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Abstract Amethodology for modelling and fore-
casting univariate time series using non-Gaussian
ARMA and seasonal ARIMA models based on D-
vine copulas is proposed. By combining a parametric
D-vine process to describe serial dependence with a
nonparametric or parametric model of the marginal
distribution, the method offers improved modelling
and distributional forecasting for time series that
have a non-Gaussian distribution and a nonlinear
dependence on past values. While D-vine copula-
based models of univariate time series are known
to generalize the classical Gaussian autoregressive
(AR) model, an innovative method of parametriza-
tion based on the Kendall partial autocorrelation
function is shown to permit models that generalize
any ARMAmodel. Simulations and examples real
data show the forecasting advantages of using non-
Gaussian and non-linear serial dependence struc-
tures, as well as the advantages of improved marginal
modelling that are offered by a copula approach.
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1 Introduction
In this paper we consider a class of univariate non-linear and non-Gaussian time seriesmodels that generalizes
the classical ARMA models and we investigate its potential in forecasting applications. The generalization
was suggested in a recent paper by Bladt and McNeil (2022a) and is based on representing classical Gaussian
ARMAmodels as stationary D-vine processes and then systematically replacing the pair copulas that describe
their serial dependence structureswith non-Gaussian copulas. Although it has previously been recognized that
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stationary D-vines of finite order can be viewed as generalizations of classical Gaussian AR processes (see, for
example, Joe, 2015, p.145), the new feature of the approach we apply is that it admits non-Gaussian analogues
of ARMA models with both autoregressive and moving-average character, which permit the parsimonious
modelling of a wider range of serial dependence structures.

While Bladt andMcNeil (2022a) focussed on theory, in this paper we develop a practical methodology. The
key enabling innovation is the use of a parametric function, known as the Kendall partial autocorrelation func-
tion (kpacf), to make the link between a classical ARMA(𝑝,𝑞) model and our generalized ARMAmodel of the
same order; this allows us to define models that are equally as parsimonious as classical models. The kpacf of a
stationaryD-vine process (𝑋𝑡)𝑡∈ℤ at lag 𝑘 is, for any 𝑡 ∈ ℤ, theKendall’s tau value of the conditional distribution
of the pair (𝑋𝑡, 𝑋𝑡+𝑘) given the variables 𝑋𝑡+1,… , 𝑋𝑡+𝑘−1 lying in between (Bladt and McNeil, 2022a).

We extend Bladt and McNeil (2022a) in a number of ways. We propose an approach to non-Gaussian sea-
sonal ARIMA modelling, which is important for capturing the well-known seasonal effects in many macroe-
conomic and physical time series. We compare the semiparametric and parametric approaches to copula in-
ference and provide an original interpretation of the concept of semiparametric ARMAmodelling. Finally, by
considering both the semiparametric and parametric approaches, we shed light on the forecasting advantages
of using non-Gaussian and non-linear serial dependence structures, the advantages of using well-specified
parametric margins, particularly in samples of moderate size, and the disadvantages of using poorly specified
parametric margins in some circumstances. We investigate these issues using the framework for evaluating
distributional forecasts proposed by Gneiting and Ranjan (2011).

Our methodology is a contribution to the growing literature on vine copula models for time series. The use
of vine copulas for modelling dependent data has been developed in many publications including Joe (1996,
1997), Bedford and Cooke (2001a,b, 2002), Kurowicka and Cooke (2006), Aas et al. (2009) and Smith et al.
(2010). The specific application to time series is investigated inDarsow et al. (1992), Chen andFan (2006), Beare
(2010), Beare and Seo (2015) and Nagler et al. (2022), among others. The last of these papers introduces the
terminology S-vine to describe vine copula structures that are particularly suitable for modelling stationary
multivariate time series and this includes stationary univariate D-vines as a special case. In Bladt and McNeil
(2022a) the terminology S-vine is adopted but in this paper we use themore familiar D-vine label for univariate
models.

The semiparametric estimation approach to copula inference, in which marginal distributions are esti-
mated by the empirical distribution function while copulas are modelled parametrically, has been widely ap-
plied to copula inference since the seminal paper of Genest et al. (1995); nonparametric approaches using a
form of kernel density estimate are also possible, although care should be taken with heavy-tailed data since
standard density estimators may give poor tail estimates (Buch-Kromann et al., 2005). On the other hand, the
fully parametric approach to inference for models consisting of copulas and marginal distributions was first
extensively investigated by Joe (1996) under the name “inference functions for margins”. The semiparamet-
ric approach was extended to time series by Chen and Fan (2006) who investigated first-order Markov copula
models, proposed a semiparametric forecasting procedure for the quantile function of the conditional distri-
bution of 𝑋𝑡+1 given 𝑋𝑡, and gave technical conditions for the consistency and asymptotic normality of the
estimates of the copula parameter. More recently, theoretical results for semiparametric inference in D-vine
analogues of AR(𝑝) models have been provided by Zhao et al. (2022) and an extremely comprehensive set of
results for semiparametric and parametric sequential inference in possibly-misspecified multivariate S-vines
(subsuming univariate D-vines) has been established by Nagler et al. (2022). Note also, that the application of
D-vine modelling to time series can be viewed as quantile autoregression, following the insights of Kraus and
Czado (2017).

Yan and Genton (2019) group the most common approaches to non-Gaussian ARMAmodelling into three
categories: approaches in which Box-Cox and related transformations are used to make the modelled variable
more normal; approaches based onARMAmodels with non-Gaussian innovations (e.g. Li andMcLeod (1988));
approaches which apply a GLM approach to time series (e.g. Benjamin et al. (2003)). All of these approaches
impose limitations: Nelson and Granger (1979) report that the Box-Cox transformation is seldom successful in
inducing normality in data; models with non-Gaussian innovations do not address the issue of non-linearity;
the GLM approach of Benjamin et al. (2003) is only designed for exponential families. The approach that
we take offers greater flexibility in principle, since any kind of marginal behaviour may be modelled and D-
vine copulas offer a rich variety of non-linear serial dependence structures; limitations are of a more practical,
computational nature and relate to the need for faster code for certain models.

The approach in this paper is primarily designed for applications where classical ARMA (or more generally
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SARIMA)models are commonly used andwhere the serial dependencies between lagged variables are typically
monotonic. By using cross-shaped copulas of the kind explored in Loaiza-Maya et al. (2018) and Bladt and
McNeil (2022b), it could potentially also be applied in cases where serial dependencies are non-monotonic, for
example, financial time series of asset returns displaying stochastic volatility and frequent sign changes.

The paper is structured as follows. Section 2 gives a concise overview of the theory of stationary D-vine
processes while Section 3 proposes a new generalized seasonal ARMAmodel based on a D-vine and describes
the method of parameterization via the kpacf. Estimation and forecasting are treated in Sections 4 and 5 and a
simulation study shows the effectiveness of our proposed approach to inference. Applications of the forecast-
ing methodology to quarterly U.S. inflation data and the absolute values of daily return data for the Nasdaq
Composite index, relevant to forecasting market volatility, are provided in Section 6 while Section 7 concludes.

2 Stationary D-vine processes
2.1 Notation and assumptions
In this section we summarise the main elements of the presentation in Bladt and McNeil (2022a), making
some small changes to notation to simplify exposition. Vectors 𝐱 = (𝑥1,… , 𝑥𝑑)⊤ are written in boldface and
sequences are denoted (𝑥𝑡)𝑡∈𝑇 where the index set 𝑇 is either the non-zero natural numbers ℕ or the integersℤ. We write 𝐱[𝑡∶𝑠] = (𝑥𝑡,… , 𝑥𝑠)⊤ to refer to a sub-vector of 𝐱 or a finite section of a sequence (𝑥𝑡)𝑡∈𝑇 ; note
that we permit 𝑡 > 𝑠, in which case the variables are taken in reverse temporal order. Random variables and
sequences of random variables are denoted by capital letters.

Models are built from a a sequence of bivariate copulas (𝐶𝑘)𝑘∈ℕ. We impose the technical assumption that
each 𝐶𝑘 belongs to the class 𝒞∞ of smooth functions on [0, 1]2 with continuous partial derivatives of all orders
and densities that are strictly positive on (0, 1)2. This ensures that finite-order stationary D-vine processes can
be treated asMarkov chains and is satisfied by all the standard pair copulas that are used in vine copulamodels,
such as Gauss, t, Gumbel, Frank, Joe and Clayton; for the latter, we exclude the case with negative parameter
since this does not have a strictly positive density throughout (0, 1)2.
2.2 Stationary D-vine copulas
Expressions for the densities of general simplified D-vines can be found in Aas et al. (2009) and Joe (2015)
while the application to time series is studied in Smith et al. (2010). Under an assumption of strict stationarity
the expressions for time series take a particularly simple form because the bivariate copulas in the so-called
D-vine trees (Joe, 2015, Figure 3.5) must all be the same in each tree. We can write the density in dimension𝑑 ≥ 2 as 𝑐(𝑑)(𝑢1,… , 𝑢𝑑) = 𝑑−1∏𝑘=1

𝑑∏𝑗=𝑘+1 𝑐𝑘(𝐵𝑘−1(𝑢𝑗−𝑘; 𝐮[𝑗−𝑘+1∶𝑗−1]), 𝑅𝑘−1(𝑢𝑗 ; 𝐮[𝑗−1∶𝑗−𝑘+1])) (1)

where (𝑐𝑘)𝑘∈ℕ are the densities of the bivariate copulas in the sequence (𝐶𝑘)𝑘∈ℕ and where 𝑅𝑘 ∶ (0, 1) ×(0, 1)𝑘 → (0, 1) and 𝐵𝑘 ∶ (0, 1) × (0, 1)𝑘 → (0, 1) are families of functions defined from (𝐶𝑘)𝑘∈ℕ in a recursive,
interlacing fashion by 𝑅1(𝑥; 𝑢) = ℎ(1)1 (𝑢, 𝑥), 𝐵1(𝑥; 𝑢) = ℎ(2)1 (𝑥, 𝑢) and

𝑅𝑘(𝑥; 𝐮) = ℎ(1)𝑘 (𝐵𝑘−1(𝑢𝑘; 𝐮[𝑘−1∶1]), 𝑅𝑘−1(𝑥; 𝐮[1∶𝑘−1]))𝐵𝑘(𝑥; 𝐮) = ℎ(2)𝑘 (𝐵𝑘−1(𝑥; 𝐮[1,𝑘−1]), 𝑅𝑘−1(𝑢𝑘; 𝐮[𝑘−1∶1])) (2)

for 𝑘 ≥ 2, where ℎ(𝑖)𝑘 (𝑢1, 𝑢2) = 𝜕𝜕𝑢𝑖𝐶𝑘(𝑢1, 𝑢2). Note that, by slight abuse of notation, 𝑅0 and 𝐵0 in formula (1)
should be interpreted as the identity functions 𝑅0(𝑥, ⋅) = 𝐵0(𝑥, ⋅) = 𝑥 for all 𝑥, a convention we use throughout
the paper.

As an example, when 𝑑 = 4 the density in (1) would take the form
𝑐(4)(𝑢1, 𝑢2, 𝑢3, 𝑢4) = 𝑐1(𝑢1, 𝑢2) 𝑐1(𝑢2, 𝑢3) 𝑐1(𝑢3, 𝑢4) × 𝑐2 (𝐵1(𝑢1; 𝑢2), 𝑅1(𝑢3; 𝑢2)) 𝑐2 (𝐵1(𝑢2; 𝑢3), 𝑅1(𝑢4; 𝑢3)) ×𝑐3 (𝐵2(𝑢1, (𝑢2, 𝑢3)⊤), 𝑅2(𝑢4; (𝑢3, 𝑢2)⊤))

where 𝑅1(𝑥; 𝑢1) = 𝜕𝜕𝑢𝐶1(𝑢, 𝑣)|||𝑢=𝑢1,𝑣=𝑥 , 𝐵1(𝑥; 𝑢1) = 𝜕𝜕𝑣𝐶1(𝑢, 𝑣)|||𝑢=𝑥,𝑣=𝑢1 ,
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𝑅2 (𝑥; (𝑢1, 𝑢2)⊤) = 𝜕𝜕𝑢𝐶2(𝑢, 𝑣)|||𝑢=𝐵1(𝑢2;𝑢1),𝑣=𝑅1(𝑥;𝑢1) and 𝐵2 (𝑥; (𝑢1, 𝑢2)⊤) = 𝜕𝜕𝑣𝐶2(𝑢, 𝑣)|||𝑢=𝐵1(𝑥;𝑢1),𝑣=𝑅1(𝑢2;𝑢1)
so that it can be evaluated from the densities 𝑐1, 𝑐2 and 𝑐3 and the partial derivatives (or ℎ-functions) of the
copulas 𝐶1 and 𝐶2, which are readily available for standard bivariate copula families.
2.3 Stationary D-vine processes
Following Bladt and McNeil (2022a), we say that a strictly stationary time series (𝑋𝑡)𝑡∈ℤ is a stationary D-vine
process if for every 𝑡 ∈ ℤ and 𝑑 ≥ 2 the distribution of the vector (𝑋𝑡,… , 𝑋𝑡+𝑑−1) is absolutely continuous and
admits a unique copula 𝐶(𝑑) with a joint density 𝑐(𝑑) of the form (1). We say that a stationary D-vine process(𝑈𝑡)𝑡∈ℤ is a stationary D-vine copula process if its univariate marginal distribution is standard uniform.

The sequences of functions 𝑅𝑘 and 𝐵𝑘 for 𝑘 ≥ 1 are referred to as forward and backward Rosenblatt func-
tions. If the copulas𝐶𝑘 are exchangeable for 𝑘 ∈ {1,… , 𝑑} and 𝑑 ≥ 1, then 𝐵𝑘(𝑥; 𝐮) = 𝑅𝑘(𝑥; 𝐮) for 𝑘 ∈ {1,… , 𝑑}.
In this case we can drop the forward and backward qualification and the recursions in (2) simplify to

𝑅𝑘(𝑥; 𝐮) = ℎ(1)𝑘 (𝑅𝑘−1(𝑢𝑘; 𝐮[𝑘−1∶1]), 𝑅𝑘−1(𝑥; 𝐮[1∶𝑘−1])) . (3)

The Rosenblatt functions have important roles in prediction and forecasting. If we take a stationary D-
vine process (𝑋𝑡)𝑡∈ℤ with continuous marginal distribution 𝐹𝑋 and transform it to a stationary D-vine copula
process (𝑈𝑡)𝑡∈ℤ by means of the componentwise transformation 𝑈𝑡 = 𝐹𝑋 (𝑋𝑡) then𝑅𝑘(𝑥; 𝐮) = P [𝑈𝑡 ≤ 𝑥 ∣ 𝑈𝑡−1 = 𝑢1,… ,𝑈𝑡−𝑘 = 𝑢𝑘]𝐵𝑘(𝑥; 𝐮) = P [𝑈𝑡 ≤ 𝑥 ∣ 𝑈𝑡+1 = 𝑢1,… ,𝑈𝑡+𝑘 = 𝑢𝑘] . (4)

In particular, the forward functions are the conditional distribution functions of terms in the process (𝑈𝑡)𝑡∈ℤ
given previous values. The set of functions 𝑅0,… , 𝑅𝑘 are precisely the functions required to map the vector(𝑈𝑡−𝑘,… ,𝑈𝑡)⊤ into a vector of independent uniform randomvariables via theRosenblatt transformation (Rosen-
blatt, 1952), hence their name.

The derivatives of the Rosenblatt forward functions 𝑟𝑘(𝑥; 𝐮) = 𝜕𝜕𝑥𝑅𝑘(𝑥; 𝐮) are conditional densities and
satisfy the simpler equations

𝑟𝑘(𝑥; 𝐮) = 𝑐(𝑘+1)(𝑢𝑘,… , 𝑢1, 𝑥)𝑐(𝑘)(𝑢𝑘,… , 𝑢1) = 𝑘∏𝑗=1 𝑐𝑗(𝐵𝑗−1(𝑢𝑗 ; 𝐮[𝑗−1∶1]), 𝑅𝑗−1(𝑥; 𝐮[1∶𝑗−1])) (5)

which facilitate density forecasts. The conditional distribution functions represented by the Rosenblatt forward
functions have unique inverses 𝑅−1𝑘 (𝑧; 𝐮), referred to as Rosenblatt quantile functions, which can be used to
generate realisations from a stationary D-vine process.

As explained in Bladt and McNeil (2022a), stationary D-vine processes can be thought of as extending the
class of causal stationaryGaussian processes. Every suchGaussian process (for example, anARMAorARFIMA
model) can be represented as a stationary D-vine process consisting of a sequence of bivariate Gaussian copulas(𝐶𝑘)𝑘∈ℕ and a Gaussian marginal distribution function 𝐹𝑋 . For an AR(𝑝) process the sequence can be trun-
cated, meaning that the copulas (𝐶𝑘)𝑘>𝑝 are all independence copulas and can effectively be ignored since the
copula densities appearing in expressions (1) and (5) satisfy 𝑐𝑘(𝑢, 𝑣) ≡ 1 for 𝑘 > 𝑝; for an ARMA(𝑝,𝑞) process
with 𝑞 ≠ 0 the sequence cannot be truncated but the copulas 𝐶𝑘 tend towards the independence copula in
the limit as 𝑘 → ∞. In the more general family of stationary non-Gaussian D-vine processes we replace the
Gaussian marginal distribution by an arbitrary continuous distribution and we replace the sequence of Gaus-
sian copulas by a sequence of arbitrary bivariate copulas satisfying the technical assumption of Section 2.1.
We refer to D-vine processes as being of finite and infinite order respectively according to whether the copula
sequence is truncated or not.

The copula sequence (𝐶𝑘)𝑘∈ℕ determines the serial dependence properties of the process and is referred to
as the partial copula sequence of the process. This is in analogy to the concept of partial correlation since the𝑘th partial copula describes the dependence structure of the conditional distribution of two variables 𝑋𝑡 and𝑋𝑡+𝑘 conditional on the variables 𝑋𝑡+1,… , 𝑋𝑡+𝑘−1 in between; in fact, when the stationary D-vine process is a
Gaussian process, the parameter of the 𝑘th Gaussian copula in the partial copula sequence is precisely the 𝑘th
partial correlation coefficient 𝛼𝑘. The Kendall partial autocorrelation coefficient 𝜏𝑘 is the Kendall’s tau value
of 𝐶𝑘 and the Kendall partial autocorrelation function (kpacf) is the sequence (𝜏𝑘)𝑘∈ℕ.
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A stationary Gaussian process (𝑋𝑡)𝑡∈ℤ is completely identified by its kpacf, up to scale and location. This
follows because there is a bijective mapping from the kpacf to the partial correlation function (pacf) (𝛼𝑘)𝑘∈ℕ
of (𝑋𝑡)𝑡∈ℤ, via the transformation 𝛼𝑘 = sin(𝜋𝜏𝑘/2), and hence to the autocorrelation function (acf) of (𝑋𝑡)𝑡∈ℤ.
This observation is key to our method of defining non-Gaussian analogues of classical Gaussian ARMA pro-
cesses.

The advantage of considering a class of processes that allows non-Gaussian partial copulas is that it permits
the modelling of serial dependencies that are asymmetric, so that joint large values behave differently to joint
small values, and also tail dependent, so that the most extreme obswervations have a particular tendency to
occur together in clusters. Joe et al. (2010) have shown that using a copula with upper tail dependence for 𝐶1,
such as Gumbel, Joe or survival Clayton, leads to multivariate tail dependence of the vectors 𝑋𝑡,… , 𝑋𝑡+𝑘 for𝑘 ≥ 2. Interestingly, in our empirical examples, we will find cases where tail-dependent copulas are selected at
lags 𝑘 > 1 in addition to lag 𝑘 = 1, suggesting that tail dependence in the first tree of a D-vine is not sufficient
to model joint multivariate tail behaviour of many real-world time series.

2.4 Theoretical issues
As soon as we allow non-Gaussian copulas𝐶𝑘, there are some unresolved theoretical questions concerning the
constraints that must be imposed on an infinite sequence (𝐶𝑘)𝑘∈ℕ in order to obtain a well-behaved stochastic
process. Stationary D-vine processes are strictly stationary by design so the main theoretical issue is whether
they are also ergodic processes with mixing behaviour that facilitates statistical inference. At a minimum,
the copula sequence must converge to the independence copula but this alone is not sufficient and speed of
convergence is important. More discussion of these issues is found in Bladt and McNeil (2022a).

In this paper we adopt the expedient of approximating infinite-order processes by finite-order processes
of very high order. This makes negligible difference to the results of optimization procedures but, as well as
sidestepping this theoretical issue, has the practical advantage of accelerating times required to fit models.
Finite-order stationary D-vine processes are ergodic Markov processes and can be thought of as extensions
of the Gaussian AR process. A number of authors have explored mixing and ergodic convergence rates for
first-order Markov copula models (Chen and Fan, 2006; Beare, 2010; Chen et al., 2009; Longla and Peligrad,
2012) and it is known that models based on Gaussian, Student t, Frank, Clayton and Gumbel copulas are all
geometrically 𝛽-mixing and geometrically ergodic. For higher-order Markovian D-vine models, Zhao et al.
(2022) use a small set approach for Markov chains to give conditions for geometric ergodicity, although the
conditions are extremely difficult to verify for an arbitrary set of copulas 𝐶1,… , 𝐶𝐾 .
3 D-vine processes with seasonal ARMA dependence
3.1 Seasonal ARIMA and ARMA processes
In this section we propose a new class of stationary D-vine processes with what we will refer to as seasonal
ARMA dependence; this is the dependence structure of a differenced seasonal ARIMA (or SARIMA) model
and includes the usual ARMAmodel as a special case.

We recall that a stochastic process (𝑌𝑡)𝑡∈ℤ is referred to as a SARIMA(𝑝, 𝑑, 𝑞)(𝑃, 𝐷, 𝑄)𝑠 process if it satisfies
the equations

(1 − 𝑝∑𝑖=1𝜙𝑖𝐵𝑖) (1 −
𝑃∑𝑗=1Φ𝑗𝐵𝑗𝑠) (1 − 𝐵)𝑑(1 − 𝐵𝑠)𝐷𝑌𝑡 = (1 + 𝑞∑𝑘=1𝜓𝑘𝐵𝑘) (1 +

𝑄∑𝑙=1Ψ𝑙𝐵𝑙𝑠) 𝜖𝑡
where 𝐵 is the usual backshift operator, (𝜙𝑖), (Φ𝑗), (𝜓𝑘) and (Ψ𝑙) are the AR, seasonal AR, MA and seasonal
MA coefficients, (𝜖𝑡)𝑡∈ℤ are white noise innovations and 𝑠 is the periodicity or number of seasons per cycle.
For example, for macroeconomic data showing an annual cycle we would typically set 𝑠 = 4 for quarterly
data and 𝑠 = 12 for monthly data. The SARIMA process obviously constitutes a generalization of the usual
ARIMA(𝑝, 𝑑, 𝑞) process for which 𝑃 = 𝐷 = 𝑄 = 0.

If we define 𝑋𝑡 = (1 − 𝐵)𝑑(1 − 𝐵𝑠)𝐷𝑌𝑡 then (𝑋𝑡)𝑡∈ℤ is the stationary process that results from taking the𝑑th ordinary difference (by iterated application of Δ𝑌𝑡 = 𝑌𝑡 − 𝑌𝑡−1) together with the 𝐷th seasonal difference
(by iterated application of Δ∗𝑌𝑡 = 𝑌𝑡−𝑌𝑡−𝑠). The differenced process (𝑋𝑡)𝑡∈ℤ could be said to follow a seasonal
ARMAmodel of order (𝑝, 𝑞)(𝑃, 𝑄)𝑠. In effect, this is simply an ARMA(𝑝+𝑠𝑃, 𝑞+𝑠𝑄) process, but one in which
the parameters are subject to a set of constraints that must be observed when estimating the model; there are
only 𝑝 + 𝑃 + 𝑞 + 𝑄 free parameters.
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Recall from the end of Section 2.3 that stationaryGaussian processes are uniquely identified, up to scale and
location, by their kpacf. In view of the characterizing role of the kpacf in Gaussian processes we will refer more
generally to any stationary D-vine process whose kpacf is identical to that of a Gaussian ARMA(𝑝, 𝑞) process
as an ARMA(𝑝, 𝑞) D-vine process. We will also refer to D-vine processes as ARMA(𝑝, 𝑞)(𝑃, 𝑄)𝑠 processes if we
want to emphasise the seasonal character of the underlying models and the application of the corresponding
parameter constraints in their estimation. We note that this form of label ismore ambiguous since 𝑝, 𝑞, 𝑃 and𝑄
are not uniquely identified by the kpacf, only the values of𝑝+𝑠𝑃 and 𝑞+𝑠𝑄. For example, anARMA(1, 1)(1, 1)4
process shares its kpacf with an ARMA(5, 1)(0, 1)4 model, an ARMA(1, 5)(1, 0)4 model and an ARMA(5, 5)
model.

3.2 Model parameterization
In Bladt and McNeil (2022a) a parsimonious method of parameterizing stationary D-vine processes via their
kpacf is proposed and this method may be applied to an ARMA(𝑝, 𝑞)(𝑃, 𝑄)𝑠 D-vine process. Suppose the peri-
odicity 𝑠 and order (𝑝, 𝑞, 𝑃, 𝑄) of the process are fixed and let 𝜃 = (𝜙1,… , 𝜙𝑝, 𝜓1,… , 𝜓𝑞, Φ1,… ,Φ𝑃 , Ψ1,… ,Ψ𝑄)⊤
represent a vector of feasible parameters for a causal stationary and invertible GaussianARMA(𝑝, 𝑞)(𝑃, 𝑄)𝑠 pro-
cess. The kpacf of theGaussian process is given by (𝜏𝑘(𝜃))𝑘∈ℕ where 𝜏𝑘(𝜃) = (2/𝜋) arcsin𝛼𝑘(𝜃) and (𝛼𝑘(𝜃))𝑘∈ℕ
is the pacf, which can be readily calculated for any Gaussian ARMA process; for more details, see Appendix A.
The idea is that we consider stationary D-vine models with sequences (𝐶𝑘)𝑘∈ℕ such that the Kendall’s tau val-
ues satisfy 𝜏(𝐶𝑘) = (2/𝜋) arcsin𝛼𝑘(𝜃) for all 𝑘 ∈ ℕ but where the copulas in the sequence may be taken from
non-Gaussian copula families.

For non-Gaussian copulas it is convenient if there is an explicit one-to-one relationship between the pa-
rameter of the copula and Kendall’s tau (for example, the Frank, Clayton, Gumbel and Joe copulas) but this
is not necessary. If a copula 𝐶𝑘 has more than one parameter (for example, the t copula or BB1 copula) the
parameters are optimized under the constraint that 𝜏(𝐶𝑘) = (2/𝜋) arcsin𝛼𝑘(𝜃) where 𝜃 is a feasible parameter
vector for a Gaussian ARMA(𝑝, 𝑞)(𝑃, 𝑄)𝑠 process. This means that for fixed 𝜃 a 2-parameter copula 𝐶𝑘 con-
tributes only one further free parameter. If we write the vector of additional free parameters as 𝜃2 the model
is estimated by jointly optimizing 𝜃 over the set of feasible parameters for a causal stationary Gaussian ARMA(𝑝, 𝑞)(𝑃, 𝑄)𝑠 process and 𝜃2 over the feasible domain for the additional free parameters.
3.3 Practical considerations
While we have a lot of flexibility in choosing copula sequences, our strategy in this paper is to begin with se-
quences of Gaussian copulas and to systematically replace a finite number of copulas in the sequence with
non-Gaussian copulas. We make substitutions from the one-parameter Frank, Clayton, Gumbel and Joe cop-
ula families and the two-parameter t and BB1 families (Joe, 2015); the latter two families offer, respectively,
symmetric and asymmetric tail dependence in both tails. The set of copula choices is partly dictated by pro-
gramming considerations since the R package tscopula that is used draws on fast C++code for bivariate copulas
accessed via the rvinecopulib package of Nagler and Vatter (2025).

For the copula families that are not radially symmetric (symmetric under a 180 degree rotation) we allow
rotations through 180 degrees, since the rotated copulas can sometimes offer better fits than the unrotated
copulas. For the copula families that are not comprehensive (able to attain any Kendall’s tau value in (−1, 1))
we also allow rotations through 90 or 270 degrees; this applies to the Gumbel, Clayton, Joe and BB1 families.
This may be necessary to model negative partial dependencies corresponding to negative values in the kpacf.

When we fit models to data, we use the initial Gaussian copula model to establish the possible order of the
process (𝑝, 𝑞, 𝑃 and 𝑄) and then fit processes with finitely many non-Gaussian substitutions which share their
kpacf with a Gaussian ARMA(𝑝,𝑞)(𝑃,𝑄)𝑠 process.

In practice we apply truncation to all infinite-order models (models with 𝑞 > 0 or 𝑄 > 0) so that they
are approximated by finite-order models, i.e. AR models of high order. For some small 𝜖 > 0, we can always
find a value 𝐾 such that |𝜏𝐾(𝜃)| ≥ 𝜖 and |𝜏𝑘(𝜃)| < 𝜖 for 𝑘 > 𝐾. Since Gaussian copula sequences tend to the
independence copula 𝐶⟂ as 𝜏𝑘 → 0, then, for 𝜖 sufficiently small, we may assume that the copulas (𝐶𝑘)𝑘>𝐾 are
almost indistinguishable from the independence copula and set 𝐶𝑘 = 𝐶⟂ for all 𝑘 > 𝐾. We refer to 𝐾 as the
effective maximum lag at tolerance 𝜖. If we describe a model as an ARMA(𝑝, 𝑞)(𝑃, 𝑄)𝑠 truncated to lag 𝐾 we
mean that its kpacf coincides with that of a ARMA(𝑝, 𝑞)(𝑃, 𝑄)𝑠 up to lag 𝐾; in reality it is an AR(𝐾) model, but
one where the kpacf is parameterized by only 𝑝 + 𝑞 + 𝑃 + 𝑄 ≪ 𝐾 parameters.
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4 Estimation of stationary D-vines
4.1 Outline of procedure
Our proposed estimation approach has three main stages.
A. Determination of initial model order. Weuse the automatic SARIMAprocedure ofHyndman andKhandakar
(2008) to arrive at a plausible specification for the model order (𝑝, 𝑑, 𝑞)(𝑃, 𝐷, 𝑄)𝑠 and then, if necessary, we
difference the data according to the values of 𝑑 and 𝐷 to obtain data {𝑥𝑡 ∶ 𝑡 = 1,… , 𝑛} that can be modelled as
a stationary ARMA(𝑝,𝑞)(𝑃,𝑄)𝑠 process. This procedure works best when the differenced data have a marginal
distribution that is close to normal. When the marginal distribution is clearly non-Gaussian, a more accurate
ARMA identification can generally be obtained by computing the scaled empirical distribution function (EDF)𝐹(𝑛)𝑋 = (1/(𝑛 + 1))∑𝑛𝑖=1 𝐼{𝑥𝑖≤𝑥}, forming pseudo-copula data {𝑢̂𝑡 = 𝐹(𝑛)𝑋 (𝑥𝑡) ∶ 𝑡 = 1,… , 𝑛}, and passing the
probit-transformed data {Φ−1(𝑢̂𝑡) ∶ 𝑡 = 1,… , 𝑛} through the automatic procedure again. We consider this
issue in Section 4.4 and provide evidence to support our recommended methodology.
B. Estimation of SARMA model with Gaussian pair copulas. In the semiparametric version we take the pseudo-
copula data {𝑢̂𝑡 = 𝐹(𝑛)𝑋 (𝑥𝑡) ∶ 𝑡 = 1,… , 𝑛} and maximize the log-likelihood

𝐿(𝜃; 𝐱) = log 𝑐(𝑛)(𝑢̂1,… , 𝑢̂𝑛) (6)

with respect to the parameters 𝜃 of a Gaussian ARMA(𝑝,𝑞)(𝑃,𝑄)𝑠 model; recall that 𝑐(𝑛) is the 𝑛-dimensional
density of a stationary D-vine copula defined in (1) and, at this stage, the copula sequence (𝐶𝑘)𝑘∈ℕ consists
entirely of Gaussian copulas. Maximization can be achieved using a fast Kalman filter approach. In the para-
metric or density estimation version of stageB, the pseudo-copula data in (6) are replaced by data {𝑢̃𝑡 = 𝐹𝑋 (𝑥𝑡) ∶𝑡 = 1,… , 𝑛} where 𝐹𝑋 denotes a parametric or kernel density estimate of 𝐹𝑋 .
C. Replacement of low-order copulas with non-Gaussian alternatives. We fit a series of models in which 𝐶1 is
replaced by a non-Gaussian pair copula from our list of 1-parameter and 2-parameter alternatives; for the latter
this introduces additional parameters 𝜃2 into the log-likelihood (6). Since the introduction of non-Gaussian
copulas removes the linearity of the model, maximization of (6) can no longer use the Kalman filter approach
and it is important to increase speed by truncating the copula sequence at an effectivemaximum lag𝐾 for some
tolerance 𝜖. The copula 𝐶1 which reduces the AIC by the largest amount with respect to the initial Gaussian
copula model is adopted. The process is then repeated for 𝐶2, 𝐶3,… until the AIC can no longer be lowered
significantly or until a predetermined number of replacements has been made.
Some remarks on the procedure. The ultimate test of a model derived through this procedure is whether it can
give superior forecasts to a simpler alternative, such as the model with only Gaussian pair copulas obtained
after stage B. Before looking in more detail at the subject of forecasting in Section 5, we devote the remainder
of Section 4 to a discussion of the properties of parameter estimates.

It should first be noted that the procedure described above will, more often that not, deliver a model that
is misspecified in some way. The estimated order of the model may be wrong since this is a difficult thing to
identify exactly, even from perfectly Gaussian data. The use of model order in our methodology is a device to
preserve the parsimony of classical ARMA models with moving average terms, but the exact identification of
order is less important than the estimation of the values of the Kendall autocorrelation function (𝜏𝑘).

Moreover, some of the copulas comprising the sequence (𝐶𝑘)may be wrongly identified. In our experience,
Gaussian copulas can often be mistaken for Frank copulas, and vice versa, while other pairs that are often con-
fused are Gumbel and survival Clayton or Clayton and survival Gumbel. The tendency to confuse members of
these pairs increases as the absolute value of the Kendall correlation |𝜏𝑘| decreases, since the degree of differen-
tiation weakens as the copulas approach independence. Again, some misspecification of copulas, particularly
at higher lags 𝑘, may not be a serious problem if the kpacf can be estimated accurately.

4.2 Asymptotic theory
Although asymptotic theory exists for inference in finite-order D-vines, there remain gaps in its application to
specific higher-order models. Two recent papers by Zhao et al. (2022) and Nagler et al. (2022) provide theoret-
ical results that are relevant to the application of the semiparametric method based on the EDF to stationary
D-vine models of finite order 𝑝 ≥ 1. The results in Nagler et al. (2022) are the most comprehensive to date and
also encompass the fully parametric case and the case where the vine model may be misspecified. In partic-
ular, these authors consider the situation where the copula parameters are estimated sequentially, i.e. where
the parameter(s) of 𝐶1,… , 𝐶𝑝 are estimated in 𝑝 successive steps, with previously estimated parameters held
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fixed at each step. In contrast, we use a sequential method to identify copulas but then estimate all parameters
of the kpacf in a single step.

In addition to typical regularity conditions for semiparametric maximum likelihood inference, the require-
ment for √𝑛-consistency in Nagler et al. (2022) is that the underlying process (𝑋𝑡)𝑡∈ℤ is absolutely regular,
so that the 𝛽-mixing coefficients tend to zero; this is true under the assumptions of our model. However, for
asymptotic normality, Nagler et al. (2022) show the rate of decay of the mixing coefficients is important and
either a geometric or polynomial 𝛽-mixing rate is required, depending on moment conditions for the score
function of the likelihood. The collective work of Chen and Fan (2006), Beare (2010), Chen et al. (2009) and
Longla and Peligrad (2012) shows that first-order models (𝑝 = 1) with Gauss, Frank, Clayton, Gumbel or t cop-
ulas are in fact 𝛽-mixing with the faster geometric rate. However, to our knowledge, the mixing rates have not
been established for combinations of 𝑝 > 1 copulas, making it difficult to be certain whether the asymptotic
normality results hold for specific higher-order models used in practice.

4.3 Design of simulation study
For the simulation study we consider models of order ARMA(1,1) with parameter vector 𝜃 = (𝜙1, 𝜓1)⊤ and
SARMA(1,1)(1,1)4 with parameter vector 𝜃 = (𝜙1, 𝜓1, Φ1, Ψ1)⊤. In each replication of the experiment we
generate random values of the model parameters independently subject to the following constraints; (1) the
absolute value of each parameter must lie in (0.15, 0.85); (2) the conditions |𝜙1 + 𝜓1| > 0.15 and |Φ1 + Ψ1| >0.15 must hold; (3) for the corresponding kpacf 𝜏𝑘(𝜃) we must have min{|𝜏1|, |𝜏2|, |𝜏3|} > 0.1; (4) the effective
maximum lag 𝐾 for a tolerance of 𝜖 = 0.0001 must be no larger than 20. Condition (1) is to make sure that
models are well differentiated from cases where autoregressive and moving-average parameters are zero, or
cases where the characteristic polynomial of the model has unit roots; (2) distances models from the case of
repeated roots; (3) ensures that the values of Kendall’s tau at the first 3 lags are not too close to zero so that the
first 3 partial copulas are well differentiated from the independence copula; (4) is imposed so that the kpacf
does not decay too slowly, which would tend to lead to very long simulation times.

For each simulated set of parameters realisations of stationary D-vine copula processes with lengths 𝑛 ∈{200, 500, 1000} are generated for (i) a copula sequence consisting only of Gaussian pair copulas and (ii) a copula
sequence in which the first 3 copulas are randomly changed to non-Gaussian with the remaining copulas left
as Gaussian; while a larger number of copulas could be changed, the choice of 3 ensures shorter simulation
times and is sufficient to understand the effect of introducing non-Gaussian dependence. The non-Gaussian
copulas are randomly chosen from the set of one-parameter copulas listed previously, including 180-degree
rotations when partial Kendall correlations are positive, and rotations through 90 or 270 degrees when partial
correlations are negative. We omit the 2-parameter t copula and BB1 copulas, which give similar results, albeit
with longer running times.

For the ARMA(1,1) example, we endow the data with a heavy-tailed Student t marginal distribution 𝐹𝑋
with 6 degrees of freedom and consider both the semiparametric and fully parametric approaches. The obvious
non-normality of the datameans that, for order identification in step A, we use the probit transformation of the
pseudo-copula data rather than the raw data. The semiparametric EDF method is then robust to the choice of
marginal distribution in the sense that, any choice of non-Gaussian margin would lead to identical estimates
of the parameters of the copula process. For the fully parametric method the choice of margin has an influence
on the estimation of the copula process; other choices of margin, for example including skewness, could lead to
slightly different results. For the SARMA(1,1)(1,1)4 example, the copula replacement procedure ismuch slower
and we apply a normal marginal distribution to the simulated series and only consider the EDF method.

The data based on a Gaussian copula process aremodelled by carrying out steps A and B of the procedure in
Section 4.1 while the data generated from a non-Gaussian copula process are modelled by carrying out steps A,
B andC;we are particularly interested in the improvement offered by stepC. The automatic SARIMAprocedure
is told only that the data are stationary (i.e. we omit determination of the difference orders 𝑑 and 𝐷) and that
the data do or do not follow a seasonal process.

Interest centres on 3 aspects of the procedure. How often is the correct order, or a nearly correct order,
determined in step A and does this vary for the different types of copula sequence? In the case of non-Gaussian
copula sequences, how often are the non-Gaussian copulas at lags 1 to 3 correctly identified? How accurate
are the estimates of the Kendall’s tau values 𝜏1, 𝜏2 and 𝜏3 at the first 3 lags and are there differences for the
Gaussian and non-Gaussian copula sequences?
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4.4 Results for order identification

Table 1: Identification of model order using the automatic SARIMA procedure of Hyndman and Khandakar
(2008) and the variant of this procedure described in Section 4.1. Numbers show the percentage of models for
which the identified order is either exactly correct or close to correct and are based on 1000 model simulations.

ARMA(1,1) SARMA(1,1)(1,1)4
Student t margin Normal margin

Step A Copula sequence identification | n 200 500 1000 200 500 1000
raw Gaussian exact 55.5 58.5 61.2 6.3 11.5 15.7

close 65.3 65.9 69.4 36.1 38.6 38.3
non-Gaussian exact 38.9 33.8 28.5 3.7 8.4 11.5

close 58.6 50.3 44.6 28.8 29.4 28.5
probit Gaussian exact 55.3 57.7 59.0

close 63.4 63.8 67.3
non-Gaussian exact 43.6 39.3 30.8

close 59.6 54.1 46.4

Table 1 addresses order identification. A close identification refers to the case where the estimated or-
der is out by 1; in the case of ARMA(1,1) this means that the chosen model is AR(1), MA(1), ARMA(2,1) or
ARMA(1,1). The rows in which Step A is labelled ‘raw’ refer to the order suggested by the automatic SARIMA
procedure applied to the raw data. For the ARMA(1,1) example the data have a Student t6 marginal distri-
bution and are clearly non-Gaussian. In this case, the rows labelled ‘probit’ refer to the order obtained when
the procedure is applied to the probit-transformed pseudo-copula data, as advocated in Section 4.1. It may be
noted that, while this leads to slightly worse identification rates in the case of the Gaussian copula sequence,
it leads to better identification rates for the non-Gaussian copula sequence. Hence subsequent analyses of the
ARMA(1,1) data are based on the model orders identified by the ‘probit’ method.

We note that the identification success rates are lowerwhen non-Gaussian copulas are present in the copula
sequence but identification is by nomeans perfect in the case of models with only Gaussian copulas. While the
identification success rate improveswith sample size for the case ofGaussian copulas, it actually deteriorates for
the case of non-Gaussian copulas. Order identification is particularly difficult for the seasonal ARMAmodels.
However, as discussed in Section 4.1, identification is a means to the end of parsimoniously parameterizing a
copula sequence, so the results for copula choice and parameter accuracy should be accordedmore importance.

4.5 Results for semiparametric approach
Wenowconsider copula identification andparameter estimationusing theEDFmethod for both theARMA(1,1)
and SARMA(1,1)(1,1)4 example. Table 2 addresses copula identification and shows the percentage of non-
Gaussian models for which the first few copulas are correctly identified. The percentages are high if one con-
siders only the first copula𝐶1 but, aswould be expected, they decrease as one considersmore copulas. Kendall’s
tau typically decreases in absolute value with lag so the problem of copula identification tends to becomemore
difficult for higher-order partial copulas. Moreover, if, for example, an AR(2) model is identified in step A,
then 𝐶3 will be incorrectly identified as ‘missing’. Copula identification clearly improves with increasing sam-
ple size.

Table 3 addresses the accuracy of the estimates of the true Kendall correlations 𝜏1, 𝜏2 and 𝜏3, which can
be thought of as the parameters of the first 3 copulas. In every simulation run the values of 𝜏1, 𝜏2 and 𝜏3 are
different, but common to both the Gaussian and the non-Gaussian D-vines. For this reason, we do not tabulate
parameter estimates and standard errors, but instead give the square roots of the average squared errors, or
RMSEs. To analyse whether the errors are materially different, we carry out two-sided Kolmogorov-Smirnov
tests. First, we test the hypothesis that, for the non-Gaussian case, the errors obtained from the full procedure
comprising the steps A, B and C have a similar distribution to those obtained from the procedure comprising
steps A and B only. Next, we test the hypothesis that the errors obtained from carrying out steps A and B in
the Gaussian case have a similar distribution to those obtained from carrying out the full procedure (A+B+C)
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Table 2: Percentage of models with non-Gaussian dependence for which the first 3 copulas are correctly iden-
tified. Results are based on 1000 model simulations. The true copulas 𝐶1, 𝐶2 and 𝐶3 are drawn randomly
from the Frank, Clayton, Gumbel, Joe and Gaussian familes; random rotations of Clayton, Gumbel and Joe
through 90, 180 and 270 degrees are allowed. The Kendall’s tau values for these copulas are in the range[−0.74, −0.1]∪ [0.1, 0.75] for the ARMA experiment and [−0.82, −0.1]∪ [0.1, 0.84] for the SARMA experiment.

ARMA(1,1) SARMA(1,1)(1,1)4
correct identification | n 200 500 1000 200 500 1000𝐶1 67.2 80.9 85.6 54.6 67.9 73.1𝐶1, 𝐶2 33.1 58.4 70.3 24.7 41.8 54.9𝐶1, 𝐶2, 𝐶3 11.1 28.5 44.3 9.5 23.4 34.8

in the non-Gaussian case. Rejection of the null hypothesis at the 5% level is indicated by a bold value for the
RMSE of the first named method.

We find that when the underlying data come from a model with non-Gaussian copulas, the full procedure
comprising the steps A, B and C leads to significantly smaller errors than are obtained by ending the procedure
after step B. There is obviously an advantage to adding step C in terms of the accuracy with which the Kendall
partial autocorrelations can be estimated.

Table 3: Rootmean-squared errors (RMSEs) of estimates of first 3 terms of kpacf (𝜏𝑘). Results are based on 1000
model simulations. Bold figures indicate that Kolmogorov-Smirnov tests of the equality of the distributions of
the errors give significant results at the 5% level; see the text in Section 4.5 for exact details of the comparisons
that are carried out.

ARMA(1,1) SARMA(1,1)(1,1)4
D-vine type procedure parameter 200 500 1000 200 500 1000
Gaussian A,B 𝜏1 0.0355 0.0222 0.0157 0.0570 0.0347 0.0248𝜏2 0.0382 0.0232 0.0161 0.0551 0.0314 0.0224𝜏3 0.0366 0.0190 0.0128 0.0556 0.0342 0.0240

all 0.0368 0.0215 0.0149 0.0559 0.0335 0.0238
Non-Gaussian A,B 𝜏1 0.0493 0.0367 0.0341 0.0657 0.0440 0.0338𝜏2 0.0659 0.0625 0.0629 0.0657 0.0485 0.0447𝜏3 0.0427 0.0302 0.0271 0.0634 0.0421 0.0337

all 0.0535 0.0454 0.0442 0.0649 0.0450 0.0378
A,B,C 𝜏1 0.0450 0.0283 0.0212 0.0614 0.0397 0.0289𝜏2 0.0400 0.0242 0.0175 0.0535 0.0326 0.0247𝜏3 0.0369 0.0206 0.0149 0.0566 0.0365 0.0266

all 0.0408 0.0246 0.0180 0.0573 0.0364 0.0268

When the underlying data come from a model with only Gaussian pair copulas, and steps A and B, are
applied the resulting errors are smaller than those resulting from the application of the full procedure to data
fromamodelwith non-Gaussian dependencies. However, the differences are not always significant, suggesting
that the presence of non-Gaussian dependencies can be addressed with our proposed procedure with a modest
deterioration in the accuracy that would be expected in the Gaussian case.

4.6 Comparison with the fully parametric approach
To compare with the fully parametric approach, we consider only the ARMA(1,1) model, since results for
the seasonal ARMA model are very similar, but run times are much longer. We recall that all the simulated
ARMA(1,1) datasets have a Student t6 marginal distribution.

We consider the case where a parametricmodeller uses a Student t distribution in step B and the case where
the modeller uses a normal distribution; in both cases the modeller estimates the parameters of their choice
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of marginal distribution from the data. The aim of this exercise is to understand whether there is an improve-
ment in inference about the structure and parameters of the D-vine relative to the semiparametric approach
when a modeller uses a correctly specified parametric model and whether there is any deterioration when an
incorrectly specified parametric model is used. The idea that one would misspecify a Student t marginal distri-
bution with a normal distribution is perhaps unrealistic in practice, particularly with samples of 200 or more
data; other forms of marginal misspecification, such as overlooked skewness, might be more common. The
experiment is included for its pedagogical value and complements the work of Kim et al. (2007) in a non-time-
series context. Results for copula identification and parameter estimation are found in Tables 4 and 5.

In these tables themodeller using a semiparametric approachwith non-Gaussian copulas is labelled SP, the
parametric modeller using a correctly specified marginal distribution (Student t) is labelled P and the paramet-
ric modeller using a misspecified marginal distribution (normal) is labelled PM. It is evident from Table 4 that
modeller P does a slightly better job than modeller SP at identifying copulas, while modeller PM does worse
in all cases but one (identifying 𝐶1 when 𝑛 = 200). The performance in identifying 𝐶2 and 𝐶3 is much worse
for the misspecified parametric modeller PM, suggesting that errors are compounded for higher order partial
copulas 𝐶𝑘.
Table 4: Percentage of models with non-Gaussian dependence for which the first 3 copulas are correctly identi-
fied. Results are based on 1000model simulations and the truemarginal distribution is Student t with 6 degrees
of freedom. SP, P, and PM refer to the semiparametric, parametric and misspecified parametric modellers re-
spectively. The true copulas 𝐶1, 𝐶2 and 𝐶3 are drawn randomly from the Frank, Clayton, Gumbel, Joe and
Gaussian familes; random rotations of Clayton, Gumbel and Joe through 90, 180 and 270 degrees are allowed.
The Kendall’s tau values for these copulas are in the range [−0.74, −0.1] ∪ [0.1, 0.75].

SP P PM
correct identification | n 200 500 1000 200 500 1000 200 500 1000𝐶1 67.2 80.9 85.6 74.8 83.8 87.1 69.1 77.5 79.8𝐶1, 𝐶2 33.1 58.4 70.3 39.5 59.7 73.7 32.3 45.8 50.3𝐶1, 𝐶2, 𝐶3 11.1 28.5 44.3 13.2 29.5 46.7 10.8 18.7 24.0

The findings of Table 4 are also apparent in Table 5. The estimation errors formodeller P are slightly smaller
than those for modeller SP, but quite a lot larger for modeller PM. These results suggest that the parametric
approach brings advantages over the semiparametric approach when a good marginal model can be found.
Similar to the findings of Kim et al. (2007) in the i.i.d. case, they underscore that marginal analysis needs to be
done with care if the fully parametric method is used. In Section 5.5 we consider how these conclusions carry
over to forecasting.

Table 5: Root mean-squared errors (RMSEs) of estimates of first 3 terms of kpacf (𝜏𝑘). Results are based on
1000 model simulations and the true marginal distribution is Student t with 6 degrees of freedom. SP, P, and
PM refer to the semiparametric, parametric and misspecified parametric modellers respectively.

SP P PM
par. 200 500 1000 200 500 1000 200 500 1000𝜏1 0.0450 0.0283 0.0212 0.0428 0.0254 0.0180 0.0473 0.0328 0.0263𝜏2 0.0400 0.0242 0.0174 0.0361 0.0223 0.0167 0.0402 0.0281 0.0250𝜏3 0.0369 0.0206 0.0149 0.0346 0.0196 0.0144 0.0396 0.0245 0.0189
all 0.0408 0.0246 0.0180 0.0380 0.0225 0.0164 0.0415 0.0281 0.0234

5 Forecasting using stationary D-vines
5.1 Estimates of the predictive distribution
We now turn our attention to forecasting with stationary D-vine models, beginning with the formulas that are
used to describe the predictive distribution of a stationary D-vine process (𝑋𝑡)𝑡∈ℤ. The predictive distribution
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function of 𝑋𝑡+1 conditional on the previous 𝑘 values 𝐗[𝑡−𝑘+1∶𝑡] will be denoted 𝐹𝑡+1∣𝑘(𝑥), suppressing the
explicit dependence on the realized values 𝐱[𝑡−𝑘+1∶𝑡] for notational convenience. The predictive distribution
function and its density and quantile function are given by

𝐹𝑡+1∣𝑘(𝑥) = 𝑅𝑘 (𝐹𝑋 (𝑥); 𝐹𝑋 (𝐱[𝑡∶𝑡−𝑘+1])) (7)𝑓𝑡+1∣𝑘(𝑥) = 𝑟𝑘 (𝐹𝑋 (𝑥); 𝐹𝑋 (𝐱[𝑡∶𝑡−𝑘+1])) 𝑓𝑋 (𝑥) (8)𝐹−1𝑡+1∣𝑘(𝑢) = 𝐹−1𝑋 (𝑅−1𝑘 (𝑢; 𝐹𝑋 (𝐱[𝑡∶𝑡−𝑘+1]))) (9)

where 𝐹𝑋 and 𝑓𝑋 are the commonmarginal distribution function and density of the s-vine process and 𝑅𝑘 and𝑟𝑘 are as in (2) and (5).
In the EDF method it is natural to simply use the (rescaled) empirical distribution function 𝐹(𝑛)𝑋 (𝑥) =(1/(𝑛 + 1))∑𝑛𝑖=1 𝐼{𝑥𝑡−𝑖+1≤𝑥} as a plug-in estimator of 𝐹𝑋 (𝑥) in (7) and (8) since this is what is used in stage B

of the estimation procedure in Section 4.1. Combined with an estimate 𝑅𝑘 of the Rosenblatt forward function
from the fittted copula process, this yields the estimator

𝐹(𝑛)𝑡+1∣𝑘(𝑥) = 𝑅𝑘 (𝐹(𝑛)𝑋 (𝑥); 𝐹(𝑛)𝑋 (𝐱[𝑡∶𝑡−𝑘+1])) (10)

for the predictive distribution function (7). For an estimator of the predictive density 𝑓𝑡+1∣𝑘 in (8) the natural
plug-in estimator of 𝑓𝑋 is a kernel density estimator 𝑓(𝑛)𝑋 . To estimate 𝐹−1𝑡+1∣𝑘 in (9), a nonparametric estimate
of the marginal quantile function 𝐹−1𝑋 (𝛼) is required; an empirical quantile of the data 𝑥𝑡−𝑛+1,… , 𝑥𝑡 can be
computed using one of the definitions in Hyndman and Fan (1996). In the fully parametric method, we simply
insert the parametric estimates 𝐹𝑋 and 𝑓𝑋 of themarginal distribution function and its density in formulas (7)–
(9). This would also apply if we used nonparametric kernel density estimate instead of a parametric one.

5.2 Evaluating distributional forecasts
For 𝑖 ∈ {1,… ,𝑚} suppose we have a sequence of estimates 𝐹𝑡+𝑖∣𝑘 of the one-step predictive distributions 𝐹𝑡+𝑖∣𝑘
together with subsequent realised values 𝑥𝑡+𝑖 of the random variables 𝑋𝑡+𝑖. One method of evaluating these
distributional forecasts, following Diebold et al. (1998), is to calculate the probability-integral transform (or
PIT values), {𝑢𝑡+1,… , 𝑢𝑡+𝑚} given by 𝑢𝑡+𝑖 = 𝐹𝑡+𝑖∣𝑘(𝑥𝑡+𝑖) for 𝑖 ∈ {1,… ,𝑚}, and to test these for uniformity and
independence.

In addition to testing PIT values, we also compare competing forecast models using the scoring approach
of Gneiting and Ranjan (2011) based on the continuous ranked probability score (CRPS). This takes the equiv-
alent forms

CRPS (𝐹𝑡+𝑖∣𝑘, 𝑥𝑡+𝑖) = ∫∞
−∞ S𝐵 (𝐹𝑡+𝑖∣𝑘(𝑦), 𝐼{𝑥𝑡+𝑖≤𝑦}) d𝑦 = 2∫1

0 S𝑄𝛼 (𝐹−1𝑡+𝑖∣𝑘(𝛼), 𝑥𝑡+𝑖) d𝛼 (11)

where S𝐵(𝑝, 𝑞) = (𝑝 − 𝑞)2 is the Brier score for a probabilistic forecast 𝑝 of a binary outcome 𝑞 and where
S𝑄𝛼 (𝑦, 𝑥) = (𝐼{𝑥≤𝑦} − 𝛼) (𝑦 − 𝑥) is a consistent scoring function for evaluating a forecast 𝑦 of the 𝛼-quantile
when the realized value is 𝑥. Gneiting and Ranjan (2011) suggest weighted versions of both integrals in (11) to
emphasise different features of the forecast distribution (such as the centre or the tails)

We adopt the approach based on S𝑄𝛼 (𝑦, 𝑥), which seems appropriate for a copula-based methodology. That
is, we consider scores which take the form∫10 S𝑄𝛼 (𝐹−1𝑡+𝑖∣𝑘(𝛼), 𝑥𝑡+𝑖) d𝜈(𝛼)where 𝜈 is a Lebesgue-Stieltjes measure
which is designed to apply different weights to different quantiles. In particular we will consider a discrete
measure 𝜈 and a score that we call the average weighted quantile score (AWQS) given by

AWQS (𝐹𝑡+𝑖∣𝑘, 𝑥𝑡+𝑖) = 1𝐽 − 1 𝐽−1∑𝑗=1 S𝑄𝛼𝑗 (𝐹−1𝑡+𝑖∣𝑘(𝛼𝑗), 𝑥𝑡+𝑖) 𝑣(𝛼𝑗), 𝛼𝑗 = 𝑗𝐽 . (12)

where 𝑣(𝛼) is the weight function and the integer 𝐽 determines the granularity of the discrete measure.
For tail weighting, Gneiting and Ranjan (2011) suggest the quadratic function 𝑣(𝛼) = (2𝛼 − 1)2 but, in

our view, this may not give enough weight to the more extreme quantiles that might be the focus of interest
in some applications. We choose 𝑣(𝛼) to be the reciprocal of what we will call a template function, that is a
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function of the form 𝛼 ↦ E [𝑆𝑄𝛼 (𝐻−1(𝛼), 𝑍)] where 𝑍 is a random variable with distribution function 𝐻; the
template function at 𝛼 is the expected quantile score for an ideal forecaster who forecasts the 𝛼-quantile of a
random variable 𝑍 using the correct quantile function 𝐻−1. When interest focusses on forecasting the copula
process itself, we could take the reciprocal of the uniform template function given by 𝑣(𝛼)−1 = E [𝑆𝑄𝛼 (𝛼, 𝑈)] =(1/2)𝛼(1 − 𝛼) where 𝑈 ∼ 𝒰(0, 1). Otherwise our recommendation would be to take 𝐻 to be an estimate of
the unknown marginal distribution 𝐹𝑋 . The estimate need not be particularly precise, since our simulations
will show that results are not particularly sensitive to the exact form of 𝐻. In the fully parametric approach
we could take the parametric estimate 𝐻 = 𝐹𝑋 used in the inference functions for margins approach; in the
semiparametric case we would estimate a parametric model that roughly fits the empirical data.

In the context of a one-step ahead backtesting experiment of length𝑚 we compare competing forecasting
models 𝐹(1)𝑡+𝑖∣𝑘 and 𝐹(2)𝑡+𝑖∣𝑘by computing average values AWQS

(1)𝑚 and AWQS
(2)𝑚 over all 𝑚 forecasts; we favour

the model giving the lower average value. The values can be compared formally using the test of equal forecast
performance proposed by Diebold and Mariano (1995). To understand the differences in forecast performance
at different quantile levels, we apply a graphical method proposed by Laio and Tamea (2007) in which the
points

(𝛼𝑗 , 𝑣(𝛼𝑗)𝑚 𝑚∑𝑖=1 S𝑄𝛼𝑗 (𝐹(𝑙)−1𝑡+𝑖∣𝑘 (𝛼𝑗), 𝑥𝑡+𝑖)) , 𝛼𝑗 = 𝑗𝐽 , 𝑗 = 1,… , 𝐽 − 1, (13)

are plotted for each model 𝑙 = 1, 2. We refer to this as a quantile score plot when we apply the uniform weight
function 𝑣(𝛼) = 1 and a weighted quantile score plot otherwise.
5.3 Simulation study of semiparametric forecasting
In the simulation study we use the forecast evaluation methods of Section 5.2 to reveal differences between
models based on copula processes with different degrees of misspecification. We base the study on the exam-
ples of Section 4.3, in which the true data generating mechanisms are processes with random non-Gaussian
copula substitutions at the first 3 lags, and we consider two forecasters. The first semiparametric forecaster
implements steps A and B of the method described in Section 4 while the second semiparametric forecaster
implements steps A, B and C. The second forecaster, referred to as the non-Gaussian forecaster, will tend to
use a better specified model than the first forecaster, referred to as the Gaussian forecaster. A comparison with
fully parametric forecasting is given in Section 5.5.

In each repetition of our main simulation experiment we assume that the first 𝑛 observations are used to
estimate the Gaussian and non-Gaussian forecast models as in Section 4.3. The selected copulas of the non-
Gaussian model and the parameters of both copula processes are subsequently held fixed while the marginal
distribution and its quantiles are estimated used a rolling window of 𝑛 observations and a series of 𝑚 one-
step distributional forecasts are made. In a second experiment (Section 5.4) we also consider re-estimating
the parameters of the copula process at regular intervals. The number of conditioning variables 𝑘 used in the
forecasts is always the effective maximum lag 𝐾 for the forecast model being used. In estimating the quantile
function of the predictive distribution (9) to evaluate AWQS scores (12), we use the default definition of the
empirical quantile in R, which is calculated according to method 7 of Hyndman and Fan (1996).

Figure 1 shows the quantile score plot and weighted quantile score plot (13) for a single simulation experi-
ment where 𝑛 = 500 and𝑚 = 100. In this case we have set 𝐽 = 20 and applied the standard normal template
function. The black and red lines shows the score curves for the non-Gaussian and Gaussian forecasters re-
spectively; the green line shows the score curve for an ideal forecaster who has oracular knowledge of the true
underlying process. Note how the weighted score plot blows up the differences in both tails for the Gaussian
forecaster. The curves for the non-Gaussian forecaster are close to the curves for the ideal forecaster in this
experiment, but the curves for the Gaussian forecaster are clearly worse. The Diebold-Mariano test of fore-
cast equality yields a p-value of 0.0002 without weighting and a p-value of 0.0003 when weighting is based on
the normal template function; in this case, the weighting makes no difference to the final inference (that the
non-Gaussian forecaster does significantly better).

In the simulation study, using different values of 𝑛 and 𝑚, we obtain the results in Table 6 based on 1000
replications. Note that, for example, the first line where 𝑛 = 200 and 𝑚 = 40 represents a situation where a
model is fitted to 50 years of quarterly data and validated on a further 10 years of data, so this case is relevant to
macroeconomicmodels based on quarterly data (see Section 6.1); other cases aremore relevant to data collected
at a higher frequency, or for a longer period. For consistency across simulations, we always choose the standard
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Figure 1: Quantile score plot and weighted quantile scoreplot for 𝑚 = 100 forecasts based on an estimation
window of length 𝑛 = 500. Weighting is by the reciprocal of the normal template function and 𝐽 = 20. Black
line - non-Gaussian forecaster; red line - Gaussian forecaster; green line - ideal forecaster. Results are based on
500 simulations.

Table 6: Columns in which the ordering is labelled ‘correct’ show the percentage of experiments in which
AWQS𝑚 is smaller for the non-Gaussian forecaster than for the Gaussian forecaster. Columns labelled ‘signif.’
show the percentage of experiments in which this ordering is backed up by a significant Diebold-Mariano test
result at the 5% level. The experiment is repeated using uniform weighting and using a weighting based on the
reciprocal of the normal template function. All results are based on 1000 replications.

model ARMA(1,1) SARMA(1,1)(1,1)4
weight none normal template none normal template
m n | ordering correct signif. correct signif. correct signif. correct signif.
40 200 75.5 17.1 75.7 17.9 74.7 15.4 75.4 15.9

500 79.2 21.1 80.8 22.7 77.7 17.6 79.0 18.5
1000 81.3 21.9 82.2 24.0 78.9 17.9 80.0 18.7

100 200 80.5 30.6 81.5 31.6 77.5 25.6 77.7 26.7
500 89.2 36.5 89.4 37.3 87.3 31.9 87.7 33.7
1000 91.7 41.2 92.7 43.1 87.3 31.9 87.7 33.7

normal template function for weighting quantiles, since this is the true marginal distribution of the data and a
reasonable forecaster would tend to estimate a marginal distribution that is close to standard normal.

Across all the experiments the non-Gaussian forecaster is found to give superior distributional forecasts, ac-
cording to the AWQS𝑚 score, between 74% and 93% of the time. The superiority of the non-Gaussian forecaster
becomes more apparent as the number of forecasts𝑚 increases and the amount of data 𝑛 used to calibrate the
D-vine model increases. The percentage of occasions on which a formal Diebold-Mariano test returns a sig-
nificant result in favour of the non-Gaussian forecaster also increases with 𝑛 and 𝑚; for a model calibrated to
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𝑛 = 1000 data evaluated using𝑚 = 100 forecasts it is close to 1/2. There is relatively little difference between
the results for no weighting and for weighting based on a normal template function; the latter leads to the
non-Gaussian forecaster being favoured slightly more often and to more significant test results, showing that
the superiority of the non-Gaussian forecaster may often be manifested in better estimates of quantiles in the
tails. Results are relatively similar for the ARMA(1,1) and SARMA(1,1)(1,1)4 models, although the superiority
of the non-Gaussian forecaster is slightly more apparent in the former case.

Table 7: Results of Kolmogorov-Smirnov (KS) tests of uniformity and Ljung-Box (LB) tests for serial correlation
carried out on the PIT values produced by the Gaussian (G) and non-Gaussian (NG) forecasters when the
underlying models contain non-Gaussian dependencies. Tabulated numbers show percentage of tests yielding
significant results at the 5% level based on 1000 replications. The value of the lag used in the Ljung-Box test is
5.

model ARMA(1,1) SARMA(1,1)(1,1)4
test K-S L-B K-S L-B
m n | forecaster G NG G NG G NG G NG
40 200 10.4 7.6 14.8 12.1 8.4 6.1 12.4 9.8

500 8.9 5.8 11.8 8.4 7.2 6.0 8.6 7.6
1000 7.7 5.1 9.8 7.5 6.6 5.3 8.7 6.8

100 200 12.5 7.9 21.1 17.7 9.3 8.5 23.1 19.5
500 12.8 6.1 12.0 9.1 9.2 5.3 13.5 10.2
1000 10.8 4.5 10.9 7.1 9.9 6.1 10.6 7.3

In contrast, Table 7 shows that testing based on PIT values is not as effective at revealing the differences
between the two forecasters that are clearly evident in the scoring analysis. The rejection rate for the null
hypothesis of uniformity in the Kolmogorov-Smirnov test is close to the nominal test size of 5% for the non-
Gaussian forecaster, particularly for larger values of 𝑛, but is only very slightly larger for theGaussian forecaster.
The rejection rate for the null hypothesis of no serial correlation in the Ljung-Box test tends to be larger than 5%
for the non-Gaussian forecaster (particularlywhen themodel is calibrated to𝑛 = 200 values). The rejection rate
is systematically higher for the Gaussian forecaster but, again, the differences between the forecasters are not
particularly pronounced. Testing PIT values for uniformity and independence does not appear to be an effective
way of differentiating between forecasters who differ only in their specification of the serial dependencemodel.

We draw the following conclusions from this section. First, we infer that the non-Gaussian forecaster who
uses the methodology we propose does tend to obtain superior forecasts, according to the scoring techniques
for comparing forecasts developed by Gneiting and Ranjan (2011). If non-Gaussian serial dependencies are
present, then attempting tomodel them, even allowing for some inevitablemisspecification ofmodel order and
copula choice, brings forecasting advantages. As might be expected, these advantages become more apparent
as more data are used to develop models and as more forecasts are issued. Second, we conclude that scoring
methods are a better approach than PIT-value tests for evaluating these advantages. This may be particularly
true when forecasters differ with respect to their approach to modelling serial dependence structure, but not
their approach to marginal modelling.

5.4 Re-estimating the copula process
In this section we investigate whether any advantage can be gained by re-estimating the copula parameters
at regular intervals. In the context of our simulation study it would be prohibitively slow to re-determine the
structure of the D-vine and re-estimate its parameters on a rolling basis, since the algorithm involves a greedy
search over all possible copulas at each lag. Instead, we fix the structure of theD-vine using the original training
dataset, but re-estimate the copula parameters after every 5 forecasts. We restrict attention to the ARMA(1,1)
experiment since conclusions are identical for the seasonal ARMA experiment.

In Table 8 we compare the scores for the non-Gaussian forecaster who re-estimates the parameters peri-
odically with the scores for the non-Gaussian forecaster who holds the parameters of the copula process fixed
throughout the forecasting exercise.
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Table 8: Comparison of non-Gaussian forecaster who re-estimates copula process with non-Gaussian fore-
caster who folds parameters fixed throughout forecasting exercise. The columns labelled ‘refit vs. no refit’
show the percentage of experiments in which AWQS𝑚 is smaller for the forecaster who re-estimates copula
parameters. Columns labelled ‘signif.’ show the percentage of experiments in which this ordering is backed up
by a significant Diebold-Mariano test result at the 5% level. The experiment is repeated using uniform weight-
ing and using a weighting based on the reciprocal of the normal template function. All results are based on
1000 replications.

weight none normal template
m n refit vs. no refit signif. refit vs. no refit signif.
40 200 47.9 1.2 48.7 2.1

500 48.3 1.7 48.7 2.1
1000 50.7 2.2 49.4 2.4

100 200 49.0 2.8 49.3 2.3
500 46.8 2.0 46.9 3.0
1000 47.3 2.8 46.5 2.9

Re-estimating the copula parameters actually appears to slightly worsen the forecasting scores in most
cases, although differences are seldom significant. This may be due to the introduction of some additional
estimation noise. It should be noted, however, that our simulation study takes place in an ideal, perfectly
stationary environment. Re-estimation of the copula parameters might be reasonable in practice if we believed
that the stationarity assumption was tenuous and changes of regime were taking place periodically.

5.5 Comparison with fully parametric forecasters
This section is a continuation of the comparison between a semiparametric and fully parametric approach in
Section 4.6. It might be assumed that it is particularly in forecasting distributions that the fully parametric
approach may show advantages since empirical distribution estimates are subject to high error in the tails and
we are comparing forecasts at quantiles ranging from 5% to 95% in increments of 5%.

Again we consider only the ARMA(1,1) case and we compare the semiparametric forecaster SP, the fully
parametric forecaster P who uses a correctly specifiedmarginal distribution and the fully parametric forecaster
PMwho uses amisspecifiedmarginalmodel. In view of the poor discriminatory power of forecast comparisons
based on PIT values established in Section 5.3, we restrict attention to comparing forecasts using the scoring
approach.

The left panel of Table 9 shows the comparison between the fully parametric forecaster P and the semi-
parametric forecaster SP. The former obtains lower scores than the latter and the advantages of the parametric
approach increase as the training sample size 𝑛 decreases and the number of forecasts𝑚 increases. For 𝑛 = 200
and𝑚 = 100 the parametric forecaster obtains lower scores around 80% of the time and the difference is signif-
icant around 20% of the time. In this experiment we carry out a weighted comparison using the inverse of the
template function of the Student t distribution with 6 degrees of freedom. However, this does not make much
difference to the results.

The right panel of Table 9 shows the comparison between the semiparametric forecaster SP and the para-
metric forecaster PM using a misspecified normal distribution instead of a Student t distribution. The first
point to notice is that there is seldom a significant difference between the performance of the forecasters ac-
cording to the Diebold-Mariano test. When the training sample size 𝑛 is 1000 the semiparametric method is
preferred more often; when 𝑛 = 200 the parametric method is preferred more often (despite misspecification);
when 𝑛 = 500 the two approaches are preferred approximately equally often.

These results suggest that the fully parametric approach should be preferred for forecasting when (i) there
is high confidence in the quality of the marginal model or (ii) there is less confidence in the quality of the
marginal model but very few data 𝑛 to use in the training set. The semiparametric approach would mainly
come into consideration for forecasting when it is difficult to find a good parametric marginal distribution and
when the size of the training dataset 𝑛 is relatively large (over 500).
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Table 9: Columns labelled ‘P < SP’ show the percentage of experiments in which the parametric forecaster
obtains a lower score AWQS𝑚 than the semiparametric forecaster; columns labelled ‘SP < PM’ show a similar
comparison for the semiparametric versus the parametric forecaster who uses amisspecifiedmarginal distribu-
tion. Columns labelled ‘signif.’ show the percentage of experiments in which these orderings are backed up by
a significant Diebold-Mariano test result at the 5% level. The experiment is repeated using uniform weighting
and using a weighting based on the reciprocal of the Student t template function with 6 degrees of freedom. All
results are based on 1000 replications.

Comparison P vs. SP SP vs. PM
weight none Student template none Student template
m n | ordering P < SP signif. P < SP signif. SP < PM signif. SP < PM signif.
40 200 71.0 8.6 71.2 8.7 42.0 2.4 40.0 2.5

500 66.2 5.4 66.0 5.8 51.4 3.4 51.3 3.4
1000 61.3 5.0 60.7 5.2 59.5 4.9 60.6 5.5

100 200 78.5 21.5 81.0 21.9 35.6 3.6 34.1 2.9
500 75.7 10.5 75.9 11.1 49.3 4.8 50.2 4.8
1000 69.2 7.1 68.9 7.8 63.5 5.2 64.1 6.2

6 Empirical examples
We present two examples with real data. In Section 6.1 we illustrate the use of a seasonal ARMA dependence
structure to model changes in the U.S. Consumer Prices Index (CPI). In Section 6.2 we apply non-seasonal
ARMAmodels to a much larger dataset of absolute log-returns of the Nasdaq Composite index.

6.1 Forecasting the rate of inflation
Wemodel changes in the U.S. Consumer Prices Index (CPI), which is a weighted average of consumer prices in
a representative basket of goods and services. There is a vast empirical literature on modelling and forecasting
CPI and inflation. Our intention is not to benchmark the stationary D-vine methodology against a wide range
of competing forecast approaches but, more modestly, to show how non-Gaussian forecasting using stationary
D-vines improves on forecasting using conventional Gaussian seasonal ARIMA models.

ARIMAmodels are highly stylized models which it would be difficult to view as the “true” data-generating
processes of macroeconomic data. Integrated models may drift to arbitrarily large positive or negative values
and this is unrealistic behaviour for variables like CPI which attract strong government intervention. Despite
such drawbacks, ARIMAmodels are quite commonly applied to short-term inflation forecasting. We note that
there are many alternative methods ranging from judgmental survey-based forecasts to Phillips-curve-based
forecasts, and forecasts based onmore complexmodels such asMarkov switchingmodels. An extensive review
of inflation forecasting can be found in Faust and Wright (2013) including a comparison of the performances
of a variety of different methods for the U.S., the U.K., Canada, Germany and Japan. More recently, machine
learning approaches, such as lasso regression, random forests, and neural networks, have been applied to infla-
tion forecasting; see, for example, Barkan et al. (2023) and references therein. Almosova and Andresen (2019)
use recurrent neural networks to model non-linearities in inflation data. Non-linear effects are also reported
by Faust and Wright (2013) and our use of stationary D-vines can be viewed as an alternative approach to
addressing this phenomenon.

The raw data for the analysis in this section are taken from the OECD website and are the quarterly total
consumer price index (CPI) values from the final quarter of 1959 to the end of 2022. Following the approach
of Faust andWright (2013) in the Handbook of Economic Forecasting, we compute quarterly values for the an-
nualized rate of inflation and express these as a percentage. In other words, the data wemodel are observations
of 𝑌𝑡 = 100 × 4 × ln(CPI𝑡/CPI𝑡−1), where CPI𝑡 denotes the CPI in quarter 𝑡, as shown in Figure 2.

We form a training dataset consisting of observations of 𝑌𝑡 up to and including the final quarter of 2011. In
stage A of the procedure in Section 4.1 the automatic ARIMA modelling procedure selects a seasonal ARIMA
model of order (1, 1, 2)(1, 0, 0)4 for the training data implying that a single ordinary difference is required to
obtain data that admit a stationary model. Thus we model the first difference of the rate of inflation 𝑋𝑡 =
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Figure 2: Quarterly data on the annual rate of inflation in the US from 1960 - 2022. The rate is calculated as
the log-return of CPI and expressed as an annualized percentage.

𝑌𝑡 − 𝑌𝑡−1 in our stationary D-vine models; this yields 𝑛 = 207 observations in the training set.
In stage B we first use the semiparametric model with Gaussian pair copulas to fit a SARMA model of

order (1, 2)(1, 0)4 to the training data. This model yields the parameter estimates and AIC and BIC values in
the first line of Table 10; standard errors for the parameter estimates are given in the second line. We then
apply the fully parametric approach to the same data. After trying the normal, Student t, skewed Student
t, hyperbolic, normal-inverse Gaussian, generalized hyperbolic and Johnson’s 𝑆𝑈 distributions as marginal
models, we conclude that the best of these is the Student t distribution with 𝜈 = 3.39 degrees of freedom
and with scale and location parameters 𝜇 = 0.069 and 𝜎 = 1.67. In combination with Gaussian pair copulas
this yields the parameter estimates for the kpacf and the AIC and BIC values in the fifth line of Table 10 as
well as the standard errors in the sixth line. Note that, in both cases the AIC and BIC values relate to the
model that is fitted to the pseudo-copula data, i.e. the model that is fitted to the data that are obtained after
transformation of the training data by either the EDF or the parametric marginal distribution. Thus the values
for the semiparametric and parametric approaches are not strictly comparable, since the models are fitted to
slightly different data.

In stage C we replace Gaussian copulas with non-Gaussian copulas in both the semiparametric and para-
metric approaches. We replace copulas using the AIC criterion and stop at the point where the AIC is reduced
by less than 0.5 on 3 consecutive occasions; it would be possible to continuemaking replacements but there are
diminishing returns in doing so. In the non-parametric approach 14 of the first 15 copulas are replaced while
in the parametric approach the first 10 copulas are replaced. Parameter estimates and AIC and BIC values in
the Non-Gaussian copula case are found in the third and seventh lines of Table 10; the corresponding standard
errors are in the fourth and eighth lines. A summary of the selected copulas and their Kendall’s tau values
is given in Table 11. In both approaches it may be noted that the substitutions at lags 1 and 2 are t copulas,
which introduce 2 additional parameters into the model, relative to the Gaussian model. The in-sample fits, as
measured by the AIC and BIC values, are greatly improved by the incorporation of non-Gaussian copulas. In
both approaches, the effective maximum lag of the model with non-Gaussian copulas is 𝐾 = 39 at tolerance𝜖 = 0.001.

In Table 11 there is a remarkable degree of correspondence between the copulas selected at the first 10
lags and the values of Kendall’s tau in both approaches, the only difference in the selected copulas being at lag𝑘 = 8. Figure 3 shows the Kendall partial autocorrelation function (kpacf) for the semiparametric approach in
red and for the parametric approach in blue; the latter almost entirely covers the former. Both exhibit negative
partial dependence at the first four lags and then a decaying pattern of alternating positive and negative partial
dependence thereafter. The black bars are empirical estimates of the Kendall’s tau values derived from the
data using a recursive method referred to as generalized lagging and explained in Bladt and McNeil (2022b).
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Table 10: Parameter estimates and AIC and BIC values for ARMA (1, 2)(1, 0)4 models based on Gaussian (G)
and non-Gaussian (NG) copula sequences fitted to training data in both the semiparametric (SP) and fully
parametric (P) approaches.

Approach Copulas df 𝜙1 𝜃1 𝜃2 Φ1 𝜈1 𝜈2 AIC BIC
SP G 4 -0.446 0.139 -0.666 0.301 -77.2 -63.8

(s.e.) 0.094 0.076 0.052 0.072
NG 6 -0.497 0.154 -0.671 0.237 2.51 4.53 -106.9 -86.9
(s.e.) 0.013 0.013 0.013 0.013 0.615 1.69

P G 4 -0.436 0.135 -0.672 0.279 -79.3 -66.0
(s.e.) 0.093 0.076 0.053 0.071
NG 6 -0.483 0.146 -0.678 0.244 3.10 7.41 -104.6 -84.6
(s.e.) 0.013 0.013 0.012 0.013 0.846 4.24

Table 11: Summary of selected copulas and Kendall’s tau values in both the semiparametric (SP-NG) and fully
parametric (P-NG) approaches. The numbers 90, 180 and 270 appended to the names refer to rotations of the
basic copulas.

k SP-NG copulas 𝐶𝑘 𝜏𝑘 P-NG copulas 𝐶𝑘 𝜏𝑘
1 t (𝜈 = 2.51) -0.12 t (𝜈 = 3.10) -0.12
2 t (𝜈 = 4.53) -0.34 t (𝜈 = 7.41) -0.35
3 Joe90 -0.09 Joe90 -0.09
4 Clayton90 -0.07 Clayton90 -0.07
5 Gumbel180 0.03 Gumbel180 0.03
6 Gumbel90 -0.05 Gumbel90 -0.05
7 Joe 0.03 Joe 0.03
8 Gauss -0.04 Clayton -0.04
9 Joe180 0.02 Joe180 0.02
10 Clayton90 -0.03 Clayton90 -0.03
11 Frank 0.02 Gauss 0.02
12 Clayton90 -0.02 Gauss -0.02
13 Frank 0.02 Gauss 0.02
14 Clayton270 -0.02 Gauss -0.02
15 Clayton180 0.01 Gauss 0.01

The presence of t copulas with negative Kendall correlations at the first two lags in the non-Gaussian model is
interesting and suggests that this model captures tail dependence in large changes in inflation following large
changes with opposite sign; this could be a consequence of corrective measures taken by the Federal Reserve
to target an inflation level of 2%.

We use 𝑚 = 44 out-of-sample forecasts to evaluate the relative forecast performance of five models. In
addition to the four models in Table 10, we also consider a fully parametric model with Gaussian margins
and Gaussian copulas as obtained from standard statistical software. We use the same general forecasting
methodology applied in Section 5.3, where copulas are not re-estimated, and we compare models using the
scoring methodology.

All of the models in Table 10 give vastly superior forecasts to the fully Gaussian model from standard soft-
ware. Whetherwe use non-parametric or Student tmargins, theDiebold-Mariano test gives strongly significant
results, showing the advantages of a D-vine copula-based methodology where margins and dependence struc-
ture can be modelled separately. Ranking the four forecasters in Table 10 by score, the ordering from best to
worst is P-NG, SP-NG, P-G, SP-G, both for AQS scores and for AWQS scores based on the Student t template
function with 3.4 degrees of freedom (as estimated for the margin). The quantile score and weighted quantile
score plots for the four forecasters are shown in Figure 4. In a Diebold-Mariano test of the best method (P-NG)
against the second best method (SP-NG) the result based on the AWQS is marginally significant (𝑝 = 0.06).
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Figure 3: Kendall partial autocorrelation function (kpacf) for the non-Gaussian parametric approach in blue
and for the non-Gaussian semiparametric approach in red; the latter is almost entirely covered by the former.

This example thus illustrates the advantages of the fully parametric approach when the size of the data sample
is relatively modest.

To complete the analysis and indicate a possible use for the methodology, we show in Figure 5 our forecasts
of the distribution of 𝑌𝑡 for each quarter from the start of 2012 based on the best model. The distributional fore-
casts are summarised by blue lines at the estimated 𝛼𝑗-quantiles, where 𝛼𝑗 = 𝑗/20 for 𝑗 = 1,… , 19. The actual
realized value of 𝑌𝑡 is superimposed as a black line. This picture underscores the idea that the methodology
we present can be viewed as a form of quantile autoregression which provides properly ordered estimates for
different quantiles of the forecast distribution.

6.2 Absolute returns of Nasdaq Composite index
We give a second example with a larger dataset where the difference in forecast performance between D-vines
using Gaussian and non-Gaussian copulas is strongly significant. The data comprise the absolute values of the
log-returns of the Nasdaq Composite equity index for the 5-year period 2016–2020. The models in this paper
are appropriate for modelling time series in which the dependencies between lagged variables are monotonic,
which is the case for absolute or squared log-returns but not the returns themselves; to model the latter we
require more bespoke models constructed from cross-shaped copulas (Loaiza-Maya et al., 2018). The absolute
values are of independent interest as measures and predictors of market volatility (Forsberg and Ghysels, 2007;
Giles, 2008). Moreover, they show strongly persistent serial dependence which is better modelled by ARMA
rather than AR processes. It may be noted that the popular GARCH(𝑝,𝑞) model (Bollerslev, 1986) for asset
returns can be thought of as an ARMA(𝑝,𝑞) model for the squared returns; see, for example, McNeil et al.
(2015).

The full time series of absolute log-returns is shown in Figure 6. We use the first four years (1004 values)
as training data and the final year of 2020 as testing data for one-step forecasts (253 values). The final year
was the year in which the Covid pandemic led to lockdowns and market turbulence throughout the world and
it is of interest to see whether time series models with non-Gaussian dependence structures can capture this
volatility better than models with Gaussian dependence structures.

The automatic ARIMA selection procedure applied to the probit-transformed pseudo-copula observations
derived from the training data selects an ARMA(1,1) model. For a parametric marginal distribution we tried
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Figure 4: Quantile score plot and weighted quantile scoreplot for 𝑚 = 44 forecasts of the first difference of
the rate of inflation based on an estimation window of length 𝑛 = 207. Weighting is by the reciprocal of the
Student template function with 3.4 degrees of freedom and 𝐽 = 20. The coding of the lines is: P-G (black), SP-G
(dashed black), SP-NG (red) and P-NG (blue).

gamma, Weibull, inverse gamma and inverse Gaussian. The best of these according to AIC and BIC was the
gamma distribution with shape parameter 1.02 and scale parameter 0.69, which provides an acceptable QQ-
plot as shown in Figure 7, although there is a slight underestimation of the tail of the data. This illustrates the
difficulty of finding a perfect parametric fit to real data.

As in the previous example, we consider semiparametric (SP) and fully parametric (P) forecasters using
modelswith onlyGaussian (G) ormixed non-Gaussian andGaussian copulas (NG). Parameter estimates for the
copula processes and AIC/BIC values are found in Table 12 while the substituted copulas are listed in Table 13.
The copula replacement algorithm was stopped when the AIC could not be lowered by more than 0.2 in 3
successive steps; this resulted in non-Gaussian substitutions at 5 of the first 6 lags in both the semiparametric
and fully parametric approaches. The effectivemaximum lag of both of the finalmodels is𝐾 = 29 at a tolerance
of 𝜖 = 0.001. There are some differences in the substitutions for the two approaches but copulas with upper
tail dependence (Clayton180, Gumbel, Joe, t) are selected at lags 1, 2, 3, 5 and 6 in both approaches.

The forecasting performance for the year 2020 of the models with non-Gaussian copula substitutions is
greatly superior to the models with only Gaussian copulas, as illustrated in Figure 8. Ranking the forecasters
from best to worst gives the ordering P-NG, SP-NG, P-G, SP-G for both AQS and AWQS scores. Considering
the two middle methods, the Diebold-Mariano test shows that SP-NG gives significantly better forecasts than
P-G (𝑝-values 0.018 and 0.022 for AQS and AWQS respectively); the comparison between P-NG and SP-NG
gives a non-significant result in both cases. The picture clearly shows that the advantage of the non-Gaussian
dependence models stems from improved forecasts in the right tail of the forecast distribution and can be
attributed to the asymmetry and upper tail dependence of the selected copulas.

7 Conclusion
The methodology described in this paper can offer improved forecasting for time series that are routinely mod-
elled by ARMA or ARIMA processes and their seasonal extensions, particularly where non-Gaussian and non-
linear behaviour may be present.
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Figure 5: Distributional forecasts of the annual rate of inflation in the US from 2012–2022 based on the fully
parametric forecasting model with non-Gaussian copulas (P-NG). The blue lines show estimated quantiles of
the forecast distribution at the levels 𝛼𝑗 = 𝑗/20 for 𝑗 = 1,… , 19. The black line shows the realized values.
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Figure 6: Absolute daily log-returns (× 100) of the Nasdaq Composite index in the period 2016–2020.

In contrast to other approaches that are designed to accomodate non-Gaussian data in the classical linear
paradigm, such as Box-Cox transformations of the data or the use of non-Gaussian innovations, our approach
allows a fully flexible nonparametric or parametric estimate of the marginal distribution as well as a detailed
modelling of serial dependence using a parametric stationary D-vine thatmay contain non-Gaussian pair copu-
las. The methodology is relatively straightforward to implement and tools for estimation and model validation
are available in the R package tscopula (McNeil and Bladt, 2023) which takes advantage of C++code for vine
copulas accessed via the rvinecopulib package of Nagler and Vatter (2025)
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Figure 7: QQ-plot of training data against gamma distribution with shape and scale parameters 1.02 and 0.69.

Table 12: Parameter estimates and AIC and BIC values for ARMA (1, 1) models based on Gaussian (G) and
non-Gaussian (NG) copula sequences fitted to training data for Nasdaq absolute log-return series in both the
semiparametric (SP) and fully parametric (P) approaches.

Approach Copulas df 𝜙1 𝜃1 𝜈 AIC BIC
SP G 2 0.962 -0.871 -97.9 -88.1

(s.e.) 0.015 0.029
NG 2 0.955 -0.854 -140.1 -130.3
(s.e.) 0.005 0.006

P G 2 0.961 -0.868 -102.8 -93.0
(s.e.) 0.015 0.029
NG 3 0.951 -0.858 13.0 -139.8 -125.1
(s.e.) 0.005 0.007 6.5

In general, for forecasting distributions at a range of quantiles that include tail values such as 5% or 95%,
the fully parametric approach to constructing D-vines should be preferred and this is particularly important
when training samples have less than 𝑛 = 500 observations. In situations where samples are large and where
it is difficult to find a good parametric model, the semiparametric approach is a viable alternative. A compro-
mise between the two approaches might be to use extreme value theory (EVT) to construct semi-parametric
estimates of themarginal distribution with parametric tails, for example by using the generalized Pareto (GPD)
tail approximation (McNeil and Frey, 2000).

Some open theoretical questions remain for infinite-order stationaryD-vinemodels, particularly conditions
on the copula sequence that guarantee ergodicity. However, these issues can be circumvented in practical
applications by truncating copula sequences to obtainMarkov processes whose behaviour is better understood.

The methodology we propose could be extended to financial price log-return series in which sign changes
are considered; the analysis of absolute returns in Section 6.2 does not consider important features of the raw
return data, such as the fact that negative returnsmay contribute more to volatility than positive returns, a phe-
nomenon known as the leverage effect. Modelling the raw returns would require different copulas to the ones
we have used in this paper; in particular they would need to be broadly cross-shaped to model non-monotonic
serial dependence (Loaiza-Maya et al., 2018). Models of this kind, using parametric copulas constructed from
so-called v-transforms, are proposed in McNeil (2021) and Bladt and McNeil (2022b). Cross-shaped copula
behaviour can also be modelled non-parametrically using the method implemented in the rvinecopulib R
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Table 13: Summary of selected copulas and Kendall’s tau values in both the semiparametric (SP-NG) and fully
parametric (P-NG) approaches applied to the Nasdaq absolute log-return data; clayton180 refers to the Clayton
survival copula.

k SP-NG copulas 𝐶𝑘 𝜏𝑘 P-NG copulas 𝐶𝑘 𝜏𝑘
1 Clayton180 0.12 Clayton180 0.11
2 Gumbel 0.10 Clayton180 0.09
3 Gauss 0.08 Gauss 0.07
4 Gumbel 0.06 Gumbel 0.06
5 Joe 0.05 Clayton180 0.05
6 Clayton 0.05 t (𝜈 = 13.0) 0.04
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Figure 8: Quantile score plot and weighted quantile scoreplot for forecasts of Nasdaq absolute log-returns.
Weighting is by the reciprocal of the template function of the fitted gamma marginal distribution and 𝐽 = 20.
The coding of the lines is: P-G (black), SP-G (dashed black), SP-NG (red) and P-NG (blue).

package (Nagler and Vatter, 2025).
The methodology could also be extended to multivariate time series. One possibility would be to extend

Gaussian vector autoregressive (VAR) models by allowing non-Gaussian pair copulas for both serial and cross-
sectional dependencies in the s-vine framework proposed by Nagler et al. (2022). Another possibility would be
to embed our univariate stationary D-vine approach in the copula-linked univariate D-vine approach of Zhao
et al. (2022). In both cases it may make sense to switch from nonparametric models to parametric models for
marginal distributions to facilitate inference about multivariate phenomena and avoid the curse of dimension-
ality.

Data sharing
The analyses in this paper were carried out using version 0.4.7 of the R package tscopula which is available at
github.com/ajmcneil/tscopula. The simulation studies, datasets and empirical examples are documented
by code in the repository github.com/ajmcneil/papers.
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A Pacf of Gaussian processes
Suppose that (𝑋𝑡)𝑡∈ℤ follows a Gaussian ARMA process with autocorrelation function (acf) (𝜌𝑘)𝑘∈ℕ. The acf
can be calculated from the AR and MA coefficients of the process using standard methods available in most
statistical software (Brockwell and Davis, 1991, Section 3.3).

For 𝑘 ∈ ℕ let 𝜌𝑘 = (𝜌1,… , 𝜌𝑘)⊤ and let 𝑃𝑘 denote the correlation matrix of (𝑋1,… , 𝑋𝑘). Clearly 𝑃1 = 1
and, for 𝑘 > 1, 𝑃𝑘 is a symmetric Toeplitz matrix whose diagonals are filled by the first 𝑘 − 1 elements of 𝜌𝑘;
moreover, 𝑃𝑘 is non-singular for all 𝑘 (Brockwell and Davis, 1991, Proposition 4). To calculate the pacf (𝛼𝑘)𝑘∈ℕ
from the acf (𝜌𝑘)𝑘∈ℕ we set 𝛼1 = 𝜌1 and, for 𝑘 > 1,

𝛼𝑘 = 𝜌𝑘 − 𝜌⊤𝑘−1𝑃−1𝑘−1𝜌𝑘−11 − 𝜌⊤𝑘−1𝑃−1𝑘−1𝜌𝑘−1 ;
see Joe (Joe, 2006) or the Durbin-Levinson Algorithm (Brockwell and Davis, 1991, Proposition 5.2.1).
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