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A B S T R A C T   

Thermoacoustic instability has been one of the major concerns in various industrial combustion systems, such as 
Rich burn, Quick mix, Lean burn engine and aerospace engines. The complex interactions between heat release 
and pressure fluctuations could generate thermoacoustic oscillations with high amplitudes and frequencies in a 
combustion chamber, which causes many combustion problems even severe structural damage. The studies 
about the effects of various system parameters on thermoacoustic instability would be important due to their 
crucial roles in characterising the system oscillations. In this study, the effects of different system parameters in a 
Rijke tube, including equivalence ratio, methane flowrate, burner position and tube inner diameter, have been 
investigated. The time-domain analysis methods, including both phase space analysis constructed from the time- 
delayed method and recurrence analysis, have been conducted to explore the system characteristics under 
different system parameters. Furthermore, the Recurrence Quantitative Analysis (RQA) and Wayland translation 
error have been processed to quantify the system nonlinearity. The study has shown the effects of system pa-
rameters on system frequency response, deterministic nature and nonlinear dynamics. The system oscillation 
tends to be more complex and unstable when the burner is moved to lower positions or in a large diameter tube. 
The phase space and recurrence analysis are found to be efficient for characterising the system nonlinearity with 
useful insights of self-excited thermoacoustic oscillations.   

1. Introduction 

Self-excited thermoacoustic oscillation can be triggered in various 
systems, including thermoacoustic heat engines and several types of 
combustors [1–5]. As a challengeable yet important problem, it strongly 
enhances the combustion instability in the combustion systems [6–12]. 
For the combustion systems with enclosed combustion areas, such as gas 
turbine engines and rocket engines, the intense oscillation could be 
negative for the performance of combustors, resulting in a low efficient 
combustion process and even structural damage [11,13]. Therefore, 
predicting and controlling of thermoacoustic instabilities in the com-
bustion systems could be critical. 

Rayleigh revealed the trigger mechanism of thermoacoustic oscilla-
tion, which is the interactions between fluctuations of unsteady heat 
release and pressure when they are in-phase [14]. And it had been 
proved that this coupling effect was highly nonlinear [15]. The triggered 
self-excited oscillation presents a combination of linearity and nonlin-
earity during the developing process [16]. The self-excited 

thermoacoustic oscillation generally becomes nonlinear from oscillation 
properties [8] and system state bifurcation [9] when the oscillation is 
fully developed. 

Combustion-induced thermoacoustic instabilities are attributed to 
the complex combustion-acoustic-flow interactions with the existence of 
combustion instabilities [12,17]. The potential control methods can be 
provided by exploring these complex interactions. In order to realise 
complex nonlinear thermoacoustic systems in lab-scale, the Rijke tube is 
one of the typical setups for triggering thermoacoustic oscillations [12]. 
Numbers of investigations have been conducted to study the charac-
teristics of nonlinear oscillations in the Rijke tube [16,18–23]. Both the 
nonlinearity and the non-normality of the system have been discovered 
in Rijke tubes [16,20], that the system states can be strongly affected by 
the initial conditions. For instance, the rapid growth or decay of oscil-
lation can be initiated by either flow or acoustic disturbances even if the 
disturbances have limited intensity. The flame dynamics in these sys-
tems have been studied by the G-equation method, and the flame 
response to acoustic perturbation has been obtained [24,25]. Some 
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studies have pointed out the importance of the hydrodynamic region 
around the flame holder in a Rijke tube [19,21]. The nonlinear theo-
retical model about the hydrodynamic region shows that the system 
eigenfrequencies and amplitudes can be nonlinearly proportional to 
system conditions. The hydrodynamic theory indicates the influences of 
hydrodynamic region position, temperature distribution in tube and 
geometry properties of the system on generating the self-excited oscil-
lations [19]. 

The critical roles of several parameters in influencing the thermoa-
coustic oscillations, including system parameters (e.g. equivalence ratio, 
fuel flowrate, swirl number) [7,9,10,26,27] and flame dynamics 
[8,9,28] have been extensively investigated within various combustion 
systems. It has been found that the equivalence ratio is able to influence 
many oscillation behaviours, such as frequency response and triggering 
conditions of beating oscillations [7,18]. The fluctuation of the equiv-
alence ratio has been theoretically proved to be critical for driving the 
instabilities in a low nitrogen oxide (NOx) gas turbine under lean 
combustion conditions [29]. The significant effects of fuel flowrate on 
both amplitude and eigenfrequency of self-excited oscillation in a low 
swirl burner have been verified [7]. It has been found that both spatial 
distributions of local equivalence ratio and heat release within the flame 
area are critical for corresponding thermoacoustic oscillations, also the 
flame shape is able to influence the relevant oscillation properties 
[28,30]. Besides, it has been studied that many combustor properties, 
including fuel injector location, fuel line length, flame location and 
burner geometry, are effective in characterising stability region, growth 
factors and states bifurcation in various combustion systems [16,29,31]. 

Due to the characteristics of nonlinear systems, the system states can 
be strongly varied with time. Therefore, nonlinear time series analysis 
methods have been utilised to provide insightful information about 
system dynamics. Based on trajectory and Poincaré maps constructed 
from time series measurements in thermoacoustic system, the phase 
space analysis has been utilised to determine system dynamics, 
including chaoticity, periodicity and intermittency route to chaos 
[3,26,31,32]. The Wayland method provides a direct measure of the 
deterministic nature for a system [33] and it can also be utilised to 
thermoacoustic systems [26]. This method quantifies the degree of 
system determinism by calculating the translation error of a state point 
and its neighbours during the evolution of system [33,34]. In addition, 
Kaplan-Glass test can also be utilised to quantify the system determinism 
by coarse-graining the phase space into a grid and evaluating the 
average directional vectors within it [35,36]. The recurrence plot (RP) is 
able to provide a direct view of the dynamical properties and the 
recursiveness of the system [7,27,31,37,38]. Based on the RP, the 
recurrence quantification analysis (RQA) enables the quantitative de-
scriptions of the system dynamics by obtaining numbers of statistical 
measures [39]. Therefore, the similarities of systematic dynamics among 
the different nonlinear systems can be identified, then the system 
behaviour can be compared among several systems. 

Many studies have extensively investigated the effects of different 
system parameters on the system responses under fuel-lean combustion 
conditions. However, the fuel-rich combustion condition is preferred for 
applications which require higher reliability and stableness of combus-
tion, such as Rich-burn, Quick-mix, Lean-burn (RQL) engine. As a reli-
able system in stationary applications, the rich combustion initiates 
combustion process in a RQL engine [40]. Meanwhile, the study of 
nonlinear trends of system responses and the systematic analysis of the 
different system parameters in a Rijke tube still remains insufficient. 
Therefore, this study aims to intensively characterise system behaviour 
and response in a Rijke tube with varied system parameters, including 
equivalence ratio, fuel flowrate, burner position and tube inner diam-
eter. The pressure fluctuation time series signal has been obtained to 
analyse system characteristics. The characteristics of the system under 
different system parameters have been revealed by using multiple time- 
domain analysis methods. The phase space which is constructed based 
on the time-delayed embedding method has been applied to 

qualitatively indicate system nonlinearities. The calculation of Wayland 
translation error for the trajectory in phase space has been conducted to 
quantify the system deterministic nature. Both system nonlinear dy-
namics and recurrence have been investigated by utilising RPs and 
quantified by the statistical measures from RQA. 

2. Methodology 

2.1. Experiment setup 

The Rijke tube usually consists of a vertically anchored both-open- 
ended tube and heating elements placed at the lower half of tube 
[12]. In this study, the experiments were conducted in a Rijke tube with 
a honeycomb flame holder. The heat source was in the form of a pre-
mixed methane-air flame. The schematic figure of the experiment setup 
is shown in Fig. 1. The quartz tubes (40 and 50 mm in diameters) with a 
total length of 1 m were utilised as the chamber of the Rijke tube. A 
honeycomb flame holder with a 22% blockage ratio was applied for 
stabilising the flame, since the influence of flame holder with this 
blockage ratio on the thermoacoustic oscillations under the low Mach 
number conditions can be neglected [41]. During the tests, the burner 
position was measured from the top of flame holder top to the lower end 
of tube (z). The Aalborg GFC17 Mass flow controllers were utilised to 
control flow rates of methane and air, with the accuracy of 0.05% for the 
methane and 0.1% for the air. The methane flow rate (ṁCH4 ) was ranged 
from 0.6 to 1.0 L/min with a step of 0.05 L/min. The equivalence ratios 
(Φ) at a specific ṁCH4 then could be obtained by the step-changing air 
flow rates. 

A pressure field microphone which was placed at the lower tube end 
(model PCB 377C10 with a preamplifier PCB 426B03) was utilised to 
measure time series pressure data. The microphone had a linear fre-
quency response in the range of 10 to 5000 Hz (the practical frequency 
range of the thermoacoustic system in this study was between 170 and 
220 Hz). Besides, the microphone was calibrated by a 10 Pa sinusoidal 
signal at 1000 Hz before each experiment to ensure conversion accuracy 
for the collected pressure fluctuation signal. The signal was sampled at a 
sampling rate of 100,000 Hz for 10 s to ensure the accuracy of frequency 
analysis results. The time series pressure fluctuation data was acquired 
by the NI-9205 Voltage input module with the Chassis cDAQ-9178. Two 

Fig. 1. Schematic figure of the flame-driven Rijke tube.  
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RS type-N thermocouples (TC) were used to measure the temperature at 
both upper and lower ends of tube. The accuracy of thermocouples was 
± 1.5 K. The measured temperature data was acquired by the NI-9211 
Temperature Input Module at a sampling rate of 10 samples per sec-
ond. A stabilisation time of 3 min for the system was processed to ensure 
that the system had exited the transition process and the stableness of 
system states. 

2.2. Data processing method 

2.2.1. Phase space analysis 
In this study, the 3-dimensional phase space was reconstructed to 

investigate the oscillation properties in the time-domain. The trajectory 
in the phase space was obtained based on the time series data of the 
pressure fluctuations. Based on the Takens’ time-delay embedding the-
orem [42], the vector in the phase space, which was formed by the 
pressure time series data, can be expressed in the following form: 
P

’

t(D) = (p’(t), p’(t − τ), p’(t − 2τ),⋯, p’(t − (D − 1)τ)) (1) 
where the P

’

t(D) represents the vector in phase space with an 
embedding dimension of D, p’(t) denotes the normalised time series 
pressure fluctuations data at time t, τ denotes the time delay. In order to 
compare the trajectories with different oscillation amplitude, the pres-
sure time series was normalised (p*(t)) based on its maximum absolute 
value, as p*(t) = p’(t)/(max(|p’(t)|). The time delay is critical for forming 
phase space trajectory by the time-delay method. The inappropriate 
time delay values could lead to the incorrect correlation between the 
points and the trajectory, making it unable to indicate the correct 
characteristics of oscillations [26]. The autocorrelation function and 
average mutual information are suggested to determine the value of 
time delay [3,26]. In this study, the time delay was determined by the 
first zero-crossing point of the autocorrelation functions since the self- 
excited oscillation was periodic with low complexity and chaoticity, 
neither no intermittency nor chaos states were found. The Wayland 
translation error (etrans) was utilised to further recognise the system 
stability by quantifying system deterministic nature. The algorithm is 
proposed by Wayland et al [33], and it is applicable to the time delay 
vector from the time series data [26,34]. Wayland method quantifies the 
system deterministic natures by calculating the errors of translation for a 
specific state point and its nearest k-neighbours to their images through 
the translation vector between the original and image point. The images 
of this state point and it its nearest k-neighbours is obtained by mapping 
the original points with a certain time interval. For a fully deterministic 
system, the translation vectors are same, meaning that no translation 
error. For the space vector obtained from time-delayed embedding 
method, the translation vectors (vtrans) will be in the following form: 
vtrans(tk) = P

’
tk+m −P

’
tk ,P

’
tk ∈ {V}K (2) 

where subscript m denotes the specific time interval for the deter-
mination of translation vectors, of which the value is suggested to be the 
same value as τ [34]. {V}K is the series of neighbour vectors with the 
amount of K to the randomly selected P′

t0 . The subscript k represents the 
k-th nearest neighbour vectors to P′

t0 . In this study, K was set to 100 to 
provide the reliable result on v(t). The vectors in {V} are in the nearest 
order, which is determined based on the Euclidean metric between the 
P

′
tk and P′

t0 . The nearest neighbour should satisfy |tk −t0|〉τ to avoid the 
temporal correlation [33,34]. The average translation vectors v(tk) then 
can be defined as below: 

v(t) = 1

K + 1

∑

K

k=0

vtrans(tk) (3) 

Then, etrans can be calculated based on the following equation: 

etrans =
1

K + 1

∑

K

k=0

‖vtrans(tk) − v(t)‖2

‖v(t)‖2
(4) 

In this study, in order to provide a better statistical result, the median 
etrans was obtained by randomly selecting 10 different {V} and calcu-
lating the corresponding etrans. K was set as 100 to provide reliable results 
of v(t) and etrans. The value of etrans could provide quantitative measures 
of system deterministic nature. Generally, smaller etrans indicates more 
deterministic system, while higher etrans for more chaotic and complex 
system. For a system with an ideally random nature, the value of etrans 
would be 1, while the criterion value of etrans for a deterministic system 
would be 0.01 [26]. 

2.2.2. Recurrence analysis 
The state recursiveness in a dynamical system is usually considered 

as a key characteristic to describe the system behaviour in a system with 
high complexity, such as the combustion instability in a combustion 
system [7,43,44]. Therefore, the recurrence analysis could effectively 
determine the system dynamics of self-excited thermoacoustic oscilla-
tions in a Rijke tube [3,7]. Recurrence Plot enables the visualisation of 
states recurrence by obtaining recurrence matrix R. R is a binary matrix 
as below: 
Ri,j = Θ

(

ε − ‖xi − xj‖
)

i, j = 1, 2, 3,⋯,N (5) 
where x denotes the space vector obtained from the discrete time 

series data X(t) according to the time-delayed embedding method, as 
shown in Eq. (1). Subscripts i and j are sequence of space vectors and 
coordinates. ‖xi −xj‖ denotes the norm of difference between xi and xj. Θ 

is the Heaviside function. ε is the recurrence threshold to determine 
whether two target points can be considered recurrent. The selection of ε 

is critical in recurrence analysis since the improper ε may lead to dra-
matic changes in results or an unfaithful result [36,45,46]. A criterion 
that ε should not exceed 10% of the mean phase space diameter has been 
proposed by Schinkel et al. and Marwan et al. [35,43]. Meanwhile, it is 
also suggested that the standard deviation can be taken into account for 
the captured noisy discrete signal [39]. In this study, the ε was set as 
15% of the standard deviation (σ) of the corresponding pressure fluc-
tuation time series signal, which was suggested by Zan et al. [47]. This ε 

also satisfied the criterion of mean phase space diameter. Therefore, the 
ε was varied with cases and depending on the corresponding attractor 
size of each case. Another critical parameter for obtaining R is the 
embedding dimension since the recurrence analysis is based on the re-
sults of lag-reconstructed from time series signal [7,44]. A proper se-
lection of embedding dimension should be able to avoid spurious 
correlations and minimise the presence of orthogonal diagonal lines to 
line of identity (LOI, Ri,i = 1). The proper embedding dimension for 
recurrence analysis (Drec) can be obtained by false nearest neighbours 
(FNN) method. In this study, Drec was set to 3 according to the FNN 
method. The time delay for recurrence analysis (τrec) was also deter-
mined based on first zero-crossing point of autocorrelation functions. 
For a periodic system with a smooth phase space, a high sampling rate 
will result in spurious quantifications, and the RP consists of large 
amounts of exclusively diagonal line structures. Due to this, a very high 
value of determinism (DET) can be resulted into, which leads to the 
situation that characteristics of the periodic system cannot be clearly 
and sufficiently indicated [48,49]. It has been suggested that 8 to 10 
sampling points should be included within each period [37]. In this 
study, a down-sampling process was conducted to meet the re-
quirements of 10 sampling points per period by selecting 10 space 
vectors with a constant time interval for each period. Therefore, the high 
accuracy of results and clear indications of state changes can be 
achieved. 

Based on the structural properties of the RP, the Recurrence Quan-
tification Analysis (RQA) can further quantify system dynamics. In this 
study, four measures, including recurrence rates (RR), determinism 
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(DET), Shannon Entropy (ENT) and average diagonal line length (ADL), 
were used to indicate various system nonlinear dynamics, including 
both periodicity and complexity [38,39,44]. These measures can be 
expressed in the following forms: 

RR(ε) = 1

N2

∑

N

i,j=1

Ri,j(ε) (6)  

DET =
∑N

l=lmin
lP(l)

∑N

l=1lP(l)
(7)  

ADL =
∑N

l=lmin
lP(l)

∑N

l=minP(l)
(8)  

ENT = −
∑

N

l=lmin

p(l)lnp(l) (9) 

where N denotes data length for recurrence analysis which is ob-
tained from time series signal based on embedding dimensions. The 
density of recurrence points in the RP can be determined by RR. DET is 
defined as the ratio of recurrence points which forming the line structure 
in the diagonal direction to all recurrence points. P(l) represents histo-
gram of the diagonal lines with length of l. lmin denotes the least length of 
diagonal, and the value in this study was set to 2. The occurrence of 
similar states then can be determined by DET. The average diagonal line 
length (ADL) is able to obtain the average time that two segments in the 
trajectory are close to each other, and the degree of parallelism. The ENT 
is able to determine Shannon Entropy based on the entropy of p(l). p(l)
represents the probability of appearance for the diagonal line with a 
length of exactly l. p(l) is obtained by p(l) = P(l)/Nl, where Nl denotes 
the number of diagonal lines. The system complexity and chaoticity then 
can be indicated by ENT. The Shannon Entropy in this study was 
calculated based on the natural logarithm with the unit of nat. 

3. Result and discussion 

Thermoacoustic oscillations are usually involved with the in-
teractions between heat release and pressure fluctuation. Therefore, the 
system parameters, including fuel flowrate (ṁCH4 ), equivalence ratio 
(Φ), burner position (z) and tube inner diameter (ID), are able to 
strongly influence oscillation behaviours. In this study, the effects of 
these system parameters on both system frequency response and sys-
tematic characteristics are focused on. Based on experimental results, 
multiple system analyses, including frequency analysis, phase space and 
corresponding translation error, and recurrence analysis, are conducted 
to reveal the frequency response, deterministic natures and nonlinear 
dynamics of thermoacoustic systems under different system parameters. 

3.1. System frequency response and oscillation amplitude 

The results of eigenfrequency (feigen) and root mean square acoustic 
pressure (Prms) for the case at L/4 and L/12 of burner positions with 
varied methane flowrates are shown in Fig. 2. The feigen is the dominant 
eigenfrequency of the self-excited thermoacoustic oscillation, which is 
obtained from the frequency spectrum of the oscillation. It is found that 
the eigenfrequencies of these cases are the fundamental harmonic mode 
due to its greater intensity than higher harmonic modes. For 40 mm 
cases, by comparing the results at the same burner position, it can be 
found that the eigenfrequency presents similar nonlinear trends along 
various equivalence ratios under the same ṁCH4 , as shown in Fig. 2 (a) 
and (b). In detail, a certain Φ-sensitive range (1.3 < Φ < 2) and an 
Φ-insensitive range (Φ > 2) of feigen can be obtained from the Fig. 2. In 
Φ-sensitive range, it is found that feigen is sensitive to the change of Φ, and 
a decreasing trend of feigen with increasing Φ can be observed in most 
cases. Be different from the Φ-sensitive range, the feigen becomes insen-
sitive to Φ changes and the feigen becomes nearly constant once Φ be-
comes greater than 2. The nonlinear trends between feigen and Φ might be 
caused by the changing rate of net heat release to Φ in the range of 

mCH4

feigen

f e
ig
e
n

mCH4

feigen

f e
ig
e
n

mCH4

feigen

f e
ig
e
n

CH4

f e
ig
e
n

Fig. 2. System dominant eigenfrequency (feigen) and root mean square acoustic pressure (Prms) at various Φ (ṁCH4 ranged from 0.6 to 1.0 L/min) under the conditions: 
(a): ID = 40 mm, burner position of L/4; (b): ID = 40 mm, burner position of L/12; (c): ID = 50 mm, burner position of L/4. The corresponding feigen and Prms are 
represented by solid lines and dashed lines respectively in figure (a) to (c). Figure (d) represents the f stable changes to the ṁCH4 at various burner positions, where the 
solid and dashed lines denote 40 and 50 mm, respectively. 
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Φ > 2. It has been reported that the net heat release of premixed 
methane flame in fuel-rich range is inversely proportional to increasing 
Φ when the methane flowrate keeps constant, and the decreasing rate of 
net heat release decreases with increasing Φ, especially when Φ is 
greater than 2 [18]. This trend is also possibly arising from the changes 
in flame length. It is found that the trend of system eigenfrequency is 
related to the trend of visible flame length (Lflame) when the methane 
flowrate keeps constant, as shown in Fig. 3 (a). The Lflame exhibits a 
general increasing trend followed by a less varied but still slightly 
increasing trends as Φ increases. In this study, the change in Φ is ob-
tained by maintaining a constant methane flowrate, thereby leading to 
the total heat power remaining approximately constant. Since the 
occurrence of secondary combustion, which results from fresh air supply 
through the convective flow drawn from the bottom end, keeps 
consuming the incompletely reacted species at a higher Φ. Thus, a longer 
flame length under a higher Φ can lead to a smaller heat release per unit 
area. Combined with the lower adiabatic flame temperature at a higher 
Φ, this can lead to a smaller temperature gradient in the downstream 
region. As Φ exceeds 2, the flame length tends to stabilise with less 
variation. The general flame temperature also becomes generally stable 
due to the more important role of diffusion effect in the flame under 
higher Φ, which is evidenced by the inapparent inner cone layer and the 
occurrence of soot, as shown in Fig. 3 (b). In addition, it was found in the 
previous study that the characteristics of change in time-evolution of 
pressure fluctuations and the system dynamical properties presented the 
same nonlinear trend to Φ, which indicates the existence of Φ-depen-
dence and independence ranges of system response [50]. 

An increasing-then-decreasing trend of Prms is found among all cases, 
of which the turning point is defined as where the trend of Prms changes. 
Prms presents an increasing trend as Φ increases before Φ reaches the 
maximum value, indicating the increases in Rayleigh Index and the 
more favourable phase between heat release and pressure fluctuation. 
For a specific premixed laminar flame, its heat release is proportional to 
its flame surface area and variation of flame front [51,52]. In addition, 
the maximum heat release of a premixed flame is obtained at its rapid 
reaction region [53,54]. Fig. 3 (b) shows the example flame photos 
under different Φ while keeping the methane flowrate the same. In this 
case, the turning point of Prms was 1.7. It can be seen that the luminous 
inner cone layer of the flame, which is formed by the rapid reaction 
region due to the chemiluminescence, is more obvious when Φ < 1.7, 
indicating significantly strong local heat release at this position 
compared to its downstream equilibrium region [55]. However, the 
cases that Φ > 1.7 present a less obvious inner cone layer, which is 
caused by the thickening of the reaction region due to the stronger 
diffusion effect of fuel, lower reaction rate, and lower flame temperature 
at a higher Φ [55,56]. The inapparent inner cone also indicates less heat 
release gradient along the flame. Meanwhile, the pressure fluctuations 
modulate the flame and result in the stretching and wrinkling from its 

bottom position, which is more closely to the rapid reaction region. 
Under this circumstance, the rapid reaction region can be more easily 
disturbed by pressure perturbations, leading to the modulation of heat 
release. Whereas, the inapparent rapid reaction region of the flame at a 
higher Φ indicates a thicker reaction region and a more uniform distri-
bution of heat release within the flame, implying less modulation of heat 
release by the pressure perturbations. Thus, the heat release of the flame 
with a higher Φ (Φ > 1.7) shows less sensitivity to the modulation effect 
of pressure fluctuations than the flame with a lower Φ (Φ < 1.7). In 
addition, the inner cone layer becomes even more inapparent as Φ keeps 
increasing, resulting in the fluctuation of flame heat release being fur-
therly less modulated by the pressure fluctuations. This leads to a 
decreasing Rayleigh index and less intense oscillation as Φ increases 
when Φ > 1.7, and a decreasing trend of Prms is obtained in this Φ region. 

As Φ increases from 1.4 to 1.7, it can be found that the reaction re-
gion gradually detaches from the flame holder, which means it is more 
easily affected by the pressure fluctuations. The inner cone layer is 
stretched and disturbed by pressure fluctuations, leading to the defor-
mation and wrinkle of this cone layer and the change in the surface area 
of this layer. Considering that the modulation effect of pressure fluctu-
ations initiates from the root of the flame, which is closer to the reaction 
region, the fluctuation of heat release becomes to be more modulated by 
the pressure fluctuations as Φ increases from 1.4 to 1.7, resulting in an 
increasing trend of Prms in this Φ region. In addition, it has been found 
that both deformation and oscillation of flame (including flame sup-
pression and stretch) due to acoustic wave can result in the in-
homogeneity of local Φ and the local heat release rate in flame if the fuel 
and air supply are initially separated [29]. Considering the flame is 
relatively shorter in the range 1.4 < Φ < 1.7, as shown in Fig. 3 (b), a 
greater gradient of local Φ within the flame can be achieved. Due to the 
influences from the local heat release rate and Φ, the heat release rate 
fluctuations can be strongly affected and driven by the self-excited 
pressure oscillation. Thus, the heat release rate fluctuations may 
become more in-phase with pressure fluctuations, which implies an 
increasing Rayleigh index [11,14]. As a result, the effect of excitation 
becomes more intense and leads to a greater oscillation amplitude. In 
addition to this, it is also found that the turning point of Prms is slightly 
prior to the turning point of Φ, that Prms is earlier became less sensitive to 
Φ than feigen. It implies the critical roles of Φ in characterising self-excited 
thermoacoustic oscillations that the system response can be nonlinearly 
related to Φ. It may also indicate the system response delay between 
amplitude and frequency. 

By comparing the curves of feigen at different ṁCH4 , the importance of 
fuel flowrate in characterising oscillations can be highlighted. It can be 
seen that the systems with a higher ṁCH4 generate higher feigen regardless 
of burner position change, especially in the Φ-insensitive range. In order 
to further analyse the system frequency response with varied ṁCH4 in the 
Φ-insensitive range, the mean stable eigenfrequency (f stable) is obtained 

Fig. 3. (a)feigen and relative Lflame (calculated based on Lflame at Φ = 1.4, as (Lflame − Lflame@Φ=1.4)/Lflame@Φ=1.4) to Φ, and (b) examples of flame photos.  
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by calculating the mean value of feigen in the Φ-insensitive range (Φ > 2). 
The curves of f stable to ṁCH4 are plotted in Fig. 2 (d). It can be found that 
f stable presents an approximately linear relationship with increasing 
ṁCH4 . Similar gradients of f stable trending lines with varied ṁCH4 can be 
observed from the cases at different burner positions or ID. Overall, 
considering the situation of larger fuel flowrate, the eigenfrequency 
increase might be caused by higher total heat release and higher mean 
temperatures [7]. However, the Prms presents very small differences with 
varied fuel flowrates after the turning points. From the cases of 50 mm 
ID, the nonlinear trends between feigen and Φ can be also obtained, also 
the influence of ṁCH4 on both feigen and Prms are illustrated (e.g. Fig. 2 
(c)). Besides, the linear relationship between ṁCH4 and f stable at different 
burner positions are obtained (e.g. Fig. 2(d)). 

Fig. 3 presents the corresponding system eigenfrequency under 
various equivalence ratios at different burner positions. It can be seen 
that feigen is obviously affected by burner position in the whole Φ range, 
as shown in Fig. 4. Approximate 10 Hz of f stable change under the same 
ṁCH4 and ID can be obtained when moving the burner from L/4 to L/16. 
Focusing on the changes of f stable to burner position, the cases of 40 mm 
present non-monotonical trends of f stable with increasing burner position 
can be obtained, as shown in Fig. 4 (d). Such non-monotonical trends are 
likely caused by the hydrodynamic region around the flame holder, 
since similar trends have been theoretically and experimentally 
discovered by Heckl and Zhao in the Rijke tube [19,21]. However, it is 
found that the trends are monotonically decreasing in the cases of 50 
mm ID. The reason for the monotonical trends in the 50 mm tube might 
be the less influence from the hydrodynamics region due to the larger ID. 
It is also found that the burner position is vital to the changes of 
dominant mode, as the harmonic modes shifting of eigenfrequencies can 
be found in some cases, as highlighted in Fig. 2 (b), Fig. 4 (a) and (c). The 
second harmonic mode can be the dominant mode (the intensity of the 
fundamental mode is neglectable) when Φ is closer to 1 and the burner is 
at lower positions, such as L/16 and L/12. Considering the longer region 
after flame when the burner is moved downward, both effective length 
and acoustic reflection boundary are changed, which may further lead to 
the change of instability trait of flame [27]. Meanwhile, higher heat 
power also leads to changes in oscillation modes [23]. Thus, the shift of 

the dominant harmonic mode can be triggered under such circum-
stances. For the oscillation amplitude, the important role of burner po-
sition also can be discovered from the high dependency of Prms on burner 
position at a low ṁCH4 , as shown in Fig. 4 (a) (c). From the Fig. 4 (d), it is 
found that the increasing rates of f stable to ṁCH4 at different burner po-
sitions are similar, which means those trends are regardless of burner 
position change. Meanwhile, similar gradients of f stable change with 
increasing ṁCH4 are found from both 40 and 50 mm cases. Therefore, it 
can be concluded that the linear relationships between ṁCH4 and f stable 
are independent with both burner position and tube ID. 

Besides, it can be found that increasing ID can lead to decreasing 
eigenfrequency, as shown in Fig. 2 and Fig. 4. For this decreasing trend, 
it can be caused by the decreased mean sound speed in the tube due to 
lower mean temperature in the downstream region in 50 mm tube. Since 
the input heat remains constant (the heating source remains the same), 
the mean temperature of the downstream flow is heated into a lower 
value due to the larger corresponding volume caused by a larger ID. In 
order to validate this, a simplified model is developed in this study. The 
tube can be generally divided into two regions based on the tempera-
ture. The region after flame (downstream, represented by subscript u) is 
the high temperature region, while the region before flame is low tem-
perature region (upstream, represented by subscript d). Compared to the 
total length of tube, the flame length is relatively short. Thus, it can be 
assumed that the effects of acoustic characteristics inside the flame are 
neglected since the less influence by sound speed changes inside the 
flame. Note that it is assumed that gases at both upstream and down-
stream regions are homogenous. Considering the sound speed difference 
due to temperature difference at both regions, the average sound speed, 
cavg, along the tube can be expressed as: 

cavg =
L

ta

= L
lu
cu
+ ld

cd

(10) 

where L is the length of the organ pipe and ta is the travelling time of 
acoustic wave. Respectively, lu and ld represent the length of upstream 
and downstream region. Considering that the heating effect of the flame 
is mainly in axial direction of fuel jet rather than the radial direction, the 
temperature near the flame in the radial direction would be relatively 
lower compared to the temperature in the axial direction after the flame. 
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Fig. 4. System dominant eigenfrequency (feigen) and Prms to various Φ at burner positions from L/4 to L/16 in the system under the condition: (a): ID = 40 mm, ṁCH4 
= 0.65 L/min; (b): ID = 40 mm, ṁCH4 = 0.95 L/min; (c): ID = 50 mm, ṁCH4 = 0.65 L/min. The corresponding feigen and Prms are represented by solid lines and dashed 
lines respectively in figure (a) to (c). Figure (d) represents the f stable changes to the burner positions at various methane flowrates, where the solid and dashed line 
denote the 40 mm and 50 mm, respectively. 
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Besides, the fuel-rich premixed conical laminar methane flames in this 
study have a hollow structure, that the inner cone of the flame is filled 
with unburnt premixed gas at a relatively low mean temperature 
compared to the downstream of the flame. Thus, the flame region is 
considered to be the low temperature region. Then, η can be determined 
by the ratio of the sum of the burner position and flame length to the 
tube length. Based on η, lu and ld can be expressed as: 
lu = ηL, ld = (1 − η)L (11) 

Assuming the gas in the tube is ideal, and substituting the lu, ld into 
Eq. (10), the expression for cavg based on ideal gas law, then can be given 
as: 

cavg =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

γuTuγdTdR
√

(1 − η)
̅̅̅̅̅̅̅̅̅

γuTu

√

+ η
̅̅̅̅̅̅̅̅̅

γdTd

√ (12) 

where γ is the adiabatic index, the value is determined based on 
measured temperature T. R denotes the gas constant. The frequency of a 
standing wave in an organ pipe with the consideration of end corrections 
(e) can be calculated by the following equation: 

f = nc

2(L + e) (13) 

where n represents the mode number. In this analysis, n = 1 for the 
fundamental mode. The end correction in this study is determined by 
e = 0.6*ID. Therefore, substituting Eq. (12) into Eq. (13), the ratio be-
tween the frequency in the tube with ID of 40 mm (f40) to 50 mm (f50) 
can be expressed as: 

r40/50 =
f40

f50

=
(

̅̅̅̅̅̅̅̅̅̅̅̅̅

γuTuγd Td

√
(1−η)

̅̅̅̅̅̅̅

γuTu

√
+η

̅̅̅̅̅̅̅

γd Td

√ )40mm

(
̅̅̅̅̅̅̅̅̅̅̅̅̅

γuTuγd Td

√
(1−η)

̅̅̅̅̅̅̅

γuTu

√
+η

̅̅̅̅̅̅̅

γd Td

√ )50mm

× (L + e50)
(L + e40)

(14) 

Based on measured Tu and Td, the results of r40/50 are shown in Fig. 5. 
It can be seen that the results from the modelling prediction are in good 
agreement with the experimental results. The analysis results prove the 
important roles of average sound speed and mean temperature inside the 
tube in characterising the frequency response of the Rijke tube. 

The results of system response in both eigenfrequencies and oscil-
lation amplitudes have shown that the system could be generally divided 
into two ranges based on the sensitivity to Φ. The system appears to be 
similar in such ranges among all cases. Therefore, for ease of compari-
son, Φ = 1.4 and 3.0 are specially selected for further analysis and 
comparisons in most cases. 

3.2. System properties from phase space 

The 3-dimensional phase space of pressure fluctuations is recon-
structed based on the time-delayed embedding phase space vector [42], 
P

’
t(3) = (p*(t), p*(t − τ), p*(t − 2τ)). The time series data of pressure 

fluctuations p’(t) are normalised based on the maximum value of 

corresponding time series, thus the trajectories of the oscillations with 
different amplitudes become comparable. The results of 3-dimensional 
phase space are shown in Fig. 6. It can be seen that the trajectories of 
periodic oscillation are clearly formed in all cases, and the differences in 
the ‘width’ of trajectory can be clearly observed as well. For the tra-
jectory with a ‘thinner’ width, the system is more periodic and stable. At 
the burner positions of L/4, a single-loop trajectory can be observed in 
all cases, which implies the period-1 oscillation under such conditions. 
Meanwhile, it also indicates that the oscillation is characterised by a 
single frequency [57]. The trajectories for the cases at Φ = 1.4 present 
the ‘widest’ trajectory regardless of the changes of ṁCH4 when the burner 
is at L/4. At the same ṁCH4 , the ‘thinner’ trajectories at increased Φ 

indicate the oscillations with more limit-cycle characteristics. The tra-
jectory ‘width’ change indicates a more stable and less complex oscil-
lation as the combustion condition becomes richer when the burner is 
placed at higher burner positions. For the system in the Φ-insensitive 
range (Φ = 3.0), the changes of ṁCH4 show less influence on the prop-
erties of oscillations since the trajectories present barely noticeable 
change with increasing ṁCH4 . While the stableness of the system slightly 
varies with the increasing ṁCH4 when Φ = 1.4 at the same burner po-
sition. However, as the burner is moved lower to L/16, the trajectory 
become more complex and ‘wider’ as Φ increases, as shown in Fig. 6 (d) 
and (h). The beating oscillation is triggered for the cases at Φ = 3.0 and 
L/16 of burner position. It can be found that the trajectories of Φ = 3.0 
are obviously wider and more complex than Φ = 1.4 cases. Both the 
trajectories of are 2-tori in the phase space, which implies that oscilla-
tions have two incommensurate frequencies [57]. Such properties 
indicate the quasi-periodic oscillations at Φ = 3.0 and L/16 of burner 
position. Besides, the oscillations in fuel-rich combustion conditions 
show lower complexity and stability at a higher burner position (L/4) 
compared to the cases at a lower burner position (L/16). 

In order to further determine the characteristics of system from the 
results of phase space analysis, the Wayland method is conducted to 
obtain the etrans of trajectory, as shown in Fig. 7 and Fig. 8. The etrans 
slightly increases with the increasing embedding dimensions when the 
embedding dimension is greater than 3 in most cases. It indicates more 
parallelism of neighbouring trajectories at lower embedding dimensions 
in this system [26]. The values of the median etrans of self-excited os-
cillations are smaller than the gaussian white noise (about 1) and the 
criterion value for the deterministic system (0.01), as the order of 
magnitude is about 10−5 to 10−2. This implies that the triggered oscil-
lations can be considered to be periodic oscillations, and the systems 
have sufficient deterministic natures. In the cases at ID of 40 mm, it is 
found that the etrans can be affected by the combustion related parame-
ters since its values range from 10−5 to 10−4, as shown in Fig. 7. By 
comparing the cases with the same ṁCH4 as shown in Fig. 7 (a), it can be 
observed that the etrans trends to decrease with the increasing Φ, which 
indicates the more periodic and less complex oscillation at a higher Φ. 
While slight changes can be still observed from some cases with 
increased Φ even in the Φ-insensitive range. The effective role of Φ in the 

Fig. 5. Ratios of eigenfrequencies in ID 40 mm to 50 mm tube with the varied equivalence ratios under (a): ṁCH4 , and (b): burner positions. The legend is in the form 
of: {Burner position, ṁCH4 }. The solid lines represent the experimental data of the eigenfrequency ratio, and the dashed lines represent the modelling prediction result 
based on measured temperatures at both ends of the tube. 
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system deterministic nature can be highlighted, since the fluctuation of 
etrans shows that the system states are still slightly varying with Φ, as 
shown in Fig. 7. Meanwhile, it also shows that the Wayland method is 

more effective to reveal the properties of the system, as the frequency 
response is relatively stable in the Φ-insensitive range, as shown in 
Fig. 2. Considering the special properties of the cases at Φ = 1.4 and 3.0 

Fig. 6. The trajectories of the normalised time series data (p*(t),p*(t −τ),p*(t −2τ)) which are constructed from the space vectors in the 3-Dimensional phase space 
under difference equivalence ratios, fuel flowrate, burner position of L/4 and L/16, and ID of 40 mm and 50 mm. ((a)~(h): the ṁCH4 = 0.65L/min; (e), (f): ṁCH4 =
0.80L/min; (g), (h): ṁCH4 = 0.95L/min. The corresponding equivalence ratios are shown at the top-right corner of each figure, and the burner positions and ID of the 
tube are shown on the top of the set of figures.). 

Fig. 7. Median translation error (median(etrans)) to embedding dimension for the time series data of pressure fluctuation at (a) different Φ and Gaussian white noise, 
with the K = 100. The dashed line atetrans = 1 represents the ideally random process. 
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as discussed above, they are selected to represent the system deter-
ministic natures. Compared to the cases of Φ = 3.0, it can be found that 
the ṁCH4 is more efficiently influencing the etrans when Φ = 1.4. The etrans 
of the cases at Φ = 1.4 strongly vary with the increasing ṁCH4 as shown 
in Fig. 7 (b). In contrast, the etrans for the cases of Φ = 3.0 have similar 
values with each other without significant difference, and the values are 
smaller than the cases of Φ = 1.4. Therefore, the deterministic nature of 
the system can be more likely affected by ṁCH4 if the system is in the 
Φ-sensitive range (conditions as lower Φ). 

From Fig. 8, it can be seen that the etrans appears to be more variant 
with burner position changes, as its values are in larger ranges of 10−5 to 
10−2. Thus, the burner position can be more effective in influencing 
system stability and deterministic nature compared to Φ and ṁCH4 . 
Meanwhile, the etrans tends to be more affected by the burner position 
changes as the burner moves to a lower position. The etrans is found to be 
higher at a lower burner position (L/12 and L/16) in conditions of Φ =
1.4 and 3.0. The higher value of etrans implies that the system becomes 
less deterministic and more complex when the burner approaches the 
lower tube end. It is possibly caused by more complex flow conditions 
around the flame at the position closer to the tube end. The nonlinear 
oscillation can be more easily affected by external disturbance under this 
condition, as the effect of flow around the flame has been found to be 
vital to the oscillation stability [23]. Under such circumstances, it seems 
that a lower overall supply flowrate and amount of heat release might 
increase the sensitivity of the system to flow disturbance around the 
flame. The cases with higher Φ but the same ṁCH4 can be the examples of 
the case with lower overall flowrate and heat release. Because the net 
heat release of the premixed methane flame has been found to be 
inversely proportional decreasing with the increasing Φ under the same 
ṁCH4 , if Φ is in the investigated range of this study [18,52]. From the 
experimental results, it can be found that the variation of etrans to the 
burner position become more apparent when Φ = 3.0 for both cases of 
ID 40 and 50 mm (in the Φ-insensitive range). By comparing the results 
between cases of ID 40 and 50 mm, the change of tube ID shows less 
influence on etrans than burner positions. It can be found that etrans for the 
cases of 50 mm are greater than cases of 40 mm when Φ = 3.0, while the 
similar value of etrans are obtained in the cases of Φ = 1.4. Therefore, 
both the influences of burner position and ID on the system deterministic 
nature at Φ = 3.0 validate that the decreases in heat release and overall 
flow rate might enhance the sensitivity of the system to the flow con-
ditions around flame. In summary, the quantitative analysis of etrans 
validates the findings obtained from the phase space diagram while 
providing more insightful information about the system deterministic 
nature. 

3.3. Recurrence analysis 

The results of phase space analysis show the system with remarkable 

deterministic natures, high periodicity and the absence of noticeable 
state transition in most cases. For such stable systems, the pattern of RP 
can be similar, and the result of RP might not be informative enough for 
the detailed analysis, as shown in Fig. 9 (a) (b) (c) and (e). Several clear 
continuous diagonal lines can be observed, which evidences the system 
with high periodicity and probability of occurrence of similar states. 
Slight differences between them still can be noticed, that the patterns for 
high periodic oscillation (Fig. 9 (a) (b)) have less scattered points, and 
the diagonal lines tend to be more gathered than lower periodic oscil-
lation (Fig. 9 (c) (e)). However, the cases with quasi-periodic oscillation 
show noticeably different patterns, as shown in Fig. 9 (d) and (f). It can 
be found that the RPs of quasi-periodic oscillation present frequent 
pattern changes with different densities, which indicates the frequent 
shift of the system state. During the state shifting progress, the discon-
tinuous diagonal lines can be observed as they are interrupted by the 
pattern changes due to the state changes. The existence of bowed 
structures in RP can be found as well, which implies the changing of 
system dynamics [39]. In order to further discover the recurrence 
properties of the system, RQA is applied to the results of RP to charac-
terise the system nonlinear dynamics quantitatively, as shown in Fig. 10. 

For the cases at L/4 of burner position and 40 mm of ID, slight dif-
ferences of both RR and DET can be obtained when Φ and ṁCH4 are 
changed. The values of DET for the cases at L/4 and ID 40 mm are found 
to be greater than 90%, indicating the considerable amount of diagonal 
structures in RPs [48]. The high value of DET (shown in Fig. 10 (b)) 
validates the finding from phase space analysis, that the system is more 
deterministic and less complex if the burner is at a higher position. Also, 
it is found that the values of ENT for the same cases are relatively small, 
which indicates the neglected chaoticity of system. From Fig. 10 (d), it 
can be seen that the ADL slightly increases with the increasing Φ, which 
shows the greater degrees of parallelism of the trajectory in phase space 
[38]. This trend indicates that the system state at higher Φ tends to be 
more sustainable with fewer interruptions. The more stable systems at 
higher Φ might be caused by the weakening flow instabilities due to 
lower overall flowrates at higher Φ but the same ṁCH4 . Thus, the oscil-
lation can be less disturbed by the flow around flame. Under this 
circumstance, the probability of the system states being interrupted 
would be less, and the states would be more likely sustained. 

The RQA results also validate the results of phase space analysis, that 
the system dynamics could be more easily affected by burner positions. 
It can be seen that all these measures become more sensitive to Φ 

changes when the burner is moved downwards (L/8, L/16) in the ID 40 
mm system. The decreases in both RR and DET can be found when the 
burner is moved from L/4 to L/16. Meanwhile, both RR and DET of the 
cases at L/16 are significantly lower than those at L/4 and L/8, which 
indicates a more unstable and complex system at this position, as shown 
in Fig. 10 (a) (b). The results of DET generally conform to the results of 
etrans, that the systems present considerable periodicity and deterministic 
nature if the burner is placed above L/8, while the system becomes more 
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Fig. 8. The median(etrans) to embedding dimension under different burner positions for the cases with different Φ of (a) Φ = 1.4 and (b) Φ = 3 but the same ṁCH4 of 
0.65 L/min. (c) Comparisons between the system with different IDs. K = 100. The dashed line atetrans = 1 represents the ideally random process. 
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complex when the burner is at L/16. The low DET value of approxi-
mately 65% at L/16 of burner position implies fewer diagonal structures 
in RP and less occurrence of similar states. Meanwhile, the state can 
change more frequently in the system with low DET, such as the quasi- 
periodic oscillations (beating oscillations in this case). The ADL results 
show that the segments in trajectory tend to diverge faster at a lower 
burner position. The system state under this condition is more likely 
interrupted and less sustainable. However, the results of ENT show 
inapparent differences as the burner moved to a lower position. It im-
plies that significant amounts of diagonal structures still exist in RP, 
although the system state is interrupted. Thus, the system becomes more 
complex when the burner is moved to a lower position, but the 

oscillation is still periodic with neglected chaoticity. The larger RR, DET 
and ADL at a higher burner position likely result from less disturbance in 
the region far from the lower tube end. Thus, the state of the nonlinear 
oscillations is more likely sustaining and has fewer state variations. In 
addition, RR, DET and ADL show greater sensitivities to the Φ changes at 
a lower burner position, which also indicates the significant state change 
due to the complex flow conditions around the lower tube end. 

For the RQA results of 50 mm cases, similar findings can be 
concluded that a lower burner position might result into a system with 
higher complexity. Besides, by comparing the cases of both 40 and 50 
mm ID, it is found that the inner diameter of the tube also is able to 
influence the system dynamics. The system becomes more complex 

Fig. 9. RPs for the cases: (a) I. = 40 
mm, L/4, ṁCH4 = 0.65L/min, Φ = 1.4; 
(b) ID = 40 mm, L/4, ṁCH4 =
0.65L/min, Φ = 3.0; (c) ID = 40 mm, 
L/16, ṁCH4 = 0.65L/min, Φ = 1.4; (d) 
ID = 40 mm, L/16, ṁCH4 =
0.65L/min, Φ = 3; (e) ID = 50 mm, L/ 
16, ṁCH4 = 0.65L/min, Φ = 1.4; (f) 
ID = 50 mm, L/16, ṁCH4 =
0.65L/min, Φ = 3; The D = 3 is for all 
cases, τ is determined based on the 
first zero-crossing point method, ε =
0.15σ. The time-evolution of pressure 
fluctuations figures with normalised 
pressure oscillation amplitude (p*) are 
shown above each RP.   

Fig. 10. The result of RQA at various Φ, burner positions, ṁCH4 , and tube ID The four figures represent (a) Recurrence Rate, (b) Determinism, (c) Shannon Entropy 
and (d) Average diagonal line length. 
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when the tube ID is increased to 50 mm, which is evidenced by a 
generally higher ENT of the 50 mm cases. In addition, for the cases at 
lower burner positions (L/8, L/16), the corresponding values of RR and 
DET also show apparent differences when the ID is changed. It further 
indicates that the flow condition around flame can be vital for charac-
terising the dynamical properties of thermoacoustic oscillations since 
the flow condition can be more stable at the deeper position of tube. The 
influence of ID on the degrees of parallelism is found to be limited, 
which is implied by the minor changes in ADL values as the ID increases. 
By comparing the result between 40 and 50 mm ID cases, the results 
indicate that a more complex system can be generated if the chamber of 
the Rijke tube has a greater diameter. The experiments with more inner 
diameters will be conducted to verify such findings. In conclusion, it is 
proved that the system parameters investigated in this study are effec-
tive for changing the system nonlinear dynamics to varying extents, and 
the burner position presents a more decisive role in influencing the 
system. 

4. Conclusions 

In this study, the effects of system parameters on characterising the 
self-excited thermoacoustic oscillation in a Rijke tube were experimen-
tally investigated. The results of both oscillation amplitude and system 
frequency response were obtained based on the measured pressure sig-
nals. Multiple analysis methods were applied to quantify the system 
characteristics under different system conditions. More specifically, the 
phase space analysis based on the time-delayed embedding method 
successfully indicated the system stability, and the variety of periodic 
and quasi-periodic attractors was observed. The calculation of trans-
lation error for the trajectory in phase space quantitatively determined 
the system deterministic nature. The recurrence analysis effectively and 
directly investigated the recursiveness of a nonlinear thermoacoustic 
system from the time-domain. 

It has been found that the system parameters investigated in this 
study significantly influence the eigenfrequency of thermoacoustic os-
cillations, the complexity and the periodicity of the system. The findings 
for the effect of system parameters which were investigated in this study 
can be summarised as followings:  

• Both the Φ-insensitive range and Φ-sensitive range were found. The 
system frequency response presented different sensitivity to equiv-
alence ratio changes at a constant fuel flowrate. The eigenfrequency 
in the Φ-sensitive range was greater than in the Φ-insensitive range.  

• In Φ-insensitive range, the quasi-linear relationship between fuel 
flowrate and mean stable eigenfrequency can be highlighted. The 
quasi-linear trends had similar increasing rates, regardless of the 
system parameter change.  

• The eigenfrequencies were inversely proportional to burner positions 
and tube inner diameter. A simplified model for validating the dis-
cussions about the lower eigenfrequency obtained in a larger diam-
eter tube was developed. The change in average sound speed due to 
the mean temperature change was found as the main reason for 
eigenfrequency changes.  

• It was found that the increasing equivalence ratio would increase the 
deterministic natures and decrease the complexity of system if the 
quasi-periodic oscillation was not triggered.  

• Burner position could change the system dynamics to a larger extent. 
A more complex and unstable system with less deterministic natures 
was likely generated if the burner was at a lower position. The system 
states also were more easily affected by the changes of equivalence 
ratio at lower burner positions.  

• The influence of tube inner diameter on characterising the system 
was obtained by the variation of system dynamics. However, the 
experiments at the tubes of more different inner diameters should be 
conducted in the future to quantify the effect of tube inner diameter 
on system nonlinear dynamics. 

This study shows the critical roles of different system parameters on 
the self-excited thermoacoustic oscillation in the Rijke tube. It has been 
proved that the analysis methods utilised in this study are effective for 
quantifying the nonlinear characteristics of the thermoacoustic system 
in time-domain, which are also applicable to various combustion sys-
tems with nonlinear characteristics. 
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