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ABSTRACT 15 

Volume fraction of solid grains plays a critical role in determining the dynamics of granular flows. The 16 

evolution of volume fraction is governed by flow dilatancy depending on the rheological behaviour of 17 

solid-fluid mixtures and hence the pore fluid effects, which are dominated by apparent cohesion and 18 

viscous drag in unsaturated and saturated flows, respectively. Prevailing approaches for predicting 19 

volume fraction in wet granular flows using two-phase flow models have been proven valid for 20 

submerged granular flows or suspensions that conform to visco-inertial rheology. However, for 21 

unsaturated granular flows, widely accepted methods for volume fraction modelling remain lacking, due 22 

to the cohesive interaction mechanisms not yet being fully described. In this study, we conducted small-23 

scale flume experiments using uniform pseudo-spherical ceramic beads, with initial water content 24 

progressively varied from dry to oversaturated states. The dynamics of the experimental flows were 25 

captured by sensor measurements and image processing techniques, with solid volume fraction evolution 26 

obtained by Particle Tracking Velocimetry (PTV). We incorporated our experimental data into the 𝜇(𝐾) 27 

(visco-inertial) and 𝜇(𝐼𝑚) (extended inertial) rheological frameworks constructed for two-phase flows 28 

and then contrasted the fitting performance of the two corresponding volume fraction scaling models, 29 𝛷(𝐾) and 𝛷(𝐼𝑚), through error analysis. We demonstrate here for the first time the excellent validity 30 

of 𝛷(𝐼𝑚) scaling for both unsaturated and saturated granular flows in which the dominated fluid effect 31 

ranges from apparent cohesion to viscous shear; by contrast, 𝛷(𝐾) scaling shows significantly better 32 

applicability to saturated granular flows than to unsaturated flows. 33 

  34 
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I. INTRODUCTION 35 

Granular flows, movements of collections of solid particles, are prevalent in both industrial processes 36 

and natural geophysical hazards1. The dynamics of granular flows are determined by many factors, a 37 

crucial one of which is solid volume fraction, denoted by 𝛷, defined as the ratio of the volume occupied 38 

by solid grains to the total volume of the assembly2 . Typical values of volume fraction may range from 39 

0.55 to 0.64 for uniform spherical particles3, and from 0.5 to 0.8 for natural debris flows4. Volume 40 

fraction controls the rheological responses of granular media, especially the free-surface flows that are 41 

highly relevant to geophysical phenomena5. A higher volume fraction generally leads to frictional shear 42 

dominated by enduring intergranular contacts, whereas a lower volume fraction relates more to inertial 43 

motions by transient collisions6; these different momentum transfer mechanisms govern the flow regimes 44 

from a dilute saltating “gas” state, to a dense but flowing “liquid” state, to a quasi-static “solid” state, 45 

coupled with an evolution of volume fraction from low to high7. Thus, the evolution of solid volume 46 

fraction is of great significance for capturing the granular flow behaviour. 47 

The evolution of volume fraction is strongly connected with the shear-induced deformation of flow 48 

material. Based on the critical state theory8, 9, a dilating granular flow becomes more fluidised and its 49 

volume fraction decreases, while a contracting flow tends to be more stabilised when its volume fraction 50 

increases10, 11. These responses under shear are vital to geophysical flow processes from initiation to 51 

deposition12-15, and are dependent on material composition (e.g. grain shape and size distribution), initial 52 

packing density (i.e. dense or loose packing), stress states (e.g. normal and shear stress) and shear patterns 53 

(i.e. shear rate)16-20. Modern theoretical frameworks describing dry granular flows often adopt the inertial 54 

number, 𝐼, to summarise the dependence of volume fraction on shear rate and normal stress, 𝛷(𝐼), as a 55 

supplementary product of the well-known 𝜇(𝐼) rheology21-23. Inertial number is defined as the ratio of 56 

grain inertia to confining stress24, making it physically equivalent to the classic Savage number which is 57 

the ratio of collisional stress to frictional stress4. For dense dry granular flows in inertial to quasi-static 58 

regime, volume fraction increases when flow dilates at high inertial number and decreases when flow 59 

contracts at low inertial number25. In general, the 𝛷(𝐼) relationship sets up a fundamental framework 60 

for modelling volume fraction variations with flow motion. 61 

The existence of viscous pore fluid in wet granular flows, which are more common in a geophysical 62 

context, introduces extra controlling factors to the evolution of the volume fraction. If the solid particles 63 

are immersed in pore fluid, the dominated momentum transfer mechanism during solid-fluid interactions 64 

can be different. For immersed granular flows or suspensions, viscous fluid shear within the interstitial 65 

spaces can lubricate the solid contacts and hence contribute to the flow dilation26-28. This viscous 66 

effect on rheological response can be characterised by a dimensionless viscous number, 𝐽, which is 67 

defined by the ratio between viscous shear stress and confining stress29; volume fraction can then be 68 

presented by 𝛷(𝐽) following a similar framework as in dry cases30, 31. Later, the inertial number and 69 

viscous number were integrated into a combined dimensionless visco-inertial number, 𝐾 , allowing 70 𝛷(𝐾) to model the volume fraction evolution for flows across different regimes from dominated by 71 

solid inertia to dominated by fluid viscous drag32. On the other hand, when pore fluids are unable to be 72 

expelled from the interstitial spaces within granular skeleton, variation in volume fraction cannot occur 73 

without feedback from pore fluid pressure which governs the solid-fluid interactions: dilation of the 74 

granular medium can result in a decrease in pore pressure by sucking pore fluid into the voids, hence 75 
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strengthening intergranular effective stresses and hindering a further increase in volume fraction; 76 

conversely, contraction of the mixture can increase pore pressure, reducing effective stresses or even 77 

liquefying the solids, thereby preventing further reduction of the volume fraction33. This damping effect 78 

on the transient variations in volume fraction can be connected to the intrinsic permeability of the 79 

granular material through the ratio between the timescale of translational flow motion and that of pore 80 

pressure dissipation34. In short, the two major pore fluid influences on solid grains in gravity-driven 81 

granular flows – viscous shear due to solid-fluid relative movement and pore pressure that resists the 82 

grain rearrangement35 – play crucial roles in volume fraction evolution and have been widely considered 83 

in advanced granular flow models36-38. 84 

Unlike fully dry or saturated scenarios, unsaturated or partially saturated granular flows have been little 85 

studied, despite their ubiquity in the forms of fluidised bed, rainfall-induced landslides, segregated debris 86 

flows, etc39. A clear fact is that pore water insufficient to fill up interstitial spaces tends to attach to the 87 

surface of solid particles, forming capillary bridges between solid particles and resulting in macroscopic 88 

cohesion and enhanced shear strength40, 41; this is also known as matric suction in unsaturated soil 89 

mechanics42, 43. In such cases, the energy dissipation between solid and fluid phases is dominated by this 90 

suction or apparent cohesion, rather than by viscous fluid drag, hence pore fluid produces a “cohesive” 91 

instead of “viscous” effect on the grain-fluid mixture. Experiments have shown that unsaturated flows 92 

exhibit higher shear resistance and lower velocity or mobility44, 45. Consequently, dilation is inhibited in 93 

flows with greater cohesion or suction effects and thus volume fraction should stay relatively high. 94 

However, some evidence also indicates that volume fraction may decrease with apparent cohesion in 95 

unsaturated granular media under steady shear or vibration46, 47. This contradiction demonstrates that 96 

fundamental mechanisms of unsaturated granular flows remain poorly understood and the estimation of 97 

volume fraction in flows with low water content remain doubtful. In recent research, Vo, et al.48 has 98 

incorporated the effects of apparent cohesion in unsaturated granular flows into an extended generalised 99 

inertial number, 𝐼𝑚 , based on theoretical derivations and numerical simulation, leading to the 100 

development of a rheological framework that integrates various solid and fluid stresses and allowing the 101 

evolution of volume fraction to be modelled through a scaling relationship 𝛷(𝐼𝑚). However, this model 102 

has not yet been supported by empirical data, which has hindered deeper insights into the dynamics of 103 

unsaturated granular flows. The underlying reason is that studies focusing on unsaturated flows — 104 

especially well-controlled and well-defined experimental investigations — remain scarce at present. 105 

This study presents a series of small-scale flume experiments conducted using wet uniform granular 106 

materials with variable water content, where the saturation condition ranging from nearly dry (0.01) to 107 

oversaturated (0.40). The investigation focuses on the evolution of solid volume fraction with water 108 

content and explores the underlying dynamic mechanisms. Sensor measurements include basal normal 109 

stress, basal pore water pressure, and flow depth. A high-speed camera was used to record the motion of 110 

the flows and to allow the extraction of velocity fields and solid volume fractions through image analyses 111 

techniques, specifically Particle Image Velocimetry (PIV) and Particle Tracking Velocimetry (PTV). 112 

Finally, experimental data were used to compare the performance of existing two-phase flow models for 113 

prediction of volume fraction, thereby providing the first experimental validation of the recently 114 

proposed 𝜇(𝐼𝑚) and 𝛷(𝐼𝑚) models, which can account for both cohesive and viscous fluid effects. 115 

 116 

II. METHODOLOGY 117 
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A. Experimental Setup 118 

The inclined flume system used in the experiments, as illustrated in FIG. 1, consisted of a metal hopper 119 

with a volume for releasing source materials, a 1.4-meter-long and 0.1-meter-wide channel fixed at an 120 

inclination of 30 degrees, a horizontal runout channel connected to the flume end, and an integrated data 121 

acquisition system. The hopper was equipped with a pneumatically controlled trapdoor, triggered by a 122 

microswitch linked to the data acquisition system to synchronise material release at the onset of data 123 

collection. The base of the inclined flume was covered with a mechanically roughened aluminium plate 124 

to provide a mild roughness at the basal boundary of tested flows. 125 

Measurements were concentrated near the flume end to allow the flow to develop as much as possible. 126 

Two sensor pairs, each consisting of a load cell and a pore pressure transducer (PPT), were installed 100 127 

mm (referred to as "downstream") and 365 mm (as "upstream") away from the flume end to measure the 128 

basal normal stress and pore water pressure of the flow mass. An ultrasonic sensor was mounted above 129 

the flume, aligned with the midpoint of the line connecting the centres of the downstream sensor pair, to 130 

measure the flow depth. All sensors were connected to the data acquisition system operating at a sampling 131 

frequency of 36 kHz. A high-speed camera was positioned at the side of the flume, with its field of view 132 

covering the sensor-installed zone, capturing a sequence of high-speed images for each experimental 133 

flow at a frame rate of 3000 fps. 134 

 135 
FIG. 1. Experimental setup. 136 

B. Source Material 137 

The solid material used in the experiments was Denstone® 2000 Support Media produced by Saint-138 

Gobain Norpro. These pseudo-spherical ceramic particles with relatively rough surfaces are of an average 139 

particle diameter (𝛿) of 3.85 mm and a particle density of 2240 kg/m³. The average gravimetric water 140 

content (𝑤) at saturation, which is measured by adding water to the static solid sample for each test until 141 
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water surface is level with the sample surface, was 0.256, corresponding to an average solid volume 142 

fraction (𝛷) of 0.635and a material porosity (n) of 0.365. This granular material, as shown in the top left 143 

inset of FIG. 1, is well-suited for repeated experimental use due to its uniform particle size, chemical 144 

stability, and hardness, and has been applied to many studies45, 49, 50. The liquid fraction, characterised by 145 

water content, 𝑤, was selected as the test variable; seven values were adopted in the experiments: 𝑤 = 146 

0.00, 0.01, 0.10, 0.25, 0.30, 0.35, and 0.40, covering a spectrum of saturation condition from dry to 147 

oversaturated; on the other hand, the volume of solids was fixed at 2 litres throughout all the tests. For 148 

simplicity, each experiment is labelled by its water content, e.g. “𝑤 = 0.01”. 149 

At the beginning of each experiment, two litres of solid material were first poured into the sealed hopper, 150 

followed by the addition of water to achieve the target water content; leakage was effectively prevented 151 

by the waterproof trapdoor connected to the hopper opening. After thorough manual mixing, the prepared 152 

source material was released from the opened hopper into the inclined flume, forming a downslope 153 

unsteady granular flow and passing through the sensor-installed zone. The dynamic characteristics of the 154 

tested flow were then captured by the sensors and the high-speed camera. At the end, the flow entered 155 

the runout channel, where it came to rest and deposited. 156 

C. Image Processing 157 

High-speed images were analysed into the kinetics of tested flows via image processing methods. In our 158 

previous work45, the flow velocity of experimental granular flows were obtained through Particle Image 159 

Velocimetry (PIV) analysis. However, since PIV only tracks images within a two-dimensional plane of 160 

the flow section, direct measurement of the solid volume fraction is unavailable. Particle Tracking 161 

Velocimetry (PTV), in contrast, adopts a Lagrangian framework wherein individual particles are 162 

identified and their trajectories tracked over time. This allows for the computation of volume fraction 163 

from the number of grains recognised in each frame. Thus, here PTV analysis is utilised to measure the 164 

evolution of volume fraction, giving a more comprehensive insight of the dynamics for all the tested 165 

flows. PTV analysis is done using PTVlab, an open-source MATLAB toolbox developed by Brevis, et 166 

al.51 and later broadly used by many, e.g. Tauro, et al.52 and Gomez, et al.53. This toolbox integrates a 167 

well-organised Graphical User Interface with advanced image processing and particle tracking 168 

algorithms to streamline PTV workflows.  169 

PTV for dense granular flows, as previously described by Gollin, et al.54, begins with centroid 170 

identification within the Region of Interest (in this study, a user-defined rectangular area covering the 171 

upstream or downstream load cell position), typically convolving a Gaussian reference mask with the 172 

image to generate initial centroid estimates, which are then refined by fitting an analytic function (such 173 

as a Gaussian) to each grain’s intensity matrix for sub-pixel accuracy. Once precise centroid coordinates 174 

are obtained, particles are linked across successive frames to reconstruct trajectories. These trajectories 175 

yield instantaneous displacement vectors, enabling computation of velocity fields as well as higher-order 176 

statistics such as granular temperature and local solid volume fractions. A schematic illustration of the 177 

PTV procedure based on screenshots of running PTVlab is given in FIG. 2. For each experiment, through 178 

manual delimitation of the Region of Interest, PTV analyses were conducted at the upstream and 179 

downstream positions, respectively, to obtain the evolution of solid volume fraction in the tested flows 180 

during downslope motion. Note that in the screenshots, some grains on the top surface of the tested flow 181 

are in the camera view and are identified; this may lead to an overestimation of both the flow depth and 182 
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the particle count. Hence the ultrasonic sensor signals and the validated PIV data are used to determine 183 

the flow surface, above which the detected grains are excluded to ensure a more reliable particle count 184 

and therefore the volume fraction. 185 

 186 

FIG. 2. PTV procedure of the tested flows: (a) centroid identification and (b) displacement vectors. 187 

D. Dimensionless Characterisation 188 

We first examine the dynamic similarity of our tests with other granular-flow experiments and 189 

natural geophysical flows through dimensional analysis4, 35. Two dimensionless parameters 190 

commonly used to characterize geophysical flow behaviours — the Savage number (𝑁𝑆𝑎𝑣) and 191 

Bagnold number (𝑁𝐵𝑎𝑔) — are employed to compare the present experimental results with other 192 

reported data. The Savage number is defined as the ratio of collisional stress arising from solid 193 

inertia to Coulomb frictional stress generated by enduring grain contacts, while the Bagnold number 194 

represents the ratio of collisional stress to the viscous shear stress of the interstitial fluid. The 195 

corresponding equations are given by4, 12: 196 

𝑁𝑆𝑎𝑣 = 𝜌𝑠𝛤2𝛿2𝜎′  (1) 

𝑁𝐵𝑎𝑔 = 𝛷1 − 𝛷 𝜌𝑠𝛤𝛿2𝜂  (2) 

where 𝛤 = 𝛥𝑣/ℎ is bulk shear rate defined by the ratio of the difference between surface and slip 197 

velocity to the flow depth, 𝜎′ is basal effective normal stress, 𝛷 is solid volume fraction and 𝜂 is 198 

the pore fluid viscosity. The widely accepted thresholds are 0.1 for 𝑁𝑆𝑎𝑣55 and 200 for 𝑁𝐵𝑎𝑔56, 199 

above which the momentum exchange within the flow is dominated by grain inertia. 200 

Error! Reference source not found. shows that the 𝑁𝑆𝑎𝑣–𝑁𝐵𝑎𝑔 values of our experiments align 201 

closely with those of large-scale experiments conducted by Taylor-Noonan, et al.50 (using the same 202 

source material and similar setup) and Iverson4. Other small-scale experiments mostly show similar 203 𝑁𝑆𝑎𝑣 but lower 𝑁𝐵𝑎𝑔 values; this is likely due to the poorly-sorted solid materials adopted in these 204 

experiments with smaller mean particle sizes, making the solids more susceptible to viscous fluid 205 

drag. In contrast, few individual data points from experiments provided by de Haas, et al.57 with 206 

similar 𝑁𝐵𝑎𝑔 values to those in this study but higher 𝑁𝑆𝑎𝑣 values are corresponded to cases  207 
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On the other hand, field data generally have greater 𝑁𝐵𝑎𝑔 and cover a much broader range of 𝑁𝑆𝑎𝑣 208 

possibly due to their larger scales which extend particle settling times and substantially reduces 209 

interparticle effective stress. Despite not converging into a single master curve, all data points 210 

generally follow a power-law relationship of the form 𝑁𝐵𝑎𝑔 = 𝐴𝑁𝑆𝑎𝑣𝐵  where 𝐴 and 𝐵 are fitting 211 

constants. All datasets share the same slope (𝐵) but differ in intercept (𝐴): the field cases have higher 212 𝐴 than our experiments, while the other experiments have lower 𝐴, shifting their trends vertically 213 

without changing the slope. In this respect, the present flume experiments are dynamically similar 214 

with previous experimental work and field observations. 215 

 216 

FIG. 3. Similarities between scaled experiments and field cases characterised by Savage number 𝑁𝑆𝑎𝑣 and 217 

Bagnold number 𝑁𝐵𝑎𝑔. Data presented are from experimental work of Iverson4, Taylor-Noonan, et al.50, de Haas, 218 

et al.57, Zhou, et al.58, as well as field cases of Acquabona basin59, Chalk Cliff60, 61, Houyenshan ravine62, Illgraben 219 

catchment63-65, Moscardo Torrent66 and Mountain Yake Dake67-69. 220 

It is important to note that dimensional analysis of field-scale flows often has to rely on rudimentary 221 

averaging of flow characteristics, e.g. using a single mean particle diameter to represent a wide grain 222 

size distribution or ignoring great difference in shear rate near the basal and free-surface boundaries. 223 

Experimental observations have demonstrated that dimensionless parameters in saturated granular 224 

flows notably vary with flow depth and characteristic grain size70, raising questions about the 225 

physical significance of such analyses on field cases. However, more reliable relevance to large-226 

scale flows can also be implied by direct comparisons of the granular-flow experiments presented 227 

in this and earlier studies45 with those conducted in an over 8m-long flume at Queen’s University, 228 

Canada50, 71, as they share highly similar experimental conditions in solid material, flume inclination, 229 

bed roughness, etc. Test results analysed by Zhao, et al.45 and Taylor-Noonan, et al.50 reveal 230 

consistent trends in depositional morphologies, flow behaviours, and normalised velocity profiles 231 

of granular flows across different scales. More straightforward comparisons can be found in 232 

Bowman, et al.72, 73. In conclusion, the small-scale experiments in this study not only demonstrate 233 

similarity in dimensionless groups with field cases but also exhibit cross-scale consistency in more 234 

specific dynamic characteristics, indicating their potential to represent the dynamics of large-scale 235 

geophysical flows to a reasonable extent. 236 
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 237 

III. RESULTS AND ANALYSES 238 

A. Flow Profiles 239 

Flow profiles of experiments in three different saturation states (i.e. dry, unsaturated and saturated) are 240 

displayed in FIG. 4, in which the tests 𝑤 = 0.00, 0.10 and 0.40 are displayed in separate subfigures, and 241 

high-speed frames at the “leading edge”, “flow front”, “main body”, and “flow tail” are presented. For 242 

each test, the “leading edge” is taken at the foremost part of the flow, “flow front” near the position where 243 

the flow depth reaches its visible peak, “main body” around the position after the peak flow depth where 244 

distinct changes in flow behaviour can be observed (for dry and unsaturated flows, this indicates further 245 

reduction in particle saltation, while for saturated flows, it corresponds to the emergence of a second 246 

surge), and “flow tail” at the position where the flow becomes thinner and more diffuse before it leaves 247 

from or comes to rest within the camera frame. Note that, although only three tests are given as examples 248 

here, other tests exhibit similar behaviours depending on in the unsaturated or saturated conditions. 249 

All tested flows are led by dilute, saltating grains, indicating the formation of dry snouts in the 250 

experiments, with the fluid phase falling behind. For the dry flow, the front maintains a considerable 251 

degree of inertial motion, as evidenced by the surface-bouncing particles; the main body in the middle 252 

section is denser with most grains in sustained contacts, and shows a diluting tendency from upstream to 253 

downstream locations, before grains return to a more inertial state in the flow tail part. In contrast, for 254 

unsaturated flows with a small amount of pore water, grain saltation at the leading edge and flow head 255 

is significantly suppressed, and the flow maintains a relatively uniform but thinner depth throughout, 256 

until it stops and deposits on the slope as captured in the flow tail frame. For saturated flows, however, 257 

a thick and dense flow front immediately follows a moderately inertial leading edge and develops into a 258 

second surge characterised by a quick variation in flow depth, which then rapidly degrades into a thin 259 

and dispersive tail. Notably, the fluid surface can be observed outside the granular skeleton in the main 260 

body of the saturated flow (specifically, prior to the second surge) and persists through to flow tail, 261 

indicating a clear solid–fluid phase separation. In unsaturated flows, on the other hand, the pore fluid 262 

remains held within the granular body throughout the motion.  263 

Based on these observable experimental phenomena, granular flows with identical solid volume but 264 

different water content exhibit markedly distinct behaviours, corresponding to the evolution of 265 

rheological characteristics: dry flows show the highest level of solid collisions, unsaturated flows 266 

experience enhanced resistance to shear motion, and saturated flows give the largest difference in flow 267 

depth between the front and tail, indicating that flow mass is more concentrated at the front. 268 
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 269 
FIG. 4. Side-view flow profiles of (a) w = 0.00 dry test, (b) w = 0.10 unsaturated test and (c) w = 0.40 saturated 270 

test, with the leading edge, flow front, main body and flow tail displayed in four columns. 271 

B. Volume Fractions 272 

As variation in solid volume fraction in sheared granular flows is closely connected to dilative behaviours, 273 

evolution of volume fraction and flow depth should be considered together. The measured flow depth (ℎ) 274 

normalised by grain size (𝛿 = 3.85 𝑚𝑚) and solid volume fraction (𝛷) for all tested flows are shown in 275 

FIG. 5a and 4b, where data at upstream and downstream locations for unsaturated and saturated tests are 276 

demonstrated separately in four subplots; here, dry case is designated to the unsaturated subplot. For wet 277 

flows, upstream data are represented by red-toned curves and downstream data by blue-toned curves, 278 

whereas for the dry test the curves are depicted in grey and black, respectively; this colour scheme applies 279 

to all the data plots hereinafter. The x-axis uses normalised time, (𝑡 − 𝑡0)/(𝑇 − 𝑡0), where 𝑡 denotes 280 

time, 𝑡0 is the time when flow depth reaches half the peak flow depth at the front and 𝑇 the time when 281 

flow depth first falls to (or closest to) the same height near the tail, to provide a more intuitive comparison 282 

of the kinematics among tested flows with different durations. This approach excludes the saltating 283 

leading edges and the excessively shallow and slow-moving flow tail within the range (𝑡 − 𝑡0)/(𝑇 −284 𝑡0) 𝜖 [0, 1]. Note that this normalised time essentially represents the spatial distribution of dynamic 285 

characteristics within each tested flow, while the evolution with time is suggested in the difference 286 

between upstream and downstream. 287 

As shown in FIG. 5a and 4b, although the difference varies with tests, the flows are consistently greater 288 

in both flow depth and volume fraction upstream than downstream, indicating that the unsteady granular 289 

flows become thinner and more dilute during downslope motion. This aligns with momentum 290 

conservation and commonly reported observations74-76. However, the spatial evolution of volume fraction 291 

does not always correspond to that of flow depth. Unsaturated flows tend to maintain a relatively stable 292 

volume fraction even as the flow depth gradually decreases after reaching its peak, while the volume 293 

fraction in saturated flows tend to decrease along with the flow depth reduction. Meanwhile, when 294 

contrasting different tests, the trend in flow depth for unsaturated flows shows a gradual decrease from 295 

the dry case to 𝑤 = 0.10, with a slight increase as water content rises to 𝑤 = 0.25; the trend in volume 296 

fraction, however, exhibits no significant differences except for 𝑤 = 0.25 which is observably higher. 297 

For saturated flows with 𝑤 = 0.30 – 0.40, visually apparent differences in flow depth also do not result 298 

in correspondingly prominent differences in volume fraction at the upstream location. Meanwhile at the 299 

downstream location, the volume fraction seems to subtly decrease with higher water content. This 300 

indicates that unsaturated flow bodies are less able to dilate due to the apparent cohesion, while saturated 301 
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flows allow greater dilation as water content increases. 302 

Tested flows exhibit an overall trend of increasing volume fraction levels with rising water content. As 303 

water content increases from 0.01 to 0.40, both upstream and downstream volume fractions around the 304 

peak flow depth increases gradually from approximately 0.4 to over 0.6. A noteworthy point is that, for 305 

all tested flows, volume fractions are consistently lower than the static value of 0.635, with very few 306 

exceptions. This agrees with the well-established fact that granular media must dilate to allow shear 307 

motion77. 308 

 309 

 310 

FIG. 5. Evolution of (a) normalised flow depth, ℎ/𝛿, in mm and (b) volume fraction, 𝛷, against normalised time, 311 (𝑡 − 𝑡0)/(𝑇 − 𝑡0), where 𝛿 is grain size, 𝑡 is time, 𝑡0 and 𝑇 are the moments when ℎ first grows over and 312 
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falls below half the peak flow depth, respectively. 313 

C. Basal Pressures 314 

In response to the clearly differentiated flow behaviours under different saturation conditions, pore 315 

pressures measured at the flume bed also exhibit a systematic evolution. FIG. 6a presents the 316 

development of basal pore pressures, 𝑝, for all tests against the normalised time, (𝑡 − 𝑡0)/(𝑇 − 𝑡0), 317 

with data from upstream and downstream positions allocated in separate subplots. Data curves of 318 

unsaturated tests, i.e. water content 𝑤 is smaller than its saturation value 0.256, are illustrated in dash 319 

lines, while those of saturated tests in solid lines. At both positions, pore pressure evolution with varying 320 

water content follows a consistent pattern. For the unsaturated experiments ranging from 𝑤 = 0.00 to 321 𝑤 = 0.10, the pore pressure is negative and decreases overall, indicating enhanced cohesion or suction 322 

effects. Note that for the dry test with no pore fluid, the negative pore pressure signals result from the 323 

passing dry granular body sucking part of the water out of the PPTs. As the water content increases to 324 𝑤 = 0.25 close to the saturation threshold at static state, the pore pressure rises and approaches zero, 325 

reflecting a diminished cohesion. When water content further increases beyond saturation, positive pore 326 

pressure dominates throughout the flow, showing that cohesion effects gradually fade while buoyancy 327 

effects correspondingly take over. This gradual and continuous evolution of basal pore pressure with 328 

water content, and the inflection point of the trend, i.e. between 𝑤 = 0.10 and 𝑤 = 0.25, correspond 329 

well with the abrupt transitions observed in flow depth and solid volume fraction profiles given in FIG. 330 

5.  331 

Another clear trend is that pore pressure levels at the upstream position are systematically higher than 332 

those downstream, with decreasing positive values and increasing negative values during downslope 333 

motion. This is consistent with the decreased flow depth and increased solid volume fraction (FIG. 5): a 334 

reduction in flow depth decreases buoyancy, while local dilation promotes the growth of cohesion or 335 

suction. However, considering that, for the unsaturated flows with 𝑤 = 0.00 – 0.10, the solid volume 336 

fraction changes only slightly whereas flow depth decreases markedly, the pore pressure differences 337 

between upstream and downstream are likely attributable primarily to differences in flow depth, even 338 

though the pore pressure within the flow body is dominated by negative values due to cohesive effects. 339 

This indicates that, regardless of the state of saturation, both buoyancy and cohesion coexist and compete 340 

within gravity-driven granular flows. In extreme cases (such as the unsaturated 𝑤 = 0.10 or the saturated 341 𝑤 = 0.40), cohesion or buoyancy dominates absolutely, rendering the other effects negligible. However, 342 

when the difference between the two is small, the weakening of buoyancy due to downslope motion can 343 

lead to the dominance of cohesion, potentially causing the flow to effectively exhibit unsaturated 344 

behaviours to some extent. For example, saturated flows with 𝑤 = 0.30, where negative pore pressures 345 

occupy a larger space along the normalised time axis, volume fraction profiles also maintain a relatively 346 

stable level across the flow like unsaturated flows do (FIG. 5). 347 

Given the fundamental role of pore pressure in regulating intergranular contacts, effective stress, 𝜎′, — 348 

defined as the difference between total normal stress, 𝜎, and pore pressure, 𝑝, — is used to highlight 349 

the influence of pore pressure evolution on particle interactions. The evolution of the ratio between 350 

effective stress and total normal stress, 𝜎′/𝜎, for all tests is shown in FIG. 6b, where unsaturated test 351 

data are still presented in dash lines and the normalised time, (𝑡 − 𝑡0)/(𝑇 − 𝑡0), is confined within 0 – 352 

1 to exclude the leading edge and flow tail parts where flow behaviours are more inconsistent. In 353 
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correspondence with the pore pressure evolution shown in FIG. 6a, as water content increases from zero, 354 

the ratio of effective stress to normal stress first exceeds 1 and continues to rise, reaching its highest level 355 

at 𝑤 = 0.10, before gradually decreasing and dropping below 1 once saturation value is exceeded. This 356 

indicates that in unsaturated flows, intergranular frictional contacts are more robust than in dry granular 357 

flows, consistent with the cohesion effects, whereas in saturated flows, sustained particle contacts are 358 

reduced, allowing for greater inertial motion.  359 

Moreover, for all wet granular flows, the ratio of effective stress relative to total normal stress is overall 360 

higher downstream than upstream. This suggests that even when solid volume fraction tends to decrease, 361 

as shown in FIG. 5, downslope motion still promotes an increase in the proportion of stress borne by the 362 

granular skeleton. This may imply that larger flow depths allow pore pressure to bear a greater proportion 363 

of intergranular contact stresses, echoing the scale effect of pore pressure proposed by Iverson35. 364 

 365 

 366 
FIG. 6. Evolution of (a) basal pore pressure, 𝑝, and (b) the ratio of basal effective stress to total normal stress, 367 𝜎′/𝜎, at upstream and downstream locations with water content. Data are plotted against normalised time, (𝑡 −368 𝑡0)/(𝑇 − 𝑡0), where 𝑡0 and 𝑇 are the moments when ℎ first grows over and falls below half the peak flow depth, 369 

respectively. 370 

 371 

D. Volume Fraction Modelling 372 

To better understand the mechanisms by which increasing water content influences the evolution of solid 373 
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volume fraction, it is essential to consider both the parameters affecting flow dilation and the contribution 374 

of pore fluid to the flow rheology. According to existing literature, key parameters controlling dilation 375 

behaviours include the initial volume fraction of the sample18, 77, permeability of the flow material33, 78, 376 

and flow regime showing the relative importance of grain inertia in momentum transfer24, 79, 80. In the 377 

present experiments, initial volume fraction and permeability of the source material are constant, hence 378 

the primary factors influencing the evolution of volume fraction in the tested flows are flow regime, 379 

characterised by different dimensionless numbers, depending on the rheological relationship. 380 

For dense dry granular flows, the classic 𝜇(𝐼) rheology can be applied where the sole key parameter is 381 

the inertial number, 𝐼, defined as the ratio of gran inertial stress to confining pressure by24: 382 

𝐼 = √𝜌𝑠𝜎′ 𝛤𝛿 (3) 

in which 𝜌𝑠 = 2240 𝑘𝑔/𝑚3 is grain density, 𝛤 is bulk shear rate and 𝜎′ is basal effective normal 383 

stress. Accordingly, the scaling function of solid volume fraction, 𝛷(𝐼), is given by21: 384 𝛷(𝐼) = 𝛷𝑚𝑎𝑥 + (𝛷𝑚𝑎𝑥 − 𝛷𝑚𝑖𝑛)𝐼 (4) 

in which 𝛷𝑚𝑎𝑥 and 𝛷𝑚𝑖𝑛 are the achievable upper and lower limits of volume fraction under flow 385 

condition. Since both controlling parameters in Eq. 2 are of strict physical meanings, reasonable 386 

assumptions of their values can be determined. Here, 𝛷𝑚𝑎𝑥 = 0.64, which is the maximum random 387 

packing density of spheres and is also close to the static sample volume fraction of 0.635, and 𝛷𝑚𝑖𝑛 =388 0.3, below which solid particles in tested flows tend to lose sustained contacts in the leading edge or flow 389 

tail, are taken, and the scaling function Eq. 2 is thus fixed. 390 

To examine whether apparent cohesion generated by pore water in unsaturated flows indeed induce 391 

significant differences in rheological behaviours, data points for the dry test (𝑤 = 0.00) and two flows 392 

with the lowest water contents (𝑤 = 0.01 and 0.10) are distributed in the 𝛷 − 𝐼 coordinate space in 393 

FIG. 7, where data are selected at every 1% of the range from the maximum flow depth to 394 (𝑡 − 𝑡0)/(𝑇 − 𝑡0) = 1 to prevent abrupt changes in flow regime. In addition, the root mean squared 395 

error (RMSE) of all data points from upstream and downstream positions relative to the scaling curve 396 

derived from Eq. 2, which is plotted as a solid black line, is also given in each subplot to more precisely 397 

evaluate the fitting performance of the rheological model; in most situations, an RMSE below 10% 398 

indicates a good level of agreement.  399 

As shown in FIG. 7, only the dry flow with 𝑤 = 0.00 exhibits good consistency with the scaling curve, 400 

with an RMSE around 7% which may be attributable to a few data points lying further from the curve. 401 

In contrast, data points for 𝑤 = 0.01 and 𝑤 = 0.10 deviate notably from the curve, with RMSE being 402 

36% and 21% respectively, maintaining higher solid volume fractions at larger values of inertial number. 403 

This is consistent with the expectation that apparent cohesion formed within unsaturated flows enhances 404 

shear resistance and makes dilation more difficult, and indicates that even a very small amount of pore 405 

water added into a granular body can produce sufficient apparent cohesion to markedly influence the 406 

rheological response, invalidating the 𝜇(𝐼)  and 𝛷(𝐼)  scaling relationships developed for inertial-407 

frictional dense granular flows. 408 
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 409 

FIG. 7. Comparisons between 𝛷(𝐼) scaling relationship and data from the tests 𝑤 = 0.00, 0.01 and 0.10. Data 410 

are taken at every 1% of the range between where flow depth reaches its peak to where it reduces to its half near 411 

the flow tail for each test, while 𝛷(𝐼) scaling is presented in black solid curves. 412 

Before considering more complex cohesive effects, the well-established 𝜇(𝐾) rheology for immersed 413 

dense granular flows or suspensions, which is originally proposed by Trulsson, et al.32 and later extended 414 

and applied by many (e.g. Tapia et al.81, Amarsid et al.82, Cui et al.83, Xie et al.84), is first validated here. 415 

This rheology unifies the description of flow regimes spanning from dominated by solid inertia to 416 

dominated by viscous drag, through combining the inertial number (𝐼) and viscous number (𝐽) into a 417 

single dimensionless visco-inertial number, denoted by 𝐾, which characterises the additive effects of 418 

solid contacts and fluid viscous shear and is given by: 419 𝐾 = 𝐽 + 𝛼𝑖𝐼2 (5) 

in which 𝐽, defined as the ratio of fluid viscous stress to confining pressure, is calculated as 30: 420 

𝐽 = 𝜂𝛤𝜎′  (6) 

where 𝜂 is fluid dynamic viscosity, the value of which equals that of water as the contribution of air to 421 

viscous drag is assumed neglectable here. 𝛼𝑖 is a constant depending on Stokes number calculated as:  422 

𝑆𝑡 = 𝜌𝑠𝛿2𝛤𝜂 = 𝐼2𝐽  (7) 

A boundary condition has been uncovered that the flow regime shifts from Newtonian viscous to 423 

Bagnoldian inertial when Stokes number 𝑆𝑡 = 1/𝛼𝑖 32, hence a recommended value of 𝛼𝑖  can be 424 

derived from the threshold of Stokes number. Although a definite threshold of Stokes number is not 425 

available, a reference value can be determined by adopting the Bagnold number, which is effectively 426 

equivalent to Stokes number but for dense granular assembly, with a suggested threshold of 2004, 427 

yielding a reasonable value of 𝛼𝑖 = 1/200 = 0.05 . Under this rheological framework, the scaling 428 

function of 𝛷(𝐾), with a constant fitting coefficient 𝛼𝐾, is given as follows: 429 𝛷(𝐾) = 𝛷𝑚𝑎𝑥(1 − 𝛼𝐾√𝐾) (8) 

In FIG. 8, the 𝛷 − 𝐾 relationships for the wet experimental flows are plotted together with the 𝛷(𝐾) 430 

scaling curve that achieves the best fit, where experimental data points are selected following the same 431 

approach as in FIG. 7, and the scaling curve is drawn in a solid blue line. In a corresponding 432 

supplementary figure, the local RMSE between data points and the scaling curve is displayed as yellow 433 

bar charts, with each bar height representing the RMSE of data points falling within the range between 434 

the 𝐾 value at that bar's position and the value at the previous tick mark on the logarithmic axis. To 435 
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facilitate observation of the overall fitting performance, an averaged RMSE is also calculated and 436 

annotated on the bar chart, together with the corresponding 𝛼𝐾 value yielding the best fit. As 𝐾 only 437 

considers the viscous shear effects of fluid phase by its definition, the 𝛷(𝐾) scaling curve is anticipated 438 

to show better agreement with saturated flows than unsaturated flows. Therefore, comparisons of the 439 

scaling curve with data points from all tests, from unsaturated tests only, and from saturated tests only, 440 

are respectively presented in the three subfigures of FIG. 8. 441 

As expected, although 𝛷(𝐾) scaling curve provides an overall satisfactory fit across all flows, larger 442 

errors can be observed in the unsaturated flows shown in FIG. 8b, while the best agreement is achieved 443 

with the saturated experimental data points in FIG. 8c. In subfigure 8a, the overall RMSE is 9.44%, 444 

slightly below 10%; the averaged RMSE for unsaturated flows reaches as high as 10.33%, whereas for 445 

saturated flows it sharply reduces to 6.61%, indicating that RMSE when comparing against all tests is 446 

pulled up by the larger deviations in the unsaturated tests. 447 

Moreover, saturated flows maintain low local RMSE values across the entire spectrum of 𝐾, except for 448 

its lowest value, while unsaturated flows exhibit local RMSE values greater than 10% over more than a 449 

lower half of the 𝐾 value range. The maximum local RMSE for all tested flows also appears in the 450 

region with the 𝐾 < 0.001 values; this may result from insufficient data points magnifying the errors. 451 

However, data points of unsaturated tests stay mostly below the scaling curve where larger errors occur, 452 

showing again that unsaturated flows with notable cohesion or suction effects do not collapse well onto 453 

the 𝛷(𝐾) scaling. 454 

 455 
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 456 

FIG. 8. The best fit between 𝛷(𝐾) scaling relationship presented in blue solid curve and data from (a) all the wet 457 

tests, (b) unsaturated tests and (c) saturated tests, supported with bar charts of local root mean square errors 458 

(RMSE) of data points within each interval of 𝐾. 459 

Due to the dominant effect of cohesion from the presence of limited pore fluid, unsaturated flows exhibit 460 

dilation behaviour that is obviously distinct from that of saturated flows. As shown in FIG. 8, within the 461 𝛷(𝐾) framework, a broader range of 𝐾 is required in unsaturated flows to achieve a decrease in solid 462 

volume fraction comparable to that of saturated flows, indicating a lower gradient or changing rate in 463 

solid volume fraction. This is consistent with the aforementioned observations that unsaturated flows 464 

tend to preserve more stable volume fractions compared to saturated flows (FIG. 5b), and to produce 465 

negative pore pressures that hold grains more tightly together (FIG. 6). 466 

To explain the dilation behaviours and rheological characteristics of unsaturated flows, the dimensionless 467 

parameter used to describe the flow regime should account for the apparent cohesion or suction 468 

dominating the grain-fluid interactions, as well as the resultant enhanced effective stress. These factors 469 

contribute to the relatively low solid fraction gradients observed in unsaturated flows. Thus, an extended 470 

and modified inertial number, 𝐼𝑚 , proposed by Vo, et al.48, along with the corresponding scaling 471 

relationships with volume fraction, is employed here to describe the rheological evolution in all tested 472 

flows. The dimensionless number 𝐼𝑚, which potentially incorporates the effects of solid contacts, fluid 473 

cohesion and viscous shear, is expressed by: 474 

𝐼𝑚 = 𝐼√1 + 𝛽/𝑆𝑡1 + 𝛼𝜉 = √ 𝛽𝐾1 + 𝛼𝜉 (9) 

where 𝛼  is a material-dependent constant, 𝛽  is a constant contributing to 𝐼√1 + 𝛽/𝑆𝑡  which is 475 

mathematically equivalent to 𝛽√𝐾, hence 𝛽 = 1/𝛼𝑖 = 200, and 𝜉 is cohesion index defined by the 476 

ratio of capillary stress to effective grain normal stress: 477 
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𝜉 = 𝛾𝑠𝜎′𝛿 (10) 

where 𝛾𝑠 is surface tension. Due to the apparent cohesion effects, the critical value of volume fraction, 478 𝛷𝑐, at quasi-static limit is no longer simply 𝛷𝑚𝑎𝑥 but becomes dependent on 𝜉 with the influence of a 479 

tuning constant 𝑏: 480 𝛷𝑐 = 𝛷𝑚𝑎𝑥(1 − 𝑏𝜉) (11) 

With all these parameters given, the scaling relationship 𝛷(𝐼𝑚) can be calculated with one additional 481 

fitting coefficient 𝐼𝜑: 482 

𝛷(𝐼𝑚) = 𝛷𝑐1 + 𝐼𝑚/𝐼𝜑 (12) 

As reflected in its formulation, the dimensionless parameter 𝐼𝑚 is defined by incorporating effects of 483 

grain contacts and fluid viscous shear, with the additive contribution of apparent cohesion. Hence the 484 𝛷(𝐼𝑚)  scaling provides a generalised framework for more complex granular-flow regimes, 485 

encompassing fluid effects that transition from apparent cohesion to viscous drag. 486 

Similar to FIG. 8, FIG. 9 evaluates the fitting performance of 𝛷(𝐼𝑚) scaling against wet tested flows in 487 

three separate subfigures, dpending on the saturation condition. Each upper subplot in FIG. 9 presents a 488 

comparison between all experimental data points and the 𝛷(𝐼𝑚) scaling curve, plotted as a red solid 489 

line, under the best-fit conditions; while in the lower subplot, local RMSE values within the 𝐼𝑚 490 

spectrum are shown as bar charts, with annotations indicating the average RMSE and the parameter 491 

values adopted in Eq. 7 – 10. Notably, experimental data in all the subfigures of FIG. 9 collapse neatly 492 

onto the scaling curves, showing an impressive level of agreement. Across the entire range of 𝐼𝑚 values, 493 

almost all the local RMSE remain consistently below 10%, with the only exception being the maximum 494 

local RMSE for unsaturated flows (FIG. 9b) which slightly exceeds 10%. In all three cases, 𝛷(𝐼𝑚) 495 

scaling give lower averaged RMSE than those appearing in FIG. 8; particularly, the averaged RMSE for 496 

unsaturated flows scaled with 𝛷(𝐼𝑚) is only about 7.32%, showing a better fitting than 𝛷(𝐾) which 497 

gives an averaged RMSE over 10%. This shows a clearly superior fitting accuracy of 𝛷(𝐼𝑚) model than 498 𝛷(𝐾) model for the two-phase granular flows, especially under the unsaturated condition. 499 

Although originally derived through theoretical analysis and numerical simulations, the 𝛷(𝐼𝑚) scaling 500 

relationship is successfully validated by the experimental data in this study, accurately capturing the 501 

evolution of solid volume fraction in granular flows ranging from highly unsaturated (𝑤 = 0.01) to 502 

oversaturated states (𝑤 = 0.40). This result confirms the feasibility and robustness of applying 𝜇(𝐼𝑚) 503 

and 𝛷(𝐼𝑚) framework to granular flows exhibiting transitional rheological behaviours due to different 504 

dominated pore pressure effects. 505 
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 506 

 507 
FIG. 9. The best fit between 𝛷(𝐼𝑚) scaling relationship and data from (a) all the wet tests, (b) unsaturated tests 508 

and (c) saturated tests, supported with bar charts of local root mean square errors (RMSE) of data points within 509 

each interval of 𝐼𝑚. 510 

Three volume fraction descriptions based on different rheological frameworks successfully capture the 511 

evolution of solid fraction in experiments under varying water content, and provide clear boundary 512 

conditions: 𝛷(𝐼) scaling is valid only for dry granular flows without fluid, 𝛷(𝐾) scaling is suitable 513 

for saturated granular flows but underperforms in the unsaturated condition, while 𝛷(𝐼𝑚) scaling can 514 

be confidently utilised to describe unsaturated granular flows and also holds potential for application in 515 

saturated cases. This again highlights the influence of saturation degree on the rheological responses of 516 

granular flows, where a gradual transition of the dominated pore fluid effect from cohesion or suction 517 

that strengthens the frictional solid enduring contacts to buoyancy that facilitates inertial shear motion, 518 

echoing the transition of measured pore pressure from negative to positive. 519 
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 520 

IV. DISCUSSION 521 

A. Effects of Regime Transition 522 

In the two solid volume fraction scaling relations 𝛷(𝐾) and 𝛷(𝐼𝑚) presented earlier, the constant 𝛽 =523 1/𝛼𝑖 is set as a fixed value to enable a fair comparison of their scaling performance. However, the value 524 

of 𝛽 does influence the ranges of 𝐾 and 𝐼𝑚, thereby controlling the data point distribution and, to 525 

some extent, the scaling performance. An increase in 𝛽 results in smaller calculated values of 𝐾 but 526 

larger value of 𝐼𝑚 which is proportional to √𝛽𝐾. Although 𝛽 = 1/𝛼𝑖 has been found approximately 527 

equal to the transitional Stokes number (𝑆𝑡) marking the flow regime shift from viscous to inertial 528 

dominance32, the choice of this transitional 𝑆𝑡  value does not have a definitive standard to date. 529 

Numerical simulations typically identify transitional 𝑆𝑡, referred to as 𝛽 here for simplicity, between 1 530 

– 2, e.g. 𝛽 = 1.0  when volume fraction is below 0.57 – 0.59 by Ness and Sun85, 𝛽 = 1.575  by 531 

Trulsson, et al.32 and 𝛽 = 2.0  by Amarsid, et al.82 from the best collapse of 𝜇(𝐾)  and 𝛷(𝐾) . 532 

Rheological measurements in pressure-controlled experiments with varying fluid viscosity, on the other 533 

hand, has given a fixed 𝛽 = 10 independent of volume fraction81. Whether obtained through numerical 534 

models or rheometer experiments, the transitional Stokes number is typically determined using uniform 535 

and steady granular flows or suspensions, which differ from the uniform but unsteady granular flows 536 

investigated in our flume experiments. Hence adopting the threshold Bagnold number commonly used 537 

in geophysical flows may be more appropriate. Nevertheless, the transition in flow regime defined under 538 

idealised conditions also has reference value as a comparison with scenarios closer to geophysical flows. 539 

Using the experimentally measured value of transitional Stokes number 𝛽 = 10, all our test data of wet 540 

granular flows are once again optimally fitted to both 𝛷(𝐾) and 𝛷(𝐼𝑚) scaling models, and the results 541 

are demonstrated in the two separate subplots in FIG. 10. Compared with FIG. 8 and FIG. 9 employing 542 𝛽 = 200, the 𝐾 values generally increased by an order of magnitude, and the averaged RMSE with the 543 

modelled volume fraction decreased by approximately 1%. In contrast, the 𝐼𝑚 values, owing to the 544 

coefficient 𝛽 appearing under a square root, exhibited almost no noticeable change, with the averaged 545 

RMSE increasing by only about 0.15% and still outperforming the 𝛷(𝐾) scaling. These results indicate 546 

that the 𝛷(𝐼𝑚)  model demonstrates superior performance in terms of both fitting accuracy and 547 

robustness, regardless of the specific value chosen for the transitional Stokes number, suggesting a 548 

potential wide application range of the 𝜇(𝐼𝑚) and 𝛷(𝐼𝑚) rheology. 549 
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 550 

FIG. 10. Optimal (a) 𝛷(𝐾) and 𝛷(𝐼𝑚) scaling results when applying 𝛽 = 10. 551 

Considering that cohesion in unsaturated flows effectively reinforces enduring grain contacts and limits 552 

inertia-dominated flows, increasing the transitional Stokes number may be a "compromised" approach 553 

to somewhat incorporate cohesion effects into the 𝛷(𝐾) model. The relationship between the inertial 554 

number, 𝐼, and the Stokes number, 𝑆𝑡, of the tested flows is shown in FIG. 11a, where black dashed 555 

line indicates a value of 𝐼 = √0.1 = 0.316, calculated based on the widely accepted threshold value of 556 

0.1 of Savage number, which is a dimensionless number used in geophysical flows4, 86 and is 557 

mathematically equivalent to the square of the inertial number; above this threshold, grain inertial stress 558 

overcomes Coulomb frictional stress. Although only few data points fall below this inertial number 559 

threshold, confirming that tested flows are inertia-dominated, it is possible to estimate a transitional 560 

Stokes number of approximately 900 corresponding to the inertial number threshold. 561 

The optimal scaling between the 𝛷(𝐾) model and the experimental data calculated with this increased 562 

transitional Stokes number value 𝛽 = 900 is shown in FIG. 11b, including the accompanying RMSE 563 

bar chart. After increasing the 𝛽 value, the 𝛷(𝐾) scaling curve exhibits better agreement with the 564 

experimental data points, with an averaged RMSE that is reduced by nearly 2% compared to the case 565 

with 𝛽 = 200  in FIG. 8, and the occurrences of local RMSE exceeding 10% are also improved. 566 

Combined with the results using 𝛽 = 10 in FIG. 10, both larger and smaller values of 𝛽 appear to 567 

allow better collapse of data points onto the 𝛷(𝐾) curve, although the averaged RMSE remains higher 568 

than that of the 𝛷(𝐼𝑚) scaling. This may be because the region with higher curvature in the middle 569 

section of the 𝛷(𝐾) curve is partially avoided when data distribution range shifts left or right on the 570 

logarithmic axis through the adjustment of 𝛽. Therefore, whether the increase of coefficient 𝛽 should 571 

be regarded as a workable consideration of cohesion effects or only as part of tuning needs further 572 

investigation. 573 
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 574 
FIG. 11. (a) The relationship between the inertial number, 𝐼, and Stokes number, 𝑆𝑡, for all the tested flows, in 575 

which black dash line represents a threshold value of inertial number. (b) Optimal 𝛷(𝐾) scaling results when 576 

applying 𝛽 = 900. 577 

B. Limitations and Future Work 578 

The main limitation of this study lies in not fully exploiting the potential of PTV technique. By tracking 579 

the trajectories of individual particles within high-speed images, PTV analysis can describe more 580 

complex particle motion (e.g. highly inertial or collisional grain movement under shear) and accurately 581 

measure kinematic characteristics that are easily affected by averaging, such as volume fraction cross the 582 

depth and granular temperature. In this study, however, PTV is only used to calculate the global solid 583 

volume fraction averaged over the entire flow depth, while velocity information and flow depth were 584 

derived from PIV analysis, which had been thoroughly validated in previous study. An additional 585 

consequence of lacking detailed PTV measurement is that the averaged volume fraction did not exhibit 586 

a systematic correlation with basal pore pressure signals, even though local contraction and dilation of 587 

granular medium should be among the key factors influencing positive or negative response of basal pore 588 

pressures. Future studies could further advance PTV analysis to obtain more detailed solid volume 589 

fraction profiles and combine these with velocity profiles, allowing for a more precise characterisation 590 

of shear behaviours and local volumetric changes in experimental granular flows. This would be expected 591 

to yield deeper insights into the contributions of cohesion or suction in unsaturated flows. 592 

 593 

V.  CONCLUSIONS 594 

The evolution of solid volume fraction is a key dynamic characteristic of granular flows, governed by 595 

dilatancy behaviour, controlled by saturation conditions, and can be predicted using two-phase flow 596 

models. However, for unsaturated flows with low water content, simulation of their dilatancy behaviours 597 

cannot yet be done with full confidence. This is because recently developed rheological models that 598 

account for apparent cohesion effects arising from liquid bridges between solid particles have not been 599 

sufficiently supported by empirical data. In this study, we conducted a series of small-scale flume 600 
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experiments using uniform pseudo-spherical granular materials, with saturation condition varying from 601 

fully dry to oversaturated. The temporal and spatial evolution of solid volume fraction was measured 602 

utilising Particle Tracking Velocimetry (PTV) techniques. The dilatancy behaviour of the experimental 603 

flows was then analysed, and the validity of existing rheological frameworks was evaluated and 604 

supported with our experimental data. Here, we conclude our findings as follows: 605 

The rheological behaviours of granular flows exhibit a continuous transition with increasing water 606 

content. The experimental flows show consistent evolutionary patterns in flow depth, volume fraction, 607 

pore water pressure and thus effective stress. The existence of viscous pore fluid, even at very low water 608 

content, can dramatically reduce solid particle collisions which are evident in dry granular flows. After 609 

the cohesive effects in unsaturated flows reach the highest level, further increasing water content leads 610 

to a gradual increase in pore pressure from negative to positive values, accompanied by a corresponding 611 

decrease in effective stress. As a result, the flow mass concentrates towards the flow front with an 612 

increased flow depth, while the volume fraction transitions from being relatively stable throughout the 613 

flow body to decreasing progressively from flow front to the rear. This corresponds to the distinct fluid 614 

effects that depend on the saturation condition. In unsaturated flows, fluid effects are dominated by 615 

apparent cohesion, resulting in stronger shear resistance and with lessened dilation; whereas in saturated 616 

flows, fluid effects are dominated by viscous drag which reduces intergranular enduring contacts and 617 

hence facilitates dilation under shear. This transition in rheological and dilatancy behaviours occurs 618 

gradually and continuously with increasing saturation degree. 619 

The 𝛷(𝐼𝑚) scaling law, based on the extended inertial number 𝐼𝑚  that accounts for various stress 620 

contributions, is shown to successfully predict the dilatancy behaviours of granular flows across both 621 

unsaturated and saturated conditions, thereby supporting the validity of the 𝜇(𝐼𝑚)  and 𝛷(𝐼𝑚) 622 

rheological framework over a broader spectrum of flow regime. This represents the first experimental 623 

validation of the 𝜇(𝐼𝑚) and 𝛷(𝐼𝑚) models. The widely recognised 𝛷(𝐼) and 𝛷(𝐾) models were 624 

initially employed to compare and cross-validate our results for solid volume fraction in dry and wet 625 

granular flow experiments. Then, the 𝛷(𝐾) model, associated with visco-inertial rheology, and the 626 𝛷(𝐼𝑚) model, which additionally considers both cohesive and viscous effects of pore fluid, were fitted 627 

to the volume fraction data of all the wet granular flows, and the errors from both models were analysed. 628 

Under their respective best-fit scenarios, the 𝛷(𝐼𝑚) scaling demonstrates significantly better agreement 629 

with the experimental data, spanning from highly unsaturated to oversaturated, than the 𝛷(𝐾) scaling. 630 

The 𝛷(𝐾) model performs well for the prediction of saturated experimental flows as anticipated, but 631 

shows clear deviations for that of unsaturated flows. These findings validate the 𝜇(𝐼𝑚) rheological 632 

framework for two-phase granular flows across a wide range of flow regimes, while highlighting the 633 

limitations of the 𝜇(𝐾) rheology for the same conditions. 634 

  635 
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