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CLASSIFICATION OF SINGULARITIES OF CLUSTER ALGEBRAS OF FINITE
TYPE II: COEFFICIENTS

ANGELICA BENITO, ELEONORE FABER, HUSSEIN MOURTADA, AND BERND SCHOBER

ABSTRACT. We provide a complete classification of the singularities of cluster algebras of
finite cluster type. This extends our previous work about the case of trivial coefficients.
Additionally, we classify the singularities of cluster algebras for rank two.

1. INTRODUCTION

1.1. Motivation. Cluster algebras were introduced by Fomin and Zelevinsky [9] in the
context of total positivity and Lie theory, and quickly developed connections to various
different disciplines including combinatorics, representation theory, algebraic geometry,
group theory, dynamical systems, mathematical physics and symplectic geometry. For a
survey and extensive bibliography we refer to [22, 15].

Our motivation is to study how the singularities of a variety defined by a cluster algebra
are reflected in the combinatorial data of the algebra and vice versa. It is natural to begin
with the algebras of finite cluster type', which can be classified in terms of Dynkin dia-
grams, see [10].

In [1], we established a classification of the singularities of cluster algebras of finite cluster
type with trivial coefficients (see Section 1.2 for an explanation of this notion). In the cur-
rent paper we study how coefficients affect the singularities and extend our classification
to this general case.

Other results on the singularities of cluster algebras with a slightly different flavor are
[2, 20], see also [1, Introduction], where the content of these papers is summarized.

1.2. Presentations of acyclic cluster algebras. Let us dive a bit deeper into the construc-
tion of a cluster algebra. For the moment, we choose simplicity over precision in the
presentation.

Fix a ground field K. The construction of a cluster algebra over K begins with a la-

beled seed ¥ = (%, E), where ¥ = (x1,...,Xy) are called the cluster variables and B =
(bij)ic (1,..,m},je{1,...n} 18 anm X n integer matrix fulfilling certain technical conditions, which

we will specify later in Section 2.1, for n,m € Z with n < m. The matrix B is called the
extended exchange matrix. We denote by A(X) the corresponding cluster algebra. Here,
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x = (x1,...,x,) is the given set of mutable variables of A(X), while (x,11,...,x,) are
connected to the coefficients (sometimes we call them frozen variables). We follow the
convention to assume that coefficients are invertible.

For any k € {1,...,n}, we may mutate in direction k. In this process, the cluster variable
xi is substituted by a new cluster variable x which fulfills the exchange relation

m m
(1.2.1) xxp = [ a0+ TT ™.
i=1 i=1
biy>0 by <0

There is also a modification of the matrix E, for details see Section 2.1, but there exist
simple presentations for the cluster algebras that we consider not requiring this extra
technical step, see below.

By iterated mutation in every direction k € {1,...,n}, we collect more and more cluster
variables together with their corresponding exchange relations. In general, this is not
a finite process, i.e., there may be infinitely many pairwise different cluster variables.
Eventually, A(X) is generated by all cluster variables.

At first sight, it seems hard to do explicit computations with cluster algebras as there
might be infinitely many cluster variables and exchange relations (and, in fact, even if
there are finitely many, their number can be rather big). Nonetheless, we can make use
of a result of Berenstein, Fomin, and Zelevinsky [3] (recalled in Theorem 2.2.2) which
provides a simple presentation of the cluster algebra A(X) if X is acyclic (Definition 2.2.1).
More precisely, with this additional hypothesis, A(X) is isomorphic to the algebra that we
obtain after mutating X in each direction once, i.e., on the geometric side, we have (if X is
acyclic)

m m
(1.2.2) Spec(A(X)) 2 V(xx, — [« — [T 5™ ke {L,....,n}),
i=1 i=1
by>0 by <0
where V(fi, ..., fn) denotes the variety associated to the ideal generated by f,..., f; in
K[xﬁl,. ) .,x#][xl,...,xn,xi,...,x;].

In the present article, all labeled seeds that we consider in the context of singularity theory
will be acyclic. Hence, it is sufficient for us to work with this special presentation. As
a benefit, we reduce some of the complexity and additionally, we may even approach
cluster algebras that are not of finite cluster type.

We may rewrite the products appearing in the exchange relation (1.2.1) by separating
each product into a factor in x = (x1,...,x,) and one in (X,41,...,Xy). By introducing
the abbreviations

m m
. bix e —bix
(1.2.3) Sk 1= H x;* and t; = H x;
i=n+1 i=n+1
bik>0 bik<0

for the coefficients, the exchange relations (1.2.1) become

n n
(1.2.4) xex —si || xf-’”" -t J] xi_b"" =0, forke{1,...,n}.
i=1 i=1
bj>0 by <0

We denote by B the upper 1 x n sub-matrix of B. Notice that the exponents appearing
in the products in (1.2.4) are the absolute values of the entries of the k-th column in B. A
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cluster algebra has trivial coefficients if s, = t; = 1 forall k € {1,...,n}. Forgetting that
s := (s1,...,84),t := (t1,...,t,) are abbreviations, we observe that (1.2.4) are precisely
the exchange relations of the labeled seed

ygen . (%gen, Egen) ,

where ¥8" := (x,s,t) and B8 is the matrix that we obtain by extending B by the n x n
identity matrix I,, as well as its additive inverse —I,. Due to the connection (1.2.3) be-
tween A(X) and A(X8"), we call A(X8") the cluster algebra with generic coefficients associ-
ated to B.

In Section 3.2, we elaborate more on the reason for choosing the name “generic coeffi-
cients”. Further, we discuss the differences to the cluster algebra with universal coeffi-
cients in details. A notable fact is that for the universal coefficients one has to determine
the so called g-vectors of all cluster variables and thus this quickly becomes hard to han-
dle as well as requiring to deal with cluster algebras that have only finitely many cluster
variables. In contrast to this, cluster algebras with the generic coefficients are more feasi-
ble.

Since we assume coefficients to be invertible, we may work with s~ Lor te 1 This allows us
to draw a connection between A(X8") and the cluster algebra with principal coefficients
associated to (x, B). A labeled seed ZP'" for the latter is determined by extending B by
I,,. Thus, we have

Spec(A(ZP™) = V(e — o [ 2 — [ 5% ke {1,...,n}),
i=1 i=1

by>0 by <0

where ¢ = (cy,...,cn) denotes the coefficients and the ambient space for the variety on
the right hand side is the obvious one. Using that s, t; are invertible, it is not hard to
show that Spec(.A(X8™")) is isomorphic to a trivial family over (K*)", where each fiber is
isomorphic to Spec(.A(ZPM)) (Lemma 3.3.2). Hence, any investigation on the singularity
theory of Spec(.A(X8°")) can be reduced to studying Spec(.A(ZPrM)).

The goal of the present article is to extend the classification of the singularities of cluster
algebras of finite cluster type to the general case with possibly non-trivial coefficients.
Beyond that, we also take a look into the non-finite cluster type case by classifying the
singularities of cluster algebras of rank two. As explained above, we reduce this problem
to the investigation of the cluster algebra with generic, resp. principal, coefficients. Given
¥ = (x,B) (with B of size n x n), we often write A%}"(Z) (resp. AL™" (X)) for the cluster
algebra with generic (resp. principal) coefficients associated to X in order to emphasize
the origins in X as well as the role of (s, ) (resp. ¢) as coefficients.

1.3. Notions from singularity theory. In order to make the formulation of our main the-
orems meaningful, we recall some background on simple singularities. For a complete
introduction, we refer to [13].

Let K be a field. Let X C AY be a 2-dimensional variety with an isolated singularity
at a closed point v € X, for some N > 3. We say that X is locally (at v) isomorphic
to an isolated hypersurface singularity of type Ay if there is an isomorphism between the
completion of the local ring of X at v and K[[x,y,z]]/ (xy + z¥). If this is the case, then
the singularity of X at v is resolved by k consecutive point blowups, starting with v as the
first center.

Fixn > 3 and let V C A¥ be an n-dimensional variety with an isolated singularity at a
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closed point v € V (where N > n). We say that V is locally (at v) isomorphic to an isolated
hypersurface singularity of type A, if the completion of the local ring of V at v is isomorphic
to K[[zo, ..., zu]]/(g), where the element g is of the form

{Z%+lez+ e Zy12Zn if n is even,

z0z1 + 2pz3 + - -+ + 2,12, if nis odd.

Analogous to before, such a singularity is resolved by blowing up the isolated singular
point v.

Sometimes we will say that a given n-dimensional singularity X C AY¥ is locally iso-
morphic to a cylinder over a hypersurface singularity of type A;. By the latter we mean
that there exist an open subset U as well as an isolated hypersurface singularity H =
V(g(zo,---,2m)) C /A?Jrl of type Aj, for some m < n, such that X is locally in U isomor-
phic to Spec(K|zo, ..., zm, - - -, zu) /(g(20, - -, Zm)))-

Since we admit ground fields that are not necessarily perfect, we have to be a bit more
careful when determining the singular locus. In general, one has to take the notion of
p-bases into account and apply Zariski’s regularity criterion [23, Theorem 11, p. 39]. We
overcome this in the given cluster algebras setting by first considering only the vanish-
ing of certain minors which do not require to choose a p-basis of the ground field and
afterwards we discuss the impact of the remaining minors.

1.4. Viewpoint on cluster algebras as families. In [4], the authors advertise the perspec-
tive to make a clear distinction between so called frozen variables and coefficients in
order to study cluster algebras as families with varying coefficients. Using this, they
construct toric degenerations of cluster varieties establishing new interesting connec-
tions. We adapt this viewpoint for the varieties determined by cluster algebras with
generic Spec(A%}" (X)) (resp. principal Spec(AE™" (X)) coefficients by considering them
as families with coefficient space Spec(Ks;) := Spec(K[s*!, t*!]) (resp. Spec(K.) :=
Spec(K[c*!])). Therefore, our precise goal is to understand the singularity type of the
fibers of the family

¢: Spec(Algrm(Z)) — Spec(K[c*!]) =: S

and to study how the singularity type of the fibers of this family varies. If one does not
necessarily assume that coefficients are invertible, the relative situation would be above
the affine space Spec(K]c]), for example, see [4, 5, 14].

Notation 1.4.1. For a closed point # € S, we denote the fiber above 7 by
Spec(AL™ (X)) == ¢ (1) -

Notice that this is a variety over the residue field x(7) = Os, /m, at 77, where Os , is the
local ring of S at 77 and my, is its unique maximal ideal .

Let us illustrate the perspective as a family by an example:

Example 1.4.2 (Finite cluster type Az, cf. Section 4.2). The cluster algebra with principal
coefficients of finite cluster type A3 is given by (cf. (4.2.1))

Agrin(A?)) — Kc[x/ y]/<x1y1 — C1 — X2, X2Yy2 — C2X1 — X3, X3Y3 — C3X2 — 1> ’
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where we abbreviate (x,y) := (x1,X2,X3,Y1,Y2,¥3). Using that ¢, ¢y, c3 are invertible,

~

we can deduce the following isomorphism AY™ (A3) = Kc[zy,...,24]/{f) (cf. Proposi-
tion 4.2.2), where

f 1= 2z1202324 — 2374 — 2124 — 2120 + 1 — c1_1c3_1 .

The vanishing of the partial derivatives with respect to z = (z1,...,24) leads to the con-
clusion that the fiber Spec(AF"" (As),) has an isolated singularity at the origin if and only
if the image of 1 —c; 'c; ! in residue field (1) is zero, for 17 € S := Spec(K,). Since the
coefficients are integers, no p-basis has to be taken into account (if K is non-perfect of
characteristic p > 0).

In the singular case, it can be seen that we have a hypersurface singularity of type A; (af-
ter a suitable local coordinate change — for details, see the proof of Theorem 4.2.4). Hence,
considering the family defined by the fibers of

¢: Spec(AP™(A3)) — S,

we have the stratification S = S; LI S, of the base S, where S; := V(cic3 —1) € S and
Sy := S\ S1, such that the fibers over all points in S; are isomorphic to a hypersurface
singularity of type A, while for every point in S, the corresponding fiber is regular. In
particular, the singularity type of the fibers of the family given by ¢ is fixed along each
stratum S;.

1.5. Classification theorems for finite cluster type. In order to formulate our main re-
sults on cluster algebras of finite cluster type, we provide an ad hoc definition of contin-
uant polynomials and introduce a useful abbreviation.

Definition 1.5.1. Letn € Z>.

(1) We define the continuant polynomial Py(y1,...,Yn) € Z[y1,...,yn] by Py = 1,
Pi(y1) :=y1, and, for n > 2, through the recursion

Pu(y1, - yn) = y1Paa(y2, - Yn) — Pu2(y3, -, Yn) -
(2) For ¢ = (cy,...,cy) invertible, we define the term A, (¢) via

S s+1
Ags(c) == H c;al and  Apgyq(c) := H C5a1—1/ fors e Z>p.
a=1 a=1

For k < n, we sometimes use the notation Ai(c) = Ax(c1, ..., cn) == Ar(c1, ..., Ck)-

In fact, the coefficients of P,(y1,...,yn) are contained in {—1,0,1}. In Section 4.1, we
provide more background on continuant polynomials.

Since cluster algebras of finite cluster type can be classified by the Dynkin diagrams
An,, Bny, Cny, Dy, E6, E7, Es, Fs, Go, where ny > £ for £ € {1,2,3,4}, we formulate the the-
orems for each case separately. Furthermore, we use the notation AL (X') for the cluster
algebra with principal coefficients of finite cluster type X

The key step to simplify the computation of the singular locus is to deduce a new presen-

tation of the cluster algebra such that we obtain only a small number of relations.

When reading the statements, we remind the reader of the notation K, = K[c*!]. Fur-
thermore, the base of the respective families is S := Spec(K,) in each case (of course, with
varying c). We point out that for every stratification appearing in the following theorems,
the singularity type of the fibers of the given family is fixed along each stratum, as in
Example 1.4.2.
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For a closed point 7 € Sand x € Og = K. we denote by x(#) the image of x in the residue
field « (1) at 7. For example, we will use the expression A, (#) for the image of A, € Og
(Definition 1.5.1(2)) in (), or for the function x € Og given by x(c) = ¢; we denote by
11 the image in x (7).

Theorem A (Proposition 4.2.2 and Theorem 4.2.4). Let n > 2. There is an isomorphism

AP (ALY 2 Kz, za1] /(Paa (21, Zngt) — An(€)) -

Consider the family defined by ¢: Spec(AP™(A,)) — S. For a closed point yj € S, the fiber
Spec(AL™(Ay)), is singular if and only if

n=2m—1 and Ay,_1(n)=(-1)".
In the singular case, Spec:(.AIcmn(An)),7 is isomorphic to an isolated hypersurface singularity of

type Aj.
In other words, we have:

(i) If n = 2m — 1is odd, there is a stratification S = S1 U Sy of the base S, where
Sy = V(A2m,1(c) — (_1)711) CS and Sp:= 5\51 ,

such that the fibers above every point of Sy are regular and those above the points of S1 are
isomorphic to a hypersurface singularity of type Aj.
(ii) If n is even, all fibers of ¢ are reqular.

Notice that we did not include the case of finite cluster type A; in the statement. This is
a particular situation where the corresponding variety is either regular or a union of two
regular lines intersecting transversally in a closed point. See Observation 4.2.1.

Theorem B (Lemma 4.3.1 and Theorem 4.3.2). There exists an isomorphism .Afrin(Bn) =
Kelz1, ..., zn—1, 11, uz, us]/ (gn, hn), where the generators of the ideal on the right hand side are

n = <u1u2 — An(c)>u3 —Ap—1(e) 't — Poo(z1, ... 202) ,
hn = Uy — /\n(c> — Pn—l(zll- . -/Zn—l) .

The following characterization holds for the fibers of ¢ Spec(Alsrin(Bn)) — Swithn € S being
a closed point:

(1) If n = 2m + 1 is odd, then SpeC(A]grin(Bn)),7 is singular if and only if Ay(y) =
(_1)m+1_ .

(2) If n = 2m is even, then Spec(AL™ (By)), is singular if and only if char(K) = 2 and
An—1(n) € x(n7)? is a square.

In the singular cases, the singular locus is a closed point and Spec(fl‘frin(Bn)),7 is locally isomor-
phic to a hypersurface with an isolated singularity of type A;.
In other words, the following holds:

(i) For n = 2m + 1 odd, we have a stratification S = Sy Ll Sy, where the strata are
S1:=V(Au(c) = (=1)") C S and S,:=5\S;,

such that the fibers above every point of Sy are regular, while those above the points of Sq
are isomorphic to a hypersurface singularity of type A;.
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(ii) If n is even and char(K) = 2, there is a stratification S = S1 U Sy with

Sy = {;7 €s ) JAu1(n) € x(q)} and Sp:=S\ Sy,

such that all fibers above Sy are regular and every fiber above a point of Sy is isomorphic
to a hypersurface singularity of type A.
(iii) If n is even and char(K) # 2, all fibers of ¢ are regular.

Notice that S; in Theorem B(ii) is a constructible subset by Chevalley’s theorem. More-
over, if K is an algebraically closed field of characteristic 2 then every element in x(7) is
a square for every closed point 7 € S and thus §; = S.

Theorem C (Lemma 4.4.1 and Theorem 4.4.2). The cluster algebra Al,fri“(cn) is isomorphic
to
Kelz1, -+ zni1) /{ P21, - -+ Zn)Zn1 — Pac1(z1, -+ Zu-1)? = Au—2(€)Aulc) )

The singularities of the fibers of ¢: Spec(AE™(C,)) — S are characterized as follows, where
n € S is a closed point:

(1) Let char(K) # 2. The fiber Spec(AErin(Cn))q is singular if and only if n is odd and
—1n € x(y)? is a square in x(n). In the singular case, Sing(Spec( AL (Cn))y) is a

prin

closed point and locally at the latter, Spec(Ac — (Cy))y is isomorphic to a hypersurface
singularity of type A;.

(2) If char(K) = 2, then the fiber Spec(AE™ (Cy,)), is singular if and only if —1j, € x(17)2.
In the singular case, let 6, € x(17) be such that 62 = —n, ' and set p,(17) := SuAn—2(1).
Then, we have:

(a) The singular locus is itself singular if and only if n — 1 = 2m and p,(n) = 1.
() If n —1 = 2mand p,(y) = 1, then Sing(Spec(Afrin(Cn)),?) has an isolated sin-

prin

gularity at a closed point and locally at the latter, Spec( A (Cy))y is isomorphic
to the hypersurface singularity

i 2
Spec(x(n)[x1,. .., Xom, v, 2]/ (yz + ( Z le-_lle-) )

i=1

and Sing(Spec(AErin(Cn))n) identifies along this isomorphism with

|4 <]/z Z, i x2i71x2i)

i=1

which is isomorphic to an hypersurface of type Ay if m > 1 and a union of two lines
ifm=1

(c) At any point q at which Sing(Spec(AF""(Cy))y) is regular, Spec( AL (Cy)y) is
isomorphic to a (n — 2)-dimensional cylinder over the hypersurface singularity

Spec(x(n)[x,y, 2/ (xy — %))
of type A;.
In other words, we have the following cases of stratification:

(i) If char(K) # 2 and n is odd, there exists a stratification S = S LI S, with

S1:= {1765’\/—717,161((17)} and Sp =S\ S
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such that every fiber above a point of Sy is regular and all fibers above S are isomorphic
to a hypersurface singularity of type A.

(ii) For char(K) # 2 and n even, all fibers of ¢ are regular.

(iii) If char(K) = 2 and n is even, there is a stratification S = S1 LI Sy, where

51::{1765’ —nnEK(iy)} and S;:=S\ 5,

such that the fiber of ¢ is reqular above every point of Sy, while all fibers above Sy are
isomorphic and singular. In the latter case, the singular locus of such a fiber is regular
and at every point of the singular locus, Spec( AL (Cy))y is isomorphic to a (n — 2)-
dimensional cylinder over a hypersurface surface singularity of type Ay.

(iv) For char(K) = 2and n odd (n = 2m + 1), we have the stratification S = S1 LI S LU S3,
where (using the notation p,, (1) from (2))

51 = {17 € S‘ —1n € k(1) and p,(n) = 1} ,

Spi={n€s|y=mexn}\si, and S:=8\(51US),

with the property that fibers above two points lying in the same stratum are isomorphic
and
e fibers above points of Sz are regular,
e fibers above Sy are singular with the same description of the singularities as for Sy in
(iii), and .
e if 7 € Sy, then Spec(AY™"(Cy))y is singular and its singular locus is isomorphic
to a hypersurface singularity of type Ai. Locally at the isolated singularity of the
singular locus, the fiber Spec(AL™ (Cy))y is isomorphic to

m 2
Spec(x()[x1,. .., Xom, Y, 2]/ (yz + ( ZxZi_1x2i) ),
i=1
while at any other point of the singular locus, the description of the singularity is
analogous to the one at points of Sy in (iii).

In Case (2)(b), a desingularization can be constructed via three blowups analogous to
the setting with trivial coefficients [1, Proposition 5.5(2)]: First, the singularities of the
singular locus are resolved by blowing up the origin. Then, the strict transform of the
singular locus is regular and thus can be blown up. Finally, we created a component in
the singular locus, which is contained in the exceptional divisor of the first blowup. By
choosing the strict transform of this component as the center for the third blowup, we
resolve the singularities of Spec(AL"" (Cy)).

Theorem D (Lemma 4.5.1 and Theorem 4.5.4). The cluster algebra AP"™(D,) is isomorphic
to Ke[z1, ..., zn—2, 1, Uz, u3, us]/ (1, ha), where

hl = UqUp — UzUg4 — /\n,1 (c)’1u2u4 (I/l11/t3 + Pn_3(Zl, e ,Zn_3)) ,
hz = U3Uy — Pnfz(Zl, .. .,anz) — )Ln_l (C) .
We have the following cases for the fibers Spec(./éllgrm(Dn)),7 of ¢: Spec(Algrm(Dn)) — S

(a) If n =4 and A3(n) = 1, then Sing(Spec(Agrm(D4)),7) identifies with the six coordinate
axes in A° ) along the isomorphism of the first part of the theorem.
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(b) Ifn —2 =2m is even, n > 4, and Ay_1(n) = (—1)"*1, then Sing(Spec(Ar"" (Dn))y)
consists of four reqular, irreducible components Y1, . .., Yy of dimension one and one sin-
gular, irreducible component Yy of dimension n — 3 whose singular locus is a closed point
coinciding with the intersection (i, Y.

(c) Otherwise (i.e., if n is odd, or if n is even and A,_1(n) # 1), then the singular locus of
the fiber is irreducible, reqular, and of dimension n — 3.

The singularities classify as follows:

e Cuse (c): Along its reqular irreducible singular locus, Spec( AL (Dy,)), is isomorphic to
a cylinder over a 3-dimensional hypersurface singularity of type A;.

e Cases (b): Let 0 € Y be the singular point of Yo. Along Yo \ {0}, the situation is the
same as in Case (c). Further, along Y; \ {0}, for i € {1,...,4}, Spec(AL"" (D)), is
isomorphic to an n-dimensional hypersurface singularity of type A1. Finally, locally at 0,
Spec(AL™™ (Dy,))y is isomorphic to the intersection of two hypersurface singularities of
type A1, while Yy is isomorphic to a (n — 3)-dimensional hypersurface singularity of type
Aj.

o Cases (a): The situation is the same as in Case (b) with the exception that Yy is the union
of two lines here and locally at 0, Spec( A" (Dy))y is isomorphic to the intersection of a
hypersurface singularity of type Ay with a divisor of the form V (xy).

In other words, we have:

(1) If n = 4, there is a stratification S = S1 U Sy with
S1:=V(A3(c)—1)C S and Sp:=5\51

such that the singularities of all fibers above points of Sy (resp. S») are as described in
Case (a) (resp. Case (c)) above.
(ii) For n even (n = 2m + 2) and n > 4, we have a stratification S = S1 LI Sp, where

Sl = V(An,1<0) — (_1)m+1) Q S ElTld Sz = S \ Sl P

such that for every n € Sy (resp. 5 € Sy), the singularities of the fiber Spec(./élICer(Dn)),7
are as described in Case (b) (resp. Case (c)) above.
(iii) If n is odd, then the singularities of every fiber of ¢ are classified as in Case (c) above.

In Cases (a) and (b), a desingularization of Spec(Algrin(Dn)) is obtained by two blowups
that are constructed analogous to the situation with trivial coefficients [1, Proposition 4.6(2)(c)]:
First, blow up the origin and then take as the second center the strict transform of Yy U
e UY
Theorem E (cf. Lemma 4.6.1 and Theorem 4.6.2). For k € {6,8}, all fibers of the family
defined by ¢ Spec(.Agrm(Ek)) — S are regular.
The cluster algebra AL (E7) is isomorphic to Ke|z1, . .., z5,u1, ..., us]/ (h1, ha, h3), where
hl = P5(Zl, .. .,25) — u3P2(u1,u2) ,
hz = U3zUg — P4(Zl, e ,Z4) — )\5(0) P
hs := P3(uq,up,us) — Py(z1,...,24) .

The fibers Spec(.Alcarin(]57)),7 of the corresponding family are singular if and only if we have
As(n) = —1. In the singular case, the singular locus is a regular irreducible surface Y and
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locally at Y, the variety Spec(Afrin(Eﬁ),] is isomorphic to a cylinder over a 5-dimensional hy-
persurface singularity of type Ay.
In other words, there is a stratification S = S1 U Sy, where
S1:=V(As(c)+1) CS and S,:=S5\S1,
such that the fibers above every point of Sy are reqular and those above the points of Sy are singular

and locally at their reqular singular loci, Spec(.,él}grin(157)),7 is isomorphic to a cylinder over a 5-
dimensional hypersurface singularity of type A;.

In fact, Lemma 4.6.1 and Theorem 4.6.2 are more general as we put Eg, E7, Eg in a unified
setting in order to avoid treating the three cases separately as in [1, Section 4.3]. Hence,
Section 4.6 also includes results on singularities of certain cluster algebras that are not of
finite cluster type.

Proposition F (Lemma 4.7.1). The cluster algebra AR (Fy) s isomorphic to a trivial family
over K., where each fiber is isomorphic to the corresponding cluster algebra A(Fy) with trivial
coefficients. Since Spec(A(Fy)) is isomorphic to a regular hypersurface in A%, the respective

result holds for the fibers of Spec( AL (Fy)).

Proposition G (Proposition 4.7.2). There is an isomorphism
AE™(Ga) = K ep [, 2] /{xyz —y —c1 =)

A fiber above 1y € S of the family defined by ¢: Spec(AE™(Gy)) — S is singular if and only
if char(K) = 3 and 1 € (1)’ is a cubic element. In the singular case, Spec(AL™(Gy)), is
isomorphic to a hypersurface with an isolated singularity of type Ay at a closed point.

In other words, the following holds:

(i) If char(K) = 3, then there is a stratification S = S1 LI Sy with
Sp = {17 €S Q/ﬂex(n)} and Sp:=S\51,

such that all fibers above S, are regular and every fiber above a point of Sy is isomorphic
to a hypersurface singularity of type As.
(ii) If char(K) # 3, all fibers of ¢ are regular.

Observation 1.5.2. So far, we have investigated the fibers of the map Spec(AF™" (X)) — S
in Theorems A — Proposition G. In order to connect them to statements on the singular-
ities of cluster algebras with coefficients, we observe the following: In each result the
conditions to have a singularity depend only on parts of ¢, ..., ¢, and not all of them. In
particular, recall the definition of A, (¢), Definition 1.5.1(2). Therefore, we could start with
a tropical semifield IP with free set of generators (p1,...,pn) = (c1,...,¢n) (see Subsec-
tion 2.1) and then specialize only those elements c; which are relevant for the existence of
singularities appropriately to +1 or —1 for the condition to be true. As a result, we obtain
a cluster algebra with non-trivial coefficients which has the described singularities.

Remark 1.5.3. In a private conversation, Nathan Ilten pointed out the following to the
authors: If we restrict to (algebraically closed) base fields of characteristic zero, then any

time the exchange matrix B has full rank, the families Spec(AY™ (£)) and Spec(A%}' (%))
admit a torus action that acts transitively on the base, by arguments similar to those in
[14, Section 5]. In particular, all fibers are isomorphic, so the corresponding stratification
in such instances is trivial; e.g., this is reflected in Theorems A, B, C if n is even.

More generally, by their results in [14], it suffices to just add enough frozen coefficients
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to the cluster algebra with trivial coefficients so that the resulting cluster algebra A’ is
positively graded and has full rank. Indeed, in that case, the fibers over the torus of the
universal cluster algebra for A’ are all torus translates, hence isomorphic. Therefore, it
suffices to understand the fibers of A’.

Finally, one of their main results (e.g. [14, Theorem 1.3.1]) is a description of the most
singular fiber over the affine space (still in characteristic zero): it is the Stanley-Reisner
scheme associated to the cluster complex.

1.6. Classification for cluster algebras of rank two. Given a labeled seed ¥ = (x, B), the
corresponding cluster algebra is of rank two if the exchange matrix B is of the form

0 a
2= (4 5)

where a,b € Z are either both zero or are both non-zero and of opposite sign. While
the situation for 4 = b = 0 is rather simple from the perspective of singularity theory
(Lemma 5.2.1), we prove the following result in the other cases:

Theorem H (Theorem 5.2.3). Let X, be the labeled seed of a cluster algebra of rank two and
assume that a,b # 0 using the notation above. Assume that K is algebraically closed. Let

Xy = Spec_(AErin(Zz)),] be the fiber above § = (111,12) € S of the family determined by
¢: Spec(AF™(Zp)) — S.
(1) The singular locus of X, consists of two disjoint components (which are not necessarily
irreducible and which are possibly empty), Sing(X,) = Y, U Y}, where
Yo :=V(a,x] + 12, %2, x1y1 — 11, ¥2) ,
Yy := V(b x1,x5 + 11, y1, X2y — 112)

Note that, up to isomorphism, Y, and Yy, are independent of 1. Notice that Y, or Y, may
be empty depending on the characteristic p := char(K) of K. For instance, we have

a0 modp=Y, =9 and b#0 modp =Y, =0.
(2) Spec(AP™™ (%)) is isomorphic to a trivial family over S, where each fiber is isomorphic

to the cluster algebra corresponding to Xo with trivial coefficients. Hence, fixing 1 =
(11,12) € S, we have

Xy = Spec(K[xy, x5, y3,ya)/ (xqyy =1 = x3, xpyp =1 = x"))
>~ Spec(K[wy, wa, z1,22]/{w1z1 — 1+ wh, wozo — 1+ wh))

(3) Letw, B € Z. be the largest positive integers such that o |aand « 0 mod p, resp. B | b
and B # 0 mod p. We have:

Ya = U V(a/ w1 — C/ w2,Z1 — §_1/ZZ) s

gepq(K)
Yb =~ U V(b,w1,w2 _C/ZIIZZ _g_l) ‘
Zepp(K)
where the disjoint unions range over the a-th (resp. B-th) roots of unity p, (K) (resp. Hp (K))

in K.

(4) If Sing (X ) is non-empty, then the singularities classify as follows: Let Y; ; be a connected
component of Y;, with i € {a,b}. Locally, along Y;;, the fiber X is isomorphic to a
two-dimensional hypersurface singularity of type Apn_1, where m := m(i) is the positive
integer such that |a| = ap™ (if i = a), resp. |b| = Bp™ (if i = b).
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The additional hypothesis that K is algebraically closed is made in order to avoid a too
technical statement. In Remark 5.2.4, we briefly address the aspects that need to be taken
into account if K is not necessarily algebraically closed.

1.7. Summary of contents. In Section 2, we recall all notions and results from the the-
ory of cluster algebras which we need. In Section 3, we introduce the notion of cluster
algebras with generic coefficients and discuss its connection to the case of principal coef-
ficients. The following Section 4 is devoted to the classification results in the finite cluster
type case and their proofs. In particular, we recall the required facts on continuant poly-
nomials (Section 4.1), which are a key tool for our investigations. Finally we address the
singularity theory of cluster algebras of rank two in Section 5.

Acknowledgments. Major parts of the research on this project have been realized dur-
ing a two-week-long stay at the International Centre of Mathematical Sciences (ICMS),
Edinburgh, UK, within their “Research in Groups” program. We are appreciative for the
opportunity to work at the Maxwell House with its stimulating and carefree environ-
ment. We thank the institute for their hospitality. In particular, we are grateful to the staff
whose efforts made the stay a rewarding experience.

The authors thank the anonymous referees whose useful comments helped to improve
the article.

2. CLUSTER ALGEBRAS BASICS

Let us recall some basics on cluster algebras. In contrast to the section on cluster basics
in our previous work [1, Section 2], we also take the case of non-trivial coefficients into
account. For full details on the theory of cluster algebras, we refer to [9, 10, 3, 11].

Let (IP, &, ) be a semifield, i.e., it fulfills the same axioms as a field with the possible
exception for the existence of neutral element with respect to & and for the existence of
an inverse element with respect to ©.

Fix a positive integer n € Z and a field K. The ambient field for a cluster algebra A of
rank 7 is a field F isomorphic to the field of rational functions in 7 independent variables
with coefficients in KIP. Recall that in the ring structure of KIP, the operation @& plays no
role.

Let us point out that [11] treat the more general case over ZIP instead of KIP. Since we are
interested in problems in the context of algebraic geometry, we restrict ourselves to the
case over a field K and whenever we refer to [11], we provide the adapted variant for our
setting. On the other hand, in contrast to many references in the literature, we want to
allow fields K different from Q or C; in particular, we take fields of positive characteristic
into account.

2.1. Cluster algebras of geometric type. A cluster algebra is of geometric type if the coef-
ficient semifield IP is a tropical semifield ([11, Definition 2.12]). Let us recall the definition
of a tropical semifield.

Definition 2.1.1 ([11, Definition 2.2]). Let (IP, -) be a multiplicative free abelian group with
a finite free set of generators (p1,...,pr). We endow P additionally with the auxiliary
addition & given by

: a; b; : min{a;,b; }
[Irfellp =1Tpm".
i=1 ] ]
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Using this addition, (IP, &, -) is a semifield, which is usually denoted by Trop(p1, ..., pr),
the tropical semifield.

Recall that an n-tuple x = (x1,...,x,) of elements in F is called a free generating set if
X1, ..., X are algebraically independent over KIP and F = KIP(x,...,x,).
Moreover, recall that an 7 x n integer matrix B = (b;;) is called skew-symmetrizable if there
exist positive integers dy, ..., d, such that, foralli,j € {1,...,n}, we have

dibij = —d]b]l .
In particular, a skew-symmetrizable is sign-skew-symmetric.

In this article, we will work with the definition of cluster algebras via extended exchange
matrices, cf. [11, after Definition 2.12]. For this let

e y = (y1,...,Yn) be an n-tuple of elements in IP, called the coefficient tuple,

® B = (bjj) be a skew-symmetrizable n x 1 integer matrix, called the exchange matrix,

e x = (x1,...,X,) be an n-tuple of elements in F forming a free generating set,
called the cluster.

Rename the generators p = (py,...,p¢) of the tropical semifield of IP by calling them
Xpit,---, Xm, where m := n + £, and set

X:i= (X1, 0, Xny oo, Xim)-

Since the coefficients y1, . .., y, are Laurent monomials in x,,41, . . ., X;;, we may define the
integers

bijcZ, forjc{l,...,n}andic {n+1,...,m}
via

(2.1.1) yi= T «".

i=n+1

In other words, we are extending the n x n exchange matrix B to an extended exchange
matrix B of size m x n, where

B = (bij)ic(1,...m} je {1} -

Thus, the new entries below B (i.e., those b;; with i > n + 1) are determined by the expo-
nents of x; in (2.1.1). The pair £ = (¥, B) is called a labeled seed.

A key tool for the construction of a cluster algebra is the notion of mutation.

Definition 2.1.2. Let ¥ = (%, B) be a labeled seed and k € {1,...,n}. The seed mutation
in direction k transforms (%, B) into the labeled seed (%, B) := (¥, B'), where:

(1) anew cluster " = (x,...,x;) is introduced via x; := x; if j # kand x; € Fis
defined by the exchange relation:

m m
(2.1.2) xxe= 1] x4 I x;
i=1 i=1
by>0 by <0

Notice that the appearing exponents are the entries of the k-th column of B.
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(2) the new exchange matrix B = (bgj) is of the same size as B and its entries are
determined by

o —bi]' ifi:korj:k,
U7 | bij + sgn(bix) [bikbij] +  otherwise .

Since we are only allowed to mutate in directions {1, ..., n}, the variables (xy, ..., x,) are
sometimes called the mutable variables of (¥, B), while (x,41,...,x,) are called the frozen

variables or coefficient variables of (X, B), cf. [7, Definition 3.1.1], for example.

Note that the seed mutation is well-defined, i.e., y(X) is again a labeled seed in F. Fur-
thermore, i is an involution, i.e., we have p (i (X)) = Z.

Let us point out that a key idea in [4] is to introduce a distinction between the notion
of coefficient variables and that of frozen variables. This allows them to consider cluster
algebras in a relative situation with respect to the coefficient ring, which is then leading
to families of cluster algebras in the universal setting.

While we are also working with families of cluster algebras arising from a relative situa-
tion, we do not have to make a distinction between frozen and coefficient variables. For
more on this, we refer to Section 3.

Recall that the n-reqular tree T, is the infinite simply laced tree such that every vertex v
has n edges and the latter are labeled with the numbers 1, ..., n.

Definition 2.1.3 ([11, Definition 2.9]). A cluster pattern is an assignment of a labeled seed
%t = (%, B;) to every vertex t € T, such that the following property holds:
For every pair of vertices t, ' € T, which are joined by an edge, say with label k, we have

ur(Ze) = L.
Note that we also have pyy(Xy) = X; in the above situation since py is an involution.

Definition 2.1.4 ([11, Definition 2.11]). For a cluster pattern determined by the seeds >; =
(%, Bt), t € T, we set

Xeo=wm={xy|teT,ic{l,...,n}},
teT,

where x¢ = (X14,...,Xnt). We call x;; € X the cluster variables.
The cluster algebra A associated to the given cluster pattern is the KIP-subalgebra of the
ambient field F generated by all cluster variables,

A = KP[X].
For a labeled seed ¥ = (%, B ) = (%, Et) with t € T, a fixed value, we also use the notation

A=AX) =A% B).

By the last part, we may define a cluster algebra also by giving a labeled seed ¥ in F and
to create then a cluster pattern by repeatedly mutating in all possible directions.

Remark 2.1.5 (Quiver perspective in the case of skew-symmetric exchange matrices). Let
2 be a labeled seed. If the exchange matrix B is skew-symmetric, there is an interpretation
of X in terms of quivers.

The quiver Q(B) associated to B = (bij) is the finite directed graph with m vertices,
labeled by 1, ..., m and such that, for i > j there are ]bij| € Z>p many pairwise different
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arrows going from the vertex i to the vertex j, if b;; > 0, respectively, going from j to i, if
bij < 0. In order to distinguish mutable and frozen variables in Q(B), the first are marked
with circles, while the latter are marked with squares.

For example, if the extended exchange matrix is

0 1 0 0
- |21 0 1 0
B=10o -1 0 1

0 0 -1 0

then the resulting quiver Q(B) is the A4-quiver,

O—O—0—G

On the other hand, we obtain for the extended exchange matrix

0 2
=~ -2 0
B= 1 1
0 -1
the following quiver Q(E ):
3

The exchange relation (2.1.2) then translates to

xexe =[] x4 I x;
i—k k—i
Furthermore, there is also a mutation rule for the quiver Q(B), which is compatible with
the mutation of the matrix described in Definition 2.1.2(2). Since this is not relevant for
the present article, we refer to [1, Section 2] for more details and examples.

2.2. Presentations of cluster algebras arising from acyclic seeds. Let us recall a result
on finding a presentation of a cluster algebra A = A(X) without having to determine all
cluster variables. For this, we need to recall the following notions.

Definition 2.2.1 ([3, Definitions 1.14]). Let £ = (¥, B) be a labeled seed F.

(1) The graph I'(B) is defined as the simply laced directed graph encoding the sign
pattern of the matrix B = (b;;), i.e,, I'(B) has n vertices 1,...,n and there is an
edge from i to j whenever b;; > 0. Sometimes, we also write I'(X) instead of I'(B).

(2) The seed X is called acyclic if there exists no oriented cycle in I'(X2).

The following result is a consequence of [3, Theorem 1.20/Corollary 1.21].

Theorem 2.2.2 ([3]). Let & = (X, B) be an acyclic labeled seed and let A = A(X) be the corre-
sponding cluster algebra. For k € {1,...,n}, let x; be the cluster variable which we obtain after
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mutating X in direction k, see (2.1.2) , and let Qx(x) be the binomial given by the right hand side
of the exchange relation (2.1.2) .
We have:

AXKP[xq,..., x5, %1, ..., %]/ {x1x] — Q1(x), ..., xux), — Qu(x)) .

Moreover, (x1x) — Q1(x),...,xnx,, — Qu(x)) is a Grobner basis with respect to any term order
in which x}, . . ., x,, are much more expensive than x1,. .., Xy.

In other words, given an acyclic labeled seed X, we obtain a presentation for the cluster
algebra A(X) by mutating in each direction once. This is connected to the notion of the
lower bound cluster algebra £(X) [3, Definition 1.10], which is a lower approximation for
A(X) in general.

The attentive reader may observe that there is the extra assumption on the seed to be
totally mutable in [3, Theorem 1.20/Corllary 1.21]. The reason for this is that [3, begin-
ning of Subsection 1.1] requires the matrix B in the seed only to be sign-skew-symmetric.
In general, this property is not stable along the mutation rule for the matrix as in Def-
inition 2.1.2. Hence, they define a seed (with sign-skew-symmetric matrix) to be totally
mutable if it admits unlimited mutations in all directions, which means that after any num-
ber of mutations the resulting matrix is again sign-skew-symmetric matrix.

By [9, Proposition 4.5], the mutation of a skew-symmetrizable matrix provides again a
skew-symmetrizable matrix. In particular, the labeled seeds as considered in the present
article, i.e., whose exchange matrices are skew-symmetrizable, are always totally muta-
ble.

2.3. Classification of cluster algebras of finite cluster type. Two labeled seeds =(!) and
>2) in F are mutation-equivalent if there exists a finite sequence of mutations transforming
> into £(?) (up to permutation of the cluster variables).

Definition 2.3.1. Let & = (¥, B) be a labeled seed in F. The corresponding cluster algebra
A(X) is of finite cluster type if the set of seeds is finite.

In the literature, cluster algebras of finite cluster type are sometimes just called cluster
algebras of finite type (e.g. [10, 8, 1]). In order to make a distinction to the notion of
algebras of finite type from commutative algebra, we follow the convention to use the
expression cluster algebras of finite cluster type.

By [10, Theorem 1.4], cluster algebras of finite cluster type can be identified with Cartan
matrices of finite type. For a brief review on this in the case of trivial coefficients, we refer
to [1, Section 2.1]. Examples for detailed references are [10], [8, Chapter 5], or [17, 5.1].
On the other hand, Cartan matrices of finite type are classified by the Dynkin diagrams
Ay, Buy, Cy, Dy, Ee, E7, Es, Fs, Gy, where ny > £ for ¢ € {1,2,3,4}, see [6, Section 6.4] or
[8, Theorem 5.2.6].

This allows us to reformulate the classification theorem of cluster algebra of finite cluster

type ([10, Theorem 1.4]) in the following way. For the connection between the exchange
matrices and the Dynkin diagrams, we refer to [8, Section 5.2].

Theorem 2.3.2. Let ¥y = (X4, Et), t € T,, be a cluster pattern in F and let A be the correspond-
ing cluster algebra. Then, A is of finite cluster type if and only if there exists some ty € T, such
that the exchange matrix By, is one of the matrices in the following list:
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0 1
-1
(An)
0 1
-1 0
0 1
-1
(Bx) 0 1
-1 0 1
-2 0
0 1
-1
-1 0 2
-1 0
0 1
-1
(D) 0 1
-1 0 1
-1 0
-1 0
0 1
-1
0 1
(Ex) 10 1
-1 0
-1 0
0 0
0 1
-1 0 1
(Fa) -2 0 1|’
-1 0

(Ga) (_03 é) .

(n x n matrix), forn >1;

(n x n matrix), forn > 2;

(n x n matrix), forn > 3;

(n x n matrix), forn > 4;

1

0

0

1 0 (k x k matrix), fork € {6,7,8};
0 O

0 1

-1 0

Here, all non-specified entries are zero.

17

Remark 2.3.3. Every matrix in the list of Theorem 2.3.2 provides an acyclic labeled seed
(Definition 2.2.1). In particular, Theorem 2.2.2 can be applied to find a presentation of the

corresponding cluster algebra.
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3. CLUSTER ALGEBRA WITH GENERIC COEFFICIENTS

In this section, we introduce the main object for our considerations on the singularities of
cluster algebras, a generic family from which we may deduce any other cluster algebra
of the same type. After its definition, we recall the notion of the cluster algebra with
principal coefficients associated to a given cluster algebra. Along this, we outline some of
the differences between those two algebras.

3.1. Setup. We fix a labeled seed ~. = (%, B) (as always, of geometric type), where ¥ =
(x1,...,%Xm), B = (bjj) isanm x n matrix such that m > n are positive integers and the
The mutation of X in some d1rect10n ke {1, ...,n}is given by 1 (2) = (¥, B'), where the
cluster variables ¥’ = (x],...,x},) and the extended exchange matrix B’ = (bgj) obey the
following transformation rules (see (2.1.2) and [11, Definition 2.4])

(3.1.1) p— ) b ifi=korj=k,
- T bij +sgn(bix) [bixbyj]+  otherwise ,

(3.1.2) xp=x ifje{l,...,mp\ {k},
g L g R b ~by
(3.1.3) e = [ o™ + ][> 7" = ] ™+ [ .
i=1 i=1 iby>0 itb <0

The cluster algebra A = A(X) corresponding to X is obtained via repeated mutation in
all directions k € {1,...,n} (Definition 2.1.4). Moreover, if X is acyclic (Definition 2.2.1),
Theorem 2.2.2 provides the presentation

(3.14) AZKP[xy, ..., X, x1, -, X/ (1121 = Q1) -, xuxy — Qu(F) ),
where Q (%) := [T, -0 x?“‘ +1ITp,<0 xl-_b" and P = Trop(an, . .,xm).
3.2. Cluster algebra with generic coefficients.

Definition 3.2.1. Let & = (%, B) be a labeled seed as above. Let t = (t,...,t,) and
s = (s1,...,5,) be additional algebraically independent variables. We define the cluster
algebra with generic coefficients A8 = Afin = A% () associated to X as the cluster
algebra given by the labeled seed X8 := L5" := (¥8°", B8*"), where

X8 = (x,s,t) = (X1, .., X, 81, -, S, t1, -, tn)

and B8 is the (m + 2n) x n matrix which we obtain by expanding B by the n x n unit
matrix I, as well as its additive inverse —I,, as additional rows,

N B
B .= | 1,
—1,

We often drop the reference to the coefficients s, t, if there is no confusion possible.

Remark 3.2.2. (1) By Theorem 2.2.2, if ¥ is acyclic, then we have that .A%$" '+ 1S isomor-
phic to

KPx, %, ..., x0]/ (oexp — s [T a0 —t [T 7% [ ke {1,...,n}).

by>0 by <0



)

(3.2.1)

®)

(4)

CLASSIFICATION OF SINGULARITIES OF CLUSTER ALGEBRAS OF FINITE TYPE 1II 19

We observe thatif sy = ty = 1 forall k € {1,...,n}, we regain the original cluster
algebra A = A(X).

Let us stay in the acyclic setting. If we denote by B the skew-symmetrizable n x n
matrix on top of B, then we see that it is possible to obtain A(%, B) from A8 (x, B)
by substituting

se= |1 xf”'k and tr= [] xl._b"" .
i>n:by>0 i>n:by<0
Because of this connection, we choose the name cluster algebra with generic coef-
ficients. Let us point out that this substitution is not a coefficient specialization in
general.
Furthermore, since all seeds which we consider starting from Section 4 are acyclic,
this allows us to reduce our considerations to the case where we only have generic

coefficients, i.e., where we start with a seed (¥, B) = (x, B) for x = (x1,...,x,) all
mutable and B a skew-symmetrizable n X n matrix.

The idea for the cluster algebra with generic coefficients can already be found in
a special case in [9, Example 2.4] with (s, t) taking the role of generators for the
tropical semi-field IP.

As we will see later in Lemma 3.3.2 for acyclic seeds, if we restrict the coeffi-
cients to the torus (K*)?", then Spec(A%}") can be identified with a trivial family
over (K*)", where each fiber is the spectrum of the cluster algebra with princi-
pal coefficients Spec( AP"") associated to B. We recall the definition of AP in
Definition 3.3.1 below.

If we have a seed (%, B), whose exchange matrix B is skew-symmetric, the seed
corresponds to a quiver Q with mutable and frozen vertices, as explained in Re-
mark 2.1.5. The construction of the cluster algebra with generic coefficients trans-
lates in this setting to defining a new quiver Q8" which is obtained as follows
from Q: For every mutable vertex k of Q, we introduce two new frozen vertices,
say ks and k;, with the property that there is a single arrow going from k; to k and
another one going from k to k;. The corresponding matrix coincides with B&" of
Definition 3.2.1.

For example, if Q is the A4-quiver (see Remark 2.1.5), then Q8" is pictured as:

1 s 25 35 45
1 2; 3y 44
This also explains our choice for the names of the coefficients since ks corresponds

to a new arrow with a frozen vertex as source, while k; is associated to an arrow
whose target is frozen.

3.3. Cluster algebra with principal coefficients and its connection to the cluster algebra
with generic coefficients. We recall the notion of cluster algebras with principal coeffi-
cients and relate them to cluster algebras with generic coefficients. As in [14, Section 4.1],
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we consider the slightly more general case, where we start with an extended exchange
matrix B instead of only an exchange matrix B as in [11, Definition 3.1 and Remark 3.2].

Definition 3.3.1. Let & = (%, B) be a labeled seed, where B has size m x n with m > n.
Define

yprin . _ (%prin Eprin)
to be the labeled seed with cluster variables ¥ = (X,c1,...,cy) for new frozen variables

(c1,...,cn) and with extended exchange matrix BP'™ the (111 4- 1) x n matrix obtained by
expanding B by the n X n unit matrix I, as additional rows,

o (B
prin ._
BPY <1n> .

The corresponding cluster algebra AP™M := APHN(Y) := A(XPMM) is called the cluster
algebra with principal coefficients associated to X.

Sometimes we also write A" or AP (%) if we want to emphasize the role of the new
frozen variables ¢ = (¢y,...,¢,) as coefficients.

In the next lemma, we show how the cluster algebra with generic resp. principal coeffi-
cients may be identified for acyclic labeled seeds if we restrict their coefficient spaces to
the torus, where all coefficients are invertible.

Lemma 3.3.2. Let X be an acyclic labeled seed. Since we assume that the coefficients (s, t) of
ABN(E) and c of AP"™ () are all invertible, there exists an isomorphism

Spec(ASY (X)) 2 Spec(AZ™ (X)) x (K*)",
where, on the level of rings, the isomorphism is induced by the morphism
K[c™)[x,y1, ..., yn) @ K[tF1] — K[s*L, t51][x, ], ..., x})]

determined by extending the map K[x] @ K[t*1] — K[s*! til] [, x},... %), fog— f-g
through yi @ 1 — t_'x, and ¢y ® 1+ t, s fork € {1,...,n}.

Proof. Since ¥ is acyclic, Theorem 2.2.2 provides the presentations
AEL(2) = Kol oo x)/(xexg — s [ ] bik _ t, |BEA b | ke {1,...,n})
by>0 by<0
and
ARTNE) = Kl yr, oyl /ey — o T o = T 7™ ke {1,...,n}),
by>0 by <0
where we abbreviate K, ; := K[s*!,+*!] and K, := K[c*!].
Consider A%, (X). Since s¢ and f; are invertible, for k € {1,...,n}, we may multiply the

exchange relation xxx; — s [ xl}.]"k —t IT x; bic = 0 by t. 1. Afterwards, we introduce
by>0 by <0

the new coefficients y; := 1x;( and ¢ := sktk’1 for k € {1,...,n}. Thus, the relation

becomes
/ ’ k —by _
wye —cp T o= [T« =0

bi>0 by <0
As this holds for every k € {1,...,n}, we obtain precisely the exchange relations defining
A" (Z) by identifying v, = yx and ¢, = c. The assertion follows. O
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Remark 3.3.3 (Cluster algebras with universal coefficients). Fixing a labeled seed (%, B)in
F, the Laurent phenomenon [9, Theorem 3.1] states that every cluster variable obtained
by iterated mutation can be expressed as a Laurent polynomial in x¥ with coefficients in
ZP.

Using the notion of cluster algebras with principal coefficients, it is possible to introduce
the cluster algebra with universal coefficients A" (X) = A(Z"V) [11, Section 12]. The
latter is universal in the sense that any cluster algebra of the same mutation type as X can
be obtained from .Au“iV(Z) via a coefficient specialization. For more details, we refer to
the literature, e.g. [11, 21].

Let us only briefly recall that the extended exchange matrix of Z'"V is obtained by ex-
panding B with suitable rows. The latter are coming from the g-vectors of the cluster
algebra with principal coefficients associated to the transpose BT of the exchange matrix.
Here, the g-vectors are determined by the expression of the cluster variables in terms of
the initial variables x.

Notice that the number of g-vectors is equal to the number of cluster variables. Hence, we
only obtain polynomial exchange relations for A" (%) if A(X) is of finite cluster type,
see also Remark 5.1.1.

Suppose that A(Z) is of finite cluster type. As discussed in Remark 3.2.2(2) , it is possible
to obtain A"V () from A%} (X) as a commutative algebra via (3.2.1). Hence, a reader
interested in understanding the cluster algebra with universal coefficients may take (3.2.1)
as definition of an abbreviation to simplify computations so that one has to perform a
substitution in the final results in order to get the counterpart for universal coefficients.
Once again, we remind the reader that this substitution is not a coefficient specialization,
in general.

Nonetheless, let us provide the warning that the substitution requires to determine all
g-vectors of a given cluster algebra of finite cluster type, which is not an easy task in
general. For example, see [21, Section 9], where the rank-2 case is discussed.

4. CLASSIFICATION OF THE SINGULARITIES IN THE FINITE CLUSTER TYPE CASE

We come to the core of the present work. Via a case-by-case study, we classify the singu-
larities of cluster algebras of finite cluster type with generic coefficients. Following Re-
mark 3.2.2(2), we start with labeled seeds of the form ¥ = (x, B), where x = (x1,...,xy)
and B is a skew-symmetrizable n x n-matrix.

As explained before, we stick to the situation where the generic coefficients are invert-
ible. Since all labeled seeds corresponding to the matrices listed in the classification of
finite cluster type (Theorem 2.3.2) are acyclic, we can apply Theorem 2.2.2 to write down
presentations of the associated cluster algebras. Furthermore, since we assume the co-
efficients to be invertible, Lemma 3.3.2 provides that we can restrict ourselves to cluster
algebras with principal coefficients. The extension to generic coefficients of the results
proven for principal coefficients in this section is straightforward and thus, we obtain
Theorems A — E.

In conclusion, the algebra associated to ¥ which we are working with is of the form

Agrln(z) = Kc[x1/~../xn/ylr-..;yn]/<xkyk_Ck H xl'bik - H x;bik ‘ k € {1""’n}>’
by>0 by <0

where we use the abbreviation K, := K[c¢*!] = K[cy,¢; ..., cn, 05 1]
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4.1. Facts about continuants polynomials. As in [1], continuant polynomials are the key

tool for us to deduce a new presentation of AL () which is more suitable for the study
of the singularities. Continuant polynomials have recently appeared in other work re-
lated to cluster algebras, e.g. in [18, 16].

Let us recall some facts on continuant polynomials from [1, Section 3]. This also includes
results whose proofs can be found in [19].

Definition 4.1.1. Let n € Z, . The determinant of a tri-diagonal matrix

n b
c1 2 b

Cn—2 Yn—1 bn—
Cn—1 Yn

(where all non-specified entries are zero) is called a continuant of order n.

We use the notation Py, (y1, .. .,yn) for the continuant which we obtain if b; = ¢; = 1 for
alli € {1,...,n — 1}. We make the convention to put Py := 1.

The particular continuants P, (y1, . ..,Yn) are those which are relevant for our work here.
Hence, we restrict our attention to them even though several of the mentioned results
may be proven in a more general setting.

One verifies that Py (y1) = y1, P2(y1,y2) = vay2 — 1, P3(y1,¥2,Y3) = yiv2ys — y1 — ys.

The following statements follow from the definition of the continuant respectively can be
found in [19, Numbers 545, 547(3), 561(4)].

Lemma 4.1.2. (1) All terms of Py(y1,-..,Yn) can be obtained from the monomial yy - - - yp
by replacing every pair of consecutive y; by —1.
This implies that Py (y1, ..., Yn)<2, i.e., the terms of order at most 2 of P, (y1,...,Yn) are

of the following form, fork € Z..:
2% 2k

(@) Py(yr, - ya)<2=1—=3Y_ Y yor_1yom =
(=1 m={
=1—wyiya—yiya — - —Y1Yak — YaYa — - YsYya — - — Yak-1Yak
2%k+1
(b) Payes1(Y1, - Yaks1)<2 = Y, Yoro1 = Vi + Y3+ + Yaks1
=1

2%k+12k+1
(© Pyo(Y1, - Yaks2)<2 = =14 Y Y Yor1VYom =
(=1 m=/{

=—-1+wyny2+yiya+ - +Y1Yas2 +Ysya + -+ Yakr1Yakr2

2%+2
(d) Paeys(Vi, - Yaes)<a = — Y Yoro1 = —Y1 — Y3 — - — Yaks3 -
=1

(2) The continuant polynomial P, (y1, ..., Yy,) is symmetric,

Pu(y1, - yn) = Pulyn, -, 1) -
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(3) Fork € {1,...,n— 1}, the recursion
Pu(yr, - yn) = Py, - ¥i) Pa—ik Wi, - - - Yn) — Peca (Yo Yk—1) Puoi1 (Y2 - Yn)
holds. In particular, we get for k =1,
Pa(yr, - yn) = y1Pua(y2 -+, Yn) = Pu2(y3, - ¥n)
(4) The derivatives are, fork € {1,...,n},

apn(]/lz .- -/yn) _ Pkfl
Wk
In particular, we have for k =1,
apn(yl, . .,yn)
ayl

(W1 Y1) Pk (Yks1, - -, Yn)

= Pn—l(yZ/- . '/yi’l)

From the perspective of singularity theory, the following result is proven in [1].

Proposition 4.1.3 ([1, cf. Lemma 3.7 and Proposition 3.8]). Let x be any field. For n € Z
and a parameter A taking values in x, we define the following family X,, x of varieties over x

Xy = Spec(K[y1, ..., yn]/{Pa(y1,.. ., yn) + A)).

We have that X,, » is singular if and only if n = 2m is even and A = (—1)""1,

Moreover, if X,, ) is singular, then it is has only an isolated singularity of type Ay at the origin. In
particular, the singularities are resolved by the blowup with center the origin.

While the above statement is characteristic-free, we warn the reader that the condition
A = (—1)"*1 varies with the characteristic.

Observation 4.1.4. We consider the family ¢: X, » — S over the base S := Spec(«x[A]) =
AL. Proposition 4.1.3 implies that there is a stratification S = Sy LU S1, where

So:=AN\V(A—(=1)"") and S :=V(A—(=1)""),

such that the singularity type of the fibers of the family given by ¢ is fixed along S; and
So, respectively.

4.2. Type A,. We begin our study with the singularities of cluster algebras of finite clus-
ter type Aj.

Observation 4.2.1. For n = 1, we have AL (A7) = K¢, [x1,y1]/ {x1y1 — c1 — 1) by (4.2.1).
We observe that x1y; — c; — 1 = Py(x1,y1) — c;. For the family ¢: Spec(AF™ (A1) — S
a closed point 7 € S is singular if and only if the image of ¢; + 1 is zero in x(7). In
the singular case, the fiber is V(xy1) C Aiw) which is a union of two lines meeting
transversally in the unique intersection point. Blowing up the intersection point resolves
the singularities.

Fix n > 2. Following Theorem 2.3.2, we choose in the initial labeled seed £ = (x, B) the
n X n matrix
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The corresponding cluster algebra with principal coefficients ¢ = (cy, ..., c,) (with values
in K¥) is

(4.2.1) APN(T) = K, x, yy X1y1 — o1 — X2
< XkYk — CkXk—1 — Xk4+1
XnYn — CnXp—1 — 1

kE{Z,...,n—1}>,

where x = (x1,...,x,) and y = (y1,...,Yn).

We often also write AE““(An) instead of AE“'“(Z) in order to emphasize that we are con-
sidering the finite cluster type A,.

Following the strategy applied in [1], we first determine a new presentation which has
fewer relations than the one just given. This will reveal a close connection to the case of
trivial coefficients and in particular to the singularity theory of continuant polynomials
as discussed in Proposition 4.1.3.

Recall that we introduced in Definition 1.5.1(2) the expressions

s s+1
Aas(c) = H Cz_al and  Axgyq(c) = H cz_ﬂ(lf1 , forc=(cy,...,cy) invertible .
a=1 a=1

Proposition 4.2.2. Let n > 2. The cluster algebra Afrin(An) is isomorphic to K¢[z1, . .., Zut1]/ (fu)
(indeed, it is an isomorphism over K.) with

fn(zlz-~~rzn+l) = n+1(zll~ . ~/Z1’1+1) - /\H(C) ’

where Py11(21, .. .,2,-1) is the continuant polynomial defined in Section 4.1.

Proof. Consider the presentation (4.2.1) of AP™(A,,). The exchange relations are
X1Y1 = C1 = X2 = XYk~ CkXk—1 — Xkl = Xpln — CnXp-1—1 =0,

where k € {2,...,n — 1}. Since the coefficients ¢ = (ci,...,c,) are invertible, we may
introduce the change of variables

’ =1
~ —1 Yoy = -1
Xor = [ [ 31 Y= xu1] ]y
a=1 a=1
(4.2.2) ¢ ¢ (—1
~ ~1 ~ — —1
Voo i= Yo [ T eannczy V1= Yo ] g [ Tea,
a=1 a=1 a=1

for 2¢,2¢ —1 € {1,...,n}. Note that X; = x; and y; = y1c1’1. In Remark 4.2.3(1), we
provide the idea how this change of variables arises.
By substitution, we obtain

x1y1—c1—x2 = (511 — 1 —x2)

(4.2.3) Xk — kX1 — X1 = A(€) T (Blk — X1 — Fk1) , k€ {2, n—1}

XnYn — CnXp—1 — 1= )\n(c)_l <5Cvngn — Xp1— )\n(c)>
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where A, (c) is the term defined in the statement of the proposition,

5
[Teow, ifk=2¢,
_ =1
Aele) ™t = ae
[T, ifk=20-1.
a=1

Hence, up to multiplication by an invertible factor, the exchange relations are
(424) 3?1?1 —1- 3?2 = fk]?k — fkfl - J?k+1 = fn]?n — fn,1 — /\n<C> = 0,
fork e {2,...,n—1}. Set fy := fu(Xn—1,Xn,Yn) := XnYn — Xn—1 — An(c).
The remainder of the proof is almost identical to the proof of [1, Lemma 4.1]. The only
difference is that the remaining term is 1 in loc. cit., while it is A, (c) here. Let us outline
the arguments.
We abuse notation and drop the tilde, i.e., we write x; instead of Xy and y; instead of y.
Using Lemma 4.1.2(3), we deduce recursively from (4.2.4) that the (k — 1)-st exchange
relation can be rewritten as

xp = Pe(x1,y1,-- -, yk-1) forke{2,...,n}.

We substitute the variables x; and thus we get rid of the corresponding exchange relation
in (4.2.1). We are left with f,, = 0 only. If we express f, as a polynomial in the variables
(x1,Y1,--.,Yn), we get (again using Lemma 4.1.2(3)) that

fn(xllyll'”/y?’l) = n+1(x1/]/1,---/ n) _/\H(C) .

Remark 4.2.3. (1) If we express (4.2.2) in terms of the factors Ay (c) we obtain:
(4.2.5) Xk = XpAp_1 (C) and ]7]( = yk)xk(c)/\k,1 (C)il, fork € {1, R ,7’1} ,

s s+1
where we remind the reader that Ay (c) = ] | ¢yl and Agsi1(c) = I o1
a=1 a=1

(2) Via a suitable change of variables using Lemma 4.1.2(1), we may deduce from
Proposition 4.2.2 for n = 2s even another presentation whose relation is inde-

pendent of ¢, namely AL (As) = K¢[Z]/(Pss1(Z) — 1). The reason behind this
is that the constant term of the corresponding continuant polynomial Py 1(z) in
Proposition 4.2.2 is zero. As this is not relevant for our further investigations, we
do not go into details here.

Let us reformulate the missing part of Theorem A. Its proof is a consequence of Proposi-
tions 4.1.3 and 4.2.2. Recall that we always have S := Spec(K).

Theorem 4.2.4. Let n > 2. Consider the family defined by ¢: Spec(AP™(A,)) — S. Fora
closed point 17 € S, the fiber Spec( AL (Ay)), is singular if and only if
n=2m—1 and Ay,_1(n) =(—-1)".

In the singular case, the fiber is isomorphic to an isolated hypersurface singularity of type A;.

Proof. By Proposition 4.2.2, we have

AP (An) 2 Kelzt, - zwit) /(Pasa (20, Zus1) — An(€))
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s+1
where Ay (c H coq and Apsi1(c H Cop—1-

By Proposition 4 1. 3 the fiber Spec( (;7) [zl, o Znt1]/ (Pus1(2z1, - -, Zns1) — An(7)) ) is sin-
gular if and only if n +1 = 2m and A, (1) = Azm_l(q) = (—1)". Furthermore, Proposi-
tion 4.1.3 implies if the fiber above 17 in Spec(AL™" (A,)) is singular, then it has an isolated
singularity of type A; at the origin.

Note that the coefficients of the polynomial P,+1(z1,...,2s+1) — Au(c) of the presentation

for A" (A,)) (Proposition 4.2.2) are contained in {—1,0,1} in the singular case. There-
fore, there is no dependence on the ground field. In particular, we do not have to take
p-bases into account and the computations in the relative setup (i.e., the computation of
the singular locus relative to Spec(x(#))) already provide the singular locus. O

4.3. Type B,. Following the alphabetical ordering, we continue with cluster algebras
with principal coefficients of finite cluster type B, for n > 2.

By Theorem 2.3.2, the exchange matrix of the initial labeled seed £ = (x, B) can be taken
as the n x n matrix

0 1
-1 0 1
-2 0

and thus, by Theorem 2.2.2, the corresponding cluster algebra with principal coefficients
has the presentation

(4.3.1) AP™(B,) = K [x, y]/ X1y1 — €1 — X2
XkYk — CkXk—1 — Xk+1
Xn—1Yn—-1 — Cn—1Xn— Z_x
XnYn — CnXp—1 — 1

ke{2,.. n—2}>,

where (¢,x,y) = (c1,...,Cn; X1, -+, Xn; Y1, - - ., Yn) and similar as before, we use the nota-
tion AP""(B,) := AL™(Z) to indicate that we are in the finite cluster type B,,.

We deduce the following new presentation, which simplifies the computations for the Ja-
cobian criterion. The methods for the proof are closely related to those applied in Propo-
sition 4.2.2.

Lemma 4.3.1. There exists an isomorphism over K,
AIC)rln(Bn) = KC [le cecy Zn—ll u]/ MZ, M3] / <gl’l/ hn> 7
where the generators of the ideal on the right hand side are

= (12 = 20(€)) s = Auca () 10 = Py 202)

hn = UUp — /\H(C) — Pn—l(zll- . -/Zn—l) P

s+1
for Ax(c) as defined in Proposition 4.2.2 (i.e., Ays(c H o and Agsi1(c H o 1) and,

as before, P,_ and P, _3 are the continuant polynomzals dzscussed in Section 4.1.
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Proof. As in the proof of Proposition 4.2.2, we perform the change of variables (4.2.5),

5CVk = xk/\k_l(c) and gk = yk)Lk(C))\k_l(C)_l, for k € {1, ce ,1’1} ,
and it follows that the first k — 2 exchange relations in (4.3.1) can be rewritten as (up to
multiplication by an invertible factor)
(4.3.2) flg]—l—fz = fkgk_fkfl_karl =0, forke {2,...,1’1—2}.
On the other hand, applying the above substitution to the polynomials of the remaining
relations, we see that the missing relations become (up to multiplication by an invertible
factor)
(433) fnflgnfl — fn_z — /\nfl(C)_lf% = fngn — fn,1 — /\n(C) =0.

We proceed analogous to the proof of Proposition 4.2.2 resp. as in the proof of [1, Lemma 5.1].
We abuse notation and drop the tilde in x and y. The relations (4.3.2) provide the substi-
tutions

e = Pe(x1, 11, ,yk-1) forke{2,...,n—1}.
Consider hy, := x,yn — Xp—1 — An(c) and

n = (xnflynfl — Xp—2 — Anfl (C)ilx%) + ynflhn =

= (xnyn — An(0)>yn71 — Xy — Apo1(c) a2 .

Applying the substitution for x»,...,x,_1 and renaming the variables leads to the state-
ment of the lemma. O]

Taking the proof of [1, Proposition 5.2] as guideline, we can show the remaining part of
Theorem B.

Theorem 4.3.2. The following characterization holds for the fibers of ¢: Spec(AE™(B,)) — S
with n € S being a closed point:

(1) Ifn = 2m+ 1is odd, then the fiber Spec(.AIC)ri]n(Bn)),7 of ¢ above 17 is singular if and only
if An() = (=1)"*1.

(2) If n = 2m is even, then the fiber of ¢ above 1 is singular if and only if char(K) = 2 and
Au_1(n7) € x(n)? is a square.

In the singular cases, the singular locus is a closed point and the fiber Spec(A}grm(Bn))n is locally
isomorphic to a hypersurface with an isolated singularity of type Ay.

~Y

Proof. We use the presentation APN(B,) 2 Ke[z1, ..., 201, U1, Uz, u3] / {gn, hy) deduced in
Lemma 4.3.1. Since dim(Spec(AX™(B,)),) = n, we have to consider the 2-minors of the
Jacobian matrix

Jac(By) :=TJac(gn, hn; 21, - - -, Zn—1, U1, Uz, U3)
in order to determine the singular locus. The columns corresponding to the derivatives
by (u1,uz, uz) are

upuis —2A,1(n) " tuy  wuz  wgun — Au(n)
U Uup 0

and the vanishing of the maximal minors of this sub-matrix provide the following rela-
tions for the singular locus (taking into account that A,,_1(7) is invertible)

(4.3.4) 2uf = up(uguz — Au(n7)) = ur(uguz — Au(y7)) = 0.
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First, suppose that char(K) # 2. Then, (4.3.4) is equivalent to u; = uy = 0. This provides
that g, = h, = 0is equivalent to

(4.3.5) )\n(ﬂ)ug, + Pn,z(zl, AN ,Zn72) — n—l(zlr ce /Zn—l) + /\n (77) =0

and that the transpose of the last column in Jac(B,,) becomes (—A,(#), 0). Therefore, the
inclusion

Sing(Spec( AL (By))y) C Sing(V(Pu—1(z1,- .-, z0-1) + Au(1)))

holds. By Proposition 4.1.3, the singular locus on the right hand side is non-empty if and
only if n — 1 = 2mis even and A, (17) = (—1)"*1. In particular, Spec(AL™"(B,)), is regu-
larif nis even or if n = 2m + 1 and A, (17) # (—=1)"*L.

Hence, assume n = 2m + 1 is odd and A,(7) = (—1)"*!. Then, the hypersurface
determined by the polynomial P,_1(z1,...,2z,—1) + Ax(7) has an isolated singularity at
V(z1,...,2z4—1). Especially, its derivative by z,,_1 has to vanish; in other words, we have
Py_2(z1,...,2n—2) = 0 by Lemma 4.1.2(4). Using this, the first equality of (4.3.5) is equiv-
alent to 13z = 0. Therefore, we deduce that

Sing(Spec(AP™™ (Bx))y) = V(21 - .-, Zn_1, 111, s, i3) (if char(K) # 2).

Let us determine the singularity type. Locally at the origin u112 — A, (77) is a unit and thus

gn = 0 can be used to eliminate the variable u3. As the latter does not appear in h;,, the

elimination of u3 has no effect on h,. By Proposition 4.1.3, the hypersurface defined by

Poy(z1,. .., zn-1) + (=1)""1 € x(n)[z1, . . .,2,_1] has an isolated singularity of type A; at
prin

the origin. It follows from that Spec(Ac ~ (By)); is locally isomorphic to a hypersurface
singularity with an isolated singularity of type A; at the origin if char(K) # 2.

It remains to handle the case char(K) = 2. Here, (4.3.4) only provides
(436) ua(uniez = Au(y)) = wi(niz = Au()) = 0.

We make a case distinction for uq (u1uz — Ay (7)) = 0. If 13 = 0, then the same arguments
as in char(K) # 2 lead to an isolated singularity at the origin, which is locally isomorphic
to a hypersurface of type Ay, if n = 2m +1and A, () = (—=1)"+1,

Suppose that ujuy — A, (17) = 0. Since A, () is invertible, so are u; and u,. We have that
gn = hy, = 0is equivalent to

4.3.7) An_l(iy)_lu%+Pn,2(zl,...,zn,2) = P,1(z1,...,24-1) = 0.

In particular, P,_»(z1,...,2z,—2) is invertible. The vanishing of the minor of Jac(B,,) corre-
sponding to (z,_1, u2) is equivalent to uz = 0.

Taking the latter into account, the transpose of the column of Jac(B,) given by the deriva-
tives by uy is (0, u1). By considering the minors coming from the columns determined by
(zi,up), fori € {1,...,n — 2}, we get

Sing (Spec(AL™™ (Bx))y) \ V (21, - - -, Zu_1, U1, i, u3) =
= V(uguz — Au(1), u3, 2p-1) NSIng(V(Py—2(21, ..., 20-2) + Au_1(n) " 'ui),

where we use P,_»(z1,...,2z4—2) invertible, P,_3(z1,...,24-3) = %j’”) =0, and
Py 1(z1,--.,2n-1) = Py—2(z1,.-.,2n-2)2n—1 — Py—3(2z1,...,24—3) in order to deduce the
condition z,,_1 = 0.

As before, by Proposition 4.1.3, Sing(V (Py—_2(z1, - - .,2n—2) + Ay—1(17) 'u?) is non-empty
if and only if n —2 = 2m is even and A,_1(17) 'u? = 1 (using char(K) = 2). Notice

that u? = A,_1(n) is only possible to hold if A,_1(7) € k()% I Ay (n) € K(ij)z and let
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pn-1(17) € x(n) be such that A,_1(17) = p,_1(n)?. Then we have a singularity at the closed
point

q:=V(u1 + pn-1(1), uz +pn,1(17)_1)&,1(;7),u3,zl, e Zpoq) ifn—2=2m.

For the singularity type, we have already seen that /, is equal to a unit times z,,_; plus
some term independent of z,_1, locally at . Hence, we may perform a substitution to
eliminate z,,_. Since g, is independent of z,,_1, the latter has no effect on it. Furthermore,
if we introduce the local variables vy := uy + p,_1(%7) and v2 := uyuy + A, (77) at g, we get
(using char(K) = 2 and n = 2m — 2)

g = (urua + Au())uz + Auca () ' + Py a(ze, .., 20 2) =
= otz + (on—1(17) 101)> + 1+ Po(z1, . . ., Zom) -

Since Py (z1, ..., 22m) +1 = 0 (considered as hypersurface in Spec(x(#)]z1, . .., zom]) has

an isolated singularity of type A; at the origin (Proposition 4.1.3), we conclude that, lo-
prin

cally at g, the variety Spec(Ac  (By)); is isomorphic to a hypersurface with an isolated
singularity of type A; at g.

Since hypersurface singularities of type A; have integer coefficients, we obtain that the
relative singular locus (which we determined via the derivatives with respect to the vari-
ables (z1, . ..,zy—1, 11, Uz, u3) only) already provides the singular locus and it is not neces-
sary to take a p-basis of x(#) into account. This ends the proof of Theorem 4.3.2. O

4.4. Type C,. Next, we consider cluster algebras with principal coefficients of finite clus-
ter type C,, where n > 3.

The exchange matrix for the initial labeled seed of our choice is the n x n matrix

0 1

(by Theorem 2.3.2), which leads to the presentation
(44.1) APT(Cy) 2 K[, yy

X1Y1 —C1 — X2
< XkYk — CkXk—1 — Xk+1

2
XnlYn — CnXj_q — 1

k6{2,...,n—1}> ,

(by Theorem 2.2.2) with (¢, x,y) = (¢1,...,Cn; X1, -, Xu; Y1, - - -, Yn) and using the notation
AP™(C,) analogous to the previous cases.

Lemma 4.4.1. The cluster algebra Aﬁ’ri“(cn) is isomorphic over K. to

KC [Z].I e /Zn+1] / < Pﬂ (le s lzfl)ZVH-] - Pn—l <le e an—1>2 - )\n72<c>)\n(c) >
with Ay_2(c), Ay(c) as defined in Definition 1.5.1(2) and P,_1, P, the continuant polynomials
defined in Section 4.1.

Proof. The proof is almost the same as the one for Proposition 4.2.2 with the only differ-
ence that we have x,zl instead of x, in the last exchange relation.
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We use the change of variables (4.2.5),
X = xA_1(c) and U = yAr(e) A1 (e) Y, fork e {1,...,n},

so that the first k — 1 exchange relations of (4.4.1) become after multiplication with an
invertible factor

(4.4.2) f1g1—1—372 = fkgk_fkfl_karl =0, forke{Z,...,n—l}.
Furthermore, if we define ?n := An—2(c)¥» (Which has no effect on (4.4.2)), we get

Xnyn — CnXp_g — 1= Aua(e) " Au(e) ™! (fnijn — X - An—2<c>/\n(c)> .
Here, we use that A,(c)™! = ¢, - Ay_2(c)~!, which follows from its definition (Defini-
tion 1.5.1(2)).

Again, we abuse notation and do not write the tilde anymore. Using (4.4.2), we can
substitute x; = Pr(x1,y1,...,Yk-1) fork € {2,...,n} and the claim of the lemma follows.
O

Using the proofs of [1, Propositions 5.4 and 5.5] as blueprint, we finish the proof of Theo-
rem C. The missing part is

Theorem 4.4.2. The singularities of the fibers of the family ¢: SpeC(Algrin(Cn)) — S are char-
acterized as follows, where nj € S is a closed point:

(1) Let char(K) # 2. The fiber Spec(AE’rin(Cn)),, is singular if and only if n = 2m + 1

and —n,, € x(n)* is a square in x(n7). In the singular case, Sing(Spec(AE™(Cn))y) is

a closed point and locally at the latter, Spec(AL™" (Cy))y is isomorphic to a hypersurface

singularity of type A. .
(2) If char(K) = 2, then Spec(AL™(Cy)), is singular if and only if —n, € x(n)* is a
square in x(n). In the singular case, let 5, € x(n) be such that 62 = —n, ! and set

Pn(1) := 0uAu_2(n). We have:
(a) The singular locus is itself singular if and only if n —1 = 2m and p,(17) = 1.
(b) If n —1 = 2m and p,(17) = 1, then Sing(Spec(AL""(Cy))y) has an isolated sin-
gularity at a closed point and locally at the latter Spec( A% (Cn))y is isomorphic to
the hypersurface singularity

m 2
x2i—1x2i> >

Spec(x(1)[x1,-- ., Xom, Y, 2]/ (yz + (
i—1

1

and Sing(Spec(Afrin(Cn))U) identifies along this isomorphism with

m

V(]// z, Z x2i—1x2i)
=1

which is isomorphic to an hypersurface of type Ay if m > 1 and a union of two lines
ifm=1
(c) At any point g at which Sing(Spec(AL™(Cy))y) is regular, Spec(AE™" (Cy)y) is
isomorphic to a (n — 2)-dimensional cylinder over the hypersurface singularity
Spec(x (1) [x,y, 2]/ {xy — 2*))
of type Aj.
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prin

Proof. Consider the presentation Ar  (C,) = K¢[z1,...,2n41]/ (hy), for

hy := Pu(z1,.--,2n)Zn+1 — Pu—1(21, - - .,zn_l)2 + un(c),

where we abbreviate y,(c) := —A,_2(c)A,(c) (Lemma 4.4.1).
As the derivative of h, by z,.; has to vanish for a singularity, we get the condition
Py(z1,...,2z4) = 0. Using the latter, 1, = 0 is equivalent to (for the fiber)

(4.4.3) Py1(z1,...,20-1)* — Ha(y7) = 0.

Since p,(17) = —17,7 ' Au_2(n)? (by the definition of A, (1), Definition 1.5.1(2)), the equation
(4.4.3) can only be fulfilled if —7,, € x(57)* is a square.

Suppose there exists 6, € x(1) such that 62 = —7, 1. Recall that we defined in the state-
ment 0, (77) = 6,An—2(7) so that u,(17) = pa(17)?. Then, (4.4.3) can be rewritten as

(4.4.4) Pyo1(z1,- -+ 20-1) = £pu(n) -

Taking the last equality and p,(7) being invertible into account provides that the vanish-
ing of the derivative of h, by z, is equivalent to z,,y; = 0.

Assume char(K) # 2. By induction on k, one can show that

_ oh, _ oh,
" aZn-i—l aZn—Zk
lead to
(@) zng1 = - = zZp_oky1 = 0;

(bx) Pook—1(z1, - zn-2-1) = (=1)¥(Lpa(n));
(cx) Py—o(z1,.--,2n—2k) = 0.

This follows the same way as the analogous statements in the proof of [1, Proposition 5.4].
Thus, we only outline the arguments. The case k = 0 was shown just before. For the
induction steps we have:

e (ar) and Lemma 4.1.2(1) provide

(445) PQk(Zn,Zk, ce ,anl) ==+1.
Then (ap), (bo), applying Lemma 4.1.2(4) for 32,?7}[;;(71 ,and char(K) # 2 imply (cg1).

e Lemma 4.1.2(3) applied to P,_ok(z1,...,24-2), (b), and (cks1) yield z, o = 0.
Then, Lemma 4.1.2(3) applied to P, _ox—1(z1,...,2y—2¢—1), (b), and (cx;1) provide
(brt1)-

e Lemma 4.1.2(4) for azf,h;“k,zf (bo), (brs1), and Poi1(zy_2k-1,0,...,0) = %2z, 2% 1
(via Lemma 4.1.2(1)) finally imply z,,_ox—1 = 0 and thus (ay1).

For the assertion on the singular locus we have to distinguish two cases depending on

whether 7 is even or odd. First, let us look at n = 2m. To have a singularity, we have to

oh .
have o = 0,i.e.,

0="Py1(z2,-..,zn)zns1 — 2Py—1(21, - ., Zn—1)Pu—2(22, . . ., z0—1) = —=2(xpn(n))(£1),
where the last equality uses (ap), (bg), and (4.4.5) for k = m — 1. Since the term on the right

hand side is invertible, we arrived to a contradiction, i.e., Spec(AErin(Cn)),, is regular if
n = 2m and char(K) # 2.
Suppose that n = 2m + 1. First, (a,) states thatz; = - - - = z,,41 = 0and (c;,) yields z; = 0.

Therefore, Spec(AErin(Cn)q) either has an isolated singularity at the origin or is regular.
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Moreover, (b,,_1) and z; = 0 provide +p,(17) = (—1)™ and hence u,(17) = pu(n)? = 1.
Therefore, we get

hy = Poms1(z1, - -, Zom+1) Zoms2 — (Pom (21, - - 2om) + 1) (Pom (21, - - -, 22m) — 1) .

Let us look at the local situation at the origin. By Lemma 4.1.2(1), Poy(z1,...,22m) is a
unit and hence, it makes sense to define w11 := Pay11(21, ..., 22m+1) as local variable
replacing zp, 41 using Lemma 4.1.2(3).

If m is odd, then Py, (21, . ..,22m) — 1is a unit (Lemma 4.1.2(1)) and the exists a local coor-
dinate change (ws, ..., Way ) in (21, . .., zom) such that Py, (21, ..., 2om) +1 = Y11 woj w0,
(Proposition 4.1.3).

On the other hand, if m is even, Py, (21, ...,22m) + 1 is a unit and, for a suitable choice of
local variables, we have Pay, (21, ..., 2zom) — 1 = Y/" woi—1wy;.

In conclusion, we get I, = Wop11Zom+2 — € Yjrq Wai—1Wy;, for some unit €, which implies
that Spec(ALX™"(C,),) has an isolated singularity of type A at the origin (under the hy-
potheses char(K) # 2, —, € x(7)?, and n = 2m + 1).

It remains to handle, the case char(K) = 2. Recall from the beginning of the proof that in
order to have a singularity, the conditions —1,, € K(;y)z, Zpt1 =0, Py(z1,...,24) = 0, and
Py-1(z1,.-.,2n-1) + pn(7) = 0 (cf. (4.4.4) and use char(K) = 2) must hold. Moreover, we
have

2
hy = Pu(z1, ..., 2Zn)Zn+1 + (Pnfl(zlr---/znfl) +pn(17)) -

Notice that the vanishing of z, 1 implies that all partial derivatives gZZ fork e {1,...,n}
automatically are zero since char(K) = 2. Hence, we get

Sing(Spec(AP™(Ca))y) = V(zus1, Pa(z1, - 20), Pu1(21, -+, 20 1) + pu(1) )

(446) = V( Zn+1, Wn, Pﬂ—l(zll S /Zn—l) + Pn(ﬂ) ) =:D ’

where w,, := 0,,(#)zn + Py—2(21, .. .,2,—2) is a variable that can be used to replace z, since
px(7) is invertible.

By Proposition 4.1.3, D is singular if and only if n —1 = 2m is even and p,() = 1
(again take char(K) = 2 into account). Moreover, if Sing(D) # &, then D has an iso-
lated singularity at the origin and D is isomorphic to a hypersurface singularity of type
Aj. In particular, locally at the origin, P,_1(z1,...,2,—1) is a unit and we may choose
local variables (w1, ..., w,_1) coming from (z1,...,z,-1) as well as x, := Py(z1,...,24) =
Py_1(z1,.-.,2n-1)2Zn + Pu—2(z1, ..., 24—2) replacing z, such that

m 2
hy = xnzpi1 + (Z w2i—1w2i> :
i—1

On the other hand, locally at a point of D which is different from the origin, the variety
Spec(AE™(Cy)y) is isomorphic to a cylinder over a hypersurface singularity of type A;,
V(xuzns1 + x%) C Spec(x(n)[xn,zns1,x]), where we choose x := P, 1(z1,...,2,-1) +
0n (1) as local variable.

Finally, if Sing(D) = @, then at every point of D, the situation is the same as in the
previous paragraph.

As in the proof of Theorem 4.2.4, we deduced local hypersurface presentations for which
the respective defining polynomial has integer coefficients. Hence, we do not have to take
a p-basis of x(7) into account. This finishes the proof of Theorem 4.4.2. O
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4.5. Type D,,. We turn our attention to cluster algebras with principal coefficients of finite
cluster type D, with n > 4.

We choose the initial labeled seed ¥ = (x, B) with exchange matrix B given by Theo-
rem 2.3.2 as the n X n matrix

0 1
-1
B = 0 1
-1 0 11
-1 0 0
-1 0 0

The corresponding presentation of the cluster algebra AP(D,) = ARTV(E) resulting
from Theorem 2.2.2 is

(4.5.1) AgmUlJSEKJ%yy/Myl—Cl—xZ
XkYk — CkXk—1 — Xk41
Xn—2Yn—2 — Cn—2Xp—-3 — Xp—1Xn
XeYe — Coxp—2 — 1

te{n—1,n}

k€{2,...,n—3}>

with (¢, x,y) = (c1,-- -, Cns X1, - -, X3 Y1, - -+ Yn)-
Lemma 4.5.1. There exists an isomorphism over K,
AZ"N(Dy) = Kelz1, .. 202, w1, g, u3,us) / (b1, ha)

where
hy := uquy — uztty — Ay—1(c) Mupuy (uruz + Py—s(z1, ..., 20-3)) ,

hz = U3Uy — Pn_z(Zl, N ,Zn_z) — )\n,1 (C) .
for Ay_1(c) as defined in Definition 1.5.1(2) and P,_5, P,_3 the continuant polynomials of Sec-
tion 4.1.

Proof. Analogous to before, we introduce
X = xA_1(c) and U = yAr(e) A1 (e) Y, fork € {1,...,n -2},

so that the first k — 3 exchange relations in (4.5.1) become (after multiplication by an in-
vertible factor)

(4.5.2) 371]71 —1-x = fk]?k — X1 — X1 = 0, forke {2,. Lo,n = 3} .

Notice that we left x,,_1, Xs, Yu—1,y» unchanged so far. For the polynomial determining
the remaining exchange relations, we get

Xn—2Yn—2 — Cn—2Xn—3 — Xp—1Xn = )\n 2(c)” (xn 2n—2 — Xn—3 — Ap—2(€)Xp_1xn) ,
Xn-1Yn-1— Cn1Xn—2 — 1 = Ay 1(c) M (Au—1(€)Xp-1Yn—1 — Tn—2 — An-1(c)) ,
Xnln — CnXn—2 — 1 = Ay_q(c ) ! ()\nfl(c)xn]/n — Xp—2 — Au—a(c)) .

We introduce

Xp—1:= /\an(C)xn—l ’ %—1 = )\an(C)il)\n—l(C)yn—l ’ ?n = Ay (C)yn
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so that the last three exchange relations can be replaced by

83 1= Xp—2Yn—2 — Xn-3 — Xn-1Xy =0,
(453) 2= Tu 1Gu 1 — Tn2— Au1(c) =0,

81 = XnYn — Xn—2 — Ay—1(c) = 0.
We abuse notation and drop the tilde. Furthermore, we may replace g; and g3 by

811= 81— 8 = XnlYn — Xn-1Yn-1
85 =83+ Yn—282 = —Xn—3 — Xn-1(Xn — Yn—2yn-1) — An-1(€)yn—2
respectively. By introducing
(M1,M2, us, M4) = (xn —Yn-2Yn-1, Yn, Xn—-1, Yn—1 ) ’

we see that g4 = 0is equivalent to
(4.5.4) Yn2 = —An_1(c) ! (xn_3 + uus)
and that g7 becomes (using the relation (4.5.4))

/
81 = XulYn — Xp—1Yn—1 = U1Up — U3Ug + UdUglYyp—2 =

= UqUp — U3U4 — )\nfl(c)*l

As before, (4.5.2) leads to the substitution x; = Py(x1,y1,...,Yx-1), fork € {2,...,n—2}.
This provides

u2u4(u1u3 + xn_3) .

hy i= gy = unup — ugtg — Ay—1(c) tugug(ugus + Py_z(x1,y1, ..., Yn-a)),
hy := g» = usuig — Pya(x1, Y1, ., Yn-3) — Au—i(c) .
Taking into account (4.5.4), finishes the proof. O

Asin [1, Lemma 4.5], we first determine the singular locus.

Lemma 4.5.2. The singular locus of the fiber Spec(Agrm(Dn)),7 (for n € S) of the family defined

by ¢: Spec(AErin(Dn)) — Sis Yo U Y7 U Yo U Y3 U Yy, where the components identify along the
presentation of Lemma 4.5.1 with

Yo := V(uy, u, u3, tta, Py_2(z1,...,20—2) + Au_1(1))

Yy := V(up, uz, us) NSing(V(Py—2(z1,...,20—2) + An—1(1))) ,
Yo := V(uy, usz, us) NSIng(V(Py—2(z1,...,2n—2) + An—1(1))) ,
Y3 := V(uy, uz, ug) NSing(V(Pu_a(z1, - - Zn2) + Au1(y)))
Yy := V(uy,uz,u3) NSing(V(Py—2(21,- -+, 2n-2) + Au-1(17))) -

Observe that Sing(Yo) = (r_y Y; and that Y; # @ fori € {1,...4} ifand only if n — 2 = 2m is
even and A, _1(n7) = (—1)"*1, by Proposition 4.1.3.

Proof. As before, we apply the Jacobian criterion. We use the presentation, which we

deduced in Lemma 4.5.1, AEﬂ“(Dn) > Kelz1, ..., 202, 1, Uz, u3, ug)/ (h1,hy). We have to
consider the 2-minors of the Jacobian matrix of the fiber above 7

Jac(Dy) :=Jac(hy, ho;z1, .., Zn—2, U1, .., Ug).
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The minors corresponding to the derivatives with respect to (11, u4) resp. (u1, u3) provide
the equations

(4.5.5) uptz (1 — Ay_1(n7) tusug) = ugug(1 — Ay_1(17) usuy) = 0

for the singular locus.
First, assume up = 0. Then h; = hy = 0 is equivalent to

usuy = Py2(z1,...,2n-2) + Ap-1(17) =0
and Jac(D; ) becomes

~1 P, -1
—A, oy agk3 0 0 uy— A, qus(uiuz +Po3) —us —u3
4
oP,_
_#kz _Pi’l*3 0 0 Uy us

where the first column has to be considered as many columns with k € {1,...,n — 3}
and we abbreviate P,_, := P,_2(z1,...,24-2), Py—3 := Py_3(z1,...,2n-3), and A,_1 =
An—1(n7). The minors with respect to (up, u3z) resp. (ua, us) provide the additional equa-
tions
uz(ur — A ug(ugus + Po_g)) = ua(ug — A, jua(uqus + Py_z)) =0

for the singular locus.

If we consider the case u3 = u4 = 0 (additional to u, = 0), then we find the two compo-
nents

Yo = V(ul, Up, U3, Uy, Pnfz(Zl, e ,anz) + /\n—l(ﬂ))

Yy = V(ug, uz, us) NSIng(V(Py—2(z1,...,2n-2) + Au—1(17)))

of Sing(SpeC(Algrm(Dn))q). On the other hand, since usus = 0, at most one of 13, 14 can
be invertible. This leads to the next two components of the singular locus,

Y3 = V(uy,up, ug) NSing(V(Py—2(z1,...,2n-2) + Au-1(1))) ,

Yy = V(uq,up,uz) NSIng(V(Py—2(z1,...,2n-2) + Au_1(1))) -
This ends the first case (12 = 0) which emerged from (4.5.5).

Next, suppose that u3 = uy = 0 and that u, is invertible (since we want to avoid see-
ing components that we already determined). Under these hypotheses, h; = h, = 0 is
equivalent to

Uy = Pn_z(Zl, - ,Zn_z) + )\nfl(ﬂ) =0.
Thus, Jac(D,,) becomes

0 0 uy 0 0 —Ay1(n) tuaPy3(z1,...,20-3)

—P2(@eatnd) P (z,..,203) 0 0 0 0
and from this, we get the fifth component of the singular locus,
Y, = V(M1, Uus, Ll4) n Sing(V(Pn,Q(Zl, - ,ZH,Q) + A1 (77))) .

Finally, we consider the third case arising from (4.5.5), where 1 — A,,_1(17) 'uzuy = 0.
Then hy, = 0 is equivalent to P,_»(z1,...,z4—2) = 0. On the other hand, the 2-minor
of Jac(D,) coming from the derivatives by (z,_»,u2) provides that we have to have
P,_3(z1,...,20-3) = 0. A simple induction on n (using the recursion in Lemma 4.1.2(3) for
k = n— 1) shows thatitis impossible to have P, (z1,...,z,) = 0and P,_1(z1,...,24-1) =0
at the same time. This implies that we do not get any further components for the singular
locus.
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Notice that at the singularities are contained in V(u, 14) and that all entries of the row
of Jac(Dy) corresponding to h; vanish at a singular point. Therefore, even if A,_1(7)
is part of a p-basis for x(7), its derivatives have no impact on the computations. In
other words, our considerations in the relative setting determined the singular locus of

Spec(AL™™(D,)),. O

For a better clarity, we unpack Lemma 4.5.2 into cases, for which we provide a concrete
description of the singular locus. As an immediate consequence of Lemma 4.5.2, we have:

Corollary 4.5.3. We have the following cases for Sing(Spec(Algrin(Dn)),7 ):

(a) Ifn = 4and A3(n) = 1, then Sing(Spec( prm(D4)) ) identifies with the six coordinate
axes in A® *(1) along the isomorphism of Lemma 4.5.1.

(b) Ifn —2 =2miseven, n >4, and A,_1(17) = (—=1)"*1, then Smg(Spec(Aprm(Dn)) )
consists of four reqular, irreducible components Y1, ..., Yy of dimension one and one sin-
gular, irreducible component Yy of dimension n — 3 whose singular locus is a closed point
coinciding with the intersection (t_; Y,

(c) Otherwise (i.e., if n is odd, or if n is even and A,_1(n) # 1), then the singular locus of
the fiber, Sing(Spec(AF"" (Dy))y) = Yo, is irreducible, regular, and of dimension n — 3.

Let us recall and prove the remaining part of Theorem D.

Theorem 4.5.4. We uses the Cases (a)—(c) of Corollary 4.5.3 to formulate the classification of the
singularities.

o Case (c): Along its regular irreducible singular locus, Spec(Algrm(Dn)),7 is isomorphic to
a cylinder over a 3-dimensional hypersurface singularity of type Ay.

e Cuses (b): Let 0 € Y be the singular point of Yy. Along Yo \ {0}, the situation is the
same as in Case (c). Further, along Y; \ {0}, for i € {1,...,4}, Spec(A™(Dy))y is
isomorphic to an n-dimensional hypersurface singularity of type Aq. Finally, locally at
0, Spec(AX™(Dy))y is isomorphic to the intersection of two hypersurface singularity of
type Ay and Yy is isomorphic to a (n — 3)-dimensional hypersurface singularity of type
Aj.

o Cases (a): The situation is the same as in Case (b) with the exception that Yy is the union
of two lines here and locally at 0, Spec(Ag" (Dy))y is isomorphic to the intersection of a
hypersurface singularity of type A1 with a divisor of the form V (xy).

Proof. By Lemma 4.5.2, it remains to classify the singularities. We continue to use the pre-
sentation deduced in Lemma 4.5.1, as in the proof of Lemma 4.5.2.

First, we assume Sing(Yy) = @ (Case (c)). Then, V(Py—2(z1,...,2n—2) + An—1(7)) is reg-
ular. This implies that the hypersurface H := V(hy) = V(usug — Py_2(z1,...,20—2) —
Au—1(n)) is regular as well. On the other hand, we have

hy = up <M1(1 — Ane1 () " Musug) — Ay () tupusPy_s(z1, - --/an?))) — Uzlly

and since Yo = V (uy, up, u3, ttg, Py_2(21,...,20—2) + Au_1(17)) the factor 1 — A, _1(17) " tuzuy
is a unit (locally at a point of Yj) so that we may introduce the new local variable

wy = u(1— An_l(q)’1u3u4) — An_l(n)’1u2u4pn,3(zl,...,zn,g) .
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Therefore, locally at Yj, we have that Spec(AIgrin(Dn)),7 is isomorphic to cylinder over the
Ai-hypersurface singularity V (ujw; — uzus) C A%.

Suppose we are in Cases (a) or (b), Sing(Yy) # @ (e, n —2 = 2m and A,_1(y) =
(—1)™*1). Along Yo \ {0}, the situation is the same as in the case Sing(Yp) = @.

By Proposition 4.1.3, Sing(V (Py—2(z1, - .., zn—2) + Au—1(1))) = V(z1,...,2n—2) and locally
atz; = ... =z, 5 = 0, there exist local variables (1, ..., t,—2) such that

m
Pu2(z1,.. . zZn—2) + Auo1 () = Y toioato; .
i=1

Further, locally at 0, we may introduce

w1 = u1 (1 — Ay1 () tusta) — Ay—1 () uouaPy—s(z1, ..., 20—3)
as local variable substituting u; such that we get hy = wquy — uzuy. This implies the

statement on the classification of the singularities of Spec(AF"" (D)), and Yy locally at 0.
On the other hand, Y; is the u;-axis, for i € {1,...,4}. Locally at a point of Y; \ {0}, the
factor €1 1= uy — An,l(n)*1u2u4(u1u3 + Py_3(z1, .. .,Zn_3)) is a unit and we have h; =
e1up — uzuy = 0. Thus, we may eliminate u; by substituting eju2 = uzuy and (locally at
Y1\ {0}) Spec(AE™(D,,)), is isomorphic to the hypersurface hy = ugug — Y"1 toi_1tai =
0, which has a singularity of type A;.

The analogous argument applies for Y5 \ {0}.

At the situation along Y3 \ {0}, we have that u3 is invertible and by introducing the local
variables wy := ujuz, wy 1= Uy 1 ws := uzuy, one may deduce that the variable w; may
be eliminated via the relation /1 = 0 analogous to the discussed case at Y7 \ {0} and the
same arguments imply the assertion along the u3-axis excluding the origin.

The missing case of the singularities at Yy \ {0} goes analogous to Y3 \ {0}. O

4.6. Type Eq, E7, Eg. Our journey continues with the exceptional cases Eg, E7, Eg. In con-
trast to [1, Section 4.3], we do not treat them one-by-one, but set them in a more general
context. Let n > 6 and consider the n x n exchange matrix

0 1
-1
_ 0 1
b= -1 0 1 1 0
-1 0 0 O
-1 0 0 1
0 0 -1 0

We use the notation AL (E,,) for the resulting cluster algebra with principal coefficients.
Notice that it is not a common notation to write E,, for n > 9, but we use it here for
simplicity. The tree for E, corresponds to the Dynkin diagram of the tree singularity
T23,,—3 according to Gabrielov’s classification [12]. By Theorem 2.3.2, the cases of finite
cluster type are included when n € {6,7,8}.

For n > 9, the cluster algebra is not of finite cluster type, but it is part of a generalization
of star cluster algebras (as introduced in [1, Section 6]) since the quiver corresponding to
B (Remark 2.1.5) is a star with three rays of different lengths. The full generalizations of
star cluster algebras and the investigation of their singularity theory is another interesting
topic, but due to its complexity, it will be the topic of future work.
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Following Theorem 2.2.2, there is the following presentation of Afrin(En):

(4.6.1) APTNE,) 2 K [x,y)/1,
where [ is the ideal generated by

g1:= X1y1—cC€1— X2,
8k = MYk = CeXk—1 ~ Xk+1 ke{2,...,n—4},
(4.6.2) §n-3 1= Xn-3Yn-3 — Cn-3Xn—4 — Xp—2Xn_1,
Qn-2 = Xp_2Yn—2— Cp—2Xn_3—1,
Qn-1:= Xp-1Yn-1— Cn—1Xn—3 — Xn ,

§n = XnYn — CnXp-1—1,

where (¢, x,y) = (C1,-- -, Cn; X1, -, X3 Y1, - -+ Yn)-

Lemma 4.6.1. There is an isomorphism over K,

Algrln(ETI) = KC[le ceesZp—2,U1,. .., l/l5] / <h1/h2/ h3> s

where
hy = Py_o(z1,...,2n—2) — usPs(u1,12) ,

hy := uzuy — Py—3(21,...,2n-3) — An-2(c) ,
h3 = P3(u1,u2, u5) — Pn_3<21, e ,Zn_3> .
for Ay_2(c) as defined in Definition 1.5.1(2) and P, the continuant polynomials of Section 4.1.
Proof. We define
X o= xMo1(e)  and P = yAr(e) A1 ()Y, forke {1,...,n—3},

so that the first k — 4 exchange relations in (4.6.2) become (after multiplication by an in-
vertible factor)

(4.6.3) Y11 —1—Xp = XYk — X1 —Xkp1 = 0, forke {2,...,n—4}.
Furthermore, by setting
Xn—2 = Xn_2C;  An—3(€) ,  Yn—2:=Yn—2nAn_2(c)Ay_3(c)1,
Xp—1:= CnXp—1, Yno1:= Yn-1¢y ¢, Aualc),
Xn 1= xuC,  An_a(c) , Un i= YnCn_1An—a(c) 1,
the remaining relations are equivalent to
hi = Xy—3Yn—3 — Xp—4 — Xp—2X,—1 =0,
hy := Xy_2Yn—2 — Xn—3 — Ap—2(c) =0,
h3 =Xy 1Yn-1—Xu3—X, =0,
XnYn —Xp—1—1=0.

The last equation leads to the substitution X,,_1 = P»(Xy, J»). On the other hand, (4.6.3)
provides the substitutions Xy = Pi(X1,11,...,Yk-1), for k € {2,...,n — 3}. Performing
these substitutions to hy, hy, h3 shows the assertion. O

Using the deduced presentation, we prove the following results on the singularities which
implies Theorem E in the special case n € {6,7,8}.
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Theorem 4.6.2. The fibers Spec:(.,éllgrin(En)),7 of the family ¢: Spec(AE™(E,)) — S is sin-
gular if and only if n — 3 = 2m is even and Ay_o(n) = (—=1)"*1. In the singular case, the
singular locus is a reqular irreducible surface Y and locally at Y, the variety Spec(./él]grin(En))77 is
isomorphic to a cylinder over an (n — 2)-dimensional hypersurface singularity of type A;.

Proof. In order to determine the singular locus, consider the presentation deduced in
Lemma 4.6.1 .Afrin(En) = KC[Zl, e, Zy_2,U1,..., u5] / <h], hz, h3>

Let Jac(E,) := Jac(hy, hy, h3; 21, ..., 2n—2,U1, . .., us) be the corresponding Jacobian matrix
of the fiber above 7. The singular locus Sing(AErm(En)W) is determined by the vanishing
of the 3-minors of Jac(E,). The sub-matrix whose columns are given by derivatives with

respect to (u1,...,us) is

—uguz  —uguz —Pa(ug,uz) O 0
0 0 Uy Uus 0
Usus — 1 Uuils 0 0 uilp — 1

It is impossible that uyus — 1 and ujus and ujup — 1 vanish at the same time. Because of
this, the last row has a non-zero entry. Hence, we must have u3 P, (u1, u2) = 0 at a singular
point.

Suppose u3 = 0. Taking this into account in 1, = 0, we obtain that the latter is equivalent
to Py_3(z1,...,2n-3) + Ap—2(y7) = 0. In particular, P,_3(z1,...,24—3) = agfiz is invertible
and taking u3 = 0 into account, we see that 1; = 0 is equivalent to z,_» = 0. Furthermore,
since z,,_ appears only in /1, we get that at a singular point, we conditions

oPy—3(z1,...,2n-3)

221 =0, forke{l,...,n—3},

Uy =0 and

have to hold. This implies that the only component possibly appearing in the singular
locus of Spec(AF™ (Ey))y is

Y := V(zy_2, u3, ug, P3(uy, uz, us5) + Ay—2(n)) NSIng(V(Py—3(z1, ..., 2u—3) + An—2(1)))-

Before getting more into details with Y, let us discuss the case where P> (u1, u2) = 0. Asan
immediate consequence, we see that 1 = 0 is equivalent to P,_»(z1,...,2z,—2) = 0 under
this additional hypothesis. In order to avoid detecting Y again, we may assume that u3 is
invertible.

Recall that there exists at least one ¢ € {1,2,5} such that the last entry of the column
corresponding to the derivatives by u, is invertible. By considering the minor coming
from the derivatives by (1, us, z,—2), we obtain the condition P,_3(z1,...,z,—3) = 0 has
to hold in order to have a singularity (not lying on u3 = 0).

By the same argument as outlined at the end of the proof of Lemma 4.5.2, it is impossible
to have P,_»(z1,...,24—2) = 0 and P,_3(z1,...,24—3) = 0. Therefore, there is no other
component than Y in the singular locus.

Let us take a closer look at Y. First, Sing(V (P,—3(z1,...,2n-3) + An—2(7))) is non-empty
if and only if by n — 3 = 2m is even and A,_»(17) = (—1)"*! by Proposition 4.1.3. In the
singular case, V(P,_3(z1,...,24—3) + Ay—2(77)) has an isolated singularity of type A; at
V(Zl, cen ,Zn_g).

On the other hand, V (P5(u1, Uz, us) + Ay—2(7)) is regular (by Proposition 4.1.3). Therefore,
Y is non-empty if and only if n — 3 = 2m is even and A, _2(77) = (—=1)""!,and if Y # &,
thenY = V(zy,...,2n—2, u3, us, P3(111, U2, us) + Ay—2(7)) is a regular surface.
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In order to classify the singularity locally at Y, observe that
M =zy2Py3(z1,...,20n-3) — Pu-a(z1,. .., 2n—a) — usPa(u1,u2)

and since P,_3(z1,...,2z,—3) is invertible locally at Y, we may eliminate the variable z,_»
using h; = 0 without affecting the equations i, = h3 = 0. A similar argument applies
for h3 as the term P3(u1, uy, us) leads to a new local variable replacing one of {uy, up, u5}
and since none of the three appears in hy, we may drop h3 = 0 without any effects on
the classification problem. We are left with hy = uzus — Py—3(z1,...,2n-3) — Ay—2(y7) =0
and using Proposition 4.1.3, we see that this is a hypersurface singularity of type A;. The
assertion follows.

Notice that all coefficients in hy, hy, h3 are contained in {—1,0,1} in the singular case.
Therefore, the considerations in the relative setting already provide the singular locus.
O

4.7. Type F, G,. Finally, we come to the two missing finite cluster type cases F; and Go.

For type F;, we choose the initial labeled seed % = (x, B) with exchange matrix

0 1

as in Theorem 2.3.2. This leads to the following presentation for Ai’rin(a) = A{?"’in (%)
(using Theorem 2.2.2)

471 APy 2 K [x,
( ) e (F) d y]<x1y1—61—x2, XoYy — CaX1 — X3, >
X3Y3 — C3X2 — X4, XalYs—Cax3—1 '

where ¢ = (c1,...,¢1),x = (x1,..., %),y = (Y1, .., Ya)-

Lemma 4.7.1. The cluster algebra Af?ri“(a) is isomorphic to a trivial family over K., where each

fiber is isomorphic to the corresponding cluster algebra A(Fy) with trivial coefficients.

Proof. We introduce
Xq = czcix1 , Xy 1= C;1XQ, X3 1= C4X3, Xy = C;1C§1X4,
1=l ty,  Yai=acqya,  Pai=cp'cyicy Y3, Yai=Cicays.

By substitution, we get

) 3
xiy1—c1—x2 = ci(Xijh —1—1%2),

R Y A~
XoYo — C2X1 — X5 = ¢, (X2)2 — X1 — X3),
X3Y3 — 3X2 — X4 = €163(X3Y3 — X2 — X4),
X4y4—C4X3—1 = f4g4—973—1.

Hence, up to multiplication by invertible elements, the relations are the same as for A(Fy).
The assertion follows. 0

Proposition F is now an immediate consequence of Lemma 4.7.1 and [1, Theorem A(7),
resp. Lemma 5.7].
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Let us turn to the finite cluster type G,. By Theorem 2.3.2, we take as the corresponding
exchange matrix
0 1
7= (%0

and Theorem 2.2.2 provides the presentation

~Y

A}C)rin(Gz) o~ K(cl,t:z) [xlle’ yllyZ]/<x1y1 —C1 — x% ; X2Y2 — CoX1 — 1 > .

Proposition 4.7.2 (Proposition G). There is an isomorphism
AP™(Ga) 2 Koo [0, 1, 2]/ (xyz —y — 01 — 2°) .

A fiber above y € S of the family defined by ¢: Spec(AErin(Gz)) — S is singular if and only
if char(K) = 3 and 1 € (1)’ is a cubic element. In the singular case, Spec(AL™(Gy)), is
isomorphic to a hypersurface with an isolated singularity of type Ao at a closed point.

Proof. Defining X1 := cox1, Y1 := C, lyl, and substituting xX; = x2y, — 1 in the first relation
provides the isomorphism

AP (Ga) 2 Koy o) [¥2, U1, 2] / {x2f1y2 — 11 — ¢1 — 23 ) .

Consider the fiber of ¢ above 77 € S. Applying the Jacobian criterion to the hypersurface
X :=V(x1y2 —y1 — 11 — xg’) leads to

Sing(X) = V(y1, x2y2 — 1, 3x2 ) N X = V (1, x21y2 — 1, 3x3, x% +711).
If char(K) # 3, then Sing(X) = @.
On the other hand, if char(K) = 3, then we get Sing(X) = V (71, x2y2 — 1, x3 + 11 ). Note
that the latter is empty if 7, ¢ x(17)°.
Suppose there is §; € x(17) such that &3 = 777. We get Sing(X) = V(#1, y2 + 7%, x2 +61)

which is a closed point, and in particular, regular. Locally at the singular point, we may
introduce the local variables u; := xpy> — 1, and w; := x3 + 61 leads to

~ ~ 3 _ o~ 3
Xol1Y2 — Y1 — 11 — X3 = Yiup — W, .

In other words, if char(K) = 3 and 11 € «(17)°, then Spec(AX™(G,)), has an isolated
singularity of type A at a closed point.

Observe that the coefficients do not play a role in the computations and thus it is not
necessary to consider a p-basis of x(#). The result follows. O

5. CLUSTER ALGEBRAS OF RANK TWO

We end by providing a glimpse into the case of cluster algebras which are not necessarily
of finite cluster type. We focus on cluster algebras of rank two over algebraically closed
fields.

Recall that we impose the additional hypothesis that the base field K is algebraically
closed in Theorem H (resp. in Theorem 5.2.3 below) in order to avoid heavily techni-
cal statements. Nonetheless, we briefly address the differences that need to be taken into
account for an arbitrary field in Remark 5.2.4.
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5.1. Setup. The object of this section are cluster algebras of rank two with principal co-
efficients. Therefore, we consider an initial labeled seed X, = (x, B) with an exchange

matrix of the form
B— 0 a
—\b 0/’

where a,b € Z are integers such that either ab < 0 or a = b = 0 (cf. [7, Section 3.2]).

prin

By Theorem 2.2.2, the corresponding cluster algebra with principal coefficients A¢ — (X2)
has the presentation

~v

AP (3,) = Ky e X1, X2, y1, 2] / {191 — €1 — X5, X012 — coxf = 1),
resp.

AP (Z2) 2 Ky o) 11, %2, y1, v2] / (X191 — Xy =1, Xy —ca — xf ),
depending on the sign of a2 and b. Of course, K can be any field at this stage.

Since we always assume that cy, c; are invertible, we can deduce the following presenta-
tion (clearly, abusing notation)

(5.1.1) APN(S0) 2 Koy o X1, %2, 91, 92) / (211 — €1 — 28, xay2 — 2 — ) .

Remark 5.1.1. In the previous section, we implicitly classified the singularities of rank
two cluster algebras of finite cluster type. Hence, the new part of this section is on the
non-finite cluster type.

Principal coefficients and universal coefficients are less similar in the non-finite cluster
type cases. For the universal coefficients (Remark 3.3.3), we have to determine all g-
vectors of the cluster algebra. Since we have infinitely many cluster variables, there are
infinitely many g-vectors. Therefore, the cluster algebra with universal coefficients is de-
termined by infinitely many polynomial equations in infinitely many variables. In con-
trast to this, we have for principal and generic coefficients always polynomial exchange
relations. We also refer to [21] for a description of the cluster algebra with universal coef-
ficients.

5.2. Theorem H and its proof. We keep working with the description (5.1.1). Since we
have only two exchange relations, we do not perform simplification steps as before, even
though it would be possibleifa = 1orb = 1.

The geometry of Spec(AE’rin(Zz)),] is rather simple from the perspective of singularities if
a = b = 0. Depending on the images of ¢; + 1 and ¢, + 1 in x(7) the fiber is either regular,
singular of type Aj, or singular of type A; X Aj.

Lemma 5.2.1. Let K be an arbitrary field (not necessarily algebraically closed). Consider the
prin

fiber above 1 = (11, 12) € S of the family determined by ¢: Spec(Ac  (X2)) — S. Using the
notation of Section 5.1, assume a = b = 0. We have

(1) If ;1 = 2 = —1, then Spec(AL™ (%)), is the union of four coordinate planes. We
obtain a desingularization by first blowing up the intersection of all four planes (which is
the origin) followed by blowing up the strict transforms of the pairwise intersections of the
planes.

(2) If iy = —land 5 # —1, orif ;1 # —1and 72 = —1, then Spec(AL" (X2))y is the
union of two regular surfaces intersecting in a regular curve C. Blowing up C separates
the two surfaces and hence resolves the singularities.

(3) Ify1 # —land 1, # —1, then Spec(Afrin(Zz))q is a regqular irreducible surface.
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Proof. Since Afrin(Zz) = Keye) [x1,X2,y1,Y2] /(X171 —c1— 1, xoy2 — 2 — 1), by (5.1.1) for
a = b = 0, the results follows directly. ]

Remark 5.2.2. Let us have a brief look into the deformation theoretic background of
Lemma 5.2.1. We consider the intersection of the two-dimensional cylinders over the
surface family Spec(Kc[x;, yi|/(x;jy;i — t;)), where i = 1, resp. i = 2, and we abbreviate
ti:=c;i+1.

Looking at the one-dimensional family X; := Spec(K;[x, y]/(xy —t)), we observe that X}
is a regular irreducible surface for every value of ¢, expect when t = 0. For t = 0, we get
that A} is the union of the two coordinate axis.

Combining the observations of the last two paragraphs leads to a different perspective on
Lemma 5.2.1.

Theorem 5.2.3. Let X, := Spec(Agrm(Zz)),] be the fiber above 1 = (11, 12) € S of the family

determined by ¢: Spec(AE™(Z,)) — S. Using the notation of Section 5.1, assume a,b # 0.
Assume that K is algebraically closed.

(1) The singular locus of X, consists of two disjoint components (which are not necessarily
irreducible and which are possibly empty), Sing(X,) = Y, U Yy, where

Y, = V(a,x{ + 12, %2, X191 — 111, Y2) ,
Y, := V(b, xl,xg + 111, Y1, X2y2 — 112) -

Note that, up to isomorphism, Y, and Yy, are independent of 1. Notice that Y, or Y, may
be empty depending on the characteristic p := char(K) of K. For instance, we have

aZ0 modp=Y, =9 and b#0 modp =Y, =9.

(2) Spec(Afrm(Zz)) is isomorphic to a trivial family over S, where each fiber is isomorphic
to the cluster algebra corresponding to ¥p with trivial coefficients. Hence, fixing n =
(m1,12) € S, we have

X, = Spec(K[x{, x5y, ¥5]/(xiyy —1 = xF, xhyh — 1= "))
>~ Spec(K[wy, wy, z1,22]/{w1z1 — 1+ wh, wazo — 1+ wh))

(3) Letw, B € Z. be the largest positive integers such that « |aand « 0 mod p, resp. B | b
and B #0 mod p. We have:

Y.~ |J V@w —fwyz1—{ ' 2),
fepa(K)

ng U V(b,whwz—é,zl,zz—(;"l).
geup(K)

where the disjoint unions range over the a-th (resp. B-th) roots of unity p, (K) (resp. pg(K))
in K.

(4) If Sing(Xy) is non-empty, then the singularities classify as follows: Let Y; ; be a connected
component of Y;, with i € {a,b}. Locally, along Y;, the fiber X is isomorphic to a
two-dimensional hypersurface singularity of type Apn_1, where m := m(i) is the positive
integer such that |a| = ap™ (if i = a), resp. |b| = Bp™ (if i = b).

Proof. Consider the presentation of (5.1.1), Aﬁ’ri“(zz) = K¢[x,y]/ (g1, §2), where we define
81 = X1y1 — €1 — xg and > := xpy> — ¢ — x{. The Jacobian matrix of the fiber above
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n= (1) €Sis

—bx5t x 0
Jac, :=JaC(g1,gz;xl,xz,y1,yz):(_ayxlﬁ_l y22 N x2>.

Since K is algebraically closed, the vanishing of the 2-minors of Jac, leads to

Sing(Afrin(Zz)U) = V(x1xp, ax?, bx5, X1y, Xoy1, y1y2 ) N Spec(,éllsrin(Zz)),7 :

Taking into account that 71, 7 are invertible, this implies the description of the singular
locus in (1).

Due to the additional assumption on K, there exist 7,,y, € K such that 9] = 7, and
7% = 1. By introducing

A | /A | A | A |
xl =Yy X1, Xp = ’Yb X2, yl — ’7] ’)’ayl s ]/2 T 172 'YbyZI

we obtain that g1 = 71 (x}y} — 1 — x¥) and g» = 12 (xhyh — 1 — x?), which provides the
tirst isomorphism of (2). The second isomorphism emerges from the coordinate change

e 1.0 1 . / . /
Wy =P, X1, W2:=P, Xp, Z1:= PalY1, Z2 = PpY2,

where p,, p € K are elements fulfilling o = —1 and p} = —1.
Part (3) is an immediate consequence of (1) and (2), using that K is algebraically closed.
For example, w} — 1 = (w} — 1)/" = (Tzep k) (w1 — 7))P" for m € Z such thata = ap™,
where we assume without loss of generality a > 0.
Finally, let us come to (4). As the situation is analogous for all irreducible components, we
consider Y := V(a,w; — {,w>,z1 — {1, 2) for a fixed root of unity § € pq(K). Locally at
Y, we have that w; is invertible and thus we may take the first equation, w1z; — 1+ wg =
0, to eliminate z;. Therefore, we are left with the hypersurface wyz, — 1+ w{ = 0. Since
we assume that Y is non-empty, we must have a = ap™ for some m > 0 (still assuming
a > 0 for simplicity — if 2 < 0 multiply the equation by the invertible w; * and modify z,
appropriately). This implies that

Wyzo — 1+ Wt = wyzp + e(wy — )P = e(vozp — o)

7

where € := [Tre,, (k). 20 (W1 — ¢ )P" is a unit locally at Y, and for the second equality, we

1

CHha

introduce the local variables v, := ¢~ 'wy and v1 := wy — . In conclusion, (4) follows. [

Remark 5.2.4. Similar results as in Theorem 5.2.3 (3) and (4) are true over arbitrary perfect
tields and can be seen using the same arguments. The only difference is that the formu-
lation is getting more technical as one has to determine the factorization of x{ + ¢, and
x5+ c1 over the residue field k(7). Since this does not provide significant new insights,
we skip this technicality here.

For non-perfect fields, the situation is even more complex and further technical distinc-
tions not promising interesting findings need to be made. Hence, we do not investigate
this direction further.
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