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ABSTRACT
Numerous studies on free-surface behaviour of turbulent flows have described it as a complex
phenomenon composed of different moving features. No agreement exists as to which water
surface features are expected for specific flow conditions in a channel with a rough bed. There
is practical difficulty in capturing the dynamic nature of the surface with sufficient accuracy and
resolution. This paper describes a series of experiments for a range of conditions over two bed
topographies, in which Digital Image Correlation (DIC) was used to capture surface elevation
data. Frequency–wavenumber analysis highlighted a range of disturbances assumed to be cre-
ated by features of the turbulent flow. Surfacewave patterns were observed to changewith flow
condition and indicated sensitivity to the bed arrangement. This indicated that DIC can be an
appropriatemethod in studies that wish to examine themechanics of surface behaviour in open
channel turbulent flows.
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1. Introduction

Recent studies have indicated that free-surface defor-
mations of turbulent channel flows can be caused
by a variety of physical phenomena found in later-
ally and depth-sheared flows. A consensus on the
main mechanisms behind the generation of the free-
surface wave patterns has yet to be reached (Muraro
et al., 2021). Brocchini and Peregrine (2001) sug-
gested that the interactions between the water surface
and the underlying turbulence-driven structures are
expected to produce a wide variety of water surface
patterns (e.g. vortex dimples, scars and boils). Smo-
lentsev and Miraghaie (2005) and Nichols et al. (2016)
proposed that the free-surface wave patterns might be
the result of the interaction between coherent struc-
tures generated in the flow and the air–water inter-
face. Surface deformations forced by turbulent pres-
sure fluctuations can transition to freely propagating
gravity-capillary waves once the forcing stops (Teix-
eira&Belcher, 2006). In shallow flows, gravity-capillary
waves are also forced by the bed roughness acting
as a fixed disturbance (Dolcetti et al., 2016; Gakhar
et al., 2020), generating both stationary and prop-
agating waves that can further interact with turbu-
lent structures (Dolcetti & García Nava, 2019; Luo
et al., 2023). Turbulence-forced surface patterns and
gravity-capillary waves are therefore believed to be
representative of different processes. Measuring and
understanding the behaviour of both are necessary for

the interpretation of themutual interaction between the
flow and the free surface. The combination of these dif-
ferent wave types can produce a complex and dynamic
three-dimensional (3D) surface wave pattern that can
be difficult to measure and interpret.

A separation between the two types of surface fea-
tures can be obtained by means of a Fourier trans-
form in space and in time of water surface elevation
data, e.g. the frequency–wavenumber spectrum (Dol-
cetti et al., 2016; Savelsberg & Van De Water, 2009).
Turbulence-forced surface deformations travel approx-
imately at the surface flow velocity, while gravity-
capillary waves travel in all directions, propagating rel-
atively to the flow at their own speed, which depends
on their wavelength and flow depth. This difference
in propagation velocity results in distinct dispersion
relationships that can be identified in the observed
frequency–wavenumber spectra.

However, the estimation of frequency–wavenumber
spectra requires a simultaneous characterization of
the water surface in space and in time, which can
be difficult to achieve with sufficiently high accuracy
and spatial and temporal resolution for many practi-
cal situations. This requirement justifies the need for
water surface measurement techniques able to col-
lect high resolution water surface elevation data that
precisely characterize the 3D form and dynamics of
such water interfaces, and so permitting robust fre-
quency–wavenumber spectra to be obtained.
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Savelsberg and Van De Water (2009) and Dolcetti
et al. (2016) determined the frequency–wavenumber
spectra of the water surface elevation along the stream-
wise and lateral direction separately using a scanning
laser beam and an array of conductance wave gauges,
respectively. 1D spectra are difficult to interpret since
the contributions of all waves with the same projec-
tion of the wavenumber vector along the measure-
ment direction collapse onto a single point regardless of
their actual wavenumber modulus. This strongly lim-
its the characterization of the surface features due to
the marked three-dimensionality of the surface pat-
terns and because of the lack of symmetry caused by
the advection by the flow in the streamwise direction
(Dolcetti et al., 2016). Dolcetti and García Nava (2019)
managed to estimate the frequency wavenumber spec-
tra in three dimensions by applying a wavelet spectral
method (Donelan et al., 1996) to a group of discrete
wave gauges arranged in transects in the streamwise
and lateral directions. However, the resulting spectra
had limited resolution. Smeltzer et al. (2019) employed
a synthetic Schlieren method to reconstruct the evo-
lution of the surface shape in time and calculated its
frequency–wavenumber spectrum. Their flow condi-
tions, however, were not representative of typical shal-
low turbulent free surface flows due to a relatively
small flow velocity to gravity wave velocity. Also, their
surface measurement method is not easily applica-
ble to practical channel flows over a rough bed. Luo
et al. (2023) combined a decomposition of the simu-
lated surface deformation patterns based on the fre-
quency–wavenumber spectrumwith a proper orthogo-
nal decomposition of the simulated turbulent flow field
to highlight the complex interactions between turbu-
lence and the free surface for a flow behind a backward-
facing step simulated via a large eddy simulation. This
demonstrated the potential for rigorous surface decom-
position to provide an improved fundamental under-
standing of turbulent flow behaviour.

It is therefore of importance to identify a suitable
experimental technique that is able to provide high-
resolution data resolved in space and in timewhilemin-
imizing the disturbance to the flow andwithout impair-
ing the characterization of the velocity field below
the water surface. Non-contact water surface measure-
ment techniques fit such requirements. In general, these
techniques can be based on optical, acoustic or radio
approaches. Acoustic methods have already been used
to locally reconstruct a dynamic air–water interface
or to derive areal surface properties such as mean
roughness height, frequency–wavenumber spectra and
mean surface velocity (Dolcetti et al., 2024; Fukami
et al., 2008). For similar purposes, Walsh et al. (1985)
andWelber et al. (2016) used radio waves, while Gharib
and Weigand (1996) and Turney et al. (2009) made
use of optical methods. Each method has comparative

advantages and disadvantages. For example, for acous-
tic and radiomethods, the free surface represents a very
good reflecting surface due to the higher impedance of
water than air (Nichols et al., 2013). The same advan-
tage, however, does not apply for optical techniques as
the identification of the transparent water free surface
can be affected by the presence of the underlying bed
topography. To prevent this interference, optical meth-
ods require specific illumination and/or cameras posi-
tioning or even opaquewater (Cobelli et al., 2009; Tsub-
aki & Fujita, 2005). On the other hand, optical methods
are more practical in the field due to the facility of the
calibration procedure and adaptability.

The use of different optical technologies to measure
the shape of the surfaces is well established in various
fields (Guidi et al., 2014; Vandenberghe et al., 2001).
Descriptions and characteristics of these methods
can be found in the reviews of Jähne et al. (1994)
and Pan (2018). Among the numerous optical tech-
niques, Digital Image Correlation (DIC) (Peters & Ran-
son, 1982) is one of the most popular. This is because
DIC can robustly reconstruct a solid surface and can
operate with flexibility (Pan, 2018; Pan et al., 2009). The
complete theory behind image correlation is lengthy
and, on this purpose, Chu et al. (1985) provides an
excellent description of the DIC method. However,
to briefly describe the principles of DIC, it can be
said that this techniques relies on the idea that an
object reflects light differently according to its defor-
mation state. If this holds true, the deformation field
can be derived by comparing the different light inten-
sity values (Chu et al., 1985). Illumination information
carried by a single pixel, however, is not enough to
produce a unique signature and groups of neighbour
pixels (named ‘subsets’ or ‘facets’) need to be con-
sidered. Often, to improve the uniqueness of a facet,
random patterns are created on the surface of the tar-
get (Pan, 2011). Cross-correlation is later performed
among these facets to obtain the instantaneous surface
profile.

DIC has typically been used to measure both static
and slowly evolving solid surfaces, though few studies
have measured the dynamic liquid surface of open-
channel flows (Nichols et al., 2020; Wu et al., 2022).
An approach to measure the dynamics of the water sur-
face of a turbulent open-channel flow employing DIC
is presented here. The aim of the study was to assess
whether DIC could be used to recover sufficiently high
quality information on a dynamic air–water interface
to ensure that the different types of surface waves could
be separated and identified. This would allow the in-
depth study of the underlying physical processes in
free-surface turbulent flows over man-made and nat-
ural channels using a non-contact measurement tech-
nique that can be deployed without the need to change
the opaqueness of the water. The study used DIC data
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from a series of controlled laboratory flume experi-
ments combined with analytical models to test whether
a DIC based measurement system could be usefully
employed in this field.

The following pages are organized as follows:
Section 2 describes the instrumentation used for this
investigation, the characteristics of the flow condi-
tions tested and the data processing procedure that
was implemented; Section 3 presents the mathemati-
cal model against which the data was compared with;
Section 4 critically discusses the results obtained from
this series of tests; Section 5, finally, draws some con-
clusions on the observed data patterns and on the capa-
bility of DIC to be used as a technique for surface
monitoring.

2. Experimental equipment, arrangement and
test procedure

Two series of steady and uniform flow experiments
employing different bed arrangements were performed
in a tilting recirculating glass-walled rectangular flume.
The flume has a working length of 15m and a width,
W, of 0.503m. The inlet tank contains porous elements
to minimize any transient effects produced by the re-
circulation pump, while the outlet has an adjustable
gate to ensure uniform flow conditions in the working
length of the flume.

The flume bed was covered from the inlet to a loca-
tion 4.80 m downstream with well sorted river gravel
having a nominal size of 20mm to encourage the
development of a stable turbulent boundary layer. The
remaining length of the flume bed contained a layered
bed arrangement of plastic spheres and sand to sim-
ulate a stable flat river bed with a geometrically well
described surface (spheres), but which had an inher-
ent vertical porosity variation (sand) as found in natural
gravel river beds (Figure 1). In this study, the 24.7mm
diameter spheres were organized in two different sur-
face packing arrangements, termed A and B (Figure 2).
Pattern A was a hexagonally-packed arrangement hav-
ing peak to peak planes oriented along the stream-
wise direction, whilst the B arrangement was again a
hexagonally-packed arrangement but had peak to peak
planes aligned along the spanwise direction. The eleva-
tion distribution of Packing B was statistically identical
to packing A. These arrangements provided stable sur-
faces but different surface orientations in relation to the
main direction of the flow. Sand with a narrow grain
size distribution (99% of its mass distributed between
600 and 850µm) was used to fill the gaps between
spheres in order to produce a vertical porosity profile
from the top to the base of the spheres that resem-
bles the vertical porosity profile observed in natural
river gravel deposits. These beds were placed in the
flume which was then tilted to have a slope of 1/500.

Before each series of tests over a different bed arrange-
ment, the discharge was progressively increased up to
25 l s−1 and held steady for 12 h. At this flow rate,
the boundary shear stress was enough to remove all
the excess of sand, revealing the bed texture created
by the packed spheres. This process of water-working
also allowed the consolidation of the sand and the cre-
ation of a complex but stable bed structure for the
subsequent tests. At the end of this procedure, the bed
resulted in hemispheres emerging from a permeable
sand layer.

Two series of experiments were conducted over the
two beds. The hydraulic characteristics of each flow
condition are reported in Table 1. The controlling
parameters of each experiment were determined based
on the measured depth- and time-averaged velocity,
ŪB (defined as the ratio between the flow rate Q and
the liquid cross-sectional area A = Wd, where d is the
water depth) and on the time-averaged surface veloc-
ity, ŪS. For gravity-capillary waves, a particular wave-
length exists for which the dispersion component gov-
erned by gravity is balanced by the dispersion pro-
duced by capillarity. For this wavelength, a minimum
phase velocity occurs. Lamb (1945) found this mini-
mum value to be equal to 0.23m s−1 for the air–water
interface. With this threshold value in mind, it was
decided to have a test with flow conditions with both
ŪB and ŪS below 0.23m s−1, one flow condition where
ŪB was below and ŪS was above the threshold value
and three flow conditions with both velocities above
the minimum phase velocity for each bed configu-
ration. The experimental hydraulic conditions were
designed to evaluate the free-surface behaviour, the dif-
ferent wave generation mechanisms and the change
they may experience for progressively higher velocities.
It was expected that for these flow conditions differ-
entmixtures of turbulence-forced surface deformations
and gravity-capillary waves would be observed. The
flow conditions had aspect ratio (ratio between flume
width and flow depth, calculated from the top of the
bed spheres) between 5.2 and 25.4, and relative sub-
mergence (ratio between flow depth and diameter of
the spheres) between 1.5 and 10.5. These values were
described by Robert (1990) and Ferguson (2007) as typ-
ical for flow conditions observed in natural gravel bed
rivers.

The water surface behaviour was investigated using
a DIC system positioned at the location 9.4m from
the inlet (4.6m downstream from the beginning of the
test bed, corresponding to 232 to 59 times the experi-
mental water depths). The DIC system was formed by
two Imager MX 4M cameras (LaVision, Biceste, UK)
(2048 × 2048 pixel, 5.5µm size pixel) mounting Tam-
ron (Tamron, Japan) M112FM16 lenses (16mm focal
length, f/2.0). The cameras were placed in a line along
the flume centreline 0.40m above the bed and a dis-
tance 0.70m from each other (Figure 3). The cameras
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Figure 1. (a) Composite bed made of spheres embedded in sand. (b) Sketch of the composite bed.

Figure 2. (a) Arrangement A: hexagonally-packed with sphere peak to peak planes aligned with the streamwise flow direction.
(b) Arrangement B: hexagonally-packed with sphere peak to peak planes aligned with the spanwise direction.

were secured onto a stiff mounting bar that was phys-
ically isolated from the flume to ensure that any vibra-
tions produced during the tests with flowing water did
not impact on the quality of the DIC measurements.
The camera mounting bar was set to be parallel to the
flume bed so that the DICmeasurement values formed
a plane parallel to the time and space averaged water
surface and flume bed. During the different tests the
cameras’ position was fixed, but because of the differ-
ent flow conditions the distance free surface to cameras
ranged between 462mm and 516mm. This caused the
field of view (FOV) to range in size from a square of
dimensions 363mm to 325mm and the spatial resolu-
tion of the collected images to vary between 0.16 and
0.18mm/pixel. The lens aperture was set at f/16 to pro-
duce a depth of field as wide as possible and so have as
much as possible of the FOV in reasonable focus. Illu-
mination was provided by two blue LED arrays shining
from above the cameras. These LEDs were positioned

0.6m above the bed without obstructing the cameras’
view. The area of the LEDs is 350 × 250mm2 (stream-
wise and spanwise). Considering a divergence angle of
8◦ for the light emitted by the LEDs, an area of 518 ×
418mm2 was illuminated in correspondence of the bed
level.

To allow the reconstruction of the instantaneous
free-surface profile using the DIC system, cenospheres
(POS-IBW 300 produced by Possehl Erzkontor GmbH,
Lübeck, Germany) were used as small floating tracers
to identify the water surface in the collected images.
Cenospheres are ceramic hollow spheres which float
due to their low density (ρcs = 700 kgm−3). They also
create a light speckle pattern of particle groupings on
the free surface, allowing the surface reconstruction
algorithm within the DIC system to create facets, the
temporal deformation of which was used to quantify
the surface deformation. Compared to other buoy-
ant surface tracer candidates (e.g. hollow glass spheres

Table 1. Characteristics of the flow conditions tested.

Test Q (l s−1) ŪB (m s−1) ŪS (m s−1) d (mm) Re F AR σDIC (mm) σWP (mm)

FC1A 1.4 0.14 0.18 19.8 2800 0.32 25.4 0.074 0.115
FC2A 3.3 0.2 0.26 33.1 6500 0.35 15.2 0.108 0.147
FC3A 10.5 0.33 0.43 64.1 20, 700 0.41 7.8 0.313 0.277
FC4A 15.7 0.38 0.47 81.6 30, 900 0.43 6.2 0.399 0.378
FC5A 21.1 0.43 0.53 97.5 41, 500 0.44 5.2 0.643 0.576
FC1B 1.93 0.19 0.23 20.7 4100 0.41 24.3 0.081 0.145
FC2B 3.53 0.23 0.31 30.7 7700 0.42 16.4 0.125 0.158
FC3B 10.84 0.35 0.45 61.5 24, 200 0.45 8.2 0.582 0.537
FC4B 15.85 0.41 0.51 76.7 34, 700 0.47 6.6 0.712 0.649
FC5B 21.56 0.47 0.58 91.9 47, 400 0.49 5.5 0.591 0.544

Note: Q is discharge; ŪB is time- and depth-averaged velocity; ŪS is average surface velocity; d is water depth; Re is Reynolds number
(Re = ŪBd/ν, where ν is the kinematic viscosity of water); F is Froude number (F = ŪB/(gd)0.5 where g is gravitational acceleration); AR
is aspect ratio, σDIC and σWP are the standard deviations of the free-surface elevation measured via DIC and conductance wave probe,
respectively.
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Figure 3. Schematic of the DIC cameras and illumination setup
(dimensions in mm). The cameras were positioned directly
above the water surface on a stiff frame that was parallel with
thewater and bed slope. The LED illuminationwas placed in the
centre of the measurement area above the cameras.

and silver-coated hollow glass spheres), electrostatic
interactions between discrete elements do not occur.
The main consequence is that particles do not lump,
so that surfactants are not needed. Cenospheres are
hydrophilic and do not adhere to the water–air inter-
face, suggesting that they do not affect the surface ten-
sion (Turney et al., 2009). The cenospheres were first
sieved to isolate the fraction with particle diameters
below 300µm. This value was chosen as for diame-
ters larger than 300µm the Stokes number, St , became
greater than 0.1. The Stokes number, defined as the ratio
between the particle and fluid characteristic time scales,
is used to verify the capability of a particle to follow
the flow without disturbing it (Akutina, 2016). Tropea
et al. (2007) suggested tracers having St < 0.1 are able
to correctly describe the flow path with an accuracy
error below 1%. As the sieved material used in the tests
was characterized by a range of diameters between 90
and 280µm, the observed Stokes numbers were always
below the 0.1 threshold.

All the experiments were carried out following the
same procedure. Before starting a test, a calibration
plate was placed at the expected streamwise, lateral and
vertical position of the air–water interface and the cam-
era positions were physically adjusted to aim at the
same location. A calibration image data set for the cam-
eras was obtained by taking 40 in-focus images of the
calibration plate set at slightly different heights and
inclinations.

After the calibration images had been collected, the
flow discharge was slowly increased to the desired
value and the flume outlet gate was adjusted to ensure
the establishment of uniform flow conditions. Sixty
minutes after the discharge and gate position were
set, images were collected at a frequency of 100Hz
in 300 s long acquisitions. DIC data sets consisted of
time series containing 30,000 images. To produce the

free-surface coating necessary for the DIC algorithm to
work, cenosphereswere introduced concurrently in dif-
ferent ways. Pumped surface skimmers were positioned
on the water surface inside the flume storage tank to
collect the previously circulated tracers and recirculate
them via the main pump. Peristaltic pumps were also
used to introduce a mixture of water and cenospheres
just below the free surface at the flume inlet position.
Finally, dry cenospheres were manually sprinkled from
above in correspondence with the transition between
gravel and composite bed (i.e. 4.80m from the inlet).
Uniformly coating the free surface was more chal-
lenging for progressively higher flow rates and depths
because of stronger secondary flows and of larger and
more frequent coherent structures causing the renewal
of the free surface, resulting in areas of the water surface
with few cenospheres. Nonetheless, a sufficiently high
level of surface coating was achieved (especially at low
flow rates), allowing the DIC algorithm to reconstruct
enough of the free-surface shape for later water sur-
face analysis (Figure 4). Once the images were acquired,
uniform flow conditions were verified again by tak-
ing water depth measurements along the flume with a
streamwise spacing of 30 cm and used to confirm, via
linear interpolation that the water slope was the same
as the bed slope. As a last step, small buoyant objects
were released at position 4.80m and the time required
for them to travel between two distinct sections was
measured for 20 times. This allowed an estimate for
the average and standard deviation of the free-surface
velocity to be obtained.

To obtain the instantaneous shape of the free
surface the raw images were firstly processed using
the Strain toolbox provided with DaVis by LaVision
(Bouguet, 2000; Fleet & Weiss, 2006). The images were
subdivided in 21 pixel-wide facets and the step size (dis-
placement of the interrogation window) was set to 13
pixels, resulting in a spatial resolution varying between
1.5 and 2.2mm according to the water depth. Facet and
step sizes were chosen as these values were seen to be
optimal between spatial accuracy and uniqueness of the
speckle pattern created by the floating cenospheres. The
reconstructed instantaneous surface height, however,
presented deviations from the mean water level. This
occurred because the calibration plate was not perfectly
aligned with the expected position of the water surface
when taking the first image of the plate which defined
the reference system. To compensate this anomaly, the
time series for the reconstructed height at each loca-
tion were time-averaged over the entire duration. The
resulting time-averaged height field, representing the
spatial trend inherited from the plate misalignment
during the calibration procedure, was later subtracted
from the corresponding instantaneous height field data
to obtain the surface fluctuations around a mean water
level that was now set to a value of 0mm.
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Figure 4. Processing sequence for a frame extracted fromflow condition FC5B. (a) Raw camera image (b) Orthorectified free surface.
(c) Reconstructed free-surface height field.

Figure 5. Normalized kernel density estimation of proportion of pixels in the images that contain surface elevation information for
all measurements. The normalization was done by the division of the maximum value.

To evaluate the stationarity of the water surface fluc-
tuation field, an augmentedDickey–Fuller test was con-
ducted on the data. However, due to the large size of the
time series, it was not possible to run the test over the
entire 5min long data collection period. For this reason,
each data set was subdivided into five 60s long and
into two 150s long segments before conducting the test
on each sub-dataset. In all the cases, the test rejected
the null hypothesis, implying the stationarity of the
time series. The standard deviation was also calculated
for each segment to observe the variation across the
DIC data set. Together with the reconstructed surface
height, the instantaneous stereo reconstruction error
field was produced which was used to calculate the
in-plane uncertainty. For all the tests, the average trian-
gulation error was less than 0.075 pixels, corresponding
to 0.01mm.

The vertical surface elevation uncertainty was eval-
uated by comparison with data from a conduc-
tance wave probe located near the camera’s field of
view (Muraro, 2024). Wave probe measurements were
conducted without cenosphere shortly before the DIC
measurements. The standard deviations of the surface
elevation measured with the two methods are shown
in Table 1. In the lower flow conditions FC1 and FC2,
DIC underestimated the surface elevation by up to
47% and 27%, respectively. This could be due to the
high density of cenospheres, causing significant parti-
cle–particle interactions. In the remaining higher flow
conditions, these interactions appeared to be negligi-
ble and the two methods agreed within a 10 % dif-
ference. It is noted that wave probes are an intrusive
instrument, which can also be affected by significant
uncertainties.
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Table 2. Spatial information of the flow conditions tested.

Test Lω (rad s−1) Lkx (radm
−1) Lky (radm

−1) Sω (rad s−1) Skx (radm
−1) Sky (radm

−1) Shape

FC1A 314.16 1948.4 1948.4 0.02 19.0 18.5 (205 211 29999)
FC2A 314.16 1903.4 1903.4 0.021 19.7 18.0 (193 211 29999)
FC3A 314.16 1931.1 1931.1 0.022 21.7 17.5 (178 221 28089)
FC4A 314.16 1948.4 1948.4 0.021 22.7 17.9 (172 218 29999)
FC5A 314.16 2084.3 2084.3 0.025 21.1 17.4 (198 240 25483)
FC1B 314.16 1760.1 1760.1 0.021 17.5 16.1 (201 218 29999)
FC2B 314.16 1558.8 1558.8 0.023 19.1 14.8 (163 211 26770)
FC3B 314.16 1708.3 1708.3 0.021 19.9 15.3 (172 224 29999)
FC4B 314.16 1742.6 1742.6 0.021 20.7 15.0 (168 232 29999)
FC5B 314.16 1739.8 1739.8 0.021 21.7 15.7 (160 222 29999)

Note: Lω is the Nyquist limit from angular frequency; Lkx is the Nyquist limit for kx ; Lky is the Nyquist limit for ky ; Sω is the resolu-
tion in angular frequency; Skx is the resolution in kx ; Sky is the resolution in ky ; Shape reflects the dimensions of the resulting 2D+t
frequency–wavenumber spectrum.

As theDIC recovered the surface elevation field from
the observation of tracers that were on the free sur-
face, the overall recovered elevation was dictated by
the density and behaviour of the tracers. As the flow
advected the tracers, the spatial density was not uni-
form and there were regions in the flow where the
number of tracers was close to zero. At these locations,
the DIC scheme did not successfully recover eleva-
tion information. Figure 5 demonstrates the propor-
tion of pixels that were successfully recovered at each
frame of the resulting video. These data were smoothed
through the use of a Gaussian kernel density estimation
(KDE) method (Weglarczyk, 2018). These values were
normalized based on the maximum value of the distri-
bution for all measurements. It can be observed that the
spread of the KDE histograms increases as the flow rate
increased over both bed types. The proportion of pix-
els with spatial information for measurements over the
bed B has an intermediate peak value of around 0.5 for
flow condition FC1B, whereas the proportion of pix-
els with spatial information for bed A tests decrease
from FC1A to FC5A. The spread is defined by ‘holes’
that advected with the flow. These holes were not inter-
polated before the application of the discrete Fourier
transform (DFT) and were set to 0mm. However, if
these non-complete DIC data could reconstruct robust
frequency–wavenumber plots in the streamwise and
lateral directions with sufficient fidelity to separate the
different wave types, then this 3D surface elevation data
may be used to investigate the nature of the free surface
of turbulent flows.

3. Analysis of water surface level
measurements

The identification of the different patterns (turbulence-
forced and freely propagating gravity-capillary waves)
on the surface of turbulent open-channel flows was
achieved bymeans of the frequency–wavenumber spec-
trum. This method transforms the elevation at any
location into a function of angular frequency ω = 2π f
(where f is the frequency) and wavenumber vector k

defined with:

k = [kx, ky] (1)

k = |k| = 2π/λ (2)

where λ is the wavelength and kx and ky are the
wavenumber components in the streamwise and lat-
eral directions respectively. This decomposition can be
found from using a Fourier transform on the surface
elevation ζ(x, y, t) in space (x, y) and in time t.

Due to physical parameters of the system such as
the water depth, surface tension, gravity and the mean
flow speed the propagation of waves at a given angu-
lar frequency is restricted to a finite amount of spatial
wavelengths. The angular frequency at which waves
propagate becomes a function of k. The functional form
of ω = Ω(k) is called the dispersion relation. There
are two functional forms of the dispersion relation
for shallow turbulent open-channel flow: turbulence-
forced fluctuations ΩA and gravity-capillary waves
ΩGW , which are waves affected by surface tension of the
fluid and gravity.

Turbulence-forced surface fluctuations are expected
to move along the direction of the flow at a speed
comparable to that of the turbulent disturbances that
creates them (Teixeira & Belcher, 2006). If the mean
surface velocity ŪS of the flow is faster than pattern
deformations, the fluctuations in time at a fixed point
are primarily due to advection, yielding the following
approximate dispersion relation for turbulence-forced
fluctuations (Dolcetti et al., 2022):

ΩA(k, ŪS) ≈ k · ŪS (3)

The dispersion relationship for gravity capillary waves
in the absence of flow is:

Ωi(k, d) = k

√
gd

1 + B
B

tanh (kd)
kd

(4)

where:

B = ρg
k2γ

(5)

is the Bond number, γ is the surface tension, ρ is the
density of water and d is the water depth. In terms of
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Figure 6. Frequency–wavenumber spectrum for (a) ky = 0, (b) kx = 0 for flow condition FC1A, (c) ky = 0, and (d) kx = 0 for flow
condition FC1B (solid line relates to Equation (3), dashed line relates to Equation (7) with the+ sign, colour online).

the gravity-capillary wave dynamics, the vertical veloc-
ity profile in an open-channel flow can be approximated
by a linear profile:

U(z) =
(
m
z
d

+ (1 − m)
)
Ūs (6)

This leads to the following explicit equation describ-
ing the dispersion relation of gravity-capillary waves in
open-channel flows (Dolcetti et al., 2022; Lamb, 1945;
Teixeira & Belcher, 2006):

ΩGW(k, d, ŪS) = (1 − β)ΩA ±
√

(βΩA)2 + Ω2
i (7)

where:

β = m
2
tanh (kd)

kd
(8)

In this work, m in Equations (8) and (6) is set to 0.34
as in Dolcetti et al. (2022) because this value corre-
sponds to a depth-averaged velocity to surface velocity
index ŪB/Ūs = 0.83, which is a typical value for river
and open-channel flows (Hauet et al., 2018). The pos-
itive square root solution is denoted GW+ and the
negative square root solution is denoted GW–. GW+
can be further distinguished as GW+u and GW+d,

indicating waves propagating against and in the same
direction of the flow, respectively (see Luo et al., 2023
for details).

3.1. Feature extractionmethod

This analysis yields a dispersion relation for turbulence-
induced (forced) waves and dispersion relations for
gravity-capillary waves. These relations can therefore
describe the complex combination of different wave
types on the free surface.

The frequency–wavenumber spectrumwas obtained
in 2D+t dimensions in order to identify the wave
types that propagated in all directions. The underlying
assumption is that the general motion of the free sur-
facewaswell characterized by leading-order linearwave
theory. If this assumption holds, it is possible using the
frequency–wavenumber spectrum to recover the dif-
ferent dispersion relations (Dugan et al., 2001; Hauser
et al., 2005; Krogstad & Trulsen, 2010).

Indicating as ζmnp the discrete representation of the
free surface ζ(x, y, t) at a discrete location (xm, xn) m̃ ∈
[0,Nx − 1], n ∈ [0,Ny − 1] and time instance tp p ∈
[0,Nt − 1] with number of samples Nx,Ny,Nt in the x,
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Figure 7. Frequencywavenumber spectrum for (a) ky = 0, (b) kx = 0 for flowcondition FC2A, (c) ky = 0, and (d) kx = 0 for flowcon-
dition FC2B(solid line relates to Equation (3), dashed and dotted lines relate to Equation (7) with the+ sign and− sign, respectively,
colour online).

y and time dimension, respectively, the discrete three-
dimensional discrete Fourier transform ζ̂χξτ is:

ζ̂χξτ =
Nx−1∑
m̃=0

Ny−1∑
n=0

Nt−1∑
p=0

ζm̃np

× exp
[
−i

(
2π
Nx

m̃χ + 2π
Ny

nξ + 2π
Nt

pτ
)]

(9)

where χ = −Nx/2, . . . ,Nx/2 − 1 and ξ = −Ny/2,
. . . ,Ny/2 represent the spatial wavenumber through
the relations:

kx = 2πχ

�xNx
and ky = 2πξ

�yNy
(10)

and τ = 0, . . . ,Nt represents the frequency through the
relation:

ω = 2πτ

�tNt
(11)

The power spectrum I of the frequency–wavenumber
spectrum, defined by:

Iχξτ = 1
NxNyNt

|ζ̂χξτ |2 (12)

was calculated for every 10 s (Nt therefore reduces to
1000) of DIC surface elevation data and then the results
were averaged. This average power spectrum was later
analysed.

The Nyquist limits (Lω, Lkx and Lky), the resolutions
(Sω, Skx and Sky) forω, kx and ky, and the spectra dimen-
sions are presented in Table 2. No window was used in
the DFT analysis.

4. Results

Once the DIC system had completed its measurement
and the water surface elevations were processed, the
averaged power spectrum of the water surface was
found for each experiment. This gave a spatial spec-
tra for values of the wavenumbers in the streamwise
(x) and lateral (y) direction. Two slices corresponding
to kx = 0 radm−1 and ky = 0 radm−1 (named Iy and
Ix) representing waves in the streamwise and the lateral
direction, respectively, were selected for the presenta-
tion of the results. The selected slices were normalized
by the maximum value observed in the slice.

Theoretical dispersion relations were obtained for
the streamwise and the lateral directions from Equa-
tions (3) and (7) based on the measured depth and
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Figure 8. Frequencywavenumber spectrum for (a) ky = 0, (b) kx = 0 for flowcondition FC3A, (c) ky = 0, and (d) kx = 0 for flowcon-
dition FC3B (solid line relates to Equation (3), dashed and dotted lines relate to Equation (7) with the+ sign and− sign, respectively,
colour online).

velocity reported in Table 1. In the lateral direction the
time-averaged surface velocity was assumed to be zero
as the channel cross-sectional shape was rectangular
and the lateral slope was checked and found to be zero.
The lines following the theoretical relationships were
overlaid onto the results presented from the spectral
analysis of the collected DIC data. This was done to
discover whether the 2D+t spectral analysis of the DIC
data could recover the relationships from the expected
wave types.

Figures 6, 7, 8, 9, and 10 present the Fourier repre-
sentation of the DIC recovery for the case where kx = 0
rad m−1 and ky = 0 rad m−1 for all the flow conditions
outlined in Table 1. These figures clearly show the two
types of waves that were expected.

The first type represents forced surface waves cre-
ated by rising turbulent eddies impactingwith thewater
surface. These features created significant deformations
that propagated downstream at approximately the sur-
face water velocity. This wavewas always observed in all
flow conditions over both beds (see Figures 6a,c, 7a,c,
8a,c, 9a,c, and 10a,c). The relative dominance of this
type of wave decreased as water depth and flow velocity
increased.

The second type of waves were gravity-capillary
waves that propagated relative to the flow veloc-
ity in all directions. This results in two types of
gravity-capillary waves: GW– waves, corresponding
to the negative sign solution, and GW+ waves,
corresponding to the positive sign solution. GW+ can
be further spilt into waves with positive wavenum-
ber (GW+d, downstream-propagating, kx > 0) and
negative wavenumber (GW+u, upstream-propagating,
kx < 0).

For FC1 and FC2 shown in Figures 6 and 7, respec-
tively, two types of waves (GW+u and GW+d) can be
clearly seen over both beds, with the pattern of GW+u
waves differing over the two bed types in both the
measured spectra and the theoretical relations shown
in Figure 11. GW– waves were not observed at the
FC1 flow condition in accordance with theory. In the
test with the FC2 conditions a similar pattern was
observed, with the appearance of GW– waves start-
ing to occur at the zero-crossing at approximately kx =
120 radm−1. So for flow condition FC1A, FC1B, FC2A
and FC2B in Figures 6 and 7 there is good agreement
for both the turbulent advection dispersion relation
(Equation (3)) and the downstream gravity capillary
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Figure 9. Frequencywavenumber spectrum for (a) ky = 0, (b) kx = 0 for flowcondition FC4A, (c) ky = 0, and (d) kx = 0 for flowcon-
dition FC4B (solid line relates to Equation (3), dashed and dotted lines relate to Equation (7) with the+ sign and− sign, respectively,
colour online).

waves (Equation (7)) for wavenumbers larger than
0 radm−1. There is also good agreement for the neg-
ative wavenumber until less than −100 radm−1, then
the agreement decreases. For flow conditions FC3, the
features of the advection and the downstream grav-
ity capillary waves were less clear and there was not
as distinct a separation from the advection and the
gravity capillary waves as was seen in flow conditions
FC1 and FC2.

In the tests with higher flow velocities and deeper
water depths (FC3–FC5, see Figures 8, 9, and 10) a
high-energy region to the left of the gravity waves dis-
persion relation seems to deviate from the theoreti-
cal curve. This region most likely indicates the pres-
ence of waves that propagate at an angle with respect
to the direction of the flow, leading to an apparent
deviation from theory. Similar patterns were observed
in the 1D Fourier spectra by Dolcetti et al. (2016)
and ascribed to radially uniform patterns of waves
with the wavelength of stationary waves that could
originate from non-linear interactions with the bed
roughness and turbulence modes (Dolcetti & García
Nava, 2019). Here, the appearance of these patterns in

the 2D spectra is most likely due to spectral leakage
caused by the finite size of the measurements. In these
tests the pattern in the positive wavenumber region is
clearer, with the forced surface waves and the GW–
and GW+d gravity waves clearly shown in FC3, FC4
and FC5.

For the recovery of the lateral waves (corresponding
to the plane with kx = 0), the agreement with the theo-
retical relationships is good throughout all the exper-
iments. Although the frequency–wavenumber plots
become less distinct as the flow rate got higher, the
overall shape adheres well to the theoretical dispersion
curve. The pattern of the results of this type of wave was
similar over both beds.

In order to visualize the separation of the dis-
persion relation with respect to the change of the
flow parameters, the dispersion relations calculated
from the measured water depth and velocity for all
flow conditions were presented in Figure 11. This
figure shows that there is a clear separation in the
streamwise direction over both beds, especially for the
GW+u waves in the negative wavenumber. This dif-
ference is illustrated in the frequency–wavenumber
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Figure 10. Frequency wavenumber spectrum for (a) ky = 0, (b) kx = 0 for flow condition FC5A, (c) ky = 0, and (d) kx = 0 for
flow condition FC5B (solid line relates to Equation (3), dashed and dotted lines relate to Equation (7) with the + sign and − sign,
respectively, colour online).

results in Figures 6a,b, and 7a,b. The measured pat-
tern in the negative wavenumber region offers the
potential that bed surface condition may be identified
in flow conditions with low depths. The behaviour
is mimicked in the lateral direction, although the
change with respect to depth decays very quickly, with
minimal separation in FC4 and FC5 for measure-
ments over both beds in the negative wavenumber
region.

The ability to separate out the gravity-capillary
behaviour and the forced behaviour is an extremely
powerful benefit of this approach. Discrimination of
the streamwise dispersion relations allowed for the clear
discrimination of different flow conditions over the
flow range conditions in these experiments. Such a sep-
aration was carried out by the Fourier filtering method
introduced by Luo et al. (2023). The method consists in
applying a mask in Fourier space in order to eliminate
all waves except the ones that satisfy a specific disper-
sion relation. Then, these waves are reconstructed in
space-time through an inverse Fourier transform. An
example of this separation is presented in Figure 12. It
is important to note that the 2D+t spectra was used

in the masking. Figure 12 showcases the resulting sep-
arated flow structures for the forced waves and the
gravity-capillarywaves for FC1B and FC5B at an instant
in time. The colourbar range in all these plots is twice
the standard deviation of the water surface elevations
of each particular wave type. The proposed flow con-
ditions represent the two extremes of the experimental
test range, nonetheless common features can be identi-
fied. It is clear that at both flow conditions, the ‘typical’
amplitude of the gravity-capillary waves are larger than
the forced waves. This type of data presentation also
allowed for an impression of the 3Dnature of the waves,
with all wave types showing a stronger coherence in the
lateral rather than the streamwise direction. This figure
presents the benefits in using a DIC-based approach,
even if the 3D data obtained is sparse. There is the
ability to successfully separate the components of the
free surface which follow the forced dispersion relation
and the components which follow the gravity-capillary
relation. This separation allows for the potential to
develop more detailed understanding of the physical
causes of the individual wave types for a range of flow
conditions.
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Figure 11. Comparison of the theoretical dispersion relation plots grouped by the bed type (A and B) for the range of experimental
flowconditions FC1–FC5. In (a) the streamwise dispersion relations are shown for theAbedmeasurements, (c) contains the lateral dis-
persion relations for the Ameasurements. In (b) and (d) the B bedmeasurements with streamwise and lateral relations are presented,
respectively.

5. Conclusion

The work reported in this paper investigated the
capability of frequency–wavenumber analysis of free-
surface data collected using DIC to describe the com-
plex dynamic nature of free surface flows. DIC was
selected as a measurement technique as it was able to
remotely collect 3D water surface elevation data at a
high spatial and temporal resolution. The DIC scheme
was tested in a laboratory under various uniform and
steady flow conditions over two beds with different
surface topography. The DIC technique relied on par-
ticles that were placed in the flow and moved with the
water surface. This characteristic, however, may cause
some uncertainties in surface elevation reconstruction.
In low flow conditions, the high density of particles
could artificially reduce the amplitude of water surface
deformations. In high flow conditions, instead, the lack
of particles in regions of strong downwelling or surface
divergence could lead to gaps in the measured sur-
face distribution. These effects appeared to have limited
impact on the derivation of frequency–wavenumber

plots that were used to discriminate between different
wave types.

The results presented in this work relate to the
matching of the experimental frequency–wavenumber
spectrum and the theoretical dispersion relations.
Good matching and separation of different types of
surface waves (forced and gravity-capillary and their
sub-types) indicate that the reconstruction from the
DIC derived data has good agreement to theoreti-
cal relations as well. The results show that gravity-
capillary waves are present in flow conditions FC1
and FC2 over both beds, with this information cap-
tured in the dispersion relation. In the case of the
streamwise frequency–wavenumber plots, as the flow
rate increases (FC3 to FC5) the behaviour of the
gravity-capillary waves appears to change substan-
tially particularly in the negative wavenumber region.
In the negative wavenumber region, the structure
of the gravity-capillary waves becomes less distinct
at the lower frequencies presumably due to noise.
Streamwise and lateral frequency–wavenumber plots
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Figure 12. Extraction of the forced waves and the gravity-capillary waves using a mask centred at the forced dispersion relation. In
(a) and (b) the gravity-capillary waves and the forced waves for FC1B, respectively, are shown. In (c) and (d) gravity-capillary waves
and forcedwaves are presented for FC5B, respectively. Two standard deviations of the resultingmasked free surface form the bounds
of the colourbars.

reveal a systematic change in both forced and grav-
ity waves. This validates the approach for the use of
non-intrusive DIC-based systems to collect 3D data
and analyse the free surface of shallow turbulent flows,
even with the issue of missing data within the data
sets.

Two beds with a similar scale – identical sphere
diameters, but different arrangement – were used to
examine whether frequency–wavenumber analysis of
DIC water surface data could distinguish bed arrange-
ment. An attempt was made at trying to maintain the
same experimental flow conditions (Table 1) in order
to investigate on the effect of the different bed layouts
(FC1A and FC1B have a much larger difference in flow
rate than the other flow conditions, though). In terms
of the frequency–wavenumber spectra it was seen that
the different bed conditions were indicated in the neg-
ative wavenumber region for FC1, FC2 and FC3. This
suggests that the study of wave surface patterns for shal-
low flows could be used to distinguish bed topography
especially at lower water depths.

The high level of agreement of the observed fre-
quency–wavenumber values in comparison to the the-
oretical dispersion relations in addition to the 2D+t
spectral reconstruction that the DIC measurement
scheme produces allowed for a complete separation in

space and time of the dispersion relations. This extrac-
tion allows the physical characteristics of these wave
types to be quantified and visualized separately.

Acknowledgments

The authors are grateful to three anonymous reviewers and
to the Associate Editor and Editor for their helpful comments
on the original manuscript. For the purpose of open access,
the authors have applied a ‘Creative Commons Attribution
(CC BY) licence to any author accepted manuscript version
arising.

Data availability statement

The data used in this publication are available on the Zen-
odo platform at https://zenodo.org/records/13076686 and
https://zenodo.org/records/16681767.

Disclosure statement

Nopotential conflict of interest was reported by the author(s).

Funding

This work was partially supported by the UK’s Engineer-
ing and Physical Sciences Research Council (EPSRC) Grant
EP/R022275/1 and the EPSRC Impact Acceleration Account
(IAA). For the purpose of open access, the authors have

https://zenodo.org/records/13076686
https://zenodo.org/records/16681767


592 M.-D. JOHNSON ET AL.

applied a ‘Creative Commons Attribution (CC BY) licence to
any Author Accepted Manuscript version arising.

Notation

A cross-sectional liquid area (m2)
AR aspect ratio (−)
d water depth (m)
F Froude number (−)
g gravitational acceleration (m s−2)
k angular wavevector (radm−1)
kx x−wavenumber component of k (radm−1)
ky y−wavenumber component of k (radm−1)
Lkx kx Nyquist limit for (radm−1)
Lky ky Nyquist limit (radm−1)
Lω angular frequency Nyquist limit (rad s−1)
Q discharge (m3 s−1)
Re Reynolds number (−)
Skx kx resolution (radm−1)
Sky ky resolution (radm−1)
Sω angular frequency resolution (rad s−1)
St Stokes number (−)
ŪB time- and depth-averaged streamwise velocity

(m s−1)
ŪS average streamwise surface velocity (m s−1)
W flume width (m)
γ surface tension (Nm−1)
λx wavelength in the streamwise direction (m)
λy wavelength in the lateral direction (m)
ν kinematic viscosity of water (m2 s−1)
ρ density of water (kgm−3)
ρcs cenospheres density (kgm−3)
ω angular frequency (rad s−1)
σDIC free-surface elevation standard deviation

measured via DIC (m)
σDIC free-surface elevation standard deviation

measured via conductivity probes (m)
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