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a b s t r a c t

The paper studies wsat(G,H) which is the minimum number of
edges in a weakly H-saturated subgraph of G. We prove that
wsat(Kn,H) is ‘stable’ – remains the same after independent
removal of every edge of Kn with constant probability – for all
pattern graphs H such that there exists a ‘local’ set of edges
percolating in Kn. This is true, for example, for cliques and
complete bipartite graphs. We also find a threshold probability
for the weak K1,t -saturation stability.

© 2023 The Authors. Published by Elsevier Ltd. This is an open
access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Let G and H be graphs (below, we refer to them as host and pattern graphs respectively). Let
F ⊂ G be a spanning subgraph of G. Let us call a sequence of graphs F = F0 ⊂ . . . ⊂ Fm = G

an H-bootstrap percolation process, if Fi is obtained from Fi−1 by adding an edge that belongs to
a copy of H in Fi. F is weakly (G,H)-saturated, if G can be obtained from F in an H-bootstrap
percolation process (i.e., there exists an ordering e1, . . . , em of the edges of G \ F such that, for
every i ∈ [m] := {1, . . . ,m}, F ⊔ {e1, . . . , ei} has a copy of H that contains ei). The smallest number
of edges in a weakly (G,H)-saturated graph is called the weak saturation number and is denoted by
wsat(G,H). This notion was first introduced by Bollobás in 1968 [6].

In this paper, we study the phenomena of stability of the weak saturation number. It was
observed by Korándi and Sudakov [12] that wsat(G = Kn, Ks) remains the same after a deletion of
each edge of Kn independently with a constant positive probability (as usual, Kn denotes a complete
graph on n vertices). We show that this stability property holds for a wider class of pattern graphs
H , and conjecture that it actually holds for all H . We also find a threshold probability for the stability
of the weak (Kn, K1,t )-saturation number. Before stating the results, let us recall known values of
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the weak saturation number when G = Kn. We denote by Ks,t a complete bipartite graph with parts

of size s and t .

The exact value of wsat(Kn, Ks) was achieved by Lovász [14]: if n ≥ s ≥ 2 then

wsat(Kn, Ks) =
(

n

2

)

−
(

n − s + 2

2

)

.

The value of wsat(Kn, Ks,t ) for an arbitrary choice of parameters is still unknown. The most

general result was obtained by Kalai [11] in 1985 and Kronenberg, Martins and Morrison [13] in

2020. They proved that

wsat(Kn, Kt,t ) = (t − 1)(n + 1 − t/2),

wsat(Kn, Kt,t+1) = (t − 1)(n + 1 − t/2) + 1

if t ≥ 2 and n ≥ 3t − 3. In [13], general bounds for arbitrary choice of parameters s, t were also

obtained:

wsat(Kn, Ks,t ) ≤ (s − 1)(n − s) +
(

t

2

)

(1)

if t > s ≥ 2 and n ≥ 2(s + t) − 3 and

wsat(Kn, Ks,t ) ≥ (s − 1)(n − t + 1) +
(

t

2

)

(2)

if t > s ≥ 2 and n ≥ 3t − 3.

Notice that, for s = 1, the exact value of the weak saturation number is straightforward:

wsat(Kn, K1,t ) =
(

t

2

)

.

Indeed, let us call the central vertex of K1,t (or, simply, quote) the vertex that is lying in the part of

size one (i.e. has degree t). Now consider a K1,t-bootstrap percolation process in Kn. The sequence

of quotes v1, . . . , vm is defined in the following way: vi is the central vertex of one of the copies of

K1,t used at the step j ≥ i such that j is the first step when this quote is used, i.e. v1, . . . , vm are

distinct vertices where each vi appears in the sequence at the first time it is used as a quote. Note

that, for every i ∈ [t − 1], the number of neighbours of vi in V (F ) \ {v1, . . . , vi−1} is at least t − i.

Then, wsat(Kn, K1,t ) ≥
(

t

2

)

. Eventually, wsat(Kn, K1,t ) ≤
(

t

2

)

since we can use F = Kt to restore all

edges of Kn (first, we restore all edges with one endpoint in the clique, then all the rest).

There are also many results about weak saturation numbers for other specific pairs of host and

pattern graphs (e.g., for both G and H being complete bipartite [16], for multipartite graphs [1], for

disjoint copies of graphs [8], for hypercubes and grids [3,4,15]). The weak saturation number for

hypergraphs has also been studied [1,3,7,8,16,19,20].

In 2017, Korándi and Sudakov [12] proved that, if s ≥ 3, then wsat(Kn, Ks) is stable, i.e., for

constant p ∈ (0, 1),

wsat(G(n, p), Ks) = wsat(Kn, Ks)

with high probability. Here, we denote by G(n, p) the binomial random graph on the vertex set [n],
where every pair of distinct i, j ∈ [n] is adjacent with probability p independently of the others.

Hereinafter, we say that some property holds with high probability, or whp, if its probability tends

to 1 as n → ∞.

In this paper, we prove a transference theorem that can be used to derive such stability results. It

immediately implies the result of Korándi and Sudakov as well as stability results for all complete

bipartite pattern graphs (despite the fact that the exact value of wsat(Kn, Ks,t ) is not known for

almost all pairs s and t). Below, we denote by δ(H) the minimum degree of graph H . Without loss

of generality, we set V (Kn) = [n].
2
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Fig. 1. structure of F 0
n .

Theorem 1. Let H be a graph without isolated vertices, and let p ∈ (0, 1), C ≥ δ(H) − 1 be constants.

For every n ∈ N, let F 0
n be a weakly (Kn,H)-saturated graph containing a set of vertices S0n ⊂ [n]

with |S0n |≤ C, such that every vertex from [n] \ S0n is adjacent to at least δ(H) − 1 vertices of S0n (see

Fig. 1). Then whp there exists a subgraph Fn ⊂ G(n, p) which is weakly (G(n, p),H)-saturated, and Fn
has min{|E(G(n, p)), |E(F 0

n )|} edges.

This theorem implies

Corollary 1. Let p ∈ (0, 1) be constant. For an arbitrary graph H without isolated vertices, whp

wsat(G(n, p),H) = wsat(Kn,H),

if, for every n ∈ N, there exists a minimum (having wsat(Kn,H) edges) weakly (Kn,H)-saturated graph

with the property described in Theorem 1.

Proof. Indeed, assume that the condition of Theorem 1 is satisfied. Then, it immediately implies

that whp wsat(G(n, p),H) ≤ wsat(Kn,H). Assume that, with a probability bounded away from 0,

wsat(G(n, p),H) is strictly less than wsat(Kn,H). Since whp every pair of vertices of G(n, p) has at

least |V (H)| pairwise adjacent common neighbors [18], whp G(n, p) is weakly (Kn,H)-saturated —

a contradiction. □

This corollary immediately implies stability for several pattern graphs. Notice that the graph

obtained by removing a copy of Kn−s+2 from Kn is weakly (Kn, Ks)-saturated, has the structure

described in Theorem 1 and has wsat(Kn, Ks) edges. Therefore, the result of Korándi and Sudakov

can be immediately deduced from Corollary 1.

The constructions of Kronenberg, Martins and Morrison [13] of weakly (Kn, Kt,t )-saturated and

weakly (Kn, Kt,t+1)-saturated graphs with wsat(Kn, Kt,t ) and wsat(Kn, Kt,t+1) edges respectively also

have the structure described in Theorem 1. Therefore, by Corollary 1, for every p ∈ (0, 1), whp

wsat(G(n, p), Kt,t ) = wsat(Kn, Kt,t ), wsat(G(n, p), Kt,t+1) = wsat(Kn, Kt,t+1).

The bounds (1), (2) imply that Corollary 1 can be also applied to pattern graphs Ks,t for all possible

values of s ≤ t . To see this it is sufficient to show that, for every n ∈ N, there exists a minimum

weakly (Kn, Ks,t )-saturated graph with the property described in Theorem 1. Note that due to (1)

and (2)wsat(Kn, Ks,t ) = (s−1)n+O(1), and s is the minimum degree of Ks,t . Moreover, it is clear that

there exists a constant C = C(s, t) such that, for all n large enough, wsat(Kn, Ks,t ) = (s − 1)n + C .

Indeed, otherwise there exist C1 < C2 and two infinite sequences {n1
i }i∈N and {n2

i }i∈N such that

wsat(Kn1
i
, Ks,t ) = (s − 1)n1

i + C1 and wsat(Kn2
i
, Ks,t ) = (s − 1)n2

i + C2.

3
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Let us choose sufficiently large i and j such that n1 := n1
i < n2

j =: n2, and let F1 be weakly (Kn1 , Ks,t )-
saturated. Then, the graph F2 on [n2] obtained from F1 by adding s−1 edges from each of the vertices
from [n2] \ [n1] to [n1] is (Kn2 , Ks,t )-weakly saturated and has (s− 1)n2

i + C1 < (s− 1)n2
i + C2 edges

— a contradiction. From this, the existence of a weakly (Kn, Ks,t )-saturated graph with the desired
property is straightforward. Indeed, let n0 be so large that wsat(Kn0 , Ks,t ) = (s−1)n0 +C , and let F 0

n0

be a weakly (Kn0 , Ks,t )-saturated graph with (s−1)n0 +C edges. For every n > n0, set S
0
n = [n0] and

define F 0
n as the union of F 0

n0
with a graph consisting of s− 1 edges going from each of the vertices

from [n] \ S0n to S0n . The graph F 0
n is weakly (Kn, Ks,t )-saturated and has the desired number of edges.

Therefore, by Corollary 1, we get that, for every constant p ∈ (0, 1) and all 1 ≤ s ≤ t , whp

wsat(G(n, p), Ks,t ) = wsat(Kn, Ks,t ).

This stability result demonstrates the efficiency of Theorem 1: it can be used to prove stability even
when the exact value of wsat(Kn, Ks,t ) is unknown.

However, there are graphs H such that minimum weakly (Kn,H)-saturated graphs do not satisfy
the condition of Theorem 1. For such graphs, the same stability result cannot be proven using
Corollary 1.

For example, consider H being the, so called, t-barbell graph consisting of two vertex-disjoint t-
cliques together with a single edge that has an endpoint in each clique. It is clear that wsat(Kn,H) ≤
(

t

2

)

n
t

∼ tn
2

for n divisible by t since the disjoint union of n/t t-cliques is weakly (Kn,H)-saturated.
Nevertheless, any subgraph of Kn with the property described in Theorem 1 has at least (t−2)n+O(1)
vertices. Therefore, it is not the minimum possible one, and Corollary 1 is not applicable.

Nevertheless, some extra work (it is very technical, so we omit the details) is required to show
that the union of disjoint cliques has the minimum possible number of edges and that, since whp
G(n, p) contains a Kt-factor (see [10]), we get stability for t-barbell graph as well. In some sense,
the situation covered by Theorem 1 is less pleasant. Indeed, if a graph on [n] has a bounded
maximum degree, then whp G(n, p) contains its isomorphic copy as a spanning subgraph (see [2]).
So, for such weakly saturated graphs, stability is straightforward. In Theorem 1, we consider an
opposite scenario — F 0

n has vertices with degrees n − O(1) that are not likely to be in G(n, p).
Having that in mind, we conjecture that, for any constant p ∈ (0, 1) and every graph H , whp
wsat(G(n, p),H) = wsat(Kn,H).

Let us now switch to the case p = o(1).
Korándi and Sudakov [12] claim that their result can be easily extended to the range n−ε(s) ≤

p ≤ 1. It can be seen that the same is true for Theorem 1 with ε depending only on H . However,
for smaller p Theorem 1 or Corollary 1 may not hold.

Korándi and Sudakov [12] pose the following question: what is the exact probability range where
whp wsat(G(n, p), Ks) = wsat(Kn, Ks)? In 2020, Bidgoli et al. [5] proved the existence of threshold
probability for this stability property. Moreover, they obtained bounds on the threshold:

• there exists c such that, if p < cn
− 2

s+1 (ln n)
2

(s−2)(s+1) , then whp wsat(G(n, p), Ks) ̸= wsat(Kn, Ks),

• if p > n
− 1

2s−3 (ln n)2, then whp wsat(G(n, p), Ks) = wsat(Kn, Ks).

In this paper, we estimate the threshold probability for the weak K1,t-saturation stability property

wsat(G(n, p), K1,t ) = wsat(Kn, K1,t ).

Theorem 2. Let t ≥ 3. Denote p(n, t) = n
− 1

t−1 [ln n]− t−2
t−1 .

• There exists c > 0 such that, if 1

n2
≪ p < cp(n, t), then whp wsat(G(n, p), K1,t ) ̸= wsat(Kn, K1,t ).

• There exists C > 0 such that, if p > Cp(n, t), then whp wsat(G(n, p), K1,t ) = wsat(Kn, K1,t ).

Note that Theorem 2 does not cover the case t = 2 as well as p = O(1/n2). But these cases are
much easier. Below we consider them separately.

First, if p < Q

n2
for some constant Q > 0, then whp G(n, p) consists of isolated vertices

and isolated edges (it simply follows from Markov’s inequality applying to the number of P3 in
G(n, p)). Therefore, whp there are no copies of K1,t−1 for t ≥ 3 in G(n, p), and there are no

4
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weakly (G(n, p), K1,t )-saturated subgraphs other than the entire graph. So, whp there is stability
only if the number of edges of the graph is exactly

(

t

2

)

. The latter property holds with probability
((n2)
(t2)

)

p(
t
2)(1 − p)(

n
2)−(t2). It tends to 0 when p ≪ 1

n2
and is bounded away both from 0 and from 1

when q

n2
< p < Q

n2
for some 0 < q < Q .

The case t = 2 is also trivial. Clearly, for a graph G on [n],

wsat(G, K1,t ) = wsat(Kn, K1,t ) =
(

t

2

)

= 1

if and only if G has exactly one non-trivial (having at least one edge) connected component. Using
the standard first and second moment methods (see, e.g., [9, Chapter 1]), it can be proven that, for
every ε > 0,

• if p > (1 + ε) ln n
2n

, then whp G(n, p) contains a unique non-trivial connected component;

• if 1

n2
≪ p < (1 − ε) ln n

2n
, then whp G(n, p) contains at least two non-trivial connected

components;

• if q

n2
< p < Q

n2
for some 0 < q < Q , then whp all edges in G(n, p) are disjoint, and, arguing as

above, we get that stability happens only if the graph contains
(

t

2

)

= 1 edges;

• if p ≪ 1

n2
, then whp G(n, p) is empty.

Therefore,

1. if p > (1 + ε) ln n
2n

, then whp wsat(G(n, p), K1,t ) = wsat(Kn, K1,t );

2. if 1

n2
≪ p < (1 − ε) ln n

2n
, then whp wsat(G(n, p), K1,t ) ̸= wsat(Kn, K1,t );

3. if q

n2
< p < Q

n2
for some 0 < q < Q , then

P

[

wsat(G(n, p), K1,t ) = wsat(Kn, K1,t )

]

=

P(G(n, p) contains exactly 1 edge) + o(1) =
(

n

2

)

p(1 − p)(
n
2)−1 + o(1)

is bounded away both from 0 and 1,

4. if p ≪ 1

n2
, then whp wsat(G(n, p), K1,t ) = 0 ̸= wsat(Kn, K1,t ).

The structure of the paper is the following. In Section 2, we prove Theorem 1. In Section 3, we
prove Theorem 2.

2. Proof of Theorem 1

We denote d = δ(H)−1, r = |V (H)|. First, for convenience, let us state an equivalent modification
of Theorem 1 which at first sight seems to be weaker. However, there is equivalence, and it is easier
to prove this version. In Section 2.1, we prove the equivalence of the two statements, and then prove
the modified version.

Lemma 1. Let H be an arbitrary fixed graph without isolated vertices, and let p ∈ (0, 1), C ≥ d be
constants. For every n ∈ N, let F 1

n be a weakly (Kn,H)-saturated graph containing a set of vertices S1n
of size at most C such that every vertex of [n] \ S1n is adjacent to exactly d vertices of S1n , and there are
no edges between vertices of [n] \ S1n . Then whp there exists a subgraph Fn ⊂ G(n, p) which is weakly
(G(n, p),H)-saturated, and Fn has the same number of edges as F 1

n .

2.1. Proof of equivalence

Clearly, Theorem 1 implies Lemma 1. Let us prove that the opposite implication is also true.
We first notice that wsat(Kn,H) ≤

(

r

2

)

+ d(n − r). Indeed, we can construct a weakly (Gn,H)-
saturated subgraph with at most so many edges in the following way. Let F0 be a weakly (Kr ,H)-
saturated subgraph on [r], the first r vertices of Kn. The desired graph F1 has the same edges as F0

5
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on [r], and from every other vertex there are exactly d edges to F0. The existence of a bootstrap
percolation process that starts on F1 and finishes on Kn is straightforward: first restore all edges of
Kr , then restore all edges going to [r] and finally restore all the remaining edges.

We assume that Lemma 1 holds. The constructed graph F1 satisfies the conditions of this lemma.
Then, whp there exists a weakly (G(n, p),H)-saturated subgraph F ′

n such that

|E(F ′
n)|= |E(F1)|≤

(

r

2

)

+ d(n − r) = dn +
((

r

2

)

− dr

)

.

Let F 0
n be a graph that satisfies the condition of Theorem 1.

If |E(F 0
n )|≥ |E(F ′

n)|, then a subgraph of G(n, p) obtained by adding min
{

|E(F 0
n )|, |E(G(n, p))|

}

−
|E(F ′

n)| edges to F ′
n is weakly (G(n, p),H)-saturated and Fn has min

{

|E(F 0
n )|, |E(G(n, p))|

}

edges.

If |E(F 0
n )|< |E(F ′

n)|, then there are at most a vertices with degree more than d in F 0
n outside S0n ,

where a does not depend on n. We can add them (let us call the set of these vertices A) to S0n , and
then |S0n ∪ A| will be bounded from above by C + a. So, F 0

n satisfies the condition of Lemma 1 with
C := C +a. Therefore, whp there exists a weakly (G(n, p),H)-saturated subgraph with |E(F 0

n )| edges.
□

Below, we prove Lemma 1. Let us outline the proof. In Section 2.2, we describe sufficient
properties of a spanning subgraph G of Kn that allow to find a weakly (G,H)-saturated subgraph
with the same number of edges as in a weakly (Kn,H)-saturated subgraph. In Section 2.3, we prove
that these properties are indeed sufficient for the described transference property. In Section 2.4,
we prove that whp G(n, p) has the described properties and, thus, finish the proof of Lemma 1.

Let us now switch to the proof of Lemma 1. Assume that the requirements of the lemma hold.
We let n to be even in order to avoid overloading with floor and ceiling functions notations. This
does not affect the proof anyhow.

Let us denote the vertices of H as w1, . . . , wr where w1 is a vertex with degree d + 1 and
w2, . . . , wd+2 are its neighbours. Let H ′ be obtained from H by deleting the vertices w1, w2 and
let H ′′ be obtained from H by deleting the edge {w1, w2} (but preserving the vertices w1, w2).

In what follows, for a graph F and its vertex v, we denote by NF (v) the set of all neighbours of
v in F .

2.2. Sufficient properties

We want to find in G(n, p) a subgraph having similar structure to a weakly saturated subgraph
in Kn. However, it cannot be done immediately since whp all vertices in G(n, p) have degrees
np(1 + o(1)) which is far away from n − O(1). Nevertheless, we can find a clique K in G(n, p)
of size Θ(ln n), and first reconstruct the edges of the clique. For that, we fix a weakly saturated
spanning subgraph with the minimum possible number of edges and the desired structure in K . In
other words, we choose a subset S ⊂ K playing the role of S0|K |. After reconstructing the edges of K
we might hope that it is sufficient to use d edges of G(n, p) incident to every vertex outside K to
reconstruct all the other edges of G(n, p). The properties that allow to do this are described below.

We start from distinguishing several subsets of [n] that we use to describe the properties.
Everywhere below, by G|V we denote the induced subgraph of G on the vertex set V (where
V ⊂ V (G)).

Let c > 0. Let G be a graph on the vertex set [n]. Let
• G1 = G|[n/2], G2 = G|[n]\[n/2];
• K ⊂ V1 := V (G1) be a set of size k ≥ c ln n, where c > 0 is constant,

S be a subset of K of size |S1k |,
D be a subset of S of size d (clearly, the requirements in Lemma 1 imply that |S1k |≥ d);

• Z be the set of all common neighbours of D in V (G2);

• Z = Z1 ⊔ Z2 ⊔ Z3 be an (almost) equal partition of Z .

• R be an arbitrary set of r vertices from K \ S and T ⊂ Z be the set of all common neighbors
from Z of vertices from R.

6
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Fig. 2. H-completable tuples (v, u, H̃) and (v, u, H̃, Ṽ ). Black edges are edges mapped to edges of H , dashed edges are

other edges of G, the blue dashed edge can be immediately reconstructed in a bootstrap percollation process.

For vertices v, u of G and a subgraph H̃ ∼= H ′ of G, we call the tuple (v, u, H̃) H-completable in

G (see Fig. 2), if there exists an embedding f (we call it (v, u, H̃)-embedding) from H to G|V (H̃)⊔{v,u}
such that f (w1) = v, f (w2) = u and f maps H ′ to H̃ , i.e. the graph with the set of vertices V (H̃) and
the set of edges {{f (x), f (y)}, {x, y} ∈ E(H ′)} equals H̃ (see Fig. 2). In plain words, it means that we
are able to immediately reconstruct the edge {u, v}.

For a vertex v of G and a subgraph H̃ ∼= H ′ of G, we call the pair (v, H̃) H-completable in G, if
there exists an embedding f (we call it (v, H̃)-embedding) from H|V (H)\{w2} to G|V (H̃)⊔{v} such that

f (w1) = v and f maps H ′ to H̃ . Intuitively, it means that nothing prevents us from adding an edge
from v to some other vertex w (such that (v, w, H̃) is H-completable in G). Thus, for such a tuple, the
possibility of completing G|V (H̃)∪{v} to a copy of H depends only on the existence of a vertex w with

the same neighbourhood in V (H̃) ∪ {v} as w2 has in H . The difference from the previous definition
is that if (v, u, H̃) is H-completable, we can immediately draw the edge {v, u} and thus complete a
copy of H , and if (v, H̃) is H-completable, we can possibly draw some edges from v depending on
the existence of a suitable w. There may be several such edges, or there may be none.

Let (v, u, H̃) be H-completable in G and let Ṽ ⊂ V (H̃) have exactly d vertices. We call the tuple
(v, u, H̃, Ṽ ) H-completable in G, if there exists a (v, u, H̃)-embedding f such that f maps NH (w1)\{w2}
onto Ṽ . In Fig. 2, Ṽ is shown in violet colour. We need the parameter Ṽ to distinguish the set of v’s
neighbours in some suitable H̃ .

Similarly, for an H-completable (v, H̃) and Ṽ ⊂ V (H̃) of size d, we call the tuple (v, H̃, Ṽ ) H-
completable in G, if there exists an (v, H̃)-embedding f such that f maps NH (w1) \ {w2} onto Ṽ .

Let us now describe the desired properties. We define two properties of G. The first one is used
to reconstruct all the edges but those between S \ D and [n] \ (K ⊔ Z). All the other edges are
reconstructed using the second property.

For a vertex v of G, a subgraph H̃ ∼= H ′ of G and a set of vertices Ṽ ⊂ V (H̃) of size d, denote by
Uv(H̃, Ṽ ) the set of all neighbours u of v such that u ∈ Z2 and the tuple (v, u, H̃, Ṽ ) is H-completable.

Let us say that the tuple (G; K , S,D, Z1, Z2, Z3, T ) satisfies the first H-saturation property or,
simply, the first property, if (note that, among the members of the tuple, G is a graph, and all the
others are sets of vertices; recall also that Z1 ⊔ Z2 ⊔ Z3 is a partition of Z)

1. K induces a clique in G;

2. for any adjacent (in G) pair v1, v2 ∈ Z \ T , there exists a copy Hv1,v2 of H ′ in G|T such that
(v1, v2,Hv1,v2 ) is H-completable in G;

3. for every v /∈ K ⊔ Z , there exists Hv
∼= H ′ inside Z1 and Vv ⊂ V (Hv) such that (v,Hv, Vv) is

H-completable in G;

7
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4. for any pair v1, v2 /∈ K ⊔ Z , there exists a copy of H ′ in G|Uv1
(Hv1

,Vv1
)∩Uv2

(Hv2
,Vv2

);

5. for any v /∈ K ⊔ Z , u ∈ (K \ S) ⊔ Z2 ⊔ Z3, there exists a copy of H ′ in G|Uv (Hv ,Vv )∩NG(u);

6. for any v /∈ K ⊔ Z , u ∈ Z1, there exists a copy of H ′ in G|Z3∩NG(v)∩NG(u);

7. for any u /∈ S, there exists a copy of H ′ in G|Z∩NG(u).

Finally, let V (G2) = V 1 ⊔ V 2 ⊔ V 3 be an (almost) equal partition. Let us say that the tuple

(G; V 1, V 2, V 3, S,D) satisfies the second H-saturation property or, simply, the second property, if

1. there exists HD ⊂ G|D∪V1 such that HD
∼= H ′ and, for every v ∈ S \ D, u ∈ [V (G1) \ S] ⊔ V 3,

there is a copy of H ′ inside G|Ûv∩NG(u)
, where Ûv is the set of all neighbours z of v in V 2 such

that (v, z,HD,D) is H-completable.

2. for every v ∈ S \ D, u ∈ V 1 ⊔ V 2, there is a copy of H ′ inside G|V3∩NG(u)∩NG(v)
.

2.3. Proof for a non-random graph

Assume that tuples (G; K , S,D, Z1, Z2, Z3, T ) and (G; V 1, V 2, V 3, S,D) satisfy the first and the

second property respectively.

Clearly, in G, there are at least
(

k

2

)

+d(n−k) > |E(F 1
n )| (for n large enough, since F 1

n has dn+O(1)

edges due to the requirements in Lemma 1, and k ≥ c ln n) edges. Let us prove that there exists a

weakly (G,H)-saturated graph with |E(F 1
n )| edges for sufficiently large n. Clearly, it is sufficient to

prove the existence of a weakly (G,H)-saturated graph with at most |E(F 1
n )| edges.

Without loss of generality, assume that, for every n, |V (S1n )|= C (we can add C −|V (S1n )| vertices
of [n] \ S1n to S1n , and then we will preserve conditions of Lemma 1). We can also assume that, for

every n, F 1
n has the minimum number of edges among all graphs that satisfy conditions of Lemma 1

and have |V (S1n )|= C .

Let us now construct a spanning subgraph F ⊂ G with at most |E(F 1
n )| edges. After that, we will

prove that this graph is weakly (G,H)-saturated.

Let us first define those edges of F that are induced by K . Let ϕ be a bijection from K to V (Kk)

such that S ⊂ K is mapped onto S1k . Then, we construct a spanning graph on K (and we let F |K to

be exactly this graph) isomorphic to F 1
k such that ϕ is an isomorphism of F |K and F 1

k (i.e., an edge

{u, v} belongs to F |K iff {ϕ(u), ϕ(v)} belongs to F 1
k ).

Second, for every vertex v ∈ Z , keep the edges of G going from v to D (there are d of them).

Moreover, for every vertex outside K ⊔ Z , keep specific d edges of G going from v to Z (so many

edges exist due to List 3 of the first property). The choice of edges between [n] \ (K ⊔ Z) and Z will

be explained later.

Clearly,

|E(F )|= |E(F 1
n )|+

⏐

⏐

⏐
E

(

F 1
k |S1

k

)
⏐

⏐

⏐
−
⏐

⏐

⏐
E

(

F 1
n |S1n

)
⏐

⏐

⏐
. (3)

Let us prove that

⏐

⏐

⏐
E

(

F 1
k |S1

k

)⏐

⏐

⏐
=
⏐

⏐

⏐
E

(

F 1
n |S1n

)⏐

⏐

⏐
for n large enough. It is enough to prove that there exists

N ∈ N such that, for every n1, n2 ≥ N ,

⏐

⏐

⏐
E

(

F 1
n1

|S1n1
)
⏐

⏐

⏐
=
⏐

⏐

⏐
E

(

F 1
n2

|S1n2
)
⏐

⏐

⏐
. Assume the contrary: for every

N ∈ N, there exist n1 > n2 ≥ N such that

⏐

⏐

⏐
E

(

F 1
n1

|S1n1
)
⏐

⏐

⏐
>

⏐

⏐

⏐
E

(

F 1
n2

|S1n2
)
⏐

⏐

⏐
. Let N be large enough. Since

|S1n1 |= |S1n2 |= C , we get that |E(F 1
n1
)|> |E(F 1

n2
)|+d(n1 − n2). Since F 1

n2
is weakly (Kn2 ,H)-saturated,

we get that a graph on [n1] obtained from F 1
n2

by adding d edges from each vertex of [n1] \ [n2] to
F 1
n2

is weakly (Kn1 ,H)-saturated. This contradicts with the minimality of the number of edges in F 1
n1
.

From (3), we get that |E(F )|= |E(F 1
n )| for large n.

Now let us show that F is weakly (G,H)-saturated and, on the way, specify the edges from

[n] \ (K ⊔ Z) to Z .

We first sequentially add the following bunch of edges to F : edges inside K , edges from K to Z, edges

inside T , edges between Z and T , edges inside Z.

8
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(1) Here, we restore the edges of G that are inside K . This is straightforward since K is a clique
(by List 1 of the first property), F |K∼= F 1

k and there exists a bootstrap percolation process that

starts on F 1
k and finishes on Kk. Let F1 = F ∪ G|K .

(2) Let us restore the edges of G between K and Z . The edges between Z and D are already in F1.
Consider u ∈ K \D, v ∈ Z . Let K ′ be a set of r−d−2 vertices of K \[D⊔{u}]. Then, for any graph

H̃ ∼= H ′ on the vertex set K ′ ⊔ D such that NH (w1) is mapped onto D (such a mapping exists
since K induces a clique in G), the tuple (v, u, H̃) is H-completable in (V (F1), E(F1) ⊔ {u, v})
since v is adjacent to every vertex from D in G. So, we can restore {u, v}. Let F2 be obtained
from F1 by adding all the edges of G between K and Z .

(3) Let us switch to the edges that are entirely in T . Consider u, v ∈ T . Recall that R is an arbitrary
set of r vertices in K \ S. The edges inside R and between {u, v} and R are already in F2 (since

T ⊂ Z , R ⊂ K , and the edges inside K and between K and Z are already restored). Let H̃ ∼= H ′

be inside R (recall that R is a clique). Then (v, u, H̃) is H-completable in (V (F2), E(F2) ⊔ {u, v})
and, therefore, we are able to restore {u, v}. We get F3 = F2 ∪ G|T .

(4) Let us restore the edges between Z \ T and T . Consider v ∈ Z \ T , u ∈ T . Since u is adjacent to
all vertices from R ∪ D, v is adjacent to all vertices in D, |R|= r and |D|= d, we get that there
exists H̃ ∼= H ′ in F3|R∪D such that (v, u, H̃) is H-completable in (V (F3), E(F3) ⊔ {u, v}). Let F4 be
obtained from F3 by adding all the edges of G between Z \ T and T .

(5) Let us restore the remaining edges inside Z . Consider adjacent (in G) v1, v2 ∈ Z \ T . By List 2
of the first property, there is Hv1,v2

∼= H ′ inside G|T= F4|T such that (v1, v2,Hv1,v2 ) is H-
completable. Since all the edges from G|T and between {v1, v2} and T are already in F4, we
get that (v1, v2,Hv1,v2 ) is H-completable in (V (F4), E(F4)⊔{v1, v2}) and we can restore {v1, v2}.
We get F5 = F4 ∪ G|Z .
Next we restore the edges that are entirely outside K ⊔ Z.

(6) Let v /∈ K ⊔ Z . Notice that we have to specify d edges going from v to Z in F . Let us do that.
By List 3 of the first property, there exists a copy Hv ⊂ G|Z1 of H ′ such that (v,Hv) is H-
completable. Let Vv ⊂ V (Hv) be the neighbours of v in Hv . We specify the d edges drawn from
v in F as edges from v to Vv .
Let us now restore the edges between v and Uv(Hv, Vv). The edges inside Hv ⊂ Z and between
v and Vv are already in F5, so by the definition of Uv(Hv, Vv), we can restore all the edges
between v and Uv(Hv, Vv). Let F6 be obtained from F5 by adding edges between every v /∈ K ⊔Z
and Uv(Hv, Vv).

(7) Here, we consider the edges that have both vertices outside K ⊔ Z . Consider v1, v2 /∈ K ⊔ Z .
The edges from v1 and v2 to Uv1 (Hv1 , Vv1 ) ∩ Uv2 (Hv2 , Vv2 ) and the edges inside Uv1 (Hv1 , Vv1 ) ∩
Uv2 (Hv2 , Vv2 ) are already in F6. By List 4 of the first property, there is a copy of H ′ inside
G|Uv1

(Hv1
,Vv1

)∩Uv2
(Hv2

,Vv2
)= F6|Uv1

(Hv1
,Vv1

)∩Uv2
(Hv2

,Vv2
), so the edge between v1 and v2 can be

restored. Let F7 = F6 ∪ G|[n]\[K⊔Z].
It remains to restore only the edges between K ⊔ Z and [n] \ (K ⊔ Z).

(8) Let us restore all the edges between (K ⊔ Z) \ S and [n] \ (K ⊔ Z). Let v /∈ K ⊔ Z .
First, let u ∈ (K \ S) ⊔ Z2 ⊔ Z3. The edges inside Uv(Hv, Vv) ∩ NG(u) ⊂ Z , the edges from u to
NG(u)∩ Z2 and the edges from v to Uv(Hv, Vv) are already in F7. By List 5 of the first property,
there is a copy of H ′ inside Uv(Hv, Vv) ∩ NG(u). So, we can restore the edge between u and v.
Second, let u ∈ Z1. The edges from v to Z3 are just restored. The edges inside Z3 and the edges
between u and Z3 are already in F7. By List 6 of the first property, there is a copy of H ′ inside
Z3 ∩ NG(u) ∩ NG(v), so we can restore {u, v}.
The graph F8 is obtained from F7 by adding all the edges of G between (K⊔Z)\S and [n]\(K⊔Z).
It remains to restore only the edges between S and [n] \ (K ⊔ Z).

(9) Here, we restore the edges between D and [n] \ (K ⊔ Z). Let v ∈ D, u ∈ [n] \ (K ⊔ Z). Then,
the edges between u and Z , the edges between v and Z and the edges inside Z are in F8, and
Z ⊂ NG(v). By List 7 of the first property, there is a copy of H ′ inside Z ∩ NG(u). So, we can
restore {u, v}. Let F9 be obtained from F8 by adding all the edges of G between D and [n]\(K⊔Z).

(10) It remains to restore the edges between S \ D and [n] \ (K ⊔ Z). Consider v ∈ S \ D. By the

definition of Ûv (given in List 1 of the second property), the edges from v to Ûv can be restored

immediately, as the edges inside HD, the edges between Ûv and HD and the edges from v to D

9
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are in F9. For u ∈ (V (G1) \ S)⊔ V 3, by List 1 of the second property, there is a copy of H ′ inside
Ûv ∩NG(u). The edges inside Ûv ∩NG(u) ⊂ V 2 and the edges between {u, v} and Ûv ∩NG(u) ⊂ V 2

are already restored, so {u, v} can be restored. Finally, consider u ∈ V 1⊔V 2. The edges between
S and V 3 have just been restored. By List 2 of the second property, there is a copy of H ′ inside
V 3 ∩ NG(u) ∩ NG(v), so we can restore {u, v} as well.

2.4. Random graph has the properties

Let us first recall some results on the distribution of small subgraphs in the binomial random
graph.

Given a graph Y , it is well known that the number of subgraphs isomorphic to Y in G(n, p) is
well-concentrated around its expectation. In particular, Janson’s inequality implies that (see, e.g., [9,
Theorem 2.14]) the probability that G(n, p) does not contain an isomorphic copy of Kℓ (ℓ is a positive

integer constant) is at most e−Ω(n2). By the union bound, we get

Claim 1. Let ε > 0. Whp, for any subset A ⊂ [n] such that |A|≥ εn, there exists a copy of Kℓ in

G(n, p)|A.
Since Kℓ contains as a subgraph any graph on ℓ vertices, we get that the statement of Claim 1 is

also true for any graph Y .
Below, we use a notion of (X, Y )-extension introduced by Spencer in [17]. Let x ∈ N and

X = {ω1, . . . , ωx} be a set of x vertices called roots. Let Y be a graph on {ω1, . . . , ωy}, y > x. Then

a graph Ỹ on {ω̃1, . . . , ω̃y} is called (X, Y )-extension of X̃ = {ω̃1, . . . , ω̃x}, if, for distinct i ∈ [y],
j ∈ [y] \ [x], the presence of the edge {ωi, ωj} in Y implies the presence of the edge {ω̃i, ω̃j} in Ỹ .

In [17], it is proven (by a straightforward application of another Janson’s inequality, [9, Theorem
2.18 (i)]) that [x] does not have an (X, Y )-extension with probability at most e−Ω(n). By the union
bound, this observation implies the following.

Claim 2. Let ε > 0, ñ ∈ (εn, n] be a sequence of positive integers. Then whp

• for any pair u, v /∈ [ñ] of adjacent in G(n, p) vertices, there exists a copy Huv of H ′ in G(n, p)|[ñ]
such that (v, u,Huv) is H-completable in G(n, p);

• for any v ∈ [n] \ [ñ], there exists a copy Hv of H ′ in G(n, p)|[ñ] such that (v,Hv) is H-completable

in G(n, p).

Let b ∈ N. The number of common neighbours of [b] in G(n, p) has binomial distribution with
parameters n − b and pb. By the Chernoff bound, this number is smaller than 1

2
pb(n − b) with

probability at most e−Ω(n). By the union bound, we get the following.

Claim 3. Let ε > 0, ñ ∈ (εn, n] be a sequence of positive integers, b ∈ N. Then whp, any subset of

[n] \ [ñ] of size at most b has at least ε
2
pbn common neighbours in G(n, p)|[ñ].

Now, let us prove that there exist c > 0 and sets K , S,D, Z1, Z2, Z3, T , V 1, V 2, V 3 such that

— the tuple (G(n, p), c, K , S,D, Z1, Z2, Z3, T ) whp satisfies the first H-saturation property,

— the tuple (G(n, p), V 1, V 2, V 3, S,D) whp satisfies the second H-saturation property.

Let us start with the first H-saturation property. We will define the parameters and prove that
whp each condition (out of 7 from the definition of the first property) holds for these parameters
at the same time.

1. Since G1
d= G(n/2, p), whp, in G1, there is a clique of size at least c ln n for some positive

constant c (see [9], Theorem 7.1). Let K be this clique of size k ≥ c ln n. So, List 1 of the first
property holds whp.

Let

10
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• S be a set of |S0k | vertices of K ,

• D be a set of d vertices of S,
• Z be the set of all common neighbours of D from V (G2).

Notice that the appearances of the edges (in G(n, p)) between D and V (G2) do not depend on
the choice of K , S and D. Then, |Z | has binomial distribution with parameters n/2 and pd. Therefore,
whp 1

4
pdn < |Z |< 3

4
pdn (say, by Chebyshev’s inequality).

2. Recall that R is an arbitrary set of r vertices in K\S. Then T is the set of all common neighbours
of D ⊔ R in V (G2).
The appearances of the edges between V (G2) and D⊔R in G(n, p) do not depend on the choice
of D and R. Then, |T | has binomial distribution with parameters n/2 and pr+d. Therefore, whp
1
4
pr+dn < |T |< 3

4
pr+dn.

Notice that appearances (in G(n, p)) of the edges between T and Z \ T and the edges inside T

are independent of the choice of Z and T , so, conditioned on Z and T , they have independent
Bernoulli distributions. Then, by Claim 2, whp for every adjacent in G(n, p) pair v1, v2 ∈ Z \T ,
there exists a copy Hv1,v2

∼= H ′ inside G(n, p)|T such that (v1, v2,Hv1,v2 ) is H-completable.

3. Let Z = Z1 ⊔ Z2 ⊔ Z3 be an almost equal partition of Z (the sizes of the parts differ by at most
one). Then whp |Z1|= Ω(n) and appearances (in G(n, p)) of the edges inside Z1 and between
Z1 and [n] \ (K ⊔ Z) do not depend on the choice of K , Z and Z1. Therefore, by Claim 2, whp
for every v /∈ K ⊔ Z , there exists Hv

∼= H ′ in G(n, p)|Z1 such that (v,Hv) is H-completable.

It implies that there is some copy Ĥ ∼= H|V (H)\{v} such that w1 is mapped onto v and H ′ is
mapped onto Hv . Clearly, it implies the existence of Vv ⊂ V (Hv) \ {v} (by the definition) such
that (v,Hv, Vv) is H-completable.

4. Recall that, for a vertex v /∈ K ⊔ Z , we denote by Uv(Hv, Vv) the set of all neighbours u of v

in Z2 such that the tuple (v, u,Hv, Vv) is H-completable.
Set Ũv := Uv(Hv, Vv). Fix v1, v2 /∈ K ⊔ Z . Notice that if u ∈ Z2 is a common neighbour of
V (Hv1 ) ∪ V (Hv2 ) ∪ {v1, v2} then u lies in Ũv1 ∩ Ũv2 . Notice that V (Hv1 ) ∪ V (Hv2 ) ⊂ Z1 and
|V (Hv1 ) ∪ V (Hv2 )|≤ 2r . Appearances (in the random graph) of the edges between vertices of
[n] \ (K ⊔ Z) and vertices of Z2 are independent of the choice of [n] \ (K ⊔ Z) and Z2. The
appearances of the edges between Z1 and Z2 are independent of the choice of Z1 and Z2 as
well, and, moreover, |Z2|= Ω(n). So, applying Claim 3, we get that whp |Ũv1 ∩ Ũv2 |= Ω(n).

By Claim 1, whp there is a copy of H ′ in every Ũv1 ∩ Ũv2 .

5. Fix v /∈ K ⊔ Z , u ∈ (K \ S) ⊔ Z2 ⊔ Z3. Notice that the appearances of the edges between
([n]\K⊔Z)⊔(K\S)⊔Z2⊔Z3 = [n]\S\Z1 and Z2 are independent of the choice of S, K , Z, Z1, Z2, Z3
and so are the edges between Z1 and Z2. By the Chernoff bound, with probability 1 − e−Ω(n),
vertices from V (Hv) ∪ {u, v} have Ω(n) common neighbors in Z2. Since there are at most n2

choices of v /∈ K⊔Z and u ∈ (K\S)⊔Z2⊔Z3, by the union bound, we get that whp there are Ω(n)
common neighbours in Z2 for each element of {V (Hv)∪{u, v} | v /∈ K ⊔Z, u ∈ (K \S)⊔Z2 ⊔Z3}.
Notice that, if u′ ∈ Z2 is common neighbour of V (Hv) ∪ {u, v}, then u′ ∈ Ũv ∩ NG(n,p)(u). So,

whp, for every v /∈ K ⊔ Z , u ∈ (K \ S)⊔ Z2 ⊔ Z3, |Ũv ∩NG(n,p)(u)|= Ω(n). By Claim 1, whp there

is a copy of H ′ in every Ũv ∩ NG(n,p)(u).

6. Notice that the appearances of the edges between ([n] \ K \ Z) ⊔ Z1 and Z3 do not depend
on the choice of these sets, and whp |Z3|= Ω(n), therefore whp any v /∈ K ⊔ Z, u ∈ Z1 has
Ω(n) common neighbours in Z3 by Claim 3. Indeed, such pairs {v, u} are subsets of [n] \ Z3

of size 2. By Claim 3 whp all subsets of [n] \ Z3 of size 2 have at least εp2

2
n = Ω(n) common

neighbours in Z3, where ε is such that |Z3|≥ εn. So, by Claim 1, whp there is a copy of H ′ in
Z3 ∩ NG(n,p)(u) ∩ NG(n,p)(v) for every u ∈ Z1, v /∈ K ⊔ Z .

7. Notice that, if u /∈ S, then the appearances of the edges between u and Z do not depend on
the choice of Z and u. If u /∈ S then, by the Chernoff bound, with probability 1 − e−Ω(n), the
vertex u has Ω(n) neighbours in Z . Since there are at most n choices of u /∈ S, by the union
bound, we get that whp, every vertex u /∈ S has at least Ω(n) neighbours in Z . So, we can
apply Claim 1 and get that whp there is a copy of H ′ in NG(n,p)(u) ∩ Z for every u /∈ S.

11
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Now let us prove the second property. Let V (G2) = V 1 ⊔ V 2 ⊔ V 3 be an equal partition.

1. Let us find a copy of H ′ such that NH (w1) \ {w2} is mapped onto D and other vertices of this
copy lie in V 1. Notice that the appearances of the edges between D and V 1 and inside V 1 have
independent Bernoulli distributions. Recall that D induces a clique in G(n, p) and |V 1|= Ω(n).
So, Claim 3 implies the existence (whp) of Ω(n) common neighbours of D in V 1. By Claim 1,
there exists an r-clique in the set of all common neighbors of D. This immediately implies
the existence of the desired HD.
Notice that all common neighbours of V (HD) ∪ {v} in V 2 lie in Ûv for every v ∈ S \ D as
D ⊂ NG(n,p)(v). The appearances of the edges between D ⊔ V 1 ⊔ (V (G1) \ S) ⊔ V 3 and V 2 do
not depend on the choice of these sets. So, by Claim 3, whp, for every u ∈ V (G1) \ S ⊔ V 3,

there are Ω(n) common neighbours of V (HD) ⊔ {v, u} in V 2 (and so |Ûv ∩ NG(n,p)(u)|= Ω(n)).

By Claim 1, whp, for any v ∈ S \D, u ∈ (V (G1)\ S)⊔V 3, there is a copy of H ′ in Ûv ∩NG(n,p)(u).

2. The appearances of the edges between (S \D)⊔ V 1 ⊔ V 2 and V 3 do not depend on the choice
of these sets, so, by Claim 3, for any v ∈ (S \ D), u ∈ V 1 ⊔ V 2, whp there are Ω(n) common
neighbours of {u, v} in V 3. By Claim 1, whp, for any v ∈ (S \ D), u ∈ V 1 ⊔ V 2, there is a copy
of H ′ inside V 3 ∩ NG(n,p)(u) ∩ NG(n,p)(v).

3. Proof of Theorem 2

Recall that t ≥ 3 is assumed.
Let us first notice that if G = G1 ⊔ . . .⊔Gm consists of m connected components G1, . . . ,Gm, then

wsat(G, K1,t ) =
m
∑

i=1

wsat(Gi, K1,t ).

Therefore, wsat(G, K1,t ) is at least the number of non-empty components in G.
Let 1

n2
≪ p ≤ ln n

2n
. Consider wn > 0 such that

• wn → ∞ as n → ∞,
• wn ≤ ln n

2
for n large enough,

• wn

n2
≤ p for n large enough.

Then, for n large enough, wn

n
≤ pn ≤ ln n

2
. Let X be the number of isolated edges in G(n, p). Since

EX =
(

n

2

)

p(1 − p)2(n−2) ∼ 1

2
exp [ln n + ln(np) − 2pn] ≥ wn

2
(1 + o(1))

and

VarX = EX +
(

n

2

)(

n − 2

2

)

p2(1 − p)4+4(n−4) − (EX)2 = EX + O

(

(EX)2
ln n

n

)

,

by Chebyshev’s inequality, we get that

P

(

X <
wn

3

)

≤ VarX

(EX − wn/3)2
→ 0, n → ∞.

Therefore, whp

wsat(G(n, p), K1,t ) ≥ wn >

(

t

2

)

= wsat(Kn, K1,t ).

Now, let p > ln n
2n

. For such p, for any ε > 0, whp there exists a connected component Gn in
G(n, p) of size at least (1 − ε)n [9, Theorem 5.4]. Clearly, wsat(G(n, p), K1,t ) ≥ wsat(Gn, K1,t ).

Below, for a connected graph G, we give a necessary and sufficient condition, in terms of the
existence of a subgraph from a certain class, for the stability property wsat(G, K1,t ) =

(

t

2

)

.
Let t ≤ y < x ≤ n be integers and G be a graph on [n]. Let F ′ ⊂ F ⊂ G, V (F ) = {v1, . . . , vx},

V (F ′) = {v1, . . . , vy}. Let us call F a saturating structure of length x in G with the core F ′, if

12
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every vi, y + 1 ≤ i ≤ x, sends exactly t − 1 edges to the previous vertices v1, . . . , vi−1 in F ,
i.e. |NF (vi) ∩ {v1, . . . , vi−1}|= t − 1. We call y the size of the core. The vector v = (v1, . . . , vx) is
called a saturating ordering of F .

Claim 4. Let G be connected.

(1) If G contains a saturating structure of length n with a core F ′ ∼= Kt , then wsat(G, K1,t ) =
(

t

2

)

.

(2) If wsat(G, K1,t ) =
(

t

2

)

and G has at least µ vertices with degrees at least t − 1, then G contains

a saturating structure of length µ with a core of size at most
(

t+1

2

)

.

Now, due to Claim 4 and the fact that whp G(n, p) has at least n/2 vertices with degrees at least
t − 1 (this can be proven by a straigtforward application of Chebyshev’s inequality to the number
of vertices with such degrees), Theorem 2 immediately follows from

Claim 5.

1. There exists c > 0 such that, if p < cp(n, t), then whp there is no saturating structure of length
⌊ln n⌋ and with a core of size at most

(

t+1

2

)

in G(n, p).

2. There exists C > 0 such that, if p > Cp(n, t), then whp there exists a saturating structure of
length n with a core isomorphic to Kt in G(n, p).

It remains to prove Claims 4 and 5. We give the proof of Claim 4 in Section 3.1 and the proof of
Claim 5 in Sections 3.2 and 3.3. The most involved part is the proof of the second part of Claim 5
given in Section 3.3. At first we prove the existence of a saturating structure of size x = ⌊ln n⌋ whp

using the second moment method. After that we extend this structure to size y = t2

p
whp. Finally,

we extend this structure to a structure of size n whp, which finishes the proof.

3.1. Proof of Claim 4

First, assume that G contains a saturating structure F of length n with a core F ′ ∼= Kt . It is clear
that F is both weakly (G, K1,t )-saturated and weakly (Kn, K1,t )-saturated. In particular, it implies
that G is weakly (Kn, K1,t )-saturated and, therefore, wsat(G, K1,t ) ≥ wsat(Kn, K1,t ). Since F is weakly
(G, K1,t )-saturated, it remains to prove that wsat(F , K1,t ) ≤

(

t

2

)

. Let (v1, . . . , vn) be a saturating

ordering of F . Then F ′ = F |{v1,...,vt }∼= Kt has exactly
(

t

2

)

edges. Let us show that F ′ is weakly (F , K1,t )-
saturated. Since each vertex of v1, . . . , vt has degree t − 1 in F ′, we can restore all the edges in F
adjacent to one of these vertex. In particular, we restore all the edges going from vt+1 to v1, . . . , vt .
Proceeding in this way by induction, we restore all the edges of F .

Now, let wsat(G, K1,t ) =
(

t

2

)

and G have at least µ vertices with degrees at least t − 1. Let F ′

be a weakly (G, K1,t )-saturated graph with
(

t

2

)

edges and y non-isolated vertices. Let us order these
vertices of F ′ in a way v1, . . . , vy such that vi plays the role of the ith central vertex of K1,t in a
K1,t-bootstrap percolation process that starts on F ′ and finishes on G. Clearly, for every i ∈ [t − 1],
the vertex vi sends at least t − i edges to F ′|{vi+1,...,vy}. Since the total number of these edges is

(

t

2

)

,

F ′ cannot contain any other edge. The bound y ≤ t +
(

t

2

)

=
(

t+1

2

)

follows.
Consider a K1,t-bootstrap pecolation process that starts on F ′ and finishes on G. Let e1, . . . , em be

the appearing sequentially in this process edges that contain at least one vertex outside {v1, . . . , vy}.
Let w1, . . . , wµ−y be vertices of G outside {v1, . . . , vy} with degrees at least t − 1 ordered in the
following way.

• Let i ∈ [m] be such that ei contains w1 and a vertex from {v1, . . . , vy}, there are exactly t − 2
edges among e1, . . . , ei−1 that contain w1, and all of them have the second end in {v1, . . . , vy}.

• For j ∈ {2, . . . , µ − y}, let ij ∈ [m] be such that eij contains wj and a vertex from
{v1, . . . , vy, w1, . . . , wj−1}, there are exactly t − 2 edges among e1, . . . , eij−1 that contain wj,
and all of them have the second end in {v1, . . . , vy, w1, . . . , wj−1}.

Such an ordering exists due to the definition of the K1,t-bootstrap pecolation process. Then, the
desired saturating structure of length µ is obtained from F ′|{v1,...,vy} by adding wi, i ∈ [µ − y], with
the t − 1 edges going to the previous vertices v1, . . . , vy, w1, . . . , wi−1.

13



O. Kalinichenko and M. Zhukovskii European Journal of Combinatorics 114 (2023) 103777

3.2. Proof of Claim 5.1

Let x = ⌊ln n⌋, y =
(

t+1

2

)

, c < e−(y+1)/(t−1). Let p < cp(n, t).
Let X be the number of subgraphs F in G(n, p) on x vertices such that there exist i ∈ {t −

1, t, . . . , y} and v1, . . . , vi ∈ V (F ) satisfying the following property:

for every v ∈ V (F ) \ {v1, . . . , vi}, there exists a set Nv of its t − 1 neighbours in F such that,
for every u ∈ Nv , v /∈ Nu.

Clearly, an ordered saturating structure of size x with a core of size at most y is a subgraph with
the above property. Therefore, it is sufficient to prove that P(X ≥ 1) → 0 as n → ∞.

Let us bound EX from above. By the linearity of expectation, we get

EX ≤
(

n

x

) y
∑

i=t−1

(

x

i

)(

x

t − 1

)x−i

p(x−i)(t−1).

Indeed,
(

n

x

)

is the number of ways to choose the set of vertices of F . Then, for every i = t −1, . . . , y

we choose the vertices v1, . . . , vi out of the set V (F ) in
(

x

i

)

ways. After that we choose Nv for every

v ∈ V (F )\{v1, . . . , vi} (there are x− i vertices and at most
(

x

t−1

)

choices for one vertex). Since edges
from v to Nv should be distinct for different v ∈ V (F ) \ {v1, . . . , vi}, the probability to draw them
is p(x−i)(t−1). So,

EX ≤ nxxy

x!

y
∑

i=t−1

((

x

t − 1

)

pt−1

)x−i

≤ ynxxy

x! (xp)(t−1)(x−y) = ex ln n−x ln x+x+(x−y)(t−1) ln(xp)+O(ln ln n).

Since

ln p < ln(cp(n, t)) = − 1

t − 1
ln n − t − 2

t − 1
ln ln n − ln

1

c
,

we get that

EX ≤ exp

[

y ln n − y ln ln n + x − (x − y)(t − 1) ln
1

c
+ O(ln ln n)

]

=

exp

[

ln n

(

y + 1 − (t − 1) ln
1

c

)

+ O(ln ln n)

]

→ 0, n → ∞.

Markov’s inequality implies P(X ≥ 1) → 0.

3.3. Proof of Claim 5.2

Set p = Cp(n, t) where C is a large positive constant (for example, any C bigger than 2
2t−1
t−1 t(t−1)

is sufficient). Since ‘containing a saturating structure of length n with a core isomorphic to Kt ’ is an
increasing property, it is sufficient to prove that it holds whp for this value of p.

The structure of the proof is the following: at first we prove the existence of a saturating structure

of size x = ⌊ln n⌋ whp, then we extend this structure to size y = t2

p
whp, and finally, we extend it

to the desired size n whp.

3.3.1. Saturating structure of size x = ⌊ln n⌋
Let X be the number of saturating structures F of size x in G(n, p) with a core isomorphic to Kt

and a saturating ordering (v1, . . . , vx) such that v1 < v2 < · · · < vx. Let us call such an ordering a
canonical saturating ordering. Let S be the set of all such structures in Kn. Then X =

∑

A∈S IA where
IA indicates that A belongs to G(n, p). We have

EX ∼ nx

x! p
(t−1

2 )
x
∏

i=t

[(

i − 1

t − 1

)

pt−1

]

. (4)

14



O. Kalinichenko and M. Zhukovskii European Journal of Combinatorics 114 (2023) 103777

Notice that
x
∏

i=t

(

i − 1

t − 1

)

= 1

[(t − 1)!]x−t

t! · . . . · (x − 1)!
1! · . . . · (x − t)! =

1

[(t − 1)!]x−t

(x − t + 1)! · . . . · (x − 1)!
1! · . . . · (t − 1)! ≥ [(x − t + 1)!]t−1

[(t − 1)!]x−t
∼

∼ (2πx)(t−1)/2(x − t + 1)(x−t+1)(t−1)

e(x−t+1)(t−1)[(t − 1)!]x−t
> (x − t + 1)(x−t+1)(t−1).

So,

EX ≥ (1 + o(1))
nx

√
2πx(x/e)x

(x − t + 1)(t−1)(x−t+1)p(
t−1
2 )+(t−1)(x−t+1) =

exp

{

t

2
ln n + x [1 + (t − 2) ln x + (t − 1) ln C − (t − 2) ln ln n] + o(x)

}

=

exp

{

ln n

[

t

2
+ (1 + (t − 1) ln C)

]

+ o(ln n)

}

.

As C > e
− 1

t−1 , we get EX → ∞.
Now let us estimate VarX . Since, for disjoint A, B ∈ S, IA, IB are independent, we get

E

⎡

⎢

⎣

∑

A,B∈S,
V (A)∩V (B)=∅

IAIB

⎤

⎥

⎦
=

∑

A,B∈S,
V (A)∩V (B)=∅

EIAEIB ≤ E

[

∑

A∈S
IA

]

E

[

∑

B∈S
IB

]

= (EX)2

and

VarX = EX2 − (EX)2 =

E

⎡

⎢

⎣

∑

A,B∈S,
V (A)∩V (B)=∅

IAIB

⎤

⎥

⎦
+ E

⎡

⎢

⎣

∑

A,B∈S,
V (A)∩V (B)̸=∅

IAIB

⎤

⎥

⎦
− (EX)2 ≤

∑

A,B∈S,
V (A)∩V (B)̸=∅

EIAIB. (5)

Let A, B ∈ S have a non-empty intersection W = V (A) ∩ V (B) and let w1 < · · · < wd be the
vertices of W .

Since the number of edges in W is maximum when each wi sends all min{t − 1, i − 1} edges to
the previous w1, . . . , wi−1, we get that A and B have at most

M :=
[(

t − 1

2

)

+ (d − t + 1)(t − 1)

]

I(d ≥ t) +
(

d

2

)

I(d < t).

common edges. Notice that M = (d− t/2)(t − 1) when d ≥ t . Denote by cnt(d,m1,m2) the number
of pairs A, B ∈ S such that |V (A) ∩ V (B)|= d, A ∩ B has m1 edges inside the core of B and m2 edges
outside the core of B. In this case A and B have m1 +m2 common edges, so the probability to draw
edges of A ∪ B is p2z−m1−m2 , where z =

(

t−1

2

)

+ (x − t + 1)(t − 1) = (x − t/2)(t − 1) is the number
of edges in each of A and B. So,

∑

A,B∈S,
A∩B̸=∅

EIAIB =
∑

A,B∈S,
A∩B̸=∅

P(A ⊂ G(n, p), B ⊂ G(n, p)) =
∑

d

∑

m1

∑

m2

cnt(d,m1,m2)p
2z−m1−m2 . (6)

Now let us bound cnt(d,m1,m2) from above. Notice that EX is the number of choices of an A

of size x multiplied by the probability to draw z edges. So, we can choose A in EX
pz

ways. After A is

15
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chosen, we select d common vertices of A and B in
(

x

d

)

ways. Then, we choose other vertices of B

(it can be done in at most nx−d

(x−d)! ways). After that we have to choose edges in B. Notice that, for a

fixed j and for the ith vertex of B that has j outcoming edges (i.e. edges between the ith vertex and

vertices that are labelled by numbers less than i) that should be entirely in A, the number of choices

of these common edges is at most
(

t−1

j

)

, and the number of choices of all the other outcoming edges

from the ith vertex is at most
(

i−1

t−1−j

)

. Then,

cnt(d,m1,m2) ≤ EX

pz

(

x

d

)

nx−d

(x − d)! max
jt+1,...,jx∈J(d,m2)

x
∏

i=t+1

(

i − 1

t − 1 − ji

)(

t − 1

ji

)

, (7)

where J(d,m2) is the set of all tuples (jt+1, . . . , jx) ∈ {0, 1, . . . , t−1}t−x such that jt+1+· · ·+jx = m2

and the number of non-zero ji is at most d. Clearly, for a (jt+1, . . . , jx) ∈ J(d,m2), we have
∏x

i=t+1

(

t−1

ji

)

≤ 2(t−1)d. Moreover,

x
∏

i=t+1

(

i − 1

t − 1 − ji

)

=
x
∏

i=t+1

(t − 1)!(i − t)!
(t − 1 − ji)!(i − t + ji)!

(

i − 1

t − 1

)

≤
x
∏

i=t+1

(

t − 1

i − t + 1

)ji
(

i − 1

t − 1

)

= (t − 1)m2

x
∏

i=t+1

(

i−1

t−1

)

(i − t + 1)ji
.

The function g(jt+1, . . . , jx) =
∏x

i=t+1
1

(i−t+1)

ji
defined on the intersection of {0, 1, . . . , t − 1}x−t

with the hyperplane jt+1 + · · · + jx = m2 achieves its maximum when

ji =

⎧

⎪

⎨

⎪

⎩

t − 1, t + 1 ≤ i ≤ t +
⌊

m2
t−1

⌋

,

m2 mod t − 1, i = t +
⌊

m2
t−1

⌋

+ 1,

0, i > t +
⌊

m2
t−1

⌋

+ 1,

since − ln g =
∑x

i=t+1 αiji is linear and the coefficients αi increase as i grows.

Therefore,
∏x

i=t+1
1

(i−t+1)ji
= O

[

(

1
⌈

m2
t−1

⌉

!

)t−1
]

. Combining this with (4) and (7), we get

f (d,m1,m2) := cnt(d,m1,m2)p
2z−m1−m2

(EX)2
=

= O

(

(

x

d

)

xdn−d2(t−1)d (t − 1)m2

(

1/
⌈

m2
t−1

⌉

!
)t−1

p−m1−m2

)

=

= O

(

(

xe2(t−1)

d

)d

xdn−dp−m1

(

(t − 1)2e

m2p

)m2
)

.

Since
(

(t−1)2e

m2p

)m2

increases (as a function of m2) on (0,M] (the maximum is achieved at (t−1)2

p
≫

M), we get that

p−m1

(

(t − 1)2e

m2p

)m2

≤ p−m1

(

(t − 1)2e

(M − m1)p

)M−m1

= p−M

(

(t − 1)2e

M − m1

)M−m1

. (8)

This expression achieves its maximum whenm1 = M−(t−1)2. Sincem1 ≤
(

t−1

2

)

by its definition,

and M may be either large or small depending on the value of d, below, we distinguish several

scenarios: d ≥ 2t − 2, t ≤ d < 2t − 2 and d < t .
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1. If d ≥ 2t − 2, then M ≥ (3t/2− 2)(t − 1) = (t − 1)2 +
(

t−1

2

)

. Therefore, M − (t − 1)2 ≥
(

t−1

2

)

.

It means that the bound to the right in (8) increases with m1, and its maximum value is

achieved at m1 =
(

t−1

2

)

. Then,

f (d,m1,m2) = O

(

(

x2e2t−1

dn

)d (
(t − 1)e

(d − t + 1)

)(t−1)(d−t+1)

p−M

)

=

= O
(

ed[2 ln x+1−ln d−ln n+(t−1)(ln 2−ln(d−t+1)+ln(t−1)+1−ln p)] ×
× e(t/2)(t−1) ln p+o(x)

)

.

Notice that ln(d − t + 1) ≥ ln d
t
(since d ≥ t). So,

f (d,m1,m2) = O
(

edγ (d)+(t/2)(t−1) ln p+o(x)
)

,

where

γ (d) = 2 ln x + 1 − t ln d + (t − 2) ln ln n + (t − 1)(ln t − ln C + ln(t − 1) + 1 + ln 2).

Notice that [dγ (d)]′ = γ (d) − t and γ decreases. Therefore, d0 = γ −1(t) is a point of global

maximum of dγ (d). Clearly,

d0 =
(

2(t − 1)t

C

)
t−1
t
(

x2[ln n]t−2
)

1
t =

(

2(t − 1)t

C

)
t−1
t

x(1 + o(1)).

Therefore, d0γ (d0) =
(

2(t−1)t

C

)

t−1
t xt(1 + o(1)). As C > 2

2t−1
t−1 t(t − 1), we get that, for ε > 0

small enough, f (d,m1,m2) ≤ n−ε .

2. Let t ≤ d < 2t − 2. Then
(

(t−1)2e

(M−m1)

)M−m1

≤ e(t−1)2 . Therefore,

f (d,m1,m2) = O

(

(

x2

n

)d

p−M

)

= O

(

(

x2

npt−1

)d

p
t(t−1)

2

)

= O

( [ln n]td
(n[ln n]t−2)t/2

)

= O

(

1

n

)

.

3. Finally, let us switch to the case d < t . Since M − (t − 1)2 < 0, we get that
(

(t−1)2e

M−m1

)M−m1

is

maximal when m1 = 0. Therefore,

f (d,m1,m2) = O

(

(

x2

n

)d

p−M

)

= O

⎛

⎝

(

x2

np
d−1
2

)d
⎞

⎠

= O

⎛

⎝

(

x2

n
1− d−1

2(t−1) [ln n]
(t−2)(d−1)

2(t−1)

)d
⎞

⎠ = O

(

ln2 n

n

)

.

Combining the above bounds with (5) and (6), we get, by Chebyshev’s inequality, that, for n large

enough,

P(X = 0) ≤ VarX

(EX)2
≤
∑

d

∑

m1

∑

m2

f (d,m1,m2) ≤ xz2n−ε = o(1).

Therefore, whp there exists a saturating structure of size x.
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3.3.2. Saturating structure of size y = t2

p

First, we divide the random graph into two parts:

G1 = G(n, p)|[⌊n/2⌋], G2 = G(n, p)|[n]\[⌊n/2⌋].

Let F0 be a saturating structure of size x = ⌊ln (⌊n/2⌋)⌋ in G1 (if exists). Let A0 be the event that F0
exists.

Let us enlarge the saturating structure by induction. Suppose that Ĉ is a constant greater than 1

(it will be defined later). Take δ > 0 such that (1 − δ)Ĉ > 1. Let, for every i ∈ {0, 1, . . . , ℓ},

C−
i = ((1 − δ)Ĉ)

(t−1)i−1
t−2 ,

Let U ′
1 ⊂ V (G2) be a set of vertices connected to at least t − 1 vertices of F0 and let U1 comprise

arbitrary min(|U ′
1|, ⌈C−

1 x⌉) vertices of U ′
1. For i = 1, 2, . . ., let U ′

i+1 ⊂ V (G2) \ (U1 ⊔ . . . ⊔ Ui) be

the set of vertices connected to at least t − 1 vertices of Ui, and let Ui+1 be composed of arbitrary

min(|U ′
i+1|, ⌈C−

i+1x⌉) vertices of U ′
i+1. If, for some ℓ, we get |V (F0) ⊔ U1 ⊔ . . . ⊔ Uℓ|≥ y, then we

immediately get a saturating structure of size at least y. We will define the desired ℓ later. But we

assume for a while that some value of ℓ is fixed.

Set Xi = |U ′
i | for i ∈ [ℓ]. Notice that the appearances of the edges between G2 and F0 do not

depend on the choice of F0 and have independent Bernoulli distributions. Therefore,

E(X1 | A0) =
⌈n

2

⌉

P, Var(X1 | A0) =
⌈n

2

⌉

P(1 − P),

where

P =
x
∑

k=t−1

(

x

k

)

pk(1 − p)x−k.

We get

E(X1 | A0) ∼ n

2

(

x

t − 1

)

pt−1(1 − p)x−t+1 ∼ n

2

xt−1

(t − 1)!p
t−1 = C t−1

2(t − 1)!x

As C > (2(t − 1)!) 1
t−1 , we get that Ĉ := C t−1

2(t−1)! > 1. Also,

Var(X1 | A0)

(E(X1 | A0))2
∼ 1

E(X1 | A0)
∼ 1

Ĉx
.

By Chebyshev’s inequality, for every δ > 0,

P(|X1 − Ĉx|> δĈx | A0) ≤ (1 + o(1))
1

δ2Ĉx
. (9)

Notice that C−
1 = (1 − δ)Ĉ . Therefore (recall how Ui is constructed),

P(|U1|< ⌈C−
1 x⌉ | A0) = P(|U1|< C−

1 x | A0) ≤ (1 + o(1))
1

δ2Ĉx
.

Let, for every i ∈ {1, . . . , ℓ},

Ai = Ai−1 ∩ {|Ui|= ⌈C−
i x⌉}.

Now let us define ℓ. Let z = y

x
∼ t2

p ln n
. Let

ℓ =
⌈

logt−1

[(

ln z

ln((1 − δ)Ĉ)

)

(t − 2) + 1

]⌉

.
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Due to our choice of ℓ,

ln z

ln((1 − δ)Ĉ)
≤ (t − 1)ℓ − 1

t − 2
,

which implies C−
ℓ ≥ z and C−

ℓ−1 < z and C−
i = o(z) for i < ℓ − 1.

Then C−
ℓ x ≥ y, C−

ℓ−1x ≤ y and C−
i x = o(y), i ∈ [ℓ − 2].

Let us prove that

P(C−
i x ≤ Xi|Ai−1) ≥ 1 − (1 + o(1))

1 − δ

δ2C−
i x

, (10)

uniformly over all i ∈ [ℓ − 1] and that

P(y ≤ Xℓ|Aℓ−1) ≥ 1 − (1 + o(1))
1 − δ

δ2y
, (11)

As seen above, it is true for i = 1.
Now suppose that i ∈ [ℓ − 1] and (10) holds. Notice that the appearances of the edges between

V (G2) \
⋃i

j=1 Uj and Ui still have independent Bernoulli distributions.

Let a := |Ui|= ⌈C−
i x⌉ on Ai.

Since, on Ai, almost all vertices of V (G2) may be included in Ui+1 (i.e., |U1 ⊔ . . . ⊔ Ui|= (1 +
o(1)) ln n(C−

1 + · · · + C−
i ) = o(n) as i ≤ ℓ − 1) we get

E(Xi+1|Ai) ∼ n

2

a
∑

k=t−1

(

a

k

)

pk(1 − p)a−k ≥ (1 + o(1))
n

2

at−1

(t − 1)!p
t−1e−ap;

Var(Xi+1|Ai)

(E(Xi+1|Ai))2
≤ 1

E(Xi+1|Ai)
.

Notice that in this case

E(Xi+1|Ai) ≥ (1 + o(1))
n

2

(C−
i x)t−1

(t − 1)! p
t−1e−ap = (1 + o(1))

C−
i+1

1 − δ
xe−ap.

Notice that for i < ℓ − 1, it equals (1 + o(1))
C−
i+1

1−δ
x.

Therefore, if i < ℓ − 1, by Chebyshev’s inequality,

P

(

Xi+1 < C−
i+1x

⏐

⏐

⏐

⏐

Ai

)

≤ P

(

|Xi+1 − E(Xi+1|Ai)|> δE(Xi+1|Ai)

⏐

⏐

⏐

⏐

Ai

)

≤ Var(Xi+1|Ai)

(δE(Xi+1|Ai))2
≤ (1 + o(1))(1 − δ)

δ2C−
i+1x

→ 0, n → ∞.

This finishes the proof of (10).

Now let us look at the case of i = ℓ−1. Let C be such that (1−δ)C
t−1

Ĉx = y. Notice that C−
ℓ−1 ≥ C ,

since (1 − δ)(C−
ℓ−1)

t−1Ĉx = C−
ℓ x ≥ y. Let W be a subset of ⌈Cx⌉ vertices of Uℓ−1 (we suppose now

that Aℓ−1 holds). Therefore, U ′
ℓ contains at least all the vertices of V (G2) \ (U1 ⊔ . . .Uℓ−1) that are

connected to at least t − 1 vertices of W . Also, |W |= ⌈Cx⌉ = o( 1
p
), as C

t−1
xt−1pt−1 = O( 1

np
) → 0.

Therefore,

E(Xℓ|Aℓ−1) ≥ n

2

|W |
∑

k=t−1

(|W |
k

)

pk(1 − p)|W |−k ≥ (1 + o(1))C
t−1

Ĉx = (1 + o(1))
y

1 − δ
;

Var(Xℓ|Aℓ−1)

(E(Xℓ|Aℓ−1))2
≤ 1

E(Xℓ|Aℓ−1)
.
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So, by Chebyshev’s inequality

P

(

Xℓ < y

⏐

⏐

⏐

⏐

Aℓ−1

)

≤ P

(

|Xℓ − E(Xℓ|Ai)|> δE(Xℓ|Ai)

⏐

⏐

⏐

⏐

Ai

)

≤ Var(Xℓ|Ai)

(δE(Xℓ|Ai))2
≤ (1 + o(1))(1 − δ)

δ2y
→ 0, n → ∞,

which proves (11).
Notice that (9), (10) and (11) imply

P(¬Aℓ) ≤ o(1) +
ℓ
∑

i=1

P(C−
i x ≤ Xi|Ai−1)

≤ o(1) +
ℓ−1
∑

i=1

(1 + o(1))(1 − δ)

δ2C−
i x

+ (1 + o(1))(1 − δ)

δ2y
→ 0, n → ∞.

Here, we used the fact that (1 − δ)Ĉ > 1.
So, whp there exists a saturating structure of size y.

3.3.3. Saturating structure of size n

In this section, we prove that, for every proper S ⊂ [n] of size at least y = t2

p
, in G(n, p)

there exists a vertex outside S such that it is connected to at least t − 1 vertices of S. Clearly,
this observation finishes the proof of Claim 5.2.

For a fixed set S of size z ≥ y, the probability that some fixed vertex outside S has no more than
t − 2 neighbours is

t−2
∑

k=0

(

z

k

)

pk(1 − p)z−k ≤ (1 − p)z +
t−2
∑

k=1

(

zep

(1 − p)k

)k

e−pz

≤ (t − 1) exp

[

(t − 2) ln

(

zep

(1 − p)(t − 2)

)

− zp

]

since the function (t − 2) ln
(

zep

(1−p)(t−2)

)

increases in x ∈ (0, t).

By the union bound, the probability that there exists a set S ⊂ [n] of size z ∈ [y, n/ln n] such
that every vertex outside S has less than t − 1 neighbours in S is at most

⌊n/ln n⌋
∑

z=y

(

n

z

)(

(t − 1) exp

[

(t − 2) ln

(

zep

(1 − p)(t − 2)

)

− zp

])n−z

≤

≤
⌊n/ln n⌋
∑

z=y

exp [z(ln n + 1 − ln z) − Ω(n)] = n exp[−Ω(n)] → 0, n → ∞,

since (t − 1) exp
[

(t − 2) ln
(

zep

(1−p)(t−2)

)

− zp

]

is bounded away from 1. Indeed, (t − 2) ln(zp) − zp

decreases as zp increases, so its maximum is achieved at zp = t2. Thus the expression under the
exponent is at most (t − 2)[ln(t2/(t − 2)) − t2/(t − 2)] − o(1) < −t2/2 − o(1).

Finally, the probability that there exists a proper S ⊂ [n] of size z > n/ln n such that every
vertex outside S has less than t − 1 neighbours in S is at most

n−1
∑

z=⌈n/ln n⌉

(

n

n − z

)(

(t − 1) exp

[

(t − 2) ln

(

zep

(1 − p)(t − 2)

)

− zp

])n−z

≤

≤
n−1
∑

z=⌈n/ln n⌉
exp [(n − z) (ln n − zp(1 + o(1)))] → 0, n → ∞.
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Claim 5.2 and Theorem 2 follows.
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