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complete bipartite graphs. We also find a threshold probability
for the weak Kj (-saturation stability.
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1. Introduction

Let G and H be graphs (below, we refer to them as host and pattern graphs respectively). Let
F C G be a spanning subgraph of G. Let us call a sequence of graphs F = F C ... C F = G
an H-bootstrap percolation process, if F; is obtained from F;_; by adding an edge that belongs to
a copy of H in F. F is weakly (G, H)-saturated, if G can be obtained from F in an H-bootstrap
percolation process (i.e., there exists an ordering eq, ..., e, of the edges of G \ F such that, for
everyie [m]:={1,...,m}, Ful{ey,..., e} has a copy of H that contains e;). The smallest number
of edges in a weakly (G, H)-saturated graph is called the weak saturation number and is denoted by
wsat(G, H). This notion was first introduced by Bollobas in 1968 [6].

In this paper, we study the phenomena of stability of the weak saturation number. It was
observed by Kordndi and Sudakov [12] that wsat(G = K, K;) remains the same after a deletion of
each edge of K,, independently with a constant positive probability (as usual, K, denotes a complete
graph on n vertices). We show that this stability property holds for a wider class of pattern graphs
H, and conjecture that it actually holds for all H. We also find a threshold probability for the stability
of the weak (K, K )-saturation number. Before stating the results, let us recall known values of

E-mail address: m.zhukovskii@sheffield.ac.uk (M. Zhukovskii).
https://doi.org/10.1016/j.ejc.2023.103777

0195-6698/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.ejc.2023.103777
https://www.elsevier.com/locate/ejc
http://www.elsevier.com/locate/ejc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejc.2023.103777&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:m.zhukovskii@sheffield.ac.uk
https://doi.org/10.1016/j.ejc.2023.103777
http://creativecommons.org/licenses/by/4.0/

0. Kalinichenko and M. Zhukovskii European Journal of Combinatorics 114 (2023) 103777

the weak saturation number when G = K,,. We denote by K, ; a complete bipartite graph with parts
of size s and t.
The exact value of wsat(K,, K;) was achieved by Lovasz [14]: if n > s > 2 then

wsat(K,, K) = (Z) - (n B ; + 2).

The value of wsat(Ky, K; ) for an arbitrary choice of parameters is still unknown. The most
general result was obtained by Kalai [11] in 1985 and Kronenberg, Martins and Morrison [13] in
2020. They proved that

wsat(Ky, K ¢) = (t —1)(n+ 1 —t/2),

wsat(Ky, Kr ¢+1) =t —1)(n+1—-¢t/2)+ 1

if t > 2 and n > 3t — 3. In [13], general bounds for arbitrary choice of parameters s, t were also
obtained:

wsat(Ky, Ks,() < (s — 1)(n — 5) + <;> "’

ift>s>2andn>2(s+t)— 3 and

wsat(Kn, Kse) = (s — 1)(n — £ + 1) + (;) :

ift>s>2andn>3t—3.
Notice that, for s = 1, the exact value of the weak saturation number is straightforward:

t
wsat(K,, K1¢) = (2>

Indeed, let us call the central vertex of Ky ; (or, simply, quote) the vertex that is lying in the part of
size one (i.e. has degree t). Now consider a Kj (-bootstrap percolation process in K,. The sequence
of quotes vq, ..., vy is defined in the following way: v; is the central vertex of one of the copies of
Ky used at the step j > i such that j is the first step when this quote is used, i.e. vy, ..., vy are
distinct vertices where each v; appears in the sequence at the first time it is used as a quote. Note
that, for every i € [t — 1], the number of neighbours of v; in V(F)\ {vy, ..., vi_1} is at least t — i.
Then, wsat(Ky, K1,¢) > (;). Eventually, wsat(K,, K1) < () since we can use F = K; to restore all
edges of K, (first, we restore all edges with one endpoint in the clique, then all the rest).

There are also many results about weak saturation numbers for other specific pairs of host and
pattern graphs (e.g., for both G and H being complete bipartite [16], for multipartite graphs [1], for
disjoint copies of graphs [8], for hypercubes and grids [3,4,15]). The weak saturation number for
hypergraphs has also been studied [1,3,7,8,16,19,20].

In 2017, Korandi and Sudakov [12] proved that, if s > 3, then wsat(K,, K;) is stable, i.e., for
constant p € (0, 1),

wsat(G(n, p), Ks) = wsat(K,, K;)

with high probability. Here, we denote by G(n, p) the binomial random graph on the vertex set [n],
where every pair of distinct i,j € [n] is adjacent with probability p independently of the others.
Hereinafter, we say that some property holds with high probability, or whp, if its probability tends
tolasn— oc.

In this paper, we prove a transference theorem that can be used to derive such stability results. It
immediately implies the result of Korandi and Sudakov as well as stability results for all complete
bipartite pattern graphs (despite the fact that the exact value of wsat(Ky, K; () is not known for
almost all pairs s and t). Below, we denote by §(H) the minimum degree of graph H. Without loss
of generality, we set V(K,) = [n].
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at least 6(H) — 1

Fig. 1. structure of FQ.

Theorem 1. Let H be a graph without isolated vertices, and let p € (0, 1), C > §(H) — 1 be constants.
For every n € N, let FO be a weakly (K,, H)-saturated graph containing a set of vertices S° C [n]
with |S%|< C, such that every vertex from [n] \ SO is adjacent to at least S(H) — 1 vertices of SO (see
Fig. 1). Then whp there exists a subgraph F, C G(n, p) which is weakly (G(n, p), H)-saturated, and F,
has min{|E(G(n, p)), |[E(F?)|} edges.

This theorem implies

Corollary 1. Let p € (0, 1) be constant. For an arbitrary graph H without isolated vertices, whp
wsat(G(n, p), H) = wsat(K,, H),

if, for every n € N, there exists a minimum (having wsat(K,, H) edges) weakly (K,,, H)-saturated graph
with the property described in Theorem 1.

Proof. Indeed, assume that the condition of Theorem 1 is satisfied. Then, it immediately implies
that whp wsat(G(n, p), H) < wsat(K,, H). Assume that, with a probability bounded away from 0,
wsat(G(n, p), H) is strictly less than wsat(K,, H). Since whp every pair of vertices of G(n, p) has at
least |V(H)| pairwise adjacent common neighbors [18], whp G(n, p) is weakly (K, H)-saturated —
a contradiction. O

This corollary immediately implies stability for several pattern graphs. Notice that the graph
obtained by removing a copy of K, s, from K, is weakly (K, K;)-saturated, has the structure
described in Theorem 1 and has wsat(K,, K;) edges. Therefore, the result of Korandi and Sudakov
can be immediately deduced from Corollary 1.

The constructions of Kronenberg, Martins and Morrison [13] of weakly (Ky, K; )-saturated and
weakly (Kn, K r41)-saturated graphs with wsat(Ky, K; ;) and wsat(K,, K ;+1) edges respectively also
have the structure described in Theorem 1. Therefore, by Corollary 1, for every p € (0, 1), whp

wsat(G(n, p), Kir) = wsat(Ky, K;.r), wsat(G(n, p), K r+1) = wsat(Kp, K; ¢41)-

The bounds (1), (2) imply that Corollary 1 can be also applied to pattern graphs K; ; for all possible
values of s < t. To see this it is sufficient to show that, for every n € N, there exists a minimum
weakly (K;, K; ;)-saturated graph with the property described in Theorem 1. Note that due to (1)
and (2)wsat(Ky, Ks¢) = (s—1)n+0(1), and s is the minimum degree of K; ;. Moreover, it is clear that
there exists a constant C = C(s, t) such that, for all n large enough, wsat(K,, K; ;) = (s — 1)n + C.
Indeed, otherwise there exist C; < C; and two infinite sequences {n}},-eN and {nf},—eN such that

wsat(K 1, Ks ) = (s — 1)n} + C; and wsat(K,2, Ks1) = (s — 1)n} + C.

3
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Let us choose sufficiently large i and j such that n; := n < n; =: ny, and let F; be weakly (K, , Ks ¢ )-
saturated. Then, the graph F, on [n,] obtained from F; by addlmg s—1 edges from each of the vertices
from [n,]\ [m1] to [n1] is (Ky,, Ks.¢)-weakly saturated and has (s — 1)nl +C < (s— 1)111.2 + C, edges
— a contradiction. From this, the existence of a weakly (K, K ;)-saturated graph with the desired
property is straightforward. Indeed, let ng be so large that wsat(Ky,, Ks¢) = (s —1)ng+C, and let F,

be a weakly (Ky,, K;,;)-saturated graph with (s — 1)ng + C edges. For every n > ny, set 50 [no] and
define F? as the union of FO0 with a graph consisting of s — 1 edges going from each of the vertices
from [n] \S,? to SO. The graph F? is weakly (K, K; ¢ )-saturated and has the desired number of edges.
Therefore, by Corollary 1, we get that, for every constant p € (0, 1) and all 1 <s < t, whp

wsat(G(n, p), Ks ¢) = wsat(Ky, K ¢).

This stability result demonstrates the efficiency of Theorem 1: it can be used to prove stability even
when the exact value of wsat(K;, Ks ;) is unknown.

However, there are graphs H such that minimum weakly (K, H)-saturated graphs do not satisfy
the condition of Theorem 1. For such graphs, the same stability result cannot be proven using
Corollary 1.

For example, consider H being the, so called, t-barbell graph consisting of two vertex-disjoint t-
cliques together with a single edge that has an endpoint in each clique. It is clear that wsat(K,,, H) <
(;)? ~ 7 for n divisible by t since the disjoint union of n/t t-cliques is weakly (K,, H)-saturated.
Nevertheless, any subgraph of K, with the property described in Theorem 1 has at least (t—2)n+0(1)
vertices. Therefore, it is not the minimum possible one, and Corollary 1 is not applicable.

Nevertheless, some extra work (it is very technical, so we omit the details) is required to show
that the union of disjoint cliques has the minimum possible number of edges and that, since whp
G(n, p) contains a K;-factor (see [10]), we get stability for t-barbell graph as well. In some sense,
the situation covered by Theorem 1 is less pleasant. Indeed, if a graph on [n] has a bounded
maximum degree, then whp G(n, p) contains its isomorphic copy as a spanning subgraph (see [2]).
So, for such weakly saturated graphs, stability is straightforward. In Theorem 1, we consider an
opposite scenario — F? has vertices with degrees n — O(1) that are not likely to be in G(n, p).
Having that in mind, we conjecture that, for any constant p € (0, 1) and every graph H, whp
wsat(G(n, p), H) = wsat(K,, H).

Let us now switch to the case p = o(1).

Korandi and Sudakov [12] claim that their result can be easily extended to the range n—¢® <
p < 1.1t can be seen that the same is true for Theorem 1 with ¢ depending only on H. However,
for smaller p Theorem 1 or Corollary 1 may not hold.

Korandi and Sudakov [12] pose the following question: what is the exact probability range where
whp wsat(G(n, p), K;) = wsat(K;, Ks)? In 2020, Bidgoli et al. [5] proved the existence of threshold
probability for this stability property. Moreover, they obtained bounds on the threshold:

o there ex1sts c such that, if p < cn™ s (Inn)G-26+D yeay , then whp wsat(G(n, p), K;) # wsat(K,, K;),
e ifp>n- = z-3(Inn)?, then whp wsat(G(n, p), K;) = wsat(Ky, K;).

In this paper, we estimate the threshold probability for the weak K, (-saturation stability property
wsat(G(n, p), K1) = wsat(Ky, K1,¢).

1 -2
Theorem 2. Let t > 3. Denote p(n,t) =n t1[In n]_ﬁ—*l.

e There exists ¢ > 0 such that, if niz <« p < cp(n, t), then whp wsat(G(n, p), K1.¢) # wsat(Ky, Kq¢).
e There exists C > 0 such that, if p > Cp(n, t), then whp wsat(G(n, p), K1.;) = wsat(Ky, K1¢).

Note that Theorem 2 does not cover the case t = 2 as well as p = 0(1/n?). But these cases are
much easier. Below we consider them separately.

First, if p < % for some constant Q > 0, then whp G(n, p) consists of isolated vertices
and isolated edges (it simply follows from Markov’s inequality applying to the number of P; in
G(n, p)). Therefore, whp there are no copies of Ky, for t > 3 in G(n,p), and there are no

4
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weakly (G(n, p), Ky ¢)-saturated subgraphs other than the entire graph. So, whp there is stability
only if the number of edges of the graph is exactly (t) The latter property holds with probability

(Ezi)p(z)(l - p)(z) (). It tends to 0 when P 5> and is bounded away both from 0 and from 1

whenn"z<p< for some 0 < q < Q.
The case t = 5 is also trivial. Clearly, for a graph G on [n],

t
wsat(G, Ky ;) = wsat(Ky, Kq1¢) = (2> =1

if and only if G has exactly one non-trivial (having at least one edge) connected component. Using
the standard first and second moment methods (see, e.g., [9, Chapter 1]), it can be proven that, for
every ¢ > 0,

° 1fp > (14 e)“‘", then whp G(n, p) contains a unique non-trivial connected component;

o if n2 < p < (1- 8)1“” then whp G(n, p) contains at least two non-trivial connected
components;

o if n% <p< r% for some 0 < g < Q, then whp all edges in G(n, p) are disjoint, and, arguing as
above, we get that stability happens only if the graph contains (;) = 1 edges;

e if p < &, then whp G(n, p) is empty.

Therefore,

1. if p > (1 + )22, then whp wsat(G(n, p), K1.¢) = wsat(Ky, K1.¢);

2. if 12 Lp<(1- s)lgrf, then whp wsat(G(n, p), K1.¢) # wsat(Ky, Kq.¢);
Q

3. 1fn2 <p<3 for some 0 < g < Q, then
P[wsat(G(n, p), Ki.¢) = wsat(K,, Ku)} =

P(G(n, p) contains exactly 1 edge) + o(1) = (Z)p(l — p)(g)’] 4+ 0(1)

is bounded away both from 0 and 1,
4, if p < niZ then whp wsat(G(n, p), K1) = 0 # wsat(Ky, Ky ¢).

The structure of the paper is the following. In Section 2, we prove Theorem 1. In Section 3, we
prove Theorem 2.

2. Proof of Theorem 1

We denote d = §(H)—1,r = |V(H)|. First, for convenience, let us state an equivalent modification
of Theorem 1 which at first sight seems to be weaker. However, there is equivalence, and it is easier
to prove this version. In Section 2.1, we prove the equivalence of the two statements, and then prove
the modified version.

Lemma 1. Let H be an arbitrary fixed graph without isolated vertices, and let p € (0, 1), C > d be
constants. For every n € N, let F! be a weakly (K,, H)-saturated graph containing a set of vertices S]
of size at most C such that every vertex of [n]\ S, 1 is adjacent to exactly d vertices of S and there are
no edges between vertices of [n] \ S}. Then whp there exists a subgraph F, C G(n, p) Wthh is weakly
(G(n, p), H)-saturated, and F, has the same number of edges as Fl

2.1. Proof of equivalence

Clearly, Theorem 1 implies Lemma 1. Let us prove that the opposite implication is also true.

We first notice that wsat(K,, H) < (;) + d(n — r). Indeed, we can construct a weakly (G, H)-
saturated subgraph with at most so many edges in the following way. Let Fy be a weakly (K, H)-
saturated subgraph on [r], the first r vertices of K,,. The desired graph F; has the same edges as Fy

5
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on [r], and from every other vertex there are exactly d edges to Fy. The existence of a bootstrap
percolation process that starts on F; and finishes on K;, is straightforward: first restore all edges of
K;, then restore all edges going to [r] and finally restore all the remaining edges.

We assume that Lemma 1 holds. The constructed graph F; satisfies the conditions of this lemma.
Then, whp there exists a weakly (G(n, p), H)-saturated subgraph F; such that

|E(F;)|= |E(F1)|< (;) +dn—r)=dn+ ((;) - dr) .

Let FO be a graph that satisfies the condition of Theorem 1.

If |[E(FQ)|> |E(F})|, then a subgraph of G(n, p) obtained by adding min {|E(F?)|, [E(G(n, p))I} —
|E(F,)| edges to F, is weakly (G(n, p), H)-saturated and F, has min {|E(F,?)|, |E(G(n, p))|} edges.

If |[E(FY)|< |E(F})|, then there are at most a vertices with degree more than d in F{ outside S?,
where a does not depend on n. We can add them (let us call the set of these vertices A) to S,?, and
then |S,? U A| will be bounded from above by C + a. So, F,? satisfies the condition of Lemma 1 with
C := C +a. Therefore, whp there exists a weakly (G(n, p), H)-saturated subgraph with |E(F,? )| edges.
g

Below, we prove Lemma 1. Let us outline the proof. In Section 2.2, we describe sufficient
properties of a spanning subgraph G of K, that allow to find a weakly (G, H)-saturated subgraph
with the same number of edges as in a weakly (K, H)-saturated subgraph. In Section 2.3, we prove
that these properties are indeed sufficient for the described transference property. In Section 2.4,
we prove that whp G(n, p) has the described properties and, thus, finish the proof of Lemma 1.

Let us now switch to the proof of Lemma 1. Assume that the requirements of the lemma hold.
We let n to be even in order to avoid overloading with floor and ceiling functions notations. This
does not affect the proof anyhow.

Let us denote the vertices of H as wq, ..., w, where w; is a vertex with degree d + 1 and
wy, ..., Wqio are its neighbours. Let H' be obtained from H by deleting the vertices wq, w, and
let H” be obtained from H by deleting the edge {wi, w,} (but preserving the vertices w1, w,).

In what follows, for a graph F and its vertex v, we denote by Np(v) the set of all neighbours of
vinF.

2.2. Sufficient properties

We want to find in G(n, p) a subgraph having similar structure to a weakly saturated subgraph
in K,. However, it cannot be done immediately since whp all vertices in G(n, p) have degrees
np(1 4 o(1)) which is far away from n — O(1). Nevertheless, we can find a clique K in G(n, p)
of size ®(Inn), and first reconstruct the edges of the clique. For that, we fix a weakly saturated
spanning subgraph with the minimum possible number of edges and the desired structure in K. In
other words, we choose a subset S C K playing the role of Sl(}< . After reconstructing the edges of K
we might hope that it is sufficient to use d edges of G(n, p) incident to every vertex outside K to
reconstruct all the other edges of G(n, p). The properties that allow to do this are described below.

We start from distinguishing several subsets of [n] that we use to describe the properties.
Everywhere below, by G|y we denote the induced subgraph of G on the vertex set V (where
vV C V(G)).

Let ¢ > 0. Let G be a graph on the vertex set [n]. Let

® G = Glpy21, G2 = Glpmy2ns

e K C V;:=V(Gq) be a set of size k > cInn, where ¢ > 0 is constant,
S be a subset of K of size |S}|,
D be a subset of S of size d (clearly, the requirements in Lemma 1 imply that |S,} |>d);

e Z be the set of all common neighbours of D in V(G,);

e Z =7y UZ, UZs be an (almost) equal partition of Z.

e R be an arbitrary set of r vertices from K \ S and T C Z be the set of all common neighbors
from Z of vertices from R.
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Fig. 2. H-completable tuples (v, u, H) and (v, u, H, V). Black edges are edges mapped to edges of H, dashed edges are
other edges of G, the blue dashed edge can be immediately reconstructed in a bootstrap percollation process.

For vertices v, u of G and a subgraph H = H’ of G, we call the tuple (v, u, H) H-completable in
G (see Fig. 2), if there exists an embedding f (we call it (v, u, H)-embedding) from H to G|V(H )

such that f(w) = v, f(w;) = u and f maps H’ to H, i.e. the graph with the set of vertices V(H) ancl
the set of edges {{f(x), f(¥)}, {x,y} € E(H")} equals H (see Fig. 2). In plain words, it means that we
are able to immediately reconstruct the edge {u, v}. ~

For a vertex v of G and a subgraph H = H’ of G, we call the pair (v, H) H-completable in G, if
there exists an embedding f (we call it (v, H)-embedding) from H|y)\(w,} t0 Gl such that

f(wy) = v and f maps H’ to H. Intuitively, it means that nothing prevents us from adding an edge
from v to some other vertex w (such that (v, w, H) is H-completable in G). Thus, for such a tuple, the
possibility of completing G|V(H)U to a copy of H depends only on the existence of a vertex w with

the same neighbourhood in V(H )U {v} as w; has in H. The difference from the previous definition
is that if (v, u, H) is H-completable, we can immediately draw the edge {v, u} and thus complete a
copy of H, and if (v, H) is H-completable, we can possibly draw some edges from v depending on
the existence of a suitable w. There may be several such edges, or there may be none.

Let (v, u, H) be H-completable in G and let Vc V(H) have exactly d vertices. We call the tuple
(v, u, H, V) H-completable in G, if there exists a (v, u, H)-embedding f such that f maps Nu(w1)\{w>}
onto V. In Fig. 2, V is shown in violet colour. We need the parameter V to distinguish the set of v’s
neighbours in some suitable H.

Similarly, for an H-completable (v, H) and V C V( ) of size d, we call the tuple (v, H, V) H-
completable in G, if there exists an (v, H)-embedding f such that f maps Ny(wq) \ {w,} onto V.

Let us now describe the desired properties. We define two properties of G. The first one is used
to reconstruct all the edges but those between S \ D and [n] \ (K U Z). All the other edges are
reconstructed using the second property.

For a vertex v of G, a subgraph H = H’ of G and a set of vertices Vc V( ) of size d, denote by
u (H V) the set of all neighbours u of v such that u € Z, and the tuple (v, u, H, V) is H-completable.

Let us say that the tuple (G;K,S, D, Zy,Z,,Z3, T) satisfies the first H-saturation property or,
simply, the first property, if (note that, among the members of the tuple, G is a graph, and all the
others are sets of vertices; recall also that Z; LI Z, LI Z3 is a partition of Z)

1. K induces a clique in G;

2. for any adjacent (in G) pair vy, v, € Z \ T, there exists a copy H.
(v1, v2, Hy, 4, ) is H-completable in G;

3. for every v ¢ K U Z, there exists H, = H' inside Z; and V, C V(H,) such that (v, H,, V,,) is
H-completable in G;

of H' in G| such that

V1,02
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4. for any pair vy, v, ¢ K U Z, there exists a copy of H" in Glu,, (H,,.vy, )NUsy (Huy Vi )3

5. forany v ¢ K UZ, u € (K \ S)UZ, UZs, there exists a copy of H' in G|y, H,,v,)nNc(u);
6. forany v ¢ K U Z, u € Z;, there exists a copy of H' in Glz;nng(w)rvg(w);

7. for any u ¢ S, there exists a copy of H" in G|znn,u)-

Finally, let V(G,) = V' 1 V2 U V3 be an (almost) equal partition. Let us say that the tuple
(G; V1, V2% V3, s, D) satisfies the second H-saturation property or, simply, the second property, if

1. there exists Hy C G|py1 such that Hp = H’ and, for every v € S\ D, u € [V(G;) \ S]Uu V3,
there is a copy of H' inside Gl () Where U, is the set of all neighbours z of v in V such
that (v, z, Hp, D) is H-completable.

2. for every v € S\ D, u € V' 1 V?, there is a copy of H' inside Gly3qnw)e(v)-

2.3. Proof for a non-random graph

Assume that tuples (G;K,S,D, Z1,Z,,25,T) and (G; V', V2, V3,5, D) satisfy the first and the
second property respectively.

Clearly, in G, there are at least ('2‘) +d(n—k) > |E(F1)| (for n large enough, since F,} has dn+0(1)
edges due to the requirements in Lemma 1, and k > cInn) edges. Let us prove that there exists a
weakly (G, H)-saturated graph with |E(F!)| edges for sufficiently large n. Clearly, it is sufficient to
prove the existence of a weakly (G, H)-saturated graph with at most |E(F])| edges.

Without loss of generality, assume that, for every n, |V(S,})|: C (we can add C — |V(S,})| vertices
of [n]\ S} to S}, and then we will preserve conditions of Lemma 1). We can also assume that, for
every n, F! has the minimum number of edges among all graphs that satisfy conditions of Lemma 1
and have |V(S})|=C.

Let us now construct a spanning subgraph F C G with at most |E(F})| edges. After that, we will
prove that this graph is weakly (G, H)-saturated.

Let us first define those edges of F that are induced by K. Let ¢ be a bijection from K to V(Kj)
such that S C K is mapped onto S,}. Then, we construct a spanning graph on K (and we let F|x to
be exactly this graph) isomorphic to Fk1 such that ¢ is an isomorphism of F|x and Fk1 (i.e., an edge
{u, v} belongs to F| iff {¢(u), p(v)} belongs to F,} ).

Second, for every vertex v € Z, keep the edges of G going from v to D (there are d of them).
Moreover, for every vertex outside K u Z, keep specific d edges of G going from v to Z (so many
edges exist due to List 3 of the first property). The choice of edges between [n] \ (K L'Z) and Z will
be explained later.

Clearly,

EE)I= EFDI+ [E (FlIg )| = [E (Filg)|- 3)

Let us prove that )E (Fk1 |5’1)‘ = ‘E (F,} |51> ‘ for n large enough. It is enough to prove that there exists
k n

N e N such that, for every ny, n, > N, ’E (F,}1 ls1 )’ = ’E (Fnl2 g1 )’ Assume the contrary: for every
n nz

1
N € N, there exist n; > n, > N such that ‘E (F,.}1 |5,}1)‘ > ‘E (Fn]2|5,32) ‘ Let N be large enough. Since
|Sa,I= 1S4, 1= C, we get that |E(F, )|> |E(F,,)|+d(n; — ny). Since F, is weakly (K,, H)-saturated,
we get that a graph on [n;] obtained from Fr}z by adding d edges from each vertex of [nq] \ [n;] to
Fn]2 is weakly (K;,, H)-saturated. This contradicts with the minimality of the number of edges in F,}l.

From (3), we get that |E(F)|= |E(F})| for large n.

Now let us show that F is weakly (G, H)-saturated and, on the way, specify the edges from
[n]\(KuZ)to Z.

We first sequentially add the following bunch of edges to F: edges inside K, edges from K to Z, edges
inside T, edges between Z and T, edges inside Z.
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(1) Here, we restore the edges of G that are inside K. This is straightforward since K is a clique

2

—

=

—

=

(by List 1 of the first property), F|x= Fk] and there exists a bootstrap percolation process that
starts on F; and finishes on Ky. Let F; = F U Glx.

Let us restore the edges of G between K and Z. The edges between Z and D are already in F;.
Consider u € K\D, v € Z. Let K’ be a set of r —d —2 vertices of K\ [DUI{u}]. Then, for any graph
H = H’ on the vertex set K’ LI D such that Ny(w;) is mapped onto D (such a mapping exists
since K induces a clique in G), the tuple (v, u, H) is H-completable in (V(F;), E(F;) U {u, v})
since v is adjacent to every vertex from D in G. So, we can restore {u, v}. Let F, be obtained
from F; by adding all the edges of G between K and Z.

Let us switch to the edges that are entirely in T. Consider u, v € T. Recall that R is an arbitrary
set of r vertices in K \ S. The edges inside R and between {u, v} and R are already in F, (since
T C Z, R C K, and the edges inside K and between K and Z are already restored). Let H = H’
be inside R (recall that R is a clique). Then (v, u, H) is H-completable in (V(F,), E(F;) U {u, v})
and, therefore, we are able to restore {u, v}. We get F3 = F, U G|r.

Let us restore the edges between Z \ T and T. Consider v € Z\ T, u € T. Since u is adjacent to
all vertices from RU D, v is adjacent to all vertices in D, |[R|=r and |D|= d, we get that there
exists H = H’ in F3|gyp such that (v, u, H) is H-completable in (V(F3), E(F3) U {u, v}). Let F4 be
obtained from F3 by adding all the edges of G between Z\ T and T.

Let us restore the remaining edges inside Z. Consider adjacent (in G) vy, v, € Z \ T. By List 2
of the first property, there is H,, ,, = H’ inside G|y= F4|r such that (vy, vy, Hy, 4,) is H-
completable. Since all the edges from G|r and between {v{, v} and T are already in F4;, we
get that (v1, vy, Hy,,»,) is H-completable in (V(F4), E(F4) U {vy, v2}) and we can restore {vy, v,}.
We get Fs =F4U G|Z

Next we restore the edges that are entirely outside K LI Z.

Let v ¢ K U Z. Notice that we have to specify d edges going from v to Z in F. Let us do that.
By List 3 of the first property, there exists a copy H, C G|z of H' such that (v, H,) is H-
completable. Let V,, C V(H,) be the neighbours of v in H,. We specify the d edges drawn from
v in F as edges from v to V,.

Let us now restore the edges between v and U,(H,, V,). The edges inside H, C Z and between
v and V, are already in Fs, so by the definition of U,(H,, V,), we can restore all the edges
between v and U,(H,, V,,). Let Fs be obtained from Fs by adding edges between every v ¢ KLIZ
and U,(H,, V,).

Here, we consider the edges that have both vertices outside K LI Z. Consider vy, v, ¢ K U Z.
The edges from vy and v, to U,,(H,,, Vi, ) N Uy, (H,,, V,,) and the edges inside U,, (H,,, V,,) N
Uy, (H,,, V,,) are already in Fs. By List 4 of the first property, there is a copy of H" inside
G|U‘,1(H1 Vi MUy, (Huy Vi) )= 5|Uu1(Hv1qu1)ﬁUvz(Hvz-sz)' so the edge between v; and v, can be
restorecli Let F; = Fg U G|[n]\[KuZ]

It remains to restore only the edges between K LU Z and [n] \ (K U Z).

Let us restore all the edges between (K LUZ)\ S and [n] \ (KU Z). Letv ¢ KU Z.

First, let u € (K \ S) U Z, U Z3. The edges inside U,(H,, V,,) N Ng(u) C Z, the edges from u to
Ng(u) N Z; and the edges from v to U,(H,, V,) are already in F;. By List 5 of the first property,
there is a copy of H' inside U,(H,, V,,) N Ng(u). So, we can restore the edge between u and v.
Second, let u € Z;. The edges from v to Z3 are just restored. The edges inside Z; and the edges
between u and Zs are already in F;. By List 6 of the first property, there is a copy of H' inside
Z3 N Ng(u) N Ng(v), so we can restore {u, v}.

The graph Fg is obtained from F; by adding all the edges of G between (KLUZ)\S and [n]\(KUZ).
It remains to restore only the edges between S and [n] \ (K U Z).

Here, we restore the edges between D and [n] \ (K LU Z). Let v € D, u € [n] \ (K U Z). Then,
the edges between u and Z, the edges between v and Z and the edges inside Z are in Fg, and
Z C Ng(v). By List 7 of the first property, there is a copy of H' inside Z N Ng(u). So, we can
restore {u, v}. Let Fg be obtained from Fg by adding all the edges of G between D and [n]\(KUZ).
It remains to restore the edges between S\ D and [n] \ (K U Z). Consider v € S\ D. By the
definition of U, (given in List 1 of the second property), the edges from v to U, can be restored
immediately, as the edges inside Hp, the edges between U, and Hp and the edges from v to D

9
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are in Fo. Foru € (V(G1)\S)uU V3, by List 1 of the second property, there is a copy of H’ inside
U,NNg(u). The edges inside U NN¢(u) C V2 and the edges between {u, v} and U NN¢(u) C V2
are already restored, so {u, v} can be restored. Finally, consider u € V'LV?2. The edges between
S and V3 have just been restored. By List 2 of the second property, there is a copy of H’ inside
V3 N N¢(u) N Ng(v), so we can restore {u, v} as well.

2.4. Random graph has the properties

Let us first recall some results on the distribution of small subgraphs in the binomial random
graph.

Given a graph Y, it is well known that the number of subgraphs isomorphic to Y in G(n, p) is
well-concentrated around its expectation. In particular, Janson’s inequality implies that (see, e.g., [9,
Theorem 2.14]) the probability thazt G(n, p) does not contain an isomorphic copy of K, (£ is a positive
integer constant) is at most e~%(""), By the union bound, we get

Claim 1. Let ¢ > 0. Whp, for any subset A C [n] such that |A|> en, there exists a copy of K, in
G(n, p)la.

Since K, contains as a subgraph any graph on ¢ vertices, we get that the statement of Claim 1 is
also true for any graph Y.

Below, we use a notion of (X, Y)-extension introduced by Spencer in [17]. Let x € N and
X = {w1, ..., wx) be a set of x vertices called roots. Let Y be a graph on {w, ..., wy}, ¥y > x. Then
a graph Y on {&1, ..., wy} is called (X, Y)-extension of X = {@1,..., &), if, for distinct i € [y),
Jj € 1\ [x], the presence of the edge {w;, wj} in Y implies the presence of the edge {@;, @;} in Y.

In [17], it is proven (by a straightforward application of another Janson’s inequality, [9, Theorem
2.18 (i)]) that [x] does not have an (X, Y)-extension with probability at most e~*(". By the union
bound, this observation implies the following.

Claim 2. Let ¢ > 0, i € (¢n, n] be a sequence of positive integers. Then whp

e for any pair u, v ¢ [n] of adjacent in G(n, p) vertices, there exists a copy Hy, of H" in G(n, p)
such that (v, u, Hy,) is H-completable in G(n, p);

e for any v € [n] \ [71], there exists a copy H, of H' in G(n, p)|(x such that (v, H,) is H-completable
in G(n, p).

Let b € N. The number of common neighbours of [b] in G(n, p) has binomial distribution with
parameters n — b and p By the Chernoff bound, this number is smaller than %pb(n — b) with
probability at most e~ By the union bound, we get the following.

Claim 3. Let ¢ > 0, n € (en, n] be a sequence of positive integers, b € N. Then whp, any subset of
[n] \ [1] of size at most b has at least %pbn common neighbours in G(n, p)|-

Now, let us prove that there exist ¢ > 0 and sets K, S, D, Zy, Z», Z3, T, V1, V2, V3 such that

— the tuple (G(n, p), ¢, K, S, D, Z1, Z,, Z3, T) whp satisfies the first H-saturation property,
— the tuple (G(n, p), V!, V2, V3, S, D) whp satisfies the second H-saturation property.

Let us start with the first H-saturation property. We will define the parameters and prove that
whp each condition (out of 7 from the definition of the first property) holds for these parameters
at the same time.

1. Since G, L G(n/2, p), whp, in G4, there is a clique of size at least cInn for some positive
constant ¢ (see [9], Theorem 7.1). Let K be this clique of size k > cInn. So, List 1 of the first
property holds whp.

Let
10
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e S be a set of |S?| vertices of K,
e D be a set of d vertices of S,
e Z be the set of all common neighbours of D from V(G,).

Notice that the appearances of the edges (in G(n, p)) between D and V(G,) do not depend on
the choice of K, S and D. Then, |Z| has binomial distribution with parameters n/2 and p®. Therefore,

whp 1pin < |Z|< 2p’n (say, by Chebyshev's inequality).

2.

Recall that R is an arbitrary set of r vertices in K\S. Then T is the set of all common neighbours
of DUR in V(Gy).

The appearances of the edges between V(G;) and DUR in G(n, p) do not depend on the choice
of D and R. Then, |T| has binomial distribution with parameters n/2 and p’*¢. Therefore, whp
%p”dn < |T|< %p”’dn.

Notice that appearances (in G(n, p)) of the edges between T and Z \ T and the edges inside T
are independent of the choice of Z and T, so, conditioned on Z and T, they have independent
Bernoulli distributions. Then, by Claim 2, whp for every adjacent in G(n, p) pair vy, v; € Z\T,
there exists a copy H,, ,, = H' inside G(n, p)|r such that (vq, v, H,, »,) is H-completable.

. Let Z = Z, UZ, U Z; be an almost equal partition of Z (the sizes of the parts differ by at most

one). Then whp |Z;|= £2(n) and appearances (in G(n, p)) of the edges inside Z; and between
Zy and [n] \ (K 1 Z) do not depend on the choice of K, Z and Z;. Therefore, by Claim 2, whp
for every v ¢ K U Z, there exists H, = H’ in G(n, p)|z, such that (v, H,) is H-completable.
It implies that there is some copy Az H|y(m vy such that wy is mapped onto v and H' is
mapped onto H,. Clearly, it implies the existence of V,, C V(H,)\ {v} (by the definition) such
that (v, H,, V,) is H-completable.

. Recall that, for a vertex v ¢ K U Z, we denote by U,(H,, V,) the set of all neighbours u of v

in Z; such that the tuple (v, u, H,, V,)) is H-completable.

Set U, := Uy(H,, V). Fix vy, v; ¢ K U Z. Notice that if u € Z, is a common neighbour of
V(H,,) U V(H,,) U {vy, v} then u lies in U,, N U,,. Notice that V(H,,) U V(H,,) C Z; and
|V(H,,) U V(H,,)|< 2r. Appearances (in the random graph) of the edges between vertices of
[n] \ (K u Z) and vertices of Z, are independent of the choice of [n] \ (K U Z) and Z,. The
appearances of the edges between Z; and Z, are independent of the choice of Z; and Z, as
well, and, moreover, |Z;|= §2(n). So, applying Claim 3, we get that whp |U,, N U,,|= 2(n).
By Claim 1, whp there is a copy of H' in every le N UUZ.

.Fixv ¢ KuZ,u € (K\S)UZ,uZs. Notice that the appearances of the edges between

([n]\KUZ)u(K\S)uZ,11Z3 = [n]\S\Z; and Z, are independent of the choice of S, K, Z, Zy, Z5, Z3
and so are the edges between Z; and Z,. By the Chernoff bound, with probability 1 — =™,
vertices from V(H,) U {u, v} have £2(n) common neighbors in Z,. Since there are at most n?
choices of v ¢ KuZ and u € (K\S)uZ,L1Z3, by the union bound, we get that whp there are £2(n)
common neighbours in Z, for each element of {V(H,)U{u, v} | v ¢ KUZ,u € (K\S)UZ,UZs}.
Notice that, if u’ € Z, is common neighbour of V(H,) U {u, v}, then u’ € U, N Ngn py(u). So,
whp, for every v ¢ KUZ, u € (K\S)UZ, UZs, |L7v N Ng(n,p)(u)|= $2(n). By Claim 1, whp there
is a copy of H’ in every U,n Ng(n,p)(1).

. Notice that the appearances of the edges between ([n] \ K \ Z) 1 Z; and Z3 do not depend

on the choice of these sets, and whp |Z3|= £2(n), therefore whp any v ¢ K L Z,u € Z; has
£2(n) common neighbours in Z; by Claim 3. Indeed, such pairs {v, u} are subsets of [n] \ Z3
of size 2. By Claim 3 whp all subsets of [n] \ Z; of size 2 have at least #n = £2(n) common
neighbours in Z3, where ¢ is such that |Z3|> en. So, by Claim 1, whp there is a copy of H' in
Z3 N Ngn,py(1) N N py(v) for every u € Zy, v ¢ KU Z.

. Notice that, if u ¢ S, then the appearances of the edges between u and Z do not depend on

the choice of Z and u. If u ¢ S then, by the Chernoff bound, with probability 1 — e~ 2 the
vertex u has £2(n) neighbours in Z. Since there are at most n choices of u ¢ S, by the union
bound, we get that whp, every vertex u ¢ S has at least £2(n) neighbours in Z. So, we can
apply Claim 1 and get that whp there is a copy of H' in N¢,p)(u) N Z for every u ¢ S.

11
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Now let us prove the second property. Let V(G,) = V! u V2 L V3 be an equal partition.

1. Let us find a copy of H’ such that Ny(w) \ {w-} is mapped onto D and other vertices of this
copy lie in V. Notice that the appearances of the edges between D and V! and inside V! have
independent Bernoulli distributions. Recall that D induces a clique in G(n, p) and [V!|= 2(n).
So, Claim 3 implies the existence (whp) of £2(n) common neighbours of D in V!, By Claim 1,
there exists an r-clique in the set of all common neighbors of D. This immediately implies
the existence of the desired Hp. A
Notice that all common neighbours of V(Hp) U {v} in V? lie in U, for every v € S\ D as
D C Nggnp)(v). The appearances of the edges between D L V! L (V(Gy) \ S)u V3 and V2 do
not depend on the choice of these sets. So, by Claim 3, whp, for every u € V(Gy) \ S U V3,
there are £2(n) common neighbours of V(Hp) U {v, u} in V2 (and so |U, N No(n,p)(U)|= £2(n)).
By Claim 1, whp, for any v € S\ D, u € (V(G;)\ S)uV?, there is a copy of H’ in f]v N Ngn,p)(1).

2. The appearances of the edges between (S \ D)u V' LV? and V3 do not depend on the choice
of these sets, so, by Claim 3, for any v € (S \ D), u € V! u V2, whp there are £2(n) common
neighbours of {u, v} in V3. By Claim 1, whp, for any v € (S\ D), u € V! LU V?, there is a copy
of H’ inside V3 N Ng(npy (1) N Negn,py(v)-

3. Proof of Theorem 2

Recall that t > 3 is assumed.
Let us first notice that if G = Gy U. ..U G, consists of m connected components Gy, ..., G, then

m
wsat(G, Ky¢) = Z wsat(G;, Ky ¢).
i=1

Therefore, wsat(G, K ;) is at least the number of non-empty components in G.
Let L < p < 1 “Consider wy > 0 such that

e w, —> 00 as N — oo,
e w, < 8% for n large enough,

Wn

2 =p for n large enough.

Wn

Then, for n large enough, “* < pn < “‘7” Let X be the number of isolated edges in G(n, p). Since

n 1 w
EX = <2>p(1 —py=2) ~ 3 exp[Ilnn + In(np) — 2pn] > 7"(1 +0(1))
and

VarX = EX + <g> (n 5 >p2(1 — )Y _ (EX)? =EX + 0 ((EX)2%> ,

by Chebyshev’s inequality, we get that

Wn VarX
p<X<7)§7—)O, n— oo.
3 (EX — wy/3)?

Therefore, whp

t
wsat(G(n, p), Ky.¢) > wp > (2) = wsat(Ky, Ki.¢).

Now, let p > 1;‘—: For such p, for any ¢ > 0, whp there exists a connected component G, in

G(n, p) of size at least (1 — ¢)n [9, Theorem 5.4]. Clearly, wsat(G(n, p), K1,;) > wsat(Gp, K1 ).
Below, for a connected graph G, we give a necessary and sufficient condition, in terms of the

existence of a subgraph from a certain class, for the stability property wsat(G, K; ;) = (;)
Lett <y < x < n be integers and G be a graph on [n]. Let F* C F C G, V(F) = {vy,..., v},

V(F') = {vi,...,v}. Let us call F a saturating structure of length x in G with the core F’, if

12
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every v, y+ 1 < i < x, sends exactly t — 1 edges to the previous vertices vy, ..., vi_1 in F,
i.e. INg(v;) N {vy,...,vi_1}|= t — 1. We call y the size of the core. The vector v = (v, ..., vy) is
called a saturating ordering of F.

Claim 4. Let G be connected.

(1) If G contains a saturating structure of length n with a core F’' = K;, then wsat(G, K ;) = (;)
(2) If wsat(G, K1) = (5) and G has at least yu vertices with degrees at least t — 1, then G contains
a saturating structure of length p with a core of size at most (*3").

Now, due to Claim 4 and the fact that whp G(n, p) has at least n/2 vertices with degrees at least
t — 1 (this can be proven by a straigtforward application of Chebyshev’s inequality to the number
of vertices with such degrees), Theorem 2 immediately follows from

Claim 5.

1. There exists ¢ > 0 such that, if p < cp(n, t), then whp there is no saturating structure of length
|Inn| and with a core of size at most (‘') in G(n, p).

2. There exists C > 0 such that, if p > Cp(n, t), then whp there exists a saturating structure of
length n with a core isomorphic to K; in G(n, p).

It remains to prove Claims 4 and 5. We give the proof of Claim 4 in Section 3.1 and the proof of
Claim 5 in Sections 3.2 and 3.3. The most involved part is the proof of the second part of Claim 5
given in Section 3.3. At first we prove the existence of a saturating structure of size x = |Inn] whp
using the second moment method. After that we extend this structure to size y = % whp. Finally,
we extend this structure to a structure of size n whp, which finishes the proof.

3.1. Proof of Claim 4

First, assume that G contains a saturating structure F of length n with a core F’ = K. It is clear
that F is both weakly (G, K7 ;)-saturated and weakly (Kp, K; )-saturated. In particular, it implies
that G is weakly (K, K7 )-saturated and, therefore, wsat(G, K; () > wsat(Ky, K7 ;). Since F is weakly
(G, Ky.¢)-saturated, it remains to prove that wsat(F, K;;) < (;) Let (vq, ..., v,) be a saturating
ordering of F. Then F' = F|y,, ... )= K, has exactly (;) edges. Let us show that F’ is weakly (F, Ky ;)-
saturated. Since each vertex of vy, ..., v; has degree t — 1 in F/, we can restore all the edges in F
adjacent to one of these vertex. In particular, we restore all the edges going from v, to vy, ..., v¢.
Proceeding in this way by induction, we restore all the edges of F.

Now, let wsat(G, K1) = (5) and G have at least . vertices with degrees at least t — 1. Let F’
be a weakly (G, K; ;)-saturated graph with (;) edges and y non-isolated vertices. Let us order these
vertices of F’ in a way vy, ..., vy such that v; plays the role of the ith central vertex of Ki in a
Ky ¢-bootstrap percolation process that starts on F’ and finishes on G. Clearly, for every i € [t — 1],
the vertex v; sends at least t — i edges to F’ o) Since the total number of these edges is (;)

|{v,-+1,“
F’ cannot contain any other edge. The bound y < t + (3) = (‘}') follows.
Consider a K; (-bootstrap pecolation process that starts on F’ and finishes on G. Let ey, ..., e, be
the appearing sequentially in this process edges that contain at least one vertex outside {vq, ..., vy}.
Let wy, ..., w,—y be vertices of G outside {v1, ..., v,} with degrees at least t — 1 ordered in the
following way.
e Let i € [m] be such that e; contains w; and a vertex from {v, ..., vy}, there are exactly t — 2
edges among e, ..., e;_; that contain w1y, and all of them have the second end in {v1, ..., vy}.

efForj € {2,...,u —y} let ij € [m] be such that e; contains w; and a vertex from
{vi,..., vy, wy, ..., wj_1}, there are exactly t — 2 edges among ey, ..., eij—1 that contain wj,
and all of them have the second end in {vq, ..., vy, w1,..., wj—1}.

Such an ordering exists due to the definition of the K ;-bootstrap pecolation process. Then, the
desired saturating structure of length w is obtained from F’|, . .,) by adding w, i € [ — y], with
the t — 1 edges going to the previous vertices vy, ..., vy, wi, ..., Wi_1.

13
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3.2. Proof of Claim 5.1
Letx = |Inn|,y = (}'), c < e 0+ Let p < cp(n, t).

Let X be the number of subgraphs F in G(n, p) on x vertices such that there exist i € {t —
1,t,...,y}and vy, ..., v; € V(F) satisfying the following property:

for every v € V(F)\ {v1, ..., vj}, there exists a set N, of its t — 1 neighbours in F such that,
for every u € Ny, v ¢ N,.

Clearly, an ordered saturating structure of size x with a core of size at most y is a subgraph with
the above property. Therefore, it is sufficient to prove that P(X > 1) - 0 as n — oo.
Let us bound EX from above. By the linearity of expectation, we get

y x—i
n X X ;
EX < > (x=i)e=1).
N <X> i=t—1 (1> (t - 1) p

=t

Indeed, (;) is the number of ways to choose the set of vertices of F. Then, foreveryi=t—1,...,y
we choose the vertices vy, ..., v; out of the set V(F) in (’,‘) ways. After that we choose N, for every
v € V(F)\{v1, ..., v;} (there are x —i vertices and at most (tf]) choices for one vertex). Since edges
.fror(ri 1;)(501I)Vvsshould be distinct for different v € V(F) \ {v1, ..., v;}, the probability to draw them
isp . So,

y x—i
EX < n'x Z X pt—1 < ynxxy (Xp)(t—l)(x—y) — exlnn—xlnx+x+(x—y)(t—l)ln(xp)+O(lnlnn).
X! t—1 x!

i=t—1
Since
1 t—2 1
In In(cp(n, t)) = —— Inn — Inlnn—1In—,
p < In(ep(n, 1)) = —— — -
we get that

1
EX < exp |:ylnn—ylnlnn +x—(x—y)Nt—1)In— +O(lnlnn)] =
c

1
exp |:lnn <y+ 1—(t—1)In 7> + O(lnlnn)} — 0, n— oo.
c
Markov’s inequality implies P(X > 1) — 0.
3.3. Proof of Claim 5.2

Set p = Cp(n, t) where C is a large positive constant (for example, any C bigger than Z%t(t -1)
is sufficient). Since ‘containing a saturating structure of length n with a core isomorphic to K;' is an
increasing property, it is sufficient to prove that it holds whp for this value of p.

The structure of the proof is the following: at first we prove the existence of a saturating structure
of size x = |Inn| whp, then we extend this structure to size y = % whp, and finally, we extend it
to the desired size n whp.

3.3.1. Saturating structure of size x = |Inn|

Let X be the number of saturating structures F of size x in G(n, p) with a core isomorphic to K;
and a saturating ordering (v, ..., vy) such that v < v, < --- < vy. Let us call such an ordering a
canonical saturating ordering. Let S be the set of all such structures in K,. Then X = ZAes I, where
14 indicates that A belongs to G(n, p). We have

X i—1
ex ~ —p(0 ] [(; - 1),3”} . (4)
i=t

14
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Notice that

ﬁ(i—l)_ 1 te o (x—1)
La\e—1) - D (= o)
T =t &= (= e+
(e TR (e [ (R DTi
rx)D2(x — ¢ 4 1)x—tHDE=1)
~ D[ (f — 1)

> (X —t4+ 1)(X—[+1)(t—1)-
So,

EX > (14 0(1)—— (x— t + -1)([71)(x7t+1)p(t;1)+(t71)(x7t+1) _

27X (x/e

exp{%lnn+x[1+(t—2)lnx+(t— 1)lnC—(t—2)lnlnn]~|—o(x)} =

exp{lnn[; +(1+(t— 1)lnC)] +o(lnn)}.

1
As C > e =1, we get EX — o0.
Now let us estimate VarX. Since, for disjoint A, B € S, I, I are independent, we get

E| D Is|= > EhElg<E |:ZIA:| E |:ZIB:| = (EX)?

A,BeS, A,BeS, AeS BeS
V(A)NV(B)=2 V(ANV(B)=2

and

VarX = EX? — (EX)? =

E| D s |+E| Y. Ils|—(EX?< Y Ells (5)

A,BeS, A,BeS, A,BeS,
V(ANV(B)=2 V(ANV(B)£2 V(ANV(B)£2
Let A, B € S have a non-empty intersection W = V(A) N V(B) and let w; < --- < wy be the
vertices of W.
Since the number of edges in W is maximum when each w; sends all min{t — 1,i — 1} edges to
the previous wq, ..., wj_1, we get that A and B have at most

M := [(t ; 1) +(d—t+1)t - 1)} I(d>t)+ G)I(d <t).

common edges. Notice that M = (d —t/2)(t — 1) when d > t. Denote by cnt(d, my, m,) the number
of pairs A, B € S such that |[V(A) N V(B)|= d, AN B has m; edges inside the core of B and m, edges
outside the core of B. In this case A and B have m; + m, common edges, so the probability to draw
edges of AU B is p?> ™™, where z = (‘") + (x — t + 1)(t — 1) = (x — t/2)(t — 1) is the number
of edges in each of A and B. So,

Z Elalz = Z P(A C G(n, p), B C G(n, p)) ZZchtd my, my)p?2 ™"z, (6)

A,BeS, A,Bes, my my
ANB## ANB#H

Now let us bound cnt(d, m;, m,) from above. Notice that EX is the number of choices of an A
of size x multiplied by the probability to draw z edges. So, we can choose A in pz ways. After A is

15
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chosen, we select d common vertlces of A and B in ( ) ways. Then, we choose other vertices of B
(it can be done in at most ( ways) After that we have to choose edges in B. Notice that, for a
fixed j and for the ith vertex o B that has j outcoming edges (i.e. edges between the ith vertex and
vertices that are labelled by numbers less than i) that should be entirely in A, the number of choices
of these common edges is at most (t_l) and the number of choices of all the other outcoming edges
from the ith vertex is at most (, ]) Then,

EX (x\ m*¢ - i—1 t—1
cnt(d,ml,mz)s—O— max 1‘[( )( . ) (7)
p* \d (X—d)!jt+1’~~~,jx€J(d$m2)i:[+l t—1—jj Ji
where J(d, my) is the set of all tuples (jo11, ...,Jx) € {0, 1, ..., t—1}"* such that jo 1+ - -+j, = my
and the number of non-zero j; is at most d. Clearly, for a (jet+1,...,jx) € J(d, my), we have

[T (t;1) < 2t=1d Moreover,

X

X i—1\ _ (t — DI — t)! i—1
1_[ (t—l—ji) _i:H (6 =1 —j)li — t +ji)! (t—1>

i=t+1 t+1
X TR X i—1
t—1 \i/i—1 (=)
< - =(t—1 m2 S Ui —.
<11 () ()= T oy
i=t+1 i=t+1
The function g(jet1, ..., Jjx) = [[= t+1 SH J' defined on the intersection of {0,1,...,t — 1}t
with the hyperplane jii1 + -+ - +jy = my achleves its maximum when
t—1, t+1<i<t+|7%],
ji={ m modt—1, i=t+[2]+1,
0, i>t+ |74 +1,

since —Ing = Y7, aj; is linear and the coefficients ; increase as i grows.

-1
Therefore, [T;_,, m =0 [(M) i| Combining this with (4) and (7), we get

t—1 |

cnt(d, my, my)p* M2

d, my, my) = =
fd, my, my) (EX)?
—of (*)xtndae-1a (- pmm | —
d 1 my ’t—l
(/1)
201\ t—12\™
=0 ((Xe - ) XIn~dp~m <7( ) e) .
nm;p
Since % increases (as a function of m,) on (0, M] (the maximum is achieved at (t= 1) >
M), we get that
N G A G VI R (Gl VA @)
map - (M —mq)p M —my '

This expression achieves its maximum when m; = M—(t—1)2. Since m; < (tgl) by its definition,
and M may be either large or small depending on the value of d, below, we distinguish several
scenarios: d > 2t — 2, t <d<2t—2andd < t.
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1. Ifd > 2t — 2, then M > (3t/2 —2)(t — 1) = (t — 1)* + (}"). Therefore, M — (t — 1)* > (*3").
It means that the bound to the right in (8) increases with my, and its maximum value is
achieved at m; = (*"). Then,

x2e2t—1 d (t —1)e (t=1)(d—t+1) _M
f(d’ml’mZ):()(( dn >((d—t+l)> Po)=

=0 (ed[zlnx+1—lnd—lnn+([—1)(ln2—1n(d—t+l)+ln(t—l)+l—1np)] %

x e(t/Z)(f*UlnPJrO(X)) .

Notice that In(d — t + 1) > In ¢ (since d > t). So,
f(d, my, mz) =0 (edy(d)+([/2)(t—1)lnp+0(x)) ,
where
y(d)=2Inx+1—tilnd+ (t —2)Inlnn+ (¢t — 1)(Int —InC + In(t — 1)+ 1+ 1n2).

Notice that [dy(d)]’ = y(d) — t and y decreases. Therefore, dy = y ~!(t) is a point of global
maximum of dy(d). Clearly,

t=1

do = (@)7 (Clinm?)7 = <@>7 X(1+0(1)).

t—1 —
Therefore, doy(do) = (XZ£) © xt(1 + o(1)). As C > 22fr—711t(t — 1), we get that, for ¢ > 0
small enough, f(d, m{, my) < n°.

(12 \M™™ 1)
2. Lett <d < 2t — 2. Then ((M—m1)> < elt=17_ Therefore,

2\ 2\ e
f(d.my,my)=0 (;) p™) =0 (F) p
—o [Inn] —o 1
- ((n[lnn]fz)fﬁ) - (n)

M—mq
3. Finally, let us switch to the case d < t. Since M — (t — 1)> < 0, we get that (Sf,,jff) is
maximal when m; = 0. Therefore,

21 x? ‘
fld,my,my)=0 ((n) P_M> =0 (m)
np 2
d
x? Inn
=0 1o d-1 (t—2)d—1) =0 n .
n o 2-1) []n n] 2(t—1)

Combining the above bounds with (5) and (6), we get, by Chebyshev’s inequality, that, for n large
enough,

Therefore, whp there exists a saturating structure of size x.
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3.3.2. Saturating structure of size y = B
First, we divide the random graph into two parts:

G1 = G(n, Plin2)1, G2 = G, Plinniin/2n-

Let Fy be a saturating structure of size x = |[In ([n/2])] in G, (if exists). Let Ap be the event that F,
exists. A

Let us enlarge the saturating structure by induction. Suppose that C is a constant greater than 1
(it will be defined later). Take § > 0 such that (1 — §)C > 1. Let, for everyi € {0, 1, ..., ¢},

(t=1)i-1

G =((1-80) =,

Let U} C V(G,) be a set of vertices connected to at least t — 1 vertices of Fy and let U; comprise
arbitrary min(|U;], [C; x]) vertices of Uj. For i = 1,2,..., let U/ ; C V(G) \ (U U... U U;) be
the set of vertices connected to at least t — 1 vertices of U;, and let U1 be composed of arbitrary
min(|U;,,|, [C;{;X]) vertices of Uj,,. If, for some ¢, we get |V(Fp) U Uy U ... U Ug|> y, then we
immediately get a saturating structure of size at least y. We will define the desired ¢ later. But we
assume for a while that some value of ¢ is fixed.

Set X; = |Uj| for i e [£]. Notice that the appearances of the edges between G, and Fy do not

depend on the choice of Fy and have independent Bernoulli distributions. Therefore,

n n
B 1 A0) = [ 5 [P Vartxi [ 40) = [ 5 | P(1 =P,
where
X X
P — k 1 _ X—k.
> <k>p( p)
k=t—1
We get
n{ x n xt—1 ct-1
B [ A ~ =101 _pyt+t L 1 -1 &
(X1 1 A) 2<t—1)p (1=p) 20— T 2c-1)

As C > (2(t — 1)), we get that € = Z(C:—::), > 1. Also,

Var(X; | Ao) 1 1
(E(X1 1 A0)?  E(X1]A0) Cx
By Chebyshev’s inequality, for every § > 0,

1

P(|X; — Cx|> 8Cx | Ag) < (14 0(1))——.
§2Cx

Notice that C; = (1 — 8)6 . Therefore (recall how U; is constructed),

1

P(|U1l< TCyX] [ Ao) = P(JUq|< Cyx | Ap) < (1 +0(1))—+—.
82Cx

Let, for everyi € {1, ..., ¢},
Ai = Aim N{IUi= TG X1}

[2
plnn*

E—’VIO [(I"Z )(t—2)+1ﬂ
B e AN '

18
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Due to our choice of ¢,
—_ 1) —
Inz _ (t—=1)¢ -1
In((1 — 8)C) t—2
which implies C; >zand C,_; <zand (; =o(z)fori< £ —1.

ThenC, x>y, C,_x<yand GG x=o(y), i€ [£—2].
Let us prove that

)

1-6

PG = XilA) = 1= (1+ o) 7 (10)
uniformly over all i € [£ — 1] and that
1-6
P(y < X¢lAe—1) = 1—(1+0(1)) 52y (11)

As seen above, it is true fori = 1.

Now suppose that i € [£ — 1] and (10) holds. Notice that the appearances of the edges between
V(Gy)\ Uj'-:1 U; and U; still have independent Bernoulli distributions.

Let a .= |Ui|= [C; x] on A;.

Since, on A;, almost all vertices of V(G,) may be included in Ui (ie., [Uy U ... u U= (1 +
o(1))Inn(C; +---+ G )=o(n)asi<{£— 1) we get

E(Xi1JA) ~ Xa: VK1 — pyrt > (14 o(1) " pr-te-an,
w2 )P T 2c-1nf ¢
Var(Xi11A4i) _ 1
(EXit1141))> ~ E(Xi1lA)
Notice that in this case
n(C Xt AR
E(Xit11Ai) = (1 +O(1))5(t'—71)!p[ le™® = (1 +0(]))1 i—l(sxe »,

Notice that for i < £ — 1, it equals (1 + o(l))f’if; X.
Therefore, if i < £ — 1, by Chebyshev’s inequality,

Ai) < P<|Xi+l — E(Xip11A)> 5E(Xi+1|Ai)‘Ai>
o Var(XilA) (1 +o(1)(1 —8)

=

= (BE(Xi+11A1))? 82Ciy4x

1§

P (Xi+1 < Ci?HX

— 0, n— oo.

This finishes the proof of (10).

Now let us look at the case of i = £— 1. Let C be such that (1—8)C_'Cx = y. Notice that C;_, > C,
since (1 — 8)(C[71)t‘16x = C,x > y. Let W be a subset of [Cx] vertices of U;_; (we suppose now
that A;_; holds). Therefore, U; contains at least all the vertices of V(G;) \ (U; U ...U,_) that are
connected to at least t — 1 vertices of W. Also, |W|= [Cx] = 0(%), as T 'xt1pt1 = O(%) — 0.
Therefore,

W]
EXelA-1) = g > ('V,‘:|>p"(1 —pMF = (14 0()C ' Cx=(1 +°m)1yf3;
k=t—1

Var(XelAe—1) _ 1
(E(XelAe—1)? ~ E(XelAe—1)
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So, by Chebyshev’s inequality

Ag,]> < F’(lxz — E(X¢|Ai)|> SE(X, |Ai)‘Ai>

Var(X,|A;) (140(1))(1—=24)

< > =< 3 —- 0, n— oo,
(BE(Xc1Ai) 8%y

P(X( <Yy

which proves (11).
Notice that (9), (10) and (11) imply
¢
P(—A.) < o(1)+ ) P(Cx < XilAi-1)

— 0, n— oo.

(T+o(1))(1=38) (1+0o(1))(1-3)
<o(1)+ +
= oD ; §2Cx 82y
Here, we used the fact that (1 — 5)6 > 1.
So, whp there exists a saturating structure of size y.

3.3.3. Saturating structure of size n

In this section, we prove that, for every proper S C [n] of size at least y = %, in G(n, p)
there exists a vertex outside S such that it is connected to at least t — 1 vertices of S. Clearly,
this observation finishes the proof of Claim 5.2.

For a fixed set S of size z > y, the probability that some fixed vertex outside S has no more than
t — 2 neighbours is

- z k z—k z — zep ¢ —pz
g(l)p(l—p) <(1-p) +k2=1:((1—p)k) e’

zep
<(t—1)exp [(f —2)n <m> B Zp}

since the function (t — 2)In (%) increases in x € (0, t).
By the union bound, the probability that there exists a set S C [n] of size z € [y, n/Inn] such

that every vertex outside S has less than t — 1 neighbours in S is at most

[n/lnn] n—z
n zep
2 (z) <(t_”exp[(t_z)l“((l—p)<r—2)>_Zp]) =

z=y
|n/Inn]
< Z explz(lnn+1—1Inz)— 2(n)] = nexp[—22(n)] > 0, n— oo,
z=y
since (t — 1)exp [(t —2)In (%) - zp] is bounded away from 1. Indeed, (t — 2)In(zp) — zp
decreases as zp increases, so its maximum is achieved at zp = t2. Thus the expression under the
exponent is at most (t — 2)[In(t2/(t — 2)) — t2/(t — 2)] — o(1) < —t2/2 — o(1).
Finally, the probability that there exists a proper S C [n] of size z > n/Inn such that every
vertex outside S has less than t — 1 neighbours in S is at most

-l n zep n-z
2 (n—z)((t_l)exp[(t_z)lr’((l—p)(r—2)>_Z"D =

z=[n/Inn]
n—1
< > expl(n—z)(Inn—zp(1+0(1))] > 0, n— co.
z=[n/Inn]
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Claim 5.2 and Theorem 2 follows.
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