1) € T*M
that are not regular directed points of w; it is independent of the coordinates used [59]. If B is a
complex finite-rank bundle and u € Z'(B) = I'g?(B* @ Q) then WF(u) may be defined so that

WE@w) = |J  WE(f = u(fS)); (5:2)
Sere (B*)

near any y € M, it enough to take the union over sections S forming a local basis for B*. Many
standard results for scalar distributions then extend to the bundle context fairly directly; for instance,

WEF(Pu) C WF(u) € WF(Pu) U (WF(u) N Char P) (5.3)

for any u € 2'(B) and partial differential operator P : I'*°(B) — I'*°(B), where the characteristic
set Char P C T*M consists of those (x,k) at which the principal symbol p(z, k) of P has nontrivial
kernel. The first inclusion follows easily from the scalar result (see (8.1.11) in [59]) and the definition
of the wavefront set for bundles, while the second can be obtained by polarisation set methods (see
e.g. Section 3 of [29]). If Char P is empty, then WF(Pu) = WF(u), which in particular implies that
two-point and kernel distributions for a continuous linear map 7' : T'y°(B) — I'*°(B) satisfy

WF(T?Y) = WF(T*Y) = WF((THY)kl) = WE((T7%)knh), (5.4)

as a result of the identity (3.37). More examples and exposition of wavefront sets can be found
in [59, 12, 89] and many other references.

Let B be a finite-rank complex vector bundle over a globally hyperbolic spacetime M € Loc. We
denote the bundle of nonzero null future/past covectors by N'* and also write N' = N+t UN~ for the
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bundle of all nonzero null covectors. If v is any affinely parametrised null geodesic in M, then the
curve c¢(A) = (y(\),¥(N)?) in T*M is a bicharacteristic strip for any normally hyperbolic operator P,
while « is also called a bicharacteristic curve. For (z, k), (y,£) € N, we write (z,k) ~ (y,£) if and only
if the points lie on a common bicharacteristic strip. That is, (z, k) ~ (y,£) holds if and only if there is
a null geodesic segment ~ connecting  and y, with tangent vectors k* and ¢! at the endpoints, which
are related by parallel transport along v (understanding (z,k) ~ (z,¢) if and only if £ = £ is null);
in this case we say that the geodesic segment v witnesses to the relation (z,k) ~ (y,£). With these
definitions, set

R ={(x,k;2',—K) e N x N : (z,k) ~ (2, K')} (5.5)
RE = {(z,k; 2/, k) e Rz € JE)}). (5.6)

The Green operators of normally hyperbolic operators have known wavefront sets.

Theorem 5.1. For a normally hyperbolic RFHGHO P, the wavefront sets of Ef; and Ep are

WF(EE) = R UWF(id*™), (5.7)
WF(Ep) = R,
where the wavefront set of id™ is given explicitly by
WE(id) = {(x, k; 2, —k) € T*(M x M) : (z,k) € T*M}. (5.9)
This result generalises the scalar case [23, 81] and is proved for bundles as Theorem A.5 in [30]

based on a scaling limit structure of the Green operators in terms of Riesz distributions. An alternative
proof, making use of the polarisation set and avoiding Riesz distributions, is given as Theorem 1.1(c)
of [29]. Closely related statements for Feynman parametrices can be found in [62]. The wavefront

set (5.9) is standard; it follows, for example, from the calculation of the polarisation set in section 3
of [29].

5.2 Decomposable RFHGHO’s and the Hadamard condition

Let P be a normally hyperbolic REFHGHO and suppose w is a state on #p(M) with distributional
n-point functions. Then [81, 84] w is said to be Hadamard if its two-point function W € 2'(B X B)
satisfies the wavefront set condition (1.2), which we now write as

WE(W) = RMd .= {(z k2’ K) e R: ke Nt} (5.10)

which generalises the condition for the scalar field [31].

When P is Green-hyperbolic but not normally hyperbolic, we face the complication that Green-
hyperbolicity does not constrain the principal symbol to be hyperbolic with null characteristics. For
example, the support properties of Green operators only imply that WF(ET) € {(z, k; y,1) € T*(M x
M) :xz € JE(y)}. If ¢’ is a ‘slow metric’ whose cone of future-directed causal vectors is contained
inside that of g, an operator that is normally hyperbolic with respect to ¢’ is Green-hyperbolic but
its bicharacteristic curves can be g-timelike and the characteristic covectors can be g-spacelike.® An
extreme example is provided by the Proca operator P = —&d 4+ m? on 1-forms (see Section 7), which
has Char P = T*M because its principal symbol acts as p(z, k)v = g1 (k,v)k — g~ (k, k)v and clearly
has k € kerp(x, k) for all (z,k) € T*M. Nonetheless, the Proca operator is Green-hyperbolic.

4If w is a positive frequency g-causal covector then w(v’) > 0 for every vector v’ that is future-directed g’-causal, and
hence also future-directed g-causal; we deduce that w is also a positive frequency g'-causal covector. Thus the cone of
(future-directed) g-causal covectors is contained in the cone of (future-directed) g'-causal covectors.
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We will now propose a definition of Hadamard states for RFHGHO’s that is sufficiently broad
to include the normally hyperbolic case, models such as the Proca field, operators that are normally
hyperbolic with respect to slow metrics, and operators formed as direct sums of the above, includ-
ing situations with multiple characteristic cones that can arise in descriptions of birefringence [32].
Hadamard states for the Proca model itself have been studied in [33], and more recently in [79] (how-
ever, as already mentioned, the latter reference contains a gap owing to an erroneous argument). We
will explain the relationship of our definition to these references in Section 7. We will show that our
generalisation has properties that would be hoped for, and is equipped with a set of tools that are
necessary for applications in quantum measurement.

A starting-point is the observation by Sahlmann and Verch [84] that the condition (5.10) can be
simplified to

WE(W) C Nt x N7, (5.11)

because (5.11) implies (5.10) on using the CCRs W — ‘W = iEp and the fact that WF(Ep) = R C
(Nt X N7)U (N~ x NT). Abstracting from this example, we now make the following definition.

Definition 5.2. Let V* C T*M be a conic, relatively closed subset, so that VT NV~ = (), where
V= = —V*. A semi-Green-hyperbolic operator P on I'®(B) is V*-decomposable if

WF(Ep) C (VT x V) )u (V™ x V). (5.12)

If a RFHGHO (resp., fermionic RFHGHO) P on I'™°(B) is V*-decomposable then a state with dis-
tributional n-point functions on % (P) (resp., 2 (P)) is V*-Hadamard if its distributional two-point
function W € 2'(B X B) satisfies

WE(W) Cc Vvt x V™. (5.13)

Note that if P is Vfc—decomposable then it is also V;E—decomposable if V2+ is a conic relatively
closed set with V2+ NV, =0 and V1+ C V; . Similarly, if P is both Vli— and V;—decomposable, then
it is also (Vi N V5)-decomposable. In particular, if P is a RFHGHO then Ep is a P-bisolution, and
one has WF(Ef:,pt) C Charg P x Charg P. Thus, if P is V*-decomposable, it is also (V¥ N Char P)-
decomposable, using V* N0 = . Also note that the definition of V*-Hadamard states is empty in the
fermionic case if P ¢ fGreenHyp™, owing to the nonexistence of states on 2 (P).

We can give an immediate example.

Theorem 5.3. Any normally hyperbolic RFHGHO (B, P) is N*-decomposable. If the hermitian fibre
metric on B is positive definite then (B, P) admits N -Hadamard states.

Proof. Decomposability follows by Theorem 5.1 because R C (Nt xN ™) x (N~ xNT), whereupon the
N*t-Hadamard condition coincides with the standard microlocal definition of Hadamard states. The
second part holds by Corollary 5 of [34], building on the analysis of Feynman propagators in [62]. [J

A corollary is that RFHGHO's that are normally hyperbolic with respect to a ‘slow’ metric are V*-
decomposable and admit V"-Hadamard states if the fibre metric is positive definite, where VT is the
cone of future-directed null covectors determined by the slow metric (which is not necessarily contained
within the cone of future-directed causal covectors). A similar result for Dirac-type operators will be
given as Theorem 5.7 below.

We now begin to develop the theory of Hadamard states in this generalised form. Our first result
establishes the basic properties that are familiar from the standard theory of Hadamard states and
justify our definition as an appropriate generalisation thereof. Its proof slightly abstracts and adds to
arguments in Propositions 4.6 and 4.7 of [79].

Theorem 5.4. Suppose P is a VF-decomposable RFHGHO (resp., fermionic RFHGHO), where V*
are as in Definition 5.2.
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(a) If W is the 2-point function of a V™ -Hadamard state on the bosonic algebra % (P) (resp., the
fermionic algebra 2 (P)) then

WE(W) = (VT x V)N WF(Ep). (5.14)

(b) If W1 and Wy are 2-point functions of VT -Hadamard states on % (P) (resp., 2 (P)) then Wy —
Wy is smooth.

(c) If U is an open Cauchy slab and w is a state on % (P) (resp., Z (P)) whose restriction to
% (Ply) (resp., Z (P|y)) is VT |y-Hadamard, then w is V' -Hadamard.

(d) The 1-point functions of a V*-Hadamard state are smooth.

(e) If % (P) (resp., Z (P)) admits a V™ -Hadamard state then it admits a quasifree V' -Hadamard
state.

Part (a) has a refined version using polarisation sets, namely
VVFpol((Pl/2 ® 01/2)W2pt) = WFpol(Eﬁ?/lzpp—l/zﬂw xy- U0, (5.15)

where the half-density factors p'/2 arise because of the way that the polarisation set is defined. See
Theorem 5.26. Regarding part (e), the definition of a quasifree state is recalled in Section 5.7.

Proof. (a) In the bosonic case, we have W —'W =iEp and WF(*W) C V= x V*. Then
WE(W) = WF(iEp +'W) c (WF(Ep)U (V™ x V) NWF(W) Cc WE(Ep)N (VT x V™)  (5.16)
and also

WF(Ep) N (VT x V) = WE(—i(W = "W))n (VT x V")
C (WE(W)UWF('W))n (VY x V™) = WE(W). (5.17)

For the fermionic case, we use W + ‘W = iEp o (1 ® R) and WF(Ep o (1 ® R)) = WF(Ep), and
otherwise apply the same argument.

(b) For j = 1,2, write Wf = W; and define W = YW;. Then WF(W — W) ¢ V* x VT,
However, W; —W, =iEp and therefore W, =W, = W, — W, , which implies that WF (W — W) C
WE(W; — W) NWEW, — Wy ) € (VF x V7)) x (V- NVH) =0, so W — Wa is smooth. For the
fermionic case, one has Wfr — W; = —(W; — W5 ) and the argument goes through.

(e) Any state on #(P) or 2 (P) has a ‘liberation’, namely the quasifree state with the same
two-point function — see e.g., [67].

We defer the rest of the proof: (c) is a special case of a more general result on pull-backs and
push-forwards of states by GreenHyp-morphisms, Theorem 5.16 below. Part (d) will be proved as
Corollary 5.10. O

Theorem 5.4(b) permits the construction of normal-ordered quadratic operators such as :Y%(f):
by point-splitting and regularisation relative to a reference V*-Hadamard state. Meanwhile, part (c)
asserts the preservation of Hadamard form, originally proved for scalar fields by PDE methods in [15].
We will use this property in a deformation argument demonstrating the existence of VT-Hadamard
states in one spacetime given their existence in others, in the context of theories specified by functorial
equations of motion (see Corollary 5.19 and Corollary 5.20). As will be seen in section 5.7, the V-
Hadamard condition implies constraints on the higher n-point functions, as was shown in [85] for the
scalar field. Specifically, all the truncated n-point functions for n # 2 are smooth, and a bound can
be given on WF(W,,) (Corollary 5.25).

26



To make Theorem 5.4(a) more explicit, it is necessary to compute WF(Ep) for a V*-decomposable
RFHGHO P. As the example of a normally hyperbolic operator with respect to a ‘slow metric’ shows,
there is no simple general formula for WF(Ep) beyond the general statement that

WEF(Ep) C (VT x V™) x (V- x V")) N (Char P x Char P) (5.18)

already mentioned. However, in some interesting models, the operator Ep takes the form EFp = QEx R,
where K is normally hyperbolic and @, R are (pseudo)differential operators. This occurs for the Proca
equation, as will be seen in Section 7, and also the Dirac equation. If both @ and R are elliptic, or,
more generally, noncharacteristic at A/, then the standard wavefront set calculus gives

WF(Ep) = WF(Eg) = R; (5.19)

otherwise, one can only conclude that WF(Ep) C WF(Eg) = R — this situation occurs for both the
Dirac and Proca fields. The following results can be applied in such circumstances. We first recall
that — like any normally hyperbolic operator — K can be put into the standard form

K=0F+vV, 0P = gV MeBy ], (5.20)

where V5 is the Weitzenbick connection VP on B, VI"M®B — ¥V ®141® VP is its natural extension
to a connection on 7*M ® B, with V the Levi-Civita derivative as before, and V' € I'*°(End(B)). See
e.g., Proposition 3.1 of [7], Lemma 1.5.5 of [] or section 1 of [(2].

Theorem 5.5. Let K be normally hyperbolic on T'®°(B) with associated Weitzenbéck connection VB,
For each (x,k), (2’ k') € T*M with (x,k) ~ (2/,k') and witnessing null geodesic segment =y, let
I, ;f . By — B, be the VP -parallel transport operator from 2’ to x along~. Let Q : T™°(B) — I'®°(B)

and R : T'>°(B) — I'*°(B) be partial differential operators of finite order with principal symbols q and
r respectively, where B — M and B — M are finite-rank complex vector bundles.

If for all (z,k;2',—k') € R one has
q(z, k) o Hi:;{k/ or(x', k') #0 (5.21)

then WF(QEKR) = R. This holds in particular if Q@ = id and r is nonvanishing on N, or if R = id
and q is nonvanishing on N (however r resp., q could have nontrivial kernel on N).

Proof. This is essentially proved as Corollary 1.2 of [29], following a computation of the polarisation
set [19] of kernel distributions of Green operators for normally hyperbolic equations. More precisely,

under the hypotheses stated here, Corollary 1.2 of [20] shows that WF(QEzR) = R, where Z =

1/2

p'/2Zp=1/2 for any operator Z, where p = (—g)'/? is the metric density (ref. [29] also allows @ and

R to be pseudodifferential operators). Because QF RIN% = QFEr R and the wavefront set is unchanged
under multiplication by nonvanishing smooth factors, the required result follows. O

Corollary 5.6. With the notation and assumptions of Theorem 5.5, if a RFHGHO (resp., fermionic
RFHGHO) P has Green operator Ep = QEx R, then P is N*-decomposable. If W is the two-point
function of a N -Hadamard state on % (P) (resp., 2 (P)) then its wavefront set is

WEF (W) = RHad, (5.22)
Proof. Combine Theorem 5.4(a) and Theorem 5.5. O

We obtain the existence of Hadamard states for definite-type Dirac-type operators as a companion
result to Theorem 5.3.
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Theorem 5.7. If D is a Dirac-type operator then its corresponding fermionic RFHGHO (P, R) is
N*-decomposable; if D has definite type then 2 (P) admits Nt -Hadamard states.

Proof. N'*-decomposability follows from Corollary 5.6 and formula (4.27) for Ep, and the statement
on the existence of Hadamard states is proved as Corollary 11 of [34], making use of the Feynman
propagators obtained in [34]. O

As a concrete example, the Green operator for the ‘doubled’ Dirac operator

—iYV +m 0
P = ( 0 N7+m> (5.23)

in four spacetime dimensions is given by Ep = QFEg, where

iy +m 0 Ks 0
QZ( 0 —1W+m>’ K:<0 K) (5:24)

on DM @& D*M , in which K, and K, are the spinorial and cospinorial Klein-Gordon operators (W2 +m?
on DM and D*M respectively. Evidently K is normally hyperbolic, while @ has symbol ¢(z, k) =
—} @}, which is characteristic at A/ though nonzero (recall that (det %) = det($*) = g~ (v,v)* for any
covector v). We deduce that P is N**-decomposable and that N'*-Hadamard states of the Dirac theory
have two-point functions (of the ‘doubled’ = fields) with wavefront set RH24. This coincides (modulo
conventions) with the standard microlocal definition of Hadamard states for Dirac fields [53, 86]. The
example of the Proca field will be studied in more detail in Section 7.

5.3 Hilbert space formulation

Let A € Alg be any unital *-algebra. A Hilbert space representation of A is a triple (9,7, D) where
$) is a Hilbert space with dense subspace D C $) and linear map 7 : A — Lin(D), so that (a)
m(AB)Y = w(A)m(B)y for all A,B € A and ¢ € D, (b) n(1) =idg|p, and (c) for each A € A, 7(A)
has an adjoint 7(A)* whose domain contains D and obeys w(A)*y) = w(A*)y for all p € D. By the
GNS theorem (see section I11.2.2 in [50]), every state w on A determines a Hilbert space representation
of this type, in which there is a unit vector ¢,, € D such that w(A4) = (¢, 7(A)pw) and D = 7(A)p,,.
In this case, the vector ¢, is called the GNS vector of w and we denote the GNS representation by the
quadruple (9,7, D, ¢,,) referring to ) and D as the GNS Hilbert space and GNS domain respectively.

Following [91], the space of $-valued distributions, 2'(M; ), consists of linear and weakly (hence
also strongly) continuous maps u : I'f(2) — $. The wavefront set WF(u) can be defined exactly
as for scalar-valued distributions, but replacing the absolute value |u(xf)| in (5.1) by the $ norm,
llu(xf)|ls- The definition is extended to $-valued distributional sections of a finite-rank bundle B as
in Section 5.1. First, we give some useful results.

Lemma 5.8. Let V and W be Hilbert space valued distributions in 2'(B;$), and let C be a continuous
antilinear map of B* ® Q).

(a) If U : TP (B* @ Q) — $ is linear and obeys |U(f)|ls < [|[V(f)llg for all f € TF(B* @ Q) then
Ue 2(B;9) and WF(U) C WF(V).

(b) If U : T (B* @ Q) — § is linear and obeys |U(H)IIF < V()W (f)llg for all f € TF(B* @
N), then U € 9'(B;9) and WF(U) Cc WF(V) N WF(W).

(c) For any fized v € $, the maps f — (Y, V(f))s and f — (V(Cf),¢)s are distributions in
2'(B) with WF((¢,V())) € WE(V), WE((V(C-),¢)5) C — WE(V).

(d) Z(f,h) = (V(Cf),W(h))s defines Z € 2'(BX B) with WF(Z) C (— WFy(V)) x WFEo(W).
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Proof. (a,b) First, the bounds on U ensure that for any compact K C M, there is a constant Cx
and seminorm | - [ of I'R®(B* ® Q) so that | U(f)|| < Ck|f|x for all f € I'P(B* ® ), giving
U € 2'(B;9) in either case. Next, suppose (x,k) is a regular directed point for V' and let x be any
smooth density compactly supported in a coordinate chart domain about x, with associated coordinate
phase functions e. Then ||V (Sxe;)| decays rapidly as | — oo in a conic neighbourhood of k, while
||W (Sxer)|| is polynomially bounded in [ by considering the seminorms on I'§°(B*®€2). The bounds on
U imply that (x, k) is a regular directed point for U, using for (b) the fact that rapid decay is preserved
under multiplication by a polynomially bounded function. Taking complements, WF(U) C WF(V)
which proves (a), and also (b) on allowing the the roles of V' and W to be interchanged.

Parts (c,d) are straightforward generalisations to the bundle context of parts (ii) and (iii) of

Proposition 3.2 in [35] (see also Proposition 2.2 in [91] for (d)), and can be derived from the scalar
versions by considering local frames. O
Theorem 6.1 in [91] and the corresponding result Theorem 4.11 in [36] have the following general-

isation — we give the proof for completeness.

Theorem 5.9. Let P be a V*-decomposable RFHGHO and let (9,7, D) be a Hilbert space represen-
tation of % (P). For any normalised ¢ € D, define a state wy on #(P) by wy(A) = (¢, 7(A)Y)g.
Suppose wy, has distributional n-point functions. Thenw(Yp(-))y € 2'(B;$), and wy, is VT -Hadamard
if and only if

WEF(n(Tp()y) C V™. (5.25)
In particular, if w is a V¥ -Hadamard state of % (P) then (5.25) holds in the GNS representation of w,

with 1 given by the GNS vector of w. These results are also valid for fermionic RFHGHO’s, replacing
Y(P) by Z(P) and Yp by =Ep.

Proof. As |m(Yp(f))||? is a linear combination of n-point functions with first argument Cf and last
argument f, the continuity of the distributional n-point functions and antilinear map C imply that
©(Yp(-)Y € 2'(B;$). The two-point function Wy, of wy is

Wy (fPr @ BB = wy (Tp(f)Tp(h) = (r(Tp(CL)E, m(Tp(h))D). (5.26)

Condition (5.25) immediately implies WF (W) C V;"xV; by Lemma 5.8(d), and therefore WF(*W,,) C
Vi xVy does not intersect WF(W,,) (recall that the zero section is excluded from wavefront sets). But
as Wy, — "Wy, = iEp, we have WF(Wy) C (Vg x V) NWF(Ep) =Vt x V7, s0 wy, is VT-Hadamard.
Conversely, if WF(Wy) C VT x V™ then the estimate

I (Cr(F)l* = Wy((CHM @ f+1) (5.27)

implies that every (x,k) ¢ V~ is a regular directed point for 7(YTp(-5))y where S € I'*°(B*) is
arbitrary, so WF(m(Tp(-S))y) C V™ for every S and (5.25) follows. The statement about the GNS
representation is a simple application of the main part, because w = w,,,, where ¢, is the GNS vector.

For a fermionic RFHGHO (P, R) we use identical arguments except that Wy, +W,, = iEpo (1@ R)
is used in place of Wy, — th =iEp. O

We give two applications: first, the proof of Theorem 5.4(d); second, a proof that the Hadamard
condition is stable under action by operators in the algebra. In both cases we give the proof for the
bosonic case but the argument applies equally to the fermionic case with minor adaptations.

Corollary 5.10. The 1-point functions of any V™ -Hadamard state are smooth.
Proof. Let (), 7, D, ¢,) be the GNS representation of Vt-Hadamard state w on % (P). Then

w(Tp(f)) = (w, 7(Tr(f))w)s = (T(TP(CS))Puw, Pu)s, (5.28)
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so Lemma 5.8(c) gives WF(w(Tp(+))) C V- NV =0. O

Corollary 5.11. Let w be a V'-Hadamard state. Then, for every unit vector v in the GNS domain
of w, the state wy, is VT -Hadamard.

Proof. Let (9,7, D, ¢,,) be the GNS representation of w, so D = m(# (P))p,. As w has distributional
n-point functions, so does every w,y, for unit ¢» € D. Noting that (5.25) is stable under linear combi-
nation, it is enough to show that if a unit 1 € D defines a V"-Hadamard state, then so does every
nonzero vector ¢’ = (Y p(h))y for h € TP (B) (normalised by rescaling h if necessary). But

m(Yp(f))Y =n(Tp(f)Yp(h)Y =iEp(f,h)¢ +m(Tp(R)Tr(f))Y, (5.29)

the first term of which is smooth because WF(f — Ep(f,h)) C {(z,k) € T*M : (z,k;y,0) €
WF(Ep) for some y € M} = (). To complete the proof, the estimate

lx(Cp(W)Lp(HYI* < I7(TpCRT ()T P(H))elIm(Tr(H))] (5.30)

and Lemma 5.8(b) show that WF(7(Yp(-))y') C V= — note that 7(AYp ()Y € Z'(B;$) for all
A € % (P) because wy, has distributional n-point functions (cf. the proof of Theorem 5.9). O

A simple consequence is that the set of V-Hadamard states .+ (P) forms a state space for % (P)
as defined e.g., in Section 4.5.3 of [10].

Corollary 5.12. The set of V*-Hadamard states A+ (P) C % (P)% | is closed under finite convex
combinations and operations induced by % (P).

Proof. The 2-point function of a finite convex combination of states is the corresponding convex
combination of their 2-point functions. If w € .#,+(P) with GNS representation ($),7,D,p,) and
B € #(P) with w(B*B) = 1 the state wp defined by wp(A) = w(B*AB) is represented by the unit
vector m(B)y, € D. Thus wp € .#+(P) by Corollary 5.11. O

5.4 Pull-backs, push-forwards and covariance

Let S : P, — P, be a GreenHyp-morphism and suppose that wy is a state on #(P,). Then there is
a pulled back state w; = #(S)*wz on # (Py) so that wi(A) = wa(#(S)A). At the level of two-point
functions, this implies

Wi (5 @ hBY) = Wa((Sf)P ® (Sh)PY), (5.31)

ie., Wi = Wyo (S @ S%1) using the musical notation for linear maps introduced in Section 3.1.
The advanced-minus-retarded two-point distributions obey the same relation EIQDI; = EIQDS o (S8 ®
S®1). If S is Cauchy, then one can invert % (S) and push forward any state w; on % (P}) to a state
wo = (Z(S) 1wy on #(Py). Let L : P, — Py be any GreenHyp-morphism obeying L = S~ (see
Theorem 3.5(d)). Then SLh =h mod PI'{(B2) and

w2 (Pp, (h)Wp, (1)) = wa(Zp, (SLh)Hp,(SLK)) = wi(Zp, (Lh)Pp, (L1)), (5.32)

which gives the equation Wy = Wy o (L:! @ L#1) for the corresponding two-point functions. Analogous
constructions are possible in the fermionic case.

We will show that the pullback and pushforward states are Hadamard under suitable conditions,
for which we need the following definition.

Definition 5.13. A linear map 7" : I'{°(B1) — I'§°(Bz) will be called regular if (a) T is continuous and
has a continuous formal transpose T : T'S(Bg) — I'°°(By), (b) for any compact K; C M there is a
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compact Ky C M3 so that TT% (B1) C I'g (B2) (this is true in particular if 7" is properly supported),’
and (c)
WE(T*Y 0 (07 g, x T*My) U (T* My x Op=pr,)) = 0. (5.33)

In particular, a morphism of GreenHyp will be described as regular if its underlying linear map is
regular in this sense and a morphism of fGreenHyp is regular if its underlying GreenHyp morphism is
regular.

The following technical result is proved in Appendix A.

Lemma 5.14. Suppose that Tj : T3°(By) — T'§(Ba) (7 = 1,2) are regular. Let U C T*(Ma x Ms) be
a closed conic set that does not intersect (O, X T*Mo) U (T*Ma X Op<pp,). If u € 2'(By X By) has
WF(u) C U, then uo (Tf’1 ® TQﬁ’l) € 92'(B1 X By) has wavefront set

WF(uo (TH @ THY)) ¢ (WF' (‘'TF) x WF'(“T8™) o Ud. (5.34)
Here, for Z C T*(Y x X) and X C T* X, we write
ZoeX :={(y,l) eT*Y : 3 (k,x) € X s.t., (y,l;x,k) € Z} = prpwy (2N (TY x X)), (5.35)
and WF'("T*Y) = {(z, k;y,1) € T*(My x My) : (y,—l; 2, k) € WE(T*)}.
With this result in hand, we can establish regularity of a variety of GreenHyp-morphisms.

Lemma 5.15. Fxamples of regular GreenHyp-morphisms include the following.

a) The GreenHyp-morphisms of Theorem 3.5(a—c) are all reqular.

b) Suppose that S : Py — Py is a continuous Cauchy GreenHyp-morphism with a continuous trans-
pose 'S : T(By) — I'™°(B1) and the additional property that, for every spatially compact set
Vo C Mo, there is a spatially compact set Vi C M1 so that tS’F‘O};(Bg) C F%’/‘i(Bl). Then any
GreenHyp-morphisms L = [Py, x]*SEp, : P» — Py of the type given explicitly in Theorem 3.5(d)
is regular. In particular, these additional conditions hold if S is a Cauchy morphism of the form
described in Theorem 3.5(a,b).

c) The GreenHyp-morphisms of Theorem 3.5(e) are regular.

Proof. (a) Parts (b,c) of Theorem 3.5 were instances of its part (a), so we need only address that case.
Suppose that 5 : By — Bs is a hermitian vector bundle morphism covering Loc-morphism ¢ : M —
M such that Pyf, = B.Pi, with corresponding continuous GreenHyp-morphism g, : (By, P1) —
(Bg, P2). Then f, has a continuous adjoint !B, : T(By) — I'*°(By) given as (‘B.h)(x) = 'B.h(¢(z)).
For any compact K1 C M; one has 8.I'%¥ (B1) C PZJCEM)(B?) and ¢ (K1) is compact. Furthermore,
as BufS = (Yuf)B:S for f € C°(My), S € T'°(By), it follows that WF(Bk") ¢ WF(yx). Now
X! can be expressed using a distributional pullback. Specifically, let py € I'™°(Q M,) be any smooth
nonvanishing density on Ms, for example the metric volume density. Then

kil = (1@ ) (1@ 9) (07 @ py *)oam), (536)

where 0y, € 7' (Q}V/[ix M2) is the Dirac distribution on Ms and p; = ¥*ps. The pullback of distributions
exists by the criterion of Theorem 2.5.11" in [58] because 1 is an embedding, giving the wavefront set

5The operator T is said to be properly supported (cf. Definition 18.1.21 in [60]) if to each compact Kx C X there is
a compact Ky C Y so that TT'® (Bx) C 'y, (By) and to each compact Ky C Y there is a compact set Kx C X so
that u|x, = 0 implies (Tu)|ry, = 0 for u € T§°(Bx). Equivalently, the projections from the support of 7% to X and
Y are both proper maps.
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bound

WF(B™) € WE@WA™) € (1@ )" WF () = {(y, L2, "¢/ (2)k) : (y,5;9(x): k) € WF(0ar,)}
= {(W(x), 2, ="' (@)]) : w € My, 1 € T, Ma}. (5.37)

In particular,
WE(B5Y) N (0gpg, x T*My) U (T* My % Opeag,)) = 0, (5.38)

so By is regular.

(b) The formal transpose of L is 'L = —FEp,S'[P,x], noting that ‘[P, x] : T2(By) — ' (B1).
Suppose K C My is compact, then Ep,I'g (Bz2) C L% Kz)(Bg). Hence there is a spatially compact
set Vi in M so that 'SEp,I'® (By) C I'§2(B1), so LT, (Bz) C I'®_ (B1), which demonstrates the

Uunvih
required support property. We compute

WEF(L*) ¢ WF((*SEp,)*™) = WF(EF" o (S® 1))
C (WEF/(*S¥h) x WE/(fid ™)) o (Vy x V3 ) U (Vy x VD))
c (Vf xVo)u (v x Vi) (5.39)

and therefore WEF (LX) N ((T* My x Op«pz,) U (Opspr, x T*My)) = (). Hence L is regular.

For the particular case mentioned, in Theorem 3.5(a), B, is continuous, with a continuous trans-
pose, and for spatially compact Vo C M5, one has tﬁ*f“o/;’ (B2) C F;p.ofl(vz)(Bl)’ where (8 covers Loc-
morphism . As 1 is Cauchy, 1 ~1(V3) is spatially compact: for if Ko C My is compact and ¥ C (M)
is a Cauchy surface of My, then ¥~ 1(J(K2)) C J(~ (X N J(K2))), which is spatially compact. As
Theorem 3.5(b) is a special case, we have completed this part of the proof.

(c) The regularity properties can be read off from the S = id case of (b). O

Theorem 5.16. Suppose S : P — P» is a reqular GreenHyp-morphism (resp., fGreenHyp-morphism).
Suppose that Py is Vi -decomposable and that WE'(*(S*™)) @ V¥ C Vi, where Vi¥ C T*M; are conic
and relatively closed with Vi = —V;" and V;f NV = 0. Then:

a) Py is ViE-decomposable and every Vi -Hadamard state wy on % (Py) pulls back to a Vi -Hadamard
state w1 = % (S)*we on ¥ (P1); that is, @(S)*YV; (P) C Yv;r (Py) (resp., the same holds with
% replaced by Z).

b) Suppose S is Cauchy and has the additional property that for every spatially compact set Vo C Mo
there is a spatially compact set Vi C M so that tSI’%Z (B2) C T2 (B1). (The additional property
is satisfied if S arises from Theorem 3.5(a,b) — see Lemma 5.15(b).) Then every V; -Hadamard
state wy on % (Py) pushes forward to a Vi -Hadamard state wo = % (S)"twy on & (Ps) which is
the unique state so that wy = % (S)*wa; thus, ‘Sﬂvf(Pl) = Z?/(S)*YV; (P2) (resp., the same holds
with % replaced by 2 ).

Proof. (a) Note that S and S%! have distributional kernels with the same support and wavefront set.
Therefore S%! is regular. Using Ef}l)t = Ef};t o (SH! ® SH1) and VQi—decomposability of P, we compute

WE(ER') = (WF'('(S*") x WE'('(S*))) « WF(EE")
C (WF'(/(S5) x WE'(*(S5))) o (VS x Vy) U (Vy x V)
C OV xv)uy x v, (5.40)
thus establishing Vli—decomposability of Pi. A similar argument applies to W1, = Wy o (Sﬁ’1 ® Sh1)
giving WF(W;) C Vi x Vi, so wy is V;'-Hadamard. The argument is identical in the fermionic case.

(b) We have Wy = Wi o(L*' @ L*!) where the continuous linear map L : T§°(By) — I'§®(B1) can be
given explicitly as in Theorem 3.5(d) by L = [P, x| "SEp,, with x constructed as described there. Then
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L and consequently L®! are regular by Lemma 5.15(b), and the wavefront set bound (5.39) implies
WE/({(LX™)) e VE € V5. We may now employ Lemma 5.14 to compute WF(W3) = WF(Wj o (LA ®
L¥1)) € Vi x V5 and conclude that wsy is Vi -Hadamard. Finally, %/ (S)*ws has n-point functions
Wl(n) (LEN)®n o (Sh1)en Wln , where W% ) are the n-point functions of wi, because L = §~1
and consequently LSf — f € PIT°(B1). Thus #(S)*ws = w;. Uniqueness is clear as #(S) is an
isomorphism. Again the argument applies directly to the fermionic case. O

A~

Definition 5.17. Let EoM : Loc — GreenHyp be a functorially assigned RFHGHO. Suppose that each
EoM(M) is decomposable with respect to cones V(M) C T*M, such that ¢*V*(M’) c V(M) for
all Loc-morphisms 1 : M — M’. Then we say that EoM is V*-decomposable.

An immediate consequence of this definition, together with Theorem 5.16 and Corollary 5.12 is
the following.

Corollary 5.18. Suppose that EoM : Loc — GreenHyp is a V*-decomposable functorial REHGHO
taking Cauchy Loc-morphisms to Cauchy GreenHyp-morphisms, and let & = % o EoM be the corre-
sponding locally covariant QFT (see Theorem 5.8). Then the assignment (M) = Sp+ar) (EoM(M))
for each M € Loc and .7 (¢) = % (Y)*| »(ary for each Loc-morphism ) : M — M’ defines a covariant
state space for Z obeying the timeslice condition in the sense defined in Section 4.5.3 of [/0].

Proof. Each . (M) is a state space by Corollary 5.12. If ¢ : M — M’ in Loc then EoM(%)) is
regular by Lemma 5.15(a) and Theorem 5.16(a) shows that .7 (). (M') C #(M); it is clear that
S (idpr) = id o (ar) and 7 (Yop) = ()0 (1) by the functorial properties of 2 and contravariance
of the dual. Finally, if ¢ is Cauchy then EoM(¢) is a Cauchy GreenHyp-morphism (of the type given in
Theorem 3.5(a)) and Theorem 5.16(b) shows that (M) = (). (M’). These are the conditions
needed for . to be a covariant state space obeying the timeslice condition given (in a slightly different
form) in [10]. O

Two further consequences of Theorem 5.16 concern the existence of Hadamard states.

Corollary 5.19. Suppose that EoM : Loc — GreenHyp is a VE-decomposable functorial REHGHO,
and let & = % o EoM be the corresponding locally covariant QFT (see Theorem 3.8). If Z(M)
admits a V¥ (M)-Hadamard state and M’ € Loc has Cauchy surfaces that are oriented-diffeomorphic
to those of M, then 2°(M') admits V*(M')-Hadamard states.

Proof. If M and M’ have oriented-diffeomorphic Cauchy surfaces then there is a chain of Cauchy
morphisms linking M to M’ via an interpolating spacetime M"’ € Loc

M~ M' - M" — M" - M, (5.41)

where M" (resp., M"") is a suitable future (resp., past) region of M (resp., M') regarded as a space-
time in its own right (see e.g., Proposition 2.4 in [36]). Under EoM, the morphisms in (5.41) are mapped
to Cauchy GreenHyp-morphisms of the type described in Theorem 3.5(b), to which Lemma 5.15(b)
therefore applies. Using Theorem 5.16 repeatedly, alternating between parts (a) and (b) to pull back
and push forward states, we deduce that 2°(M’) admits at least one V(M )-Hadamard state (and
hence many such states by Corollary 5.11). O

Consequently, it is sufficient to prove the existence of V*(M)-Hadamard states for a sufficiently
broad class of spacetimes. For example, we will say that M € Loc is an ultrastatic spacetime with
bounded spatial geometry if it has underlying manifold M = R x ¥ with metric g = 1 ® —h for some
complete Riemannian metric A on X of bounded geometry, i.e., the Riemann tensor of h and all its
covariant derivatives are bounded with respect to the tensorial norms determined by h.
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Corollary 5.20. Fvery M € Loc has smooth spacelike Cauchy surfaces oriented-diffeomorphic to
those of an ultrastatic spacetime M' € Loc that is ultrastatic with bounded spatial geometry. Conse-
quently, under the assumptions of Corollary 5.19, if 2°(M) admits at least one V(M )-Hadamard
state for every ultrastatic spacetime M € Loc with bounded spatial geometry then 2 (M) admits
(many) V™ (M)-Hadamard states for all M € Loc.

Proof. Let M € Loc and let > C M be any smooth spacelike Cauchy surface with the inherited
orientation v (which is a top form on ). Then ¥ admits a complete Riemannian metric h with
bounded geometry [19] — if necessary we choose such a metric for each connected component of ¥. Let
M’ be the ultrastatic spacetime R x ¥ with metric d¢ ® dt — h, time-orientation so that dt is future-
pointing, and spacetime orientation so that dt A v is positively oriented. Global hyperbolicity holds
by Proposition 5.2 in [65], so M’ € Loc has the required properties. The consequence is immediate
by Corollary 5.19 and Corollary 5.11. O

5.5 Scattering morphisms

Suppose that P and @Q are RFHGHO’s on M that agree outside a temporally compact set U C M.
Then M* = M \ JF(U) are open causally convex subsets on which P and Q agree. Applying
Theorem 3.5(e), there are Cauchy GreenHyp-morphisms /\:GSP 1 (B, P) — (B,Q) called response maps
so that )\i Pl (B) C FOO(B|Mi) and Xép[f]p = [flg for f € T'°(B|p+). There are also Cauchy
GreenHyp- morphlsms )\ : (B,Q) — (B, P) with analogous properties. Therefore )\IZQ)\5P is a
GreenHyp-endomorphism of (B, P), and any equivalent morphism is called a scattering morphism for
Q relative to P with coupling zone U. Scattering morphisms of this type play an important role in
the theory of measurement [11] — see Section 6.

Theorem 5.21. Under the conditions just stated, there is a scattering morphism ¥ for Q relative to
P with coupling zone U such that 9f = f — (Q — P)Eqf = f —(Q — P)Eéf for f € TF(Blp+)-
Furthermore Agp ~ AgpV, i€, J= (Xép)*l;\gp.
Proof. Using the freedom to change )‘I;Q and )\25 p for equivalent morphisms, we may assume they are
both of the explicit form given in Theorem 3.5(e). Thus Agpf = f mod PI'?°(B) and Apgf = f
mod QI'{°(B). Since P and () are injective on I'}°(B) (see Theorem 3.1(d))) there are unique linear
maps pgp,p]_JQ : T'§°(B) — I'®(B) such that )‘5P =id + Ppgp, Apg = 1d + Qppg, both of which
commute with the complex involution.
In particular, )\I_JQ)\5P = )‘ZSP + QpIZQ)\ap entailing
EgXop = Eghporopr — Proror (5.42)

and consequently
+ — p—y— 2t + +y+
EQAop = EgApgAop — Prorop — EgAoe: (5.43)

Noting that @@ and P agree on the first and last terms on the right-hand side of (5.43), which are
supported in M~ and M respectively, one has

(@~ PYEQAp = ~(Q — P)ppohbe (5.41)
and by applying @ to (5.43) and rearranging,

Aporo QE Aop + QPporor = Aop — (@ = PYEQASp + PppoAbp
—(Q = P)EQASp + Ppbp + Ppgrde); (5.45)
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by definition of pgp. By Lemma 3;4(b)’A)\1;Q)\5AP ~9:=1id - (Q — P)EQ)‘ZSP’ giving )\EP ~ Agp?
because AgpApg ~ id. Therefore ¥ = ()\Egp)*lz\ap. It remains to compute 9f for f € T (B]p+)-
Here, we use the fact that )\gpf —f= P,ogpf € ker Ep NT'§°(B| s+ ), moreover, papf e ' (B|y+)
by Theorem 3.1(e)) and causal convexity of MT. Consequently, )\5 pf—f= P,oa pf € QIE(B) and
SO EQ)\apf =Eqf. Thus df = f — (Q — P)Eqf for f € I'{°(B|y+), and as @ and P agree on the
support of ng, one has 9f = f — (Q — P)Eéf. O

If V. C M is temporally compact with U C V, then ¥ is evidently also a scattering morphism
for Q relative to P with coupling zone V with the properties of Theorem 5.21. In this sense, ¥ is
independent of the coupling zone.

The main result of this subsection is that the Hadamard condition is preserved under scattering.
Recall from Section 3 that when two RFHGHO’s P and () agree outside a temporally compact set
there is an associated scattering GreenHyp-automorphism 1 of P that describes the scattering of @
relative to P and which then lifts to an automorphism #/(9) of the QFT algebra # (P).

Theorem 5.22. Let P and (Q be RFHGHOQO'’s on hermitian vector bundle B over M € Loc and suppose
that P and Q agree outside a temporally compact set U C M. Let ¥ be a scattering morphism of Q
relative to P and define the scattering automorphism of % (P) by © = % (9). If P and Q are Vfg—
and Vs—decomposable and V;\M\U = V5|M\U then ©F is an isomorphism on the set of V;—Hadamard
states.

Proof. From Section 3, 9 ~ )‘I;Q)‘g p where Ap and )\5 p are GreenHyp-morphisms of the type given
by Theorem 3.5(e) and are Cauchy and regular. Then © = @()\;Q)@(A;SP) by Theorem 3.6(b) and
so ©* maps Vj-Hadamard states to Vi-Hadamard states. As ©7! = @(A;Q)@(x\ép), the same
argument shows that ©* is an isomorphism of the set of V;—Hadamard states. O

5.6 Tensor products and partial traces

We now prove a number of useful properties of Hadamard states, which will be used in Section 6 in
an application to the theory of measurement. Parts (a) and (b) of the following result show how the
Hadamard condition extends to composite theories, while (c) relates to partial traces.

Theorem 5.23. Let P and Q be RFHGHOs, and suppose that P is Vlf-decomposable while Q is
Vég—decomposable, and V; N Vé = (. Then:

(a) P®Q is V?;E@Q—decomposable, where Vlf@Q =VEU Vé;

(b) if w is a V}-Hadamard state on % (P) and o is a Vér—Hadamard state on % (Q), then w ® o is
a V;@Q—Hadamard state on Y (P & Q);

(c) if ¢ is a V;S@Q-Hadamard state on # (P ® Q) = #(P) ® #(Q), then the partial traces pp €
Y(P)y, and vq € Z(Q)% ;1 given by pp(A) = p(A® Ly (), vo(B) = ¢(lyrp) @ B), are
respectively V; -Hadamard and VC'S -Hadamard.

Inspection of the proof shows that the result adapts immediately to the case where P and @) are
fermionic RFHGHO'’s; part (a) only requires that P and @ are semi-Green-hyperbolic.

Proof. (a) First note that V;@Q MWVpao = () because the same is true of V}F and VC:S, and V; nVg = 0.
As Epgg = Ep ® Eg, we have

WF'(Epaq) € WF'(Ep) UWF'(Eg) € [ (Ve x Vi) U (Vh x VE)) € | Vhag X Viag), (5.46)
f=+ 4=+

which is the decomposability condition.
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(b) The n-point functions of w ® o on # (P @ @) may be written as sums of products of r-point
functions of w and ¢ for 1 < r < n, and are easily seen to be distributions. To simplify notation we
write every n-point function of w as W,,, distinguishing them by their domains, and similarly for the
n-point functions of o. Then the 2-point function of w ® ¢ is given by

Wose ((f @ 1) @ (f' @ h')) = Wo(f @ ') + Wo (h @ 1) + W (H)Wo(h') + Wa(f)Wo(h).  (547)
As the 1-point functions are smooth by Theorem 5.4(d), we have
WF(Wago) € WE(W,) UWF(W,) C (VE x Vp) U (VS x Vg) € Viao X Voo (5.48)

SO w® o is V;@Q—Hadamard.

(c) It is enough to show that ¢p is Vi -Hadamard. As Yp(f)® Ly, ) = Traq(f ©0), it is clear
that ¢p has distributional n-point functions. In particular, the two-point function Wp of ¢p is given
by

Wp(f@h)=W((f&0)® (ha0)), (5.49)

where W is the two-point function of ¢. It follows that WF(Wp) ¢ WF(W) C V;S@Q X V;@Q.
Now P is Vﬁ@Q—decomposable (as well as Vg—decomposable) so we have shown that Wp is VP@Q
Hadamard. Using Theorem 5.4(a) we have WF(W') C (VP@Q X Vpag) N WE(Ep) C Vi x Vp using
the Vi decomposability of Ep. Therefore Wp is V+ Hadamard. O

5.7 Higher n-point functions

Let w be a V*-Hadamard state on % (P) for V*-decomposable RFHGHO P and define the n-point
functions W € 2'(B¥") as described above. The truncated n-point functions W;n) are defined

recursively by
= > [T w Wi =W, (5.50)
Pep(I) JEP
where [ is a finite ordered set, (1) is the set of partitions of I into nonempty ordered subsets and
Fj is the ordered list of F; € T (B* @ Q) for j € J. A useful identity (see [11], section 5.2.3) is, for
any fixed j € I,
(J1)
wih(Ey = S wilVEnyw (g ) (5.51)
jeJcl

(i.e., one sums over all J obeying j € J C [ for the given j and I) with W© =1 by convention. A
quasifree state is one whose truncated n-point functions vanish except for n = 2.

Truncated n-point functions can be defined for even states on 2 (P), i.e., those whose n-point
functions all vanish for all odd n. They are defined recursively by

W) = 3 ) [T Wi (#), (5.52)

Pep(I) JEP

where £(P) is the signature of the permutation of I that results in (J, ... Jjp|), where P = {J1,..., Jjp|}
(the ordering of the Ji’s is irrelevant). It is sufficient to sum over only partitions into sets of even
length. The analogue of (5.51) is

WD (Er) = 37 e 1\ DWW (EHWIND (Fy ), (5.53)
jeJCI

with e(J, I\ J) equal to the signature of the permutation from I to (J,I\J), and W©) = 1 as before.
The quasifree states on 2 (P) are those even states whose truncated n-point functions vanish for
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n # 2.

he class of states with Hadamard two-point functions and smooth truncated n-point functions for
n # 2 was identified as a plausible class of physical states in [66], where the question was raised as to
how close this was to the Hadamard condition. This is answered by a result of Sanders [35], which we
now adapt and generalise, slightly streamlining in the process.

Theorem 5.24. Let w be a V' -Hadamard state on % (P) or an even state on 2 (P). Then all its
truncated n-point functions for n # 2 are smooth, and WF(WI(?)) = WF(W®).

Proof. We give the argument for the bosonic case first. Smoothness of the 1-point functions was

(2)

proved in Corollary 5.10 from which it follows that W~ — W® is smooth, so we can restrict to

showing smoothness of W:(Fn) for n > 3.
For some n > 3, suppose that W}k) is smooth for 2 < k < n, which is trivially true for n = 3.
Suppose that W}n) is not smooth, in which case there must be (z,k) € WF(W:(Fn)) with k; # 0 for

some 1 < j <n. Considering (5.51), we deduce that (z,k) € WF(R,, ;) where

R j(Fr) = WO (F) = Y WE(E, FpW D (Fp ) — Y WO EL )W () (5.54)
i<j i>j

(2)

because all other terms are smooth with respect to x;, and W,
tation relations and iEp = W@ — W) imply that

—W® is smooth. Now, the commu-

an = Rn,l O0T1j = Rn,n O Tjin, (555)

)

where 7;; transposes the 7’th and j’th arguments. Consequently, 71;(z,k) € WF(R,,1) and 7j,(z, k) €
WEF(Ry).

We now employ Cauchy—Schwarz estimates, splitting off the first and last arguments, to deduce
that WE(W™) c Vi x T*M>*=) and WF(W™) ¢ T*M*=D x V5. Tt follows from (5.54)
and WE(W®) € Yt x V= that WF(R,,1) C Vi x T*M*™=1) and WF(R,,,,) € T*M>*"=1 x V.
Therefore (x;,k;) € V§ NV, = {0}, contradicting k; # 0. Thus W}n) is smooth and by induction this
holds for all n > 3.

The argument for the fermionic case is similar, with R, ; modified by the insertion of a factor
(=1)"~1 in both sums, and the use of the anticommutation relations to obtain R, ; = (—1)7 'R, 1 0
T1j = (—l)n_jan O Tjn. ]

The next result is obtained by employing the formulae (5.51) and (5.53), together with the standard
estimates for wavefront sets of sums and tensor products of distributions.

Corollary 5.25. Under the same assumptions as Theorem 5.2/,

WEW ™) | (21, k15120, kn) € TM ;=0 for j ¢ | @,

(xmin(r)v kmin(r);xmax(r)a kmax(r)) € WFO(W(Q)) for each r € Q}7 (556)
where Q) runs over all sets of disjoint two-element subsets of {1,...,n}.
The bounding set in (5.56) is the standard bound for quasifree Hadamard states [14]. In this sense,

all V*-Hadamard states are ‘microlocally quasifree’.

5.8 Polarisation sets

To close this section, we briefly consider the polarisation set of V*-Hadamard two-point functions.
The polarisation set was introduced by Dencker [19] and the conventions and notation used here are
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as in the companion paper [29]. An elementary application of the general theory provides a refinement
of Theorem 5.4(a).

Theorem 5.26. Suppose P is a VE-decomposable RFHGHO, where V* are as in Definition 5.2. If
W2t s the 2-point function of a V' -Hadamard state on the bosonic algebra % (P), then

WEpai (012 @ pM2)W?Y) = (16 5) WEpat (B 12y UO. (5.57)

If (P, R) is a fermionic RFHGHO and W?P' is the 2-point function of a V-Hadamard state on the
fermionic algebra 2 (P), then

WEpai((p'/? @ p!?)W?') = (1@ (R0 b)) WFpol(EXia 1/ ) [y - UO. (5.58)
Proof. In the bosonic case, one first calculates that

(p1/2 ® p1/2)(W2pt - tW2pt) _ iE}l;nl ° (P1/2 ® (b ° p—1/2))
_ i(pl/QEPp—1/2>knl o (1 ® (p1/2 obo p—1/2)>
=i(1@ (pobop ) ENL, i, (5.59)

where we use the fact that p'/2Epp~1/2 = E /2p,-1/2 as operators. Thus
WEpai((p'/2 @ p!/2) (WY — W2PY)) = (1@ ) WF ot (Exap, 1) (5.60)

where we have used a standard result on polarisation sets (see section 2 of [19] or Lemma 3.1 of [29])
and the fact that b is an isomorphism. As the wavefront sets of W2Pt and ‘WW?P! intersect trivially,
their polarisation sets sum to that on the right-hand side, and the restriction to V* x V= therefore
gives the polarisation set of (p1/2 ® pl/Q)T/VzPt modulo the zero section.

For the fermionic case, (5.59) is replaced by

(p1/2 ® p1/2)(W2pt + tWth) —i(l® (p1/2 oRobo p71/2)/)E§{1/12Pp71/2 (5.61)

due to the anticommutation relations. Noting that the symbols of (p!/20 Robop~1/2)" and R coincide
up to sign (recall that R = —'R), the result follows. O

6 An application to measurement schemes

As an application of the theory developed so far, we consider the measurement of local observables
of QFTs based on RFHGHO'’s according to the scheme introduced in [11] and further developed
in [9, 31]. In particular, we will show that the state updates resulting from nonselective measurements
map Hadamard states to Hadamard states.’

To start, we describe the measurement framework of [11] in a simplified setting where all the QFT's
involved are obtained from RFHGHQ’s. Suppose that P is a RFHGHO on bundle Bp over M € Loc,
and let %' (P) be the algebra of observables for the QFT of interest — the system. Let @ be a RFHGHO
on bundle By over M and regard #(Q) as a probe theory that will be used to measure the system.
The system and probe can be combined as an uncoupled combination % (P)Q % (Q) = % (P® Q). We
also consider a coupled combination described by a QFT with algebra of observables % (T'), where T
is also a RFHGHO on Bp & Bg that agrees with P @ () outside a temporally compact set S (typically
either a compact subset or a closed Cauchy slab), thus defining a scattering automorphism © on

6As this manuscript was being completed, J. Mandrysch informed me that he and M. Navascués have obtained a
similar result in a particular case corresponding to finite rank perturbations (to appear in a revised version of [75]).
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% (P & Q) are defined as in section 5.5. The overall idea of [11] is that one measures observables of
the system by measuring probe observables after the coupling has ceased. Suppose that the system
and probe are prepared at early times in the states w and o respectively and that a nonselective
measurement of a probe observable is made. Tracing out the probe, the result of the measurement is
that the system state should be updated from w to a state w™ on % (P), so that

W' (A) = (w®0o)(0(A® 1y q))) (6.1)

as shown in section 3.3 of [11]. With this introduction, we pass to the main result of this section.

Theorem 6.1. Let P, Q and T be RFHGHOs acting on sections of bundles Bp, Bg and Bp © Bg
respectively, so that T and P & Q agree outside a temporally compact set U with scattering morphism
¥ on (Bp @ Bg,P ® Q). Suppose that P and Q) are, respectively, v,ﬂg- and Vé-decomposable with
V; nVg = 0, and suppose that T is V%—decomposable, where Vr satisfies VqﬂM\U = V;@Q|M\U'
Suppose w € ¥ (P)} 1 and o € #(Q)%, are Vi -Hadamard and Vg—Hadamard, respectively, and let
w™S be the nonselective update of w from a measurement using % (T) as a coupled combination of the
system % (P) and probe % (Q) (with scattering map © = % (9)) and probe preparation state o, so that
w™S is given by (6.1) Then w™ is a V};-Hadamard state on @p(M).

Proof. The state w ® o is V;;@Q—Hadamard by Theorem 5.23((a)) and therefore ©*(w ® o) is VIJDFEBQ’
Hadamard by Theorem 5.22. As w™* is a partial trace of O*(w ® o), the result follows from Theo-
rem 5.23((c)). O

7 Example: the neutral Proca field

Now specialise to n = 4 dimensions. For any M € Loc, let APM be the bundle of complex-valued
p-forms on M. The Hodge dual *ps : APM — A*~PM is defined by

1
WA Ry = Hwal...apnal'"apvol, (7.1)

where vol is the metric volume 4-form. Then (f, h) := (—1)P %7 (f A*prh) defines a hermitian bundle
metric on APM (note the sign) with integrated version

(F00) = (-1 [ F Aenah (7.2)
M
and one also defines the codifferential dpz
Spaw = (—1)38 5L dpg *pr w, (7.3)
for any p-form field w, where dps is the usual exterior derivative. Defining a bilinear pairing on AP M

by <f7 h> - (?, h), one haS (SM = —TdM = —th
With these sign choices, the neutral Proca action with mass m > 0 is (suppressing cutoffs)

1 1
Sprocal 2] = —5(dmZ, dmZ) — 5m*(Z, Z), (7-4)

for 1-form field Z, and takes the same form as the action of the minimally coupled massive scalar field

Sucatar[9] = 3 (a6, dard) — Sm(6,6), (75)

39



for 0-form field ¢.”
The equation of motion derived from Sproca is PnsZ = 0, where the neutral Proca operator on
To(ALM),

Py = —opgdps + m? (7.6)
is real and formally hermitian. As is well known (see e.g. [33]), Pas has Green operators
Ey =Ei Du, (7.7)

where Kpy = —(0ardpg + dagdar) + m? is the 1-form Klein-Gordon operator on I'*(A!M) and

1

If u € T°°(A'M) satisfies Ppsu = 0, then by applying das we find that dpsu = 0 and consequently
Kpnru = 0; conversely, solutions to Kpsu = 0 with dpsu = 0 also solve Ppgu = 0. Proca solutions
therefore form a subspace of the Klein—-Gordon solutions, and indeed Dpys is a projection onto this
subspace. The same holds for distributional solutions.

For later use, we note the Weitzenbock formula (KarA), = Onp A, + (m?5,” + R,")A,, where
Onr = gV, V,, is given by the Levi-Civita connection and R, is the corresponding Ricci tensor,
R.g = R)‘aA 8 where our conventions are that (V,Vg — V,Vg)vH = Ra,B )\“ v*. Thus the Weitzenbock
connection for Kps (see Section 5.2) is simply the Levi-Civita connection on A'!M. We also note that
Dps has principal symbol with action

o(Dpg)(z, k)v = —m™2g; (k, v)k, veTl,M (7.9)

and therefore has nontrivial kernel k* ¢ T*M for all (z,k) € T*M. Thus Char(Dps) = T*M, but it
should also be noted that o(Dpz) is nowhere zero on T M.

Summarising, A'M = (A'M, M, (-,-),~) is a Hermitian vector bundle and EoM(M) := (A1 M, Pyy)
is a RFHGHO. Moreover, if ¢ : M — M’ in Loc, then ¢*Py; = Pppep*, so by Theorem 3.5(a)
the pushforward v, on compactly supported 1-forms determines a GreenHyp-morphism EoM(1)) :
EoM(M) — EoM (M), which respects composition of morphisms and makes EoM : Loc — GreenHyp
into a functor.

The quantised theory 2 = # oEoM is a locally covariant QFT. Explicitly, each 2 (M) is generated
by symbols Zpr(f) (f € Te°(ALM)) subject to relations

Z1 f+— Zpg(f) is complex-linear
72 Zp(f)* = Zp(f) (hermiticity)
Z3 Zn(Prf) = 0 (field equation)

74 [Zp(f), Z2m(h)] = iEpy, (f, h) 1 () (commutation relations)

where Ep,,(f,h) = — [3; [ A*nmEp,,h due to the choice of sign in the bundle metric on A'M. The
morphism (1)) induced by ¢ : M — M’ in Loc is determined uniquely by

ZW)Zm(f) = Zpr (uf),  fETF(AM). (7.10)

According to our earlier convention, the generators Zps(f) are interpreted as quantisations of the
functional Fy(Z) = (f,Z) = — [y, f A *mZ on the classical solution space Sol(Ppz). As the theory
has a Zy global gauge symmetry under Zps(f) — —Zps(f) (even at the functorial level, cf. [26]) one

"The overall sign of the action, in both cases, is the one that guarantees that the corresponding stress-energy tensor
T = 26S5/6g"" obeys the classical weak energy condition — see [33] for classical and quantum energy conditions obeyed
by the Proca theory.
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is free to interpret the generators alternatively as quantisations of Z — [ s f AxnZ if desired. Note
that the signs in Z4 and in the formula for Ep,, are unchanged under the Zy symmetry.

Owing to (7.7), we may use Theorem 5.5 and Corollary 5.6 to describe the Hadamard states of
the theory.

Theorem 7.1. The wavefront set of Ep,, is given by
WF(Ep,,) = Rwm. (7.11)

Consequently, the neutral Proca operator Ppr is ./\/R—L/[-decomposable in every M € Loc, and the functor
EoM is N*-decomposable. The N]j\E/I—Hadamard states of the Proca field have distributional two-point
functions satisfying

WE(W) = REad, (7.12)

Proof. Eq. (7.11) is a simple application of Theorem 5.5, using the fact that o(Dpys) is nonvanishing
on N, and has also been given as Theorem 5.1 of [29]. Corollary 5.6 completes the proof. O]

By Corollary 5.19 it follows that if 2°(M) admits N, Ai/I—Hadamard states for some M € Loc then
the same is true for every M’ € Loc whose Cauchy surfaces are oriented-diffeomorphic to those of M.

The formulation of Hadamard states for the Proca field has been studied from the microlocal view-
point by Fewster and Pfenning (FP) [33] and more recently by Moretti, Murro and Volpe (MMV) [79]
(note that various sign conventions differ between [79] and the present paper). We now briefly explain
the relationship between these treatments and what has been presented above.

FP-Hadamard states The FP definition of a Hadamard state on Z°(M) is slightly indirect.
Namely, a state w on 2 (M) is FP-Hadamard (i.e., Hadamard according to [33]) if (adjusting to
the conventions used here) the two-point function W obeys

W =Ho (1® D% (7.13)

for some Kps-bisolution H of Hadamard-form. The latter condition can be understood in terms of
Hadamard series, but can be stated equivalently by requiring that H has antisymmetric part %iEip;/I
modulo smooth contributions and that H obeys the wavefront set condition WF(H) = RHMad -
N, XZI X Nyy. By nonexpansion of the wavefront set, every FP-Hadamard state is Jf/I-Hadamard — the
reverse implication will be proved below in Theorem 7.3.

The existence of FP-Hadamard states was proved for ultrastatic spacetimes with compact Cauchy
surfaces ¥ with trivial homology H;(X) (though this condition was really imposed to facilitate a
parallel treatment of the Maxwell field rather than out of necessity). By deformation arguments this
implies existence on general globally hyperbolic spacetimes whose Cauchy surfaces are compact and
obey the homology condition. This was proved in Section IV.E of [33] for FP-Hadamard states, so all

such spacetimes have FP-Hadamard (and therefore N;;-Hadamard) states.

MMYV-Hadamard states The MMYV definition is that a Hadamard state is a quasifree state with
two-point function W obeying WF(W) = RHMad. Here, we recall that a state w is quasifree if it is
completely determined by its two-point function according to

w(E@ZMD) = WD e TR (A M) (7.14)

in the sense of formal power series in f, thus fixing all n-point functions (this is equivalent to the
vanishing of all truncated n-point functions for n # 2). In particular, every quasifree FP-Hadamard
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state is MMV-Hadamard, and every MMV-Hadamard state is \V. X/I—Hadamard. By Theorem 7.1, every
quasifree N X/I-Hadamard state is MMV-Hadamard. Thus we have

quasifree FP-Hadamard = MMYV-Hadamard <= quasifree \5,;-Hadamard. (7.15)

MMV also show (Theorem 5.9 of [79]) that there is a MMV-Hadamard state on every ultrastatic
spacetime with bounded spatial geometry. By Corollary 5.20, we deduce the following.

Theorem 7.2. There exist N]T/I/MMV—Hadamard states on the Proca algebra 2 (M) for every M €
Loc.

MMYV state a similar result, using Mgller operators and a notion of paracausal deformation de-
veloped in [78], and also state a result showing that MMV-Hadamard is ‘almost equivalent’ to the
FP-Hadamard definition. However, there turns out to be a gap in some of the proofs in [79] affecting

e the argument that MMV-Hadamard form propagates for quasifree states (Prop 4.7 of [79])

e the ‘almost equivalence’ between MMV and FP, namely that if 2°(M) admits any quasifree FP-
Hadamard state, then every MMV-Hadamard state on 2°(M) is also FP-Hadamard (Theorem
6.6 of [79])

e the stability of MMV-Hadamard states under Mgller isomorphisms (part (3) of Theorem 4.9
in [79]); as this is the key tool in reducing the general globally hyperbolic case to ultrastatic
spacetimes with bounded spatial geometry, it also affects their result on the existence of MMV-
Hadamard states in all globally hyperbolic spacetimes, stated as Theorem 4 and repeated as
Theorem 5.10 in [79].

The problem, in all cases, is an incorrect argument used to compute WF(Ep,,) — it is erroneously
claimed in part (b) of the proof of Proposition 4.7 in [79] that the operator Das = 1 — m~2dasépms
(denoted @ there) satisfies Char(1® Dps) = T*M x Op=ps and therefore does not intersect WF(Ek,, )
(effectively stating that Dpy is elliptic). However, Dps is characteristic everywhere on T*M and in
particular on Nz, as we have already mentioned after (7.9) , so in fact Char(1 ® Dps) D T*M x
Nnr D WE(Ep,,). This problem is remedied by our Theorem 7.1, which (via Theorem 5.5) uses the
polarisation set to track the singularities of F,, in more detail and hence shows that WF(Ep,,) has
the expected form. With this gap filled, the results of [79] should go through. In any case, neither
Theorem 7.2 nor Theorem 7.3 below relies on the results of [79] except in relation to the existence of
Hadamard states on ultrastatic spacetimes of bounded spatial geometry.

We now show that the various notions of Hadamard states discussed above are all, in fact, the
same (except that MMV is only stated for quasifree states).

Theorem 7.3. For any globally hyperbolic M, a state w on 2Z°(M) is FP-Hadamard if and only if it
] N&—Hadamard. In particular, all MMV-Hadamard states are FP-Hadamard.

Proof. The forward implication has already been mentioned as a consequence of nonexpansion of
the wavefront set under differential operators. Suppose that w is N ]T/I—Hadamard, with two-point
function W. We will construct a Hadamard form bisolution H € 2'(A*M X A M) satisfying (7.13).
An important observation is that W is itself a Kps-bisolution obeying W o (1 ® Dg\/}) = W and
WF(W) = RY2d. This is seen because (1 ® Pps)W = 0 implies (1 ® Sp7)W = 0 and hence W o (1 ®
Dg\/}) = (1® Dp)W = W and (1 ® Kpr)W = 0 — a manifestation of the fact that Das projects
K pr-solutions onto Ppg-solutions. Similarly we also have (Kps ® 1)W =0, so W is a Kps-bisolution.
However W is not of Hadamard form, because it has antisymmetric part %iEIZDI;\Z rather than %iE?L.

To obtain the required Hadamard form bisolution H, we will construct an additional K pz-bisolution
with the same wavefront set, that does not alter (7.13) and has antisymmetric part %1(E§(p;[ — EIZD?;) =
%im_QE?(p]; o (1 ® dpsonr) (a smooth error could be tolerated, but will not be needed). This is
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achieved by invoking an auxiliary scalar field subject to the 0-form operator K](\(;[) = —Oprdar + m?
on A°M, i.e., the trivial line bundle M x C with bilinear pairing given by multiplication and the
antilinear conjugation given by complex conjugation. The corresponding quantised theory % (KI(SI))

certainly admits Hadamard states [14, 18] (or by Theorem 5.3) and we choose any such state w(®)
with corresponding two-point function W(). One has WF(W©)) = RHad ang w(© -ty (0) = iEi%).
M

Because dMK](S[) = Kprdpg, one has dMEK(o) = Ek,,dpm and consequently
M

(dp ® dM)Ei%) = —(dmEro oa)*P" = —(Exp dnadng)*, (7.16)
M
where the minus sign arises because dps = —tdps. Tt follows that
H=W —m 2(dp @ dpg) W (7.17)

has antisymmetric part %iE%, and is a Kpz-bisolution with WF(H) = RYad satisfying (7.13). Thus
w is FP-Hadamard.
The last statement holds because all MMV-Hadamard states are N X/I-Hadamard. O

8 Conclusion

We have given a detailed treatment of Hadamard states for a wide class of bosonic and fermionic
theories and demonstrated how many standard properties can be generalised using our approach.
In addition, we have given an application to measurement theory [11], by showing that nonselective
state updates of Hadamard states are Hadamard, and proved the complete equivalence of the MMV
definition of Hadamard states for the Proca field [79] to the FP definition [33]. The general results
proved here should form a useful toolbox for further applications. Indeed, our definition has already
been employed in a treatment of functionals for perturbative algebraic QFT in [52]. To conclude, we
consider some other potential directions.

First, our discussion of bosonic theories has focussed on hermitian quantum field theories. However,
it is straightforward to encompass complex fields as is sketched for bosonic fields in Appendix B, by
‘doubling’ them to hermitian theories. In the fermionic case, a similar doubling procedure was used
for Dirac-type operators in Section 4.3. Second, one could develop an extended algebra of normal
ordered products [55] which contains the stress-energy tensor and other similar observables; this can
then form the basis for Epstein-Glaser renormalisation theory [13, 55, 56, 82, 24] for models based
on decomposable Green-hyperbolic operators. Third, it would be natural to extend our treatment to
theories with gauge freedom by means such as [51] (which abstracts methods used in e.g. [21, 33, 30, 16,

] to the level of Green-hyperbolic operators). Fourth, one could switch from the smooth wavefront
set to its analytic cousin, whereupon results such as the timelike tube theorem and Reeh—Schlieder
theorem would be expected for analytically decomposable Green hyperbolic operators satisfying the
analytic wavefront set condition WF4(Ep) C (VT xV7)U(V~ x V) using methods from [92, 93]. Fifth,
in terms of measurement theory, an important question is to understand which selective measurements
correspond to update rules that preserve the Hadamard class.

Finally, we have not discussed the Hadamard parametrix in the general setting, relying entirely on
the microlocal formalism. Partly that is because the motivation for constructing a parametrix is most
appropriate for a generally covariant theory — where one can aim for a description reducing to that of
the Minkowski space theory at short scales — and we treat operators that need not have a covariant
description in all spacetimes. Nonetheless, as all two-point functions of Hadamard states have smooth
differences, finding a parametrix is related to solving a cohomological problem [15] and it would be
interesting to determine for which Green-hyperbolic operators this can be achieved.
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A  Proof of Lemma 5.14

We start with an analogue of Theorem 2.5.14 in [58]. We recall the notational convention that
WFo(u) = WF(u) UO.
Lemma A.1. Let u € 9'(By ® Q}V/lz) Suppose a continuous linear map T : T'§°(B} ® Q}V/lf) —

I'ee(Bs ® Q}V/[i) has the property that, for each compact K1 C My there is a compact Ko C My so that

TT% (B;) C T%,(Bs). If WF(T*) N (T* My x Op+ar,) = 0 then uoT € /(B @ Q}\ﬁ) has wavefront
set
WF (1o T) € WE'({(T*™)) e WFq(u). (A1)

forallu € .@’(Bg@ﬁ}\ﬁ), where {(T*) € 2'((By @B;)@Q}\fw\b) is obtained by reversing arguments,

TN (h @ F) = T*"Y(F @ h). If, in addition, WF(T*") N (07, x T*My) = 0, then (A.1) simplifies
to
WF(uoT) C WE'({(T*)) @ WF (u). (A.2)

Proof. 1t is enough to prove this in the case where T : FSO(Q}V/E) — Fgo(Q}Vg) as the general statement

follows by considering local frames for By and Bs. Let u € @’(Q}Vg) Owing to the support and

continuity conditions, one has uo T € &' (Q}V/[f) Informally, we would like to express (uo T)(f) =
((u ® )TN (1 ® f), which is possible if the distributional product (u ® 1)T*" exists and one can
avoid the problem that the constant function is not a test function on M.

The Hormander criterion for the existence of the product is satisfied because WF(u®1) C WF(u) x
0«1, while WE(TK™) 0 (T* My x Op«pr,) = 0, so WF(u ® 1) + WE(T**) does not meet the zero
section of T*(Mj x My). Consequently, the distributional product (u® 1)T*" exists in 2'(Qyy, X Q}V/[f)
with

WF((u® 1T € WFo(u® 1) + WFo(T*™) € WFq(u) x 07« pz, + WFo(TFY). (A.3)

Using the support property of T', for any compact K C M; we may choose x € C5°(M2) so that
(xuoT)(f) = (uoT)(f) for all feTI'R(B), and

(woT)(f) = (xuo T)(f) = (u@ NT™)(x ® f), (A.4)

which allows the wavefront set of u o T to be estimated locally as

WF(uoT) C pryuyy, (0rns, % T* M) NWF((u @ 1)TF)), (A.5)
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and since this bound is independent of y, it holds globally. Using (A.3) we may compute

WE(uoT) C prjuyy, (0reas, x T*My) 0 (WFo(u) x Opspr, + WEo(TF)))
= prjuyy, (T*My X 0peps,) N (Op=ar, x WFo(u) + WE('T*))
= prjupy, (T*My x WFo(u)) N WE'('T%))
c WF'({(T%")) @« WFy(u), (A.6)
thus establishing (A.2). Here, in the second line, we used the fact that the zero section in WFq (T

does not contribute to the overall result, and reversed the order of factors. The last part holds because
WE({(T*1)) @ 07+ ps, = proyeps, WE(TE) N (O agy x T*My) = 0. O

We will apply this result to o (T} ® T3) for u € 2'((Ba K B2) ® Q}\gxMz) assuming that the T}

both obey both assumptions from Lemma A.1. Noting that

WEF ({(T1 @ To)*™M) € {(z, ky o' K5y, =1y, 1) € T*(My x My x Mo x My) :
(y,1;, k) € WFo(TEY), (o, 1'; 2/, k') € WFo(Tx™)}, (A7)

one easily checks that T} ® T} satisfies the support condition and that WF((T} ® T2)*™!) obeys both
conditions in Lemma A.1, so

WF(uo (T} ® Ty)) € WF'({(T1 ® T2)*™)) @ WF(u). (A.8)
Furthermore, (A.7) entails that, for conic T' C T*(My x M),
WE'({((T1 @ To)™)) o T = (WFg ("(Ty™)) x WFG({(T5™))) o T, (A.9)
which simplifies to
WE'({((T1 @ To) ™)) o T = (WF'({(T1™)) x WE'((Ty™))) o T (A.10)
if TN ((07epg, X T*Ma) U (T* My x Op+pp,)) = 0.

Proof of Lemma 5.14. We will apply (A.10) to T}’l in place of T} and B; ® Qj_l/Q in place of B;. As
the kernel distributions of T}j’l and T} have the same supports and wavefront sets, it follows that the

Tjﬁ’l satisfy the support condition and (5.34) is immediate from (A.10). O

B Complex fields

Let M € Loc and suppose B is a finite-rank complex vector bundle over M equipped with a hermitian
fibre metric, but not necessarily with a complex conjugation. The hermitian metric gives an antilinear
isomorphism of B to B* (or sections thereof) written f — f*, so that ((f*, h)) = (f, h). We use the same
notation for the inverse isomorphism, and define a hermitian fibre metric on B* by (u, v)p« = (v*,u*)p.
Next, we endow B @ B* with the direct sum hermitian fibre metric and a complex conjugation C given

by
()-()

which makes B @& B* into a hermitian vector bundle in HVB. If P is a formally hermitian Green
hyperbolic operator (FHGHO) on I'*°(B), it is easily shown that * P is formally hermitian on I'>°(B*)
and P @ *P is a RFHGHO on I'*°(B ¢ B¥).
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We quantise the theory as 2 (P) = % (P @ *P), also introducing complex fields

Pp(u) =Tparp(0®u),  Pp(f)=Tpep(f®0) (B.2)

foru € I'§°(B*), f € I'§°(B), which clearly generate 2°(P). It is easily seen that the following relations
are satisfied:

Cl uw ®p(u) and f+— ®5(f) are complex linear
C2 ©p(f) = @p(f*)"
C3 ®p(*Pu) = 0= P%(Pf)

C4 commutation relations

[@p(u), 5 (f)] = i{u, Epf)Lyp),  [®p(u), Pp(v)] = [®5(f), Pp(h)] =0 (B.3)

for all f € T'§°(B), u,v € I'g°(B*). Equivalently, we could construct Z(P) using the generators ®p(u)
and ®%(f) subject to relations C1-C4. The generator ®p(u) may be interpreted as a quantisation
of classical linear functional ¢ — ((u, ¢)) on Sol(P), while ®%(f) quantises the antilinear functional
b (6 ).

For each z € U(l) = {z € C : |z| = 1}, the map Gp(2) : f S u — Zf & zu is a GreenHyp-
automorphism of P@* P and therefore furnishes a group of automorphisms of Z(P) given by vp(z) =
% (Gp(z)). The action on the complex fields is

P(2)®p(u) = 2@p(u),  Yp(2)Pp(f) = 22p(f) (B4)

for . € U(1), f e I'F(B), u € I'F(B*).

Specialising, if B is in fact a hermitian vector bundle, with antilinear involution denoted f s f,
then there is also a bilinear pairing on B and a linear isomorphism f — f7 = Tk from B to B*, so
that (f7,h) = (f,h). The inverse isomorphism is written with the same notation. In this case, one
can define Up(f) := @p(f7) and Up(f) := ®3(f) which generate Z'(P) as f runs over f € I'§(B),
and obey

Cl1" f+ Up(f) and f +— Wp(f) are complex linear
€2 Tp(f) = Up(F)"
3 Wp(Pf) = 0= Tp(Pf)

C4’" commutation relations

[Wr(f), ¥p(h)] =i(f, Eph)1y(p), [(Op(f), Tp(h)] = [Wp(f), Up(h)] =0 (B.5)

for all f,h € T3°(B), where Pf = Pf. This provides an alternative presentation of 2°(P) in these
circumstances. The element Wp(f) represents the quantisation of the functional ¢ — (f, ¢) on Sol(P).

Specialising further, any RFHGHO P on B (i.e., P = P) may be quantised both as a hermitian
bosonic field theory %/ (P) and as a complex bosonic field theory Z2(P). In this situation, there is an
isomorphism between 2 (P) = % (P & *P) and % (P) ® # (P) = % (P & P) arising from the Cauchy
GreenHyp-morphism from P & *P to P & P given by

foum ¢1§ (W + f)@i(? - )] (B.6)

here, one uses the easily checked identity *Pf? = (Pf)T. In this situation the complex theory is two
copies of the hermitian theory, as expected. The correspondence can be realised by writing

®p(u) (Tp(u") @ Ly p) +ilypy @ Tp(u")),  uwelg(BY), (B.7)

_ L
V2
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or equivalently,

1 .
Up(f) = 7 (Tp(f) ® Ly (p) +illy(py © Tp(f)), [ el (B). (B.8)
Returning to a general FHGHO P, and dropping the assumption that B possesses an antilinear
involution, the two-point function of a state w on Z(P) = % (P & *P) is a distribution in 2'((B &
B*)X (B @ B*)) that combines the two-point functions

Waoo (™! @ v*1) = w(@p(u)®p(v),  Worer(f2! @ ) = w(Tp(f)®h(h)) (B.9)
Waar (ub! @ hPY) = w(®p(u)®%5(h)), Wara(f* @ v51) = w(®5(f)Pp(v)) (B.10)

for f,h € I'§°(B), u,v € I'?(B*). Note that Wee and Wexe+ are symmetric by virtue of the commu-
tation relations C4. The state w is described as quasifree if it is quasifree as a state on % (P @ *P),
which can be expressed as the identity

. N 1
w(e(@PWFPE(N)) = exp ) (Woo(u @ u) + Waer(u® f) + Wora(f @u) + Worar (f @ f))

(B.11)
as formal double series in f € I'°(B), u € ' (B*).

A state w on Z(P) is said to be gauge-invariant if yp(z)*w = w for all z € U(1). For a quasifree
state w, gauge-invariance is equivalent to Wgg = Wexg+ = 0. A particular example of this occurs if
P is a RFHGHO: if w is a quasifree state on #(P) then the state w ® w on # (P) ® % (P) determines
a state on Z'(P) (via the isomorphism described above) that is quasifree and gauge invariant. To see
that Wee = Wesg+ = 0, we use a calculation based on (B.7),

20p(fT)@p(h") = Yp(f)Tp(h) @ Ly py — Ly @ Tr(f)Lp(h)
+1(Yp(f) ® Tp(h) + Tp(h) @ Tp(f)) (B.12)

and the fact that quasifree states have vanishing 1-point functions. The analogous calculation for
20%(f)®%(h) reverses the sign before the i. We summarise this discussion as follows.

Theorem B.1. Let P be a V*-decomposable RFHGHO and suppose that % (P) admits a quasifree

~

state w. Then w @ w induces a gauge-invariant quasifree state on % (P) via the isomorphism % (P) =
% (P)® % (P) described above.

Now let P be a general FGHO, and suppose that P is V*-decomposable, WF(EX!) ¢ (W xV~)uU
(V= xV*). Noting that Exp = —*Ep and *E(fou) = B (u® f), we have WF(*Exp) = ' WF(ERY)
and therefore *P is also V*-decomposable. By Theorem 5.23(a), P @ *P is V*-decomposable. Con-
versely, V*-decomposability of P @ *P implies that of P because WF(Ep) C WF(Ep @ E«p) =
WF(Epg+p). Thus decomposability of P& *P and P are equivalent. With this in mind, we say that a
state on Z°(P) is V"-Hadamard if and only if its equivalent state on % (P&* P) is V*-Hadamard. The
properties of Vt-Hadamard states of the complex theory may be read off from the theory developed
in Section 5 applied to % (P @& *P). In particular, if w is VT-Hadamard then the wavefront sets of
Waa+x and Wase are contained in VT x V7~ while Wge and Wexe+ are smooth because the fact that
they are symmetric implies WF(Wae) C (VT x V™) N (V™ x V1) =0, and similarly for Wesg+.

If P is a RFHGHO we can also make use of the properties of Hadamard states on % (P).

Theorem B.2. Let P be a V*-decomposable RFHGHO and suppose that % (P) admits a V' -Hadamard
state w. Then w®@w is a VT -Hadamard on % (P) @ % (P) and if w is also quasifree, then w®@w is also
quasifree and gauge-invariant. In particular, 2 (P) admits a quasifree, gauge-invariant V' -Hadamard
state.
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Proof. Theorem 5.23(a,b) show that P @ P is V*-decomposable and w ® w is V*-Hadamard. The
second part follows by Theorem B.1, and the last statement holds because % (P) admits a quasifree
V*-Hadamard state by Theorem 5.4(e). O

For example, let Pas = —6prdar + m? be the Proca field operator on M € Loc, as studied in
Section 7, which is a RFHGHO. The complex theory is 2 (Par) = % (Pp @ *Ppyr) = 9 (Pyv) ®
% (Ppr) (note that % (Ppr) was denoted 2°(M) in Section 7). By Theorem 7.2, % (Pps) admits N *-
Hadamard states, so we may conclude that the complex Proca field admits quasifree gauge-invariant
Nt-Hadamard states on any M € Loc.
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