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Abstract

Hadamard states were originally introduced for quantised Klein–Gordon fields and occupy a

central position in the theory of quantum fields on curved spacetimes. Subsequently they have

been developed for other linear theories, such as the Dirac, Proca and Maxwell fields, but the

particular features of each require slightly different treatments.

This paper gives a generalised definition of Hadamard states for linear bosonic and fermionic

theories encompassing a range of theories that are described by Green-hyperbolic operators with

‘decomposable’ Pauli–Jordan propagators, including theories whose bicharacteristic curves are not

necessarily determined by the spacetime metric. The new definition reduces to previous definitions

for normally hyperbolic and Dirac-type operators. We develop the theory of Hadamard states in

detail, showing that our definition propagates under the equation of motion, and is also stable under

pullbacks and suitable pushforwards. There is an equivalent formulation in terms of Hilbert space

valued distributions, and the generalised Hadamard condition on 2-point functions constrains the

singular behaviour of all n-point functions. For locally covariant theories, the Hadamard states form

a covariant state space. It is also shown how Hadamard states may be combined through tensor

products or reduced by partial tracing while preserving the Hadamard property. As a particular

application it is shown that state updates resulting from nonselective measurements preserve the

Hadamard condition.

The treatment we give was partly inspired by a recent work of Moretti, Murro and Volpe (MMV)

[Ann. H. Poincaré 24, 3055–3111 (2023)] on the neutral Proca field. Among the other applications,

we revisit the neutral Proca field and prove a complete equivalence between the MMV definition

of Hadamard states and an older work of Fewster and Pfenning [J. Math. Phys. 44, 4480–4513

(2003)].

1 Introduction

A striking difference between quantum field theory (QFT) and quantum mechanics is that the same

algebra of observables can have many inequivalent Hilbert space representations. An equally striking

difference between QFT on curved spacetimes and QFT in Minkowski spacetime is that there is

generally no physically preferred state that can be used to identify a particularly natural representation

– a long-standing folk-theorem that can be formulated as a rigorous no-go result [36, 27].

Lacking a single preferred state, attention is directed instead to the question of what class of states

can be considered physically relevant. For linear Klein–Gordon fields in general globally hyperbolic

spacetimes, the consensus answer is the class of Hadamard states, which were first identified in at-

tempts to renormalise the stress-energy tensor [1], with key properties established in [45, 44], and a

full formal definition eventually given in [70] in terms of the Hadamard expansion. In outline, the
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two-point function W (x, y) = ⟨ϕ(x)ϕ(y)⟩ of a Hadamard state in four spacetime dimensions should

take the form

W (x, y) =
U(x, y)

4π2σ+(x, y)
+ V (x, y) log(σ+(x, y)/ℓ

2) + smooth; (1.1)

see [18] for general spacetime dimensions. Here, U and V are specific geometrically determined smooth

functions, ℓ > 0 is an arbitrary length scale and σ+ is a particular distributional regularisation of the

signed squared geodesic separation between points x and y, which can be defined within geodesically

convex normal neighbourhoods. A subtle point, which was missed for many years, is whether there is

any dependence on the choice of these neighbourhoods; this was addressed and resolved in [77] with

a slightly tightened definition.

One sees from (1.1) that all Hadamard states have the same singular structure and the specificity

of any individual state is encapsulated within the smooth terms in (1.1). Moreover, the geometric

nature of the singular terms permits covariant regularisation of the stress-energy tensor and related

observables by point-splitting.

In a major development thirty years ago, Radzikowski showed how (1.1) could be replaced by

a wavefront set condition on the two-point function [81]. (It transpires that this reformulation is

equivalent to the corrected definition of [77]). We recall that the wavefront set [58, 59] describes both

positional and directional information about distributional singularities, and plays an essential role in

the general theory of propagation of singularities [23]. Radzikowski replaced (1.1) by the condition

WF(W ) = {(x, k;x′,−k′) ∈ T ∗(M ×M) : (x, k) ∼ (x′, k′), k ∈ N+}, (1.2)

where N+ is the bundle of future-directed nonzero null covectors, and the relation (x, k) ∼ (x′, k′)

holds if and only if the two points lie on a common bicharacteristic strip in the cotangent bundle T ∗M

– the precise definition is recalled in Section 5.

The microlocal form (1.2) of the Hadamard condition initiated, and continues to stimulate, a

wave of remarkable progress in the theory of QFT in curved spacetimes. Among other things, it has

provided the basis for a rigorous perturbative construction of interacting fields in curved spacetime [13,

55, 54, 43, 82, 24]. It was also a spur to reconsider the locality and covariance of QFT across different

spacetimes, resulting in an understanding that QFTs can be expressed in terms of functors from

categories of spacetimes to suitable target categories [15, 36, 40]. Other physical applications include

general results on quantum energy inequalities [25], the strong cosmic censorship conjecture [57, 63],

the chronology protection conjecture [69], studies of states of low energy [80], and the microlocal

formulation of adiabatic states [64]. In addition the existence and Hadamard nature of various states

of interest on specific (particularly black hole) spacetimes [17, 87, 73] has been established, and the

asymptotic symmetries of asymptotically flat spacetimes have provided another route to construct

Hadamard states [76], as have direct series constructions [74] and pseudodifferential techniques [47,

94, 62, 34]. Any Hadamard state determines a Feynman propagator in a simple way. However, the

reverse construction of a Hadamard state from a Feynman propagator involves a subtlety that is

resolved in [34].

The condition (1.2) can be simplified to the requirement that

WF(W ) ⊂ N+ ×N−, (1.3)

where N− is the bundle of past-pointing nonzero null covectors – an observation made in [84]. Even

further, it was shown in [91] that a vector state ψ in a Hilbert space representation of the theory is

Hadamard if and only if

WF(Φ(·)ψ) ⊂ N−, (1.4)

where Φ is the scalar quantum field in the representation and f 7→ Φ(f)ψ is understood as a vector-
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valued distribution taking values in the Hilbert space. This boils down the Hadamard condition to the

idea that – in the high frequency limit – physical two-point functions are positive-frequency in their

first argument and negative frequency in their second, and fields create negative frequency excitations

of physical states.

In fact, (1.3) implies much more detailed information both on WF(W ) and on the higher n-

point functions of ω. A result of Sanders [85] shows that ω is Hadamard if and only if it satisfies

the microlocal spectrum condition, which constrains the wavefront sets of all n-point functions and

delineates the class of states relevant to the perturbative construction of interacting theories [82].

General reviews on the microlocal techniques in QFT on curved spacetimes and related matters can

be found in [89, 72, 27, 68]. In particular, see [27] for commentary on why the Hadamard condition fails

for some apparently natural constructions [2, 38] and discussion of results showing that the Hadamard

condition can be motivated by the demand that certain Wick products have finite fluctuations [39].

The purpose of this paper is to give a detailed, unified and generalised account of the Hadamard

condition for a wide class of bosonic and fermionic theories described by suitable Green hyperbolic

operators. To explain the motivation for this work, we first describe the existing theory of Hadamard

states for more general fields before turning to Green-hyperbolic operators.

The Hadamard condition has been formulated using microlocal techniques for other theories of

interest including the Dirac [53, 86], Proca (massive spin-1) [33], Maxwell equations [33] and linearised

gravity [61]. A general class of normally hyperbolic and related Dirac theories was treated in [84];

here, we recall that a normally hyperbolic operator on sections of a vector bundle is a second order

partial differential operator, with principal part gµν∂µ∂νδ
A
B relative to local coordinates and frame

components. See the sources just cited and references therein for the corresponding definitions via

Hadamard series.

These microlocal treatments are, in most cases, somewhat indirect.1 They proceed by relating

the theory at hand to an auxiliary normally hyperbolic equation, such as the spinorial Klein–Gordon

equation, the 1-form Klein–Gordon equation, the 1-form wave equation or the de Donder gauge-

fixed equation for linearised gravity. One says that a state of the QFT is Hadamard if its two-point

function can be related to a distributional bisolution to the auxiliary equation that is of ‘Hadamard

form’, in particular satisfying a microlocal condition of the form (1.2). For instance, the mass m > 0

Proca theory was studied by Fewster and Pfenning (FP) in [33]. According to FP, a Proca state is

Hadamard if there exists a Hadamard-form bisolution H to the 1-form Klein–Gordon equation so that

the Proca 2-point function is W = (1 ⊗D)H, where D is given in terms of the exterior derivative d

and codifferential δ by D = 1−m−2dδ.

Recently, Moretti, Murro and Volpe (MMV) [79] have proposed a direct definition of the Hadamard

condition in the form (1.2) for the Proca two-point function, rather than the indirect FP definition.

Unfortunately, it transpires that [79] contains a gap that was identified and fixed in a companion paper

to this one [29]. Nevertheless, [79] has provided some of the inspiration for this paper, which will give

direct definitions of the Hadamard condition for a wide range of operators. We will also return to

the relationship between the FP and MMV definitions of Hadamard states for the Proca theory and

demonstrate a full equivalence between them.

Green-hyperbolic operators were introduced by Bär [4], who isolated the essential algebraic struc-

ture common to many partial differential operators arising in physics, and showed how much of the

analytic theory can be extracted from the algebraic data. The idea is to study those partial differential

operators that (together with their formal adjoints) admit advanced and retarded Green operators.

Green-hyperbolic operators with suitable additional properties can be quantised as free quantum fields

of Bose or Fermi type [5] as we will describe in Section 3.

The advanced and retarded Green operators of a Green-hyperbolic operator are required to map

1An exception is the treatment of the Dirac equation in [86] where the analogue of (1.4) is employed.
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test functions f (or, in general, test sections of a vector bundle) to solutions of the inhomogeneous

equation that are supported in the causal past or future of the support of f . This is certainly satisfied

by normally hyperbolic operators; however, Green-hyperbolicity is much broader, and encompasses

the Dirac operator (which is first order), the Proca operator (which has second order terms beyond

those coming from the metric) and many others. Further examples include operators that are nor-

mally hyperbolic with respect to a ‘slow metric’, whose cones of future/past-directed causal vectors

are subsets of the cone of spacetime future/past-directed causal vectors. Dually, the cone of causal

covectors of the slow metric is a superset of the cone of causal covectors for the spacetime metric.

This type of behaviour can also be seen in the theory of birefringence for electrodynamics in media

(see [32, 90] and references therein). Similarly, suitable convex combinations of normally hyperbolic

operators with respect to different metrics are Green-hyperbolic but not normally hyperbolic [78].

Meanwhile, Lorentz-violating quantum field theories also result in effective null cones differing from

those of the spacetime geometry [3]. The idea can be pushed further – see, for example [28] for the

existence of some nonlocal operators that obey a modified version of Green-hyperbolicity.

Green-hyperbolic operators can be combined in various ways to construct other Green-hyperbolic

operators [4]. For example, the direct sum of two Green-hyperbolic operators is Green-hyperbolic.

This simple fact makes the class of Green-hyperbolic operators a natural source of examples for the

theory of measurement for QFT in flat and curved spacetimes introduced in [41] – see [42] for a

short presentation and a survey of more general questions concerning measurement for QFT. In this

framework, one measures a ‘system QFT’ by coupling it to another ‘probe QFT’. The dynamics of

the coupling can be described by a scattering map on the theory of the ‘uncoupled combination’ of

system and probe. If both the system and probe are obtained from Green-hyperbolic operators P

and Q, then their uncoupled combination is obtained from the direct sum P ⊕Q. The measurement

framework, further developed in [9, 31], applies to general QFTs described within algebraic QFT.

It provides a description of measurement schemes for system observables and also the updates to

system states resulting from selective and nonselective measurements, while avoiding pathologies.

Although QFTs based on Green-hyperbolic operators have provided a good source of examples, it

has not yet been shown how the state updates interact with the theory of Hadamard states. One

reason for this is that the theory of Hadamard states has not been developed for Green-hyperbolic

operators, beyond the normally hyperbolic class and the examples related to that in various ways.

Given that the theory of Hadamard states is tightly linked to aspects of the PDE theory, like the

principal symbol of the field equation and the related propagation of singularities, while the theory of

Green-hyperbolicity deliberately avoids these concepts, it is not immediately clear how to proceed. In

fact, the characteristic set of the field equation cannot have any bearing on the matter, because the

Proca field operator turns out to be everywhere characteristic!

The present paper has two goals. First, we will present a generalised definition of what a Hadamard

state should be for a class of Green-hyperbolic operators going well beyond the normally hyperbolic

class, for both bosonic and fermionic statistics. This not only unifies the discussion of Hadamard states

for standard linear theories, but also opens up the possibility of describing more general measurement

interactions involving combinations of theories in our class. Second, we illustrate the advantages of

this new framework by presenting applications to measurement theory and the Proca field.

Our approach proceeds by analogy with the standard theory of the Klein–Gordon field, in which

the wavefront set of the difference of advanced and retarded Green operators (the Pauli–Jordan prop-

agator) has a wavefront set contained in (N+ ×N−) ∪ (N− ×N+). Extrapolating, we will focus on

Green-hyperbolic operators P whose advanced-minus-retarded Green operator EP has a wavefront set

obeying

WF(EP ) ⊂ (V+ × V−) ∪ (V− × V+) (1.5)

for some conic set V+ in the spacetime cotangent bundle T ∗M that does not intersect its opposite
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V− = −V+ (see Section 5 for the precise definition). No relation is assumed between V± and the cones

N± of null (or causal) covectors. Such operators P will be described as V±-decomposable. States

with two-point functions obeying the obvious modification of (1.3), namely

WF(W ) ⊂ V+ × V−, (1.6)

will be described as V+-Hadamard; one can equally proceed from the corresponding modification

of (1.4). Evidently, (1.3) for Klein–Gordon fields corresponds to the N+-Hadamard condition in this

terminology.

Starting from these definitions, we will show how various standard properties of Hadamard states

have analogues for our generalised definition. In particular, differences of Hadamard two-point func-

tions are smooth, and the Hadamard property propagates under the equation of motion (Theorem 5.4);

there is an equivalent Hilbert space formulation mirroring (1.4) (Theorem 5.9) from which one can

see that the existence of a single Hadamard state implies the existence of many more (Corollary 5.11).

We also show that the Hadamard form is preserved under suitable pullbacks and pushforwards, and,

for similar reasons, is stable under scattering processes (Theorem 5.22). For locally covariant the-

ories [15, 40] described by Green-hyperbolic operators, this implies that the Hadamard states form

a covariant state space (Corollary 5.18). Moreover, we show in Theorem 5.23 that the Hadamard

condition interacts well with direct sums and partial traces. Our final general results are given in

Theorem 5.24 and Corollary 5.25, where we adapt a result of Sanders [85] to show how the Hadamard

condition on 2-point functions actually constrains the singular structure of all n-point functions. In a

precise sense, all Hadamard states are microlocally quasifree.

The general theory is illustrated by various examples and applications. First, recent results of

Islam and Strohmaier [62], further developed in [34], can be used to show that all normally hyperbolic

operators on bundles with positive definite hermitian metrics admit N+-Hadamard states for their

bosonic QFTs (Theorems 5.3) and similarly that all Dirac-type operators of definite type [5] admit

N+-Hadamard states for their fermionic QFTs (Theorem 5.7).

Second, our results that the Hadamard condition is preserved by tensor products, scattering and

partial traces combine to prove that state updates resulting from nonselective measurements yield

Hadamard states, if the system and probe states are initially Hadamard – see Theorem 6.1. This is

a significant contribution to the measurement framework because it shows that these measurement

updates do not result in pathological states. Other applications to the theory of measurements will

appear elsewhere.

As a further application, we consider the Hadamard states of the Proca field in section 7. There, it is

shown that the states considered by MMV (Moretti, Murro and Volpe [79]) are precisely the quasifree

N+-Hadamard states in the sense of this paper. Although the gap in MMV is fixed in [29], our

general results provide an independent proof of the existence of such states on all globally hyperbolic

spacetimes (Theorem 7.2). More significantly, we are able to establish a full equivalence between the

N+-Hadamard condition and the FP definition of Hadamard (Theorem 7.3). This shows that the

MMV definition (setting aside the inessential restriction to quasifree states in MMV) is equivalent

to the FP-definition, something that was only partly shown in MMV. What is necessary here is to

construct a Hadamard form bisolution for the 1-form Klein–Gordon operator corresponding to a given

Proca 2-point function. It turns out that there is a simple formula (7.17) that achieves this, by adding

to the Proca 2-point function a term obtained from an auxiliary scalar Hadamard 2-point function

but with the ‘wrong’ sign. This can be interpreted as the contribution from the ghost associated with

the Proca constraint.

The paper is structured as follows. After necessary preliminaries in Section 2, we review in some

detail the definition of Green-hyperbolic operators on sections of vector bundles over globally hy-

perbolic spacetimes, focussing on the subclass that are real and formally hermitian, which possess
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quantisations as hermitian bosonic quantum fields and (with additional structure) as fermionic fields.

Some material here is new, in particular the categorical structures on these operators and the de-

lineation of fermionic real formally hermitian Green-hyperbolic operators. Special cases include the

normally hyperbolic operators and Dirac-type operators in the bosonic and fermionic cases respec-

tively. In Section 5 we present the generalised Hadamard condition and establish its properties, as

described above, before moving to the application in measurement theory in Section 6. As a specific

example, we describe the Hadamard states of the neutral Proca field in Section 7. After a summary

in Section 8, two appendices provide a proof deferred from the main text and a brief account of how

the theory of Hadamard states developed for real bose fields extends to complex fields.

2 Preliminaries

General conventions The symbol ⊂ allows for equality. Alternatives labelled with vertically

stacked symbols, such as J±(S), are ordered from top to bottom.

Globally hyperbolic spacetimes A globally hyperbolic spacetime consists of a smooth paracom-

pact n-dimensional manifold M with at most finitely many components, equipped with a smooth

Lorentzian metric g on M of signature +− · · · − and a time-orientation t, so that there are no closed

g-causal curves in M and J+(K)∩J−(K) is compact for every compact K ⊂M , where J±(S) are the

causal future/past of a set S ⊂ M . The time-orientation t is expressed as a nontrivial component of

the set of nowhere zero g-timelike 1-form fields on M . We will study globally hyperbolic spacetimes

that are also oriented, that is, equipped with a nontrivial component o of the set of nowhere zero

n-forms. The globally hyperbolic spacetimes of dimension n form a category Loc with objects M and

morphisms ψ : (M, g, o, t) → (M ′, g′, o′, t′) given by smooth isometric embeddings ψ : M → M ′ with

causally convex image ψ(M), and so that ψ∗o′ = o, ψ∗t′ = t [15].

A closed subset S of globally hyperbolic M is future/past-compact if S ∩ J±(x) is compact for

all x ∈ M , strictly past/future-compact (resp., spatially compact) if S ⊂ J±(K) (resp., S ⊂ J(K))

for some compact K, and temporally compact if S is both future- and past-compact. The spaces of

smooth sections of a bundle B over M that have these types of support will be denoted Γ∞
• (B), with

• = fc/pc/spc/sfc/sc/tc respectively. The smooth sections with compact support are denoted Γ∞
0 (B),

those supported in closed set S by Γ∞
S (B), and those with unrestricted support by Γ∞(B).

An open causally convex subset of a globally hyperbolic spacetime is called a region. An open (resp.,

closed) Cauchy slab in a globally hyperbolic spacetime M is any set of the form I+(Σ−) ∩ I−(Σ+)

(resp., J+(Σ−) ∩ J−(Σ+)), where Σ± are smooth spacelike Cauchy surfaces with Σ± ⊂ I±(Σ∓) and

I±(S) denote the chronological future/past of S. An open Cauchy slab is a region; the closure of

an open Cauchy slab is a closed Cauchy slab; closed Cauchy slabs are temporally compact, and all

Cauchy slabs are causally convex.

Densities A density of order α ∈ R (or α-density) on an n-dimensional vector space V is an α-

homogeneous map ρ :
∧n V \ {0} → C, where ∧ denotes the exterior product (see e.g., [22]). Thus

ρ(λv) = |λ|αρ(v) for λ ∈ R \ {0}, v ∈ ∧n V \ {0}. We write Ωα(V ) for the 1-dimensional complex

vector space of all α-densities on V . Given a smooth n-dimensional manifold X, ΩαX is the complex

line-bundle over X with fibre Ωα(TxX) at x ∈ X. If the base manifold is clear from context, we

write Ωα; we also write Ω1 as Ω. An example that will appear frequently is the volume density

ρ ∈ Γ∞(Ω) induced by the spacetime metric g on Lorentzian spacetimeM , with coordinate expression

(− det g••)
1/2.

Distributions and kernels Let B be a finite-rank complex vector bundle over manifold X with

dual bundle B∗ and fibrewise duality pairing ⟨⟨·, ·⟩⟩B,x (the subscripts will be omitted when they are
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clear from context). The same notation can be used without ambiguity for a Ωα+β-valued pairing

of B∗ ⊗ Ωα and B ⊗ Ωβ for α, β ∈ R. The space of distributional sections of B is the topological

dual D ′(B) = Γ∞
0 (B∗ ⊗ Ω)′ with the weak-∗ topology and there is a canonical continuous embedding

ι : Γ∞(B)→ D ′(B) given by

(ιF )(h) =

∫

X
⟨⟨h, F ⟩⟩, F ∈ Γ∞(B), h ∈ Γ∞

0 (B∗ ⊗ Ω). (2.1)

For bundles of the form B ⊗ Ω1/2 (i.e., B-valued half-densities) there is a more symmetric formula

D
′(B ⊗ Ω1/2) = Γ∞

0 (B∗ ⊗ Ω1/2)′, (2.2)

(noting that (B⊗Ω1/2)∗ = B∗⊗Ω−1/2). It is often convenient to keep an explicit half-density bundle

factor. For example, if BX and BY are bundles over manifolds X and Y , then any continuous linear

map T : Γ∞
0 (BX ⊗Ω

1/2
X )→ D ′(BY ⊗Ω

1/2
Y ) has a distributional kernel T knl ∈ D ′((BY ⊠B∗

X)⊗Ω
1/2
Y×X),

T knl(v ⊗ u) = (Tu)(v), u ∈ Γ∞
0 (BX ⊗ Ω

1/2
X ), v ∈ Γ∞

0 (B∗
Y ⊗ Ω

1/2
Y ). (2.3)

Here, BY ⊠B∗
X → Y ×X is the external tensor product.

In some situations there is little ambiguity in writing T knl as T . Another slight abuse is that we

also consider kernel distributions for continuous linear maps T : Γ∞
0 (BX ⊗ Ω

1/2
X ) → Γ∞(BY ⊗ Ω

1/2
Y ),

writing T knl ∈ D ′((BY ⊠B∗
X)⊗ Ω

1/2
Y×X) where we would more properly write (ι ◦ T )knl. In such cases

one has the formula

T knl(v ⊗ u) =
∫

X
⟨⟨v, Tu⟩⟩, u ∈ Γ∞

0 (BX ⊗ Ω
1/2
X ), v ∈ Γ∞

0 (B∗
Y ⊗ Ω

1/2
Y ). (2.4)

It is frequently useful to identify (BY ⊠B∗
X)y,x with the space of linear maps Hom((BX)x, (BY )y), so

that υ ⊗ ξ is identified with the map w 7→ ξ(w)υ.

3 Green-hyperbolic operators

3.1 Hermitian vector bundles over globally hyperbolic spacetimes

In this paper, a hermitian vector bundle (B,M , (·, ·), C) over M ∈ Loc will consist of a smooth finite-

rank complex vector bundle B
π→ M , equipped with a smooth (nondegenerate, but not necessarily

positive definite) hermitian bundle metric (·, ·)x in each fibre π−1(x), antilinear in its first argument,

and an antiunitary involutive base-point preserving bundle morphism C so that (Cv, Cw)x = (v, w)x.
2

The corresponding antilinear involutions C : Γ∞
• (B) → Γ∞

• (B) are continuous for all support types.

There is a sesquilinear pairing on smooth sections of B with compactly intersecting supports given by

(f1, f2) =

∫

M
(f1(x), f2(x))xdvolg(x). (3.1)

There is a bilinear bundle metric ⟨·, ·⟩ so that ⟨v, w⟩x = (Cv, w)x, and a corresponding bilinear pairing

⟨f1, f2⟩ on sections of B with compactly intersecting supports obtained by replacing (·, ·)x by ⟨·, ·⟩x
in (3.1). The duality pairing ⟨⟨·, ·⟩⟩x of B∗

x with Bx gives a bilinear pairing

⟨⟨F, f⟩⟩ =
∫

M
⟨⟨F (x), f(x)⟩⟩xdvolg(x) (3.2)

2In section 4.3 and Appendix B we will use bundles of the type described but which do not necessarily possess
a complex conjugation. It would be very reasonable to call these ‘hermitian vector bundles’ and to find a different
terminology for those with a complex conjugation but we have opted for simplicty of usage.
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of F ∈ Γ∞(B∗), f ∈ Γ∞(B) with compactly intersecting supports.

We define a category HVB of Hermitian vector bundles in which a morphism β : (B,M , (·, ·), C)→
(B′,M ′, (·, ·)′, C′) is a smooth vector bundle map β : B → B′ that covers a Loc-morphism ψ between

the base manifolds M and M
′, and which is a fibrewise isometry such that β ◦ C = C′ ◦ β. Associated

with β there is a linear, continuous push-forward β∗ : Γ∞
0 (B)→ Γ∞

0 (B′) so that β∗f is the extension

by zero of β ◦ f ◦ ψ−1.

Adjoints, transposes and duals Suppose S : Γ∞(B1) → Γ∞(B2) is a linear map, where Bj =

(Bj ,M j , (·, ·)j , Cj) (j = 1, 2) are hermitian vector bundles. Then the formal hermitian adjoint †S (if

it exists) is the unique linear map †S : Γ∞(B2)→ Γ∞(B1) obeying

(f1, Sf2)2 = (†Sf1, f2)1 (3.3)

for all smooth sections fj ∈ Γ∞(B) so that f1 and Sf2 have compactly intersecting supports (implicitly

assuming that †Sf1 and f2 have compactly intersecting supports). The same definition is used if

S : Γ∞
0 (B1)→ Γ∞

0 (B2), again seeking †S : Γ∞(B2)→ Γ∞(B1). Every partial differential operator has

a formal hermitian adjoint that is also a partial differential operator. The push-forward β∗ : Γ
∞
0 (B)→

Γ∞
0 (B′) of a HVB-morphism β : B → B′ covering Loc-morphism ψ has a formal hermitian adjoint

(†β∗h)(x) = β†xh(ψ(x)), where β
†
x is the fibre-metric adjoint of βx : Bx → B′

ψ(x). We have †β∗ ◦β∗ = id

on Γ∞
0 (B), and, for any compact K ⊂M ,

β∗ : Γ
∞
K (B) ⊂ Γ∞

ψ(K)(B
′), †β∗Γ

∞
J±(ψ(K))(B

′) ⊂ Γ∞
J±(K)(B), (3.4)

where the second inclusion is due to causal convexity of ψ(M).

The formal transpose is tS = C1(†S)C2 and obeys

⟨f1, Sf2⟩2 = ⟨tSf1, f2⟩1 (3.5)

under the same conditions on fj . We also write S := C2SC1 and say that S is real if S = S. In the case

B2 = B1, S is said to be formally hermitian (resp., formally symmetric) if S = †S (resp., S = tS).

For example, the map β∗ defined by HVB-morphism β : B → B′ is real, and also satisfies tβ∗ ◦β∗ = id

on Γ∞
0 (B). Real, formally symmetric operators are formally hermitian.

Finally, if it exists, the formal dual ⋆S is the linear map ⋆S : Γ∞(B∗
2) → Γ∞(B∗

1) uniquely

determined by

⟨⟨⋆SF, f⟩⟩1 = ⟨⟨F, Sf⟩⟩2 (3.6)

for all F ∈ Γ∞(B∗
2) and f ∈ Γ∞(B1) so that F and Sf (and, implicitly, ⋆SF and f) have compactly

intersecting supports.

Note that our terminology and notation for formal adjoint and formal transpose differ from e.g., [4]

and other sources, but seem more natural in the current context.

Musical notation Let B be a hermitian vector bundle over M . By nondegeneracy of the bun-

dle metric, there is a fibrewise linear isomorphism ♯ : B → B∗ with inverse ♭ : B∗ → B so that

⟨⟨f ♯, h⟩⟩ = ⟨f, h⟩. In particular, ⋆Sf ♯ = (tSf)♯. The dual hermitian vector bundle to (B,M , (·, ·), C) is
(B∗,M , (♭·, ♭·), ♯ ◦ C ◦ ♭). Density-weighted versions of ♯ and ♭ are introduced so that, for f ∈ Γ∞(B),

f ♯,α ∈ Γ∞(B∗⊗Ωα) is f ♯,α = ραf ♯, where ρ is the metric volume density of M ; the inverse to f 7→ f ♯,α

is the map h 7→ h♭,α = (ρ−αh)♭. For a linear map T : Γ∞(B1) → Γ∞(B2), the notation T ♯,α denotes

the linear map from Γ∞(B∗
1 ⊗ Ωα1 ) to Γ∞(B∗

2 ⊗ Ωα2 ) given by T ♯,αh = (Th♭,α)♯,α, i.e.,

T ♯,α = ρα2 ◦ ♯ ◦ T ◦ ♭ ◦ ρ−α1 . (3.7)
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We will occasionally write T ♮,α = ρα2 ◦ T ◦ ρ−α1 : Γ∞(B1 ⊗ Ωα1 )→ Γ∞(B2 ⊗ Ωα2 ).

3.2 (Semi)-Green-hyperbolic operators and RFHGHO’s

Let P : Γ∞(B)→ Γ∞(B) be a partial differential operator where (B,M , (·, ·), C) is a hermitian vector

bundle over M ∈ Loc. If there are linear maps E±
P : Γ∞

0 (B)→ Γ∞(B) such that the conditions

G1 PE±
P f = f

G2 E±
P Pf = f

G3 suppE±
P f ⊂ J±(supp f)

hold for all f ∈ Γ∞
0 (B), then we say that P is semi-Green-hyperbolic and, as usual, call E±

P the

advanced (−) and retarded (+) Green operators for P . If P and one (and hence all) of tP , †P or ⋆P

are semi-Green-hyperbolic, then P is Green-hyperbolic [4].

Two useful facts are that E
±
P = E±

P
, and that tE±

P = E∓
tP
. Therefore, if P is a real, formally

hermitian Green-hyperbolic operator (RFHGHO), one has E
±
P = E±

P =
t
(E∓

P ), whereas if P is formally

hermitian and Green-hyperbolic, E±
P =

†
(E∓

P ). We also define the advanced-minus-retarded operator

EP : Γ∞
0 (B) → Γ∞(B) EP = E−

P − E+
P , whose range is contained in Γ∞

sc (B). For any RFHGHO P ,

there is an associated antisymmetric bilinear form

EP (f, h) = ⟨f,EPh⟩, f, h ∈ Γ∞
0 (B), (3.8)

which is antisymmetric because tEP = −EP and satisfies EP (Cf, Ch) = EP (f, h) because EP = EP
and also EP (Pf, h) = EP (f, Ph) = 0. A number of other general properties of Green-hyperbolic

operators will be needed below and are stated here for clarity.

Theorem 3.1. The following statements hold for any Green-hyperbolic P : Γ∞(B)→ Γ∞(B):

a) The Green operators E±
P are unique.

b) E±
P : Γ∞

0 (B)→ Γ∞
spc/sfc(B) and EP : Γ∞

0 (B)→ Γ∞
sc (B) are continuous linear maps.

c) For any f ∈ Γ∞
0 (B), F = E±

P f is the unique solution to PF = f with past/future compact

support.

d) kerP ∩ Γ∞
0 (B) = {0}; kerEP = PΓ∞

0 (B); kerP ∩ Γ∞
sc (B) = EPΓ

∞
0 (B); PΓ∞

sc (B) = Γ∞
sc (B).

e) For any compact K ⊂M ,

PΓ∞
K (B) ⊂ kerEP ∩ Γ∞

K (B) ⊂ PΓ∞
J+(K)∩J−(K)(B). (3.9)

f) There is an injective linear isomorphism

ÊP : Γ∞
0 (B)/PΓ∞

0 (B)→ EPΓ
∞
0 (B)

[f ] 7→ EP f (3.10)

and σP (EP f,EPh) := EP (f, h) defines a symplectic form σP on EPΓ
∞
0 (B); consequently σ̂P =

σP ◦ (ÊP × ÊP ) is a symplectic form on Γ∞
0 (B)/PΓ∞

0 (B).

g) For any open causally convex N ⊂M that contains a Cauchy surface of M , one has

Γ∞
0 (B) = Γ∞

0 (B|N ) + PΓ∞
0 (B). (3.11)

Explicitly, let U be an open Cauchy slab with U ⊂ N and let χ ∈ C∞(M) obey χ = 1 on a

neighbourhood of M \ J+(U) and χ = 0 on a neighbourhood of M \ J−(U). Then PχEP =

[P, χ]EP : Γ∞
0 (B)→ Γ∞

0 (B|U ) ⊂ Γ∞
0 (B|N ) and [P, χ]EP f − f ∈ PΓ∞

0 (B|N ) for all f ∈ Γ∞
0 (B).
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Proof. All statements except (e) and (f) are established in [4], or are simple consequences of the exact

sequence

0 Γ∞
0 (B) Γ∞

0 (B) Γ∞
sc (B) Γ∞

sc (B) 0,P EP P (3.12)

stated as Theorem 3.22 of [4] and proved as Theorem 3.5 of [5]. Part (e) is a slightly refined version

of a statement in (d), from which the first inclusion follows. For the second, suppose that f ∈ Γ∞
K (B)

with EP f = 0. Then E+
P f = E−

P f has support in the compact set J+(K) ∩ J−(K) and one applies

P to obtain f ∈ PΓ∞
J+(K)∩J−(K)(B). For part (f), the statement concerning ÊP also follows from the

exact sequence, while the rest follows from Proposition 3.4 of [5].

The symplectic form σP of part (f) has the further property that

σP (CEP f, CEPh) = σP (EPCf,EPCh) = EP (Cf, Ch) = EP (f, h) = σP (EP f,EPh) (3.13)

for all f, h ∈ Γ∞
0 (B). Consequently (EPΓ

∞
0 (B), σP , C) is a complexified symplectic space, as is

(Γ∞
0 (B)/PΓ∞

0 (B), Ĉ, σ̂P ), where Ĉ[f ] = [Cf ]. In more detail [37], the category of complexified sym-

plectic spaces SymplC has objects (V, σ, C), where V is a complex vector space, σ : V × V → C is a

weakly nondegenerate antisymmetric bilinear form and C is an antilinear conjugation on V such that

σ(Cu,Cv) = σ(u, v). A SymplC-morphism T : (V, σ, C) → (V ′, σ′, C ′) is a (necessarily injective, due

to nondegeneracy) linear map T : V → V ′ such that σ′ ◦ (T × T ) = σ and which is real in the sense

that C ′T = TC. Composition in SymplC is given by composition of linear maps.

Examples A normally hyperbolic operator is a second-order differential operator P : Γ∞(B) →
Γ∞(B) whose principal symbol is given by p(x, k) = −g−1

x (k, k)idBx , where g is the spacetime metric.

Thus (recalling the correspondence kµ ↔ −i∂µ) in a local frame for B, P is equivalent to a matrix of

differential operators P ab with

P ab = gµν∇µ∇νδab + Uab, (3.14)

where Uab is a matrix of first order differential operators and ∇ is the Levi–Civita derivative. Any

normally hyperbolic operator has advanced and retarded Green operators (see Corollary 3.4.3 in [6])

and is therefore semi-Green-hyperbolic; as the formal transpose of a normally hyperbolic operator is

also normally hyperbolic, these operators are Green-hyperbolic.

However, not all Green-hyperbolic operators are normally hyperbolic, as shown by the Dirac and

Proca field equations (see Sections 4 and 7 respectively) and, even more starkly, the elliptic operator

−d2/dt2 on C∞(R) shows that Green-hyperbolic operators need not be hyperbolic. Another example

is given in [78]: suppose that g′ is a time orientable slow metric relative to the spacetime metric

g and suppose that P ′ and P are normally hyperbolic operators with respect to g′ and g. Let

χ ∈ C∞
0 (M ; [0, 1]) and define a convex combination Pχ = (1−χ)P +χP ′. Then there is a metric gχ so

that g−1
χ = (1−χ)g−1+χ(g′)−1, which is a slow metric relative to g (Theorem 2.18 in [78]) that is also

globally hyperbolic. Then Pχ is normally hyperbolic (and therefore Green-hyperbolic) with respect to

gχ, while it is Green-hyperbolic, but not normally hyperbolic, with respect to the spacetime metric g

– see Theorem 3.14 in [78]. Further examples can be found in [4].

The category GreenHyp By Theorem 3.1 (f), every RFHGHO determines an object of SymplC. We

define the category GreenHyp of RFHGHO’s so that this assignment is functorial. Previously developed

categories of Green-hyperbolic operators, such as GlobHypGreen in [5] have focussed on intertwining

the Green-hyperbolic operators with pushforward maps – as will be seen, our approach is more general

and has certain advantages.

Definition 3.2. Objects of GreenHyp are pairs (B,P ) (sometimes abbreviated just to P ), where B

is a hermitian vector bundle over a globally hyperbolic spacetime and P is a RFHGHO acting on
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Γ∞(B). A morphism S : (B,P )→ (B′, P ′) in GreenHyp is a linear map S : Γ∞
0 (B)→ Γ∞

0 (B′) obeying

SC = C′S, SPΓ∞
0 (B) ⊂ P ′Γ∞

0 (B′), and EP ′(Sf, Sh) = EP (f, h) for all f, h ∈ Γ∞
0 (B).

A GreenHyp-morphism S : (B,P ) → (B′, P ′) determines a linear map Sol(S) : EPΓ
∞
0 (B) →

EP ′Γ∞
0 (B′) by Sol(S)EP f = EP ′Sf , which is well-defined because EP f = 0 implies f ∈ PΓ∞

0 (B) and

hence Sf ∈ P ′Γ∞
0 (B′) = kerEP ′ . The identity Sol(S)C = C′ Sol(S) follows from SC = C′S, and the

calculation

σP ′(EP ′Sf,EP ′Sh) = EP ′(Sf, Sh) = EP (f, h) = σP (EP f,EPh) (3.15)

shows that Sol(S) is symplectic and therefore a SymplC-morphism. Consequently, Sol(S) is injective;

we will describe S as Cauchy if Sol(S) is an isomorphism, and say that morphisms S, T : (B,P ) →
(B′, P ′) are equivalent, written S ∼ T , if Sol(S) = Sol(T ). A straightforward calculation shows that

ÊP ′Ŝ = Sol(S)ÊP , where

Ŝ : Γ∞
0 (B)/PΓ∞

0 (B)→ Γ∞
0 (B′)/P ′Γ∞

0 (B′)

Ŝ[f ] = [Sf ]. (3.16)

Thus Ŝ is injective, S is Cauchy if and only if Ŝ is an isomorphism, and morphisms S, T : (B,P ) →
(B′, P ′) are equivalent if and only if Ŝ = T̂ .

Theorem 3.3. There is a functor Sol : GreenHyp→ SymplC given by Sol(B,P ) = (EPΓ
∞
0 (B), σP , C),

where σP (EP f,EPh) = EP (f, h), and Sol(S)EP f = EP ′Sf . If S : (B,P ) → (B′, P ′) is a Cauchy

GreenHyp-morphism then Sol(S) is a SymplC-isomorphism. One has

Sol(B ⊕B′, P ⊕ P ′) = (EPΓ
∞
0 (B)⊕ EP ′Γ∞

0 (B′), σP ⊕ σP ′ , C ⊕ C′). (3.17)

Proof. It has already been established that Sol(B,P ) ∈ SymplC for each (B,P ) ∈ GreenHyp, and that

a GreenHyp-morphism S : (B,P ) → (B′, P ′) determines a SymplC-morphism Sol(S) : Sol(B,P ) →
Sol(B′, P ′). It is clear that Sol(id(B,P )) = idSol(B,P ). Given GreenHyp morphisms P

S→ P ′ S
′

→ P ′′ then

Sol(S′S)EP = EP ′′S′S = Sol(S′)EP ′S = Sol(S′) Sol(S)EP on Γ∞
0 (B), so Sol is a functor.

Finally, the statement (3.17) is immediate from the definitions.

Lemma 3.4. (a) A composition of Cauchy GreenHyp-morphisms is Cauchy. Equivalence of GreenHyp-

morphisms is stable under composition, i.e., ST ∼ S′T ′ if S ∼ S′ and T ∼ T ′.

(b) If S : (B,P ) → (B′, P ′) and T : Γ∞
0 (B) → Γ∞

0 (B′) is linear then T : (B,P ) → (B′, P ′) with

T ∼ S if and only if T − S = P ′R for (uniquely determined) linear map R : Γ∞
0 (B) → Γ∞

0 (B′) that

obeys RC = C′R.
(c) If S : (B,P ) → (B′, P ′) has a formal transpose tS : Γ∞

sc (B
′) → Γ∞(B) then tSEP ′S = EP ; if

S is Cauchy then tSEP ′h = ÊP Ŝ
−1[h] for all h ∈ Γ∞

0 (B′).

Proof. (a) Both statements follow from the trivial identity ŜT = ŜT̂ for composable morphisms S, T .

(b) Sufficiency: one clearly has TC = C′T and TPΓ∞
0 (B) ⊂ P ′Γ∞

0 (B′), and EP ′(Tf, Th) =

EP ′(Sf, Sh) = EP (f, h) for all f, h ∈ Γ∞
0 (B); finally, (T̂ − Ŝ)[f ] = [P ′Rf ] = 0 for all f ∈ Γ∞

0 (B), so

T defines a GreenHyp-morphism T : (B,P ) → (B′, P ′) with T ∼ S. Necessity: as P ′ is injective on

Γ∞
0 (B′) by Theorem 3.1(d)) and T ∼ S entails (T − S)Γ∞

0 (B) ⊂ P ′Γ∞
0 (B′), there is a unique map

R : Γ∞
0 (B)→ Γ∞

0 (B′) so that T − S = P ′R, which is necessarily linear and satisfies C′R = RC.
(c) We calculate

⟨f, tSEP ′Sh⟩ = ⟨Sf,EP ′Sh⟩ = EP ′(Sf, Sh) = EP (f, h) = ⟨f,EPh⟩ (3.18)

for all f, h ∈ Γ∞
0 (B). If S is Cauchy and h ∈ Γ∞

0 (B′) then there exists f ∈ Γ∞
0 (B) so that [h] = Ŝ[f ] =

[Sf ], whereupon tSEP ′h = tSEP ′Sf = EP f = ÊP [f ] = ÊP Ŝ
−1[h].
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Some basic examples of GreenHyp-morphisms are set out in the next result, which we formulate

for ease of use in what follows.

Theorem 3.5. Suppose (B,P ) and (B′, P ′) are objects in GreenHyp over spacetimes M and M
′.

Then

a) If β : B → B′ is a HVB-morphism such that P ′β∗ = β∗P , then β∗ : (B,P )→ (B′, P ′) defines a

GreenHyp-morphism. If β is a fibrewise isomorphism covering a Cauchy Loc-morphism then β∗
is Cauchy.

b) If N ⊂ M is open and causally convex then the inclusion map ιN : B|N → B determines a

GreenHyp-morphism ιN∗ : (B|N , P |N )→ (B,P ) which is Cauchy if N contains a Cauchy surface

of M .

c) Define (B⊕B′, P⊕P ′) with the obvious complex conjugation and bundle metric on B⊕B′ defined

by taking direct sums, noting that E±
P⊕P ′ = E±

P ⊕ E±
P ′. Then there are GreenHyp-morphisms

(B,P )
ι∗−→ (B ⊕B′, P ⊕ P ′)

ι′∗←− (B′, P ′), (3.19)

where ι : B → B⊕B′ and ι′ : B′ → B⊕B′ are the canonical injections of B and B′ into B⊕B′

(which are bundle isometries but not isomorphisms).

d) If S : (B,P ) → (B′, P ′) is a Cauchy GreenHyp-morphism then there are (many, necessarily

equivalent) GreenHyp-morphisms L : (B′, P ′) → (B,P ) such that L̂ = Ŝ−1. Explicitly, take

any open Cauchy slab U ⊂ M and choose χ ∈ C∞(M ;R) with χ = 1 on a neighbourhood of

M \ J+(U) and χ = 0 on a neighbourhood of M \ J−(U). Then the required properties are

met by L : Γ∞
0 (B′) → Γ∞

0 (B) given by Lf = [P, χ]ÊP Ŝ
−1[f ]. If S has a formal transpose

tS : Γ∞
sc (B

′)→ Γ∞(B) then L = [P, χ]tSEP ′.

e) In the case B′ = B, suppose that P ′ agrees with P on a causally convex open set N ⊂ M that

contains a Cauchy surface of M . Then there exist Cauchy GreenHyp-morphisms S : (B,P ) →
(B,P ′) such that SΓ∞

0 (B) ⊂ Γ∞
0 (B|N ) and Ŝ[f ]P = [f ]P ′ for all f ∈ Γ∞

0 (B|N ); all such mor-

phisms are equivalent. Explicitly, choose an open Cauchy slab U ⊂ N and χ ∈ C∞(M ;R) with

χ = 1 on a neighbourhood of M \ J+(U) and χ = 0 on a neighbourhood of M \ J−(U). Then

S = PχEP = [P, χ]EP has the stated properties and (S − id)Γ∞
0 (B) ⊂ PΓ∞

0 (B).

Proof. (a) As β is a HVB-morphism, one has C′β∗ = β∗C. Moreover, β∗PΓ
∞
0 (B) = P ′β∗Γ

∞
0 (B) ⊂

P ′Γ∞
0 (B′). Taking the formal transpose of P ′β∗ = β∗P gives P tβ∗ =

tβ∗P
′, and we compute

P tβ∗E
±
P ′β∗ =

tβ∗P
′E±
P ′β∗ =

tβ∗β∗ = id
tβ∗E

±
P ′β∗P = tβ∗E

±
P ′Pβ∗ =

tβ∗β∗ = id (3.20)

on Γ∞
0 (B), so tβ∗E

±
P ′β∗ satisfy G1 and G2 for P . Meanwhile, G3 holds because tβ∗E

±
P ′β∗Γ

∞
K (B) ⊂

tβ∗E
±
P ′Γ∞

ψ(K)(B) ⊂ tβ∗Γ
∞
J±(ψ(K))(B

′) ⊂ Γ∞
J±(K)(B) (see (3.4), recalling that β covers a Loc-morphism).

Thus tβ∗E
±
P ′β∗ are Green operators for P and Theorem 3.1(a)) gives tβ∗E

±
P ′β∗ = E±

P and therefore
tβ∗EP ′β∗ = EP . Finally, if ψ(M) contains a M

′-Cauchy surface, Theorem 3.1(g)) gives Γ∞
0 (B′) =

Γ∞
0 (B′|ψ(M)) + P ′Γ∞

0 (B′) = β∗Γ
∞
0 (B) + P ′Γ∞

0 (B′) as β∗
tβ∗ = id on Γ∞

0 (B′|ψ(M)) because β is a

fibrewise isomorphism. Consequently, β̂∗ is surjective as well as injective and β∗ is therefore Cauchy.

(b,c) are immediate applications of (a) (see Lemma 3.6 in [4] for a proof that P |N is Green

hyperbolic; reality and formal hermiticity are easily checked).

(d) It is enough to check the explicit example, for which CL = LC′ and LP ′ = 0 are straightforward.

Note that LSf = [P, χ]ÊP [f ] = [P, χ]EP f , so by Theorem 3.1(g)), one has LSΓ∞
0 (B) ⊂ Γ∞

0 (B|U ) ⊂
Γ∞
0 (B|N ) and LSf = f mod PΓ∞

0 (B), and hence L̂Ŝ = id; by surjectivity of Ŝ it follows that

L̂ = Ŝ−1. Furthermore,

EP (LSf, LSh) = EP (f, h) = EP ′(Sf, Sh) (3.21)
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for all f, h ∈ Γ∞
0 (B). As Ŝ is an isomorphism, for every f ′ ∈ Γ∞

0 (B′) there is f ∈ Γ∞
0 (B) so that

Sf − f ′ ∈ P ′Γ∞
0 (B′) and therefore Lf ′ = LSf . Combining with (3.21), one has EP (Lf

′, Lh′) =

EP ′(Sf, Sh) = EP ′(f ′, h′) for all f ′, h′ ∈ Γ∞
0 (B′), so L : (B′, P ′)→ (B,P ). The last statement follows

by Lemma 3.4(c).

(e) Let M |N be the region N considered as a spacetime in its own right, with the induced metric

and causal structure from M . By (b), there are Cauchy morphisms ιN : (B|N , P |N ) → (B,P ) and

ι′N : (B|N , P ′|N ) → (B,P ′) with the same underlying map. By (d) there is a Cauchy morphism

LN : (B,P )→ (B|N , P |N ) so that L̂N = ι̂−1
N∗, so SN = ι′NLN : (B,P )→ (B,P ′) is also Cauchy. Given

χ and U as in the statement, part (d) gives an explicit expression for LN = [P |N , χ|N ]tιN∗EP , and

so SN = ι′N [P |N , χ|N ]tιN∗EP = [P, χ]EP as [P, χ] is a differential operator with coefficients supported

in N . It is straightforward to see that SNΓ
∞
0 (B) ⊂ Γ∞

0 (B|N ) and SN [f ]P = [f ]P ′ for f ∈ Γ∞
0 (B|N ).

Thus S = SN has the stated properties. Now consider any S of this type, noting that Ŝ is fixed

uniquely by its action on Γ∞
0 (B|N ) because Γ∞

0 (B) = Γ∞
0 (B|N ) + P ′Γ∞

0 (B). Thus all morphisms

S : (B,P ) → (B,P ′) obeying Ŝ[f ]P = [f ]P ′ for all f ∈ Γ∞
0 (B|N ) are equivalent. The last statement

follows by Theorem 3.1(g).

The morphisms of Theorem 3.5(a) generalise those of the category GlobHypGreen introduced in [5],

which however required β to be a fibrewise isometric isomorphism (between real vector bundles).

3.3 Quantisation

We now describe how every RFHGHO defines a bosonic hermitian QFT. Given the definitions so far,

the quantisation process may be described functorially. Let Alg be the category whose objects are

unital complex ∗-algebras, and whose morphisms are unit-preserving injective ∗-homomorphisms. We

have already seen that there is a functor Sol : GreenHyp→ SymplC turning RFHGHO’s into symplectic

spaces; by composing this with a quantisation functor Qs : SymplC → Alg (see, e.g., [37]) we obtain

the desired functor from GreenHyp to Alg. The main theorem on quantisation is essentially standard

and we state it without detailed proof.

Theorem 3.6. There is a functor Y : GreenHyp→ Alg with the following properties:

a) For each (B,P ) ∈ GreenHyp, Y (P ) is the unital ∗-algebra generated by symbols ΥP (f) (f ∈
Γ∞
0 (B)), subject to

Y1 f 7→ ΥP (f) is complex linear

Y2 ΥP (f)
∗ = ΥP (Cf)

Y3 ΥP (Pf) = 0,

Y4 [ΥP (f),ΥP (h)] = iEP (f, h)11Y (P )

for all f, h ∈ Γ∞
0 (B), and where C is the antilinear bundle involution of B.

b) If S : P → P ′ is a GreenHyp-morphism, then the Alg-morphism Y (S) : Y (P ) → Y (P ′) is

uniquely determined by

Y (S)ΥP (f) = ΥP ′(Sf), f ∈ Γ∞
0 (B), (3.22)

and in particular, Y (S) = Y (T ) if and only if S ∼ T .
c) Y (S) is an Alg-isomorphism if S is a Cauchy GreenHyp-morphism.

d) If P and P ′ are RFHGHO’s on hermitian bundles B and B′ over a common M ∈ Loc, then

Y (P ⊕ P ′) = Y (P )⊗ Y (P ′) (the algebraic tensor product) under the correspondence

ΥP⊕P ′(f ⊕ f ′) = ΥP (f)⊗ 11Y (P ′) + 11Y (P ) ⊗ΥP ′(f ′), f ∈ Γ∞
0 (B), f ′ ∈ Γ∞

0 (B′). (3.23)
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To be more explicit, the required functor is Y = Qs ◦ Sol. As a vector space

Y (P ) =
⊕

n∈N0

Sol(P )⊙n, (3.24)

where ⊙ is the symmetrised tensor product, the ∗-operation is (v1⊙· · ·⊙ vn)∗ = (Cvn⊙· · ·⊙Cv1) and
the generators are given by ΥP (f) = (0, EP f, 0, . . .). The algebra product of Y (P ) is given explicitly

by

FH = ⊙ ◦ exp
(
1
2 i⟨σ, ∂ ⊗ ∂⟩

)
F ⊗H, (3.25)

which is a translation of the star product from the functional formalism [83] to the current setting.

Here, ∂ : Y (P )→ Sol(P )⊗ Y (P ) is a linear map such that

∂(v1 ⊙ · · · ⊙ vk) =
k∑

j=1

vj ⊗ (v1 ⊙ · · · /vj · · · ⊙ vk), ∂11Y (P ) = 0, (3.26)

where the slash indicates an omission, 11Y (P ) = (1, 0, . . .) ∈ Y (P ) and ⟨σ, ·⟩ : (Sol(P ) ⊗ Y (P ))⊗2 →
Y (P )⊗2 is a linear map so that

⟨σ, (v ⊗ F )⊗ (w ⊗H)⟩ = σ(v, w)F ⊗H. (3.27)

As ⟨σP , ∂⊗∂⟩ is nilpotent on any element of Y (P )⊗Y (P ), the exponential in (3.25) can be understood

as a power series. It can be checked that this indeed defines an associative algebra product (cf. the

argument in Section 6.2.4 of [95] or Proposition II.4 of [71]). In particular, one has

ΥP (f)ΥP (h) = ΥP (f)⊙ΥP (h)+
i

2
σ(EP f,EPh)11Y (P ), [ΥP (f),ΥP (h)] = iEP (f, h)11Y (P ). (3.28)

Part (d) of Theorem 3.6 is based on the isomorphism of the symmetric tensor algebra over Sol(P ⊕P ′)

with the algebraic tensor product of those over Sol(P ) and Sol(P ′) (cf. III§6.6 of [10]); a calcula-

tion shows that the same map is an isomorphism from Y (P ⊕ P ′) to the algebraic tensor product

Y (P ) ⊗ Y (P ′) with the stated action on generators when the two algebras are identified under the

isomorphism, Y (P ⊕P ′) = Y (P )⊗Y (P ′). One interprets ΥP (f) as the quantisation of the classical

functional Ff : Sol(P )→ C given by Ff (ϕ) = ⟨f, ϕ⟩.
Any functorial assignment of RFHGHO’s leads to a functorial assignment of algebras, just by

post-composing with the quantisation functor Y . This is particularly useful when the RFHGHO’s

arise from a natural equation of motion.

Definition 3.7. A functorial bundle over Loc is a functor B : Loc→ HVB assigning hermitian vector

bundles to globally hyperbolic spacetimes such that B(M) is a bundle over M for each M ∈ Loc.

A natural differential operator on B is a family (PM )M∈Loc of linear partial differential operators

PM : Γ∞(B(M))→ Γ∞(B(M)) so that the identity PM
′◦B(ψ)∗ = B(ψ)∗◦PM holds on Γ∞

0 (B(M))

for all Loc-morphisms ψ : M → M
′. A functor EoM : Loc → GreenHyp is a functorial equation of

motion if EoM(M) = (B(M), PM ), where (PM )M∈Loc is a natural differential operator on a functorial

bundle B : Loc→ HVB over Loc, and EoM(ψ) = B(ψ)∗ for every Loc-morphism ψ.

Conversely, if (PM )M∈Loc is a natural differential operator on a functorial bundle B : Loc→ HVB

over Loc and (B(M), PM ) is a RFHGHO for each M ∈ Loc, then one has a functorial equation of

motion EoM so that EoM(M) = (B(M), PM ) for all M ∈ Loc and EoM(ψ) = B(ψ)∗ for every

Loc-morphism ψ : M → M
′. Here we use the fact that B(ψ)∗ is a GreenHyp-morphism between

(B(M), PM ) and (B(M ′), PM
′) by Theorem 3.5(a). Moreover, if B(ψ) : B(M) → B(M ′) is a

fibrewise isomorphism for every Cauchy morphism ψ, then EoM maps Cauchy Loc-morphisms to

Cauchy GreenHyp-morphisms, also by Theorem 3.5(a).
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Theorem 3.8. Suppose that EoM : Loc → GreenHyp is a functorial equation of motion that takes

Cauchy Loc-morphisms to Cauchy GreenHyp-morphisms. Then Z := Y ◦ EoM : Loc → Alg defines

a locally covariant QFT [15, 40] across all globally hyperbolic spacetimes, obeying Einstein causality

and the timeslice property.

Proof. Let B and (PM )M∈Loc be the functorial bundle over Loc and natural differential operator on

B comprising EoM. We also write ZM (f) = ΥPM
(f) for each M ∈ Loc, f ∈ Γ∞

0 (B(M)). Z is

certainly a functor from Loc to Alg and so defines a locally covariant QFT. Einstein causality is the

requirement that for any pair of morphisms ψj : M j →M with causally disjoint images ψj(Mj) inM ,

the images of the morphisms Z (ψj) commute elementwise in Z (M). Now, for any fj ∈ Γ∞
0 (B(M j)),

one has Z (ψj)(ZMj (fj)) = ZM (EoM(ψj)fj) = ZM (B(ψj)∗fj). Therefore

[Z (ψ)(ZM1(f1)),Z (ψ)(ZM2(f2))] = iEPM
(B(ψ1)∗f1,B(ψ2)∗f2)11Z (M) = 0 (3.29)

due to the causal disjointness of ψ and the support properties of RFHGHO Green operators. Conse-

quently Z (ψ)(Z (M1)) and Z (ψ)(Z (M2)) commute elementwise, and Einstein causality is proved.

If ψ is a Cauchy morphism in Loc then EoM(ψ) is a Cauchy morphism in GreenHyp, so Z (ψ) =

Y (EoM(ψ)) is an Alg-isomorphism; thus Z satisfies the timeslice property.

Explicitly, the algebra Z (M) = Y (EoM(M)) is generated by symbols ZM (f) = ΥEoM(M)(f)

(f ∈ Γ∞
0 (B)) obeying the relations inherited from Y1–Y4, and with

Z (ψ)ZM (f) = ZM
′(EoM(ψ)f) (3.30)

for ψ : M →M
′ in Loc.

3.4 States and n-point functions

Recall that a state on ∗-algebra A ∈ Alg is a linear map ω : A → C such that ω(11) = 1 and ω(A∗A) ≥ 0

for all A ∈ A, i.e., ω is a positive normalised linear map. The set of states on A is denoted A∗
+,1 and,

as usual, ω(A) is interpreted as the expectation value of A = A∗ ∈ A in state ω.

Suppose P is a RFHGHO with hermitian vector bundle B over globally hyperbolic spacetime

M , and let ω ∈ Y (P )∗+,1 be any state on Y (P ). Then we may define n-point correlators of the

form ω(YP (f1) · · ·YP (fn)) for f1, . . . , fn ∈ Γ∞
0 (B). If ω is sufficiently regular then the correlators

may be expressed as distributions in various ways. Most immediately, they define distributions in

Γ∞
0 (B⊠n)′ = D ′((B∗ ⊗ ΩM )⊠n). However, this has the disadvantage that P would not act on the

n-point functions directly. Instead, we will say that ω has distributional n-point functions if, for each

n ∈ N, there is a distribution W (n) ∈ D ′(B⊠n) so that

W (n)(f ♯,11 ⊗ · · · ⊗ f ♯,1n ) = ω(ΥP (f1) · · ·ΥP (fn)) (3.31)

for f1, . . . , fn ∈ Γ∞
0 (B), using the musical notation introduced in Section 3.1. The most interesting

case will be the two-point function, where we will usually drop the superscript and simply write

W ∈ D ′(B ⊠B) = Γ∞
0 ((B∗ ⊗ ΩM )⊠ (B∗ ⊗ ΩM ))′ with

W (f ♯,1 ⊗ h♯,1) = ω(ΥP (f)ΥP (h)), f, h ∈ Γ∞
0 (B). (3.32)

A similar ‘two-point distribution’ T 2pt ∈ D ′(B ⊠ B) can be defined for any continuous linear map

T : Γ∞
0 (B)→ Γ∞(B), again using the bilinear bundle metric of B, by

T 2pt(f ♯,1 ⊗ h♯,1) = T (f, h) := ⟨f, Th⟩, f, h ∈ Γ∞
0 (B). (3.33)
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Particular examples of note include two-point distributions for the retarded and advanced Green

operators E±
P , and their difference EP . In particular, the CCRs entail the identity

W − tW = iE2pt
P , (3.34)

where tW (u⊗ v) =W (v ⊗ u).
As we have already described, any continuous linear map T : Γ∞

0 (B) → Γ∞(B) also has an

associated kernel distribution which does not rely on the bundle metric of B. The kernel distributions

were defined for bundles with an explicit half-density factor, for which purpose we may regard B =

(B ⊗ Ω−1/2)⊗ Ω1/2. In this way T : Γ∞
0 (B)→ Γ∞(B) also has kernel distribution

T knl ∈ D
′((B ⊗ Ω−1/2)⊠ (B ⊗ Ω−1/2)∗ ⊗ Ω

1/2
M×M ) = D

′(B ⊠ (B∗ ⊗ ΩM )), (3.35)

which is related to T 2pt by

T knl(F ⊗ h) = T 2pt(F ⊗ h♯,1), F ∈ Γ∞
0 (B∗ ⊗ ΩM ), h ∈ Γ∞

0 (B), (3.36)

or equivalently, T 2pt = T knl◦(1⊗(♭◦ρ−1)), which brings out the fact that the two-point distribution uses

the bundle metric and volume density for its definition in a way that the kernel distribution does not.

It will also be useful to consider another relation between two-point and kernel distributions. Namely,

each continuous linear map T : Γ∞
0 (B)→ Γ∞(B) also determines T ♮,

1
2 : Γ∞

0 (B⊗Ω1/2)→ Γ∞(B⊗Ω1/2),

whose kernel distribution (T ♮,
1
2 )knl ∈ D ′((B ⊠B∗)⊗ Ω

1/2
M×M ) is related to T 2pt ∈ D ′(B ⊠B) by

(T ♮,
1
2 )knl(f ♯,

1
2 ⊗ h♯,

1
2 ) = ⟨f, Th⟩ = T 2pt(f ♯,1 ⊗ h♯,1), f, h ∈ Γ∞

0 (B), (3.37)

or equivalently, T 2pt = (T ♮,
1
2 )knl◦(ρ−1/2⊗(ρ1/2◦♭◦ρ−1)). We drop the 2pt or knl superscript where no

confusion can arise between the underlying linear map and which of the two associated distributions

is intended. As will be seen, T 2pt and T knl have identical wavefront sets but their polarisation sets

(though related) are valued in different bundles.

The operator P extends to D ′(B) as the distributional dual of ρ(⋆P )ρ−1 on Γ∞
0 (B∗ ⊗ ΩM ). In

particular, we have (Pu)(f ♯,1) = u(ρ(⋆P )f ♯) = u((tPf)♯,1) = u((Pf)♯,1) using formal symmetry of the

RFHGHO P and the identity ⋆Pf ♯ = (tPf)♯, which is derived from the calculation

⟨⟨⋆Pf ♯, h⟩⟩ = ⟨⟨f ♯, Ph⟩⟩ = ⟨f, Ph⟩ = ⟨tPf, h⟩ = ⟨⟨(tPf)♯, h⟩⟩ (3.38)

for arbitrary f, h ∈ Γ∞(B) with compactly intersecting supports. Thus both W and EP become

P -bisolutions, in the sense that

(P ⊗ 1)W = 0 = (1⊗ P )W, (P ⊗ 1)E2pt
P = 0 = (1⊗ P )E2pt

P . (3.39)

Similarly, the two-point distributions of the Green operators E±
P obey

(P ⊗ 1)(E±
P )

2pt = id2pt = (1⊗ P )(E±
P )

2pt. (3.40)

4 Fermionic Green-hyperbolic operators

4.1 Fermionic RFHGHO’s

We now describe a class of RFHGHO’s with additional structure that allows for a fermionic quantisa-

tion. A fermionic RFHGHO consists of a RFHGHO (B,P ) equipped with a smooth fibrewise bundle

isomorphism R : B → B so that R = †R and RC = −CR where C is the antilinear involution of B
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(consequently also tR = −R) and PR = RP . Then EPR = REP and

EP (f,Rh) = ⟨f,EPRh⟩ = ⟨f,REPh⟩ = −⟨Rf,EPh⟩ = −EP (Rf, h) = EP (h,Rf), (4.1)

so (f, h) 7→ iEP (f,Rh) is a symmetric bilinear form on Γ∞
0 (B) that vanishes on PΓ∞

0 (B) and obeys

iEP (Cf,RCh) = −iEP (Cf, CRh) = −iEP (f,Rh) = iEP (f,Rh). (4.2)

One may check that f · h = ⟨f,Rh⟩ defines an antisymmetric product on Γ∞
0 (B), making contact

with the description of fermionic matter models in e.g., [8, 51]. We denote the fermionic RFHGHO

by (B,P,R) or simply (P,R) or P if there is no ambiguity. Fermionic RFHGHO’s form the objects

of a category fGreenHyp in which a morphism (P,R)→ (P ′, R′) is a GreenHyp-morphism S : P → P ′

so that SR = R′S.

In each fibre Bx, R has real nonzero eigenvalues with respect to the hermitian bundle metric, and

C maps any λ-eigenvector of R to a (−λ)-eigenvector. The projection onto the positive spectrum

determines a smooth decomposition B = B+ ⊕B− with respect to which R and C take block forms

R =

(
R+ 0

0 R−

)
, C =

(
0 C+−

C−+ 0

)
, (4.3)

with C+− = C−1
−+ and R− = −C−+R+C+−. Although the hermitian pairing is diagonal with respect to

the decomposition B = B+ ⊕B−, the bilinear pairing derived from it using C is off-diagonal,

〈(
f

h

)
,

(
f ′

h′

)〉
= (C+−h, f

′) + (C−+f, h
′). (4.4)

The requirements that PR = RP and PC = CP imply that P is also block diagonal,

P =

(
P+ 0

0 P−

)
, P− = C−+P+C+−, (4.5)

and evidently P± are Green-hyperbolic. Thus, a fermionic RFHGHO can be seen as a doubled version

of a formally hermitian, but not necessarily real, Green-hyperbolic operator P+ on B+, equipped with

an operator R+ whose role is to ensure that EP (f,Rh) is a symmetric bilinear form.

4.2 Quantisation

Any fermionic RFHGHO can be quantised to yield a bosonic field theory using Y . However it also

has a more appropriate quantisation as a fermionic field theory, which we now describe.

The fermionic analogue of SymplC is the category MetC of complexified real metric vector spaces,

with objects (V, τ, C), where V is a complex vector space, τ : V × V → C is a weakly nondegenerate

symmetric bilinear form and C is an antilinear involution such that τ(Cf,Ch) = τ(f, h). Here,

‘metric’ is understood in the sense of a (possibly indefinite) metric tensor. A MetC-morphism between

(V, τ, C) and (V ′, τ ′, C ′) is a (necessarily injective) linear map T : V → V ′ such that TC = C ′T and

τ ′(Tv, Tw) = τ(v, w) for v, w ∈ V . Evidently every (V, τ, C) admits a sesquilinear form (v, w) =

τ(Cv,w) which satisfies (Cv,Cw) = (w, v) = (v, w); MetC morphisms are isometries with respect to

these forms. There is an analogue of Theorem 3.3.

Theorem 4.1. There is a functor SolF : fGreenHyp→ MetC so that

SolF (P,R, C) = (Sol(P ), iσP ◦ (1⊗R), C), (4.6)
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whose action on morphisms has the same underlying map as Sol, and maps Cauchy morphisms to

MetC-isomorphisms. For fermionic RFHGHO’s (Pj , Rj , Cj) (j = 1, 2), one has SolF (P1 ⊕ P2, R1 ⊕
R2, C1 ⊕ C2) = SolF (P1, R1, C1)⊕ SolF (P2, R2, C2).

Proof. Define the bilinear form τ(P,R) : Sol(P )× Sol(P ) → C by τ(P,R)(EP f,Eh) = EP (f,Rh), which

is well-defined because P and R commute and general properties of EP . Then (4.1) and (4.2) show

that (Sol(P ), τ(P,R), C) ∈ MetC, with τ(P,R) = iσP ◦ (1 ⊗ R); τ(P,R) inherits weak nondegeneracy

from σP . Next, let S : (P,R, C) → (P ′, R′, C′) in fGreenHyp. In particular, S : (P, C) → (P ′, C′) is a

GreenHypmorphism and SR = R′S. Consequently, SC = C′S and τ(P ′,R′)(Sv, Sw) = iσP ′(Sv,R′Sw) =

iσP ′(Sv, SRw) = iσP (v,Rw) = τ(P,R)(v, w) holds for all v, w ∈ Sol(P ), which shows that S is the

underlying map of a MetC-morphism from SolF (P,R, C) to SolF (P
′, R′, C′). The remaining functorial

properties and other statements follow directly from the analogous properties of Sol.

The fermionic quantised theory is described by graded ∗-algebras. Let grAlg be the category of

graded ∗-algebras over Z2 = {0, 1} with addition modulo 2. That is, an object A ∈ grAlg is an object

of Alg with a preferred direct sum decomposition A = A0⊕A1 so that the multiplication adds grades

modulo 2, AjAk ⊂ Aj+k for j, k ∈ Z2. A grAlg-morphism α : A0⊕A1 → A′
0⊕A′

1 is an Alg-morphism

so that αAj ⊂ A′
j for j ∈ Z2. Elements of A ∈ Aj are called homogeneous of grade |A| = j. The

graded commutator is defined by

[[A,B ]] = AB − (−1)|A| |B|BA (4.7)

for homogeneous elements A,B, and extended by linearity in each slot. The analogue to Theorem 3.6

can now be stated.

Theorem 4.2. There is a functor X : fGreenHyp→ grAlg with the following properties:

a) If (P,R) ∈ fGreenHyp has bundle B and antilinear involution C then X (P ) is the unital ∗-algebra
generated by symbols ΞP (f) (f ∈ Γ∞

0 (B)), subject to

X1 f 7→ ΞP (f) is complex linear

X2 ΞP (f)
∗ = ΞP (Cf)

X3 ΞP (Pf) = 0,

X4 [[ ΞP (f),ΞP (h) ]] = iEP (f,Rh)11X (P )

for all f, h ∈ Γ∞
0 (B), and graded so that each ΞP (f) is odd (whereupon the left-hand side of the

equality in X4 is an anticommutator);

b) if S : P → P ′ is a fGreenHyp-morphism, then the grAlg-morphism X (S) : X (P ) → X (P ′) is

uniquely determined by

X (S)ΞP (f) = ΞP ′(Sf), f ∈ Γ∞
0 (B), (4.8)

and in particular, X (S) = X (T ) if and only if S ∼ T .
c) X (S) is an grAlg-isomorphism if S is a Cauchy fGreenHyp-morphism.

d) If (B,P,R) and (B′, P ′, R′) are fermionic RFHGHO’s then their direct sum (B⊕B′, P ⊕P ′, R⊕
R′) is a fermionic RFHGHO, and

X (P ⊕ P ′) ∼= X (P )⊗X (P ′) (4.9)

under the isomorphism fixed by

ΞP⊕P ′(f ⊕ f ′) 7→ ΞP (f)⊗ 11X (P ′) + 11X (P ) ⊗ ΞP ′(f ′), (4.10)

18



where X (P )⊗X (P ′) is the graded tensor product, in which (A⊗A′)(B⊗B′) = (−1)|A′| |B|(AB)⊗
(A′B′) and (A⊗B)∗ = (−1)|A| |B|A∗ ⊗B∗ for homogeneous A,B ∈X (P ), A′, B′ ∈X (P ′).

Explicitly, X = Qa ◦ SolF , where Qa : MetC → grAlg is a quantisation functor defined by analogy

with Qs (but which we will not discuss directly). As a vector space,

X (P ) =
⊕

n∈N0

SolF (P,R)
∧n, (4.11)

where ∧ is the antisymmetrised tensor product, with ∗-operation so that (v1∧· · ·∧vn)∗ = (Cvn∧· · · Cv1)
and we write 11X (P ) = (1, 0, . . .). Again adopting formulae from the functional formalism, the graded

algebra product on X (P ) is

FH = ∧ ◦ exp
(
1
2⟨τ, ∂L ⊗ ∂R⟩

)
F ⊗H, (4.12)

where the linear maps ∂L, ∂R : X (P )→ SolF (P,R)⊗X (P ) obey (note the numbering and ordering)

∂L(v0 ∧ · · · ∧ vk) =
k∑

j=0

(−1)jvj ⊗ (v0 ∧ · · · /vj · · · ∧ vk),

∂R(vk ∧ · · · ∧ v0) =
k∑

j=0

(−1)jvj ⊗ (vk ∧ · · · /vj · · · ∧ v0), (4.13)

and ∂L11X (P ) = ∂R11X (P ) = 0, while τ : (SolF (P,R) ⊗ X (P ))⊗2 → X (P )⊗2 is the linear map

determined by

⟨τ, (v ⊗ F )⊗ (w ⊗H)⟩ = τ(v, w)F ⊗H. (4.14)

To obtain the correct gradings, one should note that

⟨τ, ∂L ⊗ ∂R⟩ : X (P )j ⊗X (P )k →X (P )j−1 ⊗X (P )k−1. (4.15)

In particular, writing ΞP (f) = EP f , one has

ΞP (f)ΞP (h) = ΞP (f)∧ΞP (h)+
1

2
τ(EP f,EPh)11X (P ), {ΞP (f),ΞP (h)} = iEP (f,Rh)11X (P ). (4.16)

A similar argument to the one used in the bosonic case (starting with III §7.7 of [10]) establishes an

isomorphism between X (P ⊕ P ′) and the graded tensor product X (P ) ⊗X (P ′), with the stated

action on generators.

It is not guaranteed that X (P ) admits states or, equivalently, a completion as a C∗-algebra. Indeed

a necessary condition for the existence of states is that the sesquilinear form (f, h) 7→ iEP (Cf,Rh)
determines an inner product on Γ∞

0 (B)/PΓ∞
0 (B), in which case we say that (P,R) has definite type.

The subset of definite-type fGreenHyp objects will be denoted fGreenHyp+.

If (P,R) is a fermionic RFHGHO, the n-point functions for states on X (P ) are defined as in (3.31)

but replacing ΥP by ΞP . In particular, the two-point function obeys

W + tW = iE2pt
P ◦ (1⊗R♯,1), (4.17)

due to the anticommutation relations.

As in the bosonic case, any functorial assignment of fermionic RFHGHO’s results in a functorial

assignment of graded algebras. A fermionic functorial equation of motion is a functor fEoM : Loc →
fGreenHyp, so that, writing fEoM(M) = (B(M), PM , RM ) for M ∈ Loc, the assignment EoM(M) =

(B(M), PM ) defines a functorial equation of motion (see Definition 3.7). Then one has a functorial
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assignment of graded algebras X ◦ fEoM : Loc→ grAlg. There is an obvious analogue of Theorem 3.8

with the change that the requirement of commutativity in the definition of Einstein causality is replaced

by graded commutativity. To enlarge on this a little, note that the operator RM does not change

supports and therefore EPM
(f,RMh) = 0 if f, h ∈ Γ∞

0 (B(M)) have causally disjoint supports.

Therefore the corresponding generators ΞPM
(f) and ΞPM

(h) anticommute, indicating that (as is

expected for fermi fields) they are not observables. However, even-graded elements A,B ∈X (PM ) do

commute if the generators appearing in A and B are smeared fields with support in causally disjoint

regions OA, OB in M . In this way one sees that by taking the even part X (fEoM(M))0, we obtain

a locally covariant QFT that obeys Einstein causality.

More generally, one might consider functors from categories of globally hyperbolic spacetimes with

additional structure such as a spin structure, and, suitably adapted, the above discussion will again

yield a locally covariant QFT obeying graded Einstein causality, or Einstein causality on taking even

parts. Details are left to the reader.

4.3 Dirac type operators

Just as normally hyperbolic operators form a special class of RFHGHO’s, the operators of Dirac type

have a special role in the fermionic theory. Let B be a finite rank complex vector bundle over M ∈ Loc

with a hermitian fibre metric but not necessarily a complex conjugation. (M need not admit a spin

structure). A first-order formally hermitian partial differential operator D on B is said to be of Dirac

type if its principal symbol σD obeys

σD(x, k)
2 = g−1

x (k, k)idBx , (4.18)

which entails that −D2 is normally hyperbolic. It follows that D = †D is Green-hyperbolic, with

Green operators E±
D = DE±

D2 . As D is first order, its principal symbol is

σD(x, k) = kµ(Vx)
µ, (4.19)

where V ∈ Γ∞(TM⊗End(B)). Choosing a connection ∇B on B that is compatible with the hermitian

form, the operator D may be written

D = − i

2
(V µ∇Bµ +∇TM⊗B

µ V µ) +W, (4.20)

for a unique W ∈ Γ∞(End(B)), where ∇B is extended to TM ⊗ End(B) compatibly with the Levi–

Civita connection ∇ of M . While V is fixed uniquely by D, the section W depends on D and the

chosen connection ∇B. A short calculation shows that formal hermiticity of D is equivalent to V = †V

and W = †W : for F,H ∈ Γ∞(B) with compactly intersecting supports,

(DF,H) =
i

2

∫

M
(V µ∇Bµ F +∇TM⊗B

µ V µF,H)dvol +

∫

M
(WF,H) dvol

=
i

2

∫

M

[
(2∇TM⊗B

µ V µF,H)− ((∇TM⊗B
µ V µ)F,H)

]
dvol +

∫

M
(F, †WH) dvol

= i

∫

M
∇µ(V µF,H)dvol− i

2

∫

M

[
(F, †V µ2∇BµH) + (F, (∇TM⊗B

µ
†V µ)H)

]
dvol +

∫

M
(F, †WH) dvol

= − i

2

∫

M
(F, †V µ∇BµH +∇TM⊗B

µ (†V µH))dvol +

∫

M
(F, †WH) dvol, (4.21)
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where we have used the divergence theorem and compact support of (V µF,H) to remove the first

term in the penultimate line. Accordingly,

(DF,H)− (F,DH) = − i

2

∫

M
(F, Ṽ µ∇BµH +∇TM⊗B

µ (Ṽ µH))dvol +

∫

M
(F, W̃H) dvol, (4.22)

where Ṽ = †V − V , W̃ = †W −W . Therefore formal hermiticity of D is equivalent to V = †V and

W = †W .

The hermitian fibre metric induces a unique antilinear isomorphism B 7→ B∗, written f 7→ f+, so

that ⟨⟨f+, h⟩⟩ = (f, h). We use the same notation for the inverse of this map. Defining a hermitian

fibre metric on B∗ so that (u, u′) = (u′+, u+), it is easily seen that ⋆D is a Dirac type operator with

symbol σ⋆D(x, k) = −⋆σD(x, k).
Following [5, 62], we say that a Dirac-type operator D has definite type if there exists a smooth

spacelike Cauchy surface Σ for M so that (f, h) 7→ (σD(n
♭)f, h) is a positive definite sesquilinear form

on B|Σ where n is the future-pointing unit normal vector field on Σ. In this case we say that Σ is

a witness for the definite type.3 A useful observation is that D has definite-type if and only if −⋆D
does, because σ−⋆D(x, k) = kµ(

⋆Vx)
µ and hence

(σ−⋆D(n
♭)u, u) = (nµ

⋆V µu, u) = (nµV µu+, u+) ≥ 0, u ∈ Γ∞
0 (B∗). (4.23)

The following appears as Lemma 4.1 of [62] and is closely related to Lemma 3.17 of [5] with

antecedents in Lemma 4.3 of [86] and [20]. We give a slightly streamlined proof for completeness and

to verify conventions.

Lemma 4.3. If Dirac-type operator D has definite type, witnessed by smooth spacelike Cauchy surface

Σ, then there is an inner product on Γ∞
0 (B)/DΓ∞

0 (B) given by

([f ], [h]) 7→ i(f,EDh) =

∫

Σ
(σD(n

♭)EDf,EDh)dA, (4.24)

where dA is the induced volume element on Σ.

Remark 4.4. The proof will show that the equality in (4.24) holds for any smooth spacelike Cauchy

surface in place of Σ. By considering the Cauchy formulation for D in terms of the solution restricted

to Σ, and arbitrary data on arbitrary smooth spacelike Cauchy surfaces, it becomes clear that definite

type in our sense implies (and is hence equivalent to) definite type in the sense of Bär and Ginoux [5].

Proof of Lemma 4.3. The map in (4.24) gives a well-defined sesquilinear form on Γ∞
0 (B)/DΓ∞

0 (B),

and the last expression is a well-defined inner product on this space because D has definite type

witnessed by Σ and EDf vanishes identically on Σ if and only if f ∈ DΓ∞
0 (B).

It remains to establish the equality in (4.24). Let [f ], [h] ∈ Γ∞
0 (B)/DΓ∞

0 (B). Using the timeslice

property for D we may consider representatives f, h ∈ Γ∞
0 (B) with supp f ⊂ I−(Σ), supph ⊂ I+(Σ).

Thus
∫

M
(f,EDh)dvol =

∫

J−(Σ)
(f,EDh)dvol =

∫

J−(Σ)
(DE+

Df,EDh)dvol

= i

∫

Σ
nµ(V

µE+
Df,EDh)dA+

∫

J−(Σ)
(E+

Df,DEDh)dvol, (4.25)

by essentially the same calculation used in (4.21) to establish formal hermiticity of D, except that

3At first sight, this definition is more general than that of Bär and Ginoux [5], whose definition would require the
stronger requirement that (f, h) 7→ (σD(n♭)f, h)Bx

should define a positive definite form (i.e., an inner product) on Bx

for every x ∈ M and all future-pointing timelike vectors n ∈ TxM – see, however, Remark 4.4.
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there is now a boundary term at Σ = ∂J−(Σ). The second term vanishes and EDf = −E+
Df in a

neighbourhood of Σ, and the equation in (4.24) follows.

We now show that every Dirac-type operator on a bundle B+ determines a fermionic RFHGHO.

Setting B− = B∗, we endow B = B+⊕B− with the direct sum fibre metric and a complex conjugation

C
(
f

u

)
=

(
u+

f+

)
, f ∈ Γ∞(B+), u ∈ Γ∞(B∗

−), (4.26)

which makes B a hermitian vector bundle. Then set R+ = idB+ , R− = −idB−
, P+ = D and P− = ⋆D

and define a RFHGHO P = D ⊕ ⋆D by (4.3) and (4.4). In particular, one has

EP =

(
−D 0

0 −⋆D

)(
E−D2 0

0 E−⋆D2

)
. (4.27)

Furthermore, if D has definite type then (P,R) ∈ fGlobHypGreen+, i.e., (P,R) has definite type as a

fermionic RFHGHO. To see this, we calculate

iEP

(
C
(
f

u

)
, R

(
f ′

u′

))
= i

〈
C
(
f

u

)
, EP

(
f ′

−u′

)〉
= i

((
f

u

)
,

(
EDf

′

−E⋆Du
′

))

= i(f,EDf
′) + i(u,E−⋆Du

′), (4.28)

and note that the right-hand side determines an inner product on Γ∞
0 (B)/PΓ∞

0 (B).

In the corresponding quantised theory X (P ), we may introduce fields ΨD and Ψ+
D so that

ΞP

(
f

u

)
= ΨD(u) + Ψ+

D(f), f ∈ Γ∞
0 (B+), u ∈ Γ∞

0 (B∗
+). (4.29)

These operators satisfy ΨD(f)
∗ = Ψ+

D(f
+) for all f ∈ Γ∞

0 (B+), the field equations

ΨD(
⋆Du) = 0 = Ψ+

D(Df) (4.30)

for all f ∈ Γ∞
0 (B+), u ∈ Γ∞

0 (B∗
+) (the formalisation of equations DΨD = 0 = ⋆DΨ+

D) and anticom-

mutation relations

{ΨD(u),ΨD(v)} = 0, {ΨD(u),Ψ
+
D(f)} = i⟨⟨u,EDf⟩⟩11X (P ), f ∈ Γ∞

0 (B+), u, v ∈ Γ∞
0 (B∗

+). (4.31)

Note that ΨD and Ψ+
D, which may be regarded as sections of B+ and B∗

+, are smeared with test

sections in B∗
+ and B+. This contrasts with the convention adopted in Section 3.3, where we smeared

fields with test sections of the same bundle, taking advantage of the bilinear pairing.

A particular example of a Dirac type operator is provided by the usual Dirac equation, which we

briefly describe, referring to [86] for all details. Suppose M ∈ Loc is equipped with a spin structure

and let DM and D∗M be the bundles of spinors and cospinors over M . The Dirac adjoint is an

antilinear map u 7→ u+ between DM and D∗M , with an inverse denoted by the same symbol. The

(indefinite) hermitian bundle metric on DM is defined as (u, u′) = ⟨⟨u+, u′⟩⟩; similarly the hermitian

metric on D∗M is (v, v′) = ⟨⟨v+, v′⟩⟩, where as usual the double angle bracket is the duality pairing

for the bundle in question. Then the spinorial Dirac operator is defined by

D = −i /∇+m (4.32)

for mass m ≥ 0, with respect to a suitable Dirac spinor-tensor field (i.e., γ-matrices) and is of definite
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type. Moreover the dual tD is the cospinorial Dirac operator

⋆D = i /∇+m (4.33)

and the theory is then quantised as described above.

5 Generalised Hadamard States

The realisation that the Hadamard condition for states of the scalar field could be expressed mi-

crolocally was a major breakthrough [81], which has been achieved for other free fields including the

Dirac [53, 86], Proca [33, 79] and electromagnetic fields [33], and linearised gravity [46]. One of the

main purposes of this paper is to provide an analogue for a class of RFHGHO’s. We begin by recalling

the definition of the wavefront set and the microlocal form of the Hadamard condition.

5.1 Wavefront sets

As standing notation: for any manifold X, Ṫ ∗X denotes the cotangent bundle of X with its zero

section 0T ∗X removed; meanwhile, for any subset U ⊂ T ∗X, we set U0 := U ∪ 0T ∗X .

Let u ∈ D ′(M) = Γ∞
0 (ΩM )′ be a distribution and let (y, l) ∈ Ṫ ∗M . Choose coordinates Xα in

a neighbourhood of y and define smooth functions ek (k ∈ T ∗
yM) on the chart domain by ek(x) =

exp(iXα(x)k(∂Xα)), where ∂Xα are the coordinate basis vector fields. Then (y, l) is said to be a regular

directed point of u if there is a smooth density χ compactly supported in the coordinate chart, and

an open cone V in Ṫ ∗
yM such that χ(y) ̸= 0, l ∈ V , and

sup
k∈V

(1 + ∥k∥N )|u(χek)| <∞ (5.1)

for all N ∈ N, where ∥ · ∥ is any norm on T ∗
yM . The wavefront set WF(u) is the set of all (y, l) ∈ Ṫ ∗M

that are not regular directed points of u; it is independent of the coordinates used [59]. If B is a

complex finite-rank bundle and u ∈ D ′(B) = Γ∞
0 (B∗ ⊗ Ω)′ then WF(u) may be defined so that

WF(u) =
⋃

S∈Γ∞(B∗)

WF(f 7→ u(fS)); (5.2)

near any y ∈ M , it enough to take the union over sections S forming a local basis for B∗. Many

standard results for scalar distributions then extend to the bundle context fairly directly; for instance,

WF(Pu) ⊂WF(u) ⊂WF(Pu) ∪ (WF(u) ∩ CharP ) (5.3)

for any u ∈ D ′(B) and partial differential operator P : Γ∞(B) → Γ∞(B̃), where the characteristic

set CharP ⊂ Ṫ ∗M consists of those (x, k) at which the principal symbol p(x, k) of P has nontrivial

kernel. The first inclusion follows easily from the scalar result (see (8.1.11) in [59]) and the definition

of the wavefront set for bundles, while the second can be obtained by polarisation set methods (see

e.g. Section 3 of [29]). If CharP is empty, then WF(Pu) = WF(u), which in particular implies that

two-point and kernel distributions for a continuous linear map T : Γ∞
0 (B)→ Γ∞(B) satisfy

WF(T 2pt) = WF(T knl) = WF((T ♯,α)knl) = WF((T ♮,α)knl), (5.4)

as a result of the identity (3.37). More examples and exposition of wavefront sets can be found

in [59, 12, 89] and many other references.

Let B be a finite-rank complex vector bundle over a globally hyperbolic spacetime M ∈ Loc. We

denote the bundle of nonzero null future/past covectors by N± and also write N = N+ ∪N− for the
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bundle of all nonzero null covectors. If γ is any affinely parametrised null geodesic in M , then the

curve c(λ) = (γ(λ), γ̇(λ)♭) in T ∗M is a bicharacteristic strip for any normally hyperbolic operator P ,

while γ is also called a bicharacteristic curve. For (x, k), (y, ℓ) ∈ N , we write (x, k) ∼ (y, ℓ) if and only

if the points lie on a common bicharacteristic strip. That is, (x, k) ∼ (y, ℓ) holds if and only if there is

a null geodesic segment γ connecting x and y, with tangent vectors k♯ and ℓ♯ at the endpoints, which

are related by parallel transport along γ (understanding (x, k) ∼ (x, ℓ) if and only if k = ℓ is null);

in this case we say that the geodesic segment γ witnesses to the relation (x, k) ∼ (y, ℓ). With these

definitions, set

R = {(x, k;x′,−k′) ∈ N ×N : (x, k) ∼ (x′, k′)} (5.5)

R± = {(x, k;x′,−k′) ∈ R : x ∈ J±(x′)}. (5.6)

The Green operators of normally hyperbolic operators have known wavefront sets.

Theorem 5.1. For a normally hyperbolic RFHGHO P , the wavefront sets of E±
P and EP are

WF(E±
P ) = R± ∪WF(idknl), (5.7)

WF(EP ) = R, (5.8)

where the wavefront set of idknl is given explicitly by

WF(idknl) = {(x, k;x,−k) ∈ Ṫ ∗(M ×M) : (x, k) ∈ Ṫ ∗M}. (5.9)

This result generalises the scalar case [23, 81] and is proved for bundles as Theorem A.5 in [86]

based on a scaling limit structure of the Green operators in terms of Riesz distributions. An alternative

proof, making use of the polarisation set and avoiding Riesz distributions, is given as Theorem 1.1(c)

of [29]. Closely related statements for Feynman parametrices can be found in [62]. The wavefront

set (5.9) is standard; it follows, for example, from the calculation of the polarisation set in section 3

of [29].

5.2 Decomposable RFHGHO’s and the Hadamard condition

Let P be a normally hyperbolic RFHGHO and suppose ω is a state on YP (M) with distributional

n-point functions. Then [81, 84] ω is said to be Hadamard if its two-point function W ∈ D ′(B ⊠ B)

satisfies the wavefront set condition (1.2), which we now write as

WF(W ) = RHad := {(x, k;x′, k′) ∈ R : k ∈ N+}, (5.10)

which generalises the condition for the scalar field [81].

When P is Green-hyperbolic but not normally hyperbolic, we face the complication that Green-

hyperbolicity does not constrain the principal symbol to be hyperbolic with null characteristics. For

example, the support properties of Green operators only imply that WF(E±) ⊂ {(x, k; y, l) ∈ Ṫ ∗(M ×
M) : x ∈ J±(y)}. If g′ is a ‘slow metric’ whose cone of future-directed causal vectors is contained

inside that of g, an operator that is normally hyperbolic with respect to g′ is Green-hyperbolic but

its bicharacteristic curves can be g-timelike and the characteristic covectors can be g-spacelike.4 An

extreme example is provided by the Proca operator P = −δd +m2 on 1-forms (see Section 7), which

has CharP = Ṫ ∗M because its principal symbol acts as p(x, k)v = g−1(k, v)k− g−1(k, k)v and clearly

has k ∈ ker p(x, k) for all (x, k) ∈ Ṫ ∗M . Nonetheless, the Proca operator is Green-hyperbolic.

4If ω is a positive frequency g-causal covector then ω(v′) ≥ 0 for every vector v′ that is future-directed g′-causal, and
hence also future-directed g-causal; we deduce that ω is also a positive frequency g′-causal covector. Thus the cone of
(future-directed) g-causal covectors is contained in the cone of (future-directed) g′-causal covectors.
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We will now propose a definition of Hadamard states for RFHGHO’s that is sufficiently broad

to include the normally hyperbolic case, models such as the Proca field, operators that are normally

hyperbolic with respect to slow metrics, and operators formed as direct sums of the above, includ-

ing situations with multiple characteristic cones that can arise in descriptions of birefringence [32].

Hadamard states for the Proca model itself have been studied in [33], and more recently in [79] (how-

ever, as already mentioned, the latter reference contains a gap owing to an erroneous argument). We

will explain the relationship of our definition to these references in Section 7. We will show that our

generalisation has properties that would be hoped for, and is equipped with a set of tools that are

necessary for applications in quantum measurement.

A starting-point is the observation by Sahlmann and Verch [84] that the condition (5.10) can be

simplified to

WF(W ) ⊂ N+ ×N−, (5.11)

because (5.11) implies (5.10) on using the CCRs W − tW = iEP and the fact that WF(EP ) = R ⊂
(N+ ×N−) ∪ (N− ×N+). Abstracting from this example, we now make the following definition.

Definition 5.2. Let V+ ⊂ Ṫ ∗M be a conic, relatively closed subset, so that V+ ∩ V− = ∅, where
V− = −V+. A semi-Green-hyperbolic operator P on Γ∞(B) is V±-decomposable if

WF(EP ) ⊂ (V+ × V−) ∪ (V− × V+). (5.12)

If a RFHGHO (resp., fermionic RFHGHO) P on Γ∞(B) is V±-decomposable then a state with dis-

tributional n-point functions on Y (P ) (resp., X (P )) is V+-Hadamard if its distributional two-point

function W ∈ D ′(B ⊠B) satisfies

WF(W ) ⊂ V+ × V−. (5.13)

Note that if P is V±1 -decomposable then it is also V±2 -decomposable if V+2 is a conic relatively

closed set with V+2 ∩ V−2 = ∅ and V+1 ⊂ V+2 . Similarly, if P is both V±1 - and V±2 -decomposable, then

it is also (V±1 ∩ V±2 )-decomposable. In particular, if P is a RFHGHO then EP is a P -bisolution, and

one has WF(E2pt
P ) ⊂ Char0 P × Char0 P . Thus, if P is V±-decomposable, it is also (V± ∩ CharP )-

decomposable, using V±∩ 0 = ∅. Also note that the definition of V+-Hadamard states is empty in the

fermionic case if P /∈ fGreenHyp+, owing to the nonexistence of states on X (P ).

We can give an immediate example.

Theorem 5.3. Any normally hyperbolic RFHGHO (B,P ) is N±-decomposable. If the hermitian fibre

metric on B is positive definite then (B,P ) admits N+-Hadamard states.

Proof. Decomposability follows by Theorem 5.1 becauseR ⊂ (N+×N−)×(N−×N+), whereupon the

N+-Hadamard condition coincides with the standard microlocal definition of Hadamard states. The

second part holds by Corollary 5 of [34], building on the analysis of Feynman propagators in [62].

A corollary is that RFHGHO’s that are normally hyperbolic with respect to a ‘slow’ metric are V±-
decomposable and admit V+-Hadamard states if the fibre metric is positive definite, where V+ is the

cone of future-directed null covectors determined by the slow metric (which is not necessarily contained

within the cone of future-directed causal covectors). A similar result for Dirac-type operators will be

given as Theorem 5.7 below.

We now begin to develop the theory of Hadamard states in this generalised form. Our first result

establishes the basic properties that are familiar from the standard theory of Hadamard states and

justify our definition as an appropriate generalisation thereof. Its proof slightly abstracts and adds to

arguments in Propositions 4.6 and 4.7 of [79].

Theorem 5.4. Suppose P is a V±-decomposable RFHGHO (resp., fermionic RFHGHO), where V±
are as in Definition 5.2.
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(a) If W is the 2-point function of a V+-Hadamard state on the bosonic algebra Y (P ) (resp., the

fermionic algebra X (P )) then

WF(W ) = (V+ × V−) ∩WF(EP ). (5.14)

(b) If W1 and W2 are 2-point functions of V+-Hadamard states on Y (P ) (resp., X (P )) then W1−
W2 is smooth.

(c) If U is an open Cauchy slab and ω is a state on Y (P ) (resp., X (P )) whose restriction to

Y (P |U ) (resp., X (P |U )) is V+|U -Hadamard, then ω is V+-Hadamard.

(d) The 1-point functions of a V+-Hadamard state are smooth.

(e) If Y (P ) (resp., X (P )) admits a V+-Hadamard state then it admits a quasifree V+-Hadamard

state.

Part (a) has a refined version using polarisation sets, namely

WFpol((ρ
1/2 ⊗ ρ1/2)W 2pt) = WFpol(E

knl
ρ1/2Pρ−1/2)|V+×V− ∪ 0, (5.15)

where the half-density factors ρ1/2 arise because of the way that the polarisation set is defined. See

Theorem 5.26. Regarding part (e), the definition of a quasifree state is recalled in Section 5.7.

Proof. (a) In the bosonic case, we have W − tW = iEP and WF(tW ) ⊂ V− × V+. Then

WF(W ) = WF(iEP + tW ) ⊂ (WF(EP ) ∪ (V− × V+)) ∩WF(W ) ⊂WF(EP ) ∩ (V+ × V−) (5.16)

and also

WF(EP ) ∩ (V+ × V−) = WF(−i(W − tW )) ∩ (V+ × V−)
⊂ (WF(W ) ∪WF(tW )) ∩ (V+ × V−) = WF(W ). (5.17)

For the fermionic case, we use W + tW = iEP ◦ (1 ⊗ R) and WF(EP ◦ (1 ⊗ R)) = WF(EP ), and

otherwise apply the same argument.

(b) For j = 1, 2, write W+
j = Wj and define W−

j = tWj . Then WF(W±
1 −W±

2 ) ⊂ V± × V∓.
However,W+

j −W−
j = iEP and thereforeW+

1 −W+
2 =W−

1 −W−
2 , which implies that WF(W1−W2) ⊂

WF(W+
1 −W+

2 ) ∩WF(W−
1 −W−

2 ) ⊂ (V+ × V−) × (V− ∩ V+) = ∅, so W1 −W2 is smooth. For the

fermionic case, one has W+
1 −W+

2 = −(W−
1 −W−

2 ) and the argument goes through.

(e) Any state on Y (P ) or X (P ) has a ‘liberation’, namely the quasifree state with the same

two-point function – see e.g., [67].

We defer the rest of the proof: (c) is a special case of a more general result on pull-backs and

push-forwards of states by GreenHyp-morphisms, Theorem 5.16 below. Part (d) will be proved as

Corollary 5.10.

Theorem 5.4(b) permits the construction of normal-ordered quadratic operators such as :Υ2
P (f):

by point-splitting and regularisation relative to a reference V+-Hadamard state. Meanwhile, part (c)

asserts the preservation of Hadamard form, originally proved for scalar fields by PDE methods in [45].

We will use this property in a deformation argument demonstrating the existence of V+-Hadamard

states in one spacetime given their existence in others, in the context of theories specified by functorial

equations of motion (see Corollary 5.19 and Corollary 5.20). As will be seen in section 5.7, the V+-
Hadamard condition implies constraints on the higher n-point functions, as was shown in [85] for the

scalar field. Specifically, all the truncated n-point functions for n ̸= 2 are smooth, and a bound can

be given on WF(Wn) (Corollary 5.25).
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To make Theorem 5.4(a) more explicit, it is necessary to compute WF(EP ) for a V±-decomposable

RFHGHO P . As the example of a normally hyperbolic operator with respect to a ‘slow metric’ shows,

there is no simple general formula for WF(EP ) beyond the general statement that

WF(EP ) ⊂ ((V+ × V−)× (V− × V+)) ∩ (CharP × CharP ) (5.18)

already mentioned. However, in some interesting models, the operator EP takes the form EP = QEKR,

where K is normally hyperbolic and Q, R are (pseudo)differential operators. This occurs for the Proca

equation, as will be seen in Section 7, and also the Dirac equation. If both Q and R are elliptic, or,

more generally, noncharacteristic at N , then the standard wavefront set calculus gives

WF(EP ) = WF(EK) = R; (5.19)

otherwise, one can only conclude that WF(EP ) ⊂WF(EK) = R – this situation occurs for both the

Dirac and Proca fields. The following results can be applied in such circumstances. We first recall

that – like any normally hyperbolic operator – K can be put into the standard form

K = □
B + V, □

B := gµν∇T ∗M⊗B
µ ∇Bν , (5.20)

where ∇B is the Weitzenböck connection ∇B on B, ∇T ∗M⊗B = ∇⊗1+1⊗∇B is its natural extension

to a connection on T ∗M ⊗B, with ∇ the Levi-Civita derivative as before, and V ∈ Γ∞(End(B)). See

e.g., Proposition 3.1 of [7], Lemma 1.5.5 of [6] or section 1 of [62].

Theorem 5.5. Let K be normally hyperbolic on Γ∞(B) with associated Weitzenböck connection ∇B.
For each (x, k), (x′, k′) ∈ T ∗M with (x, k) ∼ (x′, k′) and witnessing null geodesic segment γ, let

Πx
′,k′

x,k : Bx′ → Bx be the ∇B-parallel transport operator from x′ to x along γ. Let Q : Γ∞(B)→ Γ∞(B̂)

and R : Γ∞(B̃)→ Γ∞(B) be partial differential operators of finite order with principal symbols q and

r respectively, where B̂ →M and B̃ →M are finite-rank complex vector bundles.

If for all (x, k;x′,−k′) ∈ R one has

q(x, k) ◦Πx′,k′x,k ◦ r(x′, k′) ̸= 0 (5.21)

then WF(QEKR) = R. This holds in particular if Q = id and r is nonvanishing on N , or if R = id

and q is nonvanishing on N (however r resp., q could have nontrivial kernel on N ).

Proof. This is essentially proved as Corollary 1.2 of [29], following a computation of the polarisation

set [19] of kernel distributions of Green operators for normally hyperbolic equations. More precisely,

under the hypotheses stated here, Corollary 1.2 of [29] shows that WF(Q̃EK̃R̃) = R, where Z̃ =

ρ1/2Zρ−1/2 for any operator Z, where ρ = (−g)1/2 is the metric density (ref. [29] also allows Q and

R to be pseudodifferential operators). Because Q̃EK̃R̃ = Q̃EKR and the wavefront set is unchanged

under multiplication by nonvanishing smooth factors, the required result follows.

Corollary 5.6. With the notation and assumptions of Theorem 5.5, if a RFHGHO (resp., fermionic

RFHGHO) P has Green operator EP = QEKR, then P is N±-decomposable. If W is the two-point

function of a N+-Hadamard state on Y (P ) (resp., X (P )) then its wavefront set is

WF(W ) = RHad. (5.22)

Proof. Combine Theorem 5.4(a) and Theorem 5.5.

We obtain the existence of Hadamard states for definite-type Dirac-type operators as a companion

result to Theorem 5.3.
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Theorem 5.7. If D is a Dirac-type operator then its corresponding fermionic RFHGHO (P,R) is

N±-decomposable; if D has definite type then X (P ) admits N+-Hadamard states.

Proof. N±-decomposability follows from Corollary 5.6 and formula (4.27) for EP , and the statement

on the existence of Hadamard states is proved as Corollary 11 of [34], making use of the Feynman

propagators obtained in [34].

As a concrete example, the Green operator for the ‘doubled’ Dirac operator

P =

(
−i /∇+m 0

0 i /∇+m

)
(5.23)

in four spacetime dimensions is given by EP = QEK , where

Q =

(
i /∇+m 0

0 −i /∇+m

)
, K =

(
Ks 0

0 Kc

)
(5.24)

onDM⊕D∗M , in whichKs andKc are the spinorial and cospinorial Klein–Gordon operators ( /∇2
+m2

on DM and D∗M respectively. Evidently K is normally hyperbolic, while Q has symbol q(x, k) =

−/k⊕/k, which is characteristic at N though nonzero (recall that (det /v)2 = det(/v2) = g−1(v, v)4 for any

covector v). We deduce that P is N±-decomposable and that N+-Hadamard states of the Dirac theory

have two-point functions (of the ‘doubled’ Ξ fields) with wavefront set RHad. This coincides (modulo

conventions) with the standard microlocal definition of Hadamard states for Dirac fields [53, 86]. The

example of the Proca field will be studied in more detail in Section 7.

5.3 Hilbert space formulation

Let A ∈ Alg be any unital ∗-algebra. A Hilbert space representation of A is a triple (H, π,D) where

H is a Hilbert space with dense subspace D ⊂ H and linear map π : A → Lin(D), so that (a)

π(AB)ψ = π(A)π(B)ψ for all A,B ∈ A and ψ ∈ D, (b) π(1) = idH|D, and (c) for each A ∈ A, π(A)
has an adjoint π(A)∗ whose domain contains D and obeys π(A)∗ψ = π(A∗)ψ for all ψ ∈ D. By the

GNS theorem (see section III.2.2 in [50]), every state ω on A determines a Hilbert space representation

of this type, in which there is a unit vector φω ∈ D such that ω(A) = (φω, π(A)φω) and D = π(A)φω.
In this case, the vector φω is called the GNS vector of ω and we denote the GNS representation by the

quadruple (H, π,D, φω) referring to H and D as the GNS Hilbert space and GNS domain respectively.

Following [91], the space of H-valued distributions, D ′(M ;H), consists of linear and weakly (hence

also strongly) continuous maps u : Γ∞
0 (Ω) → H. The wavefront set WF(u) can be defined exactly

as for scalar-valued distributions, but replacing the absolute value |u(χf)| in (5.1) by the H norm,

∥u(χf)∥H. The definition is extended to H-valued distributional sections of a finite-rank bundle B as

in Section 5.1. First, we give some useful results.

Lemma 5.8. Let V and W be Hilbert space valued distributions in D ′(B;H), and let C be a continuous

antilinear map of B∗ ⊗ Ω.

(a) If U : Γ∞
0 (B∗ ⊗ Ω)→ H is linear and obeys ∥U(f)∥H ≤ ∥V (f)∥H for all f ∈ Γ∞

0 (B∗ ⊗ Ω) then

U ∈ D ′(B;H) and WF(U) ⊂WF(V ).

(b) If U : Γ∞
0 (B∗⊗Ω)→ H is linear and obeys ∥U(f)∥2

H
≤ ∥V (f)∥H∥W (f)∥H for all f ∈ Γ∞

0 (B∗⊗
Ω), then U ∈ D ′(B;H) and WF(U) ⊂WF(V ) ∩WF(W ).

(c) For any fixed ψ ∈ H, the maps f 7→ (ψ, V (f))H and f 7→ (V (Cf), ψ)H are distributions in

D ′(B) with WF((ψ, V (·))H) ⊂WF(V ), WF((V (C·), ψ)H) ⊂ −WF(V ).

(d) Z(f, h) = (V (Cf),W (h))H defines Z ∈ D ′(B ⊠B) with WF(Z) ⊂ (−WF0(V ))×WF0(W ).
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Proof. (a,b) First, the bounds on U ensure that for any compact K ⊂ M , there is a constant CK
and seminorm | · |K of Γ∞

K (B∗ ⊗ Ω) so that ∥U(f)∥ ≤ CK |f |K for all f ∈ Γ∞
K (B∗ ⊗ Ω), giving

U ∈ D ′(B;H) in either case. Next, suppose (x, k) is a regular directed point for V and let χ be any

smooth density compactly supported in a coordinate chart domain about x, with associated coordinate

phase functions ek. Then ∥V (Sχel)∥ decays rapidly as l → ∞ in a conic neighbourhood of k, while

∥W (Sχel)∥ is polynomially bounded in l by considering the seminorms on Γ∞
0 (B∗⊗Ω). The bounds on

U imply that (x, k) is a regular directed point for U , using for (b) the fact that rapid decay is preserved

under multiplication by a polynomially bounded function. Taking complements, WF(U) ⊂ WF(V )

which proves (a), and also (b) on allowing the the roles of V and W to be interchanged.

Parts (c,d) are straightforward generalisations to the bundle context of parts (ii) and (iii) of

Proposition 3.2 in [35] (see also Proposition 2.2 in [91] for (d)), and can be derived from the scalar

versions by considering local frames.

Theorem 6.1 in [91] and the corresponding result Theorem 4.11 in [86] have the following general-

isation – we give the proof for completeness.

Theorem 5.9. Let P be a V±-decomposable RFHGHO and let (H, π,D) be a Hilbert space represen-

tation of Y (P ). For any normalised ψ ∈ D, define a state ωψ on Y (P ) by ωψ(A) = (ψ, π(A)ψ)H.

Suppose ωψ has distributional n-point functions. Then π(ΥP (·))ψ ∈ D ′(B;H), and ωψ is V+-Hadamard

if and only if

WF(π(ΥP (·))ψ) ⊂ V−. (5.25)

In particular, if ω is a V+-Hadamard state of Y (P ) then (5.25) holds in the GNS representation of ω,

with ψ given by the GNS vector of ω. These results are also valid for fermionic RFHGHO’s, replacing

Y (P ) by X (P ) and ΥP by ΞP .

Proof. As ∥π(ΥP (f))ψ∥2 is a linear combination of n-point functions with first argument Cf and last

argument f , the continuity of the distributional n-point functions and antilinear map C imply that

π(ΥP (·))ψ ∈ D ′(B;H). The two-point function Wψ of ωψ is

Wψ(f
♯,1 ⊗ h♯,1) = ωψ(ΥP (f)ΥP (h)) = (π(ΥP (Cf))ψ, π(ΥP (h))ψ). (5.26)

Condition (5.25) immediately implies WF(Wψ) ⊂ V+0 ×V−0 by Lemma 5.8(d), and therefore WF(tWψ) ⊂
V−0 ×V+0 does not intersect WF(Wψ) (recall that the zero section is excluded from wavefront sets). But

as Wψ − tWψ = iEP , we have WF(Wψ) ⊂ (V+0 × V−0 ) ∩WF(EP ) = V+ × V−, so ωψ is V+-Hadamard.

Conversely, if WF(Wψ) ⊂ V+ × V− then the estimate

∥π(ΥP (f)ψ∥2 =Wψ((Cf)♯,1 ⊗ f ♯,1) (5.27)

implies that every (x, k) /∈ V− is a regular directed point for π(ΥP ( ·S))ψ where S ∈ Γ∞(B∗) is

arbitrary, so WF(π(ΥP ( ·S))ψ) ⊂ V− for every S and (5.25) follows. The statement about the GNS

representation is a simple application of the main part, because ω = ωφω , where φω is the GNS vector.

For a fermionic RFHGHO (P,R) we use identical arguments except thatWψ+
tWψ = iEP ◦(1⊗R)

is used in place of Wψ − tWψ = iEP .

We give two applications: first, the proof of Theorem 5.4(d); second, a proof that the Hadamard

condition is stable under action by operators in the algebra. In both cases we give the proof for the

bosonic case but the argument applies equally to the fermionic case with minor adaptations.

Corollary 5.10. The 1-point functions of any V+-Hadamard state are smooth.

Proof. Let (H, π,D, φω) be the GNS representation of V+-Hadamard state ω on Y (P ). Then

ω(ΥP (f)) = (φω, π(ΥP (f))φω)H = (π(ΥP (Cf))φω, φω)H, (5.28)
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so Lemma 5.8(c) gives WF(ω(ΥP ( · ))) ⊂ V− ∩ V+ = ∅.

Corollary 5.11. Let ω be a V+-Hadamard state. Then, for every unit vector ψ in the GNS domain

of ω, the state ωψ is V+-Hadamard.

Proof. Let (H, π,D, φω) be the GNS representation of ω, so D = π(Y (P ))φω. As ω has distributional

n-point functions, so does every ωψ for unit ψ ∈ D. Noting that (5.25) is stable under linear combi-

nation, it is enough to show that if a unit ψ ∈ D defines a V+-Hadamard state, then so does every

nonzero vector ψ′ = π(ΥP (h))ψ for h ∈ Γ∞
0 (B) (normalised by rescaling h if necessary). But

π(ΥP (f))ψ
′ = π(ΥP (f)ΥP (h))ψ = iEP (f, h)ψ + π(ΥP (h)ΥP (f))ψ, (5.29)

the first term of which is smooth because WF(f 7→ EP (f, h)) ⊂ {(x, k) ∈ T ∗M : (x, k; y, 0) ∈
WF(EP ) for some y ∈M} = ∅. To complete the proof, the estimate

∥π(ΥP (h)ΥP (f))ψ∥2 ≤ ∥π(ΥP (Ch)ΥP (h)ΥP (f))ψ∥∥π(ΥP (f))ψ∥ (5.30)

and Lemma 5.8(b) show that WF(π(ΥP (·))ψ′) ⊂ V− – note that π(AΥP (·))ψ ∈ D ′(B;H) for all

A ∈ Y (P ) because ωψ has distributional n-point functions (cf. the proof of Theorem 5.9).

A simple consequence is that the set of V+-Hadamard states SV+(P ) forms a state space for Y (P )

as defined e.g., in Section 4.5.3 of [40].

Corollary 5.12. The set of V+-Hadamard states SV+(P ) ⊂ Y (P )∗+,1 is closed under finite convex

combinations and operations induced by Y (P ).

Proof. The 2-point function of a finite convex combination of states is the corresponding convex

combination of their 2-point functions. If ω ∈ SV+(P ) with GNS representation (H, π,D, φω) and

B ∈ Y (P ) with ω(B∗B) = 1 the state ωB defined by ωB(A) = ω(B∗AB) is represented by the unit

vector π(B)φω ∈ D. Thus ωB ∈ SV+(P ) by Corollary 5.11.

5.4 Pull-backs, push-forwards and covariance

Let S : P1 → P2 be a GreenHyp-morphism and suppose that ω2 is a state on Y (P2). Then there is

a pulled back state ω1 = Y (S)∗ω2 on Y (P1) so that ω1(A) = ω2(Y (S)A). At the level of two-point

functions, this implies

W1(f
♯,1 ⊗ h♯,1) =W2((Sf)

♯,1 ⊗ (Sh)♯,1), (5.31)

i.e., W1 = W2 ◦ (S♯,1 ⊗ S♯,1) using the musical notation for linear maps introduced in Section 3.1.

The advanced-minus-retarded two-point distributions obey the same relation E2pt
P1

= E2pt
P2
◦ (S♯,1 ⊗

S♯,1). If S is Cauchy, then one can invert Y (S) and push forward any state ω1 on Y (P1) to a state

ω2 = (Y (S)−1)∗ω1 on Y (P2). Let L : P2 → P1 be any GreenHyp-morphism obeying L̂ = Ŝ−1 (see

Theorem 3.5(d)). Then SLh = h mod P2Γ
∞
0 (B2) and

ω2(YP2(h)YP2(h
′)) = ω2(YP2(SLh)YP2(SLh

′)) = ω1(YP1(Lh)YP1(Lh
′)), (5.32)

which gives the equationW2 =W1 ◦(L♯,1⊗L♯,1) for the corresponding two-point functions. Analogous

constructions are possible in the fermionic case.

We will show that the pullback and pushforward states are Hadamard under suitable conditions,

for which we need the following definition.

Definition 5.13. A linear map T : Γ∞
0 (B1)→ Γ∞

0 (B2) will be called regular if (a) T is continuous and

has a continuous formal transpose tT : Γ∞
sc (B2) → Γ∞(B1), (b) for any compact K1 ⊂ M1 there is a

30



compact K2 ⊂M2 so that TΓ∞
K1

(B1) ⊂ Γ∞
K2

(B2) (this is true in particular if T is properly supported),5

and (c)

WF(T knl) ∩ ((0T ∗M2 × Ṫ ∗M1) ∪ (Ṫ ∗M2 × 0T ∗M1)) = ∅. (5.33)

In particular, a morphism of GreenHyp will be described as regular if its underlying linear map is

regular in this sense and a morphism of fGreenHyp is regular if its underlying GreenHyp morphism is

regular.

The following technical result is proved in Appendix A.

Lemma 5.14. Suppose that Tj : Γ
∞
0 (B1)→ Γ∞

0 (B2) (j = 1, 2) are regular. Let U ⊂ Ṫ ∗(M2 ×M2) be

a closed conic set that does not intersect (0T ∗M2 × Ṫ ∗M2) ∪ (Ṫ ∗M2 × 0T ∗M2). If u ∈ D ′(B2 ⊠B2) has

WF(u) ⊂ U , then u ◦ (T ♯,11 ⊗ T ♯,12 ) ∈ D ′(B1 ⊠B1) has wavefront set

WF(u ◦ (T ♯,11 ⊗ T ♯,12 )) ⊂ (WF′(tT knl
1 )×WF′(tT knl

2 )) • U . (5.34)

Here, for Z ⊂ T ∗(Y ×X) and X ⊂ T ∗X, we write

Z • X := {(y, l) ∈ T ∗Y : ∃ (k, x) ∈ X s.t., (y, l;x, k) ∈ Z} = prT ∗Y (Z ∩ (T ∗Y ×X )) , (5.35)

and WF′(tT knl) = {(x, k; y, l) ∈ Ṫ ∗(M1 ×M2) : (y,−l;x, k) ∈WF(T knl)}.

With this result in hand, we can establish regularity of a variety of GreenHyp-morphisms.

Lemma 5.15. Examples of regular GreenHyp-morphisms include the following.

a) The GreenHyp-morphisms of Theorem 3.5(a–c) are all regular.

b) Suppose that S : P1 → P2 is a continuous Cauchy GreenHyp-morphism with a continuous trans-

pose tS : Γ∞
sc (B2) → Γ∞(B1) and the additional property that, for every spatially compact set

V2 ⊂ M2, there is a spatially compact set V1 ⊂ M1 so that tSΓ∞
V2
(B2) ⊂ Γ∞

V1
(B1). Then any

GreenHyp-morphisms L = [P1, χ]
tSEP2 : P2 → P1 of the type given explicitly in Theorem 3.5(d)

is regular. In particular, these additional conditions hold if S is a Cauchy morphism of the form

described in Theorem 3.5(a,b).

c) The GreenHyp-morphisms of Theorem 3.5(e) are regular.

Proof. (a) Parts (b,c) of Theorem 3.5 were instances of its part (a), so we need only address that case.

Suppose that β : B1 → B2 is a hermitian vector bundle morphism covering Loc-morphism ψ : M1 →
M2 such that P2β∗ = β∗P1, with corresponding continuous GreenHyp-morphism β∗ : (B1, P1) →
(B2, P2). Then β∗ has a continuous adjoint tβ∗ : Γ

∞
sc (B2)→ Γ∞(B1) given as (tβ∗h)(x) =

tβxh(ψ(x)).

For any compact K1 ⊂ M1 one has β∗Γ
∞
K1

(B1) ⊂ Γ∞
ψ(K1)

(B2) and ψ(K1) is compact. Furthermore,

as β∗fS = (ψ∗f)β∗S for f ∈ C∞
0 (M1), S ∈ Γ∞(B1), it follows that WF(βknl∗ ) ⊂ WF(ψknl

∗ ). Now

ψknl
∗ can be expressed using a distributional pullback. Specifically, let ρ2 ∈ Γ∞(ΩM2) be any smooth

nonvanishing density on M2, for example the metric volume density. Then

ψknl
∗ = (1⊗ ρ1)(1⊗ ψ)∗((ρ−1/2

2 ⊗ ρ−1/2
2 )δM2), (5.36)

where δM2 ∈ D ′(Ω
1/2
M2×M2

) is the Dirac distribution onM2 and ρ1 = ψ∗ρ2. The pullback of distributions

exists by the criterion of Theorem 2.5.11′ in [58] because ψ is an embedding, giving the wavefront set

5The operator T is said to be properly supported (cf. Definition 18.1.21 in [60]) if to each compact KX ⊂ X there is
a compact KY ⊂ Y so that TΓ∞

KX
(BX) ⊂ Γ∞

KY
(BY ) and to each compact KY ⊂ Y there is a compact set KX ⊂ X so

that u|KX
= 0 implies (Tu)|KY

= 0 for u ∈ Γ∞
0 (BX). Equivalently, the projections from the support of T knl to X and

Y are both proper maps.
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bound

WF(βknl∗ ) ⊂WF(ψknl
∗ ) ⊂ (1⊗ ψ)∗WF(δM2) = {(y, l;x, tψ′(x)k) : (y, l;ψ(x); k) ∈WF(δM2)}

= {(ψ(x), l;x,−tψ′(x)l) : x ∈M1, l ∈ Ṫ ∗
ψ(x)M2}. (5.37)

In particular,

WF(βknl∗ ) ∩ ((0T ∗M2 × T ∗M1) ∪ (T ∗M2 × 0T ∗M1)) = ∅, (5.38)

so β∗ is regular.

(b) The formal transpose of L is tL = −EP2S
t[P, χ], noting that t[P, χ] : Γ∞

sc (B1) → Γ∞
0 (B1).

Suppose K2 ⊂ M2 is compact, then EP2Γ
∞
K2

(B2) ⊂ Γ∞
J(K2)

(B2). Hence there is a spatially compact

set V1 in M1 so that tSEP2Γ
∞
K2

(B2) ⊂ Γ∞
V1
(B1), so LΓ

∞
K2

(B2) ⊂ Γ∞
U∩V1

(B1), which demonstrates the

required support property. We compute

WF(Lknl) ⊂WF((tSEP2)
knl) = WF(Eknl

P2
◦ (S ⊗ 1))

⊂ (WF′(tSknl)×WF′(tidknl)) • ((V+2 × V−2 ) ∪ (V−2 × V+2 ))

⊂ (V+1 × V−2 ) ∪ (V−1 × V+2 ) (5.39)

and therefore WF(Lknl) ∩ ((T ∗M1 × 0T ∗M2) ∪ (0T ∗M1 × T ∗M2)) = ∅. Hence L is regular.

For the particular case mentioned, in Theorem 3.5(a), β∗ is continuous, with a continuous trans-

pose, and for spatially compact V2 ⊂ M2, one has tβ∗Γ
∞
V2
(B2) ⊂ Γ∞

ψ−1(V2)
(B1), where β covers Loc-

morphism ψ. As ψ is Cauchy, ψ−1(V2) is spatially compact: for if K2 ⊂M2 is compact and Σ ⊂ ψ(M1)

is a Cauchy surface of M2, then ψ
−1(J(K2)) ⊂ J(ψ−1(Σ ∩ J(K2))), which is spatially compact. As

Theorem 3.5(b) is a special case, we have completed this part of the proof.

(c) The regularity properties can be read off from the S = id case of (b).

Theorem 5.16. Suppose S : P1 → P2 is a regular GreenHyp-morphism (resp., fGreenHyp-morphism).

Suppose that P2 is V±2 -decomposable and that WF′(t(Sknl)) • V±2 ⊂ V±1 , where V±1 ⊂ Ṫ ∗M1 are conic

and relatively closed with V−1 = −V+1 and V+1 ∩ V−1 = ∅. Then:

a) P1 is V±1 -decomposable and every V+2 -Hadamard state ω2 on Y (P2) pulls back to a V+1 -Hadamard

state ω1 = Y (S)∗ω2 on Y (P1); that is, Y (S)∗SV+
2
(P2) ⊂ SV+

1
(P1) (resp., the same holds with

Y replaced by X ).

b) Suppose S is Cauchy and has the additional property that for every spatially compact set V2 ⊂M2

there is a spatially compact set V1 ⊂M1 so that tSΓ∞
V2
(B2) ⊂ Γ∞

V1
(B1). (The additional property

is satisfied if S arises from Theorem 3.5(a,b) – see Lemma 5.15(b).) Then every V+1 -Hadamard

state ω1 on Y (P1) pushes forward to a V+2 -Hadamard state ω2 = Y (S)−1ω1 on Y (P2) which is

the unique state so that ω1 = Y (S)∗ω2; thus, SV+
1
(P1) = Y (S)∗SV+

2
(P2) (resp., the same holds

with Y replaced by X ).

Proof. (a) Note that S and S♯,1 have distributional kernels with the same support and wavefront set.

Therefore S♯,1 is regular. Using E2pt
P1

= E2pt
P2
◦ (S♯,1⊗S♯,1) and V±2 -decomposability of P2, we compute

WF(E2pt
P1

) = (WF′(t(Sknl))×WF′(t(Sknl))) •WF(E2pt
P2

)

⊂ (WF′(t(Sknl))×WF′(t(Sknl))) • ((V+2 × V−2 ) ∪ (V−2 × V+2 ))

⊂ (V+1 × V−1 ) ∪ (V−1 × V+1 ), (5.40)

thus establishing V±1 -decomposability of P1. A similar argument applies to W1 = W2 ◦ (S♯,1 ⊗ S♯,1)
giving WF(W1) ⊂ V+1 × V−1 , so ω1 is V+1 -Hadamard. The argument is identical in the fermionic case.

(b) We haveW2 =W1◦(L♯,1⊗L♯,1) where the continuous linear map L : Γ∞
0 (B2)→ Γ∞

0 (B1) can be

given explicitly as in Theorem 3.5(d) by L = [P, χ] tSEP2 , with χ constructed as described there. Then
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L and consequently L♯,1 are regular by Lemma 5.15(b), and the wavefront set bound (5.39) implies

WF′(t(Lknl)) • V±1 ⊂ V±2 . We may now employ Lemma 5.14 to compute WF(W2) = WF(W1 ◦ (L♯,1 ⊗
L♯,1)) ⊂ V+2 × V−2 and conclude that ω2 is V+2 -Hadamard. Finally, Y (S)∗ω2 has n-point functions

W
(n)
1 ◦ (L♯,1)⊗n ◦ (S♯,1)⊗n = W

(n)
1 , where W

(n)
1 are the n-point functions of ω1, because L̂ = Ŝ−1

and consequently LSf − f ∈ P1Γ
∞
0 (B1). Thus Y (S)∗ω2 = ω1. Uniqueness is clear as Y (S) is an

isomorphism. Again the argument applies directly to the fermionic case.

Definition 5.17. Let EoM : Loc→ GreenHyp be a functorially assigned RFHGHO. Suppose that each

EoM(M) is decomposable with respect to cones V±(M) ⊂ T ∗M , such that ψ∗V+(M ′) ⊂ V+(M) for

all Loc-morphisms ψ : M →M
′. Then we say that EoM is V±-decomposable.

An immediate consequence of this definition, together with Theorem 5.16 and Corollary 5.12 is

the following.

Corollary 5.18. Suppose that EoM : Loc → GreenHyp is a V±-decomposable functorial RFHGHO

taking Cauchy Loc-morphisms to Cauchy GreenHyp-morphisms, and let Z = Y ◦ EoM be the corre-

sponding locally covariant QFT (see Theorem 3.8). Then the assignment S (M) = SV+(M)(EoM(M))

for each M ∈ Loc and S (ψ) = Y (ψ)∗|S (M ′) for each Loc-morphism ψ : M →M
′ defines a covariant

state space for Z obeying the timeslice condition in the sense defined in Section 4.5.3 of [40].

Proof. Each S (M) is a state space by Corollary 5.12. If ψ : M → M
′ in Loc then EoM(ψ) is

regular by Lemma 5.15(a) and Theorem 5.16(a) shows that S (ψ)S (M ′) ⊂ S (M); it is clear that

S (idM ) = idS (M) and S (ψ◦φ) = S (φ)◦S (ψ) by the functorial properties of Z and contravariance

of the dual. Finally, if ψ is Cauchy then EoM(ψ) is a Cauchy GreenHyp-morphism (of the type given in

Theorem 3.5(a)) and Theorem 5.16(b) shows that S (M) = S (ψ)S (M ′). These are the conditions

needed for S to be a covariant state space obeying the timeslice condition given (in a slightly different

form) in [40].

Two further consequences of Theorem 5.16 concern the existence of Hadamard states.

Corollary 5.19. Suppose that EoM : Loc → GreenHyp is a V±-decomposable functorial RFHGHO,

and let Z = Y ◦ EoM be the corresponding locally covariant QFT (see Theorem 3.8). If Z (M)

admits a V+(M)-Hadamard state and M
′ ∈ Loc has Cauchy surfaces that are oriented-diffeomorphic

to those of M , then Z (M ′) admits V+(M ′)-Hadamard states.

Proof. If M and M
′ have oriented-diffeomorphic Cauchy surfaces then there is a chain of Cauchy

morphisms linking M to M
′ via an interpolating spacetime M

′′′ ∈ Loc

M ←M
′′ →M

′′′ ←M
′′′′ →M

′, (5.41)

where M ′′ (resp., M ′′′′) is a suitable future (resp., past) region of M (resp., M ′) regarded as a space-

time in its own right (see e.g., Proposition 2.4 in [36]). Under EoM, the morphisms in (5.41) are mapped

to Cauchy GreenHyp-morphisms of the type described in Theorem 3.5(b), to which Lemma 5.15(b)

therefore applies. Using Theorem 5.16 repeatedly, alternating between parts (a) and (b) to pull back

and push forward states, we deduce that Z (M ′) admits at least one V+(M)-Hadamard state (and

hence many such states by Corollary 5.11).

Consequently, it is sufficient to prove the existence of V+(M)-Hadamard states for a sufficiently

broad class of spacetimes. For example, we will say that M ∈ Loc is an ultrastatic spacetime with

bounded spatial geometry if it has underlying manifold M = R×Σ with metric g = 1⊕−h for some

complete Riemannian metric h on Σ of bounded geometry, i.e., the Riemann tensor of h and all its

covariant derivatives are bounded with respect to the tensorial norms determined by h.
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Corollary 5.20. Every M ∈ Loc has smooth spacelike Cauchy surfaces oriented-diffeomorphic to

those of an ultrastatic spacetime M
′ ∈ Loc that is ultrastatic with bounded spatial geometry. Conse-

quently, under the assumptions of Corollary 5.19, if Z (M) admits at least one V+(M)-Hadamard

state for every ultrastatic spacetime M ∈ Loc with bounded spatial geometry then Z (M) admits

(many) V+(M)-Hadamard states for all M ∈ Loc.

Proof. Let M ∈ Loc and let Σ ⊂ M be any smooth spacelike Cauchy surface with the inherited

orientation ν (which is a top form on Σ). Then Σ admits a complete Riemannian metric h with

bounded geometry [49] – if necessary we choose such a metric for each connected component of Σ. Let

M
′ be the ultrastatic spacetime R× Σ with metric dt⊗ dt− h, time-orientation so that dt is future-

pointing, and spacetime orientation so that dt ∧ ν is positively oriented. Global hyperbolicity holds

by Proposition 5.2 in [65], so M
′ ∈ Loc has the required properties. The consequence is immediate

by Corollary 5.19 and Corollary 5.11.

5.5 Scattering morphisms

Suppose that P and Q are RFHGHO’s on M that agree outside a temporally compact set U ⊂ M .

Then M± = M \ J∓(U) are open causally convex subsets on which P and Q agree. Applying

Theorem 3.5(e), there are Cauchy GreenHyp-morphisms λ±QP : (B,P ) → (B,Q) called response maps

so that λ±QPΓ
∞
0 (B) ⊂ Γ∞

0 (B|M±) and λ̂±QP [f ]P = [f ]Q for f ∈ Γ∞
0 (B|M±). There are also Cauchy

GreenHyp-morphisms λ±PQ : (B,Q) → (B,P ) with analogous properties. Therefore λ−PQλ
+
QP is a

GreenHyp-endomorphism of (B,P ), and any equivalent morphism is called a scattering morphism for

Q relative to P with coupling zone U . Scattering morphisms of this type play an important role in

the theory of measurement [41] – see Section 6.

Theorem 5.21. Under the conditions just stated, there is a scattering morphism ϑ for Q relative to

P with coupling zone U such that ϑf = f − (Q − P )EQf = f − (Q − P )E−
Qf for f ∈ Γ∞

0 (B|M+).

Furthermore λ+QP ∼ λ−QPϑ, i.e., ϑ̂ = (λ̂−QP )
−1λ̂+QP .

Proof. Using the freedom to change λ−PQ and λ+QP for equivalent morphisms, we may assume they are

both of the explicit form given in Theorem 3.5(e). Thus λ+QP f = f mod PΓ∞
0 (B) and λ−PQf = f

mod QΓ∞
0 (B). Since P and Q are injective on Γ∞

0 (B) (see Theorem 3.1(d))) there are unique linear

maps ρ+QP , ρ
−
PQ : Γ∞

0 (B) → Γ∞
0 (B) such that λ+QP = id + Pρ+QP , λ

−
PQ = id + Qρ−PQ, both of which

commute with the complex involution.

In particular, λ−PQλ
+
QP = λ+QP +Qρ−PQλ

+
QP entailing

E−
Qλ

+
QP = E−

Qλ
−
PQλ

+
QP − ρ−PQλ+QP (5.42)

and consequently

EQλ
+
QP = E−

Qλ
−
PQλ

+
QP − ρ−PQλ+QP − E+

Qλ
+
QP . (5.43)

Noting that Q and P agree on the first and last terms on the right-hand side of (5.43), which are

supported in M− and M+ respectively, one has

(Q− P )EQλ+QP = −(Q− P )ρ−PQλ+QP (5.44)

and by applying Q to (5.43) and rearranging,

λ−PQλ
+
QP = QE+

Qλ
+
QP +Qρ−PQλ

+
QP = λ+QP − (Q− P )EQλ+QP + Pρ−PQλ

+
QP

= id− (Q− P )EQλ+QP + P (ρ+QP + ρ−PQλ
+
QP ), (5.45)
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by definition of ρ+QP . By Lemma 3.4(b), λ−PQλ
+
QP ∼ ϑ := id − (Q − P )EQλ+QP , giving λ+QP ∼ λ−QPϑ

because λ−QPλ
−
PQ ∼ id. Therefore ϑ̂ = (λ̂−QP )

−1λ̂+QP . It remains to compute ϑf for f ∈ Γ∞
0 (B|M+).

Here, we use the fact that λ+QP f − f = Pρ+QP f ∈ kerEP ∩ Γ∞
0 (B|M+), moreover, ρ+QP f ∈ Γ∞

0 (B|M+)

by Theorem 3.1(e)) and causal convexity of M+. Consequently, λ+QP f − f = Pρ+QP f ∈ QΓ∞
0 (B) and

so EQλ
+
QP f = EQf . Thus ϑf = f − (Q − P )EQf for f ∈ Γ∞

0 (B|M+), and as Q and P agree on the

support of E+
Qf , one has ϑf = f − (Q− P )E−

Qf .

If V ⊂ M is temporally compact with U ⊂ V , then ϑ is evidently also a scattering morphism

for Q relative to P with coupling zone V with the properties of Theorem 5.21. In this sense, ϑ is

independent of the coupling zone.

The main result of this subsection is that the Hadamard condition is preserved under scattering.

Recall from Section 3 that when two RFHGHO’s P and Q agree outside a temporally compact set

there is an associated scattering GreenHyp-automorphism ϑ of P that describes the scattering of Q

relative to P and which then lifts to an automorphism Y (ϑ) of the QFT algebra Y (P ).

Theorem 5.22. Let P and Q be RFHGHO’s on hermitian vector bundle B over M ∈ Loc and suppose

that P and Q agree outside a temporally compact set U ⊂M . Let ϑ be a scattering morphism of Q

relative to P and define the scattering automorphism of Y (P ) by Θ = Y (ϑ). If P and Q are V±P -
and V±Q -decomposable and V+P |M\U = V+Q |M\U then Θ∗ is an isomorphism on the set of V+P -Hadamard

states.

Proof. From Section 3, ϑ ∼ λ−PQλ
+
QP where λ−PQ and λ+QP are GreenHyp-morphisms of the type given

by Theorem 3.5(e) and are Cauchy and regular. Then Θ = Y (λ−PQ)Y (λ+QP ) by Theorem 3.6(b) and

so Θ∗ maps V+P -Hadamard states to V+P -Hadamard states. As Θ−1 = Y (λ+PQ)Y (λ−QP ), the same

argument shows that Θ∗ is an isomorphism of the set of V+P -Hadamard states.

5.6 Tensor products and partial traces

We now prove a number of useful properties of Hadamard states, which will be used in Section 6 in

an application to the theory of measurement. Parts (a) and (b) of the following result show how the

Hadamard condition extends to composite theories, while (c) relates to partial traces.

Theorem 5.23. Let P and Q be RFHGHOs, and suppose that P is V±P -decomposable while Q is

V±Q -decomposable, and V+P ∩ V−Q = ∅. Then:

(a) P ⊕Q is V±P⊕Q-decomposable, where V±P⊕Q = V±P ∪ V±Q ;
(b) if ω is a V+P -Hadamard state on Y (P ) and σ is a V+Q -Hadamard state on Y (Q), then ω ⊗ σ is

a V+P⊕Q-Hadamard state on Y (P ⊕Q);

(c) if φ is a V+P⊕Q-Hadamard state on Y (P ⊕ Q) = Y (P ) ⊗ Y (Q), then the partial traces φP ∈
Y (P )∗+,1 and φQ ∈ Y (Q)∗+,1 given by φP (A) = φ(A ⊗ 11Y (Q)), φQ(B) = φ(11Y (P ) ⊗ B), are

respectively V+P -Hadamard and V+Q -Hadamard.

Inspection of the proof shows that the result adapts immediately to the case where P and Q are

fermionic RFHGHO’s; part (a) only requires that P and Q are semi-Green-hyperbolic.

Proof. (a) First note that V+P⊕Q∩V−P⊕Q = ∅ because the same is true of V±P and V±Q , and V+P ∩V−Q = ∅.
As EP⊕Q = EP ⊕ EQ, we have

WF′(EP⊕Q) ⊂WF′(EP ) ∪WF′(EQ) ⊂
⋃

♯=±

((V♯P × V
♯
P ) ∪ (V♯Q × V

♯
Q)) ⊂

⋃

♯=±

(V♯P⊕Q × V
♯
P⊕Q), (5.46)

which is the decomposability condition.
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(b) The n-point functions of ω ⊗ σ on Y (P ⊕ Q) may be written as sums of products of r-point

functions of ω and σ for 1 ≤ r ≤ n, and are easily seen to be distributions. To simplify notation we

write every n-point function of ω as Wω, distinguishing them by their domains, and similarly for the

n-point functions of σ. Then the 2-point function of ω ⊗ σ is given by

Wω⊗σ((f ⊕ h)⊗ (f ′ ⊕ h′)) =Wω(f ⊗ f ′) +Wσ(h⊗ h′) +Wω(f)Wσ(h
′) +Wω(f

′)Wσ(h). (5.47)

As the 1-point functions are smooth by Theorem 5.4(d), we have

WF(Wω⊗σ) ⊂WF(Wω) ∪WF(Wσ) ⊂ (V+P × V−P ) ∪ (V+Q × V−Q ) ⊂ V+P⊕Q × V−P⊕Q, (5.48)

so ω ⊗ σ is V+P⊕Q-Hadamard.

(c) It is enough to show that φP is V+P -Hadamard. As ΥP (f)⊗ 11YQ(M) = ΥP⊕Q(f ⊕ 0), it is clear

that φP has distributional n-point functions. In particular, the two-point function WP of φP is given

by

WP (f ⊗ h) =W ((f ⊕ 0)⊗ (h⊕ 0)), (5.49)

where W is the two-point function of φ. It follows that WF(WP ) ⊂ WF(W ) ⊂ V+P⊕Q × V−P⊕Q.

Now P is V±P⊕Q-decomposable (as well as V±P -decomposable), so we have shown that WP is V+P⊕Q-

Hadamard. Using Theorem 5.4(a) we have WF(W ) ⊂ (V+P⊕Q × V−P⊕Q) ∩WF(EP ) ⊂ V+P × V−P using

the V±P -decomposability of EP . Therefore WP is V+P -Hadamard.

5.7 Higher n-point functions

Let ω be a V+-Hadamard state on Y (P ) for V±-decomposable RFHGHO P and define the n-point

functions W (n) ∈ D ′(B⊠n) as described above. The truncated n-point functions W
(n)
T are defined

recursively by

W (n)(FI) =
∑

P∈P(I)

∏

J∈P

W
(|J |)
T (FJ), W

(1)
T =W (1), (5.50)

where I is a finite ordered set, P(I) is the set of partitions of I into nonempty ordered subsets and

FJ is the ordered list of Fj ∈ Γ∞
0 (B∗ ⊗ Ω) for j ∈ J . A useful identity (see [11], section 5.2.3) is, for

any fixed j ∈ I,
W (|I|)(FI) =

∑

j∈J⊂I

W
(|J |)
T (FJ)W

(|I\J |)(FI\J) (5.51)

(i.e., one sums over all J obeying j ∈ J ⊂ I for the given j and I) with W (0) = 1 by convention. A

quasifree state is one whose truncated n-point functions vanish except for n = 2.

Truncated n-point functions can be defined for even states on X (P ), i.e., those whose n-point

functions all vanish for all odd n. They are defined recursively by

W (n)(FI) =
∑

P∈P(I)

ε(P)
∏

J∈P

W
(|J |)
T (FJ), (5.52)

where ε(P) is the signature of the permutation of I that results in (J1, . . . J|P|), where P = {J1, . . . , J|P|}
(the ordering of the Jk’s is irrelevant). It is sufficient to sum over only partitions into sets of even

length. The analogue of (5.51) is

W (|I|)(FI) =
∑

j∈J⊂I

ε(J, I \ J)W (|J |)
T (FJ)W

(|I\J |)(FI\J), (5.53)

with ε(J, I \ J) equal to the signature of the permutation from I to (J, I \ J), and W (0) = 1 as before.

The quasifree states on X (P ) are those even states whose truncated n-point functions vanish for
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n ̸= 2.

he class of states with Hadamard two-point functions and smooth truncated n-point functions for

n ̸= 2 was identified as a plausible class of physical states in [66], where the question was raised as to

how close this was to the Hadamard condition. This is answered by a result of Sanders [85], which we

now adapt and generalise, slightly streamlining in the process.

Theorem 5.24. Let ω be a V+-Hadamard state on Y (P ) or an even state on X (P ). Then all its

truncated n-point functions for n ̸= 2 are smooth, and WF(W
(2)
T ) = WF(W (2)).

Proof. We give the argument for the bosonic case first. Smoothness of the 1-point functions was

proved in Corollary 5.10 from which it follows that W
(2)
T − W (2) is smooth, so we can restrict to

showing smoothness of W
(n)
T for n ≥ 3.

For some n ≥ 3, suppose that W
(k)
T is smooth for 2 < k < n, which is trivially true for n = 3.

Suppose that W
(n)
T is not smooth, in which case there must be (x, k) ∈ WF(W

(n)
T ) with kj ̸= 0 for

some 1 ≤ j ≤ n. Considering (5.51), we deduce that (x, k) ∈WF(Rn,j) where

Rn,j(FI) =W (n)(FI)−
∑

i<j

W (2)(Fi, Fj)W
(n−2)(FI\{i,j})−

∑

i>j

W (2)(Fj , Fi)W
(n−2)(FI\{i,j}) (5.54)

because all other terms are smooth with respect to xj , and W
(2)
T −W (2) is smooth. Now, the commu-

tation relations and iEP =W (2) − tW (2) imply that

Rn,j = Rn,1 ◦ τ1j = Rn,n ◦ τjn, (5.55)

where τij transposes the i’th and j’th arguments. Consequently, τ1j(x, k) ∈WF(Rn,1) and τjn(x, k) ∈
WF(Rn,n).

We now employ Cauchy–Schwarz estimates, splitting off the first and last arguments, to deduce

that WF(W (n)) ⊂ V+0 × T ∗M×(n−1) and WF(W (n)) ⊂ T ∗M×(n−1) × V−0 . It follows from (5.54)

and WF(W (2)) ⊂ V+ × V− that WF(Rn,1) ⊂ V+0 × T ∗M×(n−1) and WF(Rn,n) ⊂ T ∗M×(n−1) × V−0 .

Therefore (xj , kj) ∈ V+0 ∩V−0 = {0}, contradicting kj ̸= 0. Thus W
(n)
T is smooth and by induction this

holds for all n ≥ 3.

The argument for the fermionic case is similar, with Rn,j modified by the insertion of a factor

(−1)i+j−1 in both sums, and the use of the anticommutation relations to obtain Rn,j = (−1)j−1Rn,1 ◦
τ1j = (−1)n−jRn,n ◦ τjn.

The next result is obtained by employing the formulae (5.51) and (5.53), together with the standard

estimates for wavefront sets of sums and tensor products of distributions.

Corollary 5.25. Under the same assumptions as Theorem 5.24,

WF(W (n)) ⊂
⋃

Q

{(x1, k1; . . . ;xn, kn) ∈ T ∗M : kj = 0 for j /∈
⋃
Q,

(xmin(r), kmin(r);xmax(r), kmax(r)) ∈WF0(W
(2)) for each r ∈ Q}, (5.56)

where Q runs over all sets of disjoint two-element subsets of {1, . . . , n}.

The bounding set in (5.56) is the standard bound for quasifree Hadamard states [14]. In this sense,

all V+-Hadamard states are ‘microlocally quasifree’.

5.8 Polarisation sets

To close this section, we briefly consider the polarisation set of V+-Hadamard two-point functions.

The polarisation set was introduced by Dencker [19] and the conventions and notation used here are
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as in the companion paper [29]. An elementary application of the general theory provides a refinement

of Theorem 5.4(a).

Theorem 5.26. Suppose P is a V±-decomposable RFHGHO, where V± are as in Definition 5.2. If

W 2pt is the 2-point function of a V+-Hadamard state on the bosonic algebra Y (P ), then

WFpol((ρ
1/2 ⊗ ρ1/2)W 2pt) = (1⊗ ♭)WFpol(E

knl
ρ1/2Pρ−1/2)|V+×V− ∪ 0. (5.57)

If (P,R) is a fermionic RFHGHO and W 2pt is the 2-point function of a V+-Hadamard state on the

fermionic algebra X (P ), then

WFpol((ρ
1/2 ⊗ ρ1/2)W 2pt) = (1⊗ (R ◦ ♭))WFpol(E

knl
ρ1/2Pρ−1/2)|V+×V− ∪ 0. (5.58)

Proof. In the bosonic case, one first calculates that

(ρ1/2 ⊗ ρ1/2)(W 2pt − tW 2pt) = iEknl
P ◦ (ρ1/2 ⊗ (♭ ◦ ρ−1/2))

= i(ρ1/2EPρ
−1/2)knl ◦ (1⊗ (ρ1/2 ◦ ♭ ◦ ρ−1/2))

= i(1⊗ (ρ1/2 ◦ ♭ ◦ ρ−1/2))Eknl
ρ1/2Pρ−1/2 , (5.59)

where we use the fact that ρ1/2EPρ
−1/2 = Eρ1/2Pρ−1/2 as operators. Thus

WFpol((ρ
1/2 ⊗ ρ1/2)(W 2pt − tW 2pt)) = (1⊗ ♭)WFpol(E

knl
ρ1/2Pρ−1/2), (5.60)

where we have used a standard result on polarisation sets (see section 2 of [19] or Lemma 3.1 of [29])

and the fact that ♭ is an isomorphism. As the wavefront sets of W 2pt and tW 2pt intersect trivially,

their polarisation sets sum to that on the right-hand side, and the restriction to V+ × V− therefore

gives the polarisation set of (ρ1/2 ⊗ ρ1/2)W 2pt modulo the zero section.

For the fermionic case, (5.59) is replaced by

(ρ1/2 ⊗ ρ1/2)(W 2pt + tW 2pt) = i(1⊗ (ρ1/2 ◦R ◦ ♭ ◦ ρ−1/2)′)Eknl
ρ1/2Pρ−1/2 (5.61)

due to the anticommutation relations. Noting that the symbols of (ρ1/2 ◦R◦ ♭◦ρ−1/2)′ and R coincide

up to sign (recall that R = −tR), the result follows.

6 An application to measurement schemes

As an application of the theory developed so far, we consider the measurement of local observables

of QFTs based on RFHGHO’s according to the scheme introduced in [41] and further developed

in [9, 31]. In particular, we will show that the state updates resulting from nonselective measurements

map Hadamard states to Hadamard states.6

To start, we describe the measurement framework of [41] in a simplified setting where all the QFTs

involved are obtained from RFHGHO’s. Suppose that P is a RFHGHO on bundle BP over M ∈ Loc,

and let Y (P ) be the algebra of observables for the QFT of interest – the system. Let Q be a RFHGHO

on bundle BQ over M and regard Y (Q) as a probe theory that will be used to measure the system.

The system and probe can be combined as an uncoupled combination Y (P )⊗Y (Q) ∼= Y (P ⊕Q). We

also consider a coupled combination described by a QFT with algebra of observables Y (T ), where T

is also a RFHGHO on BP ⊕BQ that agrees with P ⊕Q outside a temporally compact set S (typically

either a compact subset or a closed Cauchy slab), thus defining a scattering automorphism Θ on

6As this manuscript was being completed, J. Mandrysch informed me that he and M. Navascués have obtained a
similar result in a particular case corresponding to finite rank perturbations (to appear in a revised version of [75]).
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Y (P ⊕ Q) are defined as in section 5.5. The overall idea of [41] is that one measures observables of

the system by measuring probe observables after the coupling has ceased. Suppose that the system

and probe are prepared at early times in the states ω and σ respectively and that a nonselective

measurement of a probe observable is made. Tracing out the probe, the result of the measurement is

that the system state should be updated from ω to a state ωn.s. on Y (P ), so that

ωn.s.(A) = (ω ⊗ σ)(Θ(A⊗ 11Y (Q))) (6.1)

as shown in section 3.3 of [41]. With this introduction, we pass to the main result of this section.

Theorem 6.1. Let P , Q and T be RFHGHOs acting on sections of bundles BP , BQ and BP ⊕ BQ
respectively, so that T and P ⊕Q agree outside a temporally compact set U with scattering morphism

ϑ on (BP ⊕ BQ, P ⊕ Q). Suppose that P and Q are, respectively, V±P - and V±Q -decomposable with

V+P ∩ V−Q = ∅, and suppose that T is V±T -decomposable, where VT satisfies V+T |M\U = V+P⊕Q|M\U .

Suppose ω ∈ Y (P )∗+,1 and σ ∈ Y (Q)∗+,1 are V+P -Hadamard and V+Q -Hadamard, respectively, and let

ωn.s. be the nonselective update of ω from a measurement using Y (T ) as a coupled combination of the

system Y (P ) and probe Y (Q) (with scattering map Θ = Y (ϑ)) and probe preparation state σ, so that

ωn.s. is given by (6.1) Then ωn.s. is a V+P -Hadamard state on YP (M).

Proof. The state ω ⊗ σ is V+P⊕Q-Hadamard by Theorem 5.23((a)) and therefore Θ∗(ω ⊗ σ) is V+P⊕Q-

Hadamard by Theorem 5.22. As ωn.s. is a partial trace of Θ∗(ω ⊗ σ), the result follows from Theo-

rem 5.23((c)).

7 Example: the neutral Proca field

Now specialise to n = 4 dimensions. For any M ∈ Loc, let ΛpM be the bundle of complex-valued

p-forms on M . The Hodge dual ⋆M : ΛpM → Λ4−pM is defined by

ω ∧ ⋆Mη =
1

p!
ωα1···αpη

α1···αpvol, (7.1)

where vol is the metric volume 4-form. Then (f, h) := (−1)p ⋆−1
M

(f ∧⋆Mh) defines a hermitian bundle

metric on ΛpM (note the sign) with integrated version

(f, h) = (−1)p
∫

M

f ∧ ⋆Mh, (7.2)

and one also defines the codifferential δM

δMω = (−1)degω ⋆−1
M

dM ⋆M ω, (7.3)

for any p-form field ω, where dM is the usual exterior derivative. Defining a bilinear pairing on ΛpM

by ⟨f, h⟩ = (f, h), one has δM = −†dM = −tdM .

With these sign choices, the neutral Proca action with mass m > 0 is (suppressing cutoffs)

SProca[Z] = −
1

2
⟨dMZ, dMZ⟩ − 1

2
m2⟨Z,Z⟩, (7.4)

for 1-form field Z, and takes the same form as the action of the minimally coupled massive scalar field

Sscalar[ϕ] = −
1

2
⟨dMϕ, dMϕ⟩ − 1

2
m2⟨ϕ, ϕ⟩, (7.5)
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for 0-form field ϕ.7

The equation of motion derived from SProca is PMZ = 0, where the neutral Proca operator on

Γ∞(Λ1M),

PM = −δMdM +m2 (7.6)

is real and formally hermitian. As is well known (see e.g. [33]), PM has Green operators

E±
PM

= E±
KM

DM , (7.7)

where KM = −(δMdM + dMδM ) +m2 is the 1-form Klein–Gordon operator on Γ∞(Λ1M) and

DM = 1− 1

m2
dMδM . (7.8)

If u ∈ Γ∞(Λ1M) satisfies PMu = 0, then by applying δM we find that δMu = 0 and consequently

KMu = 0; conversely, solutions to KMu = 0 with δMu = 0 also solve PMu = 0. Proca solutions

therefore form a subspace of the Klein–Gordon solutions, and indeed DM is a projection onto this

subspace. The same holds for distributional solutions.

For later use, we note the Weitzenböck formula (KMA)µ = □MAµ + (m2δ ν
µ + R ν

µ )Aν , where

□M = gµν∇µ∇ν is given by the Levi–Civita connection and Rµν is the corresponding Ricci tensor,

Rαβ = Rλαλβ , where our conventions are that (∇α∇β −∇α∇β)vµ = R µ
αβλ vλ. Thus the Weitzenböck

connection for KM (see Section 5.2) is simply the Levi–Civita connection on Λ1M . We also note that

DM has principal symbol with action

σ(DM )(x, k)v = −m−2g−1
x (k, v)k, v ∈ T ∗

xM (7.9)

and therefore has nontrivial kernel k⊥ ⊂ T ∗
xM for all (x, k) ∈ Ṫ ∗M . Thus Char(DM ) = Ṫ ∗M , but it

should also be noted that σ(DM ) is nowhere zero on Ṫ ∗M .

Summarising, Λ1
M = (Λ1M,M , (·, ·), ·) is a Hermitian vector bundle and EoM(M) := (Λ1

M , PM )

is a RFHGHO. Moreover, if ψ : M → M
′ in Loc, then ψ∗PM

′ = PMψ∗, so by Theorem 3.5(a)

the pushforward ψ∗ on compactly supported 1-forms determines a GreenHyp-morphism EoM(ψ) :

EoM(M)→ EoM(M ′), which respects composition of morphisms and makes EoM : Loc→ GreenHyp

into a functor.

The quantised theory Z = Y ◦EoM is a locally covariant QFT. Explicitly, each Z (M) is generated

by symbols ZM (f) (f ∈ Γ∞
0 (Λ1M)) subject to relations

Z1 f 7→ ZM (f) is complex-linear

Z2 ZM (f)∗ = ZM (f) (hermiticity)

Z3 ZM (PMf) = 0 (field equation)

Z4 [ZM (f),ZM (h)] = iEPM
(f, h)11Z (M) (commutation relations)

where EPM
(f, h) = −

∫
M
f ∧ ⋆MEPM

h due to the choice of sign in the bundle metric on Λ1M . The

morphism Z (ψ) induced by ψ : M →M
′ in Loc is determined uniquely by

Z (ψ)ZM (f) = ZM
′(ψ∗f), f ∈ Γ∞

0 (Λ1M). (7.10)

According to our earlier convention, the generators ZM (f) are interpreted as quantisations of the

functional Ff (Z) = ⟨f, Z⟩ = −
∫
M
f ∧ ⋆MZ on the classical solution space Sol(PM ). As the theory

has a Z2 global gauge symmetry under ZM (f) 7→ −ZM (f) (even at the functorial level, cf. [26]) one

7The overall sign of the action, in both cases, is the one that guarantees that the corresponding stress-energy tensor
Tµν = 2δS/δgµν obeys the classical weak energy condition – see [33] for classical and quantum energy conditions obeyed
by the Proca theory.
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is free to interpret the generators alternatively as quantisations of Z 7→
∫
M
f ∧ ⋆MZ if desired. Note

that the signs in Z4 and in the formula for EPM
are unchanged under the Z2 symmetry.

Owing to (7.7), we may use Theorem 5.5 and Corollary 5.6 to describe the Hadamard states of

the theory.

Theorem 7.1. The wavefront set of EPM
is given by

WF(EPM
) = RM . (7.11)

Consequently, the neutral Proca operator PM is N±
M

-decomposable in every M ∈ Loc, and the functor

EoM is N±-decomposable. The N±
M

-Hadamard states of the Proca field have distributional two-point

functions satisfying

WF(W ) = RHad
M . (7.12)

Proof. Eq. (7.11) is a simple application of Theorem 5.5, using the fact that σ(DM ) is nonvanishing

on N , and has also been given as Theorem 5.1 of [29]. Corollary 5.6 completes the proof.

By Corollary 5.19 it follows that if Z (M) admits N±
M

-Hadamard states for some M ∈ Loc then

the same is true for every M
′ ∈ Loc whose Cauchy surfaces are oriented-diffeomorphic to those of M .

The formulation of Hadamard states for the Proca field has been studied from the microlocal view-

point by Fewster and Pfenning (FP) [33] and more recently by Moretti, Murro and Volpe (MMV) [79]

(note that various sign conventions differ between [79] and the present paper). We now briefly explain

the relationship between these treatments and what has been presented above.

FP-Hadamard states The FP definition of a Hadamard state on Z (M) is slightly indirect.

Namely, a state ω on Z (M) is FP-Hadamard (i.e., Hadamard according to [33]) if (adjusting to

the conventions used here) the two-point function W obeys

W = H ◦ (1⊗D♯,1
M

) (7.13)

for some KM -bisolution H of Hadamard-form. The latter condition can be understood in terms of

Hadamard series, but can be stated equivalently by requiring that H has antisymmetric part 1
2 iE

2pt
KM

modulo smooth contributions and that H obeys the wavefront set condition WF(H) = RHad
M
⊂

N+
M
×N−

M
. By nonexpansion of the wavefront set, every FP-Hadamard state is N±

M
-Hadamard – the

reverse implication will be proved below in Theorem 7.3.

The existence of FP-Hadamard states was proved for ultrastatic spacetimes with compact Cauchy

surfaces Σ with trivial homology H1(Σ) (though this condition was really imposed to facilitate a

parallel treatment of the Maxwell field rather than out of necessity). By deformation arguments this

implies existence on general globally hyperbolic spacetimes whose Cauchy surfaces are compact and

obey the homology condition. This was proved in Section IV.E of [33] for FP-Hadamard states, so all

such spacetimes have FP-Hadamard (and therefore N±
M

-Hadamard) states.

MMV-Hadamard states The MMV definition is that a Hadamard state is a quasifree state with

two-point function W obeying WF(W ) = RHad
M

. Here, we recall that a state ω is quasifree if it is

completely determined by its two-point function according to

ω(eiZM (f)) = e−W (f,f)/2, f ∈ Γ∞
0 (Λ1

M) (7.14)

in the sense of formal power series in f , thus fixing all n-point functions (this is equivalent to the

vanishing of all truncated n-point functions for n ̸= 2). In particular, every quasifree FP-Hadamard
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state is MMV-Hadamard, and every MMV-Hadamard state is N+
M

-Hadamard. By Theorem 7.1, every

quasifree N+
M

-Hadamard state is MMV-Hadamard. Thus we have

quasifree FP-Hadamard =⇒ MMV-Hadamard ⇐⇒ quasifree N+
M

-Hadamard. (7.15)

MMV also show (Theorem 5.9 of [79]) that there is a MMV-Hadamard state on every ultrastatic

spacetime with bounded spatial geometry. By Corollary 5.20, we deduce the following.

Theorem 7.2. There exist N+
M

/MMV-Hadamard states on the Proca algebra Z (M) for every M ∈
Loc.

MMV state a similar result, using Møller operators and a notion of paracausal deformation de-

veloped in [78], and also state a result showing that MMV-Hadamard is ‘almost equivalent’ to the

FP-Hadamard definition. However, there turns out to be a gap in some of the proofs in [79] affecting

• the argument that MMV-Hadamard form propagates for quasifree states (Prop 4.7 of [79])

• the ‘almost equivalence’ between MMV and FP, namely that if Z (M) admits any quasifree FP-

Hadamard state, then every MMV-Hadamard state on Z (M) is also FP-Hadamard (Theorem

6.6 of [79])

• the stability of MMV-Hadamard states under Møller isomorphisms (part (3) of Theorem 4.9

in [79]); as this is the key tool in reducing the general globally hyperbolic case to ultrastatic

spacetimes with bounded spatial geometry, it also affects their result on the existence of MMV-

Hadamard states in all globally hyperbolic spacetimes, stated as Theorem 4 and repeated as

Theorem 5.10 in [79].

The problem, in all cases, is an incorrect argument used to compute WF(EPM
) – it is erroneously

claimed in part (b) of the proof of Proposition 4.7 in [79] that the operator DM = 1 −m−2dMδM
(denoted Q there) satisfies Char(1⊗DM ) = T ∗M × 0T ∗M and therefore does not intersect WF(EKM

)

(effectively stating that DM is elliptic). However, DM is characteristic everywhere on Ṫ ∗M and in

particular on NM , as we have already mentioned after (7.9) , so in fact Char(1 ⊗ DM ) ⊃ T ∗M ×
NM ⊃WF(EPM

). This problem is remedied by our Theorem 7.1, which (via Theorem 5.5) uses the

polarisation set to track the singularities of EKM
in more detail and hence shows that WF(EPM

) has

the expected form. With this gap filled, the results of [79] should go through. In any case, neither

Theorem 7.2 nor Theorem 7.3 below relies on the results of [79] except in relation to the existence of

Hadamard states on ultrastatic spacetimes of bounded spatial geometry.

We now show that the various notions of Hadamard states discussed above are all, in fact, the

same (except that MMV is only stated for quasifree states).

Theorem 7.3. For any globally hyperbolic M , a state ω on Z (M) is FP-Hadamard if and only if it

is N+
M

-Hadamard. In particular, all MMV-Hadamard states are FP-Hadamard.

Proof. The forward implication has already been mentioned as a consequence of nonexpansion of

the wavefront set under differential operators. Suppose that ω is N+
M

-Hadamard, with two-point

function W . We will construct a Hadamard form bisolution H ∈ D ′(Λ1
M ⊠ Λ1

M) satisfying (7.13).

An important observation is that W is itself a KM -bisolution obeying W ◦ (1 ⊗ D♯,1
M

) = W and

WF(W ) = RHad
M

. This is seen because (1 ⊗ PM )W = 0 implies (1 ⊗ δM )W = 0 and hence W ◦ (1 ⊗
D♯,1

M
) = (1 ⊗ DM )W = W and (1 ⊗ KM )W = 0 – a manifestation of the fact that DM projects

KM -solutions onto PM -solutions. Similarly we also have (KM ⊗ 1)W = 0, so W is a KM -bisolution.

However W is not of Hadamard form, because it has antisymmetric part 1
2 iE

2pt
PM

rather than 1
2 iE

2pt
KM

.

To obtain the required Hadamard form bisolutionH, we will construct an additionalKM -bisolution

with the same wavefront set, that does not alter (7.13) and has antisymmetric part 1
2 i(E

2pt
KM
−E2pt

PM
) =

1
2 im

−2E2pt
KM
◦ (1 ⊗ dMδM ) (a smooth error could be tolerated, but will not be needed). This is
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achieved by invoking an auxiliary scalar field subject to the 0-form operator K
(0)
M

= −δMdM +m2

on Λ0M , i.e., the trivial line bundle M × C with bilinear pairing given by multiplication and the

antilinear conjugation given by complex conjugation. The corresponding quantised theory Y (K
(0)
M

)

certainly admits Hadamard states [44, 48] (or by Theorem 5.3) and we choose any such state ω(0)

with corresponding two-point function W (0). One has WF(W (0)) = RHad
M

and W (0)− tW (0) = iE2pt

K
(0)
M

.

Because dMK
(0)
M

= KMdM , one has dME
K

(0)
M

= EKM
dM and consequently

(dM ⊗ dM )E2pt

K
(0)
M

= −(dME
K

(0)
M

δM )2pt = −(EKM
dMδM )2pt, (7.16)

where the minus sign arises because δM = −tdM . It follows that

H =W −m−2(dM ⊗ dM )W (0) (7.17)

has antisymmetric part 1
2 iE

2pt
KM

, and is a KM -bisolution with WF(H) = RHad
M

satisfying (7.13). Thus

ω is FP-Hadamard.

The last statement holds because all MMV-Hadamard states are N+
M

-Hadamard.

8 Conclusion

We have given a detailed treatment of Hadamard states for a wide class of bosonic and fermionic

theories and demonstrated how many standard properties can be generalised using our approach.

In addition, we have given an application to measurement theory [41], by showing that nonselective

state updates of Hadamard states are Hadamard, and proved the complete equivalence of the MMV

definition of Hadamard states for the Proca field [79] to the FP definition [33]. The general results

proved here should form a useful toolbox for further applications. Indeed, our definition has already

been employed in a treatment of functionals for perturbative algebraic QFT in [52]. To conclude, we

consider some other potential directions.

First, our discussion of bosonic theories has focussed on hermitian quantum field theories. However,

it is straightforward to encompass complex fields as is sketched for bosonic fields in Appendix B, by

‘doubling’ them to hermitian theories. In the fermionic case, a similar doubling procedure was used

for Dirac-type operators in Section 4.3. Second, one could develop an extended algebra of normal

ordered products [55] which contains the stress-energy tensor and other similar observables; this can

then form the basis for Epstein–Glaser renormalisation theory [13, 55, 56, 82, 24] for models based

on decomposable Green-hyperbolic operators. Third, it would be natural to extend our treatment to

theories with gauge freedom by means such as [51] (which abstracts methods used in e.g. [21, 33, 30, 16,

88] to the level of Green-hyperbolic operators). Fourth, one could switch from the smooth wavefront

set to its analytic cousin, whereupon results such as the timelike tube theorem and Reeh–Schlieder

theorem would be expected for analytically decomposable Green hyperbolic operators satisfying the

analytic wavefront set condition WFA(EP ) ⊂ (V+×V−)∪(V−×V+) using methods from [92, 93]. Fifth,

in terms of measurement theory, an important question is to understand which selective measurements

correspond to update rules that preserve the Hadamard class.

Finally, we have not discussed the Hadamard parametrix in the general setting, relying entirely on

the microlocal formalism. Partly that is because the motivation for constructing a parametrix is most

appropriate for a generally covariant theory – where one can aim for a description reducing to that of

the Minkowski space theory at short scales – and we treat operators that need not have a covariant

description in all spacetimes. Nonetheless, as all two-point functions of Hadamard states have smooth

differences, finding a parametrix is related to solving a cohomological problem [15] and it would be

interesting to determine for which Green-hyperbolic operators this can be achieved.
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A Proof of Lemma 5.14

We start with an analogue of Theorem 2.5.14 in [58]. We recall the notational convention that

WF0(u) = WF(u) ∪ 0.

Lemma A.1. Let u ∈ D ′(B2 ⊗ Ω
1/2
M2

). Suppose a continuous linear map T : Γ∞
0 (B∗

1 ⊗ Ω
1/2
M1

) →
Γ∞
0 (B∗

2 ⊗Ω
1/2
M2

) has the property that, for each compact K1 ⊂M1 there is a compact K2 ⊂M2 so that

TΓ∞
K1

(B∗
1) ⊂ Γ∞

K2
(B∗

2). If WF(T knl) ∩ (Ṫ ∗M2 × 0T ∗M1) = ∅ then u ◦ T ∈ D ′(B1 ⊗Ω
1/2
M2

) has wavefront

set

WF(u ◦ T ) ⊂WF′(t(T knl)) •WF0(u). (A.1)

for all u ∈ D ′(B2⊗Ω1/2
M2

), where t(T knl) ∈ D ′((B1⊠B
∗
2)⊗Ω

1/2
M1×M2

) is obtained by reversing arguments,
t(T knl)(h⊗ F ) = T knl(F ⊗ h). If, in addition, WF(T knl)∩ (0T ∗M2 × T ∗M1) = ∅, then (A.1) simplifies

to

WF(u ◦ T ) ⊂WF′(t(T knl)) •WF(u). (A.2)

Proof. It is enough to prove this in the case where T : Γ∞
0 (Ω

1/2
M1

)→ Γ∞
0 (Ω

1/2
M2

) as the general statement

follows by considering local frames for B1 and B2. Let u ∈ D ′(Ω
1/2
M2

). Owing to the support and

continuity conditions, one has u ◦ T ∈ D ′(Ω
1/2
M1

). Informally, we would like to express (u ◦ T )(f) =

((u ⊗ 1)T knl)(1 ⊗ f), which is possible if the distributional product (u ⊗ 1)T knl exists and one can

avoid the problem that the constant function is not a test function on M2.

The Hörmander criterion for the existence of the product is satisfied because WF(u⊗1) ⊂WF(u)×
0T ∗M1 , while WF(T knl) ∩ (Ṫ ∗M2 × 0T ∗M1) = ∅, so WF(u ⊗ 1) + WF(T knl) does not meet the zero

section of T ∗(M2×M1). Consequently, the distributional product (u⊗1)T knl exists in D ′(ΩM2 ⊠Ω
1/2
M1

)

with

WF((u⊗ 1)T knl) ⊂WF0(u⊗ 1) +WF0(T
knl) ⊂WF0(u)× 0T ∗M1 +WF0(T

knl). (A.3)

Using the support property of T , for any compact K ⊂ M1 we may choose χ ∈ C∞
0 (M2) so that

(χu ◦ T )(f) = (u ◦ T )(f) for all f ∈ Γ∞
K (B1), and

(u ◦ T )(f) = (χu ◦ T )(f) = ((u⊗ 1)T knl)(χ⊗ f), (A.4)

which allows the wavefront set of u ◦ T to be estimated locally as

WF(u ◦ T ) ⊂ prṪ ∗M1
((0T ∗M2 × Ṫ ∗M1) ∩WF((u⊗ 1)T knl)), (A.5)
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and since this bound is independent of χ, it holds globally. Using (A.3) we may compute

WF(u ◦ T ) ⊂ prṪ ∗M1
((0T ∗M2 × Ṫ ∗M1) ∩ (WF0(u)× 0T ∗M1 +WF0(T

knl)))

= prṪ ∗M1
((Ṫ ∗M1 × 0T ∗M2) ∩ (0T ∗M1 ×WF0(u) +WF(tT knl))

= prṪ ∗M1
((Ṫ ∗M1 ×WF0(u)) ∩WF′(tT knl))

⊂WF′(t(T knl)) •WF0(u), (A.6)

thus establishing (A.2). Here, in the second line, we used the fact that the zero section in WF0(T
knl)

does not contribute to the overall result, and reversed the order of factors. The last part holds because

WF′(t(T knl)) • 0T ∗M2 = prT ∗M1
WF(T knl) ∩ (0T ∗M2 × T ∗M1) = ∅.

We will apply this result to u ◦ (T1 ⊗ T2) for u ∈ D ′((B2 ⊠ B2) ⊗ Ω
1/2
M2×M2

) assuming that the Tj
both obey both assumptions from Lemma A.1. Noting that

WF′(t((T1 ⊗ T2)knl)) ⊂ {(x, k;x′, k′; y,−l; y′,−l′) ∈ Ṫ ∗(M1 ×M1 ×M2 ×M2) :

(y, l;x, k) ∈WF0(T
knl
1 ), (y′, l′;x′, k′) ∈WF0(T

knl
2 )}, (A.7)

one easily checks that T1 ⊗ T2 satisfies the support condition and that WF((T1 ⊗ T2)knl) obeys both

conditions in Lemma A.1, so

WF(u ◦ (T1 ⊗ T2)) ⊂WF′(t((T1 ⊗ T2)knl)) •WF(u). (A.8)

Furthermore, (A.7) entails that, for conic Γ ⊂ Ṫ ∗(M2 ×M2),

WF′(t((T1 ⊗ T2)knl)) • Γ = (WF′
0(
t(T knl

1 ))×WF′
0(
t(T knl

2 ))) • Γ, (A.9)

which simplifies to

WF′(t((T1 ⊗ T2)knl)) • Γ = (WF′(t(T knl
1 ))×WF′(t(T knl

2 ))) • Γ (A.10)

if Γ ∩ ((0T ∗M2 × Ṫ ∗M2) ∪ (Ṫ ∗M2 × 0T ∗M2)) = ∅.

Proof of Lemma 5.14. We will apply (A.10) to T ♯,1j in place of Tj and Bj ⊗ Ω
−1/2
j in place of Bj . As

the kernel distributions of T ♯,1j and Tj have the same supports and wavefront sets, it follows that the

T ♯,1j satisfy the support condition and (5.34) is immediate from (A.10).

B Complex fields

Let M ∈ Loc and suppose B is a finite-rank complex vector bundle over M equipped with a hermitian

fibre metric, but not necessarily with a complex conjugation. The hermitian metric gives an antilinear

isomorphism ofB toB∗ (or sections thereof) written f 7→ f⋆, so that ⟨⟨f⋆, h⟩⟩ = (f, h). We use the same

notation for the inverse isomorphism, and define a hermitian fibre metric on B∗ by (u, v)B∗ = (v⋆, u⋆)B.

Next, we endow B⊕B∗ with the direct sum hermitian fibre metric and a complex conjugation C given
by

C
(
f

u

)
=

(
u⋆

f⋆

)
, (B.1)

which makes B ⊕ B∗ into a hermitian vector bundle in HVB. If P is a formally hermitian Green

hyperbolic operator (FHGHO) on Γ∞(B), it is easily shown that ⋆P is formally hermitian on Γ∞(B∗)

and P ⊕ ⋆P is a RFHGHO on Γ∞(B ⊕B∗).
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We quantise the theory as Z (P ) = Y (P ⊕ ⋆P ), also introducing complex fields

ΦP (u) = ΥP⊕⋆P (0⊕ u), Φ⋆P (f) = ΥP⊕⋆P (f ⊕ 0) (B.2)

for u ∈ Γ∞
0 (B∗), f ∈ Γ∞

0 (B), which clearly generate Z (P ). It is easily seen that the following relations

are satisfied:

C1 u 7→ ΦP (u) and f 7→ Φ⋆P (f) are complex linear

C2 Φ⋆P (f) = ΦP (f
⋆)∗

C3 ΦP (
⋆Pu) = 0 = Φ⋆P (Pf)

C4 commutation relations

[ΦP (u),Φ
⋆
P (f)] = i⟨⟨u,EP f⟩⟩11Z (P ), [ΦP (u),ΦP (v)] = [Φ⋆P (f),Φ

⋆
P (h)] = 0 (B.3)

for all f ∈ Γ∞
0 (B), u, v ∈ Γ∞

0 (B∗). Equivalently, we could construct Z (P ) using the generators ΦP (u)

and Φ⋆P (f) subject to relations C1–C4. The generator ΦP (u) may be interpreted as a quantisation

of classical linear functional ϕ 7→ ⟨⟨u, ϕ⟩⟩ on Sol(P ), while Φ⋆P (f) quantises the antilinear functional

ϕ 7→ ⟨⟨ϕ⋆, f⟩⟩.
For each z ∈ U(1) = {z ∈ C : |z| = 1}, the map GP (z) : f ⊕ u 7→ zf ⊕ zu is a GreenHyp-

automorphism of P ⊕ ⋆P and therefore furnishes a group of automorphisms of Z (P ) given by γP (z) =

Y (GP (z)). The action on the complex fields is

γP (z)ΦP (u) = zΦP (u), γP (z)Φ
⋆
P (f) = zΦ⋆P (f) (B.4)

for z ∈ U(1), f ∈ Γ∞
0 (B), u ∈ Γ∞

0 (B∗).

Specialising, if B is in fact a hermitian vector bundle, with antilinear involution denoted f 7→ f ,

then there is also a bilinear pairing on B and a linear isomorphism f 7→ fT = f
⋆
from B to B∗, so

that ⟨⟨fT , h⟩⟩ = ⟨f, h⟩. The inverse isomorphism is written with the same notation. In this case, one

can define ΨP (f) := ΦP (f
T ) and ΨP (f) := Φ∗

P (f) which generate Z (P ) as f runs over f ∈ Γ∞
0 (B),

and obey

C1′ f 7→ ΨP (f) and f 7→ ΨP (f) are complex linear

C2′ ΨP (f) = ΨP (f)
∗

C3′ ΨP (Pf) = 0 = ΨP (Pf)

C4′ commutation relations

[ΨP (f),ΨP (h)] = i⟨f,EPh⟩11Z (P ), [ΨP (f),ΨP (h)] = [ΨP (f),ΨP (h)] = 0 (B.5)

for all f, h ∈ Γ∞
0 (B), where Pf = Pf . This provides an alternative presentation of Z (P ) in these

circumstances. The element ΨP (f) represents the quantisation of the functional ϕ 7→ ⟨f, ϕ⟩ on Sol(P ).

Specialising further, any RFHGHO P on B (i.e., P = P ) may be quantised both as a hermitian

bosonic field theory Y (P ) and as a complex bosonic field theory Z (P ). In this situation, there is an

isomorphism between Z (P ) = Y (P ⊕ ⋆P ) and Y (P )⊗ Y (P ) = Y (P ⊕ P ) arising from the Cauchy

GreenHyp-morphism from P ⊕ ⋆P to P ⊕ P given by

f ⊕ u 7→ 1√
2

[
(uT + f)⊕ i(uT − f)

]
; (B.6)

here, one uses the easily checked identity ⋆PfT = (Pf)T . In this situation the complex theory is two

copies of the hermitian theory, as expected. The correspondence can be realised by writing

ΦP (u) =
1√
2

(
ΥP (u

T )⊗ 11Y (P ) + i11Y (P ) ⊗ΥP (u
T )
)
, u ∈ Γ∞

0 (B∗), (B.7)
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or equivalently,

ΨP (f) =
1√
2

(
ΥP (f)⊗ 11Y (P ) + i11Y (P ) ⊗ΥP (f)

)
, f ∈ Γ∞

0 (B). (B.8)

Returning to a general FHGHO P , and dropping the assumption that B possesses an antilinear

involution, the two-point function of a state ω on Z (P ) = Y (P ⊕ ⋆P ) is a distribution in D ′((B ⊕
B∗)⊠ (B ⊕B∗)) that combines the two-point functions

WΦΦ(u
♮,1 ⊗ v♮,1) = ω(ΦP (u)ΦP (v)), WΦ⋆Φ⋆(f ♮,1 ⊗ h♮,1) = ω(Φ⋆P (f)Φ

⋆
P (h)) (B.9)

WΦΦ⋆(u♮,1 ⊗ h♮,1) = ω(ΦP (u)Φ
⋆
P (h)), WΦ⋆Φ(f

♮,1 ⊗ v♮,1) = ω(Φ⋆P (f)ΦP (v)) (B.10)

for f, h ∈ Γ∞
0 (B), u, v ∈ Γ∞

0 (B∗). Note that WΦΦ and WΦ⋆Φ⋆ are symmetric by virtue of the commu-

tation relations C4. The state ω is described as quasifree if it is quasifree as a state on Y (P ⊕ ⋆P ),

which can be expressed as the identity

ω(ei(ΦP (u)+Φ⋆
P (f))) = exp

[
−1

2
(WΦΦ(u⊗ u) +WΦΦ⋆(u⊗ f) +WΦ⋆Φ(f ⊗ u) +WΦ⋆Φ⋆(f ⊗ f))

]

(B.11)

as formal double series in f ∈ Γ∞
0 (B), u ∈ Γ∞

0 (B∗).

A state ω on Z (P ) is said to be gauge-invariant if γP (z)
∗ω = ω for all z ∈ U(1). For a quasifree

state ω, gauge-invariance is equivalent to WΦΦ = WΦ⋆Φ⋆ = 0. A particular example of this occurs if

P is a RFHGHO: if ω is a quasifree state on Y (P ) then the state ω⊗ω on Y (P )⊗Y (P ) determines

a state on Z (P ) (via the isomorphism described above) that is quasifree and gauge invariant. To see

that WΦΦ =WΦ⋆Φ⋆ = 0, we use a calculation based on (B.7),

2ΦP (f
T )ΦP (h

T ) = ΥP (f)ΥP (h)⊗ 11Y (P ) − 11Y (P ) ⊗ΥP (f)ΥP (h)

+ i (ΥP (f)⊗ΥP (h) + ΥP (h)⊗ΥP (f)) (B.12)

and the fact that quasifree states have vanishing 1-point functions. The analogous calculation for

2Φ⋆P (f)Φ
⋆
P (h) reverses the sign before the i. We summarise this discussion as follows.

Theorem B.1. Let P be a V±-decomposable RFHGHO and suppose that Y (P ) admits a quasifree

state ω. Then ω⊗ω induces a gauge-invariant quasifree state on Z (P ) via the isomorphism Z (P ) ∼=
Y (P )⊗ Y (P ) described above.

Now let P be a general FGHO, and suppose that P is V±-decomposable, WF(Eknl
P ) ⊂ (V+×V−)∪

(V−×V+). Noting that E⋆P = −⋆EP and ⋆Eknl
P (f⊗u) = Eknl

P (u⊗f), we have WF(⋆E⋆P ) =
tWF(Eknl

P )

and therefore ⋆P is also V±-decomposable. By Theorem 5.23(a), P ⊕ ⋆P is V±-decomposable. Con-

versely, V±-decomposability of P ⊕ ⋆P implies that of P because WF(EP ) ⊂ WF(EP ⊕ E⋆P ) =

WF(EP⊕⋆P ). Thus decomposability of P ⊕ ⋆P and P are equivalent. With this in mind, we say that a

state on Z (P ) is V+-Hadamard if and only if its equivalent state on Y (P ⊕⋆P ) is V+-Hadamard. The

properties of V+-Hadamard states of the complex theory may be read off from the theory developed

in Section 5 applied to Y (P ⊕ ⋆P ). In particular, if ω is V+-Hadamard then the wavefront sets of

WΦΦ⋆ and WΦ⋆Φ are contained in V+ × V−, while WΦΦ and WΦ⋆Φ⋆ are smooth because the fact that

they are symmetric implies WF(WΦΦ) ⊂ (V+ × V−) ∩ (V− × V+) = ∅, and similarly for WΦ⋆Φ⋆ .

If P is a RFHGHO we can also make use of the properties of Hadamard states on Y (P ).

Theorem B.2. Let P be a V±-decomposable RFHGHO and suppose that Y (P ) admits a V+-Hadamard

state ω. Then ω⊗ω is a V+-Hadamard on Y (P )⊗Y (P ) and if ω is also quasifree, then ω⊗ω is also

quasifree and gauge-invariant. In particular, Z (P ) admits a quasifree, gauge-invariant V+-Hadamard

state.
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Proof. Theorem 5.23(a,b) show that P ⊕ P is V±-decomposable and ω ⊗ ω is V+-Hadamard. The

second part follows by Theorem B.1, and the last statement holds because Y (P ) admits a quasifree

V+-Hadamard state by Theorem 5.4(e).

For example, let PM = −δMdM + m2 be the Proca field operator on M ∈ Loc, as studied in

Section 7, which is a RFHGHO. The complex theory is Z (PM ) = Y (PM ⊕ ⋆PM ) ∼= Y (PM ) ⊗
Y (PM ) (note that Y (PM ) was denoted Z (M) in Section 7). By Theorem 7.2, Y (PM ) admits N+-

Hadamard states, so we may conclude that the complex Proca field admits quasifree gauge-invariant

N+-Hadamard states on any M ∈ Loc.
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