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Abstract

This study develops an approximate semi-analytical framework for assessing
the toppling survival probability of a rigid block subject to stochastic seismic
excitation defined in accordance with modern aseismic codes provisions. The
rocking system incorporates a nonlinear flexible foundation model that allows for
uplifting and nonlinear damping, reflecting realistic soil-structure interaction ef-
fects. A nonlinear contact force of the Hunt and Crossley’s kind is employed.
Using a stochastic averaging approach, the proposed method accounts for the un-
bounded response behavior associated with toppling, paralleling challenges ob-
served in systems with negative stiffness. The nonstationary probability density

function (PDF) of the rocking amplitude is formulated to quantify the survival
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probability over time efficiently. This technique offers significant computational
advantages over traditional numerical simulations while capturing the effects of
time-dependent excitation intensity and frequency content. Numerical examples,
including rigid blocks rocking on various nonlinear flexible foundations under
evolutionary seismic excitations, validate the proposed framework. Comparisons
with Monte Carlo simulations confirm the accuracy and reliability of the method,
emphasizing its utility for probabilistic assessment in seismic engineering con-

texts.

Keywords: Rocking motion, Nonlinear flexible foundation, Random base

excitation, Stochastic averaging, Uplifting, Toppling probability

1. Introduction

The rocking of rigid structures has long been a topic of critical interest in
earthquake engineering, ever since the foundational work of Housner [1] demon-
strated the unexpectedly stable dynamic behavior of free-standing, slender bodies
under seismic loading. Two principal modeling approaches have historically un-
derpinned the study of such systems: the Housner Model (HM), which represents
a rigid block rocking on a rigid foundation, and the Winkler Foundation Model
(WFM), which simulates the interaction with an elastic foundation using discrete
spring elements [2—6]. These models have served as the analytical basis for cap-
turing the inherently nonlinear and discontinuous dynamics of rocking responses.

Rocking provides a natural mechanism for seismic energy dissipation through

uplift and impact, effectively decoupling lateral inertial demands from internal
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deformation and thus reducing the likelihood of structural damage. A major ben-
efit of enabling uplift is the avoidance of cyclic degradation typically observed
in conventional plastic hinge mechanisms. In this setting, energy is dissipated
via repeated impacts, while the structure’s integrity is preserved. Uplift allows
structural elements to temporarily detach from their base, resulting in large but
recoverable displacements that reduce peak seismic demand, limit residual de-
formation, and enable self-centering behavior. As such, rocking is increasingly
adopted not only as a survival mechanism but also as a deliberate strategy in mod-
ern resilience-oriented seismic design [7]. These advantages have fueled strong
and growing interest from the engineering community in this field. Recent re-
search has expanded this paradigm through the development of controlled rocking
systems, including rocking shear walls and externally dissipative pinned braced
frames, which promote uniform interstory drift, minimize residual displacements,
and activate lower-hierarchy failure mechanisms, thus reducing the risk of soft-
story collapse and improving seismic performance [8]. Additional fields of ap-
plication include the seismic protection of small-scale or sensitive installations,
such as museum exhibits, marble heritage monuments [9], and critical machin-
ery [10, 11] in medical or military facilities, where both structural integrity and
operational continuity are essential. Despite the advancements, block-like sys-
tems rocking on nonlinear flexible foundations have received comparatively less
attention, particularly under stochastic seismic excitation [12], although there is a
body of research in the case of stationary excitation and pulse-like ground motion

(e.g., [7, 13, 14]). To address this, the present study introduces a stochastic semi-



36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

analytical framework that combines static condensation, statistical linearization,
and stochastic averaging to evaluate the survival probability [15, 16]-defined as
the probability of avoiding toppling—of a rigid block subjected to nonstationary,
Eurocode 8 (EC8)-compatible excitation. The formulation captures the nonlin-
earities of the block—foundation interaction, including uplift effects and negative
stiffness phases, and fully incorporates the evolutionary nature of realistic seis-
mic input [17], enabling a more accurate and analytically tractable representation
of the problem. This approach is particularly well-suited for performance-based
analysis and risk-informed decision-making [18, 19].

The proposed framework offers a novel contribution by evaluating the sur-
vival probability of rocking block systems under nonstationary seismic loading.
Unlike prior approaches that neglect the possibility of unbounded responses when
the foundation stiffness becomes negative, the present method accounts for this
through a specially formulated nonstationary response amplitude probability den-
sity function (PDF). A key advantage of the approach is its ability to accommo-
date stochastic excitations that vary in both intensity and frequency content—thus
reflecting the nonstationary and multi-scale nature of seismic ground motions.

In the remainder of this paper, Sections 2.1 through 2.3 lay out the mathe-
matical foundations that form the basis of the proposed semi-analytical frame-
work. Section 2.4 delves into the mechanization of the proposed technique. Sub-
sequently, Sections 3.1 to 3.3 present representative case studies that illustrate the
application of the proposed stochastic dynamics framework to rigid blocks of dif-

ferent geometries rocking on various nonlinear flexible foundations, subjected to
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seismic excitations modeled through EC8 elastic design spectra. The accuracy and
reliability of the proposed approach is rigorously evaluated through a comparative
analysis against Monte Carlo simulation (MCS) data obtained from nonlinear re-
sponse history analysis (RHA). Lastly, Section 4 synthesizes the key findings and

offers concluding remarks on the broader implications of the study.

2. Mathematical formulation

This section articulates the mathematical formulation underlying the proposed
methodology for efficiently assessing the survival probability of randomly excited
rocking rigid blocks. Emphasis is placed on clearly delineating the key assump-
tions and simplifications introduced to balance analytical rigor with computational
tractability. To preserve coherence and enhance the manuscript’s readability, only
the essential theoretical constructs related to the generation of response spectrum-
compatible stochastic processes are presented herein, while a more detailed ex-
position is deferred to the Appendix A. The specific EC8 elastic design spectra

employed in the analysis are provided in the Appendix B.

2.1. Block random rocking on nonlinear flexible foundation modeling

In this section, the modeling of a rectangular rigid block on nonlinear flexible
foundation is briefly reviewed following the foundational approaches presented in
Refs. [20, 21]. The coupled equations governing the dynamics of a quiescent rect-

angular rigid block rocking on nonlinear foundation subjected to base excitation
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modeled as a nonstationary stochastic seismic acceleration process are given by

it + mh(0? cosf + 05inf) + Foy —mg = m, 1)

and

(Lo 4+ mh*)0 + My, + mh(3a — g) sin@ = mh(i, cos@ — 2,sin6), (2)

where m, 2h and I, denote the mass, height, and polar moment of inertia around
the center of mass of the rectangular rigid block, respectively; z.,(¢) and 6(t) rep-
resent the vertical displacement of the base center cb and the rotation angle of the
block; and Z,(t) and Z,(¢) are the horizontal and vertical induced accelerations
of nonstationary stochastic processes, respectively. Note that Z,(¢) and Z,(¢) can
be defined as possessing evolutionary power spectra (EPS) G, (w, (o, t;a;) and
Gy(w, Co, t; a;) compatible with a target pseudo-acceleration response spectrum
S(w, Co; CL;)’ where (, denotes the damping ratio of the corresponding linear os-
cillator, w represents the frequency and aj is the scaled images of the seismic
excitation intensity.

In the nonlinear, coupled and piecewise Egs. (1) and (2), g denotes the gravity
acceleration, while F, and M, are the vertical force and moment of the con-
tact force with respect to the center of base, respectively. The latter are related
to the nature of the impact force [3, 20, 22]. Considering Hunt and Crossley’s

model [23], used in several studies [24—26], and accounting for the uplift of the
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base corners above the ground level, F;, and M, can be described as

9 ..
Foy = 20kzay + 20Nz 20p + §b3)\9 sin 0 cos 6 3)

and

2 2 2 .
My = §b3k5 sin 6 cos 0 + gbg)\z’cb sin @ cos 6 + gbg)\zcbé) cos? 0, 4)

for the case of no-uplifting and

1
Fy —bek: sin #sgnf + kzcb< > + 552)\2@ sin #sgnf

0

ANepZen | b
‘|‘2be< 9

) + ;bS)\é sin @ cos 6 5)

1 2
+ 2)\zcb9 cos@(b2 — §sm 0) sgnf

and

1 1 1 25
My, :§b3k sin 6 cos 0 + §kzcb cos@<b2 T 3520

) sgnf + 363)\265 sin @ cos 0

1 1 2
+ 4b4)\9 sin § cos? Osgnd + 5 )\zcbzcb cos <b2 Zd’ ) sgnf

1 1 3
+ 3/\sz9008 9<b3+4 = esgn@)

(6)
for the uplifting case. Accordingly, two distinct states are identified. The first
corresponds to the no-uplift state, which prevails as long as the entire base of
the block remains in full contact with the ground. In contrast, the uplift state

arises when either of the pivot points lifts off the ground surface. The two distinct
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states are illustrated in Figs. 1(a) and 1(b), respectively. In Egs. (3) to (6), b
represents half of the width of the rigid block, sgn(-) is the signum function, and
k (force units per unit width of base per unit vertical deformation) and \ (force
units per unit width of base per unit vertical deformation velocity and per unit
vertical deformation) denote the stiffness and damping coefficients of the impact
force model, respectively.

Since 6 and z,;, are typically small in most practical applications (e.g., [3, 20]),
reasonable approximations can be obtained by assuming sin # &~ 0 and cos 6 ~ 1.
Further simplification can be introduced by neglecting combined derivative order
terms of # and z, that are greater than one. Subsequently, considering the static

condensation method yields [21]

mg

= %0k (7

Zeb = Zst

for the case of no-uplifting, and

—bkOsgnf + \/2mgkOsgnd )
2k

Zeb = Rst =

for the case of uplifting. Clearly, in this manner, the uplifting occurs when |0| > 6,

with

|zt mg
p— pu— . 9
bu="3" = 2k ®

Substituting Egs. (3) to (8) into Egs. (1) and (2), while accounting for the horizon-

tal component of the induced excitation, i.e., 2, = 0, the rocking motion of the
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Fig. 1. Block rocking on nonlinear flexible foundation: (a) no-uplifting with € > 0; (b) uplifting
with 6 > 0. Definition of the contact line (cl) for each case. The system exhibits an analogous
behavior in both states for 6 < 0.



120 rectangular rigid block can be cast into the form

130 6+ c) 0+ K(®) 0= mh Iy, (10)
Msdof Msdof Msdof
131 Where
132 Mesdof = Lem + mh?, (11)
133
b2
T 6] < 0u
c) = 12
h (6) mgbA \/2mgkfsgnf 12)
sgnd, 0] > O
6k?2 6
135 and
2 3
e K(6) = bsgnf  /2mgk6fsgnd (13)
mg 0 - 362 —h ) |0’ > eul

137 2.2. Stochastic averaging and linearization treatment

138 It is important to note that the stiffness coefficient K (6) in Eq. (13) can be-
139 come zero or even negative for certain combinations of system parameters. A

1

>

o negative stiffness promotes toppling behavior, whereas a positive stiffness tends
141 to restore the system to its original position. Therefore, a special treatment com-
122 bining stochastic averaging and linearization methods is adopted in this section to
143 determine the rocking response of the rigid block under evolutionary nonstation-
144 ary stochastic excitation [16, 27].

145 In this context, considering that the stochastic excitation is slowly varying
146 with respect to time and also that the system is lightly damped, it is assumed

147 that the system exhibits a pseudo-harmonic behavior (e.g., [28]) under the non-

10
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overturning condition. Therefore, the rotation angle satisfies

0(t) = acoslw(a)t + &(t)], (14)

where a and ¢ denote the slowly time-varying amplitude and phase, respectively.

To further simplify the ensuing analysis, Eq. (10) can be rewritten as

i gl + 2(t,0,0) = """

Tg, (15)
Msdof

where [, is the damping coefficient of the corresponding linear system, and

) ;, K@)

2(t,0,6) =
Msdof Msdof

6 — Bob. (16)

Applying next the statistical linearization method [29], an equivalent amplitude-

dependent linear system is defined as

mh

0+ B(a)0 +w?(a)d = Eg, (17)

Msdof

where 3(a) and w?(a) represent, respectively, the equivalent amplitude-dependent
damping and stiffness elements. The latter are determined following a mean-
square minimization of the difference between Egs. (15) and (17) (e.g., [27, 29,

30]), and are given by

1

aw(a)m

Ba) = Py — /O27r sing - z (t,acos p, —aw(a)sinp)dey  (18)

11
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and

1 2m
w(a) = — cos ¢ - z(t, acos @, —aw(a) sin ¢)dey,
am Jo

(19)

with ¢ = w(a)t + ¢(t). Substituting Eq. (16) into Egs. (18) and (19) yields

and

b2\
Y ’ a S eul
3krm5d0f
AmgbA 2mgk
F1(]—0.5,0.25[; 1.25; 1
3Tk Msdor a Al ,0.25]; 1)
— /cosy o Fi([-0.5,0.25]; 1.25; cos® y) }
4b*\mg <7r y sin Qy) 9
-5 7 - & a u
37rk:msdof 4 2 4 ’ :
263k mgh

- ; ageul

37/nsdof Msdof

4 mgbsiny  2mg [2mgk (y ) (y
— \/ E(Z,2)—mgh|=
Wmsdof{ a 3ka a 2’ It 5 *

202\ ™ y sin2y
‘|‘< 3 —mgh>(4—2— 1 )}, a>0ul

(20)

21

0., )
where y = arccos <l> In Eq. (20), o F(-) denotes the generalized hypergeo-
a

metric function, while in Eq. (21) E(+) represents the incomplete elliptic integral

of the second kind. These are given by

2F1(lar, as); 015 2) = i (W) (Zn>

n=0 2)'“

12

(22)
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and
A
E(\p) = / \/1 — psin? pdo, (23)
0

where (-),, is the Pochhammer symbol, defined as

(@, = S, 4

and I'(-) is the complete Gamma function provided as
['(a) = / t*te~tde. (25)
0

To further simplify the analysis, the amplitude-dependent equivalent elements
in Eq. (17) are approximated by corresponding time-dependent ones [27, 29, 31],
defined as the nonstationary mean values of the former. Therefore, Eq. (17) be-

comes

. h
b+ Beg(1)0 + w2, (1)0 = ——,, (26)
Msdof

where the time-dependent damping S,(t) and stiffness w?, (t) elements are given
by

Bul®) = [ Bla)pla, tyat 27)
and

W2 (t) = /0 W2 (a)p(a, t)dt. (28)

Based on the nature of the nonstationary rocking response amplitude PDF p(a, t),

the time-dependent stiffness element wzq(t) comprises two parts: the bounded part

13
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wz, (t) fora € [0, a,], and the unbounded part for a € (a,,, c0), which may lead

to toppling. In this context, the bounded equivalent damping element is expressed

as

B (®) = [ Blap(a . 29)

while the corresponding bounded equivalent stiffness is given by

wgqﬂ(t) = /Oam w?(a)p(a,t)dt, (30)

where p(a,t) denotes the nonstationary response amplitude PDF. Expanding on
Eq. (21), it is clear that the equivalent stiffness element will become zero when
the rocking amplitude reaches a critical value a... In this context, considering
that the system exhibits an unbounded response when a > a.,, a special form of

nonstationary rocking amplitude PDF is adopted [16]. Specifically, this is

p(a,t) = c(at) exp ( - 2j(t)>rect(a) + exp ( - ;;Eb) d(a— ax), 3D

where rect(a) = u(a) — u(a — a.,), with u(-) denoting the unit step function, c(t)
is a coefficient to be determined, and §(-) is the Dirac delta function. A detailed
discussion about the proposed nonstationary response amplitude PDF p(a,t) in
Eq. (31) can be found in [16, 32].

Furthermore, for a € [0, a,], the stochastic averaging method is employed

14
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[33, 34], resulting in the following Fokker-Planck (F-P) differential equation

(9p(a,t]a1,t1) - 0 1 7T‘S’h(weq,B(t)a C()vt; CL;)
ot T dal\ 256‘]’8@)& + 2aw?, p(t) pla, tlar,h)
1 82 7TSh (weq,B (t)a CO) tv a;)
+28a2[ wz%B(t) p(a’7t|a17t1> ’
(32)
mh

2

where Sy, (weq, (1), Co, 1 a;) = ( ) G (Weq,B(1), Cos t; a7 ). Itis readily seen
Msdof

that the truncated Rayleigh PDF part of Eq. (31) satisfies the bounded F-P Eq. (32)

when a; = 0 and ¢; = 0. Thus, substituting the truncated Rayleigh PDF into

Eq. (32), the following nonlinear differential equation can be obtained

c(t) = —Peqn(t)c(t) + ”Sh(“’eqf(t)’ Go, 13 a5)

weq,B (t)

(33)

Moreover, the transitional amplitude PDF p(a, t|a;,t;) can be derived in the form

ptr(aat’ahtl) + R(tatl)d(a - aoo)a 0 < 51 < Gy

pla,tlay, t;) = (34)
d(a — aso), ar > e
where
a a’+ h2(t,t1) ] [ah(t,t;)
Ha,tla, t) = - d d t 35
per(a, tlag, ty) ) exp [ 2t 1) 0 oth) rect(a)  (35)

corresponds to the component for rocking amplitude lower than the critical value

15
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a.r, and ¢ is the Dirac delta function. Further,

Qcr

R(t,t) = 1—/0 " per(a, tlas, t1)da (36)

and [y (-) denotes the modified Bessel function of the first kind and of zero order.

In Eq. (35), ¢(t, t1) and h(t,t;) satisfy

dC(t, tl) 7TSh (weq,B(t)a C07 t; a;) o
—a + Begp(t)c(t, t1) — wfq,B(t) =0 (37)
and
dh(t,t 1
(d A (38)

subject to p(a,t|a;,t1) = d(a — a;). These are derived following a treatment
similar to that in Ref. [35]; that is by substituting the bounded part of Eq. (35)
into Eq. (32).

2.3. Block random rocking reliability assessment over toppling

In this section, the survival probability over toppling pertaining to a rigid block
system rocking on nonlinear flexible foundation is considered. The survival prob-
ability in this case is defined as the probability Pg(t) that the rocking amplitude
a is kept below the specified threshold a,,. over the time duration [0, 7'|. By dis-
cretizing the time duration as [0,7] = ]L\ﬁ [ti—1,ti], with tg = 0 and tp; = T, the

i=1

survival probability is computed by [30, 36]

Pp(T =ty) = ﬁ(l—Fi), (39)
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where [; denotes the probability that a crosses the barrier a., in the time interval

[ti_1,t;], while no crossing has occured prior to the time instant ¢; ;. This is

defined as
P Probla(t;) > ae Na(ti—1) < aer] _ Qi_l,i, 40)
Proba(t;—1) < ) H; 4
where
Hy )= /Oam plai—1,ti—1)da;— (41)
and
Qi1 = /:o da; /Oacr plai—1, tio1; a;, t;)da; 1. (42)

Substituting Eqgs. (31) and (34) into Egs. (41) and (42), and manipulating, yields

[16, 30]
a2
Hi— — 1 — — cr 43
: o [ 20(7511)1 )
and
Qi—1i = Hiy —/0 " daz‘/o " Per (@1, i1 iy ti)da;q. (44)

For the small time interval [t;_1,t;], assuming the EPS is slowly varying with

respect to time and adopting a first-order Taylor expansion, Eqs. (37) and (38)

become
. 7TSh<Weq,B(t>7 CO; tv CLZ)
c(tio1,t;) = W2, o(0) (ti —tic1) (45)
and
h(ti—1,t;) = a;— \/1 — Beqs(t)(t;i — tiz1), (46)

17
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respectively. Further, considering Eqs. (45) and (46), Eq. (44) takes the form

acs=0-bi-oo - g o i)

N “47)
+ > D,
n=1
where ) ( 2) )
r™(1 —r; a
Dn — 1 (A 1" 1 , cr
(n])? [ T et (1 - r@?)]
5 (48)
I'1 0l —-TI1 i )
L e =l
The parameter r? is given by
C(ti_l)
r? = ) (1 = Beg.s(tiz1)m) 49)

and can be interpreted as an indicator of the correlation between random variables

a;_1 and a;, since 7?2 — 0 as 7; — oo, and 72 — 1as 7; — 0 [30].

2.4. Mechanization of the proposed technique

The implementation of the approximate stochastic dynamics technique devel-
oped herein for assessing the survival probability over toppling of a rigid block
rocking on a flexible nonlinear foundation, excited by an evolutionary stochas-
tic process compatibly defined with contemporary seismic codes provisions (e.g.,

[37, 38]), involves the following steps:

i. Derive an excitation EPS characterizing the induced ground motion, fol-

lowing the specifications provided in Appendix B for a given elastic design

18
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1il.

1v.

V.

Vi.

spectrum; see Appendix A.

Use a standard integration scheme to numerically solve the first-order dif-

ferential Eq. (33) to determine the time-dependent coefficient c¢(t).

Utilize ¢(t) in the previous step in conjunction with Eq. (31) and Egs. (29)
and (30) to compute the nonstationary response amplitude PDF p(a, t), and

the bounded equivalent linear elements, 3., p(t) and w?, p(t).

Discretize the time domain as discussed in Section 2.3. Specifically,

[tici, ti], @=1,2,...,M, t; =1t +dpTeqp(ti-1), (50)

where T, is the equivalent natural period of the rocking block, T¢qg(t) =

2
weq,B(t)’

and dr is a selected constant in (0, 1].

Employ Egs. (43) and (47) for the computation of the H; ; and @);_, re-

spectively.

Substitute H;_; and ();_; of the previous step into Eq. (39) to compute the

survival probability Pp over toppling.

3. Numerical case studies

In this section, the proposed framework is verified by considering the cases of

rigid blocks rocking on various flexible nonlinear foundations excited by evolu-

tionary stochastic processes compatible with contemporary aseismic codes (e.g.,

19
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[37, 38]). The EC8 design spectrum for soil type B detailed in Appendix B is
selected as the baseline spectrum S(w, (o = 0.05; @), while the EI Centro wave
of SOOE (NS) component of the Imperial Valley earthquake on May 18, 1940 is
utilized as the seismic record j?(t), shown in Fig. 2(a). Following the procedure
outlined in Ref. [37] and summarized in Appendix A for completeness, the EC8
compatible excitation EPS G'(w, (o, t; aj) is derived and presented in Fig. 2(b).

A joint time—frequency analysis of the recorded ground motion is carried out
by means of the continuous wavelet transform (CWT), which is well suited for
transient, nonstationary signals such as seismic excitations. The wavelet coeffi-
cients obtained from the CWT serve as the basis for computing the non-separable
GE(w, (o, t; a;) power spectrum component of the seismic record in Eq. (A.12).
The resulting excitation EPS G(w, (o, t; a; ), compatible with the EC8 design spec-
trum, is shown in Fig. 2(b) and is employed as the input for the evaluation of
bounded time-dependent equivalent linear elements using Eqgs. (29) and (30), and
subsequently the survival probability over toppling in Eq. (39).

The selected marble blocks, as well as the configurations of the flexible nonlin-
ear foundation models can be found in Refs. [20, 21]. Specifically, two different
marble blocks with the following parameter sets were used: Block configuration
1: 2h = 0.42m, 2b = 0.07 m, and m = 8.67 kg; Block configuration 2: 2h = (.28
m, 2b = 0.07 m, and m = 5.84 kg. Three different foundation models were se-
lected and are discussed in the following sections. To evaluate the accuracy of
the proposed technique in estimating the survival probability, comparisons with

relevant MCS data are also performed. In this context, an ensemble of 10,000

20



< L J
% 2001 | “ l N
o (o)) H “ “\ J m W" VJ W ‘\\U”‘WMW ‘,,.,\\ﬂwm tﬂw V""u M'H’ www‘w o
0 5 10 15 20 25 30
| s s — e ———
T05 A
0 t 5 10 15 20 25 30
Time (s)
(@)

Time(s) (U 20 40 60 80 100
Frequency (rad/s)

(b)

Time(s)

0 20 40 60 80 100
Frequency (rad/s)

(©)
Fig. 2. (a) Recorded acceleration time-history and associated Husid function of El Centro 1940

earthquake record. Excitation EC8 design spectrum S(w, (o = 0.05; af]) compatible nonstationary
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acceleration time histories is generated to align with the EC8 design spectrum,
as specified in Eq. (A.11) of Appendix A. Furthermore, Eq. (10), which governs
the system dynamics, is numerically integrated for this ensemble, and the sur-
vival probability over toppling estimate is derived through statistical analysis of

the block rocking response time-histories.

3.1. Block configurations on nonlinear flexible foundation model of type A

The coupled nonlinear equations governing the dynamics of the rocking block
system in question are given by Egs. (1) and (2). Following the static condensation
method, the uncoupled equation of block rocking on nonlinear foundation, first,
takes the form in Eq. (10). Then, applying the linearization scheme in Section 2.2,
Eq. (17) and Eq. (26) are derived, where the bounded equivalent time-dependent
damping and stiffness elements are found by Egs. (29) and (30), respectively.
The parameter values for the type A foundation model are k¥ = 2.89 x 107 and
A = 8.95 x 10%. Next, a standard integration scheme is used to solve numerically
Eq. (33) for determining the coefficient ¢(¢). This is used in conjunction with
Eq. (31), and Egs. (29) and (30) to compute the nonstationary response amplitude
PDF and the bounded equivalent linear elements of the system. The latter are
shown in Fig. 3 for Block configuration 1 with PGA = 0.45¢g, where a decreas-
ing with time trend is noted. An analogous behavior is observed in the amplitude-
dependent equivalent elements. Subsequently, discretizing the time domain as
discussed in step (iv.) of Section 2.4, Eqs. (43) and (47) are used to compute

H; 1 and @);_;. The latter are then substituted in Eq. (39) to compute the survival
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probability over toppling Pp. The results obtained for this Block configuration
with respect to various values of PGA are shown in Fig. 4, where MCS data are
also provided for comparison. Specifically, 10, 000 excitation samples compatible
with the reference response spectrum of Eq. (A.12), corresponding to a given PGA
level, were generated using the spectral representation method [39]. The govern-
ing rocking dynamics, Eqgs. (10-13), were then solved by means of a Runge-Kutta
numerical integration scheme to obtain the response realizations. Similarly, the
survival probabilities against toppling Pp are plotted in Fig. 5 for Block configu-
ration 2. The excitation levels considered for the second block configuration are
0.55¢g, 0.65¢g, and 0.75g. These ground-motion levels were deliberately selected
because Block configurations 1 and 2 share the same base width 2b, while the
configuration 2 has a significantly lower height 2h. This geometric difference
results in a higher slenderness ratio for configuration 1, making configuration 2
inherently more stable and therefore requiring stronger excitations to overturn; the
critical rocking angles are 0., = 9.46° and 0., » = 14.00°, respectively [20]. By
subjecting configuration 2 to higher excitation levels, the analyses provide a bal-
anced comparison of the survival probabilities and highlight the robustness of the
proposed methodology across blocks with varying geometrical proportions. The

proposed approximate technique shows a satisfactory degree of accuracy.

3.2. Block configurations on nonlinear flexible foundation model of type B

Considering next the foundation model of type B with parameter values

k= 6.88 x 10% and X\ = 1.3 x 108, the survival probabilities over toppling Pp of
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Fig. 3. Bounded time-dependent equivalent elements (Block configuration 1): (a) damping
Beq,B(t); (b) stiffness wg% (t); and amplitude-dependent equivalent elements: (c) damping 5(a);

(d) stiffness w?(a) for the rigid block rocking on nonlinear flexible foundation of Type A under
evolutionary seismic excitation.
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based (SA) method and Monte Carlo simulation (MCS) for a rigid block (Block configuration 1)
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excitation compatible with EC8 specifications: (a) PGA = 0.45¢; (b) PGA = 0.55¢; (¢c) PGA =
0.65¢.

25



-

—MCS
+SA

e o 9
> o o

Survival probability

o
N

o

-

—MCS
+SA

e o 9
> o o

Survival probability

o
N

o

—MCS
+SA

Survival probability
o o o
EN o o)

o
N

o

Fig. 5. Toppling survival probability estimates obtained via the proposed stochastic averaging-
based (SA) method and Monte Carlo simulation (MCS) for a rigid block (Block configuration 2)
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Block configurations 1 and 2 are efficiently determined following the presentation
in Section 2.4, and plotted in Figs. 6 and 7, respectively, for the corresponding
ranges of PGA values. Similar to Section 3.1, comparisons with pertinent MCS
data, including 10, 000 samples, demonstrate a satisfactory degree of accuracy. At
higher levels of ground motion excitation, the systems exhibit a rapid decline in

survival probability, with overturning occurring at earlier time instances.

3.3. Block configurations on nonlinear flexible foundation model of type C

In this case, the foundation model of type C characterized by the parameters
k = 6.42 x 105 and A = 1.65 x 108 is considered. The survival probabilities
over toppling Pp of Block configurations 1 and 2 are computed as described in
Section 2.4 and illustrated in Figs. 8 and 9, respectively, for the corresponding
ranges of PGA values. In both figures, the results are compared with MCS data

comprising 10, 000 samples, revealing a satisfactory level of accuracy.

4. Concluding remarks

A novel semi-analytical approximate framework is proposed in this paper
to assess the toppling survival probability of rigid block systems rocking under
stochastic ground motion. The proposed framework incorporates a nonlinear flex-
ible foundation model that allows for uplifting and nonlinear damping, reflect-
ing realistic soil-structure interaction effects. Formulating a special nonstationary
probability density function for the rocking amplitude, the method demonstrates
its capability to effectively manage nonstationary seismic excitation loading, accu-

rately capturing the fluctuations in intensity and frequency content of real seismic
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Fig. 6. Toppling survival probability estimates obtained via the proposed stochastic averaging-
based (SA) method and Monte Carlo simulation (MCS) for a rigid block (Block configuration 1)
rocking on a flexible foundation (Type B model), subjected to evolutionary nonstationary seismic
excitation compatible with EC8 specifications: (a) PGA = 0.45¢; (b) PGA = 0.55¢; (¢c) PGA =
0.65¢.
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Fig. 7. Toppling survival probability estimates obtained via the proposed stochastic averaging-
based (SA) method and Monte Carlo simulation (MCS) for a rigid block (Block configuration 2)
rocking on a flexible foundation (Type B model), subjected to evolutionary nonstationary seismic
excitation compatible with EC8 specifications: (a) PGA = 0.55¢; (b) PGA = 0.65g; (¢c) PGA =
0.75¢.
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Fig. 8. Toppling survival probability estimates obtained via the proposed stochastic averaging-
based (SA) method and Monte Carlo simulation (MCS) for a rigid block (Block configuration 1)
rocking on a flexible foundation (Type C model), subjected to evolutionary nonstationary seismic
excitation compatible with EC8 specifications: (a) PGA = 0.45¢; (b) PGA = 0.55¢; (¢c) PGA =
0.65¢.
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Fig. 9. Toppling survival probability estimates obtained via the proposed stochastic averaging-
based (SA) method and Monte Carlo simulation (MCS) for a rigid block (Block configuration 2)
rocking on a flexible foundation (Type C model), subjected to evolutionary nonstationary seismic
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events. The proposed framework showcases considerable computational advan-
tages compared to traditional approaches, facilitating the efficient quantification
of survival probabilities over toppling. Additionally, a notable advancement per-
tains to its capacity to incorporate unbounded response behaviors associated with
negative values of stiffness, thus addressing a significant gap in the literature. The
accuracy and reliability of the proposed framework are validated through relevant
numerical examples, and comparisons with Monte Carlo simulation data reveal
its applicability in evaluating the performance of rigid blocks rocking on non-
linear foundations under non-white seismic loading. The proposed framework
advances the theoretical understanding of nonlinear rocking block dynamics and
holds practical significance for potential engineering applications aligned with

modern resilience-oriented seismic perspectives.
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s Appendix A. Derivation of Design Spectrum-Compatible Nonstationary Power

399 Spectra

400 Based on the approach proposed by Cacciola in Ref. [37], the nonstationary

a1 stochastic ground acceleration #,(¢) is expressed in the form
By(t) = airy (t) + (1) (8), (A1)

a2 Where ig(zﬁ) denotes a fully nonstationary segment extracted from an actual seis-
s03 mic record, «v is a spectral scaling factor, and jg (t) represents a quasi-stationary
w04 Gaussian corrective process, modulated in time by ¢ (¢). The time-modulating

a5 function () follows the formulation proposed by Jennings [40]

Y(t)=1q 1, t<t<t (A.2)

406 where ¢; and t5 are defined such that the Husid function [41] attains 5% and 95%
a7 of its maximum, respectively, with 7y = ¢, — ¢; denoting the stationary phase
a8 duration. The parameter 3, governs the decay rate.

409 For a linear SDOF system subjected to i (¢) and Z(t) with respective re-
w10 sponse spectra S™(w, (; a5 ) and S 5w, Co; a ), the combined target response spec-

411 trum takes the form

S(w, Co;a;) = \/oz2SR(w, Co; a5)? + S5 (w, Go; a5)?, (A.3)
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419

with a € (0, 1] selected as

S (wv CO; CL;) }

a=minq —m——"< /. (A.4)
{ SR((_U, CO; af])

To derive the spectral density that integrates first-passage approximations [42]

and iterative refinement [43] is employed next. The pseudo-acceleration spectrum

is linked to the spectral moments via

5% (wo, Co; af) = stwg\/)\o,zS(woa Co; a3), (A.5)
where A, s denotes the nth-order spectral moment

(A.6)

oo GS(w Co.as)
A s (wo, o3 @ =/ ! T
5 (wo, Co; ag) 0 Y (wd — w?)? + (2¢pwow)? N

and 7),s accounts for the peak factor, given by [42]

Nas (Ts,p) = \/2 In (2/Lms {1 — exp <—5916'52\/7T1H(2Mx5)>]>7 (A7)

T, [N . N
T 1 1 05 = |1 — —>2% A.8
qus 27T )\O@S ( np) ’ z? \l )\O@S )\27x5 ( )

Setting p = 0.5 and applying a closed-form approximation [42], Eq. (A.5)

with
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429

becomes

T — 4Go
4Go

wo
5% (wo, Co; @) = M2swo G (wo, Co; af) ( ) + 7735/0 G®(w, (p; a}) dw.
(A9)
Next, discretizing the frequency domain into N intervals with

wi =w;+ (1 —0.5)Aw,i=1,2,..., N, yields

0, Wi < wy

GS(C% Co; CL;) = 4¢o <55(wu€o?a3)2 (A.10)

Tw; —4Cow;—1 nis

i—1
—Aw XY G¥(wy, Co;a;)) , W < wp < Wy

which is applied recursively. Once G*(w, (o; aZ) is determined, the spectral rep-
resentation method [39] is employed to generate realizations of the corrective ac-

celeration process

Ng .
ED(t) = aili(t) + (1) Y \JAGS (iAw, G a3) Aw cos(iAwt + 6),  (A.11)
=1

where Hl(j ) are independent random phases uniformly distributed in [0, 27).

The resulting evolutionary power spectral density (EPSD) for #,(¢) becomes
G(w, Co,t;a;) = oG (w, (o, t; a;) + V()2 G (w, Co; a;), (A.12)

where G*(w, (o, t; a;) and G (w, o; a;) denote the non-separable and separable

EPSD components, respectively [44—46].
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Finally, to improve spectral matching, the iterative scheme

(A.13)

S(w, Go; a;)?
GS(k)(w’CO; a;) _ GS(k—l)(w,CO; CL;) [ (W gO Clg) ‘|

SED(w, Co; a3)?
is used, where S(*) (w, Co; aZ) denotes the mean response spectrum generated from
the kth iteration.

Appendix B. Eurocode 8 design spectrum

The Eurocode 8 defines the elastic pseudo-acceleration response spectrum for
linear oscillators with damping ratio ¢ and natural period T' = 27 /w through the

following relationships [47]

S+ E@sn-1)], 0<T<Tg
2.587, Tp <T<Tc
2551 Te <T<T
S(T,¢) = a® x T ¢ S R)
2.55n1eie, Tp <T<Tg
STeTe [2.5n + A2 (1 - 2.5n)], Tp < T < Tp
ST%F‘QFD, Tp <T
where
10
= /——>055 B.2
T=\54¢="" -2

with ag denoting the peak ground acceleration, S denoting a soil-dependent am-
plification factor, and Tz, T, T, Tk and T corresponding to soil-dependent

corner periods. The set of parameter values used for soil type B are S = 1.20,

36



443

444

445

446

447

448

449

451

452

453

454

457

458

459

460

461

T =0.15,Tc =0.5,Tp =2.0, Ty = 5.0, and T = 10.
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