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Sourced metric perturbations of Kerr spacetime in Lorenz gauge

Barry Wardell ,1 Chris Kavanagh ,1 and Sam R. Dolan 2

1School of Mathematics and Statistics, University College Dublin, Belfield, Dublin 4, Ireland.
2Consortium for Fundamental Physics, School of Mathematics and Statistics,

University of Sheffield, Hicks Building, Hounsfield Road, Sheffield S3 7RH, United Kingdom.

We derive a formalism for solving the Lorenz gauge equations for metric perturbations of Kerr
spacetime sourced by an arbitrary stress-energy tensor. The metric perturbation is obtained as a
sum of differential operators acting on a set of six scalars, with two of spin-weight ±2, two of spin-
weight ±1, and two of spin-weight 0. We derive the sourced Teukolsky equations satisfied by these
scalars, with the sources given in terms of differential operators acting on the stress-energy tensor.
The method can be used to obtain both linear and higher-order nonlinear metric perturbations, and
it fully determines the metric perturbation up to a time integral, omitting only static contributions
which must be handled separately.

I. INTRODUCTION

Black hole perturbation theory has proved to be a
highly effective approach to the two-body problem in
general relativity. Waveform models based on black hole-
perturbation theory are expected to be a key ingredient
in the study of extreme mass-ratio inspirals (EMRIs) by
the European Space Agency’s forthcoming LISA mission.
In the context of black hole perturbation theory, in order
to extract the maximum science gain from observations
of EMRIs by LISA it is necessary to incorporate effects
through second order in perturbation theory [1–4]. This
has recently been achieved in the relatively simple case
of a binary where both black holes are non-spinning and
the inspiral is quasi-circular [5]. However, it is highly
unlikely that LISA will observe such simple EMRIs, so it
will be important to incorporate black hole spins, orbital
precession and eccentricity into models. For black hole
perturbation theory, this translates into the need to solve
the second-order linearised Einstein equations on a Kerr
background spacetime.

Perturbations of Kerr spacetime are significantly more
challenging than those of Schwarzschild spacetime. No-
tably, the reduced symmetry means that the equations
for metric perturbations are not known to admit sepa-
rable solutions. Teukolsky [6] overcame this problem by
instead deriving an equation for certain components of
the perturbed Weyl tensor instead of the metric. It turns
out that those Teukolsky equations are both decoupled
(so one can solve a single equation for a scalar instead
of solving 10 coupled equations for 10 components of the
metric tensor) and that they admit a separable solution,
making it a highly efficient approach to perturbations of
Kerr spacetime. However, this introduces another prob-
lem: the Teukolsky equations yield solutions representing
components of the perturbed Weyl tensor, but many ap-
plications require the actual metric perturbation. For
example, the first-order metric perturbation is an essen-
tial ingredient that appears in the source for the second-
order perturbation equations, even when working with a
second-order Teukolsky formalism [7].

One solution that achieves the best of both worlds is

based onmetric reconstruction, in which one reconstructs
a metric perturbation from solutions of the Teukolsky
equation. Chrzanowski, Cohen and Kegeles [8, 9] showed
that the metric perturbation in Kerr spacetime can be re-
constructed by applying a differential operator to scalars
that are related to the Weyl scalars by separable “inver-
sion relations”. Unfortunately, there are several draw-
backs to their reconstruction procedure: (i) the metric
perturbation is in a radiation gauge, which necessarily
means that it can’t represent a full solution to a sourced
equation unless certain components of the stress-energy
tensor are zero [10]; (ii) the “inversion” relation between
the Hertz potential and the Weyl tensor requires the so-
lution of a fourth-order equation, introducing technical
complexity; (iii) the reconstructed metric perturbation
typically has extended string-like gauge singularities [11–
14]. These gauge singularities, in particular, make the
metric perturbation unsuitable for constructing a source
for the second-order perturbation equations.
In this paper, we develop a metric reconstruction pre-

scription that addresses all of those deficiencies. For al-
ternative, complementary approaches (some of which are
not in Lorenz gauge) see Refs. [15–22].
The prescription has three key ingredients that make

it an efficient approach to perturbations of Kerr:

• It is based on solving (decoupled, separable)
Teukolsky equations;

• The inversion relations are simple time integrals;

• It is in Lorenz gauge.

In addition to the obvious benefit of the first two of these,
the use of Lorenz gauge brings further advantages:

• The singularity arising from a point-particle source
is isotropic, and there are well-established numeri-
cal methods for handling the singularity in a robust
way;

• The extended singularities that unavoidably appear
in, e.g. radiation gauge, do not appear in Lorenz
gauge.

Page 1 of 20 AUTHOR SUBMITTED MANUSCRIPT - CQG-113598

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

A
cc

ep
te

d 
M

an
us

cr
ip

t

https://orcid.org/0000-0001-6176-9006
https://orcid.org/0000-0002-2874-9780
https://orcid.org/0000-0002-4672-6523


2

• All existing calculations at second order in pertur-
bation theory have made use of Lorenz-gauge;

• The asymptotic behaviour towards the horizon and
infinity is well-understood and free of divergences;

• The equations of motion derived within gravita-
tional self-force theory typically rely on Lorenz
gauge for their regularization schemes.

The results are a natural extension of earlier work on
homogeneous solutions [23] and for the specific source of
a point mass on a circular, equatorial orbit of the Kerr
black hole [24]. The approach to obtaining inhomoge-
neous solutions is very different to that of Ref. [24], which
fundamentally relied on the properties of the solution for
a particle by “glueing” together homogeneous solutions
at the circular-orbit radius. In addition to being appli-
cable to much more general sources, this new approach
also avoids the necessity to project from spheroidal onto
spherical harmonic modes and, in fact, does not even re-
quire a mode ansatz at all.
This paper is organised as follows. In Sec. II we review

some key results from black hole perturbation theory on
which this work is based. In Sec. III we derive our main
result: a set of sourced Teukolsky equations for pertur-
bations of Kerr spacetime in Lorenz gauge. We conclude
in Sec. IV with a summary and discussion of future work.
In Appendix A we review some further background ma-
terial, extending that given in Sec. II. We introduce a
number of operators throughout this paper; the most rel-
evant of these are listed in Table I, and all operators are
given explicitly as GHP expressions in Appendix B.

Description Equation

E Linearised Einstein Eαβ
γδ(hγδ) = 8πTαβ

T0 s = +2 Linearised Weyl Scalar ψ0 = T
αβ
0

(hαβ)

T4 s = −2 Linearised Weyl Scalar ψ4 = T
αβ
4

(hαβ)
S0 s = +2 Decoupling

O0ψ0 = 8πSαβ
0

(Tαβ)O0 s = +2 Teukolsky
S4 s = −2 Decoupling

O4ψ4 = 8πSαβ
4

(Tαβ)O4 s = −2 Teukolsky

N AAB corrector Nαβ
γδ(Tγδ)

A AAB vector Aα
βγ(hβγ)

T0 s = +1 Maxwell Scalar ϕ0 = T
αβ
0

(ξα)

T2 s = −1 Maxwell Scalar ϕ2 = T
αβ
2

(ξα)
S0 s = +1 Decoupling

O0ϕ0 = S
α
0 (jα)O0 s = +1 Teukolsky

S2 s = −1 Decoupling
O2ϕ2 = S

α
2 (jα)O2 s = −1 Teukolsky

TABLE I. Summary of operators appearing in this paper and
the equation in which they appear. For all of the listed cases
the spin and boost weights are equal, s = b.

Throughout this work we follow the conventions of
Misner, Thorne and Wheeler [25]: a “mostly positive”
metric signature, (−,+,+,+), is used for the space-
time metric; the connection coefficients are defined by
Γλ
µν = 1

2g
λσ(gσµ,ν + gσν,µ − gµν,σ); the Riemann tensor

is Rτ
λµν = Γτ

λν,µ − Γτ
λµ,ν + Γτ

σµΓ
σ
λν − Γτ

σνΓ
σ
λµ, the Ricci

tensor and scalar are Rµν = Rτ
µτν and R = Rµ

µ, and
the Einstein equations are Gµν = Rµν − 1

2gµνR = 8πTµν .
Standard geometrised units are used, with c = G = 1.
We use Greek letters for spacetime indices, Latin letters
for tetrad indices, and capital letters for spinor indices.
Symmetrisation of indices is denoted using round brack-
ets [e.g. T(αβ) =

1
2 (Tαβ + Tβα)] and anti-symmetrisation

using square brackets [e.g. T[αβ] =
1
2 (Tαβ − Tβα)], and

indices are excluded from symmetrisation by surrounding
them by vertical bars [e.g. T(α|β|γ) =

1
2 (Tαβγ +Tγβα)]. A

tensor without indices denotes the trace, e.g. T = Tα
α,

and a caret denotes trace reversal, T̂αβ = Tαβ − 1
2gαβT .

The adjoint of an operator is denoted using †.

II. PERTURBATIONS OF KERR SPACETIME

The sourced Teukolsky equations derived in Sec. III
build on key existing results from black hole perturbation
theory. We begin with a review of the most pertinent of
those results, presenting them in an operator notation
consistent with the rest of this paper. A more detailed
review is given in Appendix A and the references therein.

A. Linearised Einstein equations

We start by considering an expansion of the metric
tensor in a small parameter, ϵ, as

gexactµν = gµν + ϵh(1)µν + ϵ2h(2)µν +O(ϵ3). (1)

The metric perturbations h
(1)
µν , h

(2)
µν , . . . , all satisfy lin-

ear systems of partial differential equations that take the
form

(Eh(i))µν = S(i)
µν (h

(i−1), · · · , h(1), Tαβ), (2)

where

(Eh)µν ≡ − 1
2

[

□ĥµν+2Rα
µ
β
ν ĥαβ+gµν∇σZ

σ−2∇(µZν)

]

(3)

is the linearised Einstein operator with Zµ ≡ ∇ν ĥµν ,

where ĥµν ≡ hµν − 1
2gµνh is the trace-reversed metric

perturbation. The source S
(i)
µν on the right hand side

depends on the the stress-energy tensor Tµν and on all

lower-order metric perturbations, h(i−1), · · · , h(1). Here,
we focus on linear perturbations (for equivalent equations
in the non-linear case see, e.g., Refs. [7, 26]), in which case
we drop the (i) superscripts for simplicity and assume
Tµν ∼ ϵ. Then, the linearised Einstein equation is

(Eh)µν = 8π Tµν . (4)

Further specialising to Lorenz gauge, Zµ = 0, this sim-
plifies to the Lichnerowicz tensor wave equation,

□ĥµν + 2Rα
µ
β
ν ĥαβ = −16πTµν . (5)
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B. Teukolsky equations

Four of the five Weyl scalars (ψi, i ∈ {0, 1, 3, 4}) are
zero on the Kerr-NUT background, and hence their lin-
ear perturbations are invariant under infinitesimal gauge
transformations. Furthermore, ψ0 and ψ4 are invariant
under infinitesimal tetrad transformations. These max-
imum spin scalars are obtained from the metric pertur-
bation by applying the operators T0 and T4:

ψ0 = δCαβγδl
αmβlγmδ ≡ T0h, (6a)

ψ4 = δCαβγδn
αm̄βnγm̄δ ≡ T4h. (6b)

where δCαβγδ is the linearised Weyl tensor.
The maximum-spin Weyl scalars satisfy the Teukolsky

equations,

O0ψ0 = 8π S0T, (7a)

O4ψ4 = 8π S4T, (7b)

where O0 and O4 are the Teukolsky operators and S0

and S4 are decoupling operators that give the source to
the Teukolsky equation in terms of the stress-energy Tµν .
(Recall that these operators, along with others, are given
as explicit GHP expressions in Appendix B.)
These operators satisfy Wald’s operator identities [27]

S0Eh = O0T0h, S4Eh = O4T4h, (8)

along with the adjoint identities

ES†
0ζ

4Ψ4 = T †
0 ζ

4O4Ψ4, ES†
4ζ

4Ψ0 = T †
4 ζ

4O0Ψ0, (9)

where the first identity is understood to act on objects
Ψ4 of GHP type {−4, 0} (the same as ψ4), and where
the second identity is understood to act on objects Ψ0 of
GHP type {4, 0} (the same as ψ0). They also satisfy the
operator identities [22, 28]

T0S†
0ζ

4Ψ4 = 0, (10a)

T0S†
0ζ

4Ψ4 =
1

4
Þ

4
ζ̄4Ψ̄4, (10b)

T4S†
0ζ

4Ψ4 = −3

4
M£TΨ4

+
1

4
[ζ4O4 − 4(ρÞ

′ − τð
′
)ζ4 + 8ψ2ζ

4]O4Ψ4, (10c)

T4S†
0ζ

4Ψ4 =
1

4
ð
′4
ζ̄4Ψ̄4, (10d)

T0S†
4ζ

4Ψ0 =
3

4
M£TΨ0

+
1

4
[ζ4O0 − 4(ρ′Þ − τ ′ð)ζ4 + 8ψ2ζ

4]O0Ψ0, (10e)

T0S†
4ζ

4Ψ0 =
1

4
ð
4
ζ̄4Ψ̄0, (10f)

T4S†
4ζ

4Ψ0 = 0, (10g)

T4S†
4ζ

4Ψ0 =
1

4
Þ

′4
ζ̄4Ψ̄0, (10h)

along with the adjoint identities

S0T †
0 Ψ4 = 0, (11a)

S0T †
0 Ψ4 =

1

4
(Þ − ρ− ρ̄)4Ψ̄4, (11b)

S0T †
4 Ψ0 =

3

4
Mζ−4£TΨ0

+
1

4
O0

[

O0 + 4
(

ρ(Þ
′ − ρ′)− τ(ð

′ − τ ′)
)

+ 4ψ2

]

Ψ0,

(11c)

S0T †
4 Ψ0 =

1

4
(ð− τ − τ̄ ′)4Ψ̄0, (11d)

S4T †
0 Ψ4 = −3

4
Mζ−4£TΨ4

+
1

4
O4

[

O4 + 4
(

ρ′(Þ − ρ)− τ ′(ð− τ)
)

+ 4ψ2

]

Ψ4,

(11e)

S4T †
0 Ψ4 =

1

4
(ð

′ − τ ′ − τ̄)4Ψ̄4, (11f)

S4T †
4 Ψ0 = 0, (11g)

S4T †
4 Ψ0 =

1

4
(Þ

′ − ρ′ − ρ̄′)4Ψ̄0. (11h)

C. Aksteiner, Andersson and Bäckdahl metric

perturbation

Aksteiner, Andersson and Bäckdahl (AAB) [29] de-
rived the operator identity (see also [22, Eq. (K.6)])

(M£Th)αβ =
[(4

3
S†
4ζ

4T0 −
4

3
S†
0ζ

4T4 +NE
)

h
]

αβ
− 2∇(α(Ah)β),

(12)

where

NT =
1

3

[

C†ζ4K1(P3/2 − P1/2)C − 3ψ2ζ
4K1

]

S (13)

with Sµν = Tµν − 1
4gµνT a symmetric, trace-free ten-

sor, and where A is a third-order differential operator.
The curl (C), curl-dagger (C†), spin-projection (Pi) and
sign-flipping (K1) operators are defined in Appendix A,
as is the Killing spinor coefficient, ζ. There is also the
corresponding adjoint identity

(M£TT )αβ =

−
[(4

3
T †
0 ζ

4S4 −
4

3
T †
4 ζ

4S0 − EN + 2A†
D

)

T
]

αβ
(14)

where A† is the adjoint of A.
Both operator identities hold when acting on an arbi-

trary symmetric rank-2 tensor. Note that since S†
4 and

T †
4 only have ll, lm and mm components, and S†

0 and

T †
0 only have nn, nm̄ and m̄m̄ components, the tetrad
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components of these identities decouple:

{nn, nm̄, m̄m̄} : (15a)
[(

EN +
4

3
T †
4 ζ

4S0 − 2A†
D

)

T
]

αβ
= (M£TT )αβ ,

{ll, lm,mm} : (15b)
[(

EN − 4

3
T †
0 ζ

4S4 − 2A†
D

)

T
]

αβ
= (M£TT )αβ ,

{ln,mm̄, lm̄, nm} : (15c)
[(

EN − 2A†
D

)

T
]

αβ
= (M£TT )αβ .

These are understood as tensor identities that apply for
the components listed in the curly braces.
Finally, related to the identities (12) and (14) there are

the operator identities

T0NT = −1

3
[ζ4O0 − 4(ρ′Þ − τ ′ð)ζ4 + 8ψ2ζ

4]S0T

+ B0DT, (16a)

T4NT =
1

3
[ζ4O4 − 4(ρÞ

′ − τð
′
)ζ4 + 8ψ2ζ

4]S4T

+ B4DT. (16b)

along with the adjoint identities

NT †
0 Ψ4 = −∇(α(B†

0Ψ4)β)

+
1

3
S†
0ζ

4
[

O4 + 4
(

ρ′(Þ − ρ)− τ ′(ð− τ)
)

+ 4ψ2

]

Ψ4,

(17a)

NT †
4 Ψ0 = −∇(α(B†

4Ψ0)β)

− 1

3
S†
4ζ

4
[

O0 + 4
(

ρ(Þ
′ − ρ′)− τ(ð

′ − τ ′)
)

+ 4ψ2

]

Ψ0.

(17b)

Here, B0 and B4 are second-order differential operators

and B†
0 and B†

4 are their adjoints.
We now define a metric perturbation

hAAB
αβ = −2

3
∇µζ4∇νC−

µ(α|ν|β) + 8π(NT )αβ

=
4

3
(S†

4ζ
4ψ0 − S†

0ζ
4ψ4)αβ + 8π(NT )αβ , (18)

which is just Eq. (12) with the Lie derivative absorbed
into the definition on the left-hand side, with the replace-
ments T0h→ ψ0, T4h→ ψ4 and (Eh)αβ → 8πTαβ on the
right-hand side, and with the omission of the gauge term
involving the vector (Ah)α. This metric perturbation is
trace-free (hAAB = 0) and it satisfies

∇β∇αhAAB
αβ = 8π∇β∇α(NT )αβ = −8πM£TT. (19)

Provided ψ0 and ψ4 are the perturbed Weyl scalars corre-
sponding to a solution to the linearised Einstein equation
(or, equivalently, that they satisfy the Teukolsky equa-
tions (7)) then this “AAB” metric perturbation is a com-
plex solution of the linearised Einstein equation with a
source which is the time derivative of the stress energy:

(EhAAB)µν = 8πM£TTµν . (20)

This is a consequence of the operator identity (12) (or,
equivalently, the operator identity (14)). Since E , £T

and Tµν are all real, the complex conjugate of the AAB
metric perturbation is also a solution of the same equa-
tion, and we can take the real part to obtain a real metric
perturbation.
As expected from the fact that the AAB metric per-

turbation is the time derivative of a solution of the Ein-
stein equation, the identities (10) and (16) along with the
Teukolsky equations for ψ0 and ψ4 imply that the Weyl
scalars derived from it satisfy “circularity relations”

T0hAAB =M£Tψ0, (21a)

T4hAAB =M£Tψ4. (21b)

If we instead consider the complex conjugate of the AAB
metric perturbation then we find

T0hAAB =
1

3
(ð

4
ζ̄4ψ̄0 − Þ

4
ζ̄4ψ̄4) + 8πT0N̄T, (22a)

T4hAAB = −1

3
(ð

′4
ζ̄4ψ̄4 − Þ

′4
ζ̄4ψ̄0) + 8πT4N̄T. (22b)

Combining these, we obtain Teukolsky-Starobinsky iden-
tities for sourced perturbations [22, 30]:

Þ
4
ζ4ψ4 = ð

′4
ζ4ψ0 − 3M£Tψ̄0 + 24πT̄0NT, (23a)

Þ
′4
ζ4ψ0 = ð

4
ζ4ψ4 + 3M£Tψ̄4 − 24πT̄4NT. (23b)

III. LORENZ GAUGE METRIC

PERTURBATION

The AAB solution is not in Lorenz gauge. We now
transform to Lorenz gauge by making a gauge transfor-
mation,

M£Th
L
αβ = hAAB

αβ − 2ξ(α;β). (24)

such that

M£T∇αĥLαβ = 0. (25)

This implies that the gauge vector ξα must satisfy

□ξα = ∇βhAAB
αβ . (26)

We write the solution to this equation as a sum of pieces
and will derive equations for each of the pieces.

A. Trace piece

We first seek to ensure that the trace of the metric
perturbation is in Lorenz gauge. This trace piece satisfies
the trace of Eq. (5),

□hL = 16πT. (27)
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5

Introducing the gauge vector

ξTraceα =
1

2
fα

βhL;β + κ;α, (28)

and recalling that the AAB metric perturbation is trace-
free, hAAB = 0, we obtain an equation for κ by requiring
−2∇αξTraceα =M£Th

L,

□κ =M£Th
L. (29)

A straightforward calculation shows that we then have

□ξTraceα = 8π
[

∇β(fα
βT )− TαT

]

≡ jTraceα , (30a)

∇αjTraceα = −8πM£TT. (30b)

B. Trace-free piece

By construction, the remainder of the gauge vector,

ξTF
α = ξα − ξTraceα , (31)

satisfies ∇αξTF
α = 0. Equations (26) and (30a) imply

that ξTF
α satisfies the vector wave equation,

□ξTF
α = jα = jCα + jTα , (32)

with source given by

jCα = −2

3
∇β∇µζ4∇νC−

µ(α|ν|β) = ∇βJ C
αβ , (33a)

jTα = ∇β(NT )αβ − jTraceα , (33b)

where

J C
αβ =

4

3
∇γζ−1∇δζ5C−

γδαβ = −4

3
∇γ(U δζ4C−

γδαβ) (34)

and Uγ = ∇γ(log ζ). Note that J C
αβ has components

J C
m̄n = −4

3
(ρð− τÞ)ζ4ψ4, (35a)

J C
lm = −4

3
(ρ′ð

′ − τ ′Þ
′
)ζ4ψ0. (35b)

Furthermore, Eqs. (19) and (30b) imply that the two
pieces of the source are separately conserved, ∇αjCα =
0 = ∇αjTα , so we have a Maxwell-type problem in vec-
tor Lorenz gauge for ξTF

α . We can solve this using a
circularity reformulation of the methods of Green and
Toomani [31, 32] and Dolan, Kavanagh and Wardell
(DKW) [23, 24]. In doing so, it is convenient to fur-
ther split ξTF

α into a piece sourced by Cαβγδ and a piece
sourced only by the stress-energy,

ξTF
α = ξCα + ξTα . (36)

1. Weyl-sourced piece

We can use the existing DKW gauge vector for source
free perturbations [23] to solve for ξCα by writing it as

ξCα = ξDKW
α −∇αχ

DKW,T (37)

where

ξDKW
α = ζ2∇βHDKW

αβ −∇αχ
DKW (38)

with

£THDKW
αβ =

4

9ζ2
(l[αmβ]H4ζ

4ψ4−m̄[αnβ]H0ζ
4ψ0), (39)

and

£2
Tχ

DKW =
1

18
(χ4ζ

4ψ4 − χ0ζ
4ψ0). (40)

Here, we have introduced the operators χ0, χ4, H0, H4,
which are defined by

χ0 = ð
′2
ζ̄2Þ

′2
, H0 = ð

′
ζ̄Þ

′
, (41a)

χ4 = ð
2
ζ̄2Þ

2
, H4 = ðζ̄Þ. (41b)

In the case where ψ0 and ψ4 satisfy sourced Teukolsky
equations, the DKW gauge vector on its own does not
satisfy the homogeneous Lorenz gauge equation or the
Lorenz gauge condition,

□ξDKW
α − jCα ̸= 0, ∇αξDKW

α ̸= 0, (42)

nor does it satisfy the homogeneous Maxwell equation,

2∇β∇[βξ
DKW
α] − jCα ≡ jDKW,T

α ̸= 0. (43)

The source jDKW,T
α has tetrad components

M£Tj
DKW,T
α =

4

9ζ
(nαð

′ − m̄αÞ
′
)ζH†

0ζ
4(S0T )

+
4

9ζ
(lαð −mαÞ)ζH†

4ζ
4(S4T ), (44a)

and the Lorenz gauge violation is given by

(M£T)
2∇αξDKW

α =
1

9

[

χ†
4ζ

4(S4T )− χ†
0ζ

4(S0T )
]

. (45)

Note that we have written these such that they mani-
festly involve the adjoints of the operators appearing in
Eqs. (39) and (40). We also note the operator identities1

Þ
n
ζnð

′n
= ð

′n
ζnÞ

n
, (47)

1 The last two of these follow as a trivial consequence of the fact
that the spin-1 Teukolsky operator can be written in factorised
form [33] (see also Eqs. (3.39) and (3.43) of Ref. [34]):

O0ϕ0 = 4S0ζ
−2

S
†
2
ζ2ϕ0,

O2ϕ2 = 4S2ζ
−2

S
†
0
ζ2ϕ2.

The spin-1 decoupling operator S0 and the Teukolsky operator
O0 here are not to be confused with the spin-2 decoupling oper-
ator and the Teukolsky operator appearing in Eq. (7). There is
no ambiguity as the choice of whether they represent the spin-1
or spin-2 operators is clear from the object on which they are
acting.
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6

(Oχ4ζ
4 − χ†

4ζ
4O4)ψ4 − (Oχ0ζ

4 − χ†
0ζ

4O0)ψ0

= 3M£T∇β

(

fβαjCα), (48)

2Sβ
0 (∇αJαβ) = O0Jlm, (49)

2Sβ
2 (∇αJαβ) = O2Jm̄n, (50)

which are useful in deriving these expressions.
By demanding that ∇αξCα = 0 we then get an equation

for χDKW,T:

□χDKW,T = ∇αξDKW
α . (51)

Since this is an equation sourced only by the stress-
energy, it is natural to incorporate it into the stress-
energy sourced piece, and we will ultimately do so in
the final grouping of terms given in Sec. III C.

2. Stress-energy sourced piece: solution via circularity

The remaining piece of the gauge vector satisfies a com-
pactly supported vector wave equation in Lorenz gauge,

□ξTα = jTα − jDKW,T
α . (52)

This can be efficiently solved using a circularity formula-
tion in which the solution is given by

ξTα = ∇βHT
αβ + fα

βJ T
β −∇αχ

T, (53)

where

M£TJ T
β = jTβ − jDKW,T

α (54)

is chosen such that HT
αβ satisfies the circularity relation

M£THT
αβ = f[α

γFT
|γ|β], FT

αβ = 2ξT[β;α], (55)

and where we require

□χT = ∇α

(

fαβJβ

)

(56)

to enforce the Lorenz gauge condition, ∇αξTα = 0. The
tetrad components of the two-form HT

αβ satisfy the spin
±1 Teukolsky equations,

O0ϕ
T
0 = S0(j

T − jDKW,T)

= S0j
T − 2

9
(M£T)

−2OH†
0ζ

4(S0T ) (57a)

O2ϕ
T
2 = S2(j

T − jDKW,T)

= S2j
T +

2

9
(M£T)

−2O2H†
4ζ

4(S4T ). (57b)

where H†
0 and H†

4 are adjoints of the operators defined
in Eq. (41).

C. Spin decomposition

In summary, we have obtained a Lorenz gauge metric
perturbation that satisfies (up to a time derivative) the
linearised Einstein equation with a source. The metric
perturbation is given by Eq. (24) along with Eq. (18)
and the gauge vector ξα that transforms to Lorenz gauge.
Gathering the final result together, we have

M£Th
L
αβ = −2

3
∇µζ4∇νC−

µ(α|ν|β) + (NT )αβ − 2ξ(α;β)

(58)
with

ξα = ζ2∇βHDKW
αβ +∇βHT

αβ + fα
β(J T

β +
1

2
∇βh

L)

−∇α(χ
DKW + χDKW,T + χT − κ). (59)

The metric perturbation is given in terms of differential
operators acting on a set of six Teukolsky scalars, two of
spin-2 (ψ0 and ψ4), two of spin-1 (ϕT0 and ϕT2 ), and two of
spin-0 (hL and the combination χ := χDKW,T +χT − κ).
These satisfy six sourced Teukolsky equations: Eqs. (7)
for ψ0 and ψ4; Eqs. (57) for ϕ

T
0 and ϕT2 ; Eq. (27) for h

L;
and Eqs. (29), (51) and (56) for the scalars appearing
in χ. Collecting those equations together, we must solve
the six Teukolsky equations

O0ψ0 = 8π S0T, (60a)

O4ψ4 = 8π S4T, (60b)

O0ϕ
T
0 = S0j

T − 2

9
(M£T)

−2O0H†
0ζ

4(S0T ) (60c)

O2ϕ
T
2 = S2j

T +
2

9
(M£T)

−2O2H†
4ζ

4(S4T ) (60d)

□hL = 16πT (60e)

□χ = (M£T)
−1∇α

(

fαβjTβ
)

−M£Th
L

− (M£T)
−2 1

3

[

χ4ζ
4(S4T )− χ0ζ

4(S0T )
]

. (60f)

It is convenient to rearrange the metric reconstruction
expression, grouping terms by the spin-weight of scalar
from which they are derived:

£Th
L
αβ = h

(s=2)
αβ + h

(s=1)
αβ + h

(s=0)
αβ + hTαβ , (61)

where

h
(s=2)
αβ = −2

3
∇µζ4∇νC−

µ(α|ν|β)

− 2∇(α

[

ζ2∇γHDKW
β)γ

]

+ 2∇α∇βχ
DKW, (62a)

h
(s=1)
αβ = −2∇(α∇γHT

β)γ , (62b)

h
(s=0)
αβ = −∇(αfβ)

γ∇γh
L

+ 2∇α∇β(χ
DKW,T + χT − κ), (62c)

hTαβ = (NT )αβ − 2∇(α

[

fβ)
γJ T

γ

]

. (62d)
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D. Solutions to sourced Teukolsky equations

We have reduced the problem of solving the linearised
Einstein equation for the metric perturbation to the
problem of solving six sourced Teukolsky equations. The
solutions to these are readily obtained via the Green func-
tion method, which reduces to the standard variation-of-
parameters method when working with a decomposition
into mode solutions of the radial Teukolsky equations.

Then, since we have written everything in terms of oper-
ators we can write the solutions in terms of the adjoints
of those operators, i.e. for a scalar Ψ(x) and a Green
function G(x, x′) for the equation satisfied by Ψ(x) we
have

Ψ(x) =

∫

(S†G)αβTαβ
√−g d4x′ (63)

Applying this to the case at hand, we get

ψ0 = 8π

∫

Tαβ(S†
0G0)

αβ√−g d4x′, (64a)

ψ4 = 8π

∫

Tαβ(S†
4G4)

αβ√−g d4x′, (64b)

ϕT0 =

∫

Tγδ
(

(8πfαβg
γδ −N †

αβ
γδ)∇β + 8πgγδTα

)

(S†
0G0)

α√−g d4x′ − 2

9
(M£T)

−2H†
0ζ

4(S0T ), (64c)

ϕT2 =

∫

Tγδ
(

(8πfαβg
γδ −N †

αβ
γδ)∇β + 8πgγδTα

)

(S†
2G2)

α√−g d4x′ + 2

9
(M£T)

−2H†
4ζ

4(S4T ), (64d)

hL = 16π

∫

G(x, x′)T
√−g d4x′, (64e)

χ =

∫

[

(M£T)
−1Tγδ

(

(8πfαβg
γδ −N †

αβ
γδ)∇β + 8πgγδTα

)

fγα∇γG(x, x
′)

−G(x, x′)M£Th
L − 1

3
(M£T)

−2Tαβ
(

S†αβ
4 ζ4χ†

4 − S†αβ
0 ζ4χ†

0

)

G(x, x′)
]√−g d4x′. (64f)

ψ
4

∞

ϕ
2

∞
χ∞

h
∞

ϕ
0

∞
ψ
0

∞

ψ
4

ℋ

ϕ
2

ℋ
χℋ

h
ℋ

ϕ
0

ℋ

10 100 1000 10
4

10
-7

10
-2

10
3

10
8

10
13

p

FIG. 1. Absolute value of the asymptotic amplitudes of the
(ℓ,m) = (2, 2) spin-weighted spheroidal harmonic mode of
the solutions to Eqs. (64) for a point particle an a circular
orbit of radius r0 = pM in Kerr spacetime with a = 0.6M .
The coefficients of the dominant behaviour towards infinity
are shown by solid lines and towards the horizon by dashed
lines.

As a check of these expressions, we have implemented
them in the Teukolsky [35] package of the Black Hole
Perturbation Toolkit. Our code will be released publicly
along with a follow-on paper describing the implementa-
tion for the case of a point particle on a generic, bound
orbit in Kerr spacetime [36]. In short, for each of the

six fields in Ψ ∈ (ψ0, ψ4, ϕ
T
0 , ϕ

T
2 , h

L, χDKW,T + χT), our
implementation considers their decomposition into spin-
weighted spheroidal harmonic modes,

Ψ =

∫ ∞

−∞

∞
∑

ℓ=|s|

ℓ
∑

m=−ℓ

Ψℓmω(r)

ζ |s|−s sSℓm(θ, ϕ; aω)e−iωtdω,

(65)
where the functions Ψℓmω(r) and sSℓm(θ, ϕ; aω) satisfy
the radial Teukolsky and spin-weighted spheroidal har-
monic equations, respectively. We then use variation of
parameters to determine the radial function in terms of
a linear combination of unit-normalised “in” and “up”
homogeneous solutions [28],

Ψℓmω(r) =

{

ΨH
sR

in
ℓmω(r) r ≤ r0,

Ψ∞
sR

up
ℓmω(r) r ≥ r0,

(66)

where for simplicity we have suppressed the fact that the
asymptotic amplitudes ΨH and Ψ∞ depend on (ℓ,m, ω).
A sample of results for the case of a point mass on a

circular orbit of radius r0 = pM in the equatorial plane
of Kerr spacetime are shown in Fig. 1, and given as a data
table in the supplemental material to this paper. These
agree to all significant digits with values obtained using
the code described in Ref. [24]. Finally, it is clear from
the plot that we can read off the power-law behaviour of
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8

these asymptotic amplitudes (corresponding to the lead-
ing term in a post-Newtonian expansion). Doing so, we
find

ψH
4 ≈ −3

4
i

√

π

5
p−3/2, ψ∞

4 ≈ −8i

√

π

5
p−5/2,

ϕH2 ≈ 1

5

√

π

5
p0, ϕ∞2 ≈ −16

3
i

√

π

5
p1/2,

χH ≈ − 6

25

√

2π

15
p0, χ∞ ≈ 11

4

√

2π

15
p2,

hH ≈ 32

25

√

2π

15
p−3, h∞ ≈ −8

√

2π

15
p−1,

ϕH0 ≈ 32

125
i

√

π

5
p0, ϕ∞0 ≈ 4i

√

π

5
p7/2,

ψH
0 ≈ −2496

625

√

π

5
p−3/2, ψ∞

0 ≈ −3i

√

π

5
p7/2.

IV. CONCLUSIONS

We have developed a formalism for solving the Lorenz-
gauge linearised Einstein equation in Kerr spacetime.
The formalism involves solving only (decoupled, sepa-
rable) Teukolsky equations and reconstructing the met-
ric perturbation by applying differential operators to the
solutions. It builds on previous work for homogeneous
solutions [23], extending those results to the case where
there is a non-zero source. Unlike the method developed
in Ref. [24] it does not rely a special property of the solu-
tion, so this new approach is expected to be much more
widely applicable.
The main limitation of the prescription is that, because

it determines the time derivative of the metric perturba-
tion, it cannot be used to obtain static (zero-frequency)
solutions. This is a common issue, also encountered by
other approaches [24, 37]. As was found in those cases,
we anticipate it will be possible to use a separate treat-
ment by specialising to the zero-frequency case. Indeed,
in addition to the AAB solution given in Eq. (18) there
is another “symmetric” metric perturbation,

h+µν = 4
3 (S

†
4ζ

4Ψ0 + S†
0ζ

4Ψ4)µν (67)

which satisfies the homogeneous linearised Einstein equa-
tion

(Eh+)µν = 0 (68)

and where the potentials satisfy “circularity relations”

T0h+ = ð
4
ζ̄4Ψ̄0, (69a)

T4h+ = ð
′4
ζ̄4Ψ̄4. (69b)

This has the advantage of also being valid in the zero-
frequency case. However, a sourced version (i.e. a cor-
rector tensor equivalent to NT ) is not yet known in this
case and there is also additional subtlety related to the

complex conjugates of the potentials: the metric pertur-
bation in Eq. 67 is complex, and taking the real part
then introduces extra terms into the circularity relations
in Eq. (69). These issues will be addressed in a future
work.
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Appendix A: Irreducible decompositions, null tetrad

projections and symmetries of Kerr spacetime

In this work we have considered perturbations of space-
times in the Kerr-NUT class (i.e. non-accelerating Petrov
type-D). These perturbations are quite naturally ex-
pressed using the spinor formalism, as it efficiently han-
dles simplifications that arise from the use of irreducible
decompositions of tensors. In this Appendix, we provide
a review some concepts tensorial expressions for the key
results of interest to this paper and direct the reader to
Refs. [29, 34, 40] for a more thorough exposition in the
language of spinors.

1. Null tetrads

We introduce an orthonormal basis of null vectors,
{lα, nα,mα, m̄α} where lµ and nν are real and are aligned
with the principal null directions, mµ is a complex and
m̄ν is its complex conjugate. The tetrad satisfies the
orthonormality conditions lµnµ = −1 and mµm̄µ = 1,
with all other inner products being zero. In this basis
the spacetime metric is

gµν = −2 l(µnν) + 2m(µm̄ν). (A1)

2. Geroch-Held-Penrose derivatives

Using the null tetrad, we next define the Geroch-Held-
Penrose (GHP) directional derivatives [41] (see Sec. 4.1.1
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9

of Ref. [28] for a review):

Þ := (lα∇α − pϵ− qϵ̄), Þ
′
:= (nα∇α + pϵ′ + qϵ̄′),

ð := (mα∇α − pβ + qβ̄′), ð
′
:= (m̄α∇α + pβ′ − qβ̄),

(A2)

where

β =
1

2
(mµm̄ν∇µmν −mµnν∇µlν), (A3a)

ϵ =
1

2
(lµm̄ν∇µmν − lµnν∇µlν), (A3b)

along with their primed variants β′ and ϵ′ that are ob-
tained by interchanging the tetrad vectors lα ↔ nα and
mα ↔ m̄α. Here {p, q} represents the GHP type of the
object on which the derivatives are acting; they are re-
lated to the spin-weight s = (p − q)/2 and boost-weight
b = (p + q)/2. We also introduce the remaining 8 spin
coefficients, defined to be the directional derivatives of
the tetrad vectors:

κ = −lµmν∇µlν , σ = −mµmν∇µlν ,

ρ = −m̄µmν∇µlν , τ = −nµmν∇µlν , (A4)

along with their primed variants, κ′, σ′, ρ′ and τ ′ (for
a tetrad aligned to the principal null directions of Kerr
spacetime we have κ = κ′ = σ = σ′ = 0). Finally, the
GHP derivative operators have adjoints given by

D† = −(ζζ̄)−1D(ζζ̄), D ∈ {Þ,Þ′
,ð,ð

′}, (A5)

where ζ is the Killing spinor coefficient (see Sec. A 5).

3. Tetrad projections and self-dual decompositions

Any antisymmetric rank-2 tensor (i.e. a two-form)
Fαβ = F[αβ] can be projected onto the null tetrad,

Fαβ = 2
[

(Φ1 + Φ̄1)n[αlβ] + (Φ1 − Φ̄1)m[αm̄β]

+Φ0m̄[αnβ] + Φ̄0m[αnβ] +Φ2l[αmβ] + Φ̄2l[αm̄β]

]

.

(A6)

Such tensors can also be decomposed into self-dual and
anti-self-dual parts, Fαβ = Fαβ + F̄αβ , where

Fαβ =
1

2
(Fαβ − i ⋆Fαβ), (A7a)

F̄αβ =
1

2
(Fαβ + i ⋆Fαβ), (A7b)

where ⋆Fαβ = 1
2ϵαβ

γδFγδ is the Hodge dual of Fαβ , and
where the (anti-)self-dual property means that ⋆Fαβ =
iFαβ and ⋆F̄αβ = −iF̄αβ . The self-dual part only has
components Φ0, Φ1 and Φ2, while the anti-self-dual part
only has components Φ̄0, Φ̄1 and Φ̄2.

Similarly, the 10 independent components of the Weyl
tensor can be represented by 5 complex Weyl scalars

ψ0 = Clmlm, ψ1 = Clnlm, ψ2 = Clmm̄n,

ψ3 = Clnm̄n, ψ4 = Cnm̄nm̄. (A8)

where Clmlm ≡ Cαβγδl
αmβlγmδ, etc. The Weyl tensor

can also be decomposed into self-dual and anti-self-dual
parts, Cαβγδ = Cαβγδ + C̄αβγδ, where

Cαβγδ =
1

2
(Cαβγδ − i ⋆Cαβγδ), (A9a)

C̄αβγδ =
1

2
(Cαβγδ + i ⋆Cαβγδ), (A9b)

and ⋆Cαβγδ = 1
2ϵαβ

µνCµνγδ is the Hodge dual of Cαβγδ

(N.B. the left and right duals of the Weyl tensor are
identical). The (anti-)self-dual property means that
⋆Cαβγδ = iCαβγδ and ⋆C̄αβγδ = −iC̄αβγδ. The self-dual
part only has components ψ0, ψ1, ψ2, ψ3 and ψ4, while
the anti-self-dual part only has components ψ̄0, ψ̄1, ψ̄2,
ψ̄3 and ψ̄4.

4. Irreducible decompositions and covariant

derivatives

The irreducible decomposition of a tensor reduces it to
a sum of trace, symmetric-trace-free, and anti-symmetric
pieces. For example, a rank-2 tensor can be decomposed
as Wαβ = W[αβ] + [W(αβ) − 1

4gαβW ] + 1
4gαβW . The

antisymmetric part can be further decomposed into self-
dual and anti-self-dual pieces, W[αβ] = W[αβ] + W̄[αβ].
Similarly, the Riemann tensor can be decomposed into
Weyl, trace-free Ricci and trace pieces, Rαβγδ = Cαβγδ+
gα[γS|β|δ]+ gβ[δS|α|γ]+

1
6gα[γg|β|δ]R, where Sαβ = Rαβ −

1
4gαβR is the trace-free Ricci tensor. The Weyl tensor
can be further decomposed into self-dual and anti-self-
dual pieces. These irreducible decompositions are natu-
rally represented using their correspondence to symmet-
ric spinors.
The covariant derivative ∇α = ∇AA′ of a symmetric

spinor can be decomposed into four irreducible parts: the
divergence D , curl C , curl-dagger C †, and twistor T

operators. For example, the derivative of a vector can be
decomposed as

∇αξβ =
1

2
(C ξ)αβ +

1

2
(C †ξ)αβ +

1

4
gαβ(Dξ) + (T †ξ)αβ

(A10)
where

(C ξ)αβ = (1− i ⋆)∇[αξβ] (A11a)

(C †ξ)αβ = (1 + i ⋆)∇[αξβ] (A11b)

(Dξ) = ∇αξα (A11c)

(T †ξ)αβ = ∇(αξβ) −
1

4
gαβ∇αξα (A11d)
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We are particularly interested here in the curl of a
symmetric, trace-free rank-2 tensor Sαβ , which in tensor
form is

(CS)αβγ =
1

2

[

(∇S)TF
[αβ]γ − 1

2
i ϵαβ

δϵ(∇S)TF
δϵγ

+ (∇S)TF
[αγ]β − 1

2
i ϵαγ

δϵ(∇S)TF
δϵβ

]

(A12)

where

(∇S)TF
αβγ = ∇αSβγ − 1

3
(gαβ∇δSδγ + gαγ∇δSβδ). (A13)

We are also interested in the curl-dagger of this rank-3
tensor, which is given by

(C †
CS)αβ =

1

2
iϵ(α|

γδϵ∇γ(CS)δϵ|β). (A14)

5. Symmetries, Killing spinors and Killing-Yano

tensors

The Kerr–NUT spacetime admits a valence (2, 0)
Killing spinor satisfying

∇A′(AκBC) = 0. (A15)

The Killing spinor also satisfies the integrability condi-
tion

Ψ(ABC
DκDE) = 0 (A16)

and the tensor wave equation

□κAB = ΨABCDκ
CD, (A17)

where ΨABCD is the Weyl spinor. In terms of a spinor
dyad {oA, ιB} the Killing spinor is κAB = −2ζo(AιB),

where ζ ∝ ψ
−1/3
2 is the Killing spinor coefficient.

The Killing spinor is equivalent to the self-dual 2-form

καβ =
1

2

(

fαβ − i⋆fαβ

)

= ζ(m[αm̄β] − l[αnβ]) ≡ ζκ̃αβ .

(A18)
Here, fαβ is a conformal Killing-Yano tensor satisfying

fαβ;γ = gβγTα − gαβTγ . (A19)

where

Tα =
1

3
∇βfαβ (A20)

is the time-translation Killing vector. As a consequence,
when differentiating expressions involving the conformal
Killing-Yano tensor we will often encounter time deriva-
tives represented by the Lie derivative along this time-
translation Killing vector, £T. This commutes with all
other operators, and in Boyer-Lindquist coordinates it
is simply a partial derivative with respect to coordinate
time t.

Finally, the Hodge dual of the conformal Killing-Yano
tensor, ⋆fαβ = 1

2ϵαβ
µνfµν , is a Killing-Yano tensor satis-

fying

⋆fα(β;γ) = 0. (A21)
6. Spin decomposition

The tensor κ̃αβ can be used to define spin-raising
(K0), sign-flipping (K1) and spin-lowering (K2) opera-
tors. These can, in turn, be used to define spin-projection
operators Pi, which pick out spin-i components and set
all other components to zero. Here, we are especially
interested in the spin-2 projected and sign-flipped self-
dual Weyl tensor (i.e. the Weyl tensor with only self-dual,
maximum spin-weight components and with the sign of
the negative spin-weight components flipped), which is
given by

C−
αβγδ ≡ (K1P2C)αβγδ

= −2κ̃α
µ
[

Cµβγδ + (κ̃ρσCρσµβκ̃γδ + κ̃ρσCρσγδκ̃µβ)
]

= 4(ψ0 n[αm̄β]n[γm̄δ] − ψ4 l[αmβ]l[γmδ]). (A22)

7. Kerr spacetime

In Kerr-NUT spacetimes ψ2 is the only non-zero Weyl
scalar, and in the Kerr case it is given by

ψKerr
2 = −M

ζ3
(A23)

where

ζ = r − ia cos θ (A24)

is the Killing spinor coefficient in Kerr spacetime.

Appendix B: Operators in GHP form

In this Appendix we give the operators appearing in this paper in GHP form. These operators act on symmetric
tensors, hαβ or Tαβ , on vectors jα or ξα, or on scalars: Ψ0 of GHP weight {4, 0}, Ψ4 of GHP weight {−4, 0}, Φ0 of
GHP weight {2, 0}, Φ2 of GHP weight {−2, 0}, or Φ of GHP weight {0, 0}. The adjoint operators, denoted with †,
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are defined such that

Xα1···αm(DY )α1···αm
− (D†X)β1···βnYβ1···βn

= ∇αv
a

for some vector vα and where the GHP weights of X and Y are such that the products X(DY ) and (D†X)Y are GHP
weight {0, 0}.
These operators are also given electronically as a Mathematica notebook in the supplemental material to this paper.

1. Lie derivative along the timelike Killing vector

The Lie derivative along the time-translation Killing vector Tα acting on an object of GHP weight {p, q} is

£T = −ζ
(

− ρ′Þ + ρÞ
′
+ τ ′ð− τð

′
)− p

2
ζΨ2 −

q

2
ζ̄Ψ̄2. (B1)

2. Decoupling operators

The decoupling operators for gravitational perturbations are given by

S0T =
1

2
(ð− τ̄ ′ − 4τ)

[

(Þ − 2ρ̄)T(lm) − (ð− τ̄ ′)Tll
]

+
1

2
(Þ − 4ρ− ρ̄)

[

(ð− 2τ̄ ′)T(lm) − (Þ − ρ̄)Tmm

]

, (B2a)

S4T =
1

2
(ð

′ − τ̄ − 4τ ′)
[

(Þ
′ − 2ρ̄′)T(nm̄) − (ð

′ − τ̄)Tnn
]

+
1

2
(Þ

′ − 4ρ′ − ρ̄′)
[

(ð
′ − 2τ̄)T(nm̄) − (Þ

′ − ρ̄′)Tm̄m̄

]

, (B2b)

and their adjoints are given by

(S†
0Ψ4)αβ =

[

− 1

2
lαlβ(ð− τ)(ð+ 3τ)− 1

2
mαmβ(Þ − ρ)(Þ + 3ρ)

+
1

2
l(αmβ)

(

(Þ − ρ+ ρ̄)(ð+ 3τ) + (ð − τ + τ̄ ′)(Þ + 3ρ)
)]

Ψ4, (B2c)

(S†
4Ψ0)αβ =

[

− 1

2
nαnβ(ð

′ − τ ′)(ð
′
+ 3τ ′)− 1

2
m̄αm̄β(Þ

′ − ρ′)(Þ
′
+ 3ρ′)

+
1

2
n(αm̄β)

(

(Þ
′ − ρ′ + ρ̄′)(ð

′
+ 3τ ′) + (ð

′ − τ ′ + τ̄)(Þ
′
+ 3ρ′)

)]

Ψ0. (B2d)

For spin-weight s = ±1 fields they are given by

S0j =
1

2

[

(ð− 2τ − τ̄ ′)jl − (Þ − 2ρ− ρ̄)jm
]

, (B2e)

S2j =
1

2

[

− (ð
′ − 2τ ′ − τ̄)jn + (Þ

′ − 2ρ′ − ρ̄′)jm̄
]

, (B2f)

and their adjoints are given by

(S†
0Φ2)α =

1

2

[

− lα(ð+ τ) +mα(Þ + ρ)
]

Φ2, (B2g)

(S†
2Φ0)α =

1

2

[

nµ(ð
′
+ τ ′)− m̄µ(Þ

′
+ ρ′)

]

Φ0. (B2h)

3. Linearised Einstein operator

Five of the components of the linearised Einstein operator are given by symmetries,

(Eh)nn = (Eh)′ll, (B3a)

(Eh)lm̄ = (Eh)lm, (B3b)

(Eh)nm = (Eh)′lm, (B3c)

(Eh)nm̄ = (Eh)′lm, (B3d)

(Eh)m̄m̄ = (Eh)mm. (B3e)
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The other five are given by

(Eh)ll = −
[

(ð
′ − τ ′)(ð− τ̄ ′) + ρ(Þ

′
+ ρ′ − ρ̄′)− (Þ − ρ)ρ′ + ψ2

]

hll −
[

− (ρ+ ρ̄)(Þ + ρ+ ρ̄) + 4ρρ̄
]

hln

−
[

− (Þ − 3ρ̄)(ð
′ − τ ′ + τ̄) + τ̄Þ − ρ̄ð

′]
hlm −

[

− (Þ − 3ρ)(ð+ τ − τ̄ ′) + τÞ − ρð
]

hlm̄

−
[

Þ(Þ − ρ− ρ̄) + 2ρρ̄
]

hmm̄, (B3f)

(Eh)ln = −1

2

[

ρ′(Þ
′ − ρ′) + ρ̄′(Þ

′ − ρ̄′)
]

hll −
1

2

[

ρ(Þ − ρ) + ρ̄(Þ − ρ̄)
]

hnn − 1

2

[

− (ð
′
+ τ ′ + τ̄)(ð− τ − τ̄ ′)

− (ð
′
ð+ 3ττ ′ + 3τ̄ τ̄ ′) + 2(τ̄ + τ ′)ð + (Þ − 2ρ̄)ρ′ + (Þ

′ − 2ρ′)ρ̄− ρ̄′(Þ + ρ)− ρ(Þ
′
+ ρ̄′)− ψ2 − ψ̄2

]

hln

− 1

2

[

(Þ
′ − 2ρ̄′)(ð

′ − τ ′) + τ̄(Þ
′
+ ρ′ + ρ̄′)− τ ′(Þ

′ − ρ′)− (2ð
′ − τ̄)ρ̄′

]

hlm − 1

2

[

(Þ
′ − 2ρ′)(ð− τ̄ ′)

+ τ(Þ
′
+ ρ̄′ + ρ′)− τ̄ ′(Þ

′ − ρ̄′)− (2ð− τ)ρ′
]

hlm̄ − 1

2

[

(Þ − 2ρ)(ð
′ − τ̄) + (τ ′ + τ̄)(Þ + ρ̄)

− 2(ð
′ − τ ′)ρ− 2τ̄Þ

]

hnm − 1

2

[

(Þ − 2ρ̄)(ð− τ) + (τ̄ ′ + τ)(Þ + ρ)− 2(ð− τ̄ ′)ρ̄− 2τÞ
]

hnm̄

− 1

2

[

− (ð
′ − τ̄)(ð

′ − τ ′) + τ̄(τ̄ − τ ′)
]

hmm − 1

2

[

− (ð− τ)(ð− τ̄ ′) + τ(τ − τ̄ ′)
]

hm̄m̄

− 1

2

[

(ð
′
+ τ ′ − τ̄)(ð− τ + τ̄ ′)− 2Þ

′
Þ + (ð

′
ð − ττ ′ − τ̄ τ̄ ′ + τ τ̄)− (ψ2 + ψ̄2)

+ (Þ
′ − 2ρ′)ρ̄+ (Þ − 2ρ̄)ρ′ + ρ(3Þ

′ − 2ρ̄′) + ρ̄′(3Þ − 2ρ) + 2ρρ̄′ + 2(ð
′
τ)− τ τ̄

]

hmm̄, (B3g)

(Eh)mm̄ = −1

2

[

Þ
′
(Þ

′ − ρ′ − ρ̄′) + 2ρ′ρ̄′
]

hll −
1

2

[

Þ(Þ − ρ− ρ̄) + 2ρρ̄
]

hnn − 1

2

[

− (Þ
′
+ ρ′ − ρ̄′)(Þ − ρ+ ρ̄)

− Þ
′
(Þ + ρ) + ρ(Þ

′
+ ρ′ − ρ̄′)− ψ̄2 + (ð

′ − τ̄)(ð− τ − τ̄ ′) + ð
′
ð − (ð− 2τ̄ ′)τ ′ − τ̄(2ð+ τ̄ ′)

− 2τ(ð
′ − τ̄) + 2τ ′τ̄ ′ + ρ̄ρ̄′

]

hln − 1

2

[

− (Þ
′ − 2ρ′)(ð

′ − 2τ̄) + τ̄(Þ
′
+ 2ρ′ − 2ρ̄′)− 2τ ′ρ̄′

]

hlm

− 1

2

[

− (Þ
′ − 2ρ̄′)(ð − 2τ) + τ(Þ

′
+ 2ρ̄′ − 2ρ′)− 2τ̄ ′ρ′

]

hlm̄ − 1

2

[

− τ̄(ð
′ − τ̄)− τ ′(ð

′ − τ ′)
]

hmm

− 1

2

[

− (Þ − 2ρ̄)(ð
′ − 2τ ′) + τ ′(Þ − 2ρ− 2ρ̄)− 2ρτ̄ + 4τ ′ρ̄

]

hnm − 1

2

[

− τ(ð− τ)− τ̄ ′(ð− τ̄ ′)
]

hm̄m̄

− 1

2

[

− (Þ − 2ρ)(ð− 2τ̄ ′) + τ̄ ′(Þ − 2ρ̄− 2ρ)− 2ρ̄τ + 4τ̄ ′ρ
]

hnm̄ − 1

2

[

2Þ
′
Þ − (Þ

′ − ρ̄′)ρ̄− (Þ − ρ)ρ′ − (ð
′
τ)

− ρ(Þ
′ − ρ′ + ρ̄′)− ρ̄′(Þ + ρ− ρ̄)− (ð

′ − 2τ ′)τ̄ ′ + τ(ð
′
+ 2τ̄)− τ ′(ð− τ̄ ′) + τ̄(ð+ τ)− ψ2 − ψ̄2

]

hmm̄,

(B3h)

(Eh)lm = −1

2

[

(Þ
′ − ρ′)(ð− τ̄ ′) + (ð − τ − 2τ̄ ′)ρ̄′ − (ð− τ)ρ′ + τ(Þ

′
+ ρ′)

]

hll −
1

2

[

− (Þ − ρ+ ρ̄)(ð+ τ − τ̄ ′)

− (ð− 3τ + τ̄ ′)ρ̄− 2ρτ̄ ′
]

hln − 1

2

[

− (Þ
′
+ ρ̄′)(Þ − 2ρ̄) + ρ(Þ

′
+ 2ρ′ − 2ρ̄′)− 4ρ′ρ̄+ 3ψ2

+ (ð
′
+ τ̄)(ð− 2τ̄ ′)− τ(ð

′
+ τ ′ − 2τ̄)− τ ′(τ − 4τ̄ ′)

]

hlm − 1

2

[

− ð(ð− 2τ)− 2τ̄ ′(τ − τ̄ ′)
]

hlm̄

− 1

2

[

Þ(Þ − 2ρ) + 2ρ̄(ρ− ρ̄)
]

hnm − 1

2

[

− (Þ − ρ̄)(ð
′ − τ ′ + τ̄) + 2τ̄ ρ̄

]

hmm

− 1

2

[

(Þ + ρ− ρ̄)(ð+ τ̄ ′ − τ) + 2τ̄ ′(Þ − 2ρ)− (ð− τ − τ̄ ′)ρ̄+ 2ρτ
]

hmm̄, (B3i)

(Eh)mm = −
[

− ð(ð− τ − τ̄ ′)− 2τ τ̄ ′
]

hln −
[

(Þ
′ − ρ′)(ð− τ̄ ′)− (ð− τ − τ̄ ′)ρ′ + τ(Þ

′
+ ρ′ − ρ̄′)− τ̄ ′(Þ

′
l + ρ̄′)

]

hlm

−
[

(Þ − ρ̄)(ð− τ)− (ð− τ − τ̄ ′)ρ̄− τ(Þ + ρ) + τ̄ ′(Þ − ρ+ ρ̄)
]

hnm −
[

(τ + τ̄ ′)ð+ (τ − τ̄ ′)2
]

hmm̄

−
[

− (Þ
′ − ρ′)(Þ − ρ̄) + (ð − τ)τ ′ − τ(ð

′
+ τ ′ − τ̄) + ψ2

]

hmm. (B3j)

The linearised Einstein operator is self-adjoint,

E† = E . (B3k)
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4. Lorenz gauge vector

Defining the operator Z by (Zh)α = ∇ν ĥαν , two of its components are given by symmetries,

(Zh)n = (Zh)′l, (B4a)

(Zh)m̄ = (Zh)′m, (B4b)

and the other two components are given by

(Zh)l = −(Þ − ρ− ρ̄)ĥln − (Þ
′ − ρ′ − ρ̄′)ĥll + (ð − τ̄ ′ − 2τ)ĥlm̄ + (ð

′ − τ ′ − 2τ̄)ĥlm + (ρ+ ρ̄)ĥmm̄, (B4c)

(Zh)m = −(Þ − 2ρ− ρ̄)ĥnm − (Þ
′ − ρ′ − 2ρ̄′)ĥlm + (ð − τ̄ ′ − τ)ĥmm̄ + (ð

′ − τ ′ − τ̄)ĥmm − (τ + τ̄ ′)ĥln.f (B4d)

5. Vector wave operator

Two of the components of the vector wave operator are given by symmetries,

(□ξ)l = (□ξ)′l, (B5a)

(□ξ)m̄ = (□ξ)m, (B5b)

and the other two components are given by

(□ξ)l = 2
[

(ð′ − τ ′)(ð− τ̄ ′)− (Þ − ρ)(Þ
′ − ρ̄′) + ρρ′

]

ξl + 2ρρ̄ξn + 2
[

ρ̄ð
′ − τ̄Þ

]

ξm + 2
[

ρð − τÞ
]

ξm̄, (B5c)

(□ξ)m = 2
[

(ð− τ)(ð
′ − τ̄)− (Þ

′ − ρ′)(Þ − ρ̄)− ττ ′
]

ξm − 2τ τ̄ ′ξm̄ + 2
[

ρ̄′ð− τ̄ ′Þ
′]
ξl + 2

[

ρð− τÞ
]

ξn. (B5d)

The vector wave operator is self-adjoint.

6. Lorenz gauge scalar

The divergence of a vector field, ∇αξα, is given by

Dξ = −(Þ
′ − ρ′ − ρ̄′)ξl − (Þ − ρ− ρ̄)ξn + (ð

′ − τ ′ − τ̄)ξm + (ð − τ − τ̄ ′)ξm̄. (B6)

7. Teukolsky operators

The Teukolsky operators for spin-weight s = ±2 fields are given by

O0Ψ0 =
[(

Þ − 4ρ− ρ̄
)(

Þ
′ − ρ′

)

−
(

ð− 4τ − τ̄ ′
)(

ð
′ − τ ′

)

− 3ψ2

]

Ψ0, (B7a)

O4Ψ4 =
[(

Þ
′ − 4ρ′ − ρ̄′

)(

Þ − ρ
)

−
(

ð
′ − 4τ ′ − τ̄

)(

ð− τ
)

− 3ψ2

]

Ψ4, (B7b)

and their adjoints are given by

O†
0Ψ4 = ζ4O4ζ

−4Ψ4,

O†
4Ψ0 = ζ4O0ζ

−4Ψ0. (B7c)

For spin-weight s = ±1 they are given by

O0Φ0 =
[(

Þ − 2ρ− ρ̄
)(

Þ
′ − ρ′

)

−
(

ð − 2τ − τ̄ ′
)(

ð
′ − τ ′

)]

Φ0, (B7d)

O2Φ2 =
[(

Þ
′ − 2ρ′ − ρ̄′

)(

Þ − ρ
)

−
(

ð
′
+ 2τ ′ − τ̄

)(

ð− τ
)]

Φ2, (B7e)

and their adjoints are given by

O†
0Φ2 = ζ2O2ζ

−2Φ2,

O†
2Φ0 = ζ2O0ζ

−2Φ0. (B7f)

For spin-weight s = 0 the operator is given by

OΦ =
[(

Þ − ρ̄
)(

Þ
′ − ρ′

)

−
(

ð − τ̄ ′
)(

ð
′ − τ ′

)

− ψ2

]

Φ, (B7g)

and its adjoint is given by

O†Φ = OΦ. (B7h)
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8. Linearised Weyl operators

The linearised Weyl operators are given by

T0h = −1

2

[

(ð− τ̄ ′)(ð− τ̄ ′)hll + (Þ − ρ̄)(Þ − ρ̄)hmm −
(

(Þ − ρ̄)(ð− 2τ̄ ′) + (ð − τ̄ ′)(Þ − 2ρ̄)
)

h(lm)

]

, (B8a)

T4h = −1

2

[

(ð
′ − τ̄)(ð

′ − τ̄)hnn + (Þ
′ − ρ̄′)(Þ

′ − ρ̄′)hm̄m̄ −
(

(Þ
′ − ρ̄′)(ð

′ − 2τ̄) + (ð
′ − τ̄)(Þ

′ − 2ρ̄′)
)

h(nm̄)

]

, (B8b)

and their adjoints are given by

(T †
0 Ψ4)αβ = −1

2

[

lαlβ(ð− τ)(ð− τ) +mαmβ(Þ − ρ)(Þ − ρ)

− l(αmβ)

(

(ð− τ + τ̄ ′)(Þ − ρ) + (Þ − ρ+ ρ̄)(ð− τ)
)

]

Ψ4, (B8c)

(T †
4 Ψ0)αβ = −1

2

[

nαnβ(ð
′ − τ ′)(ð

′ − τ ′) + m̄αm̄β(Þ
′ − ρ′)(Þ

′ − ρ′)

− n(αm̄β)

(

(ð
′ − τ ′ + τ̄)(Þ

′ − ρ′) + (Þ
′ − ρ′ + ρ̄′)(ð

′ − τ ′)
)

]

Ψ0. (B8d)

9. Maxwell scalar operators

The operators that give Maxwell scalars in terms of a vector field ξα are given by

T0ξ = −(ð− τ̄ ′)ξl + (Þ − ρ̄)ξm, (B9a)

T2ξ = (ð
′ − τ̄)ξn − (Þ

′ − ρ̄′)ξm̄, (B9b)

and their adjoints are given by

(T †
0 Φ2)

α = lα(ð− τ)Φ2 −mα(Þ − ρ)Φ2, (B9c)

(T †
2 Φ0)

α = −nα(ð′ − τ ′)Φ0 + m̄α(Þ
′ − ρ′)Φ0. (B9d)

10. AAB corrector N

Five of the components of the operator N are given by symmetries:

(NT )mm̄ = (NT )ln, (B10a)

(NT )nn = −(NT )′ll, (B10b)

(NT )m̄m̄ = −(NT )′mm, (B10c)

(NT )nm̄ = −(NT )′lm, (B10d)

(NT )nm = −(NT )′lm̄. (B10e)

The other five are given by

(NT )ll =
1

9

[

3(ð
′ − τ ′)(ð+ 4τ − τ̄ ′) + (Þ − ρ)(Þ

′
+ 4ρ′ − ρ̄′)− 2ρρ′ − 9ψ2

]

ζ4Tll −
1

54
Þζ4ÞT +

1

9
ρ
[

2ρ− ρ̄
]

ζ4T̃

+
2

9

[

τÞ − ρ(ð+ 4τ)
]

ζ4Tlm̄ − 1

9

[

(2ð
′ − τ̄)(2Þ + 6ρ− 3ρ̄)− 8ρτ ′ − 5ρ̄τ̄

]

ζ4Tlm +
2

27
Þζ4(DT )l, (B10f)

(NT )mm = −1

9

[

3(Þ
′ − ρ′)(Þ + 4ρ− ρ̄) + (ð − τ)(ð

′
+ 4τ ′ − τ̄)− 2ττ ′ + 9ψ2

]

ζ4Tmm − 1

54
ðζ4ðT − 1

9
τ
[

2τ − τ̄ ′
]

ζ4T̃

+
2

9

[

τÞ − ρ(ð− 4τ)
]

ζ4Tnm +
1

9

[

(2Þ
′ − ρ̄′)(2ð+ 6τ − 3τ̄ ′)− 8τρ′ − 5ρ̄′τ̄ ′

]

ζ4Tlm +
2

27
ðζ4(DT )m,

(B10g)

(NT )lm =
1

9

[

(ð
′ − 4τ ′ + 3τ̄)(ð+ 7τ − 4τ̄ ′)− (Þ

′ − 4ρ′ + 3ρ̄′)(Þ + 7ρ− 4ρ̄)− 14ψ2 + 2ψ̄2 − 26ρρ′ + 32ρ̄ρ′ − 10ρ̄′ρ̄
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− 32τ τ̄ + 26ττ ′ + 10τ̄ τ̄ ′
]

ζ4Tlm +
1

18

[

τÞ − ρð
]

ζ4T̃ − 2

9

[

τ(2τ − τ̄ ′)
]

ζ4Tlm̄ +
2

9

[

ρ(2ρ− ρ̄)
]

ζ4Tnm

+
1

18

[

(2Þ
′
+ ρ̄′)(2ð+ 6τ − τ̄ ′)− 8τρ′ − 5ρ̄′τ̄ ′

]

ζ4Tll −
1

18

[

(2ð
′
+ τ̄)(2Þ + 6ρ− ρ̄)− 8ρτ ′ − 5ρ̄τ̄

]

ζ4Tmm

− 1

108

[

(ð+ τ̄ ′)ζ4Þ + (Þ + ρ̄)ζ4ð
]

T +
1

27

[

Þ + ρ̄
]

ζ4(DT )m +
1

27

[

ð+ τ̄ ′
]

ζ4(DT )l, (B10h)

(NT )lm̄ = − 1

27

[

(ð
′ − 5τ ′)(ð + 8τ − τ̄ ′) + 3(Þ − ρ)(Þ

′
+ 4ρ′ − ρ̄′)− 6ρρ′ + 18ττ ′

]

ζ4Tlm̄ − 1

27

[

Þ + ρ
]

ζ4(DT )m̄

− 1

27

[

ð
′
+ τ ′

]

ζ4(DT )l −
1

54

[

(2ð
′ − τ ′)(2Þ

′
+ 9ρ′ − 2ρ̄′)− 9ρ′τ ′

]

ζ4Tll −
2

9

[

ρ(2ρ− ρ̄)
]

ζ4Tnm̄

+
1

108

[

(ð
′
+ τ ′)ζ4Þ + (Þ + ρ)ζ4ð

′
]

T +
1

108

[

(2ð
′
+ 2τ ′ − 3τ̄)(2Þ + 4ρ− ρ̄)− 9ρ̄τ̄ − 24ρτ ′

]

ζ4T̃

+
1

9

[

ρ(ð+ 8τ)− τ(Þ + 4ρ)
]

ζ4Tm̄m̄ +
2

27

[

(ð
′
+ 4τ ′ − 3τ̄)(ð

′
+ τ̄)− 3τ̄ τ ′

]

ζ4Tlm, (B10i)

(NT )ln = − 1

27
ζ4
[

(2ρ′ − ρ̄′)Þ − (2ρ− ρ̄)Þ
′ − (2τ ′ − τ̄)ð+ (2τ − τ̄ ′)ð

′
]

T̃

+
1

54

[

(ð
′ − 2τ ′ + τ̄)(ð

′ − τ̄ + 6τ ′)
]

ζ4Tmm − 1

54

[

(ð− 2τ + τ̄ ′)(ð − τ̄ ′ + 6τ)
]

ζ4Tm̄m̄

− 1

54

[

(Þ
′ − 2ρ′ + ρ̄′)(Þ

′
+ 6ρ′ − ρ̄′)

]

ζ4Tll +
1

54

[

(Þ − 2ρ+ ρ̄)(Þ + 6ρ− ρ̄)
]

ζ4Tnn

− 2

27

[

(ð+ τ)(Þ
′
+ 2ρ′)− 2ρ̄′τ̄ ′ − 6ρ′τ

]

ζ4Tlm̄ − 2

27

[

(2ρ′ − ρ̄′)(ð
′
+ 2τ ′)− (2τ ′ − τ̄)(Þ

′
+ 2ρ′)

]

ζ4Tlm

+
2

27

[

(ð
′
+ τ ′)(Þ + 2ρ)− 2ρ̄τ̄ − 6ρτ ′

]

ζ4Tnm +
2

27

[

(2ρ− ρ̄)(ð+ 2τ)− (2τ − τ̄ ′)(Þ + 2ρ)
]

ζ4Tnm̄. (B10j)

where T = 2(Tmm̄−Tln) is the trace, T̃ := 2(Tmm̄+Tln), and (DT )a = ∇αTαa is the divergence of Tαβ . The operator
N is anti-self-adjoint,

N † = −N . (B10k)

11. AAB vector A

The AAB vector operatorA itself is not used in the Lorenz-gauge construction, but is included here for completeness.
Two of the components of the operator A are given by symmetries:

(Ah)n = −(Ah)′l (B11a)

(Ah)m̄ = −(Ah)′m (B11b)

The other two are given by

(Ah)l =
ζ4

108

{

[

Þ
′
Þ

′
Þ + 6ð

′
ðÞ

′ − 6ρÞ
′
Þ

′
+ 2 (2ρ′ − ρ̄′)Þ

′
Þ + 2 (τ̄ − 16τ ′)ðÞ

′
+ 2 (τ − 4τ̄ ′)ð

′
Þ

′
+ 6 (3ρ′ − ρ̄′)ð

′
ð

+
(

4ρ′2(5ρ̄− 3ρ) + 8ρ′(7τ τ̄ − τ ′τ) + 4ρ̄′(τ̄ ′τ̄ + 5τ τ̄ − 4ρ′ρ̄) + 14ψ2(ρ̄
′ − ρ′)− 2ψ̄2(ρ̄

′ + 5ρ′)− 12ρ′ψ̄2ζ̄/ζ
)

+ 2ρ′ (3ρ′ − 2ρ̄′)Þ +
(

18ρ′ρ̄− 20ρ′ρ− 8ρ̄′ρ̄+ 8τ ′τ − 4τ̄ ′τ̄ + 26τ τ̄ − 5ψ2 − 5ψ̄2 − 2ψ̄2ζ̄/ζ + 4ψ̄2ζ̄
2/ζ2

)

Þ
′

− (78ρ′τ ′ + 8ρ′τ̄ + 12ρ̄′τ̄)ð + 2 (9ρ′τ + 8ρ̄′τ)ð
′]
hll

+
[

− 2Þ
′
ÞÞ − 8ð

′
ðÞ + 32τ ′ðÞ − 2 (ρ′ − ρ̄′)ÞÞ + 4 (2ρ+ ρ̄)Þ

′
Þ + 4 (5τ̄ ′ − 3τ)ð

′
Þ + 4 (ρ+ ρ̄)ð

′
ð

+
(

4ρ′(5ρ2 − 7ρ̄2) + 4ρ̄(5ρ̄′ρ̄− 7ρ′ρ) + 8ρτ(5τ ′ − 3τ̄) + 8ρ̄τ̄(5τ̄ ′ − 3τ)− 8ψ2(7ρ+ 3ρ̄) + 4ρ̄ψ̄2 − 12ρψ̄2ζ̄/ζ
)

+
(

4ρ̄(5ρ̄′ − 3ρ′)− 4ρρ′ + 16(ττ ′ + τ̄ τ̄ ′)− 56τ τ̄ − 6ψ2 + ψ̄2(8 + 6ζ̄/ζ − 12ζ̄2/ζ2)
)

Þ + 4
(

5ρ2 + ρ̄2 − 6ρρ̄
)

Þ
′

+ 4 (7ρτ ′ + 4ρτ̄ + 3ρ̄τ̄)ð + 16 (ρ̄τ + τ̄ ′ρ̄)ð
′]
hln

+
[

− 8ð
′
Þ

′
Þ − 6ð

′
ð
′
ð+ 4 (τ̄ + 7τ ′)Þ

′
Þ − 8 (2ρ′ − ρ̄′)ð

′
Þ + 4 (ρ+ 3ρ̄)ð

′
Þ

′
+ 4 (τ̄ + 5τ ′)ð

′
ð

+ 2 (7τ̄ ′ − 4τ)ð
′
ð
′
+ 4 (10ρ′τ ′ + 5ρ′τ̄ + 4ρ̄′τ̄)Þ + 4 (8τ ′ρ+ 7ρτ̄ + 4ρ̄τ̄)Þ

′
+ 4

(

13τ ′2 + 2τ̄2 − 9τ ′τ̄
)

ð

+
(

4τ̄2(7τ̄ ′ − 10τ) + 48τ ′(ρ′ρ+ τ ′τ) + 40ρ′τ̄(ρ+ ρ̄) + 4τ̄(14ρ̄′ρ̄− 19τ ′τ) + 8ψ2(τ
′ − 4τ̄) + 4τ̄ ψ̄2(1− 5ζ̄2/ζ2)

− 4τ ′ψ̄2ζ̄/ζ
)

+
(

8ρ′(ρ̄− 2ρ) + 28(ρ̄′ρ̄− τ τ̄) + 12(2τ̄ τ̄ ′ − ττ ′) + 2ψ2 + 6ψ̄2 + 12ψ̄2ζ̄/ζ − 20ψ̄2ζ̄
2/ζ2

)

ð
′]
hlm
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+
[

4ðÞ
′
Þ + 6ð

′
ðð + 4 (τ − 2τ̄ ′)Þ

′
Þ − 4 (ρ̄′ − 2ρ′)ðÞ + 4 (ρ̄− 6ρ)ðÞ

′
+ 2 (2τ̄ − 17τ ′)ðð + 16 (τ − τ̄ ′)ð

′
ð

+ (4τ2(8τ̄ − 5τ ′) + 4τ̄ ′(2ρ̄′ρ̄− τ τ̄)− 40τ(ρρ′ + ρ̄ρ̄′) + 16ρ′ρ̄τ + 4ψ2(6τ̄
′ + 10τ) + 4ψ̄2(τ̄

′ − 7τ)− 20τψ̄2ζ̄/ζ

− 4τ̄ ′ψ̄2ζ̄
2/ζ2) + 4 (3ρ′τ + 2ρ̄′τ)Þ − 4 (4ρτ + 5ρ̄τ)Þ

′
+ 4

(

τ̄ ′2 + 5τ2 − 6τ̄ ′τ
)

ð
′

+
(

32ρ′(ρ̄− ρ)− 16ρ̄′ρ̄+ 4τ(17τ̄ − 12τ ′)− 12τ̄ ′τ̄ − 36ψ2 − 10ψ̄2 − 8ψ̄2ζ̄/ζ + 6ψ̄2ζ̄
2/ζ2

)

ð
]

hlm̄

+
[

ÞÞÞ − 2 (ρ+ ρ̄)ÞÞ − 2
(

7ρ2 + ρ̄2 − 4ρρ̄
)

Þ + 4
(

5ρ2ρ̄− 6ρ3 − ρρ̄2
) ]

hnn

+
[

10ð
′
ÞÞ − 16ρ̄ð

′
Þ − 2 (15τ ′ + 2τ̄)ÞÞ − 4

(

5ρ2 + 1ρ̄2 − 2ρρ̄
)

ð
′

− 12
(

5τ ′ρ2 + 2ρ2τ̄ + ρρ̄τ̄
)

− 8 (5τ ′ρ+ 4ρτ̄ + 2ρ̄τ̄)Þ
]

hnm

+
[

− 2ðÞÞ + 8ρðÞ + 2 (3τ̄ ′ − 2τ)ÞÞ + 8 (τ̄ ′ρ̄+ ρτ + 2ρ̄τ)Þ + 4
(

5ρ2 + ρ̄2 − 4ρρ̄
)

ð

+ 12
(

τ̄ ′ρ̄2 + 4ρ2τ + 2ρ̄2τ − ρρ̄τ
) ]

hnm̄

+
[

7ð
′
ð
′
Þ − 8 (2τ ′ + τ̄)ð

′
Þ + 2 (ρ− 3ρ̄)ð

′
ð
′ −

(

46τ ′2 + 6τ̄2 − 28τ ′τ̄
)

Þ − 2 (τ ′ρ+ 2ρτ̄ + 4ρ̄τ̄)ð
′

+ 4
(

4ρτ̄2 − 12τ ′2ρ− 7τ ′ρτ̄
) ]

hmm

+
[

− 2Þ
′
ÞÞ − 8ð

′
ðÞ + 32τ ′ðÞ − 2 (ρ′ − ρ̄′)ÞÞ + 4 (2ρ+ ρ̄)Þ

′
Þ + 4 (5τ̄ ′ − 3τ)ð

′
Þ + 4 (ρ+ ρ̄)ð

′
ð

+
(

4ρρ′(5ρ− 7ρ̄) + 4ρ̄2(5ρ̄′ − 7ρ′) + 4ρτ(10τ ′ − 6τ̄) + 4ρ̄τ̄(10τ̄ ′ − 6τ) + 8ψ2(2ρ− 3ρ̄) + 4ρ̄ψ̄2 − 12ρψ̄2ζ̄/ζ
)

+
(

4ρ̄(5ρ̄′ − 3ρ′)− 4ρ′ρ+ 16(ττ ′ + τ̄ ′τ̄)− 56τ τ̄ + 42ψ2 + 8ψ̄2 + 6ψ̄2ζ̄/ζ − 12ψ̄2ζ̄
2/ζ2

)

Þ

+ 4
(

5ρ2 + ρ̄2 − 6ρρ̄
)

Þ
′
+ 4 (7τ ′ρ+ 4ρτ̄ + 3ρ̄τ̄)ð+ 16ρ̄ (τ + τ̄ ′)ð

′]
hmm̄

+
[

ððÞ + 4
(

τ − τ̄ ′
)

ðÞ + 2 (ρ̄− 3ρ)ðð + 2
(

τ̄ ′2 + 3τ2 − 4τ̄ ′τ
)

Þ − 2 (τ̄ ′ρ̄+ 10ρτ + 2ρ̄τ)ð

− 4
(

6ρτ2 + 2ρ̄τ2 + τ̄ ′ρ̄τ
) ]

hm̄m̄

}

, (B11c)

(Ah)m =
ζ4

108

{

[

7ðÞ
′
Þ

′ − 6(2τ + τ̄ ′)Þ
′
Þ

′ − 2(ρ′ + 4ρ̄′)ðÞ
′
+ 4(ρ̄′τ − 7ρ′τ − 2ρ̄′τ̄ ′)Þ

′
+
(

20ρ̄′ρ′ − 48ρ′2 − 6ρ̄′2
)

ð

+ 4
(

4ρ̄′2τ − 18τρ′2 − 3ρ̄′τρ′
) ]

hll

+
[

− 2ð
′
ðð − 8ðÞ

′
Þ + 12(τ + τ̄ ′)Þ

′
Þ + 24ρ′ðÞ + 12(ρ̄− ρ)ðÞ

′
+ 2(τ̄ − τ ′)ðð + 4(2τ + τ̄ ′)ð

′
ð

+
(

20(τ̄ τ̄ ′2 + τ2τ ′) + 40(ρρ′τ + ρ̄ρ̄′τ̄ ′)− 24ρ̄τ(ρ′ − ρ̄′)− 28τ τ̄(τ + τ̄ ′)− 8ψ2(2τ − 3τ̄ ′)− 4τ̄ ′ψ̄2(1 + 3ζ̄2/ζ2)
)

+ 4(9ρ′τ + 10ρ̄′τ + 5ρ̄′τ̄ ′)Þ + 4(3ρτ − 7ρ̄τ + 4ρ̄τ̄ ′)Þ
′
+ 4

(

5τ2 − 6τ̄ ′τ + τ̄ ′2
)

ð
′

+
(

4ρρ′ − 12ρ̄ρ′ + 8ρ̄ρ̄′ − 4τ τ̄ − 4ττ ′ + 12τ̄ τ̄ ′ − 42ψ2 − 4ψ̄2 + 6ψ̄2ζ̄/ζ − 8ψ̄2ζ̄
2/ζ2

)

ð
]

hln

+
[

− 6Þ
′
Þ

′
Þ − 8ð

′
ðÞ

′
+ 4(5ρ′ + ρ̄′)Þ

′
Þ + 2(7ρ̄− 4ρ)Þ

′
Þ

′
+ 16(τ̄ − τ ′)ðÞ

′
+ 12(τ + τ̄ ′)ð

′
Þ

′
+ 4(5ρ′ − ρ̄′)ð

′
ð

+
(

4ρ′2(16ρ− 23ρ̄) + 4ρ̄ρ̄′(7ρ̄′ − 10ρ′)− 56ρ′τ(τ̄ − 2τ ′) + 8ρ̄′τ̄(5τ + 7τ̄ ′) + 4ρ̄′(8ψ2 − ψ̄2)− 32ρ′ψ̄2ζ̄/ζ
)

+ 4
(

13ρ′2 − 9ρ̄′ρ′ + 2ρ̄′2
)

Þ − 4(3ρ′τ̄ − 2ρ̄′τ̄ − 4ρ′τ ′)ð+ 4(12ρ′τ + 8ρ̄′τ + 7ρ̄′τ̄ ′)ð
′

−
(

4ρρ′ + 36ρ̄ρ′ − 24ρ̄ρ̄′ + 12τ τ̄ − 8ττ ′ − 16τ̄ τ̄ ′ − 2ψ2 + 6ψ̄2 − 8ψ̄2ζ̄/ζ + 20ψ̄2ζ̄
2/ζ2

)

Þ
′]
hlm

+
[

10ððÞ
′ − 4(5τ + 4τ̄ ′)ðÞ

′ − 2(5ρ′ + 2ρ̄′)ðð − 4
(

5τ2 − 6τ̄ ′τ + τ̄ ′2
)

Þ
′ − 8(5ρ′τ + 2ρ̄′τ + 2ρ̄′τ̄ ′)ð

− 4
(

15ρ′τ2 + 6ρ̄′τ2 + 3ρ̄′τ̄ ′τ
) ]

hlm̄

+
[

ðÞÞ + 2(2ρ− ρ̄)ðÞ − 6τÞÞ − 4(5ρτ − 2ρ̄τ + ρ̄τ̄ ′)Þ + 2
(

3ρ2 − 2ρρ̄
)

ð− 4
(

6τρ2 − 2ρ̄τρ− 3ρ̄2τ
) ]

hnn

+
[

4ð
′
ðÞ + 6Þ

′
ÞÞ + 2(2ρ̄′ − 17ρ′)ÞÞ + 16(ρ− ρ̄)Þ

′
Þ + 4(τ ′ − τ̄)ðÞ − 24τð

′
Þ + 4(2ρ− ρ̄)ð

′
ð

+
(

4ρ′ρ(8ρ̄− 5ρ) + 8τρ(2τ̄ − 5τ ′) + 4ρ̄2(ρ′ − 2ρ̄′) + 24ρ̄τ τ̄ − 8ψ2(5ρ+ 3ρ̄) + 28ψ̄2ρ− 8ρ̄ψ̄2 − 20ρψ̄2ζ̄/ζ
)

+ 4
(

5ρ2 − 6ρ̄ρ+ ρ̄2
)

Þ
′
+ 16ρτ ′ð− 8(5ρτ − 2ρ̄τ + ρ̄τ̄ ′)ð

′

+
(

24ρ′(3ρ̄− 2ρ)− 16ρ̄ρ̄′ + 8τ(3τ̄ − τ ′)− 16τ̄ τ̄ ′ + 36ψ2 + 8ψ̄2 − 8ψ̄2ζ̄/ζ + 8ψ̄2ζ̄
2/ζ2

)

Þ
]

hnm

+
[

− 2ððÞ + 4
(

5τ2 − 6τ̄ ′τ + τ̄ ′2
)

Þ + 8(ρτ − ρ̄τ + ρ̄τ̄ ′)ð+ 4(2τ + τ̄ ′)ðÞ + 2(ρ̄− 2ρ)ðð

+ 12
(

4ρτ2 + ρ̄τ2 − 2ρ̄τ̄ ′τ + ρ̄τ̄ ′2
) ]

hnm̄

+
[

ð
′
ð
′
ð + 6ð

′
Þ

′
Þ + 12(τ ′ − τ̄)Þ

′
Þ + 8(ρ̄′ − 4ρ′)ð

′
Þ + 8(ρ− ρ̄)ð

′
Þ

′
+ 2(2τ ′ − τ̄)ð

′
ð− 6τð

′
ð
′

+
(

36ρ′τ̄(ρ̄− 2ρ)− 4τ̄(4τ τ̄ + 3ρ̄ρ̄′) + 8τ ′(τ τ̄ − 6ρρ′)− 2ψ2(7τ̄ − 4τ ′) + 2τ̄ ψ̄2 + 2τ ′ψ̄2(5− 9ζ̄/ζ)
)

+ 2(8ρ′τ̄ − 3ρ̄′τ̄ − 26ρ′τ ′)Þ + 2(4ρτ̄ + 4ρ̄τ̄ + 15ρτ ′)Þ
′
+ 2

(

3τ ′2 − 2τ̄ τ ′
)

ð

+
(

18ρ′(2ρ̄− ρ)− 12ρ̄ρ̄′ + 4τ̄(3τ − 2τ̄ ′)− 14ττ ′ + 2ψ2 + 5ψ̄2 − 5ψ̄2ζ̄/ζ + 4ψ̄2ζ̄
2/ζ2

)

ð
′]
hmm
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+
[

− 8ðÞ
′
Þ − 2ð

′
ðð + 12(τ + τ̄ ′)Þ

′
Þ + 24ρ′ðÞ + 12(ρ̄− ρ)ðÞ

′
+ 2(τ̄ − τ ′)ðð + 4(2τ + τ̄ ′)ð

′
ð

+
(

20(τ̄ τ̄ ′2 + τ2τ ′) + 40(ρρ′τ + ρ̄ρ̄′τ̄ ′) + 24ρ̄τ(ρ̄′ − ρ′)− 28τ τ̄(τ + τ̄ ′) + 8ψ2(7τ + 3τ̄ ′)− 4τ̄ ′ψ̄2(1 + 3ζ̄2/ζ2)
)

+ 4(9ρ′τ + 10ρ̄′τ + 5ρ̄′τ̄ ′)Þ + 4(3ρτ − 7ρ̄τ + 4ρ̄τ̄ ′)Þ
′
+ 4

(

5τ2 − 6τ̄ ′τ + τ̄ ′2
)

ð
′

+
(

4ρ′(ρ− 3ρ̄) + 8ρ̄ρ̄′ − 4τ(τ̄ + τ ′) + 12τ̄ τ̄ ′ + 6ψ2 − 4ψ̄2 + 6ψ̄2ζ̄/ζ − 8ψ̄2ζ̄
2/ζ2

)

ð
]

hmm̄

+
[

ððð − 2
(

7τ2 − 4τ̄ ′τ + τ̄ ′2
)

ð− 2(τ + τ̄ ′)ðð − 4
(

6τ3 − 5τ̄ ′τ2 + τ̄ ′2τ
) ]

hm̄m̄

}

(B11d)

The adjoint operator has four components given by symmetries:

(A†ξ)nn = −(A†ξ)′ll, (B11e)

(A†ξ)m̄m̄ = −(A†ξ)′mm, (B11f)

(A†ξ)nm̄ = −(A†ξ)′lm, (B11g)

(A†ξ)nm = −(A†ξ)′lm̄, (B11h)

and a fifth component which is simply relate to another component

(A†ξ)mm̄ = −(A†ξ)ln−
1

9
ψ2

[

(2Þ
′
+ρ′−2ρ̄′)ζ4ξl−(2Þ+ρ−2ρ̄)ζ4ξn−(2ð

′
+τ ′−2τ̄)ζ4ξm+(2ð+τ−2τ̄ ′)ζ4ξm̄

]

. (B11i)

The other five components are given by

(A†ξ)ll =
ζ4

108

{

[

− Þ
′
ÞÞ − 6ð

′
ðÞ + 6(7ρ− ρ̄)ð

′
ð+ 14ρÞ

′
Þ + (ρ̄′ − ρ′)ÞÞ − 2(τ − 7τ̄ ′)ð

′
Þ − 2(τ̄ − 19τ ′)ðÞ

+
(

12ρρ′ − 26ρ′ρ̄+ 14ρ̄′ρ̄− 4ττ ′ − 74τ τ̄ + 12τ̄ ′τ̄ + 4ψ2 + 8ψ̄2 + ψ̄2ζ̄/ζ − 7ψ̄2ζ̄
2/ζ2

)

Þ − 42ρ2Þ
′

+ (6τ(2ρ+ 9ρ̄) + 8ρ̄τ̄ ′)ð
′ − 2(90ρτ ′ + 9ρτ̄ + 4ρ̄τ̄)ð+

(

6ρρ′(14ρ̄− 5ρ)− 2ρ̄2(31ρ′ − 4ρ̄′)

+ 4ρτ(5τ ′ + 43τ̄) + 12ρ̄τ̄(τ + τ̄ ′)− 16ρψ2 + 27ρ̄ψ2 + 4ρ̄ψ̄2 − 27ρψ̄2 − 10ρψ̄2ζ̄/ζ
)]

ξl

+
[

ÞÞÞ − (13ρ+ ρ̄)ÞÞ + 2
(

7ρρ̄+ 15ρ2 − ρ̄2
)

Þ + 2
(

15ρ3 − 21ρ2ρ̄+ 7ρρ̄2 − ρ̄3
) ]

ξn

+
[

7ð
′
ÞÞ − 6(9ρ+ ρ̄)ð

′
Þ − (37τ ′ + τ̄)ÞÞ − 2(9ρτ̄ + 4ρ̄τ̄ − 86ρτ ′)Þ + 6

(

7ρρ̄+ 5ρ2 − ρ̄2
)

ð
′

+ 2
(

15ρρ̄τ̄ + 48ρ2τ̄ − 7ρ̄2τ̄ + 5ρ2τ ′
) ]

ξm

+
[

− ðÞÞ + 2(7ρ− ρ̄)ðÞ + (3τ̄ ′ − τ)ÞÞ + 2(6ρτ + 13ρ̄τ + 2ρ̄τ̄ ′)Þ − 2
(

21ρ2 − 7ρρ̄+ ρ̄2
)

ð

− 2
(

3τ
(

5ρρ̄+ 5ρ2 − 2ρ̄2
)

− ρ̄2τ̄ ′
) ]

ξm̄

}

, (B11j)

(A†ξ)mm =
ζ4

108

{

[

− 7ððÞ
′
+ (23ρ′ + ρ̄′)ðð + (68τ + 6τ̄ ′)ðÞ

′
+ 4(3ρ̄′τ − 26ρ′τ + 2ρ̄′τ̄ ′)ð+ 6

(

τ̄ ′2 − 8τ τ̄ ′ − 14τ2
)

Þ
′

− 2
(

45ρ̄′τ2 + 15ρ̄′τ̄ ′τ + 25ρ′τ2 − 7ρ̄′τ̄ ′2
) ]

ξl

+
[

ððÞ + (ρ− ρ̄)ðð − 14τðÞ + 4(3τ(ρ̄− ρ)− ρ̄τ̄ ′)ð+ 42τ2Þ +
(

30τ2(ρ− ρ̄) + 26ρ̄τ τ̄ ′ − 6ρ̄τ̄ ′2
) ]

ξn

+
[

6ðÞ
′
Þ + ð

′
ðð − 48τÞ

′
Þ − 14τð

′
ð + 2(ρ− 4ρ̄)ðÞ

′
+ 2(ρ̄′ − 16ρ′)ðÞ + (τ ′ − τ̄)ðð

+
(

4ρ̄(7ρ′ − ρ̄′) + 6ρρ′ − 4τ(3τ ′ − 5τ̄)− 8τ̄ ′τ̄ + 4ψ2 + 5ψ̄2 − ψ̄2ζ̄/ζ + 4ψ̄2ζ̄
2/ζ2

)

ð

+ 2(31ρ̄τ − 7ρτ − 7ρ̄τ̄ ′)Þ
′
+ 14τ(12ρ′ − ρ̄′)Þ + 42τ2ð

′
+
(

6τ2(5τ ′ − 14τ̄) + 2τ̄ ′τ̄(34τ − 7τ̄ ′)

− ρ′τ(22ρ+ 164ρ̄)− ρ̄ρ̄′(20τ + 26τ̄ ′)− ψ2(16τ − 27τ̄ ′)− 3τψ̄2(9− 2ζ̄/ζ) + 7τ̄ ′ψ̄2(1 + ζ̄2/ζ2)
)]

ξm

+
[

− ððð + (13τ + τ̄ ′)ðð + 2
(

τ̄ ′2 − 7τ τ̄ ′ − 15τ2
)

ð+ 2
(

τ̄ ′3 − 7τ τ̄ ′2 + 21τ2τ̄ ′ − 15τ3
) ]

ξm̄

}

, (B11k)

(A†ξ)lm =
ζ4

108

{

[

− 4ðÞ
′
Þ − 3ð

′
ðð + 4(7ρ− ρ̄)ðÞ

′
+ 2(7ρ′ − ρ̄′)ðÞ + 2(5τ + 3τ̄ ′)Þ

′
Þ + 4(5τ + τ̄ ′)ð

′
ð

+ (19τ ′ − 4τ̄)ðð +
(

2ρ̄(2ρ′ − ρ̄′)− 56ρρ′ − 2τ̄(4τ − τ̄ ′)− 92ττ ′ + 2ψ2 + 3ψ̄2 − 21ψ̄2ζ̄/ζ
)

ð

+ (8τ(3ρ̄− 8ρ) + 2ρ̄τ̄ ′)Þ
′
+ 2(6ρ′τ + 12ρ̄′τ + 7ρ̄′τ̄ ′)Þ +

(

−28τ τ̄ ′ + 6τ2 + 4τ̄ ′2
)

ð
′
+

(

6ρ̄′ρ̄(4τ + 3τ̄ ′)

− 4ρ′τ(12ρ+ ρ̄)− 42τ τ̄(τ̄ ′ − 2τ) + 10τ2τ ′ + 12τ̄ ′2τ̄ − 4ψ2(2τ + 3τ̄ ′)− ψ̄2(35τ − 2τ̄ ′) + 3τψ̄2ζ̄/ζ
)]

ξl

+
[

ðÞÞ − 6ρðÞ − 7τÞÞ + (6τ(6ρ+ ρ̄)− 2ρ̄τ̄ ′)Þ − 2
(

3ρ2 − 4ρρ̄+ ρ̄2
)

ð+ 6ρτ(5ρ− 6ρ̄)− 2ρ̄2(4τ + 3τ̄ ′)
]

ξn

+
[

3Þ
′
ÞÞ + 4ð

′
ðÞ − 28τð

′
Þ − 4(5ρ+ ρ̄)Þ

′
Þ − 2(3ρ+ ρ̄)ð

′
ð+ (4ρ̄′ − 19ρ′)ÞÞ + 2(τ̄ − 9τ ′)ðÞ

+
(

4ρ′(23ρ+ 3ρ̄)− 6ρ̄′ρ̄+ 2τ̄(5τ − 2τ̄ ′) + 84ττ ′ + 2ψ2 + ψ̄2 + 21ψ̄2ζ̄/ζ + 2ψ̄2ζ̄
2/ζ2

)

Þ
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+ (4τ(9ρ+ 5ρ̄)− 6ρ̄τ̄ ′)ð
′ − 2(τ̄(5ρ+ 4ρ̄) + 2ρτ ′)ð+

(

28ρρ̄− 6ρ2 − 4ρ̄2
)

Þ
′
+
(

4ρτ(5τ ′ + 2τ̄)

+ ρ̄τ̄(38τ − 28τ̄ ′)− 2ρρ′ (42ρ̄+ 5ρ) + 2ρ̄2(23ρ′ − 8ρ̄′)− 4ψ2(2ρ+ 3ρ̄)− ρψ̄2(35− 9ζ̄/ζ)
)]

ξm

+
[

− ððÞ + (7ρ− 2ρ̄)ðð + (6τ + 2τ̄ ′)ðÞ + 12τ(ρ̄− 3ρ)ð+ 2
(

3τ2 − 7τ τ̄ ′ + τ̄ ′2
)

Þ

+
(

4ρ̄τ̄ ′2 − 6τ2(5ρ+ 6ρ̄)− 2ρ̄τ τ̄ ′
) ]

ξm̄

}

, (B11l)

(A†ξ)lm̄ =
ζ4

108

{

[

2ð
′
Þ

′
Þ + 3ð

′
ð
′
ð− 12ρð

′
Þ

′ − 14τ ′Þ
′
Þ + 2(ρ′ − ρ̄′)ð

′
Þ + (2τ − 5τ̄ ′)ð

′
ð
′
+ 2(τ̄ − 19τ ′)ð

′
ð

+
(

2ρ′(9ρ̄− 4ρ)− 10ρ̄′ρ̄+ 2τ(25τ̄ − 4τ ′)− 8τ̄ ′τ̄ − 20ψ2 − ψ̄2(5 + 2ζ̄/ζ − 5ζ̄2/ζ2)
)

ð
′

− 4(3ρ′τ ′ + 3ρ′τ̄ + ρ̄′τ̄)Þ + 56ρτ ′Þ
′
+ 2

(

51τ ′2 − 7τ ′τ̄ + τ̄2
)

ð

+
(

40ρρ′(τ ′ + 2τ̄)− 6ρ̄τ̄(3ρ̄′ + 2ρ′) + 6τ̄2(6τ − τ̄ ′)− 10ττ ′(9τ̄ + 2τ ′) + 4ψ2(5τ̄ + 8τ ′)− 9ψ̄2(τ̄ − 3τ ′)
)]

ξl

+
[

− 5ð
′
ÞÞ + 2(20ρ+ ρ̄)ð

′
Þ + (20τ ′ + 3τ̄)ÞÞ + (8ρ̄τ̄ − 70ρτ ′ − 18ρτ̄)Þ + 2

(

ρ̄2 − 6ρρ̄− 25ρ2
)

ð
′

+
(

2τ̄
(

8ρ2 − 16ρρ̄+ 5ρ̄2
)

− 50ρ2τ ′
) ]

ξn

+
[

− 5ð
′
ð
′
Þ + (10ρ+ 3ρ̄)ð

′
ð
′
+ 2(25τ ′ + τ̄)ð

′
Þ − 4(10ρτ ′ − 5ρτ̄ − 2ρ̄τ̄)ð

′
+ 2

(

τ̄2 − 45τ ′2 − 7τ ′τ̄
)

Þ

+
(

2τ̄2(16ρ+ 5ρ̄)− 20ρτ ′2 − 14ρτ ′τ̄
) ]

ξm

+
[

3Þ
′
ÞÞ + 2ð

′
ðÞ + 2(ρ̄− 6ρ)ð

′
ð− 36ρÞ

′
Þ − 3ρ̄′ÞÞ + 2(4τ − 5τ̄ ′)ð

′
Þ + (6τ̄ − 20τ ′)ðÞ

+
(

2ρ′(ρ+ 19ρ̄)− 10ρ̄′ρ̄− 2τ(9τ ′ − 20τ̄)− 4τ̄ ′τ̄ + 22ψ2 − ψ̄2(8 + ζ̄/ζ − 5ζ̄2/ζ2)
)

Þ

− 8(ρ̄τ̄ ′ + 5τ(ρ+ ρ̄))ð
′
+ (86ρτ ′ − 18ρτ̄ + 8ρ̄τ̄)ð+ 90ρ2Þ

′
+
(

8ρ̄2(6ρ′ − ρ̄′)− 10ρρ′(9ρ̄+ ρ)

+ 10ρτ(6τ ′ − 7τ̄) + 4ρ̄τ̄(2τ − τ̄ ′)− 10ψ2(5ρ+ 2ρ̄) + ρψ̄2(23 + 9ζ̄/ζ)− 4ρ̄ψ̄2

)]

ξm̄

}

, (B11m)

(A†ξ)ln =
ζ4

108

{

[

Þ
′
Þ

′
Þ + 4ð

′
ðÞ

′ − 6ρÞ
′
Þ

′ − 6ρ′Þ
′
Þ + 2(ρ̄′ − 7ρ′)ð

′
ð− 4(2τ + τ̄ ′)ð

′
Þ

′
+ 2(τ̄ − 13τ ′)ðÞ

′

+ 2
(

2ρ′(5ρ+ 3ρ̄)− 2ρ̄′ρ̄+ 23ττ ′ + 8τ τ̄ − τ̄ ′τ̄ − ψ̄2(1− 4ζ̄/ζ − ζ̄2/ζ2)
)

Þ
′ − 2

(

3ρ′2 − 4ρ′ρ̄′ + ρ̄′2
)

Þ

− 2(6ρ′τ + 7ρ̄′τ + 5ρ̄′τ̄ ′)ð
′ − ρ′(6τ̄ − 74τ ′)ð+

(

2ρ′2(8ρ− 21ρ̄) + 2ρ̄′ρ̄(18ρ′ − 5ρ̄′) + 2τ̄ ρ̄′(11τ − 8τ̄ ′)

+ 2ρ′τ(9τ ′ − 32τ̄)− ψ2(28ρ
′ + 33ρ̄′) + 3ρ′ψ̄2(1 + 5ζ̄/ζ)− 5ρ̄′ψ̄2

)]

ξl

+
[

− Þ
′
ÞÞ − 4ð

′
ðÞ + 2(ρ+ 2ρ̄)Þ

′
Þ + 2(7ρ− ρ̄)ð

′
ð+ 2(5ρ′ − 2ρ̄′)ÞÞ + 24τð

′
Þ + 2(5τ ′ + τ̄)ðÞ

+
(

4ρ′ρ̄+ 2ρ̄′ρ̄− 34ρρ′ − 44ττ ′ − 18τ τ̄ + 4τ̄ ′τ̄ − ψ2 + ψ̄2(1− 8ζ̄/ζ − 2ζ̄2/ζ2)
)

Þ

− 2(τ(35ρ+ ρ̄)− ρ̄τ̄ ′)ð
′
+ (8ρτ ′ − 10ρτ̄ + 8ρ̄τ̄)ð+ 4

(

5ρ2 − 6ρρ̄+ ρ̄2
)

Þ
′
+

(

2ρρ′(22ρ̄− 15ρ)

− 2ρ̄2(11ρ′ − 4ρ̄′)− ρτ(20τ ′ − 62τ̄)− 2ρ̄τ̄(9τ − 10τ̄ ′) + ψ2(17ρ+ 35ρ̄) + ρψ̄2(17− 15ζ̄/ζ)
)]

ξn

+
[

− 4ð
′
Þ

′
Þ − ð

′
ð
′
ð + 4(ρ+ ρ̄)ð

′
Þ

′
+ (26ρ′ − 6ρ̄′)ð

′
Þ + 6τð

′
ð
′
+ 2(9τ ′ + τ̄)Þ

′
Þ + 6τ ′ð

′
ð

+
(

6ρ̄ρ̄′ − 24ρρ′ − 14ρ̄ρ′ − 24ττ ′ − 8τ τ̄ + 4τ̄ τ̄ ′ − 22ψ2 − 2ψ̄2(1 + 3ζ̄/ζ + ζ̄2/ζ2)
)

ð
′

+ 2(4ρτ ′ + 5ρτ̄ + 3ρ̄τ̄)Þ
′ − 12ρ′(8τ ′ + τ̄)Þ + 2

(

3τ ′2 − 4τ ′τ̄ + τ̄2
)

ð+
(

20τ̄ ρ̄′ρ̄− 2τ̄ ρ′(29ρ+ 9ρ̄)

− 2τ̄2(18τ − 5τ̄ ′)− 2ττ ′(10τ ′ − 23τ̄)− ψ2(9τ̄ − 58τ ′)− 5τ̄ ψ̄2 + 3τ ′ψ̄2(1− ζ̄/ζ)
)]

ξm

+
[

4ðÞ
′
Þ + ð

′
ðð + 4(ρ̄− 6ρ)ðÞ

′ − 2(3ρ′ + ρ̄′)ðÞ − 2(9τ + τ̄ ′)Þ
′
Þ − 2(τ + 2τ̄ ′)ð

′
ð+ 2(2τ̄ − 5τ ′)ðð

+
(

4ρ′(5ρ+ 3ρ̄)− 2ρ̄′ρ̄+ 34ττ ′ − 8τ τ̄ + 2τ̄ ′τ̄ + 23ψ2 − ψ̄2 + 8ψ̄2ζ̄/ζ
)

ð

+ (94ρτ − 6ρ̄τ + 2ρ̄τ̄ ′)Þ
′
+ (2ρ̄′(2τ − 5τ̄ ′)− 8ρ′τ)Þ − 4

(

5τ2 − 6τ τ̄ ′ + τ̄ ′2
)

ð
′
+
(

2τ2(15τ ′ − 22τ̄)

+ 2τ̄ ′τ̄(9τ − 2τ̄ ′)− 2ρ′τ(2ρ+ 29ρ̄)− 2ρ̄′ρ̄(6τ + 7τ̄ ′)− ψ2(67τ − 11τ̄ ′) + τψ̄2(17 + 7ζ̄/ζ)− 2τ̄ ′ψ̄2

)]

ξm̄

}

.

(B11n)
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12. B0 and B4 operators

The operators B0 and B4 appearing in Eq. (16) are given by

B0ξ =
1

9
ζ4
[

τðÞ − ρð
2 − 2τ τ̄ ′Þ + 2ρτ̄ ′2

]

ξl +
1

9
ζ4
[

ρÞð − τÞ
2 − 2ρρ̄ð + 2τ ρ̄2

]

ξm, (B12a)

B4ξ = −1

9
ζ4
[

τ ′ð
′
Þ

′ − ρ′ð
′2 − 2τ ′τ̄Þ

′
+ 2ρ′τ̄2

]

ξn − 1

9
ζ4
[

ρ′Þ
′
ð
′ − τ ′Þ

′2 − 2ρ′ρ̄′ð
′
+ 2τ ′ρ̄′2

]

ξm̄ = −B′
0. (B12b)

Their adjoints, appearing in Eq. (17), are given by

(B†
0Ψ4)

α =
1

9
ζ4lα

[

τÞð − ρð
2
+ τ(τ̄ ′ − 4τ)Þ + 4ρτð

]

Ψ4 +
1

9
ζ4mα

[

ρðÞ − τÞ
2
+ ρ(ρ̄− 4ρ)ð+ 4ρτÞ

]

Ψ4, (B12c)

(B†
4Ψ0)

α = −
[

(B†
0Ψ4)

′
]α

− 1

9
ζ4nα

[

τ ′Þ
′
ð
′ − ρ′ð

′2
+ τ ′(τ̄ − 4τ ′)Þ

′
+ 4ρ′τ ′ð

′]
Ψ0 −

1

9
ζ4m̄α

[

ρ′ð
′
Þ

′ − τ ′Þ
′2
+ ρ′(ρ̄′ − 4ρ′)ð

′
+ 4ρ′τ ′Þ

′]
Ψ0.

(B12d)
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