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MEAN-FIELD APPROXIMATION OF DYNAMICS ON NETWORKS*

JONATHAN A. WARD', GABOR TIMAR', AND PETER L. SIMONY

Abstract. Many real-world phenomena can be modelled as dynamical processes on networks, a
prominent example being the spread of infectious diseases such as COVID-19. Mean-field approxima-
tions are a widely used tool to analyse such dynamical processes on networks, but these are typically
derived using plausible probabilistic reasoning, introducing uncontrolled errors that may lead to in-
valid mathematical conclusions. In this paper we present a rigorous approach to derive mean-field
approximations from the exact description of Markov chain dynamics on networks through a process
of averaging called approximate lumping. We consider a general class of Markov chain dynamics
on networks in which each vertex can adopt a finite number of “vertex-states” (e.g. susceptible,
infected, recovered etc.), and transition rates depend on the number of neighbours of each type. Our
approximate lumping is based on counting the number of each type of vertex-state in subsets of
vertices, and this results in a density dependent population process. In the large graph limit, this
reduces to a low dimensional system of ordinary differential equations, special cases of which are well
known mean-field approximations. Our approach provides a general framework for the derivation of
mean-field approximations of dynamics on networks that unifies previously disconnected approaches
and highlights the sources of error.

Key words. Complex systems, network science, dynamical systems, Markov chains.

MSC codes. 37N99, 60J28, 91C99, 92D25, 92D30, 05C82.

1. Introduction. Dynamical processes on networks are important and widely
studied [1, 26, 30, 23]. They have been used to study real-world phenomena, such
as epidemics [23, 27], opinion dynamics [13, 32, 33], and spin systems with critical
phenomena [9, 24, 8]. Many such models can be described mathematically as Markov
chains [31, 36, 37], but often their state-space is so large it is impossible to use mathe-
matical tools from the theory of Markov chains. Instead it is standard to make use of
“mean-field” approximations [35, 28, 23, 15, 12, 25, 6, 19], in which aspects of network
structure and dynamical correlations are ignored [17].

A class of mean-field approximations, usually referred to as dynamical mean-
field, concerns dynamics on networks encoded in the form of sets of Langevin-type
or deterministic equations, where the disorder (in either network structure or inter-
action strengths) is generally averaged out using path-integral methods [25, 6, 7].
Most mean-field approximations that attempt to provide a low-dimensional descrip-
tion of stochastic dynamics starting from the original Markov chain, however, tend to
be based on plausible probabilistic reasoning, thus lacking a rigorous mathematical
foundation [35, 28, 23, 15, 12]. Such approximations have the potential to introduce
uncontrolled errors that limit the potential for mathematical analysis, since the mean-
field approximation is not faithful to the original process. For example, controversy
concerning the critical epidemic threshold in scale-free networks stemmed from the
use of mean-field approximations [28, 18, 5, 2]. Moreover, the assumptions that un-
derpin mean-field approximations—the absence of clustering, modularity /community
structure, dynamical correlations—are routinely violated by dynamical processes on
real-world complex networks [17]. Thus it is difficult to know when a mean-field ap-
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2 J. A. WARD, G. TIMAR, P. SIMON

proximation will be accurate or how the error depends on the network structure or
the dynamic [38]. Consequently, the quantification of approximation error has been
recognised as a key challenge for network epidemic modellers [29].

In this paper, we develop a mathematical foundation for mean-field approxima-
tion that starts with the exact Markov chain description of a broad class of dynamical
processes on networks where interactions are governed by vertices’ local neighbour-
hoods. We use a technique called approximate lumping to derive a “density dependent
population process” that in the large network limit converges to a relatively small set
of differential equations. There are three significant advances on previous work [38].
Firstly, by basing the approximate lumping on a partition of vertices, we are able to in-
corporate network structure into the mean-field approximation in a very flexible way.
Secondly, we combine two key techniques—approximate lumping and convergence of
density dependent population processes—to connect the exponentially-large but exact
micro-scale Markov chain, through to a highly reduced system of ordinary differential
equations. Thirdly, we show that both degree-based and individual-based mean-field
approximations can be captured in a unified way through our general framework.
Crucially, our approach is rigorous, elucidates the averaging process and highlights
sources of error.

We start by describing Markov chain dynamics on networks in Section 2 and
approximate lumping in Section 3. In Section 4 we describe how we use a parti-
tion of vertices to define an approximate lumping. The combinatorics to derive our
mean-field approximation is involved, so in Section 5 we describe the process for the
case where the vertices are partitioned into two sets, before we generalise this to an
arbitrary finite number of partitions in Section 6. Furthermore, we present a sim-
ple example in the corresponding sections of the paper’s Supplementary Materials.
Readers interested in the working details of our approach may find it helpful to read
Sections SM2-SM5 of the Supplementary Materials as they read the corresponding
sections of the main paper. We treat some special cases of our density dependent
population process in Section 7, then derive the large network limit mean-field equa-
tions in Section 8. In Sections 9 and 10 we are then able to derive degree-based
and individual-based mean-field approximations respectively, and we consider degree-
based mean-field approximation of the configuration model in Section 11. Finally we
discuss our findings in Section 12.

2. Mathematical background. Let G = (V, E) denote a graph or network
with vertex set V and edge set E C V x V, where the number of vertices is N =
|[V|. Unless otherwise stated, we consider dynamical processes on finite simple net-
works (i.e. undirected, unweighted with no self-loops or multiple edges) described by
continuous-time Markov chains where each vertex can be in one of a finite number M
of vertez-states and the set of possible vertex-states is W = {Wy, Wa, ..., W }.

2.1. State-space. The state-space of the Markov chain is the set of all per-
mutations of N vertex-states chosen from W with repetition. This is equivalent to
S = WV, i.e. the set of all functions from V to W, and so if the network is in state
S € S then the vertex-state of vertex v € V' is S(v). From here onwards we will refer
to the states S € S as microstates, to clearly distinguish them from vertex-states
and lumped states, which will be introduced in Section 3. The number of microstates
in S is MY, where N is the number of vertices, which is extremely large for even
moderate N. However, since S is finite we can enumerate the microstates so that
S ={sl s gMy
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MEAN-FIELD APPROXIMATION OF DYNAMICS ON NETWORKS 3

2.2. Transitions. We assume that changes in microstate correspond to a single
vertex v € V changing its vertex-state, and the rate that this occurs is a function
of only the number of v’s neighbours in each of the vertex-states. We also assume
that this rate function is the same for all vertices. Thus we assume model dynamics
are driven by local interactions captured via a collection of functions between vertex-
states. Note that a more general class of models would allow for behaviours in which
multiple vertices change vertex-states at once, for example if a vertex exports its
vertex-state to its neighbours [36]. We will now give a precise definition of the network
dynamics that we consider.

DEFINITION 2.1. For a finite non-empty set of vertez-states W and A, B € W,
let
R : ZY, — Rxo.

A vertex-state transition matriz (VSTM) R is the collection of functions Ra g for
each A,BeW.

In the models we consider, R 4 5(n1,n2,...,na) > 0 gives the rate that a vertex in
vertex-state A changes to vertex-state B if it has n; neighbours in vertex-state W,
ng neighbours in vertex-state W, etc. If transitions between a pair of vertex-states
A,B € W do not occur in a particular model, then the rate R 4 5 is identically zero.

DEFINITION 2.2. A homogeneous Single-Vertex Transition model (SVT) is a pair
W, R).

We think of an SVT M = (W, R) as a directed graph over vertex-states where a
directed edge goes from vertex-state A to B if R 4 5 is not identically zero. In this
paper, our main focus will be on models whose VSTMs are affine functions, so

M
(2.1) R g(ni,ng,...,np) = 6475 4 Z C;:‘L’Bnm7
m=1

where all of the constants (45 are non-negative. We will refer to SVTs with affine
VSTMs as affine SVTs. Most SVTs have VSTMs of this form [37], although no-
table exceptions include the non-zero temperature Ising-Glauber dynamics [14], the
nonlinear g-voter model [4] and threshold models [39].

2.3. Kolmogorov equations: infinitesimal generator. Given the network G
and model M, we need to define the corresponding continuous-time Markov chain. Let
X(t) = (X1(t), Xa(t), ..., X~ (t)T be the time-dependent Markov chain probability
distribution over S, where X;(t) is the probability of being in microstate Sl at time
t. The evolution of X (t) is then given by the forward Kolmogorov or master equation
[22], ,

X =Q'X,
where Q is the infinitesimal generator, an MY by MY matrix in which each off-
diagonal component Qy; gives the transition rate from S¥! to S, and the diagonal
components ensure that rows sum to zero so that probability is conserved. We assume

that a vertex changes vertex-state instantaneously, thus transitions only occur between
pairs of microstates that differ in exactly one vertex-state.

DEFINITION 2.3. A pair of states S, Sl € S forms a transition pair with
transition vertex v, denoted S¥ X S if S (v) £ SWU(v) and S (u) = SU(u) for
all u # v.

This manuscript is for review purposes only.
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4 J. A. WARD, G. TIMAR, P. SIMON

For vertex v and microstate S*! let nl¥l(v) = (n[lk] (v), n[2k] (v),..., ng\lf[] (v)), where nik]
is the number of neighbours of v with vertex-state W,, € W in microstate S¥!. Thus
for S, S € S and SI¥! £ SW| the transition rate from S to S in an SVT is
given by

otherwise ’

R (%] if Skl 2 gl
Qi = { S[k](v),S[”O(v)(n (v)) i
where vertex v is the transition vertex (if the states S¥l and S form a transition
pair) that goes from vertex-state S (v) to S (v).

3. Coarse-graining via lumping: theoretical foundation. We consider
lumping of Markov chains [20]. Let IIs = {S1, Sa, ..., Sy} be a partition of microstate-
space, so S§;NS; = () for each i # j, and U;S; = S. An ezact lumping is a partition of
microstate-space IIs that preserves the Markov property, a necessary and sufficient
condition for which is that the sum of transition rates from microstate S € S; to
microstates in the cell Sj, i.e.

> Qu,

S[l]ESj

is the same for all microstates S in the cell S;. In matrix notation [37], this is
equivalent to the existence of an n x n matrix q such that

(3.1) QC = Cq,
where C € {0,1}M" %" i the collector matriz [3] whose kjth component is

1 ifses;,
(3.2) Ch; _{ 0 otherwise.

The collector matrix collects those microstates in a column that belong to the same
cell, or in other words the same “lumped state”, in the partition.

We call (3.1) the lumpability condition. Note that q can be given explicitly for
an exact lumping by introducing the distributor matriz [3] D € R"*M ", whose ilth
component is

Loif sl e s,
3.3 Dy={ &1 '
(3:3) ! { 0  otherwise.

Specifically, ITs satisfies the lumpability condition when Q commutes with CD [37].
Note that DC = I, the identity matrix, hence multiplying (3.1) by D we get the
generator q of the lumped system explicitly as

(3.4) q=DQC.

We use z(t) = (z1(t),...,2,(t))T to denote the time dependent Markov chain
probability distribution over Ils, where x;(t) is the probability of being in the lumping
partition cell S;. For this reason, we will refer to S; as a lumped state. When the
lumpability condition is satisfied, the evolution of z(t) is determined by the lumped
master equation

(3.5) i=q’z,

This manuscript is for review purposes only.
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MEAN-FIELD APPROXIMATION OF DYNAMICS ON NETWORKS 5

and if (0) = CTX(0) then we have z(t) = CTX(¢) for all ¢. In other words, for each
S; € Ilg, the sum of the probabilities of being in each microstate in S; at time ¢ is
equal to z;(t).

A lumping that does not satisfy the lumpability condition is an approximate lump-
ing [3]. Given a partition IIs of microstate-space that does not satisfy the lumpability
condition (3.1), our approach is to still use the set of lumped states IIs and the corre-
sponding generator g = DQC, then solve the lumped master equation (3.5) for z(t).
Note that while this defines a Markov chain, it does not directly correspond to the
SVT that it has been derived from, so we do not expect z(t) to equal CT X (¢) for all
t. We will however assume that the initial condition of the approximate lumping can
be chosen so that x(0) = CTX(0). Using the definition of C (3.2), we have

(3.6) (QC)y; = ZleClg— > Qu

Sles,;

e. (QC)y; is the sum of the rates out of the microstate S into the j*" lumped state
when S* ¢ S; and minus the sum of rates out of microstate Sl when SIF ¢ S;.
Then using the definition of the distributor matrix (3.3) we have
(3.7)

MN
= (DQC);; = > _Di(QC)y ZDm > Qu= Z Z Qi
k=1 Slles; Slkles; sl

Thus q;; is the average of the sum of rates out of microstates in the ith lumped state
and into the jth lumped state.

Summarising, we can say that starting from the full infinitesimal generator, Q,
and choosing a partition of the state-space, equation (3.7) yields the infinitesimal
generator q of the lumped (coarse-grained) system. Note that the partition of the
microstate-space is encoded in the collector and distributor matrices, C and D re-
spectively.

4. Lumping based on vertex set partitions. In the previous section we
introduced the notion of lumping in general, however we have not yet described how
we will determine the partition of microstate-space, on which the lumping is based.
This will be dealt with in this section.

4.1. Motivating example. As a simple example, consider an SIS epidemic
on a graph with three nodes. Before we consider specific graphs, we first define
some notation. We will use B (for blue) to denote susceptible vertices and R (for
red) to denote infected vertices, and we will represent a microstate with three such
letters. An important property of a useful lumping is that two microstates in the
same partition cell should have the same number of infected nodes. This ensures that
the total number of infected nodes (i.e. the prevalence) can be determined from the
lumped system as well. The simplest lumping that preserves this property contains
the following four lumping classes: S1 = {BBB}, So = {BBR,BRB,RBB}, S5 =
{BRR,RBR,RRB}, Sy = {RRR}. Generalizing this idea to arbitrary dynamics,
it has been shown that approximate lumping based on partitions of microstate-space
into sets of microstates with the same number of vertices in each vertex-state result
in mean-field birth-death processes for M = 2 and mean-field population models for
M > 2 [38].

This manuscript is for review purposes only.
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6 J. A. WARD, G. TIMAR, P. SIMON

Returning to the example above, one can realise that the lumping does not take
into account the graph structure at all. For example, having a path graph with three
nodes, the degree of the central node is two, while that of the nodes at the left and
right end is only one, which could be reflected by the lumping. A natural choice of
lumping with a finer partition is the following: & = {BBB}, So = {BBR,RBB},
S3 = {BRB}, S4 = {BRR,RRB}, S = {RBR}, S¢ = {RRR}. In this lumping
partition, the central node plays a different role than the end nodes. This will be
interpreted as follows: the nodes are divided into two groups, the central node and
the end nodes. The lumping is based on the number of infected nodes in these groups.
The number of infected nodes in the first group can be 0 or 1 while in the second group
it can be 0, 1 or 2. Thus the lumping classes above can be encoded by the number
of infected nodes in the two groups as follows: S; by sl = (0,0), S; by si@ = (0,1),
Ss by sb81 = (1,0), S; by s = (1,1), S5 by sl®) = (0,2) and Sg by sl = (1,2).
(Note that our notation distinguishes between subsets of microstates in a lumping
class, such as S1, and the encoding of that lumping class according to the number of
infected vertices in each group, such as sl!l.) This encoding can be extended by the
number of susceptible nodes, which in this example is redundant information, so that

for example
[5] _ 1 0
“=(02)

where the first row of the matrix shows the number of susceptible nodes in the two
groups, while the second row contains the number of infected nodes. The other lumped
states can be similarly encoded by 2 x 2 matrices. This notation will be used below
for the general case.

4.2. Microstate-space partition based on a vertex set partition. Now we
generalise the above approach by considering partitions of the verter set, where the
lumped states are based on partitions of microstate-space into sets of microstates with
the same number of vertices in each vertex-state within each of the cells of the vertex
partition. This defines the lumped states that we consider, and so in the remainder of
the paper we will primarily refer to lumped states in terms of these counts, rather than
cells in the partition of microstate-space IIs (like S;, which are subsets of microstates).

Let IIy = {V4,...,Vp} be a partition of the vertex set V', such that V, NV, =0
for p # q and U,V, = V. We now define the lumped macrostate-space and the
corresponding partition of microstate-space precisely.

DEFINITION 4.1. For a network G = (V, E), with N = |V|, and an SVT M =
W, R), with M = |W|, let Iy be a vertez-partition, where P = |IIy| and N, = |V},
for each V,, € Ily,. The corresponding vertex-partition macrostate-space is the set of
non-negative, integer valued matrices s € Z>MOXP such that

M
(4.1) > Smp =N
m=1

Note that since 25:1 N, = N, we have 25:1 SM sy =N.

DEFINITION 4.2. Let (s[l],s[z]7 .. .,s["]) be an enumeration of a vertex-partition
macrostate-space. A vertex-partition lumping is a partition of microstates Illg =
{81,82,...,8n} such that for S; € Ils, the number of vertices in vertez-state W, € W

in vertex-partition cell V, € Ily s sm’p.

This manuscript is for review purposes only.
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MEAN-FIELD APPROXIMATION OF DYNAMICS ON NETWORKS 7

5. The lumped generator for two cell vertex-partitions. We now describe
the approximate lumping approach using two vertex-partition cells for finite graphs
and homogeneous SVTs. The fully general case with a finite number of vertex-
partitions cells will be presented in Section 6. Let us consider the case P = 2 in
Definition 4.1, i.e. denote the vertex partition by ITy = {V;, Va}, where V1 N Vo = )
and V3 UV, = V5 also Ny = |V;| and Ny = |V,|. For finite M and P = 2, a lumped
state will be denoted by a matrix s € Z%XP whose m, pth entry, s, p, is the number of
vertices in vertex-state Wi, in the vertex partition cell V,,. Thus summing the entries
in the pth column of s yields N,, as in (4.1), and summing all entries yields N. A
lumped state corresponds to choosing Ny vertices from the M possible vertex-states
with repetition in the first partition and Ny vertices from the M possible vertex-states
with repetition in the second partition. Thus the total number of lumped states is

(5.1) . <N1 +Nz\14 - 1) <N2 +Nz\24 - 1)_

Consequently we can number the lumped states as sl s, ... s[™ and the lumping
partition is then IIg = {S1,Sa, ..., Sy}, where

Si=8M eS| dsmww, =sli, WneW,V, elly ¢,
veV)

and 04,5 is the Kronecker delta function. Note that for a given microstate S 1, this
simply counts the number of vertices in each vertex-state and in each vertex partition
cell, and checks whether these match the corresponding values in sl; if they do, then
microstate SVl is assigned to partition cell S;. We use s, = (S1,,82,p,--,Samp) " to
denote the pth column of s. We will only use a single subscript on s when referring
to this vector.

5.1. The lumped generator for an arbitrary two cell vertex-partition.
We will start by considering the transition rate from an arbitrary lumped state sl! to
another arbitrary lumped state s/ # slil. In Section 3, we saw that in general this is
given by

(5.2) Qij = |<;¢| > D> Qu,

Slkles; sl €S;

but it turns out that rather than summing over microstates, as (5.2) suggests, it is
easier to consider the possible transitions of individual vertices and sum their rates.

First note that the number of arrangements of vertex-states over vertices in the

pth cell that correspond to s,[,i] is the multinomial

(@)= (o e )

so the total number of microstates in the lumping partition cell S; (which corresponds

to the lumped state s(l) is
P
N N,
an) = I

This manuscript is for review purposes only.
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8 J. A. WARD, G. TIMAR, P. SIMON

Note we will always have a scalar on the top part of our generalised multinomial
notation. When we have a vector on the bottom part, the notation corresponds to a
multinomial over the entries in the vector, and when we have a matrix on the bottom,
it will correspond to the product of the multinomials of each of the columns of the
matrix. We will also assume the typical convention that if any of the terms in the
multinomial are negative, or if the sum of the terms on the bottom of the multinomial
are not equal to the top, then the value of the multinomial is zero.

Without loss of generality we assume that the transition rate q;; from the lumped
state sl to the lumped state sl corresponds to a vertex in vertex-partition ¢ € {1,2}
transitioning from vertex-state A € W to B € W, where A # B. To understand why,
suppose that S € &, then for there to be a non-zero rate from sl to sl there
must be a microstate SU e S; such that S (K] and S" form a transition pair, whose
transition vertex is v say. We are free to use V; to label which vertex-partition cell v
belongs to, and we may also use the labels A, 5 € W to indicate what vertex-states v
changes from and to respectively. Moreover, any other non-zero transition rate from
sl to s/l must also correspond to a vertex in Vg changing from A to B, otherwise it
would result in different counts of vertices of each type of vertex-state in each vertex-
partition cell, i.e. a lumped state different to s/). To compute (5.2), for each v € V
we can construct all possible microstates where v has vertex-state A. If in this process
we specify the vertex-states of the neighbours of v, then we can determine the rate
at which v changes from A to B. Summing this contribution from all possible cases
yields q;;. A proof of this will be given in Section 6. In the following paragraphs we
will build up the components of this sum.

First we define some notation related to the neighbourhoods of vertices. Let d
denote the number of neighbours of vertex v in the pth vertex-partition cell. The
degree of vertex v is

(5.3) A= dp.

We represent the neighbourhood of v using a non-negative, integer-valued matrix
n’ € ZM*” which we call a neighbourhood count.

DEFINITION 5.1. For a vertex v € V, a neighbourhood count ¢s a matriz n¥ €
ZY<F such that

for0<p<P.

Note that it follows from (5.3) that 25:1 Z%Zl n;, = d’. We will use a single
index on this matrix to indicate a column, i.e. n; € ZX is the pth column of n¥. The
component n,, ., of a neighbourhood count is the number of neighbours of vertex v in
the mth vertex-state and in the pth vertex-partition cell.

The number of ways that we can arrange the vertex-states of the neighbours of v
in vertex-partition cell p # g according to some ny), as well as the vertex-states of the
other vertices in vertex-partition cell p # ¢ according to s, is

(5.4) A(sp,nY) = (dz) (NP a df’).

v —_nv
Ilp Sp Ilp

This manuscript is for review purposes only.
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MEAN-FIELD APPROXIMATION OF DYNAMICS ON NETWORKS 9

Recall that a vector in the bottom of the multinomial coefficient notation indicates
that the elements of the vector should be in the denominator of the multinomial
coefficient. While in (5.4) we have used d, and N, in the top of the multinomial
coeflicients, we will assume that these values are actually determined from summing
the vectors in the bottom. We will also assume the standard convention that a
multinomial coefficient is zero if any entry is negative.

For the vertex-partition cell ¢, which contains v, the number of ways that we can
arrange the neighbours of v according to ny is

o (N[N, —1-d
Alsq — e«“’nq) = (nfi) <s q_ e — va)’
q

q q

where e 4 is a vector of length M with a one in the entry corresponding to vertex-state
A and zeros elsewhere. This is to account for the fact that we assumed vertex v is in
vertex-state A, so there is one less A vertex in s,.

For a given n” and p # ¢, using (5.4) there are
(5.5) A(sll — ey, nZ)A(sm n’)

q P p

microstates in S; in which vertex v in vertex partition cell ¢ is in vertex-state A, its
neighbours’ vertex-states correspond to n”, and the total number of vertices in each
vertex-state and in each vertex-partition cell corresponds to slil. We also need to
know the rate that vertex v will change from vertex-state A to B. For SVTs with
affine VSTM given by (2.1), if vertex v is in vertex-state A and the number of its
neighbours in each of the vertex-states in each of the vertex-partition cells is given by
n?, then it will transition from A to B with rate

M P
AR 9D DI
m=1r=1
Recall that we assumed, without loss of generality, that q;; corresponds to a
vertex in vertex-partition cell V; changing from vertex-state 4 € W to B € W. We
can now compute q;; by summing over all feasible realisations of the matrix n” and
vertices in Vg, which yields
(5.6)

M P

1 . .

w- 1YYy ( AELy z@:ﬁnzw) Ael) — e.qm2) sl ).
(sm) vEVy nY|dy ny|dy m=1r=1

In this equation, the sums over n}|d}{ and n}|d} specify the P = 2 columns of n".

It seems that we have swapped one difficult sum, (5.2), for another, (5.6). How-
ever, it turns out that the sum over vertex neighbourhoods can be simplified, and we
will illustrate how this can be done in the next section.

5.2. Simplified form of the lumped generator. Our next step is to simplify
(5.6). Crucial to achieving this is a generalisation of the Vandermonde identity and
what we call the “sum-product property”, which for arbitrary v can be used to obtain

N
(57) (S) = vzt;v %U:lv A(Sl7n§))A(SQ7ng)'

A generalisation of this will be presented in Section 6 and further details can be found
in the Supplementary Materials. First consider the §64’B term in (5.6), then using (5.7)
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we find
1
RN Z Z Z C(SABA Wl —eqn )A( g 11 )
) vEV, n¥|dY ny|dy
1 Ny —1 5
:N2454’B([z1 )(m) ZCAB o _ = GBSl
(ot1) veV, €A VeV,

where we have used A as an index in W. This is what we might have expected: each
[d]

microstate in sl has s Ag vertices in vertex partition cell ¢ in vertex-state A, so there

will be a factor of C64’B for each of these.
Now consider the (A8 terms in (5.6). The sums over m and r in (5.6) do not
depend on any of the others sums, so we can move these to the outside. Note that

a2\ (N, —d?
. AGsymg) =, () (77 10)
P\np ) \'sp —nj
o dy —1 Ny, —1-(d,—-1)
P\np —en /) \s, —en — (n) —en)
=dyA(sp — em,ny) —ep,).
For the case where r = ¢, it follows that
S 3 G A - e md) A ng)

n?|d? ng|d3

= Cﬁ’de Z Z A(s[qi] —esq—ep,n; — em)A(sI[f], n,)

nyldy nyldg
N, —2 N,
.AB v q P
A €m Sp

where we have used (5.7) to obtain the third line. Similarly, for the case r = p we
have

A Ny—1 N, -1
S Y Gl - eampeflng = it ') (0, )

ny|dy nj|d T CAS ASp T Om

Thus for the (/A8 terms in (5.6) we can cancel multinomial terms to get

LZZCAB Nq_2 Np +dv N_l Np—l
i i [i] [’L] il
(s[l]) veEVy m=1 —ey — ey Sp —ey ol o
_ Z i\/[: CA’B q SEZ\],q (Sm,q - 5A,Wm) e S.[Z\] qSL?’LP

m q Nq(Nq — 1) p Nqu 9

veV, m=1

where recall that d 4 g is the Kronecker delta function. Using these simplifications,
the expression for q;; becomes

[ _s i
[Z] .A,B v( 4 AW) v Sm,
WO, gmsz ey T,

Note that this formula enables us to compute q without direct reference to Q.
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6. The lumped generator for arbitrary finite vertex-partitions. We can
now generalise relatively easily to arbitrary vertex partitions. We consider a vertex
partition IT = {V;,...,Vp} with V, NV, = 0 for p # ¢ and U,V,, = V. We then have

ZMXP whose m, pth entry, s, p, is the number of vertices in vertex-state W, in
the vertex-partition cell V,,. The total number of microstates is

w-y (M- s ()

Sl‘Nl 52|N2 SplNPp 1

which can be obtained from application of the multinomial theorem and interchanging
the product of sums with a sum of products (see the Supplementary Information for
further details). The number of lumped states is

(6.1) n= ﬁ (N” +NM B 1>.

p=1 P

Again we assume, without loss of generality, that a transition from the lumped state
sl to the lumped state sl # sl corresponds to a vertex in vertex-partition cell Vy
transitioning from vertex-state A to B.

Our initial goal is to write (5.2) in terms of a sum over vertices and possible
neighbourhood counts. In order to prove this, we must first consider some properties
of neighbourhood counts. Since we sum over neighbourhood counts, we need to be
clear about which correspond to arrangements of vertex-states in microstates in the
correct lumped partition cell, and that only these contribute non-zero values to the
summation. To this end, we say a neighbourhood count n” is realisable if there is at
least one microstate in which the number of neighbours of vertex v in each vertex-
partition corresponds to n".

DEFINITION 6.1. A neighbourhood count n is realisable in S; C S if there is a
microstate Sl € S; in which the number of neighbours of vertex v in vertez-state
Wm € W and vertex-partition cell V,, € Iy is n},

m,p*
There is a simple condition that ensures a neighbourhood count is realisable.

LEMMA 6.2. For v € V, a neighbourhood count n" is realisable in S; C S if and
only if ny, , < sm,p for all m, p.

Proof. Suppose that n” is realisable in S; C S, then there is a microstate SI* € S;
such that the number of neighbours of vertex v in vertex-state W,, € W and vertex-
(4]

partition cell V), € Ily is ny, . Since sp p is the number of vertices in vertex-state

Win € W and vertex—partltlon cell V}, € Iy, we must have ny, , < sg p for all m, p.

Suppose that ny, , < SM p for all m, p. Then for each partltlon p, we can assign a
vertex-state to each of the neighbours of v such that the total number of neighbours
of v in vertex-state Wy, € W and vertex-partition cell V,, € Ily is n}, ,. Similarly
we can assign vertex-states to each of the remaining vertices (including v) in each
vertex-partition cell such that the number of them in vertex-state W,, € W and
vertex-partition cell V}, € Ily is s[rﬁ,p n;, , > 0. Thus the total number of vertices
in vertex-state W, € W and vertex-partition cell V,, € Iy is su,p, and hence this

assignment of vertex-states corresponds to a microstate in S;. 0

Importantly, when we sum over neighbourhood counts, only those that are real-
isable contribute to the sum.
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COROLLARY 6.3. For v € V, a neighbourhood count n® is realisable in S; C S if
and only if

P
(6.2) [T AGE. ns) >o.

p=1

Proof. Suppose that for v € V, a neighbourhood count n" is realisable in S; C S,
then by Lemma 6.2 SLZJ,,, —mny, , >0 for all m,p and hence (6.2) is true. Conversely,

if (6.2) is true then each term in the product is positive and hence ny, , < s,[ﬁ,p for
all m,p. Then by Lemma 6.2 n" is realisable in §; C S. O

We may now prove that lumped rate (5.2) can be written in terms of a sum over
vertices and possible neighbourhood counts. In the following lemma, we use 1p to
denote a column vector with P entries, each 1.

LEMMA 6.4. Let S be the microstate-space of a homogeneous SVT with affine
VSTM on a network with vertex set V and let Iy = {V1,Va,...,Vp} be a par-
tition of V. Suppose that the corresponding vertex-partition lumping macrostate-
space is (s, sP, ... s[") (Definition 4.1) and the partition of microstates is g =
{81,8s,...,8.} (Definition 4.2). If a transition from s/ to sbl corresponds to a
vertex v € V changing from vertez-state A to vertex-state B, then

P
(6.3) Z Z Qu = Z Z R4 (n"1p) H A(sg] — 0pq€a,1y)

Slkles,; slles; vEVy nv|dv

Proof. We construct a surjective map from transition pairs on the left of (6.3) to
feasible neighbourhood counts n? on the right of (6.3), and show that the multinomial
terms on the right account for the many-to-one multiplicity of the mapping. For
Skl ¢ S; and SH e S;, Qi can only be non-zero if S S which identifies
a unique vertex v and by assumption v € Vy. Then Qu = Rgmi(y) siti(0) (nlkl(v)).
Furthermore, the microstate S*! corresponds to a unique neighbourhood count n?,
which is evidently realisable. Since n*l(v) is derived from S, we have nl*(v) =
n'1p. It is assumed that a transition from sl to sll corresponds to a vertex v €
V, changing from vertex-state A to vertex-state B, thus we have SI¥l(v) = A and
Sl(v) = B. Consequently, each transition pair in the summation on the left of
(6.3) corresponds to a unique pair v € V,; and n”|d” in the summation on the right
with rate R4 g(n"1p). Since nv is realisable and the vertex-state of v € V, is A,
H§:1 A(sg] — 0pqea,my) > 0.

For a given v € V; and neighbourhood count np, when p # ¢ there are

i v dy Np —dy
A(sll nY) = (n’;) (Sm ni)
14 P — Hp

ways of arranging the vertex-states of the neighbours of v in vertex-partition cell p

according to ny, as well as the vertex-states of the other vertices in vertex-partition

cell p according to sg]. Similarly, for the case p = g we have

) v N,—1—-d}
A(sll —ey,n?) = dp P P,
b b ny s,[f]—eA—ng
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Thus using Corollary 6.3, there are

(6.4) H A p q€A, 10 )

microstates in S; in which the vertex-state of v is A and its neighbourhood count
is n¥. These microstates form transition pairs with the corresponding states in S;
in which the vertex-state of v is B. Thus the number of transition pairs on the left
of (6.3) associated with each v € V, and realisable neighbourhood count n in the
summation on the right is given by (6.4). 0

We saw in Section 5.2 that we needed a generalisation of the Vandermonde iden-
tity. This can be stated as

LEMMA 6.5. Let s be a lumped state and n® a neighbourhood count of a vertex
v eV, then

(6.5) (f) =3 ﬁA(sp,n

nv \d“ p:l

A detailed proof can be found in the Supplementary Materials.
We now present the main result of the paper.

THEOREM 6.6. Let S be the state-space of a homogeneous SVT with affine VSTM
on a network with vertex set V. and let Iy = {114,y ..., IIp} be a partition of V.
Suppose that q = DQC s the lumped infinitesimal generator corresponding to the
vertex-partition lumping with macrostate-space (sm st s[”}). If a transition from
sll to Ul corresponds to a vertex v € Vy changing from vertes-state A to vertez-state
B, then

[i] s, 1 e ey, @ - AB (i)
(6.6) %:SA,q{ 0 +NZ<NT_3(”> [Z% (Sﬁw‘(SAWm‘sw)H'

9 r=1 m=1
Proof. From (5.2) we have

1
qij:m Y Qims

Slklen; stell;

since the number of states in II; is |II;| = (SJ[\Z-’]). Using Lemma 6.4 and (2.1) it follows
that

(6.7)  qi = (11V ZZ( +ZZ<AB )HAs[l—(Squ,)

s[il vEV, nv|dv m=1r=1 p=1

We will deal with the ("% and ¢A

ABp,, terms separately. From Lemma 6.5, the

sums around the constant term Co P are

P
1 1
S zcg‘BnAsh Spgeanl) = v 3 G H( )
(sh) vEVy nv|dv (s[i]) veV, p=1 — Op,q€A
(6.8) = ¢Sl
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In (6.7) we are able to do the sums over m and r after we sum over v and n”|d", since
they do not determine n”. Thus we can focus on an individual term C,;“L’Bnmm; using
Lemma 6.5 we have

Z ” ﬁA(H 5 v dvﬁ( Np = Op,q = Op,r )
n,, . sy — Opqgea,ny) = d; ;
o [dv =1 ? . p=1 SL] 0p.g€A = Op.rem
We then find
1 M P P
TN\ Z Z Z C;#anm T H A(s[p] - 517 q€A, np)
(s[i]) vEVy nv|dv m=1r=1 p=1
M P
1 Np = 0p.q = Opr
- e I (s )
o) vev, 'mzz:l ; ;)1;[1 Sz[}] — 0p.g€A — Oprem
M P i (Ul
v S A q(Sm,r - 6A,Wm 5q,r)
(6.9) = CAB Y2 .
vEV, n@z::l ; Nq(NT - 6‘1’7“)
Substituting (6.8) and (6.9) into (6.7), after some rearranging yields (6.6). 0

7. Applications of Theorem 6.6. We now describe two special cases of The-
orem 6.6 and illustrate its application on a bipartite network.

7.1. Recovering the infinitesimal generator. In the case where each vertex
is in its own partition, we expect to recover the full infinitesimal generator Q. Recall
that (6.6) corresponds to a vertex v in vertex partition cell ¢ changing from vertex-
state A to B. For each p we have N, = 1, and since we have assumed the network is
simple, i.e. there are no self-loops or multiple edges, it follows that dj = 0. We also
have dj = 1 if vertex v and the vertex in cell p are neighbours, and d;, = 0 if they
are not. Since vertex v is the only vertex in cell ¢ and it is in vertex-state A, we have

s%’q = 1. We also have

e M 4 M
S OSEAIDSELERES e

pF#q \veEVy p m=1 m=1

where n}, is the number of neighbours of v that are in vertex-state W,,,. This follows
from the fact that the sum over p is effectively a sum over neighbours, since d) is zero
otherwise, and sm,p = 1 if the neighbouring vertex in cell p is in vertex-state W,, and
zero otherwise. Thus when each vertex is in its own partition, (6.6) reduces to

M
A.B AB,_ v
Qij =G+ Z G My
m=1

i.e. our definition of Q;;.

7.2. Single vertex partition: population model. In the case P = 1, The-
orem 6.6 reduces to our result published in [38]. In this case, the lumped state can
be represented by a vector, i.e. the number of vertices in each of the possible vertex-
states, and so we will not use a bold font to represent lumped states. In the P =1
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case, (6.6) becomes

M
qij = 14 { "+ ﬁ [Z Ga? (3% - §A,Wm,)‘| } )

m=1
where z =) i, d"/N is the mean degree of the network and st (s%) is the number
of vertices in lumped state ¢ that are in vertex-state W,, (A). This corresponds to
the population model equation derived in [38].

7.3. SIS epidemic on a complete bipartite graph. For the case of SIS
dynamics, the lumped states s are matrices of size 2 x P, where m = 1 corresponds to
susceptible vertices and m = 2 corresponds to infected vertices. For the SIS model,
we have 421’2 =3, 02’1 = v and all other (A8 = 0. Thus if the transition from sl to
sl corresponds to an infection in the gth partition, then

@ — e ) g i 'y Zdi il
1] Nq N —1 2,q N 271)

veVy q pF#q \veEVy p

Similarly, if the transition from sl to sl/! corresponds to a recovery in the gth parti-
tion, then

(7.1) aij = 18

Note that this is the exact recovery rate for state sll, regardless of the choice of
vertex-partition, since there are s[ ] infected vertices in sl

We’ll now use this to write out the lumped Markov chain equations for the SIS
model on a complete bipartite graph, where the vertex-partition corresponds to the
bipartite partition. For N; # Ny, the automorphism group of a complete bipartite
graph is Sy, X Sn,, i.e. all possible pairs of permutations consisting of a permutation
of the vertices in V7 and a permutation of the vertices in V5. Thus the microstates in
the exact lumping correspond to all possible counts of the number of infected vertices
in each of the vertex partition cells, which is exactly what the approximate lumping
uses. Consequently, we expect the approximate lumping formula to recover the exact
lumping. We have P = 2, so the lumped states s are two-by-two matrices. For v € V;
we have d} = 0 and dy = Ny; similarly for v € V5 we have d} = N; and dj = 0. Note

that
d dy=0, and Y dj=

vEVy vEV,

where p is the alternative partition to g. Thus if the transition from sl to sl
corresponds to an infection in the gth partition, then

=p S1 qs[;]p

In state sl there are s[l}q susceptible vertices in V; and each of these has s[ ! infected

neighbours, thus we obtain the exact lumped transition rate. The recovery rates (7.1)
are also exact.

We can also write out the lumped master equation for this case. Note that for

the lumped state s, we have s;1 +s2,1 = Ny and s; 2 +s2.2 = Na, thus we can write s

in terms of just two numbers, ki = sy ; and ky = 832, so k, is the number of infected
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vertices in the pth partition. Thus we write the probability of being in the lumped
state s as xy, k,, i.e. the probability of there being k; infected nodes in partition
cell 1 and ko infected nodes in partition cell 2. There are four possible transitions,
corresponding to an infection or a recovery in each of the two vertex-partition cells.
Consequently, if we assume that zj, x, = 0 for ki,ks < 0 and ki,ke > N then
summing over the four possible transitions yields

Thy ko =B(N1 — k1 + 1) koxy, 1k, + Bk (N2 — ko + 1) Tk, ky—1
+ (k1 + DT, 41,k + (k2 + )Tk ko1
— [B(N1 — k1)ka + Bk1(No — ko) + v(k1 + k2)] 2k, 1, -

We can simplify the bipartite graph case further and assume that Ny = 1 (hence
N; = N — 1), which corresponds to a star graph. In this case, ko can only be 0 or 1,
so we have

Ty 0 =y(k1 + D) Tr, 11,0 + Y2ky,1 — [BEL + YE1)] 2k, 0,
Ty 10 =BIN — k1)ag,—11 + Bz, 0 + (k1 + Dk, 411
= [B(N =1 —Fky) + (k1 + 1) wg, 1.

PN

7.4. General procedure for applying Theorem 6.6. Now, we briefly present
the wide applicability of Theorem 6.6, explaining the procedure by which it can be
applied to a broad range of node dynamics and an arbitrary choice of the vertex-set
partition. Concerning node dynamics, the following processes can be handled among
many others.

e Beyond the widely used SIS and SIR dynamics one can use SEIR dynamic
when the exposed compartment E is also taken into account, as well as all
other similar variants. For example, introducing a vaccination state V' and
applying a contact tracing state T lead to SIVS, SITR etc. Considering the
parallel propagation of two infectious diseases, more complicated models also
fall within our framework.

e Information spread on networks leads to many different node-dynamics. One
of them is rumour spreading when node states are ignorant (I), spreader (.59)
and stifler (R), which resembles SIR epidemic but where the transition from
S to R depends also on the number of neighbours in the S and R states.
Information spread is also modelled by using the node states: “Unknown”,
the individual has not yet come into contact with the information, “Known”,
the individual has received the information, but is not willing to propagate
it, “Accepted”, the individual accepts the information and then propagates
it, and “Exhausted”, after propagating the information to their neighbours,
the individual will lose his interests in it. The concurrent propagation of
two types of information is modelled by the node states S, I; and I3, where
the effect of one information to the other can also be accounted for by the
appropriate choice of the rate functions.

e The concurrent spread of epidemic and information can be described by the
node states susceptible and aware (S,), susceptible and not aware (Sya),
infected and aware (I,), infected and not aware ([,,). This can also be
extended with a treatment class (T').

e Propagation of neuronal activity can be modelled by the node states quiescent
(Q) and active (A) with both excitatory and inhibitory neurons. The effect
of different neurons to each other can be described by the rate functions.

This manuscript is for review purposes only.
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MEAN-FIELD APPROXIMATION OF DYNAMICS ON NETWORKS 17

See [16, 30, 23, 36, 37] for more information about, and examples of, models within
our framework. To translate such examples into our framework, it is necessary to
associate the corresponding model rate constants with the set of functions that con-
stitute the VSTM in 2.1. Typical models have far fewer vertex-state transitions and
rate constants than the general case, simplifying what needs to be considered.

Concerning the network structure one can specify a vertex partition, for which
we list a few possibilities below.

e If the nodes play a similar role in the network, then choosing a single partition
(P = 1) is a reasonable choice and corresponds to the ‘well mixed’ case where
network structure is essentially ignored, with the rates scaled by the network
density. This case was derived in Section 7.2.

e In some cases, nodes can be divided into two groups, for example highly and
weakly connected nodes, then choosing two partitions, P = 2, is natural.

e If the network is given by a bipartite graph, then the two node groups lead
again to P = 2.

e The case of k-partite graphs can be handled with P = k partitions. We note
that in the case of complete k-partite graphs the lumping is exact.

e A natural choice for vertex partitions is based on the node degrees, i.e. two
nodes are in the same vertex partition if their degree is equal.

Once the node dynamics is specified through the rate functions (2.1) and the
vertex partitions are given according to Definitions 4.1 and 4.2, one can determine
the generator (6.6) as follows. The macro-states sl are M x P matrices defined in
Definition 4.2 by specifying the number of vertices in a given state being in a given
partition. The coefficients (2B are determined by the transition functions given
in (2.1). Considering only the few examples of node-dynamics and partitions listed
above, several dozens of models can be derived based on our main Theorem 6.6 since
each node dynamics can be combined with each partition.

Note that the generator in (6.6) is an n X n matrix, where n is given in (6.1). For
example, when we have only one partition, P = 1 and two node-states, M = 2, then
n = N + 1 which is significantly smaller than the full system size 2V. In the case of
M = 3 node-states we have n = O(N?) which can be large but still much smaller than
the full system size 3"V. In the case of P = 2 partitions and M = 2 node-states one
has n = O(N?), while for M = 3 node-states it is n = O(N*). Thus the size of the
lumped system is polynomial in N compared to exponential for the full system. We
will get a further significant decrease in system size in the next section. Note however
that using the generator (6.6) provides information about the probability distribution
over macrostate-space, and in systems with absorbing states, one can estimate the
probability of and time to absorption [37].

8. Large N limit of density dependent population processes. The ap-
proximate lumping process derived in Section 6 significantly reduces the number of
equations that need to be considered, while introducing some approximation error.
However, the number of equations will often still be very large, see the calculations
at the end of the previous section. However, our approximation (6.6) is a “density-
dependent population process” [11], which in the large IV limit converges to a smaller
system of M x P differential equations. We will now describe this in more detail.

8.1. Mean-field limit of a general density dependent process. For posi-
tive integer N, ¢ € Z¢, E C R?, and a collection of non-negative functions Ae t B —
Rzo, let

Enx =En{k/N|kecz%,
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and assume that y € En and A¢(y) > 0 imply that y + /N € En. Then a density
dependent family corresponding to A¢ is a sequence {Yn} of Markov jump processes
such that Yy has state-space Fny and transition intensities

1
qﬂ(ﬁj,\;) =N {)‘N(ym)(x) +0 (N)} , T,y € En.

Let
Fly) = ).
ezl
then provided that for each compact K C F,

> €l sup Ae(y) < oo,

gezd YK
and there exists an My > 0 such that
[F(z) — F(y)| < M|z —y|, =z,y€K,

then in the limit N — oo there is almost sure convergence between the Markov
chain jump process Yy (t) and y(t), where y(¢) is the solution to system of differential
equations
y=F(y).

A more precise statement can be found in Ethier and Kurtz’s book [11].

As a simple example of a density dependent family, consider the SIS model with
population N. Suppose that if there are i susceptible individuals and j = N — 1
infected individuals then the infection rate is

Q(i,5) (i—1,4+1) = Nﬁ%%,
and the recovery rate is .
d(i,5)(i+1,j—1) = N’y%.
This corresponds to the standard SIS stochastic compartmental model birth-death
process. The possible values of £ are (—1,+1) and (+1,—1), so for y = (y1,y2) we
have A1, 11)(y) = By1y2 and A\(11,_1)(y) = vy2. Consequently

F(y) = Z@\é(y) = (=By1y2 + VY2, +BY1y2 — YY2)-
3

Thus the familiar compartmental SIS model ODEs are the large N limit of the cor-
responding stochastic birth-death process.

8.2. Limiting equations of vertex-partition lumping. To connect the ap-
proach presented in the previous subsection to vertex-partition lumping, we first in-
troduce some notation. Let e(W,,,p) € {0,1}™*F be a matrix whose m, pth entry is
1, and all other entries are zero. Let 5;14’3 =e(B,q) —e(A,q), so a transition from s
to s + fa“ﬁ corresponds to a vertex in partition V, changing from vertex-state A to
B. Then we can write the transition rate (6.6) as

(8.1)
e g X (T [ o ()

Gsrers = NN O TN 2\ W sy, N

p=1 m=1
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We consider the density y =s/N and we assume that

d’U
~ = %420,

N, .
(8.2) lim —%=0,>0 and lim >

N—o00
vev, P

with 6, and z, , finite. Note that 6, is the fraction of vertices in partition p, so for this
to be finite in the large N limit, all vertex partitions must scale with V. Also, 2,4
is the average number of edges between partitions p and ¢, averaged over the number
of vertices in vertex partition p. We also have

D DB Bt POF L s
vquNq_l vquNq Ng—1 vquNq N[%*%]

Thus we can write (8.1) as

drerr =¥ e ()0 (1)),

where

P M
z
(83) Aeas(¥) = Yaq ( NEDIEDY C;Q‘L’Bym,p> :
p=1 4 m=1

Note that )\5,4,8 returns a scalar but 554’6 is a matrix and it identifies the A, B € W

q
and 0 < ¢ < P used in (8.3). In the large N limit, we have a system of matrix
differential equations for y, given by

P
(8.4) V=D D D &M Aan(y).

AEW B#A q=1

8.3. Application of the mean-field-limit approach. Here we present the
applicability of the mean-field limit derivation shown in the previous subsection. Using
our approach one can derive the mean-field limit equation (8.4) for each node-dynamic
and vertex partition listed in Section 7.4. The model dynamics specify the transitions
§54’B and the corresponding transition rates (5. The vertex-set partition can also
be chosen quite generally, subject to the conditions (8.2), which assume that as N
tends to infinity, the proportion of vertices in each partition, 6,, and the proportion
of edges between partitions, z, 4, tend to constant values. Once these constants have
been determined, one can formulate transition functions )\5;4,5 for each transition

55478 using (8.3). The dependent variable in the mean-field equations (8.4) is the time-
dependent matrix y, which is the scaled version of the lumped variables, i.e. y = s/N,
meaning that yp,, is the proportion of vertices in vertex-state ¥V, and in partition
cell V,,. Thus the number of differential equations in (8.4) is M x P. Considering
only the few examples of node-dynamics and partitions listed in Section 7.4, several
dozens of mean-field equations can be derived based on our approach since each node
dynamic can be combined with each partition.

9. Degree-based mean-field. We now relate the large N limit of our vertex-
partition lumping to the well known degree-based mean-field. Consider the vertex
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partition where for each k > 0, we have that Vj is the set of vertices with degree k.
Thus Ny, is the number of vertices with degree k and py = Ny /N is the fraction of
vertices with degree k, i.e. the degree distribution. We assume that py > 0 for all k
(although the same approach could be applied to cases where there are k such that

pr = 0) and that there is a maximum degree kpayx, o that the vertex-set is partitioned

into a finite number of cells. We will call a partition based on vertex degree “degree-
based mean-field” and we will derive the ODEs for the SIS model. Let W, correspond
to susceptible nodes and W, correspond to infected nodes. Recall that for the SIS
model we have (21’2 = and Cg’l = v, and all other (48 = 0. Since Yik + Y2,k = Pk,
we will refer to the fraction of infected nodes as y, = y2%, from which we can infer
Y15 = Pk — Yi. Thus we only need to write the differential equations for y;, and we
will write ¥ = (y1,¥2,-- -, Yk, ). Consequently we only need the second column of
the matrices 5{14’3. Hence let & be a vector of zeros with a one in the kth entry, then
& corresponds to an infection and —&j corresponds to a recovery. Using (8.3), the
large N infection rate is,

Ao (y) = Bk —y) Y R e,

o Pk
the large N recovery rate is
A (¥) = YUk,
and hence the evolution equations are
. 2k ke
(9.1) Uk = =Yk + B0k — Uk) Y o
k/

We will now show that (9.1) is equivalent to the Eames and Keeling [10] and
Pastor-Satorras and Vespignani [28] degree-based mean-field approximations. Eames
and Keeling use [I*] to denote the number of infected nodes with k neighbours and
[SkT kl] to denote the number of partnerships between a susceptible node with k part-
ners and an infected node with &’ partners. The dynamics is then described by

k
W~ 1+ Y18,
k/

and this is closed with the approximation

ko 187 1]
ST~ N,

X [kle

where [kk'] is the number of partnerships between individuals with k and &’ partners.
Thus the Eames and Keeling degree-based mean-field is

dr*] _ . [S*] Ik’
(9.2) o ALY +ﬂz N, vy R

Let yi, = [[*]/N, and noting that since [S*] + [I*¥] = N}, we have [S*]/N = pr — us,
then dividing (9.2) through by N yields

. [kK']
/B ’-
Yk Yy + B(Pr — Yr) gk/ pka/y
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Since [kk'] is the number of edges between degree k and degree k' vertices, we have

kK] =" dy,

veEV)

and consequently, using (8.2), the Eames and Keeling degree-based mean-field is
equivalent to (9.1). It is also easy to show that the Eames and Keeling degree-
based mean-field is equivalent to the Pastor-Satorras and Vespignani [28] degree-based
mean-field, and we provide details of this in the Supplementary Information.

10. Individual-based mean-field. We will now show how our approach can be
used to derive individual-based mean-field approximations. Consider a graph with N
vertices and N, isomorphic copies of this graph. We will call the graph that is copied
the base graph, and thus the collection of all copies of the base graph consists of NN,
vertices. We will apply approximate lumping to this collection of graphs by choosing
the partition of vertices, Iy, so that each partition cell V; has the corresponding
vertex in each of the N, copies of the graph. Thus there are P = N partition cells,
and we can increase the total number of vertices by increasing Vo, the number of
copies of the base graph. Applying our approximate lumping approach produces an
ensemble average over the collection of isomorphic base graphs.

To apply our approximate lumping approach, we need to compute the fraction
of vertices in each vertex partition cell, ;, and the mean number of edges between
vertex partition cells ¢ and j, z; ;, as defined in (8.2). Note that our notation is slightly
modified here, where we are taking the limit N, — oo (and hence the total number
of vertices in the collection of graphs) rather than N. Since there are N, vertices in
each partition cell and NN, vertices in total, we have that §; = 1/N. Let A be the
adjacency matrix of the base graph, so the component A,; is one if vertices ¢ and j are
connected in the base graph and zero otherwise. Thus if V; € IIy, then the number
of neighbours of vertex v € V; that are in the partition cell V; is dg = A,;; (i.e. one
if 7 and j are connected in the base graph, and zero otherwise). We will assume for
v € V; that dY = 0, i.e. there are no self-loops in the base graph. Consequently, since
N; = N, for all V; € I/, we have

d¥
: J
z;; = lim E —— = A,
Y No—ro0 ~ Nc 2]
veV;

We are now in a position to make use of (8.3), but note that following the approach
described in Section 8, we would use the density variable y = s/(INN,), i.e. the total
fraction of vertices in each vertex-state and vertex partition. However, individual-
based mean-field approximations are typically based on the ‘probability’ that a vertex
is in a given vertex-state. We can obtain a similar quantity here by instead using
y = 8/Ne, i.e. the fraction of base graphs in which each vertex is in each vertex-state.
We again let £ correspond to a vertex in V; changing from A to B and so (8.1) becomes

M
SAi R Sm,j
dprgre = Ve | G0+ DAy [Z GAEZmI | 1 O(1/N,)
e e

VE] m=1

Consequently, using y = s/N,, the large N, transition rate is

M
)\gva(Y) =Ya,i 54’8 + Z A;j [Z Cﬁ’Bym,j]

J#i

m=1
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From this we recognise the transition rates that appear in standard individual-based
mean-field equations, in which pairwise interaction terms are included according to
the graph’s adjacency matrix. For example, for the SIS model the evolution equation
for the ‘probability’ y; that vertex i is infected is [34, 23]

Ui = —vyi + B(1 —yi) ZAijyj~
J#i

11. The configuration model. In the previous section, we saw how our ap-
proximate lumping approach could be applied to isomorphic copies of a given graph to
obtain individual-based mean-field approximations. In this section we consider how
this approach can be extended to derive mean-field approximations for dynamics on
families of graphs, specifically configuration models.

Suppose that the vertices V' of a graph are labelled 1,2,..., N, then a degree
sequence is a sequence of integers di,ds,...,dn, such that ). d; = 2M and for each
i, di < N — 1. A random graph can be constructed from a given degree sequence
by allocating each node ¢ with d; ‘stubs’ and then picking pairs of stubs at random
without replacement from the collection of all unpaired stubs to form edges in the
graph. Such a graph may have self-edges and multi-edges. While the theory we
have developed assumed simple networks, we conjecture that extending this approach
to graphs with self- and multi-edges only introduces O(1/N) corrections to (6.6)
in the large N limit. Here we consider the family of all such graphs for a given
degree sequence, and we will refer to these as configurations (of the associated degree
sequence). The number of configurations can be computed fairly easily by considering
the combinations of ways that pairs of stubs can be chosen, while accounting for the
fact that the order in which pairs of stubs are selected is not important, which yields

et =3 (y') (M) () =

Thus there are N Ncoyv (M) vertices in the collection of configurations.
It is also easy to show that for a pair of vertices i, j, the average number of edges
between ¢ and j across all configurations is

did;
2M —1°
To see this, note that there are d;d; ways to match each of the d; stubs to each of
the d; stubs. Having used a pair of stubs to do this, there are then 2M — 2 stubs
that remain to be matched, and there are Ney(M — 1) ways to do this. Note that

some of these remaining pairs of stubs may also lead to edges between ¢ and j, but
this exactly accounts for all possible multi-edges between ¢ and j. Thus

Nem(M —1)
d;d; “Now (M) )

and cancellation leads to the result.

To apply the vertex-partition lumping to the configuration model, we need to
consider the large NV limit. Thus we suppose that for a given N, the degree sequence
is sampled at random and the degrees of the N vertices are dV¥,dY, ..., d%, where
there is an My such that Zl le = 2My. Furthermore, we assume that for each
0 < k < kmax, the number of vertices of degree k is ny and

li Ng
1m — = Pr
N—oco N Pk
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630  where pj, > 0 for each k and ), pr = 1. Thus in the large N limit, the mean degree
681 of the network will converge to z = >, kpy.

682 We again consider a vertex-partition based on degree for the family of configura-
683  tions of N vertices. Thus for finite kyax the vertex partition is y = {V4, Vo, ..., Vi }}
684 As described already, there are N Ncy(My) vertices across the family of configura-
685 tions and hence there are Ny = |Vi| = nxNem(My) vertices of degree k. In order
686 to apply our general formula (8.3), it remains to compute 2y x, the average number
687 of edges between vertices of degree k and vertices of degree k', with respect to the
688 number of vertices of degree k’. We have seen that the average number of edges
689 between nodes with degree k and &’ is kk'/(2Mpy — 1), so the total number of edges
690 between nodes of degree k and k' across all configurations is this multiplied by the
691  total number of vertices of degree k and the number of vertices of degree k£’ in a single
692 configuration. Thus it follows that

dy, kk'  Nynp  kk'py
693 (11.1 = li kL= = .
o5 (1) zeg = Jim No N 2My —1 Ny B
694 vEVy
695 Focusing on the SIS model and using the notation from Section 9, we can substi-

696 tute (11.1) into (9.1), which yields

. Kk
697 Uk =~y + Bk —yr) Y — Y-
kl

698 Furthermore, substituting yx = pxpx, rearranging and rescaling recovers the uncorre-
699 lated degree-based mean-field [28].

00 12. Discussion. In this paper we have derived mean-field approximations for
01 a broad class of dynamical processes on networks directly from their exact Markov
02 chain description. We have done this using the method of approximate lumping,
03  where macrostates are defined in terms of the number of vertices in each vertex-state
04 in subsets of vertices that form a partition of the vertex set. We have proved that this
05 approach results in a density dependent population process, from which the large NV
06 limiting behaviour can be described in terms of a relatively small number of equations,
07 specifically M x P equations, where M is the number of vertex states and P is the
08 size of the vertex partition. We have shown how this approach can be used to derive
09 degree-based and individual-based mean-field approximations.

10 Given how involved the direct calculations are, it is surprising and impressive
11 that we recover exactly the well-known degree-based and individual-based mean-field
12 approximations. However, we emphasise that the use of approximate lumping means
13 that not only is the averaging process clear, it tells us under what circumstances
14 the approximation would be exact, i.e. the Markov chain that corresponds to the
15 density dependent population process. Our approach also highlights that there are
16 two sources of error. The main, and uncontrolled, source of error arises from the choice
17 of vertex-partition that defines the partition of microstate-space in the approximate
18 lumping. The second arises from the large NV limit, but this vanishes as IV becomes
19 large.

20 Our methodology formalises the process of obtaining mean-field equations for a
21 given dynamical model, eliminating the need to rely on intuitive probabilistic argu-
22 ments. This approach also explicitly reveals the type of averaging represented by
23 mean-field approximations on networks. Our results apply in a broad range of cases,
24 allowing researchers working with new models—within the class of single-vertex tran-
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sition models with local, affine transition functions considered here—to easily obtain
a range of mean-field approximations, in a controlled manner.

The mean-field approximations that we have derived using our approximate lump-
ing approach ignore dynamical correlations between the states of neighbouring ver-
tices. Such correlations are taken into account in higher-order, edge-based mean-field
approximations [23], that are typically derived using moment closure arguments. In
a follow-up paper we will show how our approach can also be adapted to derive such
edge-based mean-field approximations, extending its generality. A high-accuracy form
of mean-field approximation are “approximate master equations” [15, 16], which are
based on the number of susceptible/infected nodes of degree k with m infected neigh-
bours. While it may seem that these might be derived from our approach, we have
been unable to do so because it is not clear how the counts change when vertices re-
cover or become infected. In particular, it seems that one must know the degree and
number of infected neighbours of the neighbours of a vertex that changes vertex-state.

Our ambition is to quantify mean-field approximation error in terms of the dy-
namics and network structure. Our approach in this paper highlights that the main
source of error results from the choice of vertex-partition and how far the correspond-
ing lumping is from being exact. Establishing quantitative estimates for the resulting
error is a critical open challenge. An attempt to do this is described in [38] for the
case of the SISa model and where vertices are not partitioned, but in this case the
error could not be entirely unravelled from the full Markov chain. However, it may
be that hierarchies of approximations can be constructed in which the error decays
monotonically [21]. In this paper we have shown how our approach can be applied to
families of graphs, and this suggests that it may be also possible to use our approach
to derive mean-field approximations for models in which the network co-evolves with
the vertex-state dynamic. We would also like to generalise our approach to models
with nonlinear VSTMs.
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SUPPLEMENTARY MATERIALS: MEAN-FIELD APPROXIMATION
OF DYNAMICS ON NETWORKS*

JONATHAN A. WARD', GABOR TIMAR', AND PETER L. SIMON#

SM1. Introduction. Sections SM2 to SM5 of this document are intended to
supplement Sections 2 to 5 in the main paper with an illustrative example. The
sections here could be read alongside those in the main paper or separately, although
the general theory presented here is highly abbreviated.

SM2. Mathematical background. Let G = (V, E) denote a network with ver-
tex set V and edge set E C V' x V, where the number of vertices is N = |V/|. Unless
otherwise stated, we consider dynamical processes on finite simple networks (i.e. undi-
rected, unweighted with no self-loops or multiple edges) described by continuous-time
Markov chains where each vertex can be in one of a finite number M of vertex-states
and the set of possible vertex-states is W = {W;, Wa, ... , Wy }.

SM2.1. State-space. The state-space of the Markov chain is the set of all per-
mutations of N vertex-states chosen from W with repetition. This is equivalent to
S = WV, ie. the set of all functions from V to W, and so if the network is in state
S € S then the vertex-state of vertex v € V' is S(v). We refer to the states S € S as
microstates and the number of microstates in S is M. We enumerate the microstates
as & = {SI, 518 MMy,

As an illustration of the theory developed in the main paper, a simple example
will be presented here, specifically for dynamics on a square/two-by-two lattice/four
cycle with vertices V' = {1,2,3,4}, illustrated in Figure SM1. We will refer to this
as the square example. In this example, we consider SISa dynamics in which vertices
are either susceptible, which corresponds to W; = B and the colour blue, or infected,
which corresponds to W> = R and the colour red. The total number of microstates
is MY = 2* = 16, we number them as illustrated in Figure SM2.

SM2.2. Transitions. We assume that changes in microstate correspond to a
single vertex v € V changing its vertex-state, and the rate that this occurs is a
function of only the number of v’s neighbours in each of the vertex-states. We also
assume that this rate function is the same for all vertices. In the models we consider,
R4 (n1,n2,...,np) > 0 gives the rate that a vertex in vertex-state A changes to
vertex-state B if it has n; neighbours in vertex-state W, ns neighbours in vertex-state
Wsy, ete. If transitions between a pair of vertex-states A, B € W do not occur in a
particular model, then the rate R 4 5 is identically zero. We consider models where
R 4 5 is an affine function, i.e.

M
(SM2.1) Ros(ni,na, ... na) = GV2 + ZCﬁ’Bnm,
m=1

To illustrate the transitions between microstates, consider the example of SISa
dynamics. A susceptible vertex v with n; susceptible neighbours and ns infected
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Fia. SM1. Four cycle with vertex labelling.
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Fic. SM2. Labelling of microstate-space, blue corresponds to susceptible and red to infected
vertices.

neighbours becomes infected at a rate o + ns, where o, 5 > 0, so
RB7R(n1,n2) =a+ fns.

Thus COB’R = q, CIB’R = 0 and CQB’R = (. An infected vertex with n; susceptible
neighbours and ns infected neighbours becomes susceptible at a rate v > 0, so

Rr 5(n1,m2) = 7.
Thus (J°F =~ and (P = (&P =o.
SM2.3. Kolmogorov equations: infinitesimal generator. Let
X () = (X1(t), Xao(t), ..., Xan (1))
be the time-dependent Markov chain probability distribution over S, where X;(¢) is
the probability of being in microstate SI at time t. The evolution of X (t) is then

given by the forward Kolmogorov or master equation [SM4],

X =Q'Xx,
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38 where Q is the infinitesimal generator, an M” by MY matrix in which each off-
309 diagonal component Qy; gives the transition rate from S to SU, and the diagonal
40 components ensure that rows sum to zero so that probability is conserved. We assume
41 that a vertex changes vertex-state instantaneously, thus transitions only occur between
42 pairs of microstates that differ in exactly one vertex-state.

13 Considering the SISa dynamics on the square again, we can easily determine the
14 entries of the matrix Q. For example, Qg 12 = a + 28, because the transition from
15 S to S12) means that node 3 becomes infected. (See the numbering of nodes and
46 states in Figures SM1 and SM2.) This can happen at rate o spontaneously and at
47 rate 28 by infection along edges from nodes 2 and 4. Calculating the rates for all
18 possible transition pairs, the infinitesimal generator of the small example is a 16 x 16
19 matrix that can be written as

Ay Ay O 0 0

B, Ay Ay O 0

50 (SM22) Q = 0 B2 AQ AQ 0
0 0 Bs Az A
0 0 0 By Ay

where the matrix Ay corresponds to infection from states with k infected nodes,
matrix By corresponds to recovery from states with k& infected nodes and the matrix
Ay, is diagonal with negative entries in the diagonal, determined in such a way that
the sum of entries in a row of @) is zero. These matrices take the following form:

a+f 0 a 0 0 a+f
_ | a+p 0 0 a a+p 0
Av=(a a a a), A= 0 a+f 0 « 0 a+p |’
0 at+pf a 0 a+p 0
0 0 a+p a+p
a+pf a+p 0 0 a+ 28
A, — 0 a+28 a+28 0 A. — a+ 28
27| a+28 0 0 a+28 |7 BT a+28 |
a+f 0 a+p 0 a+23
0 a+f3 0 a+f
v v 00
o 0 0 v ~v 0 v 0 v v O
Y v 00 v 0 v v 0 0 v
B, = , By= , B3y= ,
! v 2 0 v v 0 ° v 0 vy 0 v 0
v 0 v 0 ~ v 0 0 v 0 ~
v 0 v O

Bi=(v v v 7).

ot

SM3. Coarse-graining via lumping: theoretical foundation. We con-
sider lumping of Markov chains [SM3]. Let IIs = {S1,82,...,S,} be a partition
of microstate-space, so S; N'S; = 0 for each i # j, and U;S; = S. We will refer to
S; as a lumped state. An exact lumping is a partition of microstate-space Ilg that
preserves the Markov property, a necessary and sufficient condition for which is that
the sum of transition rates out of a microstate SI¥1 € S; into the cell S; is the same

[N}

(2 S, BN

ot

Y Ut s W

ot
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for all microstates in the cell S;. In matrix notation [SM6], this is equivalent to the
existence of an n X n matrix q such that

(SM3.1) QC = Cq,

where C € {0,1}M" %" is the collector matriz [SM2] whose kjth component is

(SM3.2) Cw—{o otherwise,

that is the collector matrix collects those microstates in a coloumn that belong to the
same cell, or in other words, the same macro-state, in the partition. We call (SM3.1)
the lumpability condition.

Note that q can be given explicitly for an exact lumping by introducing the
distributor matriz [SM2] D € R™M" | whose ilth component is

Loif Sl es,
SM3.3 D=4 5 ' &
( ) ! { 0  otherwise.
Specifically, IIs satisfies the lumpability condition when Q commutes with CD [SM6].
Note that DC = I, the identity matrix, hence multiplying (SM3.1) by D we get the

generator q of the lumped system explicitly as
(SM3.4) q=DQC.

A lumping that does not satisfy the lumpability condition is an approzimate
lumping [SM2]. Given a partition IIs of microstate-space that does not satisfy the
lumpability condition (SM3.1), our approach is to still use the set of lumped states
IIs and the corresponding generator q = DQC. Summarising, we can say that
starting from the full infinitesimal generator, Q, and choosing a partition of the
state-space, equation (??) yields the infinitesimal generator q of the lumped (coarse-
grained) system. Note that the partition of the state-space is encoded in the collector
and distributor matrices, C and D respectively.

SM4. Lumping based on vertex set partitions. In the previous section
we introduced the notion of lumping in general. In this section we illustrate how a
partition of vertices is used to partition the microstate-space.

SM4.1. State-space partition based on a vertex set partition. Given
a partition of the wvertexr set, we consider lumped states based on a partition of
microstate-space into sets of microstates with the same number of vertices in each
vertex-state within each of the cells of the verter partition.

Let us consider an SISa epidemic propagating on a square graph. In this example
we consider a two cell partition of vertices Iy = {V;,Va}, where V; = {1,4} and
Vo = {2, 3}. Crucially, this choice of vertex partition allows us to illustrate an example
of an approximate lumping!. We use N; = |V;| and Ny = |V| to denote the number
of vertices in V; and V5 respectively, so Ny = Ny = 2, and we use P = 2 to denote the
number of vertex-partition cells. We will keep our notation general in this example,
e.g. by using P rather than 2, where it does not add excessive complexity. Our
approximate lumping will be based on the number of susceptible and infected vertices

INote however that in this example it is possible to obtain an exact lumping by choosing vertices
in opposite corners to be in the same cell of the vertex partition.
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s={[1)

e
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e e R S
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e
I
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—

Ly s=100 1)

Fia. SM3. Approzimate lumping partition of microstate-space for the square example.

in each of the cells in the vertex-partition. We will thus use a two-by-two matrix
to represent lumped states, where the rows correspond to vertex-states (susceptible,
infected) and the columns correspond to the partition cells (V; and V3). Specifically,
lumped states will be denoted by s € ZZ;/[OXP , a two-by-two matrix of non-negative
integers whose m, pth entry, s, p, is the number of vertices in vertex-state W,, in the
vertex partition cell V,,. Note that s; ), +s2, = IV, for p = 1,2 and adding these for

p =1 and p =2 we get that the sum of the entries in a matrix s is Ny + No = N = 4.

SM4.2. The size of the lumped state-space and the sizes of the partition
cells. Since there are N3 = 2 vertices in the first partition cell and M = 2 vertex
states, the possible values for s;; are 0, 1 and 2. The corresponding values for sg ;
are 2, 1 and 0 respectively, since s1,1 + 82,1 = N, = 2. These three possibilities arise
because a lumped state corresponds to choosing N7 vertices from the M possible
vertex-states with repetition, which is (N 1J;\,M 71). A similar argument applies to the

second partition cell and hence the total number of lumped states is

s () - -

and we label these as follows:

— e e
N——— —

The corresponding vertex-partition approximate lumping IIs = {S1,82,...,8g} is
illustrated in Figure SM3. For example, there is one microstate in S (which cor-
responds to s!') which has 2 susceptible (blue) vertices in both V; (vertices on the
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left of the square) and V4 (vertices on the right of the square), and no infected (red)
vertices in either vertex partition cell. Similarly, microstates in SI¥! have two infected
vertices in V; and both a susceptible and an infected vertex in V5.

The number of microstates that correspond to sl is equivalent to the number of
ways to choose s[f,]l susceptible vertices in the first partition, multiplied by the number
of ways to choose s[f,]2 susceptible vertices in the second partition. As a notational
short-hand, we will use

(N)._ <N1><N2>_ Ny! o No!
stil )~ S[ll,]l 5[11,12 S[li,]l!s[;,]ll Sg,]l!séi,]2!7

thus for our square example we have

(s][Yl) - @) @) - (ﬁ]) - (s][\r;) = (i) (;) =2,
(o) = () = ()G) =2 (8) - () () -+
(2)-C)-C0- =(2)-C)6)-

SM4.3. Lumped generator for the square SISa example. Now we com-
pute the infinitesimal generator for the example with SISa epidemic on a square
network based on equation (SM3.4).

The collector matrix, C, for our approximate lumping of the square is a matrix of
size 16 x 9, with most of the entries zeros and one entry in each row which is 1. The
element in the k-th row is Cy; if the microstate S [ belongs to the lumped state S;.
Based on the labelling of the states in Figure SM2 and those of the lumping classes
given in Figure SM3, the non-zero entries of the collector matrix are

C1,1,C22,C32,C43,C53,C6.4,Cr5,Cs6,Cos,
C10,6, C11,6, C12,7, C13,7, C1a.8, C15.8, C16,9-

The matrix C has a block diagonal form

Co, 0 0 0 0

0 C, 0 0 0

C=| 0 0 C, 0 0

0 0 0 Cz 0

0 0 0 0 Cy4

with C():(l):C4 and

100
10 010
10 00 1
Ci=Co=| ¢ 1| C=|g 01
0 1 00 1
00 1

Note that this choice of blocks does not correspond to the lumped states, rather it
relates to the number of infected vertices and the block tri-diagonal structure of Q
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139 seen in (SM2.2). Multiplying the infinitesimal generator Q by C we get the block
140  tri-diagonal form

AgCy AGCy 0 0 0
B:Cy AC; AC, 0 0
141 (SM42> QC = 0 B,C, AQCQ AQCg 0
0 0 BsC, A3Cs AsC,
0 0 0 B.,C; A,Cy

Each block can be easily calculated, we show only

0 200+
200+ 3 0
a+28 a+2p

A2Cy = a+28 a+28
a+8 a+p
a+p a+p

142 which shows that this lumping is not exact. Namely, recall that a lumping is exact if
113 the total rate from a microstate SI* € S; into a lumped state S; is the same for all
144 microstates in S;. In the expression for QC above, there are two lumped transitions
145 where this is not the case, namely from Sg to S7 (rows 3 to 6 in the first column of the
146 matrix A3Cs3), and from Sg to Sg (rows 3 to 6 in the second column of this matrix).
147 In both cases, there are two microstates where the rate is o + 28 and two where it is
148« 4+ B. This confirms that our partition of vertices is an approximate lumping.

We will now compute the lumped transition rate. The distributor matrix has the

block diagonal form

D, O 0 0 0

0 Dy O 0 0

D= 0 0 Dy O 0

0 0 0 D3 O

0 0 0 0 Dy

with Dy = (1) = Dy and

11 o 1000 0 0
D1:D3:<2211), D,=| 010 0 0 0
R 003 14l

149  Again, this choice of blocks does not reflect the lumping partition. Multiplying QC,
150 given in (SM4.2), by D we get q in the block tri-diagonal form

(SM4.3)
DyAYCy DyAGCy 0 0 0
D1B100 D1A101 D{A.Cy 0 0
151 q= DQC = 0 D2B201 DQAQCQ D2A203 0
0 0 D3B3Cs D3AsC3; D3A3C,
0 0 0 D,B,C; D4A,Cy

152 Each block can be easily calculated, and hence the coarsegrained approximate lumping
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infinitesimal generator is

(SM4.4)
61 | 2a 2« 0 0 0 0 0 0
vy 102 0 |a+p 0 2a+ 0 0 0
v | 0 45 0 a+p 2a+p 0 0 0
027 0 o 0 0 0 20a+p)| 0
a=| 00 2v| o 55 0 |2a+p) 0 0 :
0|~ =~ 0 0 O o+ % a+ %B 0
0l0 0] o0 ~ 2y 57 0 a+ 28
0lo o] ~ 0 % 0 5s  |a+28
0l0 0] 0 0 0 2 2 5o

where the lines correspond to the blocks in (SM4.3). Here J; is the negative of the
sum of the off diagonal elements in the ith row of the matrix, so for example o =
—(Ba+26+7).

SM5. Lumped generator for two cell vertex-partitions. While it was easy
to compute q in our example using Q, C and D, this will not be the case for large
systems of interest. Thus we need to consider how we could compute q without using
Q, C and D directly. We will use the square example to illustrate this process. For
finite M and P = 2, a lumped state will be denoted by a matrix s € ZQ/IOXP whose
m, pth entry, s,, p, is the number of vertices in vertex-state WWp, in the vertex partition
cell V.

SM5.1. Lumped generator for an arbitrary two cell vertex-partition.
We will start by considering the transition rate from an arbitrary lumped state sl to
another arbitrary lumped state sVl # slil. In general this is given by

(SM5.1) qij = |;| Z Z Qi

' sikles; sies;

but it turns out that rather than summing over microstates, as (SM5.1) suggests, it is
easier to consider the possible transitions of individual vertices and sum their rates.

Let d,, denote the number of neighbours of vertex v in the pth vertex-partition
cell. In our example, all vertices have one neighbour in their own cell and one in the
other cell, so dy = d4 =1 for all vertices v. The degree of vertex v is

P
(SM5.2) A=Y " =dy.

We represent the neighbourhood of v using a two-by-two, non-negative, integer-valued
matrix n¥ € Z]>WOXP , whose component ny, , is the number of neighbours of vertex v in
the mth vertex-state and in the pth vertex-partition cell. We call n? a neighbourhood
count and it must satisfy

for 0 < p < P. Note that

P M
(SM5.3) S my,, =d"
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177 We will use a single index on this matrix to indicate a column, i.e. n) € Z% is the
178 pth column of n”.
179 For our square example, since d;, = 1 for all v and p, the only possibly neighbour-

180 hoods in vertex-partition cell p are

181 (SM5.4) ( (1) ) and ( (i) ),

182 i.e. either a susceptible or an infected neighbour respectively. Thus the possible
183 mneighbourhood counts n" are

1 1 0 1 1 0 0 0
s (558 (2) (2 0)o (B0 )ma (20,

185 The first of these matrices corresponds to having a susceptible neighbour in both par-
186  titions, the second corresponds to having an infected neighbour in V; and a susceptible
187 mneighbour in V5, and so on.

188 Without loss of generality we assume that the transition from the lumped state
189 sl to the lumped state sl corresponds to a vertex in vertex-partition ¢ € {1,2}
190 transitioning from vertex-state A € W to B € W, where A # B. To compute (SM5.1),
191 for each v € V, we can construct all possible microstates where v has vertex-state A.
192 If in this process we specify the vertex-states of the neighbours of v, then we can
193 determine the rate at which v changes from A to B. Summing this contribution from
194 all possible cases yields q;;. A proof of this is given in Section 6 of the main paper.
195 The number of ways that we can arrange the vertex-states of the neighbours of v
196 in vertex-partition cell p # ¢ according to some ny, as well as the vertex-states of the
197 other vertices in vertex-partition cell p # ¢ according to s, is

P P "
198 (SM5.6) A(sp,n)) == <Zp=1 nm,p> <Z”=1 Sm.p n’”’”).

P v —_ NV
n, Sp — 1,

Note that we have used a vector in the bottom of the multinomial coefficient nota-
tion to indicate that the elements of the vector should be in the denominator of the

multinomial coefficient, i.e.
v v
(dp) . dy!
v ] " vV U | v |
ny ny my !...np !

199 We will also assume the standard convention that a multinomial coefficient is zero if
200 any entry is negative. For the vertex-partition cell ¢, which contains v, the number
201 of ways that we can arrange the neighbours of v according to ny is

202 A(sq —eq,ng) = (dq> (Nq_l_dqv),

v — —
ny/ \s; —e4 —ng

203 where e 4 is a vector of length M with a one in the entry corresponding to vertex-state
204 A and zeros elsewhere. This is to account for the fact that we assumed vertex v is in
205 vertex-state A, so there is one less A vertex in s,. Then for a given n” and p # ¢,
206 using (SM5.6) there are

207 (SM5.7) A(sl! — e q,n2)A(sl], n?)
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microstates in S; in which vertex v in vertex partition cell ¢ is in vertex-state A, its
neighbours’ vertex-states correspond to n, and the total number of vertices in each
vertex-state and in each vertex-partition cell corresponds to sl’l. Thus we get qi; by
summing over all feasible realisations of the matrix n” and vertices in V;, which yields
(SM5.8)

M P
S PIDY z( +zz<ﬁn;,r) AG — 0 n?) Al ).

s[i] vEVy n?|d? ng|dy m=1r—1

In this equation, the sums over n}|d} and n}|d} specify the P = 2 columns of n".
For our square example and the case where a transition from sl to sU! corresponds
to a susceptible vertex in vertex-partition cell V3 becoming infected, (SM5.8) becomes

(SM5.9)  q45 = N Z Z Z a+ B (ng, +n3,)] A(sy —e1,ny)A(sz, ny).
i v€V1 nY|dY ny|dy

Here nY|dY corresponds to a sum over non-negative vectors ny whose elements sum
to dY, and similarly for n3|dy—in both cases these are the vectors listed in (SM5.4).
The lumped states from which a susceptible vertex in V; can become infected are SI2,
Sl sl Sl and S[71. We will use (SM5.9) to compute the lumped transition rate
for two examples. First consider the rate from sl® to s, For either vertex in Vi,
expanding the sums over neighbourhoods yields

Z Z a+f(ny; +nj,)] A(si —er,n7)A(s2, n3)

nY|dY ny|dy

o+ 50004 (( 5
+m+ﬁw+nm<

(
[+51+OA(<
()

Since there are two vertices in V7, we get a contribution of 2« + 3 from each, but the

averaging constant is
N\ (N N\
o1 ) =\ ) \gl) = 2,

thus we have q3 ¢ = 2 + 3, which agrees with the corresponding entry in (SM4.4).
A similar calculation for the transition from sl® to sl8 yields

%B:ix2x{h+ﬂ@+0ﬂ0-kﬂa+5@+ny01
+m+3a+myy1+p+5u+ny1¢}:a+§@

which again agrees with the corresponding entry in (SM4.4).
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237 SM6. Sum-product property.
THEOREM SM6.1. The sum-product property is that

P Tp 1 [
Iy -Y%- 51
p=1li,=1 11=112=1 ip=1p=1
238 Proof. We prove this by induction. This is trivially true for P = 1. We assume

239 it is true for P, then for P + 1 we have

P+1 7p P TP41
AN P __ P P+1
20 I 2, =11 )| 2 o)
p=1i,=1 p=1ip=1 ipy1=1
TP+1
24 — P+1
o (EYe) (X .
’Ll—l 22— ’Lp 1p 1 ip+1:1
TP+1
24 P+1 Z Z
) —
o Z a1P+1 Z Hazp ’
ip41=1 i1=1143=1 ip=1p=1
TP+1 P41
243 = E § E : H al 0
P
244 i1=11i2=1 ipt1=1 p=1
245 As a consequence of the sum-product property, for lumped state s and neighbour-

246 hood count n" of a vertex v € V', we have

P P
247 H Z A(sp,n Z Z Z HA(sp,n)

ny|dy nf|dy nyldy  npldp p=1

P
248 (SM6.1) Z HA(sp,n

249 nv|dv p=1

SMT7. Generalised Vandermonde identity. The Vandermonde identity can
be generalised to multinomials. To see this, consider the multinomial theorem,

N __ Sm
(x1 + a0+ +apy)N = Z <51,827“ >Hx

sitsatetsy=N
250  where s1, 89,...,8y > 0. Thus for d < N we have

251 (xl—|—x2+~-~+xM)N_d(x1—|—x2+~~+xM)d

> (11,12,... ) me

li+la++lp=N—d

M
d
253 X E ( || x|,
ny,No,...,Np m—=1

nit+nzt+-+npu=d
ny,nNo,...,Npm ll,lg,...,

255 litlze+-+lpy=N—-dni+nz+-+ny=d

N
St
)
I

QU

%)
ISt
Z
I
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where [,,,n,, > 0. Thus instead of summing over [y + o + --- 4+ I3y = N — d we can
sum over $; + 8a +---+ sy = N and use [,,, = s,,, — Ny, with the convention that the
multinomial coefficients are zero if s, — 1y <0 0r Y., (Sm — nm) # N —d. Thus we
have

M
N s
> 1T =5 =
81,82,...y8SM el

s1+s2+-+spy=N

Z Z d N —d
ni,N2,..., MM §1—MN1,82 —N2,..., 85 — MM

s1+s2+-+spy=N Lni+ngo+-+ny=d
e :

and the equality of the polynomials on the two sides implies that the coefficients of
corresponding terms are identical, hence

S1,82,...,8 Z n,ng,...,N S ni, S ng,...,S n '
1,52, sy OM Lot =d 1,782, s TOM 1 1,92 2 sy OM M

LEMMA SM7.1. Lets be a lumped state and n® a neighbourhood count of a vertex
v €V, then

(SM7.1) <]:> = ﬁA(sp,n

n®|dv p=1

Proof. From the Vandermonde property of multinomials and (SM5.6), we have

(37) = X aeom;

ng|dy

Thus it follows that

i~

(2)-1()

Z A(sp,my)

1 v Jv
ng|dy

p

Il
i~

p

The result then follows from application of the sum product property. ]

SMS8. Degree-based mean-field. In this section we show that the Eames and
Keeling degree-based mean-field is equivalent to the Pastor-Satorras and Vespignani
[SM5] degree-based mean-field. The Eames and Keeling degree-based mean-field is

d[*] _

(SM8.1) o ~y[I%] +5Z Nk Nk, Kk,

where [I¥] ([S*]) denotes the number of infected (susceptible) nodes with k neighbours,
Ny, is the number of nodes with degree k, [kk'] is the number of partnerships between
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individuals with k and k' partners, v is the recovery rate and 3 is the infection rate.
Pastor-Satorras and Vespignani use pi to denote the “average density” of infected
nodes of degree k. The average fraction of infected nodes is then

pP= Zpkplm
k

which suggests that py, = [I*]/Ng. The evolution of pj, is described by

. ’ k/ ’ ’
(SMs.2) pr = —pr+ M1 — i) Zkzﬂ7

where A = (/v is the effective spreading rate, and z = ), kpy, is the mean degree.
Boguiid et al [SM1] extend this to account for degree correlations, where they define
P(K'|k) to be the conditional probability that a node of degree k is connected to a
node of degree k’. The evolution of py is then given by

(SM8.3) pr = —pi + Ak [1 — pi] Z P(K'|k)p-
kl
Now starting from the Ealing and Keemes degree-based mean field, we set pr =
[I*]/Ny, so with Ny, = [S*] + [I*] we have (1 — pi.) = [S*]/Ny, then dividing (SM8.1
through by N}, yields
(kK]

). — — 1 — —_ ’.

Pk =—vpx + B Pk]; N, P
Since kNj is the total number of edges connected to nodes of degree k, we define
kK]
P(KE'k) = [—
(K15) = 7

and hence
= 1o+ B 11— 9] Y PR,
k/

which after time-rescaling yields (SM8.3). In the absence of degree correlations we
have

k/Nk/ k/pk/
P(K'|k) = =
(ki = E0% - KB
and hence we obtain (SM8.2).
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