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A B S T R A C T

This research investigates the impact of the nature of Dark Energy (DE) on structure formation, focusing on the
matter power spectrum and the Integrated Sachs–Wolfe effect (ISW). By analyzing the matter power spectrum
at redshifts 𝑧 = 0 and 𝑧 = 5, as well as the ISW effect on the scale of 𝓁 = 10 − 100, the study provides
valuable insights into the influence of DE equations of state (EoS) on structure formation. The findings reveal
that dynamical DE models exhibit a stronger matter power spectrum compared to constant DE models, with
the JBP model demonstrating the highest amplitude and the CPL model the weakest. Additionally, the study
delves into the ISW effect, highlighting the time evolution of the ISW source term  (𝑎) and its derivative
𝑑 (𝑎)∕𝑑𝑎, and demonstrating that models with constant DE EoS exhibit a stronger amplitude of  (𝑎) overall,
while dynamical models such as CPL exhibit the highest amplitude among the dynamical models, whereas
JBP has the lowest. The study also explores the ISW auto-correlation power spectrum and the ISW cross-
correlation power spectrum, revealing that dynamical DE models dominate over those with constant DE EoS
across various surveys. Moreover, it emphasizes the potential of studying the non-linear matter power spectrum
and incorporating datasets from the small scales to further elucidate the dynamical nature of dark energy. This
comprehensive analysis underscores the significance of both the matter power spectrum and the ISW signal in
discerning the nature of dark energy, paving the way for future research to explore the matter power spectrum
at higher redshifts and in the non-linear regime, providing deeper insights into the dynamical nature of dark
energy.

1. Introduction

It would not be an exaggeration to call the discovery of the expand-
ing universe, the triumph of modern cosmology [1,2]. This expansion
could be explained through the inclusion of Dark Energy (DE) com-
ponent, which contributes to nearly 70% of the energy budget in the
standard 𝛬CDM model. This model posits the universe as homogeneous
and isotropic [3,4]. As the standard cosmological model, the Lambda
cold dark matter (𝛬CDM) model has proven highly successful in expli-
cating a broad spectrum of cosmological observations. These include
the cosmic microwave background (CMB) [5–8], type Ia supernovae
[1,2], galaxy surveys [9,10], and weak lensing [11,12].

However, in recent years, significant tensions have emerged in
observational data, particularly concerning the Hubble parameter 𝐻0

[13–18] and the amplitude of late-time matter clustering 𝜎8 − 𝑆8

[17,19–21]. These tensions suggest that the 𝛬CDM model may not
be the complete picture. The Hubble tension is a discrepancy be-
tween the direct and indirect measurements of Hubble constant 𝐻0 [8,
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13,22–33], and the 𝜎8 − 𝑆8 tension which represents the disagree-
ment between the measurements of late-time and early-time amount
of matter clustering [16,18,24,27,34–37]. Moreover, anomalies in CMB
anisotropy [38–42] and CMB cold spots [18,43,43,44] have spurred
discussions among the scientific community [37,42]. Numerous studies
have been conducted to address these discrepancies [13], including
models that challenge fundamental properties of dark matter (DM)
or dark energy (DE). These investigations encompass aspects such as
the mass–temperature relation [45,46] and scaling relation [47,48] of
galaxy clusters.

To address these tensions, one approach involves investigating po-
tential systematic errors. The consistency between independent direct
and indirect measurements, combined with the enhanced precision of
measurement instruments, underscores the need to explore alternative
solutions to resolve these cosmological crises. It is increasingly apparent
that finding a resolution may necessitate delving into new physics
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paradigms to accurately describe the universe [3,49]. One of the most
promising ways to address these tensions is to consider dynamical DE
models [50–52], which allow the equation of state of DE to vary with
time. Dynamical DE models can be motivated by a variety of theoretical
considerations, such as the need to explain the late-time acceleration of
the Universe, the existence of a DE field that couples to dark matter or
other fields, or the possibility that DE is not a fundamental constant
but rather a dynamical quantity that evolves with time [53–58]. Some
of the other alternative DE models are Early DE [59–72], Ginzburg–
Landau Theory of DE [73,74] and interacting Dark Energy–Dark Matter
(IDMDE) [46,75–95].

An intriguing avenue for constraining DE models is to study the
Integrated Sachs–Wolfe (ISW) effect within observational data. This en-
tails determining the cross-correlation between the ISW signal and the
distribution of galaxies. The ISW effect is a cosmological phenomenon
that occurs for the time dependence of the gravitational potential as
photons propagate through the observable Universe. It is caused by the
redshift or blueshift of photons as they pass through regions of space
where the gravitational potential undergoes changes. In this respect,
calculation of the ISW effect can be a convenient measure for studying
DE and can probe some modifications of the 𝛬CDM model such as
interacting dark sector models and modified gravity [96–101]. The
ISW effect is especially sensitive to the time-varying nature of the DE
equation of state, making it a unique probe of dynamical DE models.

In this paper, we study the effect of the nature of DE on structure
formation across a spectrum of DE models. We start with a review of
the various DE models and, subsequently, we conduct a comparative
assessment of the introduced models against the standard 𝛬CDMmodel.
To gain insights into the nature of Dark Energy, we adopt two distinct
approaches. Firstly, our exploration involves an examination of the lin-
ear matter power spectrum. This analysis reveals that scrutinizing this
spectrum is instrumental in distinguishing between various DE models.
In a second step, our focus shifts to the calculation of the ISW signal
amplitude within each model, compared against the predictions of the
standard 𝛬CDM model. For this purpose, it has been suggested [97,
99,102] that ISW signal auto-correlation and cross-correlation with the
galaxy distribution is a powerful tool to differentiate proposed models
from one another.

Our results suggest the following: 1. Each DE model hints at the
distinct structure formation pattern in the matter power spectrum. 2.
The ISW effect could be a powerful tool for constraining DE models and
distinguishing them from the 𝛬CDM model. Future observations of the
ISW effect, especially when combined with other cosmological probes,
could provide valuable insights into the nature of DE and its evolution
over time.

The outline of this work is presented as follows. In Section 2, we
illustrate the theoretical framework and the DE models under the study.
In Section 3, we briefly describe the methodology of the observational
analysis tools and the likelihoods of this study. Then in Section 4, we
study the matter power spectrum for these models. Furthermore, in
Section 5, we calculate the ISW effect within the context of these DE
models and compare our results with that of the 𝛬CDM model. Finally,
we scrutinize the results and summarize the findings in Section 6.

2. Dynamical dark energy

At very large scales (∼ 100 Mpc) the universe can be assumed ho-
mogeneous and isotropic. By considering a flat expanding Friedmann–
Lemaître–Robertson–Walker (FLRW), the line element is described by

𝑑𝑠2 = 𝑎2(𝜏)[−𝑑𝜏2 + 𝑑𝐱2] (1)

where 𝑎(𝜏) is the expansion factor of the universe known as scale factor,
and 𝜏 is the conformal time defined as 𝑑𝜏 = 𝑑𝑡∕𝑑𝑎. For this universe
the Einstein equations are given by [103]:

2(𝑎) ≡ (
𝑎′

𝑎
)2 =

8𝜋𝐺

3
𝑎2𝜌i (2)

𝑑

𝑑𝜏
(
𝑎′

𝑎
) =

−4𝜋𝐺

3
𝑎2(𝜌i + 3𝑃i) (3)

where the primes denote the derivation with respect to conformal time
𝜏, (𝑎) = 𝑎′∕𝑎 is defined as the conformal Hubble parameter which
represents the expansion rate of the universe, 𝐺 is the Newtonian
constant, and 𝜌i is the energy density of non-interacting components of
the universe (i.e. radiation represented by 𝜌r , DE represented by 𝜌DE,
dark matter represented by 𝜌c, and baryonic matter represented by 𝜌b).
The same notation applied to 𝑃i as well, which describes the pressure
of each aforementioned component. Also, the relation between density
and pressure is described by 𝑤i = 𝑃i∕𝜌i which is called barotropic
equation of state. For the components studied in the paper we have,
𝑤r = 𝑃r∕𝜌r = 1∕3, 𝑤c = 𝑃c∕𝜌c = 0, 𝑤b = 𝑃b∕𝜌b = 0, 𝑤DE =

𝑃DE∕𝜌DE = −1. The cosmic fluid can be presented as a perfect fluid
with the following energy momentum:

𝑇 𝜇
𝜈
= 𝑃𝑔𝜇

𝜈
+ (𝜌 + 𝑃 )𝑈𝜇𝑈𝜈 (4)

Considering the FLRW metric, Eq. (4) leads to 𝑇
𝜇
𝜈 = 𝑑𝑖𝑎𝑔(−𝜌, 𝑃 , 𝑃 , 𝑃 ).

From Bianchi identity, ∇𝜇𝐺
𝜇
𝜈 = 0 is obtained, which implies the

conservation of energy–momentum:

∇𝜇𝑇
𝜇
𝜈
= 0 (5)

Considering 𝜈 = 0, the Eq. (5) will return the continuity equation which
simply depicts the time evolution of the components of the universe:

𝜌′ + 3(𝜌 + 𝑃 ) = 0, (6)

or

𝜌′ + 3(1 +𝑤)𝜌 = 0. (7)

We have ignored the subscript 𝑖, since this equation is true for every
component of the non-interacting universe.

With all that knowledge, the Eq. (2) can be written as below [53]:

2(𝑎) =
8𝜋𝐺

3
𝑎2[𝜌r,0𝑎

−4 + 𝜌b,0𝑎
−3 + 𝜌c,0𝑎

−3

+ 𝜌DE,0(
𝑎

𝑎0
)−3𝑒𝑥𝑝(−3∫

𝑎

a0

𝑤DE(𝑎
′)

𝑎′
𝑑𝑎′)] (8)

Where subscript 0 indicates the current value of each component.
Considering 𝑤DE = −1, Eq. (8) simply returns the standard 𝛬CDM
model.

By considering different scenarios for DE equation of state, we aim
to investigate the impact of the nature of DE equation of state on
the matter power spectra, the evolution of gravitational potential, and
subsequently the ISW effect. To this end, we will describe the DE
models under study. A key illustrative tool throughout this work will be
the comparison of the introduced models to the standard 𝛬CDM model
and among themselves.

• Model 1: In this model, we consider the DE equation of state to
be constant and 𝑤DE = 𝑤0 ≠ −1. We will call this model 𝑤CDM.

• Model 2: The first dynamical DE model under study is the well-
known Chevallier–Polarski–Linder parameterization, henceforth
referred to as CPL [54,55]:

𝑤DE(𝑎) = 𝑤0 +𝑤a(1 − 𝑎) (9)

• Model 3: The second dynamical DE equation of state is proposed
by Jassal–Bagla–Padmanabhan and is referred to as JBP [57] in
this paper:

𝑤DE(𝑎) = 𝑤0 +𝑤a𝑎(1 − 𝑎) (10)

• Model 4: The last model being under scrutiny in this article is
proposed by Barboza–Alcaniz, and it is known as BA [58]:

𝑤DE(𝑎) = 𝑤0 +𝑤a(
1 − 𝑎

2𝑎2 − 2𝑎 + 1
) (11)
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In order to study the time evolution of the potential, it is necessary
to consider perturbations to the FLRW metric. In synchronous gauge
we can reconsider the line element to be as [103]:

𝑑𝑠2 = 𝑎2(𝜏)[−𝑑𝜏2 + (𝛿ij + ℎij)𝑑𝑥
𝑖𝑑𝑥𝑗 ] (12)

The metric perturbation ℎij can be decomposed into a trace part ℎ ≡ ℎii

and a traceless part consisting of three pieces: ℎ∥
ij
, ℎ⟂

ij
and ℎ𝑇

ij
. By moving

to Fourier space, the equations governing the dimensionless density
perturbations 𝛿i = 𝛿𝜌i∕𝜌i and velocity perturbations 𝜃i = 𝜕𝑗𝑣

𝑗

𝑖
are given

by:

𝛿′
DE

= −(1 +𝑤DE)(𝜃DE +
ℎ′

2
) − 3(𝑐2

sDE
−𝑤DE)

× [𝛿DE + 3(1 +𝑤DE)
𝜃DE

𝑘2
] − 3𝑤′

DE

𝜃DE

𝑘2
(13)

𝜃′
DE

= −(1 − 3𝑐2
sDE

)𝜃DE +
𝑐2
sDE

(1 +𝑤DE)
𝑘2𝛿DE (14)

𝛿′
c
= −(𝜃c +

ℎ′

2
) (15)

𝜃′
c
= −𝜃c (16)

Where the 𝑐2
sDE

is the squared sound speed of DE component in rest
frame, 𝑐2

sDE
= 𝛿𝑃DE∕𝛿𝜌DE, and 𝑘 is the wavenumber in Fourier space.

It is also worth to define adiabatic sound speed, 𝑐2
aDE

= 𝑑𝑃DE∕𝑑𝜌DE =

𝑤DE + 𝑤′
DE

∕(𝜌′
DE

∕𝜌DE). Considering a barotropic equation of state will
lead to the 𝑐2

aDE
= 𝑐2

sDE
= 𝑤DE. By considering DE as an adiabatic fluid,

we will have 𝑐2
aDE

= 𝑐2
sDE

= 𝑤DE < 0 which as a consequence will lead to
instabilities in DE fluid. In order to solve this problem we will consider
𝑐2
sDE

= 1.
Having outlined the framework within which we will operate, it

would be illustrative to delineate the methodology that will assist us
in constraining the cosmological parameters.

3. Methodology

In the following, we briefly describe the observational analysis tools
and likelihoods used in this study. Using a modified version of the
publicly available cosmological code CAMB [104,105], and by means
of the publicly available Monte–Carlo Markov Chain Cobaya, we
successfully obtained the best fit to the data [106–109].

For the base cosmological model, 𝛬CDM, we have used the follow-
ing 6 parameter space:

 = {𝛺bℎ
2, 𝛺cℎ

2, 100𝜃MC, 𝜏, 𝑛s, ln[10
10𝐴s]} (17)

For 𝑤CDM model, we have added an extra degree of freedom in the
form of 𝑤0:

 = {𝛺bℎ
2, 𝛺cℎ

2, 100𝜃MC, 𝜏, 𝑛s, ln[10
10𝐴s], 𝑤0} (18)

And for the dynamical parameterization [Eqs. (9)–(11)], we have added
two extra degrees of freedom, 𝑤a and 𝑤0 to the standard, 6 parameter
space:

 = {𝛺bℎ
2, 𝛺cℎ

2, 100𝜃MC, 𝜏, 𝑛s, ln[10
10𝐴s], 𝑤0, 𝑤a} (19)

The baseline likelihoods we used include [110,111]:

• Commander likelihood which provides low multipoles TT data in
the range (2 ≤ 𝓁 ≤ 29).

• SimAll likelihood which provides low multipoles EE data in the
range (2 ≤ 𝓁 ≤ 29).

• Plik TT,TE,EE likelihood which provides the high multipoles
TT, TE, and EE data in the range (30 ≤ 𝓁 ≲ 2500 for TT and
30 ≤ 𝓁 ≲ 2000 for TE and EE).

• lensing reconstruction likelihood which is obtained with a
trispectrum analysis and can provide complementary information
to the Planck CMB power spectra.

Fig. 1. Comparison of the CMB temperature power spectrum of each model under the
study (BA: Red, JBP: Green, CPL: Blue, 𝛬CDM: Black, 𝑤CDM: Yellow) based on the
best-fit values obtained from the cosmological code Cobaya assuming the baseline
likelihoods with Planck 2018 (blue data points with error bars). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version
of this article.)

Table 1
Ranges for the flat prior distributions on cosmological parameters in
the study. For 𝑤CDM, we used [−3, −0.333] to impose an expanding
universe.

Parameter Prior

𝛺bℎ
2 [0.005, 0.1]

𝛺cℎ
2 [0.001, 0.99]

𝜏 [0.01, 0.8]

100 𝜃MC [0.5, 10]

log(1010𝐴S) [1.61, 3.91]

𝑛s [0.8, 1.2]

𝑤0 [−3, 1]

𝑤a [−3, 2]

Table 2
The best-fit dataset from our baseline dataset used to study each DE model.

Model 𝛬𝐶𝐷𝑀 𝑤𝐶𝐷𝑀 CPL JBP BA

𝛺bℎ
2 0.022340 0.02241 0.02242 0.02246 0.02244

𝛺cℎ
2 0.11984 0.11902 0.11863 0.11858 0.11860

𝐻0 67.36 81.31 82.42 99.79 96.51
109𝐴S 2.111 2.103 2.104 2.095 2.103
𝑛s 0.9636 0.9663 0.9662 0.9673 0.9677
𝜏 0.059 0.058 0.058 0.058 0.057
100𝜃MC 1.04092 1.04101 1.04104 1.04106 1.04105
𝑤0 −1 −1.42 −0.92 −1.85 −1.31
𝑤a – – −2.53 −0.38 −1.69

Table 1 shows the flat priors used to obtain best-fit of the data.
Table 2 shows the best-fit values for parameters used in each DE
parameterization. It has to be emphasized that in 𝑤CDM case, our best-
fit analysis relies on Planck baseline likelihoods listed above, and the
value for 𝑤0 resides in the phantom region. We can see in Fig. 1 the
temperature power spectrum of each model obtained with the best-
fit results, and it depicts the agreement of these best-fits for each DE
parameterization used in this study.

By understanding the methodology and datasets, one would be able
to study the DE equation of state effects on structure formation. To do
so, we will start by studying the effect of the impact of DE equation of
state on the matter power spectrum.

4. Matter power spectrum

In order to illustrate the effect of dynamical DE on structure forma-
tion over time, we will study how the dynamical nature of DE affects
the amplitude of the matter power spectrum. By analyzing the matter
power spectrum, we can also discern the effect of DE across various
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scales. Here, we will focus on the linear evolution of the matter power
spectrum in different redshifts, but studying nonlinear correction to the
matter power spectrum could unveil interesting results.

4.1. Linear matter power spectrum

To study the statistical correlations, the linear matter power spec-
trum is a powerful tool for this purpose [112,113]. The matter power
spectrum for any given redshift can be written as a function of redshift
𝑧 and wavenumber 𝑘:

𝑃𝑙(𝑘, 𝑧) =
8𝜋2

25

s

𝛺2
m

𝐷2
+
(𝑧)𝑇 2(𝑘)

𝑘𝑛s

𝐻4
0
𝑘
𝑛s−1
p

(20)

Where s and 𝑛s represent the primordial amplitude and spectral
index respectively. 𝑇 (𝑘) is the transfer function, where on large-scale
𝑇 (𝑘) = 1. 𝑘p is an arbitrary pivot scalar, and 𝐻(𝑎) = 𝑎̇∕𝑎 is the
Hubble parameter, where the dot denotes the derivative with respect to
physical time 𝑡. As before, 𝐻0 denotes the present value of the Hubble
parameter, known as the Hubble constant.

To scrutinize the evolution of structure formation, it is descriptive
to consider the matter power spectrum at different redshifts.

In Fig. 2, we present a comparison of the matter power spectrum as
a function of comoving wavenumber 𝑘 among dynamical dark energy
(DE) equation of state parameterizations – i.e., the BA, JBP, and CPL
models – and the constant dark energy equation of state model 𝑤CDM,
along with the standard 𝛬CDM model. This comparison is based on
the best fit of these scenarios to our baseline likelihoods. All three
panels demonstrate that regardless of the chosen model, the general
amplitude of the matter power spectrum is suppressed as we move
towards higher redshifts (dotted lines). This observation arises because
structure formation is stronger at lower redshifts, closer to the current
age of the universe. It can also be concluded that in all three cases of
dynamical dark energy, regardless of redshift, the general amplitude of
the matter power spectrum has higher values compared to those with
a constant dark energy equation of state. One possible explanation for
this behavior lies in the dynamical nature of dark energy; considering
dark energy to be dynamical leads to a stronger effect from the matter
component in the evolution history of the universe. As indicated in
Fig. 2, 𝑤CDM has a stronger general amplitude compared to the 𝛬CDM
model for the same redshifts. In the top panel of Fig. 2, one can
also observe a slight shift in the Baryon Wiggles peaks towards lower
wavenumbers 𝑘s (larger scales) in the BA model compared to constant
DE EoS scenarios. The middle panel of Fig. 2 shows the same behavior
for the JBP parameterization. However, the bottom panel of Fig. 2
shows an interesting attribute. The matter power spectrum of the CPL
model, though slightly higher in values in general, behaves similarly
to the 𝑤CDM model, i.e. the shift in Baryon Wiggles peaks is not as
noticeable as in two other cases. Also, it can be seen that distinguishing
between the CPL and 𝑤CDM models is challenging. Furthermore, one
can observe a shift in 𝑘𝑒𝑞 (the wavenumber representing the transition
from a radiation-dominated to a matter-dominated universe) towards
lower 𝑘 values for BA and JBP compared to 𝑤CDM and 𝛬CDM. Com-
paring 𝑤CDM with 𝛬CDM, a clear shift of 𝑘𝑒𝑞 towards lower 𝑘 values
is noticeable in the case of 𝑤CDM. An interesting point to note is
that distinguishing the shift in 𝑘𝑒𝑞 between CPL and 𝑤CDM remains
challenging.

Fig. 3 depicts the evolution of these three dynamical DE models at
redshifts 𝑧 = 0 and 𝑧 = 5. As observed, when we consider DE behavior
as described by the CPL model, the amplitude of the matter power
spectrum is the lowest compared to the BA and JBP parameterizations
at the mentioned redshifts. However, the JBP and BA parameterizations
exhibit an interesting similarity in the given redshifts. As depicted, the
JBP and BA models are nearly indistinguishable. It should be noted
that the shaded area in each panel of Figs. 2 and 3 represents the
range within which the matter power spectrum for redshifts between
0 < 𝑧 < 5 is expected.

Fig. 2. The matter power spectrum as a function of comoving wavenumber 𝑘 for 3
dynamical DE equation of state models (Top: BA, Middle: JBP, Bottom: CPL), compared
with 2 constant DE equation of state model (𝛬CDM and 𝑤CDM), at redshift 𝑧 = 0 (solid
lines) and redshift 𝑧 = 5 (dashed lines). The shaded area in each panel represents the
range within which the matter power spectrum of redshifts between 0 < 𝑧 < 5 is
contained.

It is crucial to note that considering different dataset combinations
may yield diverse behaviors in the matter power spectrum. Particularly,
incorporating datasets that observe redshifts deep into the matter-
dominated era could provide valuable insights into the dynamical
nature of the BA, JBP, and CPL models.
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Fig. 3. Comparison of the matter power spectra as a function of comoving wavenumber
𝑘 among 3 dynamical DE models in redshift 𝑧 = 0 (solid lines) and redshift 𝑧 = 5 (dashed
lines). The shaded area represents the range within which the matter power spectrum
for redshifts between 0 < 𝑧 < 5 is expected.

Gaining insight into the impact of the nature of DE on the matter
power spectrum enables a more intuitive exploration of the Integrated
Sachs–Wolfe (ISW) signal.

5. Measuring integrated Sachs–Wolfe effect

Here, we will focus on two changes in the wavelength of Cosmic Mi-
crowave Background (CMB) radiation. The first is based on the fact that
due to the inhomogeneity in the universe, the photons will encounter
potential wells resulting in an increase in their energy or a decrease
in their wavelength. The second change is due to the expansion of
the universe which will cause photons to lose their energy. In other
words, photons traveling towards us from the last scattering surface
will experience a change in their wavelength to a larger value. Based on
what we have discussed, when a photon enters a potential well, it will
experience a blueshift in its wavelength. However, due to the expansion
of the universe, we will observe only a slight difference between the
original and final wavelength of the photon.

To calculate the ISW effect for each model, it is necessary to obtain
the matter power spectrum (see Section 4.1). Accordingly we have used
the modified version of CAMB, discussed in Section 3.

The appearance of temperature anisotropy 𝛩ISW on the CMB map,
stemming from the evolving gravitational potential 𝜙 over time, can be
articulated as follows:

𝛩ISW =
𝛥𝑇

𝑇CMB

≡ 2

𝑐2 ∫
1

adec

𝜕𝜙

𝜕𝑎
𝑑𝑎 = −

2

𝑐3 ∫
𝜒H

0

𝑎2𝐻(𝑎)
𝜕𝜙

𝜕𝑎
𝑑𝜒 (21)

where 𝑇CMB represents the CMB temperature which is equal to 2.725 K,
𝑐 parameterizes the velocity of light, 𝑎dec denotes the scale factor of
matter-radiation equality, and 𝜒 is the comoving distance defined as:

𝜒(𝑎) = ∫
1

0

𝑐

𝑎2𝐻(𝑎)
𝑑𝑎 (22)

Assuming perturbations exist within the horizon, the potential can
be related to the matter fluctuation field, using Poisson’s equation in
Fourier space, leading to:

𝑘2𝜙(𝑘, 𝑎) = −
3

2
𝑎2𝐻2(𝑎)𝛺m(𝑎)𝛿m(𝑘, 𝑎), (23)

where the matter density parameter 𝛺m(𝑎) is defined as 𝛺m = 𝜌m∕𝜌crit ,
where 𝜌crit represents the critical density given by 𝜌crit = 3𝐻2(𝑎)∕8𝜋𝐺

and 𝛿m(𝑘, 𝑎) denotes the matter perturbation.
Using Eqs. (21) and (23) will result in:

𝛩ISW =
3

𝑐3 ∫
𝜒H

0

𝑎2𝐻(𝑎)
𝜕 (𝑎)

𝜕𝑎

𝛿m(𝑘, 𝑎 = 1)

𝑘2
𝑑𝜒, (24)

Fig. 4. The time evolution of the ISW source term  (𝑎) (Top) and its derivative
𝑑 (𝑎)∕𝑑𝑎 (Bottom) as functions of scale factor 𝑎.

where the  (𝑎) is defined as:

 (𝑎) = 𝑎2𝐻2𝛺m(𝑎)𝐷+(𝑎) (25)

Here, 𝐷+(𝑎) is the linear growth factor which is defined as: 𝐷+(𝑎) =

𝛿m(𝑘, 𝑎)∕𝛿m(𝑘, 𝑎 = 1). As long as the dark energy fluid does not influence
local structure formation, the equation governing the evolution of 𝐷+

with respect of scale factor is as follows [102,114,115]:

𝑑2𝐷+

𝑑𝑎2
+

1

𝑎

(
3 +

𝑑 ln𝐻

𝑑 ln 𝑎

) 𝑑𝐷+

𝑑𝑎
=

3

2𝑎2
𝛺𝑚(𝑎)𝐷+(𝑎). (26)

Fig. 4 depicts the time evolution of the ISW source term  (𝑎) (top)
and its derivative with respect to the scale factor 𝑑 (𝑎)∕𝑑𝑎 (bottom)
as a function of scale factor 𝑎. The top panel indicates the amplitude
of time evolution of the ISW source term as a function of scale factor
𝑎. Here, it is clear to see the effect of the nature of DE EoS, as the
amplitude for those that are dynamical in nature is suppressed in this
measurement. Among the constant parameterization of DE EoS, the
𝛬CDM model has a higher amplitude compared to the 𝑤CDM model. As
for dynamical DE models, the CPL has the largest amplitude among the
dynamical models. As can be seen, the amplitude of the time evolution
of the ISW source for the 𝑤CDM and CPL, as well as the BA and JBP
parameterization, are very similar, with the 𝑤CDM and BA dominating
the CPL and JBP, respectively.

However, the impressive feature of the evolution of the ISW source
term is that in each model, as we move towards the scales where
the DE becomes the dominant force of expansion, a rapid decrease in
amplitude can be seen. This derivation with respect to scale factor 𝑎

is shown in the bottom panel of Fig. 4. As expected, the most extreme
case of the change in time evolution belongs to 𝛬CDM. At scale factors,
𝑎 ≈ 0.6 and 𝑎 ≈ 0.65, a change in the strength of the time evolution of
the ISW source term can be observed for the JBP and BA models, as
well as the CPL and 𝑤CDMmodels, respectively. It should be mentioned
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Fig. 5. The ISW auto-power spectrum 𝐶𝑇𝑇
ISW

as a function of the multipole 𝓁, for BA
(red solid line), JBP(green dotted line) and CPL (blue dotted line) as 3 dynamical DE
models, as well as 𝛬CDM (black solid line) and 𝑤CDM (dotted-dashed line) as two
models of DE with constant equation of state. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

that around 𝑎 = 1, the values of 𝑑∕𝑑𝑎 become close to each other once
again.

Additionally, it is important to note that in a non-interacting dark
sector, the following equation holds for the density parameter:

𝛺m(𝑎)

𝛺m

=
𝐻2

0

𝑎3𝐻2(𝑎)
(27)

In order to study the potential wells encountered by photons traveling
from the last scattering surface to us, it is imperative to evaluate the
correlation between the ISW temperature and galaxy density. Acknowl-
edging that, the ISW effect is relatively minor on smaller scales but
significantly impactful on larger scales, galaxies serve as a suitable
marker for large-scale structures during later cosmic epochs.

Consequently, the line-of-sight integral for galaxy density is:

𝛿g = ∫
𝐻(𝑎)

𝑐
𝑓 (𝑧)𝐷+(𝑎)𝛿m(𝑘, 𝑎 = 1)𝑑𝜒 (28)

The redshift distribution, denoted as 𝑓 (𝑧), is formulated as 𝑓 (𝑧) =

𝑏(𝑧)𝑑𝑁∕𝑑𝑧. To understand the vastness of galaxy clusters, the utiliza-
tion of large-scale surveys becomes necessary in order to compute the
abundance of galaxy clusters as a function of redshift 𝑧.

Using the CMB map and galaxy distribution, one can define the
angular auto-correlation and cross-correlation as:

𝐶𝑇𝑇 = ⟨𝛩ISW𝛩ISW⟩ (29)

𝐶𝑇 𝑔 = ⟨𝛩ISW𝛿g⟩ (30)

Defining weight functions for photons and galaxies as follows:

𝑊T(𝜒) =
3

𝑐
𝑎2𝐻(𝑎)

𝑑 (𝑎)

𝑑𝑎
(31)

𝑊g(𝜒) =
𝐻(𝑎)

𝑐
𝑓 (𝑧)𝐷+(𝑎) (32)

this allows us to write the angular auto-correlation and cross-
correlation in a compact notation:

𝐶𝑇𝑇
ISW

(𝓁) = ∫
𝜒H

0

𝑊 2
T
(𝜒)

𝜒2

𝐻4
0

𝑘4
𝑃 (𝑘 =

𝓁 +
1

2

𝜒
) 𝑑𝜒 (33)

𝐶
𝑇 𝑔

ISW
(𝓁) = ∫

𝜒H

0

𝑊T(𝜒)𝑊g(𝜒)

𝜒2

𝐻4
0

𝑘4
𝑃 (𝑘 =

𝓁 +
1

2

𝜒
) 𝑑𝜒 (34)

In this context, 𝑃 (𝑘) represents the current matter power spectrum and
𝑘 = (𝓁 + 1∕2)∕𝜒 is derived using the Limber approximation for larger
value of 𝓁 [116,117]

5.1. Redshift distribution

In order to study the correlation between CMB photons and large-
scale structure, it is crucial to use information obtained from galaxy
redshift distribution surveys. These surveys typically employ spec-
troscopic and/or multi-band photometric calibration survey of small
patches of the sky [118]. In this paper, we have used the redshift
distribution of four distinct surveys. Hence, in the following, we briefly
discuss galaxies redshift distribution surveys under investigation. In
Section 4.1 (see Fig. 4) of Ref. [97], the photometric normalized
redshift distribution for the surveys under study are discussed.

I. Dark Universe Explorer (DUNE): The main goal of this survey is
to investigate potential candidates for weak gravitational lensing and
explore the ISW effect. The redshift distribution of the survey is as
follows:

𝑓DUNE(𝑧) = 𝑏eff [
𝑧∗

𝑎∗
𝛤 (

3

𝑎∗
)]−1(

𝑧

𝑧∗
)2𝑒𝑥𝑝[−(

𝑧

𝑧∗
)𝑎∗ ] (35)

II. The National Radio Astronomy Observatory (NRAO) Very Large
Array (VLA) Sky Survey (NVSS): The redshift distribution function in
this survey, covering about 82% of the sky, is as follows:

𝑓NVSS(𝑧) = 𝑏eff
𝑎
𝑎∗+1
∗

𝛤 (𝑎∗)

𝑧𝑎∗

𝑧
𝑎∗+1
∗

𝑒𝑥𝑝(−
𝑎∗𝑧

𝑧∗
) (36)

III. The Sloan Digital Sky Survey (SDSS): This survey gathers im-
ages and spectroscopic data of galaxies, quasars, and stars, with the
following redshift distribution:

𝑓SDSS(𝑧) = 𝑏eff
𝑎∗

𝛤 (
𝑚+1

𝑎∗
)

𝑧𝑚

𝑧𝑚+1∗

𝑒𝑥𝑝[−(
𝑧

𝑧∗
)𝑎∗ ] (37)

IV. Euclid-like: The Euclid mission intends to explore the relation-
ship between the distance and redshift of galaxies up to a redshift of z
≈ 2. In this survey, the distribution of redshift is characterized by the
following [119,120]:

𝑓Euclid−like(𝑧) = 𝑏eff
3

2𝑧3
∗

𝑧2𝑒𝑥𝑝[−(
𝑧

𝑧∗
)
3
2 ] (38)

In the aforementioned surveys, 𝑏eff , 𝑧∗, 𝑎∗ and 𝑚 are free parameters
that need to be determined. 𝛤 (𝑥) represents the Gamma function for all
surveys. The values for the free parameters are presented in Table 3.

5.2. The ISW auto-power spectrum

The ISW auto-power spectrum 𝐶𝑇𝑇
ISW

is shown in Fig. 5 as a function
of multipole 𝓁(= 10 − 100) (inverse angular scale). As depicted, the
amplitude of the ISW auto-power spectrum for the JBP and BA models
is higher than the other three models, with JBP having the highest
amplitude compared to the others. As 𝓁 increases (corresponding to
smaller scales), the amplitude of the auto-power spectrum decreases.
An intriguing result seen in this figure is that the CPL auto-correlation
spectrum amplitude is lower than the 𝑤CDM model at any given 𝓁. At
𝓁 ∼ 25 the amplitude of the 𝛬CDM auto-correlation spectrum surpasses
that of the CPL model, and at 𝓁 ∼ 90 the amplitudes for 𝛬CDM and CPL
models start to become indistinguishable from each other. By focusing
on the comparison between the CPL and 𝑤CDM, one can observe that
as 𝓁 increases, the difference in the auto-power spectrum amplitude
becomes noticeable, indicating a footprint of the dynamical nature of
DE. Moreover, at 𝓁 ∼ 20 − 80 we can observe a slight curve in the
amplitude of the auto-power spectrum, implying that at these scales,
the effects of dynamical DE are most pronounced.

5.3. The ISW-cross power spectrum

In Fig. 6, we have depicted the ISW-cross power spectrum 𝐶
𝑇 𝑔

ISW

amplitude as a function of the multipoles 𝓁 ∼ 10−100. The top left panel
represents the ISW-cross power spectrum for the DUNE survey. We can
see that the amplitude of the ISW-cross power spectrum amplitude for
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Fig. 6. The ISW-cross power spectrum 𝐶Tg as a function of the multipole 𝓁 in the range of 10 to 100, for BA (red solid line), JBP (green dashed line), and CPL (blue dotted line)
as 3 dynamical DE models, as well as 𝛬CDM (black solid line) and 𝑤CDM (orange dot-dashed line) as two models of DE with constant EoS, for DUNE (Top left), Euclid-like (Top
right), NVSS (Bottom left) and SDSS (Bottom right). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 3
Redshift distribution parameters for DUNE, NVSS, SDSS and Euclid-like surveys.

Survey 𝑏eff 𝑧∗ 𝑎∗ 𝑚

DUNE 1.00 0.640 1.500 –
NVSS 1.98 0.790 1.180 –
SDSS 1.00 0.113 1.197 3.457
Euclid-Like 1.00 0.700 – –

the JBP models is higher than that of any other models at any multipole
𝓁. The BA model exhibits the next highest amplitude up until 𝓁 ∼ 90; it
can be observed that as we move towards higher 𝓁 values, the rate at
which the BA amplitude weakens is the most pronounced compared to
other models. Thus, this effect can be seen in the form of the BA model,
with the ISW-cross power spectrum amplitude approaching that of the
𝑤CDM model. At 𝓁 ∼ 90, this observed property is best demonstrated
as they become indistinguishable at this scale. As depicted in the panel,
the CPL model has a higher cross-power spectrum amplitude than
𝑤CDM at lower 𝓁 values, but as we pass 𝓁 ∼ 20 − 30, they converge,
and then the 𝑤CDM model rises in amplitude over the CPL model. It
is worth mentioning that the amplitude of 𝛬CDM model is lower than
that of any other models studied at any 𝓁.

The top right panel of Fig. 6, illustrates the ISW-cross power spec-
trum for Euclid-like survey. The general behavior observed in the DUNE
survey holds true for this survey as well, with some exceptions. The first
important point is the overall suppression of amplitude compared to the
DUNE survey. The second striking feature is the rate at which the BA
amplitude is changing with respect to the multipole 𝓁. This feature is
so drastic that the BA amplitude crosses below that of the 𝑤CDM model
towards lower amplitudes at 𝓁 ∼ 70. In this survey, 𝛬CDM model also
exhibits the weakest ISW-cross power spectrum amplitude.

The bottom left panel Fig. 6 shows the NVSS results for the ISW-
cross-power spectrum. The change in the amplitude of the ISW-cross
power spectrum is an easily observable feature of this panel compared

to two other surveys discussed previously. In this panel the prominent
features are very similar to those observed in the Euclid-like survey.
Here, the crossing point for the CPL and 𝑤CDM models, as well as
the BA and 𝑤CDM models, is shifted towards higher 𝓁 values (𝓁 ∼ 25

and 𝓁 ∼ 80, respectively). Additionally, the 𝛬CDM ISW-cross power
spectrum amplitude remains the weakest, similarly to the other two
surveys.

However, the bottom right panel of Fig. 6, representing the SDSS
survey, shows drastically different characteristics compared to the other
three surveys. In this survey, the overall strength of the ISW-cross
power spectrum is higher compared to the other three surveys. The
strength of the ISW-cross power spectrum for the BA and JBP models
is nearly indistinguishable up to 𝓁 ∼ 60. From that point onward, the
JBP model exhibits the highest amplitude compared to other models.
Within the compared range of multipoles 𝓁, the CPL model outperforms
the 𝑤CDM and 𝛬CDM in the strength of the ISW-cross power spectrum,
with 𝛬CDM, similar to the other surveys, having the least amplitude
among all compared models.

Fig. 7 demonstrates the corresponding variation with respect to
𝛬CDM model the for BA, JBP, and CPL as 3 dynamical DE models, as
well as 𝛬CDM and 𝑤CDM as two models of DE with constant EoS. This
sheds better light on the points discussed earlier.

6. Conclusion

In this work, we approached the effect of the nature of DE EoS in
two aspects: first, we studied the impact of the DE nature on structure
formation via the matter power spectrum at two different redshifts,
𝑧 = 0 and 𝑧 = 5. Second, we observed the ISW effect on the scale of
𝓁 = 10 − 100 by analyzing the ISW auto-correlation power spectrum
𝐶𝑇𝑇 and the ISW cross-correlation power spectrum 𝐶𝑇 𝑔 .

In the first section of this study, with the best-fit values used in
this work, one can observe that regardless of the model, as the redshift
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Fig. 7. Corresponding variation with respect to 𝛬CDM for BA (red solid line), JBP (green dashed line), and CPL (blue dotted line) as 3 dynamical DE models, as well as 𝛬CDM
(black solid line) and 𝑤CDM (orange dot-dashed line) as two models of DE with constant EoS, for DUNE (Top left), Euclid-like (Top right), NVSS (Bottom left) and SDSS (Bottom
right). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

increases, the amplitude of the matter power spectrum is suppressed,
confirming that the strength of structure formation is highest in each
model at the present day. Moreover, from Figs. 2 and 3, one can infer
that the strength of the matter power spectrum for models with a
dynamical nature in their EoS is stronger compared to those with a
constant nature. Among those with a dynamical EoS, the JBP model
exhibits the highest amplitude of the matter power spectrum, while the
CPL model has the weakest; to the extent that it is indistinguishable
from 𝑤CDM model (Bottom panel of Fig. 2).

In the second part of this work, we focused on the ISW effect within
the framework of dynamical DE in comparison with models featuring
constant DE equations of state. First, in Fig. 4 we have shown the
time evolution of the ISW source term  (𝑎) and its derivative 𝑑 (𝑎)∕𝑑𝑎

as functions of the scale factor 𝑎, which reveals a stronger amplitude
of  (𝑎) for models with constant DE EoS. Here, 𝛬CDM exhibits the
highest amplitude among the models with constant DE equations of
state overall, while CPL exhibits the highest amplitude among the
dynamical models, whereas JBP has the lowest. Additionally, as we
move towards the scales where DE becomes the dominant force, one
can observe a decrease in the amplitude of  (𝑎). This effect can be
seen in the right panel of Fig. 4, which depicts the time evolution
of the ISW source term with respect to the scale factor 𝑎. Fig. 4 also
indicates that in all cases studied, DE becomes the dominant force in
the late-time universe, but the scale at which the effect of DE on  (𝑎)

becomes noticeable is highly dependent on the characterization of the
DE equation of state. Together, Fig. 4 in combination with Figs. 2 and
3, can help one observe the dynamical effect of DE on the essence of
structure formation.

It is known that the ISW effect can be represented by the auto-
correlation power spectrum and the cross-correlation power spectrum
between the CMB temperature and large-scale structures such as galax-
ies. However, the contributions from auto-correlation are subdominant

compared to the primordial contributions, hence they cannot be de-
tected by observational data. On the other hand, the cross-correlation
is large enough to be detected in various studies [121].

In this study, Fig. 5 helps to observe the strength of the ISW auto-
power spectrum, where the JBP and BA models rank the highest (with
JBP being the highest). One interesting outcome was that in this dataset
of choice, the 𝑤CDM model favors higher amplitude over the CPL
parameterization in the range of 𝓁s under study. In Fig. 5, one can even
observe that after passing 𝓁 ∼ 25 − 30, 𝛬CDM surpasses the CPL model
in amplitude.

At the end, we have analyzed the ISW-cross power spectrum for 4
different surveys (DUNE, Euclid-like, NVSS and SDSS). The three panels
of Fig. 6 that show DUNE, Euclid-like, and NVSS surveys indicate that
the highest values for the ISW-cross power spectrum belong to the
dynamical DE models, specifically the JBP and BA models. However,
one can expect a shift between the dominance of the CPL and 𝑤CDM
models. Using the SDSS redshift distribution will reveal a different
characteristic. First the amplitude of the ISW-cross power spectrum is
higher compared to other surveys. Second, the dynamical DE models
always dominates over DE model with a constant DE equation of
state. Thus, it is difficult to discriminate between the BA and JBP
parameterizations, especially at lower 𝓁s. It should be noted that in all
surveys, the 𝛬CDMmodel is subdominant in terms of the strength of the
ISW-cross power spectrum. This study has shown that both the matter
power spectrum and the ISW signal provide valuable information for
distinguishing the nature of DE. Fig. 7 illustrates the corresponding
variation with respect to 𝛬CDM, confirming the earlier discussion.

It is worth mentioning that in this study, we have focused on the
linear approximation of the matter power spectrum. However, studying
the non-linear matter power spectrum could provide key information
regarding the dynamical nature of dark energy, especially on smaller
scales (larger 𝑘). Additionally, it would be informative to study the
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matter power spectrum at higher redshifts by incorporating datasets
that contain information from redshifts deep into the matter-dominated
era. An intriguing idea that could spark new discussions is to investigate
the matter power spectrum in the future, as at that point, the dynamical
nature of dark energy could leave its footprint more prominently over
time.
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