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We study the anisotropic Bianchi I and Bianchi II models in vacuum in the framework of deformed
commutation relations. Working in a parametrization of the spatial metric by a volume and two anisotropy
variables, we propose modified Poisson brackets that for the volume alone reproduce the bounce dynamics
of effective loop quantum cosmology, with additional modifications for anisotropy degrees of freedom. We
derive effective Friedmann equations and observe cosmological bounces in both Bianchi I and Bianchi II.
For Bianchi II, we find that the cosmological bounce now interacts with the usual reflection seen in the
Kasner indices in various interesting ways, in close similarity again with what had been seen in loop
quantum cosmology. This suggests that the deformed commutation relation framework could model more
general quantum-gravity-inspired bounce scenarios in a relatively straightforward way.
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I. INTRODUCTION

One of the main problems of classical general relativity
is the prediction of spacetime singularities, points in
spacetime where curvature scalars diverge and Einstein’s
field equations cease to be predictive [1,2]. Significant
efforts in modern physics are oriented toward understand-
ing how to remove such singularities, and, due to the high-
energy regimes reached close to them, it is often expected
that this requires a quantum theory of gravity.
The precise mechanism by which singularities might be

resolved then depends on the theory and the assumptions
made to obtain a manageable model. One particularly
popular approach is loop quantum cosmology (LQC)
[3,4], in which spatially homogeneous spacetimes are
quantized using methods of loop quantum gravity (LQG)
[5,6]. A generic result in LQC is the replacement of
cosmological singularities by a big bounce, thereby extend-
ing the dynamics beyond what would classically be the end
point of the evolution. Models of LQC are not derived
directly from LQG but rather arise from a looplike
quantization of only a few degrees of freedom obtained
after classical symmetry reduction. If the same model is
written in a different but classically equivalent form before

quantization, a different quantum theory can be obtained
[7,8]. The connection of such models to the full theory,
therefore, remains unclear (for various attempts to
strengthen this connection in LQG and related approaches,
see [9–11]). A summary of these and various other
criticisms can be found in [12].
Rather than working in a particular approach to quantum

gravity, one can also start with a phenomenological setting
in which modifications expected from quantum gravity,
such as the introduction of a minimal length scale, are
incorporated directly into the Hamiltonian description of
various systems [13]. One way in which this can be done is
via deformed commutation relations (DCRs), a famous
example of which is the generalized uncertainty principle
representation in its original formulation by Kempf,
Mangano, and Mann (KMM) [14], later expanded by
others [15,16]. Through the addition of a higher-order
momentum term in the standard commutation relations, the
KMM formulation yields a correction to the Heisenberg
uncertainty relations that implies an absolute minimal
uncertainty on position. The same correction appears in
relativistic string theory [17,18], where the minimal uncer-
tainty is interpreted as a reminder that it is not possible
to probe scales smaller than the size of the string itself.
The KMM algebra, therefore, implements the concept of a
minimal length. This deformation was later generalized to
other forms (see, for example, [15,19]) that introduce other
effects expected such as energy cutoffs. Some forms, in
particular, have been shown to reproduce in a straightfor-
ward way the effective dynamics of other theories and
models, such as isotropic LQC, brane cosmology, or the
emergent universe scenario [19–21].
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Here, we consider the deformation of the anisotropic
vacuum Bianchi I and II models described in terms of
Misner-like variables. We will deform the isotropic bulk
variable, i.e., the comoving volume v, separately from the
anisotropy variables β�. In particular, the volume will be
deformed with what we call the cutoff algebra, which has
been shown to reproduce the bounce of effective LQC
[19,20]. The anisotropies will be deformed in a similar way,
but, due to the Misner-like description of the Bianchi
models and through the imposition of the Jacobi identities
for consistency [22,23], they will form a two-dimensional
space with naturally arising noncommutativity. In analogy
with previous works using similar techniques (e.g.,
[21,23]), we will be working in a semiclassical limit in
which the modified commutators are replaced by effective
modified classical Poisson brackets. Such an approach is
expected to be justified for semiclassical states that remain
peaked around a classical trajectory, where effective
classical dynamics provide an excellent approximation to
the quantum theory, as is the case for effective LQC [24].
One might argue that, in the particular application to
cosmology, only very semiclassical states are of physical
interest. The deformations considered can then still include
a variety of expected quantum gravity effects such as
spacetime discreteness, noncommutativity, or minimal
length effects.
The main results of this paper are the derivation of a

modified Friedmann equation similar to isotropic LQC and
the replacement of the classical singularity with a bounce
also in the anisotropic case (although this had already been
hinted at previously [20]), the interpretation of such a
bounce as a new type of Kasner transition, and the presence
of different sequences of Kasner transitions and bounces in
the Bianchi II model depending on initial conditions. These
last two results, in particular, were also obtained within the
context of LQC [25], suggesting that these are more general
features of quantum bounce cosmologies. Furthermore,
throughout the paper, we will give brief insights on the use
of the anisotropy variables β� as relational time; these
variables behave similarly to free massless scalar fields and
are, hence, globally monotonic. The volume as a function
of one of these variables is then a gauge-invariant observ-
able, whose evolution can be studied meaningfully in
analogy with LQC, LQG, and similar approaches. In this
context, we find that the deformation introduced for
anisotropy variables acts as a global rescaling of the
dynamics, meaning that this kind of quantum correction
can also be relevant at late times and low energies.
This manuscript is structured as follows. In Sec. II, we

introduce the classical Bianchi models, showing Bianchi I,
Bianchi II, and their solutions in different sets of variables
and different time coordinates. In Sec. III, we introduce the
formalism of DCRs, first presenting their general properties
and then showing the specific deformations that will be

used in later sections. In Sec. IV, we implement the chosen
deformations on the Bianchi type I model, showing how
cosmological singularities are removed and replaced with a
bounce and how this bounce can be interpreted as a new
type of Kasner transition. Then, in Sec. V, we go on to
deform the Bianchi type II model, showing how different
initial conditions give rise to various scenarios with a
different order for Kasner reflections or quantum bounces.
We conclude the paper with a summary and some final
remarks in Sec. VI.
We use natural units ℏ ¼ c ¼ 8πG ¼ 1.

II. CLASSICAL BIANCHI MODELS

In this section, we briefly present the main different
descriptions used for the classical Bianchi models [26,27].
The line element for a generic Bianchi model is

ds2 ¼ −N 2ðtÞdt2 þAijðtÞωiωj; ð1Þ

where N is the lapse function encoding the freedom to
choose a time variable, ωi are left-invariant one-forms
corresponding to the symmetry group of the model, and
Aij is a symmetric matrix encoding the spatial metric.
In many Bianchi models (so-called class A models), it is

possible to assume a diagonal form for Aij:

AijðtÞ ¼
0
@ a21ðtÞ 0 0

0 a22ðtÞ 0

0 0 a23ðtÞ

1
A; ð2Þ

where ai are directional scale factors, and this form is
consistent with the equations of motion.
From the Lagrangian L ¼ 1

2

ffiffiffiffiffiffi−gp
R, where R is the Ricci

scalar, one obtains the generic Hamiltonian for a Bianchi
model:

H ¼ N

 P
ia

2
i p

2
i −
P

j≠kajpjakpk

4a1a2a3
þ a1a2a3U

!
; ð3Þ

where pi are the conjugate momenta to ai and the potential
U is linked to the three-dimensional scalar curvature and
depends only on ai. For example, in the case of Bianchi I
the potential is zero, while in the case of Bianchi II it
depends only on a3. The coordinate volume of spatial slices
(which we assume are compact) has also been normalized
to unity. The Hamiltonian is constrained to vanish.
The metric variables ða1; a2; a3Þ are not ideal for the

Hamiltonian formulation, as transpires from the compli-
cated Hamiltonian (3). Instead, the Bianchi models are
often studied in Misner variables, defined as [28]
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α ¼ 1

3
logða1a2a3Þ;

βþ ¼ 1

6
log

�
a1a2
a23

�
;

β− ¼ 1

2
ffiffiffi
3

p log

�
a1
a2

�
ð4Þ

or, conversely,

a1 ¼ exp
�
αþ βþ þ

ffiffiffi
3

p
β−
�
;

a2 ¼ exp
�
αþ βþ −

ffiffiffi
3

p
β−
�
;

a3 ¼ expðα − 2βþÞ: ð5Þ

It is clear how the variable α is related to the isotropic bulk,
while the variables β� parametrize the anisotropies. With
these variables, the Hamiltonian for the Bianchi models
becomes

H ¼ N
�
−π2α þ π2þ þ π2−

12e3α
þ e3αU

�
; ð6Þ

where πα and π� are the momenta conjugate to the
corresponding variables. Note how the Misner variables
render the kinetic term diagonal.
Still, even these variables are not useful for the defor-

mations that we want to implement later. Therefore, we
perform one more change of variables from α to the volume
v ¼ a1a2a3 ¼ e3α. Thanks to the canonical relation
πα ¼ 3vπv, our final Hamiltonian is

H ¼ N
�
−
3

4
π2vvþ

π2þ þ π2−
12v

þ vU

�
≈ 0: ð7Þ

A. Bianchi I—The Kasner solution

Let us start with the Bianchi I model in metric variables.
The Hamiltonian is (3) with the potential U set to zero.
Then, the equations of motion in synchronous time t, i.e.,
for N ¼ 1, are (using the constraint H ≈ 0)

ȧi ¼
ai

2a1a2a3
ðaipi − ajpj − akpkÞ;

ṗi ¼ −
pi

2a1a2a3
ðaipi − ajpj − akpkÞ; ð8Þ

with i ≠ j ≠ k in all equations. It is immediate to see that
the quantities Ci ¼ aipi are constants of motion. Then the
solutions can be easily found:

aiðtÞ ∝ jt − t0jki ; piðtÞ ∝ jt − t0j−ki ; ð9Þ

where

ki ¼ 1 −
2Ci

C1 þ C2 þ C3

ð10Þ

and t0 is an integration constant. The ki are called Kasner
indices and obey the relations [29]X

i

ki ¼ 1;
X
i

k2i ¼ 1; ð11Þ

where the first relation comes from the geometric properties
of the Bianchi models (and is, therefore, always valid)
while the second one comes from the Hamiltonian con-
straint and can be modified by the addition of matter or
other terms. If ordered, in vacuum the indices will be in the
ranges

−
1

3
≤ k3 ≤ 0; 0 ≤ k2 ≤

2

3
;

2

3
≤ k1 ≤ 1: ð12Þ

Note how one of the indices has to be negative; therefore,
the Kasner solution, identified by a set of three constant
indices obeying the relations (11) and in the expanding
phase t ≥ t0, describes an empty anisotropic model where
lengths contract along one of the spatial directions and
expand along the other two, while the total volume v ¼
a1a2a3 ∝ jt − t0j grows linearly with time, with a singu-
larity v → 0 at t → tþ0 . Conversely, in the contracting
branch t ≤ t0, the direction related to the negative
Kasner index will be expanding, the other two contracting,
and the total volume contracts linearly toward the singu-
larity v → 0 at t → t−0 .
A useful time variable is the harmonic time τ defined by

the harmonic equation □τ ¼ 0, which translates to the
lapse choiceN ¼ v. The equations of motion and solutions
then greatly simplify:

a0i ¼
1

2
aiðCi − Cj − CkÞ;

p0
i ¼ −

1

2
piðCi − Cj − CkÞ; ð13Þ

aiðτÞ ∝ exp

�
Ci − Cj − Ck

2
τ

�
; ð14Þ

where a prime indicates a derivative with respect to τ and
again i ≠ j ≠ k. In harmonic time τ, the solutions are
simple exponential functions. From relation (10), we find
that

Ci − Cj − Ck ¼ −kiðC1 þ C2 þ C3Þ; ð15Þ

given the signs of the Kasner indices, it is clear how one
exponent will always have a different sign from the other
two, and we still have the same solutions with two
directions expanding (contracting) and the third one con-
tracting (expanding). The volume singularity has been
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moved to τ ¼ −∞ (expanding solution) or to τ ¼ þ∞
(contracting solution).
Let us now consider Misner-like variables. Starting from

Eq. (7), we can use Hamilton’s equations and the constraint
H ≈ 0 to obtain the equations of motion (in synchronous
time t with N ¼ 1):

v̇ ¼ −
3

2
πvv; π̇v ¼

3

4
π2v þ

π2þ þ π2−
12v2

¼ 3

2
π2v;

β̇� ¼ π�
6v

; π̇� ¼ 0: ð16Þ

The anisotropy momenta are constants of motion.
Furthermore, from the first equation and the constraint
H ≈ 0 we can derive the Hubble parameter H and the
Friedmann equation:

H2 ¼
�
1

3

v̇
v

�
2

¼ π2v
4

¼ ρa
3
; ρa ¼

π2þ þ π2−
12v2

: ð17Þ

We can write the contribution from the anisotropies as an
effective energy density ρa, equivalent to that of two free
massless scalar fields in an isotropic universe.
The solutions are then easily found to be

vðtÞ ¼ v1jt − t0j; πvðtÞ ¼ −
2

3ðt − t0Þ
; ð18Þ

β� ¼ β� þ π�
6v1

sgnðt − t0Þ logðv1jt − t0jÞ; ð19Þ

π� ¼ const; ð20Þ

where β�, t0, and v1 > 0 are integration constants; the
Hamiltonian constraint implies v1 ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2þ þ π2−

p
. We

again see the linear growth (or contraction) in the volume
with v → 0 at t ¼ t0. By using the change of variables (5)
to go back to the directional scale factors, we can relate the
Kasner indices ki to the constants π�:

k1 ¼
1

3
� πþ þ ffiffiffi

3
p

π−

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2þ þ π2−

p ;

k2 ¼
1

3
� πþ −

ffiffiffi
3

p
π−

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2þ þ π2−

p ;

k3 ¼
1

3
� −2πþ
3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2þ þ π2−

p ; ð21Þ

where � ¼ sgnðt − t0Þ denotes whether we are in the
expanding or contracting branch.
When using harmonic time τ, once the constraint H ≈ 0

has been implemented, the equations of motion and the
solutions for the volume and the anisotropies become

v0 ¼ −
3

2
πvv2 ¼ vc1; β0� ¼ π�

6
; ð22Þ

vðτÞ ∝ ec1τ; β�ðτÞ ¼ β� þ π�
6
τ: ð23Þ

The anisotropies behave linearly, and the volume is again
an exponential with a singularity at either τ → −∞ or
τ → þ∞. The constant of motion c1 ¼ − 3

2
πvv satisfies

4c21 ¼ π2þ þ π2− (and so jc1j ¼ v1), but c1 can have either
sign corresponding to an expanding or contracting solution.
In the ðβþ; β−Þ plane, the Bianchi I model is equivalent to a
free particle moving on a straight line and at constant speed
with respect to τ. In the following, we will use the name
particle universe when referring to the trajectory in the
ðβþ; β−Þ plane.

B. Bianchi II

Differently from Bianchi I, the Bianchi type II model has
a nonzero potential. It is an exponentially steep wall in the
ðβþ; β−Þ plane parallel to the β− axis:

U ¼ expð−8βþÞ
4v

2
3

: ð24Þ

The equations of motion and the Friedmann equation
(with N ¼ 1) are then given by

v̇ ¼ −
3

2
πvv; π̇v ¼

3

2
π2v −

e−8βþ

3v
2
3

;

β̇� ¼ π�
6v

; π̇þ ¼ 2v
1
3e−8βþ ;

π̇− ¼ 0; ð25Þ

and

H2 ¼ ρa þU
3

: ð26Þ

The momentum π− is still a constant of motion, but, since
the potential depends on βþ, πþ is not. Instead, a new
constant of motion appears:

Ω2 ¼ 6πvvþ πþ ¼ const: ð27Þ

While there is no analytical solution in synchronous time t,
it is still possible to analyze the system and derive some
dynamical properties.
Given that the potential is so steep, it is relevant only

during a brief period of time when the solution is close to it.
Its effect is to reflect the particle universe off the wall, thus
connecting two Bianchi I Kasner solutions. Using the two
constants of motion π− and Ω2 and relating the momenta to
the velocities β0� ∝ π� in the Bianchi I approximation, it is
possible to derive the following reflection law [30]:
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sinðθi þ θfÞ ¼ 2ðsin θi − sin θfÞ; ð28Þ

where the initial angle θi and final angle θf of reflection
are measured with respect to the perpendicular to the wall,
i.e., with respect to a line parallel to the βþ axis (see Fig. 2
for an example of this reflection).
This reflection becomes even more evident if we use the

harmonic time variable τ, which actually allows us to obtain
an analytical solution [27]. The equations of motion for
the volume v, the anisotropies β�, and the nonconstant
momentum πþ become, respectively,

v0 ¼ −
3

2
πvv2;

β0� ¼ π�
6
;

π0þ ¼ 2v
4
3e−8βþ : ð29Þ

Then, the solutions are found by eliminating πv through the
Hamiltonian constraint:

vðτÞ ¼ eπþτ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
coshðvkðτ − τkÞÞ

vk

s
; ð30Þ

βþðτÞ ¼
πþ
6
τ þ 1

3
log

�
coshðvkðτ − τkÞÞ

vk

�
; ð31Þ

πþðτÞ ¼ πþ þ 2vk tanhðvkðτ − τkÞÞ; ð32Þ

where τk is the time when the reflection against the
potential wall happens and vk is related to the constants
π� as

vk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πþ2 −

π−
2

3

r
: ð33Þ

These analytical solutions for Bianchi II were derived
in [31]. They are defined only for real and positive vk.
Because of the term eπþ in the solution for the volume

and the fact that jπþj ≥ vk, the sign of πþ dictates whether
the solution is expanding or contracting. Figures 1 and 2
show the dynamics of the expanding Bianchi II solution
with respect to harmonic time τ and the trajectory in the
ðβþ; β−Þ plane, respectively. It is evident how the solutions
consist of a smooth transition between two Kasner sol-
utions. It is also possible to see that the potential wall
prevents βþ from becoming too negative. When using
metric variables, i.e., the three scale factors a1, a2, and a3,
the reflection law (28) becomes a map for the Kasner
indices [30]: The indices after the reflection (indicated with
primes) as functions of the indices before the reflection
(without primes) are

–10 –5 0 5 10

10–4

1

104

–10 –5 5 10

–2

–1

1

2

3

4

5

FIG. 1. The continuous red lines show the evolution of v (top)
and βþ (bottom) as functions of τ in the expanding Bianchi II
case, compared with two Bianchi I solutions (shown as dashed
blue and black lines).

0.5 1.0 1.5 2.0

–1.5

–1.0

–0.5

0.5

1.0

FIG. 2. Trajectory of the classical Bianchi II model in the
ðβþ; β−Þ plane. The vertical gray lines are lines of constant
potential, growing toward the left for smaller values of βþ.
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k01 ¼
k1 þ 2k3
1þ 2k3

;

k02 ¼
k2 þ 2k3
1þ 2k3

;

k03 ¼ −
k3

1þ 2k3
: ð34Þ

It is clear that the index k3 and one of the other two change
sign. Explicitly,

k3 ¼
vk

2πþ − vk
; k03 ¼ −

vk
2πþ þ vk

; ð35Þ

hence (both for an overall expanding and for an overall
contracting solution), the effect of the reflection is that the
direction a3 goes from expanding to contracting, whereas
one of the other two directions that were previously
contracting is now expanding. In particular, in the expand-
ing case with πþ > 0 we have k3 > 0 and k03 < 0, while in
the contracting case with πþ < 0 we have the opposite.
For later reference, it is useful to introduce the quantity r

corresponding the ratio between the two momenta:

rðτÞ ¼ πþ
π−

¼ r̄þ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
r̄2 −

1

3

r
tanh

 
π−

ffiffiffiffiffiffiffiffiffiffiffiffi
r̄2 −

1

3

r
ðτ − τkÞ

!
;

ð36Þ

where r̄ ¼ πþ=π−. The ratio r corresponds to the cotangent
of the angle between the trajectory in the ðβþ; β−Þ plane
and the positive branch of the βþ axis.
If we want to highlight the transition, we can define the

asymptotic values of r as

r− ¼ rðτ → −∞Þ ¼ r̄ − 2sgnðπ−Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
r̄2 −

1

3

r
;

rþ ¼ rðτ → þ∞Þ ¼ r̄þ 2sgnðπ−Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
r̄2 −

1

3

r
: ð37Þ

Then the relation (33), when expressed in terms of r,
corresponds to the following: For the expanding case,

r− <
1ffiffiffi
3

p ðπ− > 0Þ or r− > −
1ffiffiffi
3

p ðπ− < 0Þ; ð38Þ

while for the contracting case

r− < −
1ffiffiffi
3

p ðπ− > 0Þ or r− >
1ffiffiffi
3

p ðπ− < 0Þ: ð39Þ

These conditions ensure that the reflection off the potential
wall actually takes place. Indeed, it is possible to see that
the relevant equipotential line βwall, calculated as the value
of βþ that makes the anisotropic density ρa defined in (17)

and the potential U in (24) comparable, grows monoton-
ically with the volume as βwall ∝ logðv4

3Þ. This means that
the wall is moving right (toward greater values of βþ) in an
expanding universe and left in a contracting one. Then, the
condition (38) in the expanding case ensures that the
particle universe in the ðβþ; β−Þ plane is not moving too
fast toward the right to outrun the wall, while the condition
(39) in the contracting case is requiring that the particle
universe is moving fast enough toward the left to hit the
receding wall.
Finally, we can compute how the transition changes the

value of the ratio, i.e., express the reflection map in terms of
the asymptotic values of r. From rþ ¼ r− þ 4sgnðπ−Þ×ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r̄2 − 1=3

p
, we obtain

rþ ¼ 4

3
sgnðr̄Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2− þ 1

q
−
5

3
r−: ð40Þ

These classical dynamics of the Bianchi I and Bianchi II
models will be used as comparison for their deformed
counterparts.

III. DEFORMED COMMUTATION RELATIONS

As mentioned in the introduction, DCRs are a simple
framework to implement on any Hamiltonian system
effects expected from more fundamental theories, such
as a minimal length or energy cutoffs [13]. We will start by
presenting the general properties of the DCRs and then
focus on the specific form that will be used in our study.

A. General properties

In various examples, it is known that quantum gravi-
tational effects can be introduced through the replacement
of trivial commutators with functions of a momentum
operator [20]

½q̂; p̂� ¼ ifðp̂Þ; ð41Þ

where q̂ and p̂ represent two generic conjugate quantum
operators. The requirement of satisfying Eq. (41) then
means that the action of the fundamental operators is
modified. It is easier to work in the momentum polari-
zation with wave functions ψ ¼ ψðpÞ; then, there are two
main possible operatorial representations, depending on
which operator is modified: We can define

q̂ψðpÞ ¼ ifðpÞψ 0ðpÞ; p̂ψðpÞ ¼ pψðpÞ; ð42Þ

or

q̂ψðpÞ ¼ iψ 0ðpÞ; p̂ψðpÞ ¼ gðpÞψðpÞ; ð43Þ

where the function g is related to f through g−1 ¼ R dp=
fðpÞ. The equivalence between these two operatorial
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representations is still unclear and, although proven for
specific cases [20], seems to fail, in general. In any case, a
modified Schrödinger equation and an overall deformed
dynamics are obtained. Furthermore, there might be
additional structures (such as a minimal length as men-
tioned above) that require additional care.
The structure of DCRs becomes more interesting when

extended to higher spatial dimensions. In this case, the
main commutator is generalized to

½q̂i; p̂j� ¼ iδijfðp̂totÞ; ð44Þ

where the function f must depend on the total momentum
p2
tot ¼

P
i p

2
i if we want to preserve rotational invariance

[22]. However, the Jacobi identities imply that the com-
mutator between different space directions cannot be zero
but must instead be

½q̂i; q̂j� ¼ i
f0ðp̂totÞĴij

p̂tot
; ð45Þ

where an angular momentum operator Ĵij ¼ q̂ip̂j − q̂jp̂i

appears. Therefore, DCRs also introduce noncommutativ-
ity without requiring one to assume it independently.
However, note that with this construction it is not possible
to define the function g of the representation (43) in a
consistent way, and, therefore, only the representation (42)
where the position operator is modified is available (the
derivative is taken with respect to the corresponding
momentum component). Furthermore, since the commu-
tator (44) itself does not commute with the position
operators any more, the validity of some of the properties
that are commonly used in quantummechanics is restricted.
For the purpose of this study, we are going to restrict

ourselves to the (semi)classical limit of DCRs, where the
modified commutators become modified Poisson brackets
and there are no issues with operator ordering. As we have
discussed in the Introduction, such an effectively classical
description is expected to capture the properties of very
semiclassical states that could describe an effectively
classical universe in such modified theories. This limit
can be defined consistently as a modified symplectic
structure [23] and has already been used in various contexts
in the past. The full quantum analysis remains as a future
project, but a first try with a different deformation affecting
only the anisotropies has already been attempted [32].

B. Cutoff algebra and Misner variables

As hinted above, we will use a deformed Poisson algebra
which implements a momentum cutoff for πv. When
implemented in isotropic cosmology, such an algebra
can reproduce dynamics similar to LQC and, in particular,
replace the classical singularities with a big bounce [19,20].

Following this past work, for the volume we write

fv; πvg ¼ bðπvÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2vπ

2
v

q
: ð46Þ

This choice of bðπvÞ is singled out by the requirement that
in the isotropic setting it reproduces exactly the modified
Friedmann equation of effective LQC. Using the
Hamiltonian constraint, it is possible to work backward
and derive the required deformation from the modified
Friedmann equation, and the result is unique (up to a global
sign, which is fixed by consistency in the limit μv → 0).
This agreement is also evidenced by the fact that in the
quantum setting the eigenvalue gðpÞ in Eq. (43) for this
deformation is a trigonometric sine function, which would
make the modified momentum operator act in the sameway
as in LQC [4]. Other functions have been studied that are
also able to remove singularities, but they result in
qualitatively different dynamics such as, e.g., an asymptotic
approach to an eternal Einstein-static phase [20,21].
Regarding the anisotropy variables, we assume

fβ�; π�g ¼ δ�fðπtotÞ; π2tot ¼ π2þ þ π2−; ð47Þ

where in analogy with (44) we impose that the deformation
depends on only the total momentum πtot and

fβþ; β−g ¼ f0ðπtotÞðβþπ− − β−πþÞ
πtot

ð48Þ

from self-consistency using the Jacobi identity. In this case,
we will keep the function f as generic as possible apart
from the assumptions that the deformation depends on only
momenta and that the rotational invariance [here, rotations
in the ðβþ; β−Þ plane] of the classical Bianchi I model is
maintained. When necessary for numerical calculations, we
will assume that f is of the same form as the function b
used for the volume.

IV. BOUNCING BIANCHI I

Let us start by deforming the simple Bianchi I model.
Since the potential is zero and the momenta π� are
constants of motion, it is clear how the deformation
function f in (47) is also a constant of motion and will,
therefore, be just a constant rescaling.
Let us start by setting N ¼ 1 and using synchronous

time t. The equations of motion and the Friedmann
equation get modified:

v̇ ¼ −
3

2
πvv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2vπ

2
v

q
;

π̇v ¼
3

2
π2v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2vπ

2
v

q
;

β̇� ¼ π�fðπtotÞ
6v

; π̇� ¼ 0; ð49Þ
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and

H2 ¼ ρa
3

�
1 −

ρa
ρμ

�
; ð50Þ

where ρμ ¼ 3=4μ2v is a critical density. This modified
Friedmann equation is of a very similar form to effective
Friedmann equations that have been derived for semi-
classical states in isotropic LQC with a free massless
scalar field [24], except that the matter density of the
scalar field is replaced by the effective energy density ρa
associated to anisotropies.1 The correction factor implies a
critical point in the dynamics where v̇ ¼ 0 at ρa ¼ ρμ, and
it is able to remove the singularity. Indeed, the solution for
the volume is

vðtÞ ¼ v1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt − t0Þ2 þ

v2B
v21

s
; vB ¼ 2

3
v1μv: ð51Þ

The value vðt0Þ ¼ vB constitutes an absolute minimum,
and the singularity is replaced by a bounce in the same
way as in isotropic LQC. Furthermore, it is trivial to see
how, in the limit μv → 0, ρμ → ∞ and vB → 0, and the
classical evolution is recovered.
The solution for the anisotropies is

β�ðtÞ ¼ β� þ π�fðπtotÞ
6v1

log

�
v1
2
ðt − t0Þ þ

vðtÞ
2

�
: ð52Þ

As mentioned earlier, besides the modification to the
argument of the logarithm, the function f acts as a constant
rescaling. This will have interesting consequences later.

A. The bounce as a Kasner transition

An interesting description of the bouncing Bianchi I
model can be extrapolated from the dynamics in terms of
harmonic time τ.
The equations of motion for the volume and anisotropies

become

v0 ¼ −
3

2
πvv2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2vπ

2
v

q
; β0� ¼ π�fðπtotÞ

6
: ð53Þ

The solutions are then easily found as

vðτÞ ¼ vB coshðv1τÞ; β�ðτÞ ¼ β� þ π�fðπtotÞ
6

τ: ð54Þ

Once again, the volume reaches the minimum vB at one
particular value of τ (which we have chosen as τ ¼ 0), and
the singularity is removed. This bouncing Bianchi I model

can be interpreted as a smooth transition between two
classical Bianchi I solutions (23), one contracting and one
expanding, as evident from Fig. 3. Using the solution for
the volume, the Hamiltonian constraint and the relations
between π�, v1, and vB, we can also express the cutoff
algebra function b in (46) in terms of time τ:

bðτÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

μ2vðπ2þþπ2−Þ
9v2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1−

v2B
v2

s
¼ tanhðv1jτjÞ: ð55Þ

The function goes to zero at the bounce and approaches the
classical value b ¼ 1 far away from it. We can also see that
the anisotropies are still linear, but the slope is modified by
the presence of the function f.
To understand the behavior of the Kasner indices around

the bounce, we can use a time-dependent notion of quasi-
Kasner indices as introduced in [34]:

kiðτÞ ¼
a0i
ai

v
v0

ð56Þ

(note that the definition is independent of the choice of time
coordinate), where we can recover the directional scale
factors through (5). We obtain

k1ðτÞ ¼
1

3
þ ðπþ þ ffiffiffi

3
p

π−Þf
3bðτÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2þ þ π2−

p sgnτ;

k2ðτÞ ¼
1

3
þ ðπþ −

ffiffiffi
3

p
π−Þf

3bðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2þ þ π2−

p sgnτ;

k3ðτÞ ¼
1

3
−

2πþf

3bðτÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2þ þ π2−

p sgnτ; ð57Þ

–5 0 5

0.01

1

100

104

106

FIG. 3. The volume v as function of harmonic time τ for the
bouncing Bianchi I model (red continuous line), compared with
the classical Bianchi II (blue dashed line) and Bianchi I (black
dotted line) models. Here, we have set π− ¼ 1, πþ ¼ 2=

ffiffiffi
3

p
, and

μv ¼ 3
ffiffiffiffiffiffiffiffi
6=7

p
; the large value of the deformation parameter was

chosen to have the three expanding branches for τ > 0 match,
highlighting the different smooth transitions.

1For clarity, we should point out that no similar effective
Friedmann equation exists for Bianchi I models in LQC [33].
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where the time dependence is apparent. Comparing asymp-
totic limits (where the volume behaves as simple exponen-
tials), we can find a relation between the (asymptotically
constant) Kasner indices before and after the bounce,
similarly to what we did for the classical Bianchi II case:

k0i ¼
2

3
− ki; ð58Þ

where as before the primes indicate the indices after the
bounce. The same map was found byWilson-Ewing in [25]
in the context of LQC. We also see that, while the quasi-
Kasner indices still sum to one by definition, the second
Kasner relation is modified compared to the standard
Bianchi I relation:

X
i

kiðτÞ2 ¼
1

3
þ 2

3

f2

bðτÞ2 : ð59Þ

In particular, this sum, just as the individual ki themselves,
actually diverges as we approach the bounce; also, since
f ≠ 1, in general, the relation is modified nontrivially even
in the asymptotic limit.
Changing the second Kasner relation changes the

allowed ranges of the indices. However, since b ≈ 1
everywhere except close to the bounce, in later sections
we will consider only the effects of the function f. For
small values of f, it is possible for all three indices to have
the same (positive) sign. On the other hand, for large values
of f, the indices can be much bigger than 1 in absolute
value, but at least one of them will still be negative. This
will have consequences when we consider the deformation
of the Bianchi II model, but the fact that the indices could
be all positive and of similar magnitude might also lead to a
possible isotropization effect: Notice that in the limit f → 0

we have ki → 1
3
, a strictly isotropic geometry.

Even though the algebra (46) is related to isotropic LQC
in the sense that it gives a similar Friedmann equation in the
isotropic case, our treatment of anisotropies is different and
more general, given that we did not need to specify the
function f. In the case of Bianchi I, f acts as a constant
rescaling of the velocities β0� relative to the conserved
momenta π�, which means that Kasner-like solutions are
still obtained as soon as b ≈ 1 away from the bounce, just
with potentially different values of ki. The interpretation of
a Bianchi I bounce as a new type of Kasner transition is,
hence, a generic property of this kind of scenarios, with
(58) a similarly general result.

B. The role of deformed anisotropies

We have seen how, in the case of Bianchi I, the function
f deforming the anisotropies is a constant and acts as a
simple multiplicative rescaling for the velocities β̇�. It also
does not appear at all in the expression vðτÞ for the volume
as a function of harmonic time and so appears to have no

impact on the bouncing dynamics. However, the relation
vðτÞ is coordinate dependent and does not constitute an
observable. It is more meaningful to look at the behavior of
relational observables which express relations between
dynamical degrees of freedom [35,36].
In isotropic quantum cosmology, it is common to use a

free massless scalar field as an internal time variable [27].
In our model there is no matter, but as mentioned above the
two anisotropy variables in the Bianchi I model effectively
behave as free scalar fields. It is, therefore, natural to
choose one of them as internal time. This amounts to
choosing N ¼ 6v=π� in the classical case and N ¼
6v=ðπ�fÞ in the deformed case.
In the classical case, the equations of motion for the

volume and the Friedmann equation become

dv
dβ�

¼ −
9πvv2

π�
ð60Þ

and �
1

3v
dv
dβ�

�
2

¼ π2tot
π2�

; ð61Þ

respectively, where as usual the Hamiltonian constraint has
been used to eliminate πv and obtain this last equation. As
expected, the right-hand side is a constant, and the solution
for vðβ�Þ will be an exponential, similarly to what happens
in isotropic cosmology when using a scalar field.
However, when considering the deformed case, the

modified Friedmann equation turns out to be�
1

3v
dv
dβ�

�
2

¼ π2tot
π2�f

2ðπtotÞ
�
1 −

ρa
ρμ

�
: ð62Þ

Here, we can see both the correction coming from the
deformation of the volume, i.e., the factor 1 − ρa=ρμ that
was present also when using other time variables, and the
correction due to the deformation of the anisotropies,
encoded by the presence of f2 at the denominator.
Interestingly, while the former type of deformation is
relevant only close to the bounce, the fact that f is a
constant of motion means that it affects the dynamics across
the entire evolution. This could be seen as a curvature-
independent effect coming from quantum corrections,
which we will encounter again in the Bianchi II case.

V. DEFORMED BIANCHI II

Wewill now move on to the deformation of the Bianchi II
model. While it is impossible to derive full analytical
solutions, we can approximate the Bianchi II solution using
the general properties we derived for the undeformed
Bianchi II and deformed Bianchi I cases studied previously.
We will also use numerical integration to visualize particular
cases and obtain quantitative results related to the deforma-
tions we have introduced.
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A. Initial conditions and different scenarios

From the deformed equations of motion in synchronous
time, we obtain the modified Friedmann equation

H2 ¼
�
v̇
3v

�
2

¼ ρa þ U
3

�
1 −

ρa þ U
ρμ

�
: ð63Þ

We can see how the potential U of Bianchi II [introduced
in (24)] gets added to the total energy density also in the
correction factor.
Now, we have mentioned how in Bianchi II the potential

is negligible for most of the dynamics except when βþ is
close to βwall, i.e., when the anisotropy density ρa is
comparable to the potential U. Similarly, the quantum
corrections responsible for the bounce are relevant only
when the total energy density is close to the critical value
ρμ. Furthermore, it is safe to assume that these two
situations are not happening at the same time (except for
very specific initial conditions). Therefore, we can expect
the dynamics of the bouncing Bianchi II model to consist of
a series of Kasner solutions linked either by a reflection off
the wall or by a quantum bounce.
The order in which the different types of transition

happen will depend on the initial conditions. In particular,
considering the Kasner indices and the two maps (34)
and (58), in the case f ¼ 1 there are three possibilities.
Remembering that in a bounce scenario the universe is
initially globally contracting, the following can happen
(the superscripts here indicate the different values at
different times in the evolution).

(i) If the initial Kasner index kð0Þ3 is positive, then no
Kasner reflection happens before the quantum
bounce since the scale factor a3 is contracting; then
after the bounce, when the universe is now expand-
ing, there will be a single Kasner reflection as in a
classical Bianchi II model.

(ii) If the initial value of k3 is −1=3 < kð0Þ3 < −2=7, a
Kasner reflection happens before the bounce since
a3 is expanding; then after the reflection k3 becomes

2=3 < kð1Þ3 < 1, after the bounce −1=3 < kð2Þ3 < 0,
and no other transition happens.

(iii) If −2=7 < kð0Þ3 < 0, a Kasner reflection happens

before the bounce; then after the reflection 0 < kð1Þ3 <

2=3, after the bounce 0 < kð2Þ3 < 2=3, and there will
be an additional Kasner reflection after the bounce

bringing the exponent back to −1=3 < kð3Þ3 < 0.
These results were also found in [25]; therefore, as in the
discussion above, these might be generic properties of
bouncing cosmologies.
In the case of undeformed anisotropies with fðπtotÞ ¼ 1,

and given that we assumewe are far enough from the bounce
so we can take b ¼ 1, the relationship between k3 and the
ratio r ¼ πþ=π− is the same as in classical Bianchi II; see, in
particular, (35). Hence, the three cases can be translated into

possible initial conditions for r. Remembering that the
universe is initially contracting, the potential wall goes
toward the left, and the bounce does not change the value of
r, we have the following.

(i) If initially rð0Þ > −1=
ffiffiffi
3

p
(for π− > 0) or rð0Þ <

1=
ffiffiffi
3

p
(for π− < 0), the universe is not moving fast

enough toward the left to catch up to the wall, and,
therefore, there will be no Kasner reflection before
the bounce; however, after the bounce, when the
wall is moving toward the right, it is able to reach
the particle universe, and according to (40) (with the
plus sign for the expanding case) there will be a
single Kasner transition to rð1Þ > 1=

ffiffiffi
3

p
or rð1Þ <

−1=
ffiffiffi
3

p
(for positive or negative π−, respectively),

the same as in the expanding case of classical
Bianchi II.

(ii) If initially rð0Þ < −13=ð3 ffiffiffi
3

p Þ (for π− > 0) or rð0Þ >
13=ð3 ffiffiffi

3
p Þ (for π− < 0), the universe is able to reach

the wall and a Kasner transition happens before the
bounce; then, according to relation (40), we will
have rð1Þ > 1=

ffiffiffi
3

p
or rð1Þ < −1=

ffiffiffi
3

p
(for positive or

negative π−, respectively) and the universe will
continue expanding to infinity with a standard
Kasner solution.

(iii) If initially −13=ð3 ffiffiffi
3

p Þ<rð0Þ<−1=
ffiffiffi
3

p
(for π− > 0)

or 1=
ffiffiffi
3

p
< rð0Þ < 13=ð3 ffiffiffi

3
p Þ (for π− < 0), the uni-

verse is able also here to reach the wall and to undergo
a Kasner reflection before the bounce, but then
−1=

ffiffiffi
3

p
< rð1Þ < 1=

ffiffiffi
3

p
, meaning that after the

bounce, when the universe starts expanding again
and the wall moves toward the right, there will be a
second Kasner reflection bringing r to rð2Þ > 1=

ffiffiffi
3

p
or rð2Þ < −1=

ffiffiffi
3

p
(for positive or negative π−,

respectively).
Figure 4 shows two of the three scenarios (the first and

second ones are essentially the same but time reversed),
obtained through numerical integration, compared with the
bouncing Bianchi I in order to better visualize the Kasner
reflections.
Let us now consider deformed anisotropies with f ≠ 1.

The limiting values for k3 that decide which scenario takes
place are not changed, because the Kasner map (34) is
unaffected; however, for f > 1 the allowed ranges for the
indices are much wider, according to the deformed second
Kasner relation (59). In particular, the indices can now be
large in absolute value, and the ranges for the three
scenarios become

(i) kð0Þ3 >0: only one Kasner reflection after the bounce;
(ii) −2=7 < kð0Þ3 < 0: two Kasner reflections, one before

and one after the bounce; and
(iii) kð0Þ3 <−2=7: only one Kasner reflection before the

bounce.
The only difference is that the overall upper and lower
limits for Kasner indices are changed compared to the usual
values of 1 and −1=3, depending on what values f can take.
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As mentioned above, in the numerical calculations we
used for the anisotropies the same cutoff algebra used for
the volume, which here takes the form

fðπtotÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2βðπ2þ þ π2−Þ

q
: ð64Þ

First of all, since we always have f ≤ 1, the allowed upper
and lower limits for Kasner indices are closer to zero than in
the standard case. Furthermore, as we already know from
deforming the volume, this algebra implements a cutoff
for the total momentum, π2tot < 1=μ2β. Therefore, the two
momenta π� are bound to the circle of radius 1=μβ,
meaning that for any given value of the constant π− (whose
absolute value is also constrained to be smaller than that
radius) there will be a bound on the allowed values of the
ratio r given by

jrj < rmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

μ2βπ−
2
− 1

s
: ð65Þ

Finally, the function f also changes the relation between the
indices and the anisotropic momenta, as shown in Eq. (57).
All considered, to see how f affects the ranges of the initial

conditions on the ratio r, we have to rely on numerical
calculations. Using a specific choice for f such as (64), the
limiting values for k3 that decide how many reflections take
place can be translated into their corresponding values in r.
In any case, the saturation of condition (65) at r ¼ �rmax
implies f ¼ 0, and, therefore, k3ð�rmaxÞ ¼ 1=3.
Here, we focus on two specific numerical examples.

First, we consider μβ ¼ 1=20 and π− ¼ 1 > 0; then, we
have rmax ¼ 19.975, and, recalling that 1=

ffiffiffi
3

p
≈ 0.577 and

13=ð3 ffiffiffi
3

p Þ ≈ 2.502, the three scenarios are
(i) −0.579 < rð0Þ < rmax or −rmax < rð0Þ < −17.28:

only one Kasner reflection after the bounce;
(ii) for either −17.28 < rð0Þ < −6.835 or −2.717 <

rð0Þ < −0.579, we have two Kasner reflections,
one before and one after the bounce; and

(iii) −6.835 < rð0Þ < −2.717: only one Kasner reflec-
tion before the bounce.

It is evident how the values 0.579 and 2.717 are deforma-
tions of 1=

ffiffiffi
3

p
and 13=ð3 ffiffiffi

3
p Þ, respectively. However, we see

that new intervals appear: The condition kð0Þ3 > 0 that results
in only one reflection after the bounce is satisfied not just for
rð0Þ > −1=

ffiffiffi
3

p
, but also for a small interval near the negative

lower limit for r. The new limiting value −6.835 appears
because the smaller the function f is, i.e., the bigger μβ is, the
closer the function k3ðrÞ will flatten toward the value of 1=3
(as mentioned above, when f is exactly zero, all indices will
flatten to this value), and, therefore, it will be harder and
harder to achieve the negative values necessary for that
scenario. Indeed, let us show a second example with a bigger
value for the deformation parameter. For μβ ¼ 1=10, we
have rmax ¼ 9.950 and

(i) −0.583 < rð0Þ < rmax or −rmax < rð0Þ < −8.583:
only one Kasner reflection after the bounce;

(ii) −8.583 < rð0Þ < −0.583: two Kasner reflections,
one before and one after the bounce; and

(iii) there are no values of rð0Þ such that the third scenario
with only one Kasner reflection before the bounce
happens.

Again, we have a new small interval near the lower bound
which has the same properties as the bigger interval that is
the deformation of r > −1=

ffiffiffi
3

p
; however, now the value of

f is so small that it is not possible to obtain kð0Þ3 < −2=7.
Figure 5 shows the relevant Kasner index as a function of the
ratio between momenta in the case of these two numerical
examples, to better visualize the various ranges for r and
show how to obtain them from the limits on k3. Besides
showing the different values of rmax, it is clear how in the
case μβ ¼ 1=20 the function does intersect (and go below)
the value −2=7, while in the case μβ ¼ 1=10 it does not,
being more flattened toward 1=3.
The appearance of smaller intervals close to the opposite

lower or upper limit is indeed due to the fact that, when r is
near�rmax, the function f gets close to zero. This is similar
to what happens with lattices where quantities acquire some
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FIG. 4. Evolution of the volume v as a function of harmonic
time τ in the deformed Bianchi II model (red lines) for the case of
one reflection (top) or two (bottom), compared with the simple
bouncing Bianchi I (black dashed lines).
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periodic properties and there are additional low-energy
excitations at large momentum. This again suggests that the
cutoff algebra we have implemented for the volume and
anisotropies might be related to some type of lattice
quantization of gravity.

B. Anisotropy time

As in the case of Bianchi I, it is insightful to convert the
Friedmann equation from synchronous time (63) to a
relational notion of time, in order to characterize observ-
ables of the system. Again, the obvious candidate for such a
clock is given by anisotropy variables β�. However,
differently from the Bianchi I case, in a Bianchi II model
the two anisotropies are not on the same footing any more:
Given the Kasner reflection off of the potential wall, it is
clear that the variable βþ is not monotonic with respect to
either t or τ. Therefore, in this case, it is better to use β−,
which is still monotonic, although slightly modified by the
presence of f (which depends on time through πþ) and by
noncommutative effects.
In a classical Bianchi II model, the corresponding

Friedmann equation is

�
1

3v
dv
dβ−

�
2

¼ π2tot þ 12v2U
π2−

: ð66Þ

In the deformed case, instead we have

�
1

3v
dv
dβ−

�
2

¼
ðπ2tot þ 12v2UÞ

�
1 − ρaþU

ρμ

�
�
π−fðπtotÞ þ πtotf0ðπtotÞJ U

ρa

�
2
; ð67Þ

where again we see both the LQC-like correction coming
from the volume deformation and the correction at the
denominator coming from fðπtotÞ ≠ 1. This is in contrast to
the Friedmann equation in synchronous time where f does
not appear, again in analogy with what we had found for
Bianchi I [cf. Eq. (62)].

VI. CONCLUSIONS

We have studied a modification of the classical Bianchi I
and Bianchi II models in vacuum, obtained from deforming
the Poisson brackets between Misner-like metric compo-
nents and their respective momenta. For the volume, our
deformation was fixed by requiring it to reproduce a
bounce similar to the one seen in isotropic LQC, and we
did indeed find such a bounce also in the anisotropic case. It
seems to be a natural minimal requirement to ask that
isotropic cosmology arises as a special case of anisotropic
cosmology, and one would expect this to be true in any
putative theory of quantum gravity. Conversely, this also
means that the deformation introduced for anisotropic
degrees of freedom, here represented by the Misner
variables β�, is not fixed by any fundamental principle
in our approach. In much of the analysis, this deformation
was left as a free function f which enters directly in the
effective Friedmann equation. We saw that this deforma-
tion, which acts as a simple constant or (smoothly) piece-
wise constant rescaling, remains relevant at late times and
low energies in the postbounce phase even though its origin
is assumed in the quantum realm. This might help in
constraining some forms through observations.
Our approach is a general framework in which different

types of potential quantum effects could be included. In
the more specific case where the anisotropy variables are
deformed by using the same cutoff algebra used for the
volume, we found indications that this algebra mimics the
effects of a discretization of these variables, similar to
the discretization of the volume used in LQC. Noting that
this specific feature is different from a minimal length or
volume approach, it would be very interesting to see
whether such a “discrete anisotropy” can be related to a
quantum gravity model. One advantage in our approach is
that effective dynamical equations and Friedmann equa-
tions are obtained straightforwardly, which can be con-
trasted, e.g., with the rather complicated form of Bianchi
models in LQC. Some features of the deformed Bianchi II
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FIG. 5. The deformed Kasner index k3 (red continuous line) as
a function of the ratio r in the two cases of μβ ¼ 1=20 (top) and
μβ ¼ 1=10 (bottom), compared with the corresponding classical
function (black dashed lines). The thin gray horizontal lines
correspond to the values 1, 1=3, −2=7, and −1=3. Notice, in
particular, that the values k3 < −2=7 needed to have only one
reflection before the bounce are obtained only for a small range of
r values (top) or not reached at all (bottom).
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model, such as reflection laws for the Kasner coefficients
and the existence of different solutions in which either one
or two Kasner reflections occur, were found to be in
agreement with LQC, again pointing toward a general
applicability of the approach used here.
An interesting extension of our work would be to the

Bianchi IX model, which plays the particularly important
role of representing the generic approach to spacelike
singularities in general relativity. Some preliminary work
on DCRs in the Bianchi IX model has been done based on
deforming the anisotropy variables alone [37,38], i.e.,
without including a deformation that would cause a
bounce. Including also the volume deformation would
make this another test case for the study of more compli-
cated or realistic bouncing cosmologies.
It would also be interesting to investigate a possible

connection of the DCR approach to settings in which
quantum effects arise from particular features of the
quantization. For instance, resolution of singularities in
a Bianchi I model can also be achieved in affine quan-
tization [39,40], which effectively leads to additional
terms in the Hamiltonian. It seems plausible that such

effects could also be mimicked via DCRs, further extend-
ing their applicability.
Regarding possible connection with observations, it

might also be interesting to compute how a primordial
power spectrum of perturbations (e.g., within inflation)
might be modified by a deformed background containing
not just a LQC-like bounce, but also deformed anisotropies.
Such calculations could be compared with power spectra
derived from both standard Bianchi models [41] and
bouncing isotropic models [42].
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