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ABSTRACT

Given its ability to analyse stochastic models ranging from discrete
and continuous-time Markov chains to Markov decision processes
and stochastic games, probabilistic model checking (PMC) is widely
used to verify system dependability and performance properties.
However, modelling the behaviour of, and verifying these proper-
ties for many software-intensive systems requires the joint analysis
of multiple interdependent stochastic models of different types,
which existing PMC techniques and tools cannot handle. To address
this limitation, we introduce a tool-supported UniversaL stochas-

TIc Modelling, verificAtion and synThEsis (ULTIMATE) framework
that supports the representation, verification and synthesis of het-
erogeneous multi-model stochastic systems with complex model
interdependencies. Through its unique integration of multiple PMC
paradigms, and underpinned by a novel verification method for
handling model interdependencies, ULTIMATE unifiesÐfor the first
timeÐthe modelling of probabilistic and nondeterministic uncer-
tainty, discrete and continuous time, partial observability, and the
use of both Bayesian and frequentist inference to exploit domain
knowledge and data about the modelled system and its context. A
comprehensive suite of case studies and experiments confirm the
generality and effectiveness of our novel verification framework.

1 INTRODUCTION

Software-intensive systems of all types, from simple computer ap-
plications and complex cyber-physical systems to sophisticated AI
agents, operate under uncertainty. This uncertainty stems from fac-
tors including the nondeterminism inherent in their user inputs and
the availability of multiple system actions to select from, the stochas-
ticity of the execution times and effects of the selected actions, and
the partial observability resulting from their use of never-perfect
machine learning components to perceive the environment. To con-
sider these factors when verifying the dependability, performance
and other quality properties of such systems, software engineers
are often resorting to probabilistic model checking (PMC) [35, 38].

There are many reasons for this frequent use of PMC for the
formal modelling and verification of software-intensive systems,
e.g. [8, 11, 12, 18, 26, 48]. The models supported by PMC (e.g.,
discrete- and continuous-time Markov chains, Markov decision
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processes, and partially observable Markov decision processes) cap-
ture key aspects of the uncertainty affecting such systems. The use
of expressive probabilistic temporal logics [4, 5, 14, 16, 29] allows
the specification of a wide range of properties over these mod-
els. The development of efficient algorithms and model checkers
such as PRISM [37] and Storm [32] for verifying these proper-
ties have greatly eased the adoption of PMC across application
domains [36, 38, 39]. The emergence of parametric model check-
ing for Markov chains with transition probabilities and rewards
specified as parameters [15, 19, 22, 28] supports the synthesis of
probabilistic models [6, 13, 23, 34] corresponding to software system
designs [6, 47] and discrete-event software controllers [9] guaran-
teed to meet complex sets of requirements. Last but not least, the
integration of PMC with frequentist [2, 7] and Bayesian [18, 54, 55]
inference enables the exploitation of expert knowledge and of data
from logs and runtime monitoring to improve the accuracy of prob-
abilistic models, and thus the validity of their verification.

This richness of the PMC landscape [33, 35] enables the verifi-
cation of key quality properties for numerous software-intensive
systems. Nevertheless, analysing all relevant properties of many
complex systems requires the joint use of several of these PMCmod-
elling, verification and synthesis methods. These systems comprise
interacting components that cannot be verified entirely indepen-
dently, and that exhibit a combination of discrete and continuous
stochastic behaviour, nondeterminism, partial observability, etc.
Despite notable research on the assume-guarantee verification of
interdependent models of the same type with simple model in-
terdependencies [10, 21, 40], the PMC of more general types of
multi-model stochastic systems is currently underexplored.

To address this gap, we introduce a UniversaL stochasTIc Mod-

elling, verificAtion and synThEsis (ULTIMATE) framework that sup-
ports the representation, verification and (when the selection of sys-
tem actions is required) synthesis of heterogeneousmulti-model sto-
chastic systems with complex model interdependencies. As shown
in Figure 1, the ULTIMATE verification engine at the core of our
framework takes two inputs. The first input, called an ULTIMATE

multi-model, is a set of 𝑛 > 1 stochastic models of the types en-
countered in PMC, together with (i) a formal specification of their
interdependencies, and (ii) expert knowledge, logs and runtime data
to be used for the estimation of their external parameters. The sec-
ond input is a formally specified property 𝜙 of one of these models,
𝑚𝑖 , that needs to be verified by appropriately resolving all relevant
model interdependencies, estimating the required parameters, etc.
Given these inputs, the ULTIMATE verification engine produces
the required verification result by (i) performing a dependency
analysis of the multi-model under verification, (ii) synthesising
the sequence of model analysis and parameter computation tasks
required to verify the property, and (iii) invoking the combination
of probabilistic and parametric model checkers, numeric solvers

https://doi.org/10.1145/nnnnnnn.nnnnnnn
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Figure 1: ULTIMATE multi-model verification

and optimisers, and frequentist and Bayesian inference functions
needed to execute these tasks. Through its unique integration of
multiple PMC paradigms, our ULTIMATE framework unifiesÐfor
the first timeÐthe modelling of probabilistic and nondeterminis-
tic uncertainty, discrete and continuous time, partial observability,
and the use of both Bayesian and frequentist inference to exploit
domain knowledge and data about the modelled context.

The main contributions of our paper are:

1) A theoretical foundation comprising a formal definition of multi-
model stochastic systems, and a novel algorithm for verifying
such systems through analysing their constituent models and
subsets of models in an order and throughmethods that consider
their interdependencies and co-dependencies;

2) Tool support that implements our theoretical foundation, au-
tomating the verification of multi-model stochastic systems;

3) A suite of case studies that spans multiple application domains
and types of software-intensive systems, and demonstrates the
applicability and versatility of our framework.

We organised the paper as follows. Section 2 summarises the
types of stochastic models that can be included into an ULTIMATE
multi-model, the probabilistic temporal logics used to specify their
interdependencies and properties, and the high-level modelling lan-
guage adopted by our framework. Section 3 presents a motivating
example, Section 4 covers our theoretical foundation, and Section 5
introduces the verification tool we implemented to automate the
use of the framework. We then describe our case studies and ex-
periments in Section 6, compare ULTIMATE to related research in
Section 7, and conclude the paper with a brief summary in Section 8.

2 BACKGROUND

Stochastic models. Probabilistic model checking supports the
analysis of stochastic models comprising states that abstract key
aspects of the modelled system at different points in time, and state
transitions that capture its evolution between successive states.1

Depending on the model type, the state transitions are taken with
probabilities (for discrete-time models) or rates (for continuous-time

1Ensuring that the model states only capture system aspects relevant to the properties
of interestÐwith other system aspects abstracted outÐis essential to bound the model
size so that its PMC is feasible. For example, the request queue length needs to be
captured in the model of a client-server system when analysing the server’s response
time, while aspects like the server storage space should be abstracted out.

Table 1: Characteristics of main PMC stochastic models

Model type Transitions Nondeter-

minism

Observa-

bility

#Agents

discrete-time Markov
chain (DTMC)

probabilistic no full 1

Markov decision
process (MDP)

probabilistic yes full 1

probabilistic
automaton (PA)

probabilistic yes full 1

partially observable
MDP (POMDP)

probabilistic yes partial 1

stochastic game (SG) probabilistic yes full 2+

continuous-time
Markov chain (CTMC)

rate-based no full 1

models) that reflect the stochastic nature of this evolution. Model
states are labelled with atomic propositions representing basic prop-
erties that hold in those states; and non-negative values termed
rewards can be assigned to states and transitions.

When nondeterminism is present, multiple actions are possi-
ble for at least some states, and each transition is associated with
the action that enables it. Under partial observability, subsets of
states are indistinguishable to agents when they select their actions.
When modelling multi-agent systems, each action corresponds to
a specific agent, or is multi-dimensional and includes a separate
action for each agent. Finally, for any state of a discrete-time model,
the probabilities of the outgoing transitions associated with the
same action (or of all outgoing transitions in the absence of nonde-
terminism) must add up to 1.

Table 1 summarises the main types of stochastic models sup-
ported by PMC, and a simple example of each model type is shown
in Figure 2. Providing formal definitions of these types of stochas-
tic models is beyond the scope of this paper; such definitions are
available, for instance, in [33, 35, 38].

Property specification. PMC supports the analysis of stochastic-
model properties specified formally in probabilistic temporal logics.
These expressive logics can be used to encode software-intensive
system properties as diverse as ‘What is the probability that a web
server will successfully handle a user request within 2s?’, ‘Will a
software controller ensure that a mobile robot will complete its
mission without crashing into obstacles with at least 0.995 proba-
bility?’ and ‘What software product line variant can minimise the
expected execution time of a workflow (and what is this time)?’

Different logics are suited for each type of stochastic model
handled by PMC. Probabilistic computation tree logic (PCTL) [29]
augmented with rewards [4] is used to express the properties of
discrete-time models such as DTMCs, MDPs, PAs and POMDPs (see
Table 1 and Figure 2), while continuous stochastic logic (CSL) [5]
extends PCTL for continuous-time models such as CTMCs. A range
of useful properties of discrete-time models can also be defined in
linear temporal logic (LTL) [49], and PCTL* [16], a temporal logic
that combines PCTL and LTL. Finally, the properties of stochastic
games are expressed in probabilistic alternating-time temporal logic
with rewards (rPATL) [14]. Again, we are not providing formal
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Figure 2: Examples of stochastic models from Table 1: DTMCmodelling an agent’s execution of a task which, being tried in state

𝑠0, succeeds with probability 0.8 (leading to a DTMC transition to state 𝑠1), fails with probability 0.1 (leading to a transition to

state 𝑠2), or times out with probability 0.1 (yielding a transition to state 𝑠3, where the task is re-tried with probability 0.5, or the

agent gives up and the task fails with probability 0.5); MDP modelling a variant of the agent in which two actions are available

in both state 𝑠0 (𝑎 and 𝑎′) and 𝑠3 (𝑏 and 𝑏′); POMDP modelling the scenario in which states 𝑠2 and 𝑠3 are indistinguishable to the

agent from the MDP; SG modelling the scenario in which two different agents decide the action selected in state 𝑠0 (𝑎 or 𝑎′) and

𝑠3 (𝑏 or 𝑏′); PA modelling the presence of two transition probability distributions for action 𝑎 from state 𝑠0; CTMC modelling

the rates of transition between the states of the same agent.

definitions of these logics due to space constraints; these definitions
are available from the sources cited in this paragraph.

Model representation. Stochastic models are often represented
in the high-level modelling language provided by the probabilis-
tic model checker PRISM [37]Ða language that we also adopt in
our ULTIMATE framework. This language, based on reactive sys-
tems [3], models a system as a parallel composition of multiple
modules. Each such module comprises a state space defined by a
set of finite-range local variables, and state transitions specified by
commands with the generic form:

[action] guard → 𝑒1 : update1 + 𝑒2 : update2 + · · · + 𝑒𝑚 : update𝑚 ;

where:

• guard is a boolean expression over the variables of all modules;

• 𝑒1, 𝑒2, . . . , 𝑒𝑚 are arithmetic expressions defined over the same
variables, and specifying probabilities,

∑𝑚
𝑖=1 𝑒𝑖 = 1, for discrete-

time models, and transition rates for continuous-time models;

• update1, update2, . . . , update𝑚 specify changes to the local vari-
ables of the module.

If the guard evaluates to true, then update𝑖 , 𝑖 ∈ [𝑚], is applied with
probability 𝑒𝑖 for discrete-time models, and with probability 𝑒𝑖/𝐸,
where 𝐸 is the sum of all rates associated with true guards within
the model, for continuous-time models.

When an action is specified, all modules containing commands
with this action must synchronize and execute one of these rules
concurrently. Rewards for states and/or transitions can be defined
using the rewards . . .endrewards construct.

For partially observable models, the observable subsets of states
are explicitly defined using the observable construct

observables 𝑣𝑖 , 𝑣 𝑗 , . . . endobservables

where 𝑣𝑖 , 𝑣 𝑗 , . . . are model variables whose values (and associated
model states) are observable, with the values of all other model
variables being unobservable. State observability affects how the
system is verified, particularly when reasoning about the probability
of certain outcomes, or synthesising policies of a modelled agent.

Finally, a stochastic game requires the specification of the players
(i.e., agents) and their control variables using the construct

player pname mname [𝑎1, 𝑎2, . . . , 𝑎𝑛] endplayer.

where pname is the name of a player that executes the module
mname and controls the actions 𝑎1, 𝑎2, . . . , 𝑎𝑛 .

3 MOTIVATING EXAMPLE

To motivate the need for the probabilistic model checking of multi-
model stochastic systems, we consider the PMC of a robot assistive
dressing (RAD) system. This cyber-physical system belongs a do-
main of growing societal importance due to the significant increase
in demand for assistive care driven by an ageing population world-
wide [46, 53]. The RAD system uses a robotic arm to help a person
with restricted mobility to dress with a garment such as a coat,
enabling them to live independently at home instead of moving
into a care home. We want to use PMC to synthesise a policy that
minimises the system’s probability of failing to accomplish the
dressing procedure. This requires the joint modelling and analysis
of several RAD components and processes:

1. the picking of the garment by the robot (from a nearby peg);

2. the monitoring of the user by a deep-learning perception
component, to determine whether the user is ok or not;

3. the control component that configures the user monitor;

4. the dressing process, which depends on the successful picking
of the garment, and must adapt to the (perceived) user state.

As shown in Figure 3, we need four interdependent stochastic
models of several different types to capture these RAD aspects.

pPickGarment

pOkCorrect, pNotOkCorrect

pOkCorrect, pNotOkCorrect

pModel1, pModel2

POMDP
Dressing workflow

User monitoring

DTMC
User monitor controller

DTMCCTMC
Garment picking

Figure 3: RAD stochastic models and dependencies
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1 ctmc

2

3 const double r P i c k ; / / garnment p i c k i n g r a t e

4 const double psucc ; / / s u c c e s s f u l p i c k i n g p r o b a b i l i t y

5 const double pRet ry ; / / r e t r y p r o b a b i l i t y

6

7 module pickGarment

8 s : [ 0 . . 2 ] i n i t 0 ;

9

10 [ t r y ] s =0 → psucc * r P i c k : ( s ’ =1 ) +

11 ( 1−psucc ) * r P i c k * pRet ry : ( s ’ =0 ) +

12 ( 1−psucc ) * r P i c k * ( 1−pRet ry ) : ( s ’ =2 ) ;

13 [ succ ] s =1 → 1 : ( s ’ =1 ) ;

14 [ f a i l ] s =2 → 1 : ( s ’ =2 ) ;

15 endmodule

16

17 l abe l " s u c c e s s " = s=1 ;

Listing 1: CTMC modelling the garment picking task

Garment picking. One of the essential tasks of the RAD dressing
is the picking of the garment by the robotic arm. To avoid lengthy
dressing sessions (which may cause distress to the user), we are
interested in the (probability of) successful completion of this task
within a 90s time period. A CTMC (which supports the verification
of such time-based properties) is therefore used to model the ex-
ecution of this task. This CTMC (presented in Listing 1) models
a robotic arm that tries to pick the garment with a rate rPick, a
probability psucc of succeeding in each attempt, and a probabil-
ity pRetry of retrying the garment picking after an unsuccessful
attempt (lines 10ś12). If the try is successful, the robotic arm transi-
tions from the initial state s=0 to state s=1 (labelled with the atomic
proposition łsuccessž in line 17). Otherwise, it stays in state s=0 for
a retry with probability pRetry, or gives up and transition to the
fail state s=2 with probability 1 − pRetry.

The probabilistic model checking of this CTMC can be used
to establish the probability pPickGarment of successful garment
picking within 90s by verifying the CSL property

pPickGarment = 𝑃=? [𝐹
[0,90] "success"] (1)

We note that the (external) CTMC parameters rPick and psucc (lines
3 and 4) depend on the environment in which the robotic arm is
deployed (e.g., on the position of the peg where the garment is
located initially, and on the level of lighting from the area). As such,
their values need to be derived from experimental data obtained
during the preliminary testing of the robotic arm.

User monitoring. This RAD component uses machine learning
(ML) perception to classify the user as content with the ongoing
dressing (i.e., ok) or not (notok). The component comprises:

• a medium accuracy but fast user-state classifier (ML model 1);

• a high accuracy, but slower and computationally expensive user-
state classifier (ML model 2);

• a verifier that, given an (input, output) pair frommodel 1, returns
true if the output is very likely correct, and false otherwise
(see [9] for examples of such verifiers for DNN classifiers).

We use the DTMC in Listing 2 to model the operation of this
user monitoring component, and to establish its probability of pre-
dicting each user state correctly. The external parameters of this
DTMC reflect the accuracy of the two ML models (lines 3ś6), e.g.,
p1_ok_correct represents the probability that model M1 makes a
correct prediction when the true user state is ok. The dependency

1 dtmc

2

3 / / pa ramete r s o f ML model 1 / model 2 / model 1 with v e r i f i c a t i o n

4 const double p1_ok_ c o r r e c t ;

5 const double p1_no t o k _ c o r r e c t ;

6 . . .

7 / / P r o b a b i l i t i e s o f us ing ML model 1 or 2

8 const double pModel 1 ;

9 const double pModel 2 ;

10

11 module Use rPe r c ep t i on

12 s : [ 0 . . 4 ] i n i t 0 ; / / s t ep

13 m : [ 1 . . 3 ] ; / / o p e r a t i o n mode

14 ok : bool ; / / t r u e use r s t a t e

15 predOk : bool ; / / p r e d i c t e d use r s t a t e

16 v e r i f i e d : bool ; / / v e r i f i e r r e s u l t

17

18 [ ] s =0 → 0 . 5 : ( s ’ =1 )&( ok ’ = true ) + 0 . 5 : ( s ’ =1 )&( ok ’ = f a l s e ) ;

19 [ ] s =1 → pModel 1 : ( s ’ =2 )&(m’ =1 ) + pModel 2 : ( s ’ =2 )&(m’ =2 ) +

20 ( 1−pModel 1−pModel 2 ) : ( s ’ =2 )&(m’ =3 ) ;

21

22 / / Opera t ion mode 1 : use on ly ML model 1

23 [ ] s =2 & ok & m=1 → p1_ok_ c o r r e c t : ( s ’ =4 )&( predOk ’ = true )

24 + ( 1−p1_ok_ c o r r e c t ) : ( s ’ =4 )&( predOk ’ = f a l s e ) ;

25 [ ] s =2 & ! ok & m=1 → p1_no t o k _ c o r r e c t : ( s ’ =4 )&( predOk ’ = f a l s e )

26 + ( 1−p1_no t o k _ c o r r e c t ) : ( s ’ =4 )&( predOk ’ = true ) ;

27

28 / / Opera t ion mode 2 : use on ly ML model 2

29 . . .

30 / / Opera t ion mode 3 : use both ML models

31 . . .

32

33 [ done ] s=4 → true ;

34 endmodule

35

36 l abe l " done " = s=4 ;

Listing 2: DTMC model of user monitoring component

parameters pModel1 and pModel2 specify the probabilities of using
different ML models to monitor the user state. The ML model 1
is used with probability pModel1 (by setting m=1 in line 19, and
therefore moving to the commands from lines 22ś26), ML model 2
with probability pModel2 (by setting m=2 in line 19, and therefore
moving to the commands starting in line 28), and both ML models
are used as follows by m=3 with probability 1− pModel1− pModel2

in line 20: first model 1 generates a prediction, which serves as
the output of the monitor if its verification by the verifier yields
true, or otherwise model 2 is additionally used and its prediction
becomes the output of the monitor.

PMC applied to this DTMC and the PCTL-encoded properties
below can be used to establish the probabilities that the user state
is correctly predicted when the user’s true state is ok and notok:

pOkCorrect = 𝑃=? [𝐹 "done" ∧ ok ∧ predictedOk]

pNotOkCorrect = 𝑃=? [𝐹 "done" ∧ ¬ok ∧ ¬predictedOk]
(2)

User monitor controller. As shown by its DTMCmodel from List-
ing 3, this RAD component uses the probabilities (2) with which the
user monitor outputs a true positive/negative, first to calculate the
monitor’s F1 score metric. and then to determine the probabilities
with which the monitor should use its ML models 1 and 2:

pModel1 = 𝑃=? [𝐹 𝑠 = 1], pModel2 = 𝑃=? [𝐹 𝑠 = 2] (3)

Dressing workflow. The execution of a dressing session is mod-
eled as a POMDP (Listing 4) because the true status of the user
(ok=true or ok=false) is not observable. As such, oK does not appear
in the list of observable variables from line 10. The dressing starts
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1 dtmc

2

3 const double pOkCorrect ;

4 const double pNotOkCorrect ;

5 const double p r e c i s i o n =

6 pNotOkCorrect / ( 0 . 5+pNotOkCorrect−pOkCorrect ) ;

7 const double r e c a l l = 2 * pNotOkCorrect ;

8 const double F1 = 2 * p r e c i s i o n * r e c a l l / ( p r e c i s i o n + r e c a l l ) ;

9

10 module Mode l Se l e c t o r

11 s : [ 0 . . 5 ] i n i t 0 ;

12 [ ] s =0 → 0 . 4 7 *F1 : ( s ’ =1 ) + ( 1−0 . 8 2 *F1 ) : ( s ’ =2 ) +0 . 3 5 *F1 : ( s ’ =3 ) ;

13 [ ] s >0 → true ;

14 endmodule

Listing 3: DTMC model of user monitor controller

with the garment picking by the robot (s=1 in line 17). This suc-
ceeds with probability pPickGarment given by (1), and is followed
by observing the user state, with the (unobservable) true user state
ok and the predicted user state predOk appropriately set depending
on the probability pOk that the user is in an ok state, and of the
probabilities (2) of correctly predicting this user state (lines 18ś21).
Next, the systemmust decide between two actions (lines 23ś31):

• dressSlow, which performs the user dressing slowly, taking
longer but having a better chance of success if the user is notok;

• dressFast, which performs the dressing fast, but with a higher
failure probability if the user is not ok.

Depending on the selected action (i.e., on the POMDP policy) and
the user state, the dressing may succeedÐin which case the success
state in line 34 is reached, or notÐin which case a retry is possible
if allowed by the user (line 33). The workflow fails (line 35) if either
the robot cannot pick the garment (line 17) or the user disagrees to
dressing being retried after an unsuccessful attempt (line 33).

We note that the parameters pPickGarment, pOkCorrect and
pNotOkCorrect of the POMDP take values obtained through the
PMC of two other stochastic models presented in this section, re-
flecting the dependency of the POMDP on these models. All other
POMDP parameters are external parameters. Finally, the choice be-
tween a dressSlow/dressFast action (i.e., the synthesis of a POMDP
policy) is made by optimising a PCTL-encoded objective such as

pFailMin = 𝑃𝑚𝑖𝑛=? [𝐹 step=6], (4)

which requests the minimisation of the workflow failure probability.

4 THEORETICAL FOUNDATION

4.1 Problem definition

Our ULTIMATE framework supports the joint verification of sets of
heterogeneous, interdependent stochastic models, such as the RAD
models from Section 3. We refer to these as multi-model stochastic

systems, and provide a definition below.

Definition 1. A multi-model stochastic system is a tuple

𝑈 = (𝑀,𝐷, 𝐸), (5)

where:

• 𝑀 = {𝑚1,𝑚2, . . . ,𝑚𝑛} is a set of 𝑛 > 1 stochastic models
such that the transition probabilities/rates and rewards of
each model𝑚𝑖 ∈ 𝑀 are defined by rational functions over

1 pomdp

2

3 const double pPickGarnment ; / / dependency parameter eq . ( 1 )

4 const double pOkCorrect ; / / dependency parameter eq . ( 2 )

5 const double pNotOkCorrect ; / / dependency parameter eq . ( 2 )

6 const double pOk ; / / p r o b a b i l i t y tha t u se r i s ok

7 const double pDressOkSlow ; / / s low−d r e s s s u c c e s s prob / u se r ok

8 const double pDressOkFast ; / / f a s t−d r e s s s u c c e s s prob / u se r ok

9 . . .

10 observables s , predOk endobservables

11

12 module Workflow

13 s : [ 1 . . 6 ] i n i t 1 ; / / workf low s t ep

14 ok : bool i n i t true ; / / t r u e use r s t a t e ( hidden )

15 predOk : bool i n i t true ; / / p r e d i c t e d use r s t a t e

16

17 [ p i c k ] s=1 → pPickGarnment : ( s ’ =2 ) + ( 1−pPickGarnment ) : ( s ’ =6 ) ;

18 [ obsv ] s=2 → pOk* 2 * pOkCorrect : ( s ’ =3 ) +

19 pOk* ( 1−2 * pOkCorrect ) : ( s ’ =3 )&( predOk ’ = f a l s e ) +

20 ( 1−pOk ) * 2 * pNotOkCorrect : ( s ’ =3 )&( ok ’ = f a l s e )&( predOk ’ = f a l s e ) +

21 ( 1−pOk ) * ( 1−2 * pNotOkCorrect ) : ( s ’ =3 )&( ok ’ = f a l s e ) ;

22

23 / / d r e s s s l ow l y ( h i ghe r s u c c e s s prob . , l o ng e r t ime ) or f a s t

24 [ d r e s sS l ow ] s=3 & ok → pDressOkSlow : ( s ’ =5 ) +

25 ( 1−pDressOkSlow ) : ( s ’ =4 ) ;

26 [ d r e s s F a s t ] s =3 & ok → pDressOkFast : ( s ’ =5 ) +

27 ( 1−pDressOkFast ) : ( s ’ =4 ) ;

28 [ d r e s sS l ow ] s=3 & ! ok → pDressNotOkSlow : ( s ’ =5 ) +

29 ( 1−pDressNotOkSlow ) : ( s ’ =4 ) ;

30 [ d r e s s F a s t ] s =3 & ! ok → pDressNotOkFast : ( s ’ =5 ) +

31 ( 1−pDressNotOkFast ) : ( s ’ =4 ) ;

32

33 [ r e t r y ] s=4 → pRet ryA l lowed : ( s ’ =3 ) + ( 1−pRet ryA l lowed ) : ( s ’ =6 ) ;

34 [ succ ] s=5 → true ;

35 [ f a i l ] s =6 → true ;

36 endmodule

Listing 4: Dressing workflow modelled as a POMDP

a set 𝐷𝑖 = {𝑑
𝑖
1
, 𝑑𝑖

2
, . . . , 𝑑𝑖

𝑘𝑖
} of 𝑘𝑖 ≥ 0 dependency parameters

and a set 𝐸𝑖 = {𝑒𝑖1, 𝑒
𝑖
2
, . . . , 𝑒𝑖

𝑙𝑖
} of 𝑙𝑖 ≥ 0 external parameters;

• 𝐷 = {(𝑚𝑖 , 𝑑,𝑚 𝑗 , 𝜙) | 𝑚𝑖 ,𝑚 𝑗 ∈ 𝑀∧𝑑 ∈ 𝐷𝑖 ∧𝑑 = pmc(𝑚 𝑗 , 𝜙)}

represents the set of dependency relationships between the 𝑛
models, with each element (𝑚𝑖 , 𝑑,𝑚 𝑗 , 𝜙) ∈ 𝐷 specifying that
the value of the dependency parameter 𝑑 ∈ 𝐷𝑖 of𝑚𝑖 is to be
obtained by applying PMC to the property 𝜙 of model𝑚 𝑗 ;

• 𝐸 = {(𝑚𝑖 , 𝑒, 𝑓 ,𝑂) | 𝑚𝑖 ∈ 𝑀 ∧ 𝑒 ∈ 𝐸𝑖 ∧ 𝑒 = 𝑓 (𝑂)} represents
the set of external-parameter inferences, with each element
(𝑚𝑖 , 𝑒, 𝑓 ,𝑂) ∈ 𝐸 specifying that the value of the external
parameter 𝑒 ∈ 𝐸𝑖 of𝑚𝑖 is to be obtained by applying the (fre-
quentist or Bayesian) inference function 𝑓 to the observations
(i.e., log entries or runtime measurements) 𝑂 .

The dependency relationships 𝐷 of a multi-model stochastic sys-
tem (5) can express practical inter-model dependencies in which
the behaviourÐand therefore the propertiesÐof one model depend
on any of the following classes of properties of another model:

• Performance properties: response time, throughput, etc.

• Dependability properties: reliability, availability, etc.

• Cost properties: monetary cost, energy use, risk incurred, etc.

• Utility properties: tasks completed, profit, etc.

As an example, the reliability of the robot-assisted dressing work-
flow from our motivating example (modelled by the POMDP in
Listing 4) depends on the garment being available in the first work-
flow step (line 17), having been picked successfully by the robot arm
(modelled by the CTMC in Listing 1). As another example (taken
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from the DPM-FX case study we present later in Section 6), the
response time of a service-based system (whose behaviour is mod-
elled by a DTMC) depends on the throughput of a database residing
on a dynamically power-managed hard disk (whose behaviour is
modelled by a CTMC). All classes of properties listed above can be
specified in the rewards-augmented probabilistic temporal logics
used by probabilistic model checkers [35, 38, 39], and are therefore
supported by our framework.

Example 1. The multi-model stochastic system for the RAD cyber-
physical system from Section 3 is𝑈RAD = (𝑀,𝐷, 𝐸), where:

• 𝑀 = {mgp,mum,mumc,mdp} is the set of stochastic models
comprising the garment picking CMTC in Listing 1 (mgp),
the user monitoring DTMC in Listing 2 (mum), the user mon-
itor controller DTMC in Listing 3 (mumc), and the dressing
workflow POMDP model from Listing 4 (mdp);

• 𝐷 contains elements that define the 7 dependency relation-
ships from Figure 3; for example, (mdp, pPickGarment,mgp,

𝑃=? [𝐹
[0,90] "success"]) ∈ 𝐷 specifies that the dependency pa-

rameter pPickGarment of mdp needs to be calculated by ap-
plying PMC to property (1) of mgp ;

• 𝐸 contains elements that specify the inference functions and
observations to be used for estimating the external parame-
ters of the RAD models, e.g., (mgp, rPick,meanRate, {47, 92,

61, . . .}) to specify that the external parameter rPick of mgp

should be approximated as the mean rate of a process with
the observed durations from the set {47, 92, 61, . . .}. Other
options for determining the value of an external parameter
include using a Bayesian estimator to derive a posterior value
from a prior value and a set of observations, or simply using
a predefined value.

Given a multi-model stochastic system𝑈 = (𝑀,𝐷, 𝐸) and a for-
mally specified property 𝜙𝑣 of a model𝑚𝑣 ∈ 𝑀 , the verification
problem tackled by our ULTIMATE framework is to establish the
value of property 𝜙𝑣 , i.e., to compute pmc(𝑚𝑣, 𝜙𝑣). Solving this
verification problem is challenging as it may require: (i) the PMC of
additional models from𝑀 to establish the value of the dependency
parameters of model𝑚𝑣 , which (as detailed in Section 4.2) is partic-
ularly complex in the presence of circular model interdependencies,
(ii) the synthesis of suitable policies for any verified models (e.g.,
MPDs and POMDPs) that contain nondeterminism, and (iii) the es-
timation of the external parameters of all models involved (directly
or through model interdependencies) in the verification.

4.2 ULTIMATE verification algorithm

Before presenting our algorithm for the verification of ULTIMATE
multi-model stochastic systems, we need to define two concepts.

Definition 2. The dependency graph induced by an ULTIMATE
multi-model stochastic system𝑈 = (𝑀,𝐷, 𝐸) is the directed graph
G= (V, E) with vertex setV = {1, 2, . . . , 𝑛} comprising a vertex for
each model𝑚 ∈𝑀 , and edge set E = {(𝑖, 𝑗) | ∃(𝑚𝑖 , 𝑑,𝑚 𝑗 , 𝜙) ∈𝐷}.

Definition 3. Given an ULTIMATE multi-model stochastic system
𝑈 = (𝑀,𝐷, 𝐸) and its induced dependency graph G = (V, E),
the strongly connected component associated with model𝑚𝑖 ∈ 𝑀

is the subset of models SCC (𝑚𝑖 ) = {𝑚 𝑗 | 𝑚 𝑗 ∈ 𝑀 ∧ 𝑗 ∈ V𝑖 },
whereV𝑖 ⊆ V is the set of vertices from the strongly connected
component of 𝐺 that includes vertex 𝑖 .

Example 2. The vertices and edges of the dependency graph G =

(V, E) induced by the RAD multi-model stochastic system𝑈RAD

from Example 1 areV = {1, 2, 3, 4} (corresponding to the four𝑈RAD

models) and E = {(1, 4), (2, 3), (2, 4), (3, 2)} (corresponding to the
arrows from Figure 3). Accordingly, the strongly connected com-
ponents associated with the four models are SCC (mgp) = {mgp},
SCC (mum) = SCC (mumc) = {mum,mumc} and SCC (mdp) = {mdp}.

We note that the set of strongly connected components

SCC = {SCC (𝑚1), SCC (𝑚2), . . . , SCC (𝑚𝑛)} (6)

associated with all models of a multi-model stochastic system 𝑈 =

(𝑀,𝐷, 𝐸) can be computed efficiently in linear time. This computa-
tion involves first assembling the dependency graph G = (V, E)

of𝑈 (in linear, O(#𝑀 + #𝐷) time, by examining each model from
𝑀 and each dependency from 𝐷 once), and then applying Tarjan’s
strongly connected component detection algorithm [51] (which
takes linear, O(#𝑉 + #𝐸) time) to this graph.

Having defined these concepts, we can now present our ULTI-
MATE verification process, which is carried out by function Ver-

ify from Algorithm 1. This function takes four argumentsÐthe
multi-model stochastic system𝑈 = (𝑀,𝐷, 𝐸), model𝑚𝑣 ∈ 𝑀 and
property 𝜙𝑣 to be verified, and𝑈 ’s set SCC of strongly connected
components (6)Ðand performs the verification of property 𝜙𝑣 of
model𝑚𝑣 in the three stages described below.

Stage 1: In this stage, the for loop in lines 2ś11 iterates through each
model𝑚 from the strongly connect component SCC (𝑚𝑣) associated
with the model under verification, using:

• the inner for loop in lines 3ś7 to extract each dependency pa-
rameter 𝑑 of 𝑚 (line 3) and, if the origin of the dependency
is a model𝑚′ external to the strongly connected component
(line 4), to obtain the value of that parameter by invokingVerify
recursively, and to set the parameter 𝑑 to that value (line 5);

• the inner for loop in lines 8ś10 to extract each external pa-
rameter 𝑒 of𝑚 (line 8), and to obtain and set the value of that
parameter according to its specification from Definition 1.

Stage 2: In this stage, the if statement in lines 12ś14 resolves any
co-dependencies among the models of the strongly connected com-
ponent SCC (𝑚𝑣) associated with the model under verification. To
that end, the functionVerifySCC is invoked in line 13 if SCC (𝑚𝑣) is
not a łdegeneratež strongly connected component containing only
model𝑚𝑣 . Given a strongly connected component𝑀′ comprising
models whose dependency parameters depend on models from out-
side𝑀′ and external parameters are already computed, lines 19ś32
of this function assemble a system of equations whose solution in
line 33 provides the values for setting the remaining dependency
parameters of the models from 𝑀′ in lines 34ś36. The system of
Equations solved in line 33 is assembled by iterating through every
model from𝑀′ (line 20) and dependency parameter of that model
(line 21), and adding a new equation to Equations if the origin of the
dependency is a model from the strongly connected component𝑀′

(line 22). This equation can take one of two forms. If all dependency
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Algorithm 1 Verification of multi-model stochastic systems

1: function Verify((𝑀,𝐷, 𝐸),𝑚𝑣, 𝜙𝑣, SCC)
2: for𝑚 ∈ SCC (𝑚𝑣) do

3: for (𝑚,𝑑,𝑚′, 𝜙) ∈ 𝐷 do

4: if 𝑚′ ∉ SCC (𝑚𝑣) then

5: SetParam(𝑚,𝑑,Verify((𝑀,𝐷, 𝑅),𝑚′, 𝜙, SCC)

6: end if

7: end for

8: for (𝑚, 𝑒, 𝑓 ,𝑂) ∈ 𝐸 do

9: SetParam(𝑚, 𝑒, 𝑓 (𝑂))
10: end for

11: end for

12: if SCC (𝑚𝑣) ≠ {𝑚𝑣} then

13: VerifySCC((𝑀,𝐷, 𝐸), SCC (𝑚𝑣))
14: end if

15: return PMC(𝑚𝑣, 𝜙𝑣 )
16: end function

17:

18: function VerifySCC((𝑀,𝐷, 𝐸),M′)
19: Equations← {}, ParamList ← {}

20: for𝑚 ∈ 𝑀′ do

21: for (𝑚,𝑑,𝑚′, 𝜙) ∈ 𝐷 do

22: if 𝑚′ ∈ 𝑀′ then

23: if ParametricVerifFeasible(𝑀′, 𝐷) then

24: equation← ‘𝑑 = ParametricMC(𝑚′, 𝜙)’
25: else

26: equation← ‘𝑑 = pmc(𝑚′, 𝜙)’
27: end if

28: Equations← Equations ∪ {equation}

29: ParamList ← ParamList ∪ {(𝑚,𝑑)}

30: end if

31: end for

32: end for

33: Solution← Solve(Equations)

34: for (𝑚,𝑑) ∈ ParamList do

35: SetParam(𝑚,𝑑, Solution(𝑑))
36: end for

37: end function

parameters between pairs of models from𝑀′ (i.e., all parameters
for which an equation needs to be assembled) require the verifi-
cation of a property that can be analysed using parametric model
checking, then the auxiliary function ParametricVerifFeasible

returns true,2 and parametric model checking is used to obtain an
algebraic equation in line 24. Otherwise, line 26 creates an equation

whose right-hand side (i.e., pmc(𝑚′, 𝜙)) can only be evaluated by
applying probabilistic model checking to instances of𝑚′ whose
unknown dependency parameters are set to specific combinations
of values.

Depending onwhether the Equations are of the first or the second
form, the Solve function from line 33 employs numeric solvers and
optimisers as appropriate (see Figure 1). In particular, when these

2At the time of writing, parametric model checking can handle DTMC properties
without inner probabilistic operators, and non-transient CTMC properties, so this is
what the auxiliary function ParametricVerifFeasible (which we do not include due
to space constraints) needs to check.

Equations contain algebraic formulae, Solve resorts to solving a
system of nonlinear equations either analytically (e.g., via algebraic
manipulation) or numerically (e.g., using the Newton-Raphson op-
timisation method [45]). When ParametricVerifFeasible returns
false and probabilistic model checking is used, the Solve function
leverages derivative-free optimization (e.g., Powell’s optimization
method [50]) to estimate the dependency parameter values by min-
imising the sum of squared residuals between those values and the
outcome of pmc(𝑚′, 𝜙).

Stage 3: Finally, with all dependency and external parameters of
model𝑚𝑣 resolved, the final stage of Verify invokes a probabilistic
model checking engine to obtain and return the required verifica-
tion result in line 15.

4.3 Correctness of the verification algorithm

To demonstrate the correctness of Algorithm 1, we need the follow-
ing definition.

Definition 4. Consider amulti-model stochastic system𝑈 = (𝑀,𝐷,

𝐸), and the directed acyclic graph (i.e., the dag) comprising a vertex
for each strongly connected component of𝑈 and an edge between
each pair of vertices (𝑣, 𝑣 ′) for which the strongly connected com-
ponent associated with 𝑣 ′ contains a model with a dependency pa-
rameter defined in terms of a property of a model from the strongly
connected component associated with 𝑣 . The dependency level of a
model𝑚 ∈ 𝑀 is defined as the length of the longest path from a ver-
tex of this dag to the vertex associated with SCC (𝑚), the strongly
connected component of𝑚.

Example 3. Consider themulti-model stochastic system𝑈RAD from
Example 1. As discussed in Example 2, 𝑈RAD has three strongly
connected components: {mgp}, {mum,mumc} and {mdp}. As such,
its dag from Definition 4 will have three vertices, 𝑣1, 𝑣2 and 𝑣3,
associated (in order) with these strongly connected components,
and (given the model dependencies depicted in Figure 3) the edges
(𝑣1, 𝑣3) and (𝑣2, 𝑣3). Modelsmgp ,mum andmumc belong to strongly
connected components associated with vertices 𝑣1 and 𝑣2, for which
the maximum path length from another vertex in the dag is 0. There-
fore, their dependency level is 0. In contrast, model mdp belongs to
the strongly connected component associated with vertex 𝑣3, for
which the maximum path length from another vertex in the dag is
1, and thus the dependency level of this model is 1.

Theorem 1. Function Verify from Algorithm 1 terminates and re-

turns the correct value of property 𝜙𝑣 of stochastic model𝑚𝑣 .
Proof. We prove this result by induction over the dependency

level of𝑚𝑣 . For the base step, which corresponds to𝑚𝑣 having
dependency level 0, we need to consider two cases.

Thefirst base case is when𝑚𝑣 belongs to a ‘degeneratež strongly
connected component, i.e., SCC (𝑚𝑣) = {𝑚𝑣}. The garment picking
CTMC from Figure 3 is an example of such a model. In this case,
the for loop in lines 2ś11 is only executed once, for𝑚 =𝑚𝑣 . This
execution skips the inner for loop from lines 3ś7 (since𝑚𝑣 has no
dependency parameter), and sets all the external parameters of𝑚𝑣

in the for loop from lines 8ś10. The function then moves directly
to computing the property 𝜙𝑣 of model 𝑚𝑣 in line 15, since the
if statement condition from line 12 does not hold. As𝑚𝑣 has no
dependency parameters and all its external parameters were already



ICSE ’26, April 12ś18, 2026, R. Calinescu et al.

set, this computation is feasible, and its resultÐthe correct value of
𝜙𝑣Ðis obtained and returned, ending the execution of Verify.

The second base case is when𝑚𝑣 belongs to a strongly con-
nected component that also contains additionalmodels, i.e., SCC (𝑚𝑣)\

{𝑚𝑣} ≠ ∅. The user monitoring DTMC from Figure 3 is an example
of such a model. In this case, the outer for loop in lines 2ś11 iterates
through every model𝑚 ∈ SCC (𝑚𝑣). Each such iteration: (i) skips
the recursive invocation of Verify from line 5 because the origin
model𝑚′ of every dependency parameter is in SCC (𝑚𝑣), so the con-
dition of the if statement from line 4 is false; and (ii) calculates and
sets all the external parameters of𝑚 in the for loop from lines 8ś10.
With all these parameters resolved, VerifySCC is called in line 13,
as SCC (𝑚𝑣) ≠ {𝑚𝑣}. As a result, each dependency parameter of
these models is visited precisely once by the two nested for loops
from lines 20ś32, so that a system of equations comprising as many
equations as there are dependency parameters is assembled. The
relevant solution to these equations (obtained in line 33) is used to
set the values of all dependency parameters of all the models from
SCC (𝑚𝑣) in lines 34ś36, after which VerifySCC exits, enabling the
Verify function to then obtain and return the value of property𝑚𝑣

in line 15, and to terminate.
For the inductive step, we assume that the theorem holds for all

verifiedmodels with dependency level up to𝑁 ≥ 0, and we consider
the verification of a model𝑚𝑣 with dependency level 𝑁 + 1. In this
case, every dependency parameter 𝑑 of𝑚𝑣 and of any other model
from SCC (𝑚𝑣) whose origin is a model𝑚′ from outside SCC (𝑚𝑣)

is visited once by the two nested for loops starting in lines 2 and 3,
and is computed through a recursive Verify invocation in line 5.
Since the dependency level of model 𝑚′ is smaller than that of
𝑚𝑣 , and thus between 0 and 𝑁 , our assumption implies that this
recursive invocation of Verify terminates and returns the correct
verification result required to set the dependency parameter 𝑑 in
line 5. Hence, all dependency parameters of models from SCC (𝑚𝑣)

that depend on models from outside SCC (𝑚𝑣) are correctly set by
the for loop in lines 3ś7, all external parameters of these models are
calculated and set by the for loop from lines 8ś10, and (for the same
reasons as in the second base case) the dependency parameters that
depend on models from within SCC (𝑚𝑣) are computed and set, if
needed because SCC (𝑚𝑣) ≠ {𝑚𝑣}, by the invocation of VerifySCC
from line 13. As such, the verification of property 𝜙𝑣 of𝑚𝑣 can be
performed successfully in line 15, and the algorithm terminatesÐ
which completes the proof of the inductive step. □

We end this section by noting that a formal complexity analysis
of our verification algorithm is not possible because of its use of
multiple reasoning engines whose configuration can influence their
execution time significantly. These include (Figure 1) probabilistic
and parametric model checkers (lines 15 and 24), numeric solvers
and optimisers (line 33), and frequentist and Bayesian inference
functions (line 9). To compensate for this, we provide an empirical
assessment of the algorithm performance in Section 6.

5 IMPLEMENTATION

To support the use and adoption of our verification framework, we
developed an open-source ULTIMATE verification tool [52] with
the architecture from Figure 1. At the core of this tool is a Java
implementation of the verification functions from Algorithm 1, and

↓

Figure 4: RAD system verification using the ULTIMATE tool

a graphical user interface (Figure 4) that enables users to: (i) define
ULTIMATE multi-model stochastic systems (with their component
stochastic models, dependency parameters, and external parame-
ters); (ii) specify properties of these systems that require verifica-
tion; (iii) run verification sessions; and (iv) examine both end and
intermediate verification results.

Our verification tool can handle multi-model stochastic sys-
tems comprising combinations of all the model types from Table 1,
with each dependency parameter defined in the rewards-extended
probabilistic temporal logic(s) allowed by the type of the model
whose analysis determines the parameter value (i.e., by the type of
the model𝑚 𝑗 from Definition 1). To that end, the tool invokes as
needed: the probabilistic and parametric model checkers PRISM [37]
and Storm [32], and the stochastic games model checker PRISM-
games [42]; the numeric solvers and optimisers from the Scipy
open-source optimisation library; and our Java implementations of
the KAMI Bayesian estimator from [18, 27] and of simple (frequen-
tist) mean functions.

6 CASE STUDIES AND EXPERIMENTS

We carried out experiments to answer three research questions:

RQ1: To what extent does the ULTIMATE framework support the
verification of diverse software-intensive systems that cannot be
modelled (or cannot be modelled conveniently) using a unified
modelling formalism?

RQ2: To what extent does the framework enable the specification
of a diverse range of classes of practical inter-model dependencies
associated with the components of software-intensive systems?
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RQ3:How does the ULTIMATE verification scale when the (i) num-
ber of models, (ii) number of dependency levels, (iii) number of
model interdependencies, and/or (iv) model size increase?

To answer research questions RQ1 and RQ2, we used the ULTIMATE
framework and tool in four case studies covering software-intensive
systems from a broad range of application domains. To answer
research question RQ3, we carried out separate scalability exper-
iments. These case studies are described below (and summarised
in Figure 5 and Table 2), followed by a presentation of the scalabil-
ity experiments. Further details and supporting material (models,
verified properties, external parameter datasets, descriptions) are
available in our public online repository [52].

Robot assistive dressing (RAD). This case study involved the veri-
fication of the RAD system from ourmotivating example introduced
in Section 3. We verified the property (4) of the dressing-process
POMDP from Listing 4 for different values of:

• the pOk probability that the user state is łokž in this POMDP,

• the garment-picking CTMC’s pRetry probability (Listing 1),

synthesising RAD controller policies that minimise the failure prob-
ability of the dressing process for these combinations of parameter
valuesÐsee Figure 6a.

Smart motion detection (SMD). Our second case study verifies a
cyber-physical system comprising two co-dependent components:
a night-time motion sensor, and a smart lighting component. The
motion sensor is activated every few seconds, and triggers an alarm
if it detects a moving object. This detection happens with a probabil-
ity that depends on two factors. The first factor is the actual scenario
encountered when the sensor is activated: (i) large, relevant mov-
ing object (intruder, cat, dog, etc.) present in the monitored area,
(ii) small, irrelevant object (e.g., leaves moving due to wind) present,
or (iii) no moving object present. The second factor is the level of
lighting in the monitored area. This can be low (with probability
pLow), medium (with probability pMed), or high (with probabil-
ity pHigh = 1 − pLow − pMed), where these three probabilities
are determined by the operation of the smart lighting component.
This component decides a (potentially new) level of lighting every
half minute, based on (i) the current level of lighting, and (ii) the
output of the motion sensor (i.e., moving object detected or not)
when the decision is made. As such, the lighting level depends on
the probability pDetect that a moving object is detected by the
motion sensor. With the behaviour of each component modelled as
a DTMC (𝑚ms for the motion sensor, and𝑚sl for the smart light-
ing), we assembled the ULTIMATE multi-model stochastic system
shown in Table 2, and used it to establish (Figure 6b) (i) the proba-
bility that a large object is detected by the SMD system, and (ii) the
power consumption for the smart lighting component, for a range
of probabilities that a large object is present in the monitored area.

Mobile robot fleet (RoboFleet). In this case study, we consider a
human-supervised fleet of 𝑁 mobile robots. Each robot performs
an independent mission within a grid world in which it can move
up, down, left or right between locations, subject to remaining
within the bounds of the grid world, and to not entering locations
that contain obstacles. The mission involves navigating from an
initial location to a goal location where the robot needs to perform

a task. At each location, the robot may become stuck with a small
probability that depends of the distance between that location and
any nearby obstacles. We use separate MDPs (𝑚𝑟1 ,𝑚𝑟2 , . . . ,𝑚𝑟𝑁 ) to
model the robots and their missions, and to derive the maximum
mission success probabilities pR1, pR2, . . . , pRN, and the associated
optimal MDP policies, which correspond to the sequences of move-
ments that the robots should use to maximise their mission success.
A human supervisor whose operation depends on these probabili-
ties is monitoring the robot fleet, trying to unstuck blocked robots,
first by attempting to remotely manoeuvre them (for a maximum
of nAttempts attempts), and then by performing a hard reset. The
first approach has a low cost but only a medium probability of suc-
cess, while the hard reset has a high cost and higher probability of
success. We model the supervisor’s operation using a DTMC𝑚sup

augmented with reward structures enabling the verification of the
expected number of failed robots and supervisor-intervention cost
across all missions performed by the robot fleet. Figure 6c shows
how these RoboFleet properties vary when the external parameter
nAttempts is varied between 1 and 4 for a fleet with 𝑁 = 2 robots.

Dynamic power management (DPM) for foreign exchange

(FX) system. The DPM-FX case study considers the FX service-
based system from [19, 25], which performs automated financial
transactions in the foreign exchange market, and the database used
by the FX services tasked with the sophisticated market analyses be-
hind this system’s decisionmaking. To reduce power usage, the hard
disk storing this large database uses a DPM component with the
characteristics from [43]. The role of this component is to switch the
hard disk to a low-power łsleepž mode of operation when the disk
is idle (with a configurable probability pIdle2Sleep). We model
the joint behaviour of FX and DPM using two co-dependent sto-
chastic models: a DTMC𝑚fx (taken from [19]) and a CTMC𝑚dpm

(adapted from [43]), respectively. In this co-dependency, the aver-
age length of DPM’s queus of disk operations avrQueueDiskOps
influences the number of transactions that can be performed by
FX, and therefore the number of disk operations diskOps that FX
sends to the database managed by DPM. We use the multi-model
stochastic system formed by these two models and their interde-
pendencies (Figure 5) to verify how the expected execution time
of the FX workflow varies for different predefined values of the
external DPM parameter pIdle2Sleep (Figure 6d).

Scalability experiments. To evaluate the scalability of the ULTI-
MATE framework, we performed experiments involving the veri-
fication of the reachability property 𝑃=? [𝐹 success] (representing
the probability of successful workflow execution) for:

• variants of the FX system model from our DPM-FX case study
with: 283 states (small); 41873 states (large); and 529239 states
(very_large);

• stochastic multi-models comprising: 3 FX models, 1 dependency
level, 3 dependencies (experiment_1); 11 FX models, 2 depen-
dency levels, 10 dependencies (experiment_2); and 75 FXmodels,
3 dependency levels, 74 dependencies (experiment_3).

These verification times required to complete each of these exper-
iments (on the MacBook with the specification provided at the
bottom of Table 2) are reported in Table 3.
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Figure 5: Stochastic models and dependencies for the SMD, DPM-FX and RoboFleet case studies

Table 2: Case study summary (see [52] for further details and supporting material)

ID Multi-model stochastic system Sample verified model : property† Time‡ (s)

RAD 𝑈RAD multi-model from Example 1 mdp : 𝑃𝑚𝑖𝑛=? [𝐹 step=6] 3.10s

SMD 𝑈SMD = (𝑀,𝐷, 𝐸 ) , where: 𝑚ms : 𝑃=? [𝐹 largeObject ∧ detected]/ 2.30s
ś𝑀 = {𝑚ms,𝑚sl } 𝑃=? [𝐹 largeObject] )

ś 𝐷 = { (𝑚ms, pLow,𝑚sl, 𝑅
low
=?
[𝐶≤3600 ]/3600), (𝑚ms, pMed,𝑚sl, 𝑅

med
=?
[𝐶≤3600 ]/3600) , 𝑚sl : 𝑅

power
=?

[𝐹 done] 3.0s
(𝑚sl, pDetect,𝑚ms, 𝑃=? [𝐹 detected] ) }

ś 𝐸 = { (𝑚ms, pLargeObject, predefined, 0.05) }

Robo- 𝑈RoboFleet = (𝑀,𝐷, 𝐸 ) , where: 𝑚sup : 𝑅failures
=?

[𝐹 done] 0.03s
Fleet ś𝑀 = {𝑚𝑟1

,𝑚𝑟2
, . . . ,𝑚𝑟𝑁

,𝑚sup } 𝑚sup : 𝑅cost
=?
[𝐹 done] 0.03s

ś 𝐷 = { (𝑚sup, pR1,𝑚𝑟1
, 𝑃𝑚𝑎𝑥=? [𝐹 done] ), . . . , (𝑚sup, pRN,𝑚𝑟𝑁

, 𝑃𝑚𝑎𝑥=? [𝐹 done] ) }
ś 𝐸 = { (𝑚sup, nAttempts, predefined, 3) }

DPM- 𝑈DPM = (𝑀,𝐷, 𝐸 ) , where: 𝑚dpm : 𝑅time
=?
[𝐹 done] 1.50s

FX ś𝑀 = {𝑚dpm,𝑚fx }

ś 𝐷 = { (𝑚dpm, diskOps,𝑚fx , 𝑅
ops

=?
[𝐹 done] ), (𝑚fx , avrQueueDiskOps,𝑚dpm, 𝑅

size
=?
[𝑆 ] ) }

ś 𝐸 = { (𝑚dpm, pIdle2Sleep, predefined, 0.65), . . . }

†The reward formula 𝑅rwd
=?
[𝐹 𝜙 ] denotes the expected reward rwd cumulated to reach a future state of the verified model in which the formula 𝜙 holds

‡Total time to verify the sample property on a MacBook Pro with M1 Pro chip and 32GB RAM, averaged over 10 executions of Algorithm 1

0.0 0.2 0.4 0.6 0.8
pRetry

0.10
0.15
0.20
0.25
0.30
0.35
0.40

fa
ilu

re
 p

ro
ba

bi
lit

y

(a) RAD

pOk=0.6
pOk=0.75
pOk=0.9

0.025 0.050 0.075 0.100
pLargeObject

0.40

0.42

0.44

de
te

ct
io

n 
pr

ob
ab

ilit
y

7.2

7.4

7.6

m
ea

n 
po

we
r u

se
 [W

](b) SMD
Lge obj detect prob
Mean power

0 1 2 3 4
nAttempts

0.00

0.01

0.02

0.03

m
ea

n 
un

re
so

lv
ed

 fa
ilu

re
s

0.0

2.5

5.0

7.5

10.0

m
ea

n 
su

pe
rv

iso
r c

os
t(c) RoboFleet

Unresolved failures
Supervisor cost

0.1 0.2 0.3 0.4 0.5
pIdle2Sleep

40.0
42.5
45.0
47.5
50.0
52.5
55.0
57.5
60.0

ex
pe

ct
ed

 e
xe

c.
 ti

m
e 

[m
s] (d) DPM-FX

Figure 6: Experimental results

Table 3: Verification times for scalability experiments

Model size experiment_1 experiment_2 experiment_3

small 0.79s 2.06s 12.26s

large 1.22s 3.65s 22.74s

very_large 9.57s 35.14s 233.36s

Discussion. The case studies presented in this section show that
our ULTIMATE approach and verification tool are applicable to
multi-model stochastic systems with a diversity of heterogeneous
model types, verified properties and dependency patterns.

To answer research question RQ1, we note that using a single
modelling formalism is not possible for the verified systems from
three of our four case studies:

• the multi-model stochastic systems required for the RAD
and DPM-FX case studies (Figure 3 and centre of Figure 5,
respectively) include a continuous-time model (CTMC) and

at least one discrete-time model (two DTMCs and a POMDP
for RAD, and a DTMC for DPM-FX)Ðtwo distinct formalisms
that cannot be unified into a single model;

• the multi-model stochastic system required for the RoboFleet
case study (Figure 5, right) uses 𝑁 Markov decision processes
to capture the 𝑁 -fold nondeterminism that needs to be re-
solved independently for each robot.

For the fourth case study (SMD), while the two DTMCs used to
model the system components (Figure 5, left) could be combined
into a single DTMC, this would compromise the modularity and
flexibility of easily replacing one of the models with an alternative
(corresponding to a different variant of that component). Based on
these findings, we conclude that ULTIMATE supports the verifi-
cation of software-intensive systems ranging from cyber-physical
to service-based systems that cannot be modelled (or cannot be
modelled conveniently) using a unified modelling formalism.
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To answer research questionRQ2, we first refer back to our sum-
mary of the practical inter-model dependencies supported by ULTI-
MATE from Section 4.1, which explains how the RAD and DPM-FX
case studies illustrate the specification of dependability (i.e., relia-
bility/availability) and performance (i.e., response time/throughput)
inter-model dependencies, respectively. Additionally, ULTIMATE
inter-model dependencies are used to express how a łcostž property
(i.e., power consumption) of one system component is influenced
by the dependability (i.e., the reliable detection of a moving object)
of another component in the SMD case study, and how the depend-
ability of individual robots impacts the mission cost and success
probability in the RoboFleet case study. These results evidence that
ULTIMATE supports the specification of a diverse range of classes
of practical inter-model dependencies.

For research questionRQ3, we first note that the ULTIMATE ver-
ification times depend on those of the model checkers and solvers
invoked by Algorithm 1. Given the efficiency of modern probabilis-
tic model checkers, all properties from Table 2 could be verified
within seconds on a standard laptop. The results of the separate
scalability experiments (Table 3) show:

• approximately linear scalability with respect to the numbers of
models, dependency levels and model interdependencies (for
a fixed model size in Table 3, experiment_2 and experiment_3
require solving a problem approximately 3 and 25 times larger
than experiment_1, respectively).

• thanks to the good scalability of the established probabilistic
model checkers used by ULTIMATE (PRISM, Storm), sub-linear
scalability with respect to the model size (for a fixed experiment
in Table 3, large and very_large models are approximately 147
and 1870 times larger than small models, respectively).

In three of the case studies (RADÐsee Figure 3, and SMD and
DPM-FXÐsee Figure 5), these dependency patterns included co-
dependencies (i.e., circular dependencies) that are very challenging
to resolve. ULTIMATE handled these co-dependencies successfully
using one of the two methods from the description of Algorithm 1.
For the case studies with co-dependencies within strongly con-
nected components comprising only DTMCs (i.e., RAD and SMD),
the co-dependencies were handled automatically by using paramet-
ric model checking to assemble a system of polynomial equations
that were then solved numerically to obtain the values of the co-
dependent dependency parameters. For the DPM-FX case study,
whose circular dependency is between a DTMC and a CTMC, the
co-dependent parameters were estimated (also automatically) using
Powell’s derivative-free numerical optimisation method [50]. Our
ULTIMATE tool has the in-built capability to select the appropriate
method for handling each type of co-dependency.

The ULTIMATE tool also provides an intuitive, user-friendly
graphical user interface for assembling a multi-model stochastic
system from its component models, and defining their dependency
and external parameters. A demonstration video illustrating this
functionality is available in our online repository [52].

Threats to validity. We limit construct validity threats that
could arise due to simplifications and assumptions from the adopted
experimental methodology by using four case studies of software-
intensive systems from a diverse set of application domains, and,

where appropriate, obtaining models and their properties from the
software engineering research literature [25, 43].

We reduce internal validity threats that could introduce bias
when determining cause-effect relationships in the experimental
study by cross-validating the developed models independently us-
ing multiple probabilistic model checkers. Moreover, the multi-
model stochastic system specifications were manually reviewed
and corroborated by at least two researchers independently. Finally,
we enable replication and verification of our findings by making
all case studies and experimental results publicly available online.

We mitigate external validity threats that could affect the
generalisability of our findings by demonstrating the applicability
of ULTIMATE using a diverse combination of probabilistic models
(see Figures 3 and 5) that represent software-intensive systems
from four different application domains. Also, ULTIMATE uses the
high-level modelling language provided by the probabilistic model
checker PRISM [37] for model representation, and the probabilistic
model checkers Storm [32] and PRISM [37] within its verification
engine, thus enhancing further its applicability due to the familiarity
of the research community with these tools. However, additional
experiments are needed to confirm that ULTIMATE can analyse
multi-model stochastic systems for software systems and processes
other than those employed in our evaluation.

7 RELATED WORK

The probabilistic model checking of interdependent stochastic mod-
els is an underexplored area of research. The only other approach
proposed so far for the PMC of combinations of interdependent
stochastic models has been the compositional assume-guarantee
verification of probabilistic models [10, 20, 41, 44], which aims to im-
prove PMC scalability. However, unlike our ULTIMATE framework,
this compositional verification paradigm supports only one type
of stochastic models (probabilistic automata), can only deal with
very simple interdependencies among the models it verifies com-
positionally, and does not provide external parameter estimation
capabilities. As such, this compositional assume-guarantee verifi-
cation approach cannot be used to verify any of the multi-model
stochastic systems from our case studies in Section 6.

Our ULTIMATE verification algorithm (Section 4.2) operates
with the strongly connected components (SCCs) of the dependency
graph induced by the multi-model stochastic system under verifi-
cation. The use of SCC decomposition is well established in proba-
bilistic and parametric model checking [1, 30, 31], but at a different
stage of the PMC verification process, and for a completely different
purpose to ours. Thus, leading probabilistic model checkers includ-
ing PRISM [37] and Storm [32] decompose the single stochastic
models they analyse (e.g., DTMCs and MDPs) into SCCs in order to
speed up their verification. In contrast, our ULTIMATE verification
framework applies SCC decomposition to the dependency graph
induced by a multi-model stochastic system, for the purpose of
ordering the verification of its component models.
To the best of our knowledge, ULTIMATE is the first tool-supported

approach capable of jointly verifying sets of heterogeneous stochas-
tic models with the complex types of model interdependencies
illustrated by the case studies from Section 6.
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8 CONCLUSION

We introduced ULTIMATE, a novel framework for the verification of
heterogeneous multi-model stochastic systems with complex inter-
dependencies. ULTIMATE provides a unified approach to stochastic
modelling, verification, and synthesis, accommodating probabilistic
and non-deterministic uncertainty, discrete and continuous time,
and partial observability. Furthermore, ULTIMATE is underpinned
by a novel verification method for managing model interdependen-
cies, automating dependency analysis, synthesis of analysis and
parameter computation tasks, and the invocation of diverse verifica-
tion engines, including probabilistic and parametric model checkers,
numeric solvers, optimisers, and inference functions based on fre-
quentist and Bayesian principles. Through a comprehensive suite of
case studies, we demonstrated ULTIMATE’s capabilities to support
the rigorous verification of complex software-intensive systems.

Our future work will focus on (1) extending the applicability of
ULTIMATE to an even wider range of domains; (2) further refining
its capacity to handle increasingly intricate model interactions and
incorporate diverse forms of domain knowledge and data; and (3)
supporting automatic parameter synthesis [17, 24].
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