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Bayesian Emulation of Grey-Box Multi-Model Ensembles Exploiting Known
Interior Structure*

Jonathan Owen' and lan Vernont

Abstract. Computer models are widely used to study complex real world physical systems. However, there are
major limitations to their direct use including: their complex structure; large numbers of inputs and
outputs; and long evaluation times. Bayesian emulators are an effective means of addressing these
challenges providing fast and efficient statistical approximation for computer model outputs. It is
commonly assumed that computer models behave like a “black-box” function with no knowledge
of the output prior to its evaluation. This ensures that emulators are generalisable but potentially
limits their accuracy compared with exploiting such knowledge of constrained or structured output
behaviour. We assume a “grey-box” computer model and develop a methodological toolkit for its
analysis. This includes: multi-model ensemble subsampling to identifying a representative model
subset to reduce computational expense; constructing a targeted Bayesian design for optimisation
or decision support; a “divide-and-conquer” approach to emulating sums of outputs; structured
emulators exploiting known constrained and structured behaviour of constituent outputs through
splitting the parameter space and imposing truncations; emulation of sums of time series outputs;
and emulation of multi-model ensemble outputs. Combining these methods establishes a hierarchical
emulation framework which achieves greater physical interpretability and more accurate emulator
predictions. This research is motivated by and applied to the commercially important TNO OLYM-
PUS Well Control Optimisation Challenge from the petroleum industry which we re-express as a
decision support under uncertainty problem. We thus encourage users to examine their “black-box”
simulators to achieve superior emulator accuracy.

Key words. Computer models, Bayesian emulation, Bayes linear, Known simulator behaviour, Multi-model
ensembles, Decision support under uncertainty

MSC codes. 62J, 62K, 62P

1. Introduction. Mathematical models of complex real world physical systems in the
form of numerical codes known as computer models or simulators are prevalent across many
scientific disciplines, industry, and government. They are used to: study the dynamics of
physical systems [59]; calibrate or history match to observation data [9, 10]; and to guide
decision making processes [42, 32]. However, computer models commonly exhibit a complex
structure; possess large numbers of inputs and outputs, including spatial-temporal fields; and
crucially have a high computational expense of evaluation. In order to address such challenges,
a suite of Bayesian uncertainty analysis methodology has been developed for using computer
models to perform inferences about real world systems. Of principal importance are Bayesian
emulators, also known as surrogate models, which provide fast statistical approximations to
(functions of) the computer model outputs for as yet unevaluated parameter settings, along
with a corresponding statement of the associated uncertainty [9, 37, 57]. They are typically
many orders of magnitude quicker to evaluate than the computer model. Emulators have
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2 J. OWEN, AND I. VERNON

been successfully employed across a wide range of applications including: climate science
[21, 49, 63, 14]; cosmology [57, 56, 27, 31]; epidemiology [3, 4, 60]; and petroleum reservoir
engineering [10, 11, 12, 9, 38, 13].

Emulation is frequently based on the assumption that a computer model behaves like a
“black-box” function: the output at a given parameter setting is unknown prior to model
evaluation; as well as users’ possessing no insight of the structure or links between individual
physical processes. Whilst this assumption ensures that emulation methodology is generalis-
able, it potentially limits the emulator accuracy compared to when a user has an understanding
of how certain outputs behave with respect to changes in the inputs. In this paper we assume
a “grey-box” simulator which we define as possessing insight into the model behaviour prior
to its evaluation, but without any specific knowledge of the underlying physics, model struc-
ture or equations governing the model. Physics informed approaches encompass: emulators
for functions with known boundaries [58, 29]; emulators for functions possessing structured
(partial) discontinuities in their input parameter space [41, 61]; and physics-informed neu-
ral networks which encode prior information of physical laws in non-linear partial differential
equations which are used in the loss function when fitting a neural network [45], however these
are unsuitable for application to “grey-box” computer models of the described form.

In this paper we address the problem of constructing an accurate and efficient emulator for
an output of interest obtained from a multi-model ensemble whilst exploiting known behaviour
of individual ensemble members and components of the output. Combining these methods
yields a novel hierarchical emulation framework and toolkit to incorporate specific features in
the analysis of “grey-box” computer models resulting in a physically interpretable emulator
with accurate predictions. The toolkit includes:

1. Subsampling from multi-model ensembles technique to identify a representative subset
of models enabling more efficient use of available computational resources (section 4),

2. Targeted Bayesian design of computer model simulations geared towards the optimi-
sation or decision support objective (section 5),

3. Divide-and-conquer approach to emulation where the output of interest is represented
by a linear combination of constituent model outputs (section 6),

4. Structured emulation of “grey-box” computer models exploiting a known form of sim-
ulator behaviour to divide the parameter space by mode of behaviour and employing
emulator truncation to enforce known physical effects (section 7),

5. Emulation of outputs formed as sums of time series outputs (section 8),

6. Emulation of ensemble mean outputs (section 9).

All of these methods were required to address the challenges encountered in the motivating
problem, although for the analysis of other computationally expensive computer models and
multi-model ensembles it may be appropriate to employ a subset of these techniques.

This research is motivated by the highly complex and commercially significant TNO
OLYMPUS Well Control Optimisation Challenge [54, 55] from the petroleum industry. The
aim is to maximise the expected Net Present Value (NPV) objective function over the field life-
time with respect to well control decision parameters (target production and injection rates),
whilst accounting for geological uncertainty represented through a multi-model ensemble of 50
realisations from an underlying stochastic geology model. We recast this as a decision support
problem for which emulation and Bayesian uncertainty analysis techniques are essential due to
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BAYESIAN EMULATION GREY-BOX MULTI-MODEL ENSEMBLES 3

the computational expense of the ensemble and high-dimensionality of the decision parameter
space. An initial attempt at the TNO OLYMPUS Well Control Optimisation Challenge from
a Bayesian statistical perspective is presented in [42] which was only moderately successful as
it failed to exploit a number of challenging features in the multi-model ensemble mean NPV
output. We therefore propose a series of methodological advances in this paper for which all
were required in the TNO OLYMPUS Well Control Optimisation Challenge. Implementation
of the efficient multi-model ensemble subsampling technique to identify a representative sub-
set of models constitutes a novel application to petroleum reservoir engineering and greatly
reduces the computational expense of the analysis. For each ensemble member the NPV is
computed as the sum of discounted time series model outputs. Many of these exhibit known
constrained or structured behaviour with respect to their corresponding well control parame-
ters for which we formulate structured emulators. These are combined within our hierarchical
emulator construction. We demonstrate a notable reduction in the emulator uncertainty com-
pared with uninformed Bayes linear emulators. Whilst we establish our techniques in the
context of decision support for well control optimisation under uncertainty, the overarching
framework is flexible and adaptable to handle other structured forms of simulator outputs.

In section 2 we describe the motivating TNO OLYMPUS Field Development Optimisation
Challenge. Section 3 provides an overview of Bayesian emulation methodology and an appli-
cation of Bayes linear emulators to the TNO OLYMPUS Well Control Optimisation Challenge
ensemble mean NPV objective function. For sections 4 to 9, as in the above numbered list,
we detail each methodological developments and its application to the TNO OLYMPUS Well
Control Optimisation Challenge in turn. In section 9 a comparison is also performed of the
developed approach to emulation with direct Bayes linear emulation of the ensemble mean
NPV. A conclusion and future research directions are discussed in section 10.

2. TNO OLYMPUS Well Control Optimisation Challenge. First we provide an over-
view of the TNO OLYMPUS Well Control Optimisation Challenge in subsection 2.1 before
performing an exploratory analysis to highlight several important features of this challenge in
subsection 2.2 which motivate the subsequent methodological development.

2.1. Summary. A major and commercially important challenge in the petroleum industry
is field development under uncertainty for a green oil field'. The Netherlands Organisation
for Applied Scientific Research (TNO), as part of Integrated Systems Approach for Petroleum
Production (ISAPP) research programme, devised the TNO OLYMPUS Field Development
Optimisation Challenge [55] (abbreviated to TNO OLYMPUS Challenge) to encourage re-
search and technological advancements to address the problem of optimisation under uncer-
tainty. There is a particular emphasis on the uncertainty induced by the unknown underlying
geology. The TNO OLYMPUS Challenge has received much attention across academia and
industry with results of the competition phase presented at the EAGE/TNO Workshop on
OLYMPUS Field Development Optimization [15].

The TNO OLYMPUS Challenge is based around the fictitious oil reservoir named OLYM-
PUS (inspired by a virgin oil field in the North Sea) and specifically designed by TNO for the

'A green oil field is a new subsurface region believed to contain oil or gas which has yet to be exploited
meaning that no drilling, production or injection has been performed.
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4 J. OWEN, AND I. VERNON

challenge. OLYMPUS is a medium complexity model of size 9km by 3km, with a depth of
50m split into 16 layers for modelling purposes. The design was conceived to imitate a real
oil field possessing many of the features encountered in actual oil fields including: boundary
and minor geological faults; two vertical zones separated by an impermeable shale layer (the
top layer contains fluvial channel sands embedded in floodplain shale, whilst the bottom layer
consists of alternating layers of coarse, medium and fine sands); as well as multiple types of
facies (body of rock of specified characteristics) including channel sands, shale, and multi-
ple types of sand. Geological uncertainty (unknown porosity, permeability, net-to-gross, and
initial water saturation) is represented via a multi-model ensemble of N = 50 OLYMPUS
realisations of a stochastic geology model. These are labelled as OLYMPUS 1 to 50. Full
details of the model can be found in [54].

The TNO OLYMPUS Challenge consists of three sub-challenges:

1. Well control optimisation,

2. Field development optimisation,

3. Joint optimisation of well placement and well control.
In this paper we focus on the first where the aim is to develop an optimal strategy with respect
to maximising the expected Net Present Value (NPV) objective function over the 20 year field
lifetime (starting January 1, 2016) with accumulation and discounting at 3 month intervals.
The NPV for an individual OLYMPUS model is denoted NPV ;(d) and is defined in (2.1) as
a function of a vector of decision parameters, d, consisting of target production and injection
rates for producer and injector wells respectively.

N Ri(d,t;)
2.1 NPV;(d) =Y —L—2—-
2 @ Z} (1+d)?
N
(2.2) E[NPV](d) ~ NPV(d) = %ZNPVj(d)
j=1

The index ¢ refers to the time interval At; = t; — ¢;_1, total number of time intervals Ny,
fixed discount factor d = 0.08, time interval for discounting 7 = 365 days, and R;(d,t;) as
the difference of all revenue and expenditure during the interval At;, and j =1,..., N = 50
indexes the particular OLYMPUS realisation of the stochastic geology model. The expected
NPV is approximated by the ensemble mean NPV defined in (2.2), as dictated by the TNO
OLYMPUS Challenge, and hence forms our quantity of interest.

For the well control optimisation challenge a fixed well configuration is provided by TNO
based on oil reservoir engineering principles with R;(d, ¢;) defined in (2.3), where Q; op(d, t;),
Qjwp(d, ti), and Qjwi(d,t;) are the Field Oil Production Total (FOPT), Field Water Produc-
tion Total (FWPT), and Field Water Injection Total (FWIT) volumes in time interval At;
under controls d respectively.

(2'3) Rj(da ti) = Qj,op(da ti) *Top — Qj,wp(da ti) *Twp — Qj,wi(d7 ti) s Twi

The analogous quantities for an individual well are labelled as WOPT, WWPT, and WWIT
respectively. TNO stipulate fixed oil revenue r,, = 45 $ per bbl (where bbl are the units for

This manuscript is for review purposes only.
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BAYESIAN EMULATION GREY-BOX MULTI-MODEL ENSEMBLES 5

a standard barrel of oil, approximately 159L), water production cost r,, = 6 $ per bbl, and
water injection cost r,; = 2 $ per bbl.

For demonstrative purposes we focus on the control of a subset of the wells enclosed
between two partial fault boundaries and in close proximity consisting of two producer wells:
2 & 10, and two injector wells 2 & 3, with eight control intervals starting on January 1,
2016, 2018, 2020, 2022, 2024, 2026, 2028 & 2032; thus a total of D = 32 decision parameters.
Throughout we represent specific individual decision parameters by d;j,, where j € {P, I}
refers to the well type (P producer, I injector), k is the well number, and ¢; is the control
interval start date. Note that each control interval consists of multiple 3 month discounting
periods. Collectively these wells are referred to as the Controlled Wells Group (CWG) which
provides a sub-problem of interacting wells on which to illustrate the presented methodology.
All remaining wells within OLYMPUS use the fixed controls specified in the TNO reference
strategy [55]. The expected NPV objective function is computed from contributions of wells
in the CWG only.

We believe that the TNO OLYMPUS Challenge setup does not faithfully represent the
real world field development under uncertainty problem where ensembles of computer models
are used to aid decision makers. Instead, there is an emphasis on developing efficient ensemble
optimisation algorithms to identify a single optimal strategy. A full critique and discussion of
these limitations is presented in [40, Sec. 3.1] and [42]. We therefore re-formulate well control
optimisation as a decision support problem. The aim of this paper is to develop accurate
emulators for the expected NPV objective function by exploiting known simulator behaviour
in order to efficiently perform decision support.

2.2. OLYMPUS Exploratory Analysis. We first construct a maximin Latin hypercube
design and run a wave 0 of n = 20 exploratory simulations using all N = 50 OLYMPUS mod-
els. An important feature is the adherence of OLYMPUS simulations to target production
and injection rate decision parameters. For one vector of decision parameter settings Figure 1
compares the input target control rates (black dashed lines) with the corresponding outputted
achieved rates over the 50 ensemble members (coloured traces). It is immediately evident in
all plots that the input targets are not strictly adhered to for the full duration of the control
intervals; a consequence of the underlying physics programmed into the OLYMPUS model,
including constraints on BHP, resulting in such deviations between the actual and targeted
control values. It is this behaviour which motivates our structured emulation approach de-
scribed and demonstrated in section 7. Another interesting facet with potential ramifications
for emulation and decision support is the vastly different relative absolute contributions of oil
and water to the NPV objective function. An assessment is shown in Figure 12, along with
further discussion in Appendix A.1.

3. Bayesian Emulation.

3.1. Methodology. An emulator is a stochastic belief specification for a deterministic
or stochastic function that provides a fast and efficient statistical approximation, yielding
predictions for as yet unevaluated parameter settings, along with a corresponding statement
of the associated uncertainty [9, 57, 11]. They are frequently employed for computationally
expensive simulators across a range of scientific and industrial applications to perform tasks

This manuscript is for review purposes only.
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Figure 1: Comparison of the target and achieved control rate decision parameters for an
OLYMPUS wave 0 exploratory simulation over the full multi-model ensemble. Plots show the
OLYMPUS output actual control rates time series as coloured lines for each ensemble mem-
ber for the Well Oil Production Rates (WOPR, top) or Well Water Injection Rates (WWIR,
bottom) for the four wells within the CWG. The black dashed lines show the corresponding
decision parameters of target production or injection rates respectively. The differences be-
tween the output traces and the inputs highlights the deviations between the target control
and what is achieved due to physical constraints applied in the model.

including: calibration [33, 28]; history matching [10, 11, 57, 14]; uncertainty quantifications
[38]; sensitivity analyses [36, 32]; and decision support [35, 64].
For a computer model f(d) the i univariate output is denoted by the function f;(d),

This manuscript is for review purposes only.
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where d € Q C R is a vector of (decision) parameters in space Q. We employ Bayesian
emulators of the general form in (3.1) [11, 57, 59]:

fi(d) = gi(da,) " B; + ui(da,) + wi(d)
(3.1) = Bigij(da;) + ui(da,) + wi(d)
j=1

The subscript A; denotes a subset of active inputs which are the parameters deemed to
be most influential for f;(d), where |A;] = D’ < D. Within the emulator the first term
models the global function behaviour of f;(d) where the g;;(-) are deterministic functions

of the active inputs with unknown scalar regression coefficients, §;; for j = 1,...,p, where
p € N. Collectively, these are denoted by the vector function g} () = (ga(-) -+ gip(*)),
and the vector B;F = (51-1 ﬁip) € RP respectively. The second term, u;(-), models the

local behaviour of f;(d) and is a weakly stationary stochastic process with zero mean and a
pre-specified covariance structure. A common choice is the squared exponential covariance
function in (3.2) [57, 47], where aﬁi is a variance hyperparameter, and 6; = (0;1,...,0;pr) is
a D’-vector of (distinct) correlation lengths.

D’ " 2
dy p—d,
(3.2) Covlui(da,), ui(dy,)] = o2, exp{ = > (“Ak)
1 l k=1 Oir

The third term in (3.1), w;(x), is an uncorrelated, zero-mean nugget term with covariance:
(33) COV[’U}i (d), wl(d')} = 0'121}2_ ]l{d:d’}

This is a white noise process which is included to account for the inactive variables [13, 57]
and ensure numerical stability [33]. Further arguments for the inclusion of a nugget term are
presented in [2, 24].

We follow a Bayes linear paradigm following the foundations of De Finetti [16, 17] using
expectation as a primitive within a second-order belief specification. Moreover, we subscribe to
subjective Bayesianism to provide a coherent framework to structure and combine expert prior
beliefs with observed data to achieve posterior inferences [19]. Bayes linear methods have nu-
merous advantages including: quick and simple elicitation of subjective prior beliefs; computa-
tional tractability; and robust inferences by removing the specification of full prior probability
distributions, with Bayes linear emulators having been successfully implemented across nu-
merous applications [11, 57, 59, 21, 60]. An in-depth discussion of Bayes linear statistics can be
found in [22], with shorter summaries presented in [18, 20]. Given a design D = {d,...,d"}
and computer model evaluations for output i, F; = {fi(dM),..., fi(d™)}, the Bayes linear
adjusted expectation, variance, and covariance are:

(3.4) Ep,[fi(d)] = E[fi(d)] + Cov[fi(d), F,] Var[F;] "' (F; — E[F,])
(3.5) Varg, [fi(d)] = Var[fi(d)] — Cov[fi(d), F;] Vaur[Fi]_1 Cov[F;, fi(d)]
(3.6)  Covr,[fi(d), fi(d)] = Cov[fi(d), fi(d")] — Cov[fi(d), F;] Var[F;] ' Cov[F;, fi(d)]

This manuscript is for review purposes only.



8 J. OWEN, AND I. VERNON

Full derivation of the Bayes linear emulator adjustment formulae is presented in [40, Sec. 2.4.5].
An alternative full Bayesian approach is Gaussian Process (GP) emulators, as discussed in [33].
Under the Bayes linear formulation we opt for a hyperparameter plug-in approach where they
are specified a priori, utilising expert elicitation, before validating using emulator diagnostic
techniques [7], as performed in [10, 57, 59].

3.2. Bayes Linear Emulation of the Expected NPV. Bayes linear emulation is directly
applied to the expected NPV to explore the 32-dimensional wave 1 decision parameter space
utilising the above design and linear model predictions for the ensemble mean NPV for train-
ing and validation. This serves as a comparison with our proposed hierarchical emulation
approach in subsection 9.3. Following the methodology summarised in section 3, an emulator
with a nugget term (see (3.1)) is employed with f(d) = U(d) = E[NPV](d). Investigations
using linear modelling, stepwise selection with the AIC criterion, and with all parameters
transformed onto [—1,1], as in [57], yields a subset of 12 active decision parameters, dag,
(this includes all 8 target production rates for producer well 2, and target production rates
for producer well 10 for the control intervals starting 15¢ January 2016, 2018, 2020, and 2026),
and a suggested second-order polynomial mean function form:

(3.7) ENPV](das,) = B0+ > {Biadi+Biadi} +e
d; EARL,

The residual uncertainty is captured through ¢ which possesses an estimate residual standard
error oyy,. The unknown regression coeflicients are assumed to have prior expectation pg =0
and an infinite prior uncertainty, with emulator updates exploiting limiting results as Var[3] —
oo for which formulae are presented in [42, Sec. 2.4.5].

For the residual process it is assumed that E[u(dagy )] = 0 and Efw(d)] = 0 with a
squared exponential covariance structure ((3.2)) using a single common correlation length
hyperparameter. Following the substitution approach for the hyperparameters:

02 = (1 - p)o}, and o2 = pop, where p = 0.05; whilst the correlation length parameter is
set to half of the parameter range, hence # = 1. These choices are validated via emulator
diagnostics discussed below. Bayes linear emulator adjustment is performed using (3.4)—(3.6).

Leave-one-out diagnostics suggest that the emulator fits well across the decision space,
as shown in Figure 2 of the adjusted expectation with an approximate 95% credible interval
of width 3 adjusted standard deviations (following Pukelsheim’s 3-sigma rule [44]) versus the
expected NPV. 691 of the 702 (98.4%) credible intervals contain the simulated expected NPV,
as highlighted by the red dashed line representing equality. Moreover, if we instead employed
a Gaussian process emulator, then the 95% credible intervals contain 679 of the simulated
expected NPVs; a 96.7% coverage. It is noted that the few cases where these diagnostics are
not satisfied tend to yield over-prediction. With a view to decision support this is less of a
concern as these regions will not be incorrectly ruled out due to low expected NPVs, while
iterative refinement enables more accurate emulation at later waves.

4. Subsampling from Multi-Model Ensembles. Multi-model ensembles are frequently
employed to characterise various forms of uncertainty. For example, multi-model ensembles are
particularly prevalent in climate science such as in [53, 34, 26] where they are used to represent
uncertainty pertaining to differing choices of aspects such as model structure, encoding of

This manuscript is for review purposes only.
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Figure 2: Bayes linear emulator for the expected NPV leave-one-out diagnostics plot showing
the emulator adjusted expectations with 95% 3 adjusted standard deviation credible interval
error bars versus the simulated expected NPV. The red dashed line denotes equality of the
emulator prediction and the simulator output.

physical laws, discretisation scheme, and numerical solvers, in simulating parts of the earth
system. In the petroleum industry these are prevalent for representing uncertainty induced
by the unknown underlying field geology, reflecting the geologist’s beliefs. In scenarios where
these are sampled stochastically from an underlying geology model it may be appropriate
to employ emulation methods for stochastic computer models such as stochastic Kriging [5],
quantile Kriging [46, 43], and heteroscedastic Gaussian Process (hetGP) emulation [8]. For a
comprehensive review of stochastic model emulation methodology see [6] and the references
therein. In the TNO OLYMPUS Challenge the multi-model ensemble consists of 50 versions
of the OLYMPUS model realised from an underlying stochastic geology model. However, this
model was not released and so no further realisations were possible, hence the setup of our
motivating application is unsuited to stochastic emulation approaches.
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Running all 50 models to obtain a representation of geological uncertainty requires a
greater number of simulations placing a higher strain on computational resources. In many
analyses the multi-model outputs are amalgamated such as through averaging, termed the
ensemble mean. This is the case in the TNO OLYMPUS Challenge where the ensemble
mean NPV is the focus. Whilst such quantities are easier to analyse and use, the averaging
process reduces the benefits of starting with an ensemble by collapsing the uncertainty onto
a single value. It is therefore desirable to establish a small collection of models to use as
a surrogate, whilst acknowledging any reduction in information gained from the simulations
through an appropriate quantification of the uncertainty, and thus develop a multi-model
ensemble subsampling technique. Note that a superior choice encompassing uncertainties in
the ensemble construction process would be to use an expected utility function over all possible
ensembles. However in the TNO OLYMPUS Challenge it is stipulated that the expected NPV
objective function is approximated by the ensemble mean NPV, hence for the purpose of this
analysis we adhere to this choice, noting the critique of this choice in [40, sec. 3.1] and [42].

4.1. Methodology. The process of identifying a representative subset requires a small
exploratory design using all models in the ensemble; a wave 0 design, for example, construc-
ted using a maximin Latin hypercube design [50, 51], in order to assess how well a given
subset of models represents the ensemble mean for certain key outputs. First we propose
an initial graphical investigation using plots of ensemble mean outputs versus that obtained
using individual models. This provides insight into patterns where a strong linear correlation
indicates that an individual model may be a good representative for the ensemble mean. Note
that such plots are unable to capture the interaction between multiple models’ outputs, thus
missing where two or more models are jointly able to characterise the ensemble mean, often
to a better extent than any one individual model. For large ensembles, this can be a useful
screening process to identify a preliminary ensemble subset for further analysis.

Linear models provide a fast and effective tool for predicting the ensemble mean output,
f(-), for example, f(d) = NPV(d), from individual model outputs, f)(.), i, € {1,..., N}
distinct, as well as for quantifying the induced uncertainty. For an ensemble of size N the aim
is to select the best subset of N < N (to be determined) models. Since the ensemble mean
is a linear combination of the individual models’ output, an affine linear transformation of a
subset of models is expected to yield good approximations. We propose the linear model in
(4.1) where agg and fj gs are unknown regression coefficients to be estimated, and egg(d) is
an uncorrelated error term. Here ES refers to “Ensemble Subsampling”.

N
(4.1) f(d) = ags + Z Brpsf)(d) + eps(d)
k=1

Depending on the size of N, either an exhaustive or stepwise model selection may be performed
to identify the most suitable choice of N and model subset, for example, using the Akaike
Information Criterion (AIC) or Bayesian information Criterion (BIC). Note that at later stages
within an analysis it is always possible to modify this choice if increased accuracy is required;
a scenario that naturally occurs within iterative procedures such as history matching and
decision support. In the context of petroleum reservoir field development optimisation we
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refer to this as Efficient Geological Ensemble Subsampling (EGES) [42]. Using a subset of
models does result in some information loss compared with simulating from the full ensemble.
However, the described statistical approach provides a quantification of the additional induced
uncertainty as a consequence of using fewer models. In setups where the primary focus is the
ensemble mean output the treatment of ensemble variability has been collapsed to a single
number and thus neglected. Moreover, running fewer models enables greater exploration of the
parameter space and hence presents opportunities to address other sources of uncertainty such
as parametric uncertainty. This technique is related to second-order multi-model ensemble
exchangeability in [48] where coexchangeability is used to establish a link between: the output
of individual models; a common “representative simulator”, which we interpret as the ensemble
mean simulator; the output for the real world system as the true expected NPV with respect
to all possible geological configurations; as well as any system observations.

4.2. Subsampling from a Geological Multi-Model Ensemble Results. At the EAGE/
TNO Workshop on OLYMPUS Field Development Optimization [15] a number of participant
teams employed ensemble sub-setting techniques on the 50 Olympus models to aid computa-
tional tractability of their chosen optimisation procedure for obtaining a well control strategy.
This included: selecting a single representative model in [39], or based on geological modelling
insight, specifically using the net hydrocarbon thickness map for upper and lower layers of
the reservoir [25]; a risk averse approach to optimisation using the 4 worst performing ensem-
ble members according to the Conditional Value at Risk (CVaR) criterion evaluated for the
TNO defined base strategy [52]; and a stochastic rank-based realisation selection process used
within a evolutionary strategy optimisation algorithm to produce a different subset at each
step of the algorithm [1]. The described Efficient Geological Ensemble Subsampling technique
provides a principled approach to selecting ensemble members which also makes efficient use of
available computational resources, captures some of the ensemble variability, and not limited
to potentially non-robust choices made using the base strategy.

A preliminary graphical investigation is performed using plots of the ensemble mean versus
individual models for a range of outputs of interest for the n = 20 wave 0 exploratory simu-
lations described in subsection 2.2. Examples are provided in Figure 13 (see Appendix A.2).
It is unnecessary to sub-select models exhibiting close individual model output relations with
the ensemble mean. Instead we screen for cases where the relationship is easy to model, for
example, with a preference for linear associations with small output variation, identifying
an initial set of 9 OLYMPUS models for further exploration via linear modelling. Further
discussion is found in Appendix A.2, and in [40, Sec. 4.2].

In order to capture the interacting effects of the different OLYMPUS models, the sub-
sampling technique utilising the linear model in (4.1) is implemented. First it is applied to
the proposed OLYMPUS subset before extending to all models via both directions stepwise
selection starting from the full model and using AIC as the model selection criterion. It is
established that a subset of only N = 3 models is sufficient for a large number of the inves-
tigated outputs, yielding high Adjusted R? values shown in Figure 14 in Appendix A.2. The
optimal collection for the ensemble mean NPV is OLYMPUS 25, 33, & 45. The fitted linear
model provides an efficient means of prediction and uncertainty quantification by using only
3 ensemble members yielding substantial computational savings. This is a novel application
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of such multi-model ensemble subsampling techniques in petroleum reservoir engineering.

For computational reasons only 20 runs were available for this pilot study. Discussions
with petroleum reservoir engineers suggested that these 20 runs would be sufficient for the
purpose of identifying a representative subset since the complexity of this part of the model was
not expected to be too high. It is therefore possible to reliably select 3 of the 50 OLYMPUS
models based off this collection of simulations, as well as fit linear models to ensemble mean
quantities of interest and use these over unexplored regions of the parameter space. If more
simulations over the full ensemble were available then it is possible to use diagnostics to verify
the robustness of this subset choice. As highlighted above, other participants in the TNO
OLYMPUS Well Control Optimisation Challenge employed model sub-selection, but via less
statistically principled approaches.

5. Targeted Bayesian Design of Simulations.

5.1. Methodology. We propose a targeted Bayesian design algorithm to efficiently sample
from the decision parameter space by incorporating prior knowledge of both the parameter
range and their time ordered consecutive differences. This is a generalisation of the design
approach presented in [42] and [40, Sec. 4.3] where it is tailored towards the well control opti-
misation problem. Without loss of generality let d € R be a time ordered vector of decision
parameters, thus they are not mutually independent. A difference constraint stipulates that
|di —di—1| < A;, i =2,...,D. The decision parameter space is no longer a hypercube, thus
motivating the need for a Bayesian design informed by this prior information.

Our targeted Bayesian design algorithm involves a re-parameterisation and sampling the
sum of the parameters and their time consecutive differences. First assume each d; € [0, 1].

Define t = Z?:l d; € [0,D] to be the sum of the parameters and §; = di_\/dé‘l for i =

2,...,D, to be the scaled differences where the scaling by % is required due to the rotation

of the parameter space in this alternative parametrisation. The new parameters are mutually

orthogonal with ¢ € [0, D] and |0;| < A} = %. This re-parametrisation is represented by the

linear transformation (¢,8)" = Ld in (5.1) where L is the transformation matrix. Sampling in
the re-parametrised space automatically satisfies the difference constraints with a sample for
d obtained via d = L~!(¢,8)". The range constraints, d; € [0, 1], must also then be verified.

t 1 1 1 1 1 1 dy
02 -1\ 142 0 0 0 0 da
03 0 -2 142 0 0 0 ds
(5.1) ss|=1| o 0 -143 A3 0 0 da
(SD 0 0 0 0 e T 1/\/5 1/\/5 dD

In order to ensure good exploration along the ¢t-direction, which is thought to be important by
petroleum reservoir engineers for the application, we propose preserving an initial sample of
the parameter sums, and then uniformly resample d until both constraint types are satisfied.
There is freedom to choose the sampling distribution of ¢ with probability density function,
fr(t), dependent on the analysis. We use a truncated normal distribution with other exam-
ples being: uniform; mixture of uniforms; and transformed beta distributions. Orthogonal
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projection of the samples onto the line dy = do = --- = dp will approximately follow the
specified distribution.

The process of generating a sample of size n for an independent subgroup of parameters
is described in the rejection style Algorithm 5.1 yielding matrix B in which each column
is a sampled vector of decision parameters. If ¢ is close to 0 or D the rejection step can
be computationally time consuming with the efficiency improved by sampling the differences
conditional on ¢. This algorithm may be applied separately to each independent subgroup
of decision parameters for improved efficiency before combing to obtain a design over the
full decision parameter space. Design optimisation may be performed using standard design
selection criteria, for example, minimax or maximin design [51], both for the designs by
subgroup and the full design by combining using random permutations. Further discussion of
the targeted Bayesian design method is presented in [40, Sec. 4.3].

Algorithm 5.1 Sampling of parameter sums and differences preserving the initial sum of
parameters sample.

Let t be a vector of n samples of t ~ fp(t)
Let B be an empty matrix of D rows
Define dimension(-) to be a function to obtain the length of a vector
while dimension(t) > 0 do
for all t in t do
Set €¢; = min{t, D —t, A}}
Generate 0; | t ~U[—¢€;, €], fori=2,...,D
end for
Row bind t, d2,...,dp to form matrix B, prop
Compute Bprop = Ller’prop
for all Column in By, do
if Range conditions of parameter vector are satisfied then
Join Column to B
Remove corresponding ¢ from t
else
Discard Column
end if
end for
end while
return Matrix B of columns of sampled parameter vectors

5.2. Targeted Bayesian Design of Simulations Results. We employ the targeted Bayesianll
design methodology from subsection 5.1 to perform decision support through targeted sam-
pling based on prior beliefs of experienced petroleum reservoir engineers regarding the loca-
tion of optimal decision parameter settings, as well as imposing practical and physical con-
straints. Firstly, TNO stipulate operational range constraints on the control parameters to
be [0,900]m?/day and [0, 1600]m?/day for production and injection rates respectively, leading
to a 32-dimensional hypercube parameter space. Oil reservoir engineers deem large temporal
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variation in controls to be unphysical and poor practice, thus suggesting a difference constraint
between time consecutive controls. Here we use the notation djj 4, for the decision parameters
where the index i is replaced by the indices tuple (jk,t;), where j € {P, I} refers to the well
type (P producer, I injector), k is the well number, and ¢; is the control interval start date.
The 32 decision inputs naturally split into four independent subgroups by well with difference
constraints |djg ¢, — djr—1] < Ag, 1 =2,... , DUR) where DUK) = 8 is the number of control
intervals for well jk. A conservative choice is that the maximum permitted change over a
two year time interval is A; = % of the operational range for the well type. Consequently
the decision parameter space is no longer a hypercube with a volume of 3.45% of the initial
hypercube due to the range constraints only.

The targeted Bayesian design algorithm is implemented to generate a n = 700 point design.
First, for each of the four subgroups of eight decision parameters the normalised parameter
sums are sampled from a truncated normal distribution in order to facilitate the exploration of
more extreme values of the total sums of the eight normalised parameters than would be the
case using a standard uniform or Latin hypercube design. This is perceived to be important
based on reservoir engineering insight. Next, the differences are sampled according to the
specified value of A; before imposing the operational range constraints (after transforming the
normalised parameters to their physical values). Each parameter subgroup and the overall
design are approximately optimised with respect to the minimax design selection criterion
by comparing candidate designs to a large 20,000 point uniform random sample (over the
constrained parameter space) [51]. Moreover, the optimised design is augmented to include
two further decision parameter vectors with all parameters set to either their minimum or
maximum values since it is of interest to observe the model behaviour at these extremes.

The final wave 1 design for eight producer well 2 parameters is illustrated in Figure 3. The
plots next to the diagonal highlights the difference constraints as points are clustered between
two clearly defined diagonal parallel bounds. Since the final two control intervals are of length
4 years a greater change of up to % of the parameter operational range is permitted, hence the
wider bands. In addition, the difference constraints affect decision parameters at larger time
separations where there are fewer points away from the diagonal, although is less pronounced
for greater time gaps. This design is evaluated for the identified subset of 3 OLYMPUS models
with the linear model used to predict the ensemble mean NPV for which points are coloured
green, yellow and red for high, moderate and low NPVs respectively in Figure 3. Note that
the presented emulation methodology also works with more traditional space filling designs.
Employment of a targeted Bayesian design is to enhance the overall decision support aim,
and to incorporate expert knowledge regarding the reservoir behaviour and practical decision
implementation.

6. Divide-and-Conquer Approach.

6.1. Methodology. Outputs of interest often consist of linear combinations of computer
model outputs, as is the case in the TNO OLYMPUS Well Control Optimisation Challenge
where the focus is the ensemble mean NPV objective function. One approach is to directly
emulate this output using methodology such as that described in subsection 3.1. However,
this ignores the potential gains which can be achieved by decomposing these sums into their
constituent simulation outputs and instead emulating each of these before recombining. We
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prod_2_2016_01

prod_2_2018_01

prod_2_2020_01

prod_2_2022_01

prod_2_2024_01

S, %" prod_2_2026_01

prod_2_2028_01

prod_2_2032_01

Figure 3: Wave 1 702 point design OLYMPUS producer well 2 decision parameters pairs plots.
Points are coloured by the multi-model ensemble subsampling linear model predicted NPV
where green, yellow and red correspond to high, moderate and low NPVs respectively.

473 term this the “divide-and-conquer” approach. In full generality assume an output f(d) can
474  be expressed as:

175 (6.1) f(d) = Z a; fi(d)
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where each f;(d), i = 1,...,¢q, is a constituent simulation output. The emulator update
equations for the expectation and variance are:

q

(6.3) Varp[f Z ; Varg, [fi(d)]
=1

where F; = {f;(dM),..., fi(d™)}, and F = {F;}_,. Note that (6.3) it is assumed that
independent emulators are fitted for each f;(d), although this naturally extends to where
multivariate emulators are employed by introducing the relevant covariance terms.

6.2. Results. The divide-and-conquer approach is applied in our analysis of the TNO
OLYMPUS Well Control Optimisation Challenge. First we emulate the NPV for an individual
OLYMPUS model, denoted here by f(d), and defined in (2.1) and (2.3), and omitting the
OLYMPUS model index j for clarity of notation. This is a linear combination of the well
contributions with weights determined by the associated cost parameters and the discount
factor. A natural decomposition is thus:

(6.4)

8
:Zai Top § fktz — Twp E fktz — Twi Z Thot,
i=1

ke{2,10} ke{2,3} ke{2,3}

where f2, (d), fi7, (d), and f{}, (d) are the Well Oil Production Total (WOPT), Well
Water Production Total (WWPT), and Well Water Injection Total (WWIT) within the 8
control intervals ending at time t; respectively. The index P and [ refer to producer and
injector wells respectively, and k is the well number over the set of wells used in this analysis.
The coefficients a; are average discounting factors computed as described in subsection 8.2.
It is these 48 constituents which are to be emulated.

In principle we could employ this approach for all ensemble members which comes at the
cost of requiring simulations from all models. Within this application it is unnecessary due
to the geological multi-model ensemble subsampling performed in subsection 4.2, hence this
process is only performed for the NPV for OLYMPUS 25, 33, & 48. The importance of the
divide-and-conquer approach will become evident in 7.2 where we exploit known behavioural
structure in the constituent outputs to obtain more accurate emulators for the WOPT and
WWIT outputs compared with a “black-box” approach.

7. Structured Emulators Exploiting Known Simulator Behaviour.

7.1. Methodology. The emulation methodological development presented here is moti-
vated by the partially known behavioural form of the WOPT and WWIT outputs within
control intervals with respect to their corresponding decision input parameters, the target
production or injection rate for the control interval respectively, as shown in Figure 4. Within
(2.3) for OLYMPUS model j the WOPT and WWIT are the by well constituents of the re-
spective field totals Q;op(d,t;) and Q;wi(d,t;). For small values of the decision parameter
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Figure 4: OLYMPUS 25 WOPT output for producer well 2 during the first two years (ending
01/01/2018) versus the corresponding decision input parameter, the target production rate
prod_2.2016_01. For small values of prod_2.2016_01 the target is achieved resulting in the
perfect linear behaviour up to a change point beyond which the WOPT plateaus as a maximum
threshold on the production rate is achieved. The vertical blue and red lines denote the
extrapolation cut-off and change point upper bounds respectively.

the output is known as a linear function of this input up to a small tolerance. Beyond a
certain value of this parameter there is a departure from this linear behaviour before reaching
a plateau with output fluctuations depending on variation in the other parameter values.
These distinct function behavioural regimes within different regions of the parameter space
should be exploited to achieve more accurate emulators than applying the general Gaussian
Process (GP) or Bayes linear emulators. Another option is to employ partition based em-
ulation approaches such as treed Gaussian processes [23] which split the parameter space
parallel and perpendicular to the input axes and fits independent GPs within each region.
However whilst treed GPs are a flexible model they do not exploit the physical behaviour
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that is known to exist in the model. In addition, a further limitation to their accuracy is the
number of design points within each partition region which may constitute a small volume of
the overall parameter space, particularly important in the often narrow intermediate region
for the developed methodology. These considerations have implications during subsequent
(decision) analyses utilising the emulator.

Here we present novel methodology which is able to capture both the observed output
structure in Figure 4 and an output upper bound which involves splitting the parameter
space and output modes of behaviour into three regions: slop, intermediate, and plateau. In
this section we denote the computer model output by f(d), with decision inputs d, and assume
without loss of generality that the behaviour manifests with respect to decision parameter d;.
In subsection 7.2 we link this notation to the TNO OLYMPUS Challenge application.

7.1.1. Change Points. In the slope region d; determines the output according to a known
functional relationship up to a small tolerance § > 0 whilst also imposing an upper bound on
f(d). Here we focus on a linear map with respect to d; with known intercept, «, and gradient,
B, noting that the methodology also extends to other known relationships. Within the plateau
region this known behaviour is not the case with uncertainty induced by d\d;. In principle this
leads to these two regions only separated by a change point denoted c. However, the value of d;
of the transition from slope to plateau is unknown, depends on all other decision parameters,
and given only a finite number of simulations is impossible to exactly determine. Consequently,
in practical application, there are three distinct regions of behaviour: the slope and plateau
separated by an additional uncertain region believed to contain the unknown change point.
This is labelled as the intermediate region where there is a mixture of adherence to this known
(linear) relationship and model output exhibiting uncertainty around the plateau. Given a
design D and simulator output F = {f(dM), ..., f(d™)}, one option it to estimate the mean
change point location.

A conservative change point upper bound estimate, ¢, is defined in (7.1), where fpax =
maxdgep f(d), and §, > 0 is a tolerance included for numerical stability and to ensure that an
upper bound is obtained.

(7.1) ct = Hcllin{dl |a+dy B> fmax + 0u}
1

This is the smallest value of dy such that if simulator output achieved the upper bound,
a + dy - B, then this exceeds the largest simulated value (plus a tolerance) over D.

An estimate for the change point lower bound is defined in (7.2), where fgig(d) = a+d; -
B — f(d) is the difference between the theoretical maximum and the simulated output, and
d; > 0 is another numerical stability tolerance.

d = 1 (argmin{f(d) <a+d -4}

di1|deD
(7.2) +argmax{d1 <argmin{f(d) < a+d; ~B—(5l}}>
d1|deD d1|deD

Figure 5 provides an illustration of the change point lower bound for the output WOPT-
PROD2_20180101 with respect to the target rate prod_2_2016_01.
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7.1.2. Extrapolation Cut-Offs. The two distinct modes of behaviour suggests an emulator
be fitted piecewise using a combination of the more accurate knowledge in the slope region,
and the less well understood behaviour in the plateau region. Noting the change point location
uncertainty, for the plateau region we propose fitting an emulator based only on data which
is almost certainly on the plateau using the change point upper bound estimate. For f(-)
this is design points with d; > c¢*. In order to connect the slope and plateau regions we
must extrapolate the plateau emulator. It is necessary to introduce an extrapolation cut-off,
denoted b, beyond which the emulator should not be extrapolated. This is due to limited
plateau training data issues. For simulator output f(d) this is defined with respect to the
same decision parameter, d;. The decision space is thus split into three distinct regions:

1. Slope Region: where d; < b;

2. Intermediate Region: where b < dy < c¢*, for which there is uncertainty as to

whether simulator output falls on the slope or in the plateau;

3. Plateau Region: where d; > ¢*.
There is an estimation trade-off between overly cautious small values which fails to alleviate
the above issue, and large values risking points being wrongly classified as on the slope. A
suitable and sufficiently conservative approach is to use the change point lower bound, so
b=c (see (7.2)).

7.1.3. Structured Emulation with Upper Truncation. Prior information for f(d) stipu-
lates that it cannot exceed a maximum (up to a tolerance) determined by d; and the coefficients
a & . This upper bound is « + d; - 5. Alongside the above parameter space dichotomy, this
constraint is imposed through an upper truncation with structured emulators respecting par-
tially known behaviour of these simulator outputs. First a preliminary Bayes linear emulator
for f(d) is fitted using a sub-design, D' = {d | d € D, d; > ¢"}, with corresponding simulator
output F/ = {f(d) | d € D’'}. This represents the behaviour in the plateau region. By con-
struction, all parameter settings in D’ do not adhere to the target rate and hence are in the
plateau, thus providing reliable information on which to construct this part of the emulator.
This preliminary emulator is only evaluated for d satisfying d; > b and is compared with the
upper bound in a classification step determining the structured emulator form:

1. Slope Region: If d; < b or for the preliminary emulator
Eg/[f(d)] — 34/ Varg [f(d)] > a + d; - B, then collapse the emulator such that for the
structured emulator Eg/[f(d)] = a+d; - 8 with fixed maximum absolute errors of size
J.
2. Intermediate Region: If the preliminary emulator satisfies
Eg/[f(d)] — 3y/Varp [f(d)] < a+di - < Ep[f(d)] + 3y/Varg/[f(d)], a truncated
Gaussian process (truncated GP) emulator is used with mean and variance determined
by (7.3) and (7.4) respectively [30].
3. Plateau Region: In all other cases where Ep/[f(d)] + 3/ Varg/[f(d)] < a+ d; - 5,
the preliminary emulator output is used.
Alternative width credible intervals may be used depending on the level of conservativeness
desired within an analysis with justification based on the Vysochanskij-Petunin inequality
[62].
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7.1.4. Structured Emulation with Two-Sided Truncation. An alternative variant of
structured emulation uses a two-sided truncation where a lower truncation is also imposed.
This may be either a constant v, such as to enforce that an output is non-negative via v = 0,
or a function of the parameters v(d). For clarity of notation we denote this by 7. Both
upper and lower constraints are utilised alongside the preliminary Bayes linear emulator in a
modified classification step:

1. Slope Region: If d; < b or for the preliminary emulator
Eg/[f(d)] — 34/ Varg/[f(d)] > a + d; - 8, then collapse the emulator such that for the
structured emulator Eg/[f(d)] = a+d; - f with fixed maximum absolute errors of size
J.

2. Intermediate Region: As for the upper truncation version, if the preliminary emu-
lator satisfies Ep/[f(d)] — 31/ Varg/[f(d)] < a + dy - B < Ep/[f(d)] + 3/ Varg/[f(d)],
or if the additional criterion of Eg/[f(d)] — 3y/Varg/[f(d)] < v whilst Eg/[f(d)] +
3¢/ Varg/[f(d)] < a+d; - 5, a truncated GP emulator is evaluated. The mean and
variance are determined by (7.3) and (7.4) respectively.

3. Plateau Region: In all other cases where Ep/[f(d)] — 3y/Varg/[f(d)] > v and
Eg/[f(d)] + 34/ Varg/[f(d)] < a+d; - 5, use the preliminary emulator.

The structured emulation methodology utilises a truncated Gaussian process (truncated
GP) emulator for which the mean and variance are determined by (7.3) and (7.4) respec-
tively [30], where ¢(-) and ®(-) represent the probability density and cumulative distribution
functions respectively of a standard normal distribution. These are computed assuming a
preliminary Gaussian process emulator with posterior mean and variance, abbreviated to p
and o2 respectively, equal to the computed adjusted expectation and variance, and truncation
bounds p =+ and g = a+d; - B, with v = %, and w = %. This form of emulation is used
in the intermediate uncertain region around the change point’s true location.

(7.3) Ep/[f(d) | p < f(d) <4 :“+0m
are e[y e —wow) (o) =) \?
(74)  Varp/[f(d)[p< f(d) <g/=0" |1+ d(w) — o(v) <<I>(w) - <1>(V)> ]

Compared to using standard GP, Bayes linear, or treed GP emulators, the structured
approach yields improved accuracy by encapsulating the known output structure and con-
straints, along with an increase in speed and efficiency; a consequence of using fewer design
points in the fitting. Moreover, both the change point upper bound and extrapolation cut-
off estimation processes are computationally very cheap, whilst the use of a truncated GP
helps reduce the reliance on accurate estimation of the extrapolation cut-off. Another benefit
to this approach is that in principle few points are required within the intermediate region
between the slope and plateau since the emulator is only trained on those which exceed the
change point upper bound, although they do form a useful emulator diagnostic check. Further
commentary on the accuracy and speed of structured versus Bayes linear emulators can be
found in the application to NPV constituents exhibiting such constrained behaviour in subsec-
tion 7.2, as well as in the comparison of employing Bayes linear emulators versus structured
emulators within the combined hierarchical emulation framework for the ensemble mean NPV
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in subsection 9.3.

7.2. Results. For each OLYMPUS model the NPV is determined by the oil production,
water injection, and water production. Following subsection 6.2 we decompose the NPV
calculation into WOPT, WWIT, and WWPT, by both model and control interval, as in (6.4).
The WOPT and WWIT over a control interval are observed to follow the structured behaviour
where the quantity is equal to the corresponding target rate decision parameter multiplied
by the length of the time interval up to an unknown change point beyond which there is a
plateau in the behaviour. In addition, the value of this decision parameter also imposes a
maximum achievable output over this time interval. This is illustrated for the OLYMPUS 25
WOPT for producer well 2 over the first two year control interval (01/01/2016 to 01/01/2018)
in Figure 4 which is used as a running example.

The structured emulation with upper truncation methodology is employed separately for
each of the WOPT and WWIT within control interval constituents for wells in the CWG. For
outputs fp ¢, (d) and f}‘ﬁti (d) the corresponding decision parameter is the target production
or injection rate for this interval and is denoted djk,, where j € {P, I}, k is the well number,
and t; is the control interval end year, which equates to d; in subsection 7.1. These target
control rates should be adhered to for the entire duration of the interval, At;. However,
this is not always possible due to Bottom Hole Pressure (BHP) constraints which results in a
departure from the target and the observed different modes of behaviour across the parameter
space. The upper truncation is therefore obtained by specifying a = 0 and g = At; throughout
subsection 7.2.

Conservative change points upper bounds, c;‘mi, and extrapolation cut-offs, bj ¢, are
estimated using (7.1) and (7.2) respectively over the wave 1 simulations, with tolerances §,, =
0; = 10 chosen to ensure numerical stability. These are shown for WOPTPROD2_20180101
versus the target rate prod_2.2016_01 at bps 2016 = 0113272016 and Cpaao1e 0 Figure 4 by the
vertical blue and red lines respectively. In addition, the estimation process of the change point
lower bound (or extrapolation cut-off) for this output is depicted in Figure 5 where the red
line represents the slope and upper bound if the target is adhered to for the entire control
interval. The vertical blue line denotes clP2 9016 @s the midpoint between the first simulation
decision parameter setting not on the slopé; hence with fgig(d) > &; (green point; first term
in (7.2)), and the decision parameter setting with the largest value of dps 201601 Which is less
than this first departure point previously obtained (magenta point; second term in (7.2)).
Further results are displayed in Figure 15 (in Appendix A.3) showing the regions in which the
“true” change points are believed to be situated for all WOPT and WWIT for each of the
three wave 1 OLYMPUS models.

For each NPV constituent the next stage is to fit a preliminary Bayes linear emulator
where the deterministic functions of the active decision parameters are of the form:

(75) m(dAjk,ti) = g(dAjk,ti)TlB = /60 + Z {ﬁ’i,ldi + IBZ,erLQ}

di€Ajkt,

It is assumed that the active decision parameters comprise all decisions which take place in
the past of the output for reasons of temporal consistency. For our running example this is
Ay, = {prod2.2016_01, prod-10-2016_01, inj-2-2016-01, inj-3-2016_.01}. This is a logical
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Figure 5: OLYMPUS 25 WOPT for producer well 2 during the first two years (ending
01/01/2018) versus the corresponding target production rate, prod_2.2016_01. The focus
is the change point lower bound, cﬂgmom, computed using (7.2), employed as the extrapo-
lation cut-off, and denoted by the vertical blue line. The red line depicts the slope upper
bound computed as prod_2.2016_01 - Ateg1801 and attained when the target production rate
is adhered to for the full control interval. It is shown that CZPQ 9016 18 the midpoint of the first
point not on the slope coloured green, and preceding point to the left of the vertical blue line
which is on the slope coloured magenta.

choice since future decisions are physically unable to impact on an output up to the current
time, however any past decisions may potentially have an effect. The remainder of each
emulator’s prior specification is analogous to subsection 3.2, but with the distinction that only
those simulation points in D' = {d | d € D, djy, > cj; ,,} with output F' = {f(d) | d € D'}
are used in the fitting.

For our example of the OLYMPUS 25 WOPT for producer well 2 in the first control
interval (ending 01/01/2018) the preliminary emulator predictive 3-sigma credible intervals
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are illustrated in Figure 6a versus the corresponding decision parameter, prod_2.2016_01. This
is compared to the theoretical maximum output depicted by the black dotted line determined
by the effective target rate for the control interval. The vertical blue and red lines are situated
at bp2 2016 and Cpg 9916 respectively. The structured emulation methodology using an upper
truncation yields the results shown in Figure 6b. Within the slope region, shown in purple,
the preliminary emulator credible intervals exceed the constraint and are thus collapsed onto
the slope yielding very narrow intervals representing strong beliefs that these decisions will
be adhered to for the full control interval. Included are all decision parameter vectors with
dp272016 < bp272016, as well as cases where dp272016 > bp272016 in which the preliminary emulator
credible interval lower bound exceeds the slope. The uncertain intermediate region, shown in
orange, is handled by a truncated GP reflecting the uncertainty in whether the model output
is on the slope or relatively close when a target rate is achieved for the majority of a control
interval. All of these points lie close to the black dotted slope line with much narrower credible
intervals than the preliminary Bayes linear emulator. For the plateau region, shown in green,
the preliminary emulator credible interval is well below this slope. It is therefore unnecessary
to impose a truncation due to the very small probability that an emulator realisation actually
exceeds this physical constraint, hence these intervals are unchanged between the two plots.

Leave-one-out structured emulator diagnostics demonstrate satisfactory results with ex-
amples shown in Figure 7 for OLYMPUS 25 NPV constituents WOPT and WWIT in the
control intervals ending 01/01/2018 and 01/01/2022 respectively. The first is our running
example. Figures 7a and 7c show the emulator adjusted expectation with 95% (3 adjusted
standard deviations) credible intervals versus the simulated output. In each case the emula-
tor is exceptionally accurate for smaller NPV constituent values corresponding to where the
target rate is adhered to for the entire control interval. For larger simulated outputs believed
to be on plateau, the credible interval is wider, whilst the use of a truncated GP emulator
for intermediate values demonstrates a reduction in the uncertainty in these locations. The
classification step emulator type is best observed in Figures 7b and 7d of the credible intervals
versus each NPV constituents’ corresponding decision parameter. The structured emulation
approach is applied to each of the 3 OLYMPUS models identified in subsection 4.2 for all of
the NPV constituents. It is found that the majority of the 95% credible intervals contain the
simulated value with the maximum percentage of failures over each output type reported in
Table 1. Moreover, no issues are detected in other leave-one-out diagnostic analyses. This
demonstrates how incorporating known structures within the emulator enables very accurate
emulators for the WOPT and WWIT NPV constituents based on a relatively small number
of simulations whilst also capturing the change in behaviour.

A comparison with Bayes linear emulation of the WOPT or WWIT NPV constituents,
in each case fitted using all simulations, unlike the preliminary Bayes linear emulator in
the structured emulation approach which is fitted using the green points in Figure 6 only,
highlights the superior performance. Leave-one-out diagnostics are shown for the Bayes linear
emulator of OLYMPUS 25 WOPTPROD2_2018_01, our running example, in Figure 8 depicting
the emulator adjusted expectation with 95% (3 adjusted standard deviations) credible intervals
versus the simulated output. The corresponding leave-one-out diagnostics plot using the
structured emulation approach exploiting known simulator behaviour is shown in Figure 7a.
Over the plateau region (green in 6b) the accuracy and credible interval width for the two
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(a) Preliminary Bayes linear emulator predictive CI versus prod-2_2016_01.
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(b) Structured emulator with upper truncation predictive CI versus prod_2_2016_01.

Figure 6: OLYMPUS 25 wave 1 WOPT for producer well 2 during the first two years (ending
01/01/2018) versus the corresponding target production rate, prod_2-2016_01. The top plot
shows the wave 1 preliminary Bayes linear emulator predictive 3-sigma credible interval (CI)
fitted using only the simulations with dp2 2016 > 011&2’2016. This is used within the structured
emulation algorithm imposing the upper truncation due to the slope (black dotted line) with
the CI shown in the bottom plot. The vertical blue and red lines are situated at bps 2016
and 011‘32,2016 respectively. The purple, orange and green CI correspond to points in the slope,
uncertain, and plateau regions respectively.
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Figure 7: Structured emulation leave-one-out diagnostic plots for OLYMPUS 25 WOPT-
PROD2_2018.01 (top) and WWITINJ2_2022_01 (bottom). Left: Adjusted expectation with
95% credible intervals (CI) of width 3 adjusted standard deviations versus the simulated value.
The red dashed line denotes equality of the emulator and simulator. Right: Credible inter-
val versus the output’s corresponding target production and injection rate respectively. Red
points denote the simulated output.

emulators is comparable. However, within the slope (purple) and intermediate (orange) regions
the Bayes linear emulator credible interval width is much wider. In the slope region there is at
least a two orders of magnitude difference, a consequence of not imposing the known physical
constructs. Moreover, within these two regions of parameter space the emulator adjusted

This manuscript is for review purposes only.



735
736
737

738

26 J. OWEN, AND I. VERNON

WOPT | WWIT
OLYMPUS 25 | <4.0% | < 3.4%
OLYMPUS 33 | <2.0%' | <2.7%
OLYMPUS 45 | < 1.2%2 | < 3.0%3

Table 1: Summary of the maximum percentage of structured emulator with upper truncation
95% credible intervals which do not contain the simulated values in leave-one-out diagnostics
for the WOPT and WWIT over the 8 control intervals for each of the 3 OLYMPUS models.
The exceptions are: (1) for OLYMPUS 33 WOPT emulation of the output in one control
interval yields a failure rate of 7.5%; (2) for OLYMPUS 45 WOPT emulation in two control
intervals yields a failure rate of 6.1% & 5.3%; and (3) for OLYMPUS 45 WWIT emulation in
one control interval yields a failure rate of 6.3%.

1e+05 2e+05 3e+05 4e+05
| | | |

LOO Response Emulator Adjusted Expectation

0e+00
|

T T T T T
0e+00 1e+05 2e+05 3e+05 4e+05

Observed Response

Figure 8: Bayes linear emulation leave-one-out diagnostic plot for OLYMPUS 25 WOPT-
PROD2_2018.01 showing the adjusted expectation with 95% credible intervals of width 3
adjusted standard deviations versus the simulated output. The red dashed line denotes equal-
ity of the emulator and simulator. For comparison, the structured emulation exploiting known
simulator behaviour leave-one-out diagnostics plot for the same output is shown in Figure 7a.

expectation often exceeds the maximum upper bound imposed by the target rate decision
parameter governing this period, whilst the majority of the credible interval upper bounds
also exceed this limit. This implies that unphysical emulator predictions are permitted which
may go unchecked. The structured emulation approach protects against this facet.
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Structured behaviour is not observed for WWPT within a control interval since there is
no corresponding target rate; its behaviour is a consequence of attempting to achieve a given
target production rate subject to BHP constraints with water present within the oil field. We
separately employ Bayes linear emulators for each of the WWPT constituents following the
same approach as above, but fitted using all simulations in D. For each OLYMPUS model
the collection of 48 emulators for the WOPT, WWPT, and WWIT for each of the 8 control
intervals and for wells in the CWG are combined following the “divide-and-conquer” approach
in subsection 6.2.

8. Emulating Sums of Time Series Outputs.

8.1. Methodology. The “divide-and-conquer” approach in section 6 permits the exploita-
tion of known behaviour such as illustrated in section 7. We develop accurate and efficient
emulation methodology where the quantity of interest is the sum of time series outputs ad-
dressing the challenges arising from the discretisation of continuous time outputs. In subsec-
tion 8.1.1 we first emulate an approximation to the sum of time series outputs computed over
longer time periods, thus reducing the number of emulators required, focusing on the merger
of discounting intervals, before linking to the exact quantity of interest in subsection 8.1.2.

8.1.1. Emulation of an Average Discounting Approximation to the Sum of Time Series
Outputs. Let f(d) be the sum of time series outputs:

Ny 1
(8.1) fd) =) ——— fi(d)

- (L+d)~
where ¢ indexes the time point with ¢; < ¢;41, Ny is the total number of discounting intervals,
d is the discount factor, and 7 the discounting period. This is analogous to in (6.1) following
the “divide-and-conquer” approach with ¢ = Ny and a; = (1 + d)_t?i.

In situations where Ny is very large it may be impractical to accurately emulate and val-
idate for all f;(d). An average discounting approximation to the exact quantity of interest,
f(d), is denoted by f(d) which is computed as a sum of outputs formed by amalgamating
multiple time consecutive discounting intervals labelled by fi(d). A formula for f(d) is given
in (8.2), where N; < Ny is the numbered of combined time intervals, and ); is a weighted
average discounting factor for the i*" interval defined in (8.3) for which % indexes the dis-
counting intervals contained within the longer control interval, IVy; is the total number of such
discounting intervals, and ¢; o = t;_1.

82) fl) =3 nia)

N,

1 S tik — tik—1

b=t (1+d)

Note that using an averaged discount factor yields a more accurate approximation compared

with applying the discounting at the end of each time interval. Assuming the ﬁ(d) are

uncorrelated and using a collection of univariate emulators the adjusted expectation and
variance formulae for f(d) are obtained following (6.2) and (6.3) respectively.

(8.3) A =

tik
T
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8.1.2. Linking the Exact and Approximate Sums of Time Series Qutputs. The next
step is to link f(d) with f(d). Due to the similar form of (8.1) and (8.2) there exists a strong
linear relationship between the approximate and exact f(d) for which a simple linear regres-
sion in (8.4) provides a meaningful statistical link whilst capturing the additional induced
uncertainties.

(8.4) F(d) =By 5+ B, 7 (d) +¢
The adjusted expectation and variance are then computed using (8.5) and (8.6) respectively.
(8.5) Er[f(d)] = 5, gt B, 7Er [ (d)}
Vare[f(Q)] = Var |8, 7| +2Cov |8 73, 7| Er | f(@)]
{8+ Var 3, 7] } vare | fl@)]
(8.6) + Var [aﬂ (EF [f(d)D +o2

Estimates of the regression coefficients, [3’0 7 and ,81 7 along with their variances and covari-
ance, are obtained using the wave 0 exploratory simulations data, whilst €+ is treated as
independent with residual standard error o 7 The collection of all simulation data, F, is as
defined in subsection 6.1.

8.2. Results. The NPV objective function in the TNO OLYMPUS Well Control Optimi-
sation Challenge (see (2.1) and (2.2)) is of the form of (8.1). For each OLYMPUS ensemble
member f(d) = NPV;(d) and f;(d) are the NPV constituents. In this application the 8
decisions for each well are enacted over periods constructed by amalgamating consecutive 3-
month discounting intervals. The by model average discounting approximate NPV, NPV j(d)
is obtained from (6.4), noting that each of f7}, Prs, (), }’;gp ;,(d), and fIk +,(d) are calculated over
periods longer than the discounting intervals, hence f(d ) does correspond to the approxima-
tion f(d), and with a; = A; from (8.3).

Emulation of mj(d) is performed following the method described in subsection 8.1 sum-
ming structured emulators for the WOPT and WWIT contributors (details in subsection 7.2
and Bayes linear emulators for the WWPT constituents. Leave-one-out diagnostics plots for
the OLYMPUS 25 approximate NPV is shown in Figure 9a. There exists a strong linear re-
lation between the emulator adjusted expectation and the simulated approximate NPV with
the majority of points situated close to the red dashed equality line. It is observed that the
uncertainty generally increases with the value of the approximate NPV. Petroleum reservoir
engineering provides insight: higher target production and injection rates are generally nec-
essary to achieve the largest NPVs. For the WOPT and WWIT structured emulators this
occurs above the extrapolation cut-off and thus each constituent emulator exhibits a larger
uncertainty. Furthermore, when many of the NPV constituents fall in their slope regions the
structured emulator returns a small uncertainty determined by the tolerance. These linearly
combine to produce a small uncertainty for the approximate NPV.

The exact and average discounting approximate NPV for each OLYMPUS model are linked
using the simple linear regression framework in (8.4) where the coefficients are estimated
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Figure 9: Emulator leave-one-out diagnostic plots for OLYMPUS 25 average discounting ap-
proximate NPV (left) and exact NPV (right, obtained via a linear model of the form in (8.4)
on the emulated approximate NPV) showing the adjusted expectation with 3 adjusted stan-
dard deviation Credible Intervals (CI) versus simulated values. The red dashed line denotes
when the emulator and simulator coincide.

Approximate NPV | Exact NPV
OLYMPUS 25 6.7% 6.7%
OLYMPUS 33 4.4% 4.3%
OLYMPUS 45 3.7% 3.8%

Table 2: Summary of the percentage of emulator 95% credible intervals which do not contain
the simulated values in leave-one-out diagnostics for the average discounting approximation
to the NPV and the exact NPV for each of the 3 OLYMPUS models.

using the wave 0 simulation data. This accounts for the discrepancy induced by coalescing
the discounting intervals. Leave-one-out emulator diagnostics for the OLYMPUS 25 NPV are
shown in Figure 9b. The results are very similar to those for the approximate NPV with
our commentary and interpretation mirroring the above. The percentage of 95% credible
intervals containing the simulated value (computed using simulation output in the respective
average discounting approximate or exact NPV formula) for each of the 3 OLYMPUS models
is reported in Table 2.

9. Emulation of a Multi-Model Ensemble Mean.

9.1. Methodology. The objective is to emulate the ensemble mean output, f(d), by com-
bining emulators for the individual models’ outputs, f;(d). A reasonable assumption is that
the ensemble members are independent given the complexity of their differing constructions.
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9.1.1. When Simulations are Available for all Ensemble Members. When simulations
are relatively quick to evaluate; large amounts of computing resources are available, or there
is a desire to minimise the uncertainty (such as in the TNO OLYMPUS Challenge due to the
underlying geology, which is particularly relevant when the ensemble mean NPV is assumed
equal to the expected NPV), it may be possible to simulate from the entire ensemble. The
ensemble mean output is computed as either the arithmetic or a weighted mean (with weights
obtained from a prior probability distribution over the models) of the individual model out-
puts. This presents a natural method to emulate f(d) with the adjusted expectation and
variance defined in (9.1) and (9.2), where F = {F; }jvzl denotes all necessary simulation data
with F; being the outputs for ensemble member j, and weights w;, with w; = % for the
arithmetic mean.

N

(9.1) Er [f(d)] =D w;Er,[f;(d)]
=1

(9.2) Varg [f(d)] =) w} Varg,[f;(d)]
j=1

The variance formula may be adapted when the output for different ensemble members are
believed to be correlated by introducing the relevant covariance terms in (9.2).

9.1.2. Using an Ensemble Subsampling Linear Model. A more realistic and practical
scenario is that simulations are only performed for a subset of the ensemble, such as, but not
limited to, those selected using the techniques described in subsection 4.1. A linear model
of the form shown in (4.1) is used to emulate f(d) with the emulated output for each of
the sub-selected models as inputs. These are {fj, (d),..., fj;(d)}, for which N < N, with
Jis-->dny €4{1,...,N}, and jj, # j; for k # I. The estimated coefficients are denoted by dgs
and Bk,ES- It is assumed that the individual emulator outputs and the regression coefficients
are uncorrelated, which is justifiable if two distinct simulation data sets are used to construct
the linear model and fit the emulators. Under this formulation the adjusted expectation is
shown in (9.3).

N
Er [f(d)] =Er |6Bs+ Y Bresfi,(d) + eps(d)
k=1

N

(9.3) = dms + Y PresEr, [f5,(d))

k=1
Define BES = (dE87BLE87 e ’B]\?,ES)T S RN+1 with EB,ES = Var |:BE81|a and

Xgs(d) = (1, f5,(d), ..., fjg (@)t e RN+ with uncorrelated components, so Varg [XEs(d)]
is diagonal. The adjusted variance is presented in (9.4), where gg is the estimated residual
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standard error for egg(d).

Varg [f(d)] = Var [Ggs]

N

# 32 Var [fuss] (Vore, 1) + B, [£,(@))

k=1
+2 Z Cov [aEs, Br ES} Er;, [f5,(d)]

+ Z (Cov [5]@,ESHBI,ES} Er;, [fj(d)] Er, [sz(d)D

k£l
k 1—1, N

Mz

(9-4) Varg,, [f;.(d)] + o

k=1

9.2. Results. The process of building structured emulators for each of the NPV con-
stituents in subsection 7.2, their combination via the NPV formula to obtain the average
discounting approximate NPV, and subsequent linking to the exact NPV in subsection 8.2, is
repeated for each of the three sub-selected OLYMPUS models. For the TNO OLYMPUS Well
Control Optimisation Challenge and our decision support setup the ensemble mean NPV,
f(d) = NPV(d), is the quantity of interest as the objective and utility function respectively.
This is emulated using the ensemble subsampling linear model devised in subsection 4.2 to
combine the emulators for the OLYMPUS 25, 33, & 45 NPVs, following the approach in
subsection 9.1.

It is not possible to perform leave-one-out diagnostics for the true ensemble mean NPV
because simulations have only been performed for the identified subset of OLYMPUS models.
The wave 0 simulations were run for all 50 OLYMPUS models under a setup using a shorter
field lifetime due to available computational resources, hence these cannot be used in emula-
tor diagnostics. Note that the additional uncertainty pertaining to the ensemble subsampling
linear model is accounted for within the hierarchical emulator construction. Instead we com-
pare the hierarchical emulator with the predicted ensemble mean NPV in Figure 10 where
Figure 10a demonstrates accurate predictions. Moreover, the increase in the uncertainty com-
pared to individually emulating a single OLYMPUS model NPV, such as for OLYMPUS 25
NPV in Figure 9b, is modest; thus the process of subsampling from the ensemble before recon-
structing the ensemble mean NPV contributes relatively little additional uncertainty versus
the structured emulation of the NPV constituents for each model. Figure 10b shows no distin-
guishable pattern in the pseudo standardised residuals, whilst the majority are of magnitude
less than three.

9.3. Emulator Comparison. Two approaches were implemented for emulating the en-
semble mean NPV: a Bayes linear emulator in subsection 3.2; and a hierarchical emulator
which exploits known constrained behaviour for certain simulator outputs built up over sub-
sections 4.2, 6.2, 7.2, 8.2, and 9.2. Firstly, comparing each emulator’s adjusted variances eval-
uated for the same large collection of decision parameter vectors in Figure 11 demonstrates
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(a) Hierarchical emulator CI versus subsampling (b) Hierarchical emulator standardised residuals
predicted ensemble mean NPV. The red dashed line versus the simulated ensemble mean NPV.
denotes emulator and simulator equality.

Figure 10: OLYMPUS wave 1 hierarchical emulation diagnostics plots for the predicted en-
semble mean NPV via the ensemble subsampling linear model combining the emulation output
for the exact NPV of the three sub-selected OLYMPUS models.

how the hierarchical emulator achieves a discernible reduction in the uncertainty versus the
Bayes linear emulator. This feature is also evident when comparing the leave-one-out diag-
nostics plots in Figures 2 and 10a where there is a prevalent reduction in the credible interval
widths. A direct comparison of the adjusted variances for each decision parameter vector
highlights an average reduction in the adjusted variance of more than a half. Note that there
exist a small number of cases where there is a moderate increase in the uncertainty, although
this is outweighed by the gains achieved across the majority of sampled locations within the
decision parameter space.

A crucial motivation for employing emulators as a surrogate to computer models is their
speed of evaluation in order to enable further analyses such as decision support. Bayes linear
emulation is known to be a very fast and efficient means of constructing emulators. In this
application we achieve a substantial reduction in computation time with over 2000 emulator
evaluations for new decision parameter settings per second using a single core of a standard
desktop computer or laptop. This is juxtaposed with approximately 30 minutes per OLY M-
PUS model simulation, or 25 hours when using the entire ensemble. The combination of
ensemble subsampling and Bayes linear emulation equates to an efficiency gain of the order
of 108.

The full hierarchical emulation process applied to the ensemble mean NPV requires for
each OLYMPUS model the fitting of 48 separate emulators: 32 of the structured type; and
16 Bayes linear emulators, a total of 144 emulators over the three sub-selected OLYMPUS
models. Next, these are combined to obtain emulators for the approximate and exact NPVs
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(a) Bayes linear emulator. (b) Hierarchical emulator.

Figure 11: Histograms comparing the Bayes linear and hierarchical emulators adjusted vari-
ances for the ensemble mean NPV. Note that the seemingly large variances are inline with
the simulated ensemble mean NPV which is of the order 5.0 x 107 $ to 6 x 107 $.

for each OLYMPUS model, before emulating the ensemble mean NPV, and then linking
to the expected NPV. The computational performance is more modest achieving emulator
evaluations at approximately 4 new decision parameter vectors per second using a single
core, and is thus slower than Bayes linear emulation. However, in comparison with direct
simulation from the OLYMPUS ensemble there is a considerable efficiency improvement of
the order of 10*. This is sufficient for comprehensively exploring the decision parameter space.
Moreover, the additional computational expense of hierarchical emulation can be justified by
the reduction in emulator uncertainty. This is highly beneficial to performing an iterative
decision support analysis where reducing emulator uncertainty is imperative for efficiently
eliminating non-implausible regions of the decision parameter space, thus avoiding extra waves
of extremely expensive simulations at locations that would have been ruled out by more
accurate emulators. The additional computational cost is therefore offset versus the need
for extra simulations. Such arguments are also relevant to analyses using single-stage (or
one-shot) designs where fewer expensive computer model evaluations are required to achieve
similar emulator accuracy across the parameter space. Both forms of emulators are easily
parallelisable, thus permitting further efficiency gains.

10. Conclusion. We have presented a methodological toolkit for the analysis of multi-
model ensembles of “grey-box” computer models. This include: an efficient technique for
obtaining a small representative subset of models by subsampling from a multi-model ensem-
ble; targeted Bayesian design methodology incorporating relevant prior information to the
objective of providing decision support under uncertainty; a “divide-and-conquer” approach
to emulation of sums of outputs where it is preferable to emulate the constituents, for ex-
ample due to knowledge of their underlying behaviour; structured emulation of outputs to
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exploit constrained and structured behaviour through the partitioning of the parameter space
and use of truncated emulators; the efficient combination of multiple emulators for time se-
ries outputs through an average discounting approximation; and emulation of an ensemble
mean output. Combining these methods yields a novel hierarchical emulator achieving more
accurate predictions for quantities of interest, whilst each technique may also be employed
separately depending on the problem specific features exhibited by the computer model.

This is motivated by and applied to the TNO OLYMPUS Well Control Optimisation
Challenge from the petroleum industry where the aim is to maximise the expected NPV, ap-
proximated by the ensemble mean NPV, as a function of well control decision parameters. We
reconstrue this as a decision support problem where the utility function consists of a discounted
sum of oil production, water injection, and water production, both by well and control interval.
The first two simulator outputs exhibit partially known behaviour, constrained by choices of
inputs and physical limits with respect to their corresponding target production and injection
rate decision parameters respectively, with this feature encompassed within our structured
emulator formulation. The application demonstrates superior accuracy versus Bayes linear
emulators, whilst the slower speed of evaluation is mitigated by the need for fewer (waves of)
simulations from the expensive computer model ensemble. Both factors are important for the
overall aim of providing robust decision support under uncertainty. Moreover, we introduce
multi-model ensemble subsampling techniques to efficiently identify a representative subset
of models which collectively best characterises the ensemble mean output of interest, in this
application, the ensemble mean NPV, whilst also providing a method for their prediction.
This constitutes a novel application to the petroleum industry where multi-model ensembles
are commonly used to represent geological uncertainty, greatly reducing the computational
cost of our decision analysis.

The next step is to employ the presented hierarchical emulation methodology within iter-
ative decision support, applied to the TNO OLYMPUS Well Control Optimisation Challenge,
which incorporates a comprehensive and realistic uncertainty quantification to statistically link
inferences for the computer model (OLYMPUS) with the corresponding real world physical
system. See [40, Sec. 4.6 & 4.7] for details. In addition, further methodological development
should focus on enhancing the overall hierarchical emulation framework. This may be achieved
by revising the structured emulators change point estimation methods, classification and trun-
cation, as well as via the refinement of the uncertainty propagation in subsections 8.1 and 9.1.
Another direction is multivariate structured emulation of the NPV constituents to assess their
correlation and thus more accurately quantify the approximate NPV by ensemble member em-
ulator variance in subsections 7.2 and 8.2. Such further methodological developments must
also be efficient so as not add to the computational burden.

The methodological toolkit and their combination to form a hierarchical emulator pre-
sented in this paper, whilst motivated by and tailored to the petroleum well control optimi-
sation problem, is sufficiently flexible and adaptable to handle other (partially) known forms
of computer model outputs and functions thereof. Opening “black-box” simulators and ex-
ploring functions of their output to investigate their behaviours is evidently beneficial, as is
using domain expert prior knowledge and small carefully designed collections of simulations.
Another example of emulating “grey-box” models is in known boundary emulation [58, 29].
The additional prior information can then be used to guide the choice from existing emulation
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methods or to design novel forms which exploit known behavioural facets in order to achieve
superior accuracy and enhance the usefulness of emulators for real world applications.

Appendix A. TNO OLYMPUS Well Control Optimisation Challenge — Extended Re-
sults.

In this appendix we extend our discussion of results of the application to the TNO OLYM-
PUS Well Control Optimisation Challenge (see section 2 for an overview) using the method-
ology proposed in this paper.

A.1. OLYMPUS Exploratory Analysis — Additional Plots and Discussion. Our ex-
ploratory analysis identifies large differences in the absolute contributions of oil and water,
both production and injection, to the NPV objective function. This feature has potential
ramifications for emulation and decision support. An assessment of the absolute contributions
approximated within one year intervals for the OLYMPUS 25 NPV is shown in Figure 12 us-
ing each of the 20 exploratory analysis decision parameter vectors represented by different
colours. In (2.3) the oil contribution (solid lines), |Q;op(d,t;) - 7op|, is dominant versus both
the absolute water production contribution (dot-dashed lines), |Q;wp(d,t;) - ruwp|, and water
injection contribution (dotted lines), |Q;wi(d,t;) - 7wi|, as well as their sum (dashed lines),
|Qjwp(d, ti) - Twp + Qjwi(d, t;) - ryil. For earlier time intervals the magnitude of the oil con-
tribution to the NPV is typically of the order of 100 times the combined water contribution
which decays towards 10 times larger for later time intervals. Plotting on the logarithmic scale
in Figure 12b facilitates an easier comparison of the water contributions. It is observed that
water injection contributes a much larger amount to the NPV, particularly for earlier time
intervals. This is to be expected since production wells are drilled within regions containing a
high oil concentration, hence at initial times there should be very little water production. At
later times the contribution becomes more alike as an increased quantity of water is produced
in order to maintain oil production, whilst also noting the higher fixed cost per barrel of
water produced versus injected. Similar observations are made for other OLYMPUS ensemble
members.

A.2. Subsampling from Geological Multi-Model Ensembles — Additional Plots. Prelim-
inary graphical investigations utilise plots of the ensemble mean versus the individual model
over a range of outputs of interest for the wave 0 simulations. Examples of these plots are
shown in Figure 13 where the black line denotes equality between the ensemble mean and
individual ensemble member model output. The main outputs of interest stem from the NPV
objective function and include: the ensemble mean NPV, oil production, water production
and injection totals, both for the field and by well, as well as over the entire field lifetime, and
for control intervals. Note that this is a preliminary graphical assessment which is limited to
identifying one-dimensional relationships. Figures 13a to 13c show strong linear relationships
with fairly limited variation providing evidence that even as individual models, OLYMPUS
25, 33 & 45 are potentially representative for the ensemble mean. An appropriate (linear)
transformation may be applied in the cases seen in Figures 13b and 13c. In contrast OLYM-
PUS 50 does not appear to be a good representative model, at least individually, as seen in
Figure 13d where the relationship is more challenging to model. This graphical investigation
is also useful as a preliminary screening technique yielding a subset of 9 models to investigate
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Figure 12: OLYMPUS 25 approximate absolute contribution to the NPV per year for each
of the exploratory simulations shown as coloured lines. The NPV is decomposed into the
oil production (solid line), absolute water production (dot-dashed line) and injection (dotted
line), and the total water contribution (dashed line), with each scaled by the respective fixed
NPV cost parameter. These are |Q;op(d, i) - Topl, |Qjwp(d,ti) - Twpl, |Qjwi(d,ti) - Twi| and
|Qjwp(d, i) - Twp + Qjwi(d, ti) - | in (2.3) respectively. The top and bottom plots are on
the raw and logarithmic scale respectively.
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Figure 13: Subsampling from the multi-model OLYMPUS ensemble preliminary graphical
investigations showing the ensemble mean versus individual model outputs. The black line
denotes equality between the ensemble mean and individual model outputs. Note that in
Figure 13d the black line is not shown due to the much smaller values of WOPTPROD10 for
OLYMPUS 50 compared with the ensemble mean.

further: OLYMPUS 2, 6, 11, 23, 25, 33, 35, 37, & 38.

The combination of different OLYMPUS models is assessed using the linear model sub-
sampling technique in 4.1. This is first applied to the above proposed subset of 9 OLYMPUS
models before considering all models in a both directions stepwise selection with AIC. Only
N = 3 models are necessary for a large number of the investigated outputs, as demonstrated in
Figure 14 showing the linear model adjusted R? values for various outputs. All are high with
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Figure 14: Adjusted R? values for the OLYMPUS ensemble subsampling linear models of the
form in (4.1) for the ensemble mean of various outputs within control intervals using the same
subset of N =3 OLYMPUS models as predictors.

most greater than 0.95 implying that the majority of the ensemble variation can be explained
by a small subset. These are OLYMPUS 25, 33, & 45. It is noted that OLYMPUS 25 & 33
were identified as part of the proposed subset of models, where as OLYMPUS 45 was not.
This is because for certain outputs it was judged that OLYMPUS 45 did not provide a suffi-
ciently good representation of the ensemble mean, however, in combination with OLYMPUS
25 & 33 via the linear models, these models collectively provide a good characterisation of the
ensemble mean NPV, as well as other outputs.

A.3. Hierarchical Emulation of the Expected NPV — Additional Plots. The structured
emulation technique incorporating known simulator behaviour in subsection 7.1 is applied
separately for each of the OLYMPUS models to the WOPT and WWIT within each con-
trol interval for wells in the CWG, with simulator outputs considered as the f(d). Firstly,
conservative estimates for the change point upper bounds are calculated from the wave 1
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simulations using (7.1), each time with §,, = 10. This ensures numerical stability and that an
upper bound is obtained with all points exceeding this definitely in the plateau region. Next
the extrapolation cut-offs are estimated as the change point lower bounds, via (7.2), with

0 =

10 to account for numerical precision within the simulations. The change point upper

bounds and extrapolation cut-offs are illustrated for all WOPT and WWIT constituents for
each wave 1 sub-selected OLYMPUS model in Figure 15 highlighting the region in which the
“true” change point is believed to be situated.
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