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Abstract

Parametric changes in the first coordination shell (FCS) of a vitreous metallic Pd42.5Cu30Ni7.5P20

alloy are analysed, aiming to confirm the identification of the glass transition temperature

(Tg) via processing of XRD patterns utilising radial and pair distribution functions (RDFs and

PDFs) and their evolution with temperature. The Wendt±Abraham empirical criterion of glass

transition and its modifications are confirmed in line with previous works, which utilised the

kink of the temperature dependences of the minima and maxima of both the PDF and the

maxima of the structure factor S(q). Massive fluctuations are, however, identified near the Tg

of the derivatives of the minima and maxima of the PDF and maxima of S(q), which adds

value to understanding the glass transition in the system as a true second-order-like phase

transformation in the non-equilibrium system of atoms.

Keywords: metallic glasses; glass transition; fluctuations; second-order phase transition

1. Introduction

Glass transition is a generic phenomenon characteristic of amorphous materials rang-

ing from pure elements and oxides to complex polymeric and biological molecules that

exhibit solid-like behaviour below the glass transition temperature (Tg, i.e., in the vitreous

state and liquid-like state above it) [1,2]. Most often, Tg is determined using differential

scanning calorimetry (DSC), which shows a well-seen kink in the temperature dependence

of the heat flow evolution of the system at Tg [3,4], although other techniques to determine

it are in use that are similar to DSC, i.e., simple (thermal mechanical analysis, TMA) and dif-

ferential thermal analysis (DTA [5]), which employs various heating and cooling (thermal)

cycles. Furthermore, dynamic mechanical analysis is used, in which mechanical stress is

applied to the sample, and the resultant strain is measured (dynamic mechanical analysis,

DMA, [6]), including specific heat measurements, thermomechanical analysis, thermal ex-

pansion measurements [7,8], micro-heat transfer measurement, isothermal compressibility,

and heat capacity determination [9]. Structural rearrangements in the non-equilibrium

system of species (atoms and molecules) forming a glass are not yet well understood despite

numerous works related to glass-forming systems, including bulk metallic glasses [10].

Wendt and Abraham were the first to observe that Tg can be detected by analysing the
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temperature behaviour of the maxima and minima of radial and pair (normalised according

to the average atomic number density variation with the interatomic distance) distribution

functions (RDFs and PDFs, respectively), which result from the processing of X-ray or

neutron-scattering spectra, as well as from computer experiments using molecular dynamic

(MD) simulation [11,12]. They proposed an empirical criterion for finding Tg from the

ratio RWA = PDFmin/PDFmax = 0.14 [13]. We showed that the experimentally found criterion

RWA = 0.14 is explained in terms of percolation in a system of broken bonds in amorphous

materials termed configurons [14]. Indeed, it is known that the rigidity threshold of an

elastic percolating network is identical to the percolation threshold [15]; therefore, we can

find the critical temperature Tg when the solid-like behaviour changes to a liquid-like

behaviour, assigning it to the temperature when percolation via broken bonds occurs [16].

The fraction of broken bonds (configurons) φ(T) as a growing function of temperature

equals φ(T) = PDFmin/PDFmax; therefore, the temperature of glass transition in amor-

phous materials is indeed in line with the Wendt±Abraham empirical rule provided by the

following equation: φ(T) = θc. For metallic systems, θc = 0.15± 0.01, which is equal to the

universal Scher±Zallen critical density in 3-D space: θc = 0.15 ± 0.01 [17,18]. The presence

of kinks in the glass transition was later confirmed by directly analysing the temperature

dependences of structural factors S(q), where q is the scattering vector [19].

The presence of kinks at Tg in the temperature dependences of radial and pair dis-

tribution functions (RDFs and PDFs) and the structure factor (S(q)) means that their first

derivatives experience a jump, which may be useful to more easily detect the glass transi-

tion. Moreover, the second derivatives of RDFs, PDFs, and S(q) have a diverging character

at Tg, which could facilitate identification. We aim to analyse these features, which, al-

though being present in the temperature behaviours of RDF, PDF, and S(q), were found to

not be amenable for practical usage due to the character of the glass transition, which, being

a second-order phase transformation, is accompanied by large and increasing amplitude

fluctuations near Tg.

2. Theoretical Considerations

The pair distribution function, denoted as g(r), provides the probability of finding

a particle at the distance R from another particle, i.e., it is the probability of finding

two particles i and j at a particular separation r = |ri − rj| in the system. In contrast, the

structure factor S(q) found from measurements in scattering experiments is essentially

the Fourier transform of the PDF (also denoted as g(r)), being related to each other via

the following:

g(r) = 1 +
1

2π2rρ0

∫

∞

0
q[S(q)− 1]sin(qr)dq, (1)

where ρ0 is the average density and q is the scattering vector. PDF(r) and S(q) provide struc-

tural and thermodynamic information about the system [14,19±21]. If there is more than

one atom type present, such as in the case of metallic alloys or oxide glasses, then PDF(r) is

typically split into several terms, one for each pair of atomic specie types: e.g., in the case

of two species α and β, the partial pair distribution function that characterises correlations

between atoms of type α and β is PDFαβ(r) = gαβ(r), provided by the following [22]:

gαβ(r) = 1 +
1

2π2rρ0

∫

∞

0
q
[

Sαβ(q)− 1
]

sin(qr)dq, (2)

where Sαβ(q) is the Faber±Ziman partial structure factor, which, similarly to monoatomic

systems, follows the rule Sαβ(q)→1 for all α and β. The functions PDFαβ(r) serve as measures

of the probabilities of finding a β atom at a distance r from an α atom and calculating the
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partial coordination numbers nβα which determine the average number of β atoms in a

spherical shell around an α atom by integrating partial radial distribution functions.

Typical investigations analyse the behaviour of the first sharp diffraction peak (FSDP)

of the structure factor S(q) [19±22], which reveal features in the reciprocal space, whilst the

most prominent and intuitively straightforward features in the real space are provided

by peaks of RDF and PDF [13,14,19,20,23±25]. The forms of PDF(r) are hence used to

understand changes that occur in glasses and melts on temperature variations including

structural modifications at the glass transition. The maximum of PDF(r) is positioned at

the most probable radii where atoms reside, whereas the minimum of PDF(r) is related to

bond distances. The PDFmin(r) is positioned at the end of the first coordination shell (FCS)

and corresponds to bonds connecting atoms which, e.g., was illustrated by data for H2O

that produces a negative peak at the OH bond distance [26]. The PDF(r) has a peak at a

mean inter-particle distance and converges with the increase in distance r oscillating to unit

g(r→∞) = 1 (Figure 1).

 

Figure 1. Pair distribution function PDF = g(r) of amorphous Ti2Ni (Ti67Ni33) alloy obtained via

molecular dynamic (MD) simulation at a cooling rate of ≈1012 K/s (Adapted with permission

from [14]. Copyright 2020 American Chemical Society).

From experiments for both monoatomic [20] and multiatomic systems [14,23,24,26,27]

(as Figure 1 demonstrates), it is known that upon an increase in temperature, the maximum

of PDF(r) of amorphous materials (PDFmax) decreases its amplitude while the first PDF(r)

minimum (PDFmin) is

(i) Increasing its amplitude;

(ii) Shifting its position to larger values.

The shift of the position of PDFmin reflects [14]

(iii) The formation of configurons (broken chemical bonds);

(iv) Enlarging the size of the first coordination shell (FCS).

The position of PDFmin is giving the radius of FCS, which increases with the increase

in temperature, i.e., this is characterising the thermal expansion of materials due to the

increase in temperature.
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The experiment is explicitly showing the maximal amplitude of structure factor S(q1),

where q1 is the position of the scattering vector where the maximum occurs, with changes

in temperature exhibiting a kink as follows:

S(q1) = S0 − sgT at T < Tg and

S(q1) = S0 − sgTg − sl

(

T − Tg

)

at T > Tg
(3)

The difference in behaviour of the structure factor below and above the Tg is illustrated

by Figure 2a.

 

(a) (b) 

Figure 2. Variation with temperature of structural factor S(q) and pair distribution function PDF(r)

on crossing the glass transition temperature: (a) the first maximum of the structure factor S(q)max

and its shifting position q1 reflecting the thermal expansion of Pd40Cu30Ni10P20 bulk metallic glass

(Reprinted with permission from Ref. [19], AIP Publishing); (b) the values of the pair distribution

function first minimum PDFmin of Cu following the method proposed in (Adapted from Ref. [14]) and

ratios of PDFmin/PDFmax after the Wendt±Abraham criterion (Adapted from Ref. [13]) as a function

of temperature, where the inset shows the definitions of parameters used with PDF(r) given for

three temperatures, T = 2500, 1400, and 300 K, respectively. Reproduced with permission from

Ref. [25], MDPI.

The coefficient of proportionality (s) for liquids (melts) is always larger compared to

solids (glasses): sl > sg. Due to this, from (3) we see that the temperature derivative of the

structure factor exhibits a stepwise change at Tg:

∂S(q1)/∂T = −sg at T < Tg and

∂S(q1)/∂T = −sl at T > Tg
(4)

The second derivative of the structure factor thus has a singularity at the glass transition:

∂2S(q1)/∂T2 = −δ
(

T − Tg

)

(5)

Because steps and deltas can be readily detected from available data, it would be

useful to attempt to use (3) and (4) in detecting the glass transition.

The experiment also explicitly shows that the PDFmin follows the same character of

temperature dependence near the glass transition exhibiting at Tg a kink:
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PDFmin = P0 + fgT at T < Tg and

PDFmin = P0 + fgTg + fl

(

T − Tg

)

at T > Tg
(6)

The coefficient of proportionality fl in (6) obeys the rule fl > fg as seen explicitly from

Figure 2b. From (6), we see that the temperature differential of the pair distribution function

exhibits a stepwise change at Tg:

∂PDFmin/∂T = fg at T < Tg and

∂PDFmin/∂T = fl at T > Tg
(7)

The second derivative of the minimum of the FSDM thus also has a singularity at the

glass transition:

∂2PDFmin/∂T2 = δ
(

T − Tg

)

(8)

The utilisation of (5) and (8) along with the Wendt±Abraham empirical criterion

would hence be a powerful tool in detecting the glass transition in amorphous materials,

making the detection of Tg much easier and obvious in practice compared to analyses of

dependences of S(q) and PDF(r) with temperature. Based on these ideas, we attempted

to process data on vitrifying the metallic alloy Pd-Cu-Ni-P, for which data are available

for a confident analysis. As it can be explicitly seen from Figure 2 both in the case of

polyatomic (Figure 2a, Equation (1) case) and monoatomic (Figure 2b, Equation (1) case)

systems, the linear dependencies occur, which change their slope at the inflection point.

This is a generically known fact for all glass-forming systems and serves as the basis of

test protocols aiming to identify the calorimetric glass transition [3±6,9]. It means that

Equations (4), (5), (7) and (8) are mathematically valid expressions if the linear dependen-

cies are firstly found and then processed by applying these equations. Our task in this work

was to check whether the same results have been obtained if we directly process experi-

mental data without first determining the two linear dependencies below and above the Tg.

Two outcomes are then possible. The first expected result is confirming the same results and

is for the case when fluctuations (noises) are not growing when approaching the infection

point. The second one is a complete failure and is expected when the fluctuations become

massive upon approaching the infection point; this is the situation that is typical for phase

transformations and hence would indicate a phase change on passing the Tg.

3. Experimental Results

The glass formation process of the Pd42.5Cu30Ni7.5P20 alloy was studied in situ in the

previous works [28,29]. In the present work, these data were processed using Equations

(4), (5), (7) and (8), aiming to check whether the temperature derivative obeys the expected

dependences following these equations. There was not much attention paid to the jumps

of derivatives of PDFmin in the literature apart from [14,23±25], e.g., the step (jump) at

Tg = 794 ± 10 K of Cu was found to be as high as (fl − fg) = 96 ppm (see Figure 4 of [25]). We

also accounted that although following the laws of second-order phase transformations, the

glass transition has a dual nature and is kinetically controlled due to relaxation phenomena

that occur in parallel to structural rearrangements [30,31].

Figure 3 shows the following: (a) the temperature dependence of the RDF minima of

the Pd42.5Cu30Ni7.5P20 alloy, confirming via kinks observed that the vitrification occurs at

Tg ≈ 300 ◦C via minima of PDFs; and (b) the Wendt±Abraham criterion, which used the

PDF’s minima to the PDF’s maxima ratios.
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(a) (b) 

Figure 3. Variation with temperature of (a) minima of PDFs; (b) ratios of minima to maxima of PDF

following Wendt±Abraham (Adapted from Ref. [13]). The glass transition temperature is identified

as Tg ≈ 300 ◦C.

It is worth comparing data obtained with earlier works by Mattern et al. [19], who anal-

ysed the temperature dependences of structure factor S(q1), which followed dependences

(4) and (5), with Figure 4 demonstrating the temperature dependence of the structure factor

of the Pd42.5Cu30Ni7.5P20 alloy and hence confirming its behaviour being fully in line with

previous findings by Mattern et al. in [19].

 

Figure 4. Variation in the first maximum and minimum of the structure factor S(q) with temperature.

Figure 5 shows the temperature dependences of the first and second derivatives of the

maximal value of the structure factor S(q1) in our case after processing our (D.V.L.-L. et al.)

previous data taken from references [28,29].
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(a) (b) 

Figure 5. Variation with temperature of (a) the temperature derivatives of the first maximum value of

the structure factor −|∂S(q1)/∂T| and (b) the second temperature derivative −|∂2S(q1)∂T2|. The

idealised stepwise (in (a)) and delta-function-wise (in (b)) behaviours expected without account of

fluctuations are shown by grey colour. The glass transition temperature was previously identified as

Tg ≈ 300 ◦C.

While the expected behaviour of −|∂S(q1)/∂T| as shown in grey colour in Figure 5a

is a stepwise function (the Heaviside step function) at Tg, the experimental data of the

first derivative of the structure factor show an extremely noisy behaviour at it. Then,

instead of the expected delta function as follows from (5) and shown in grey colour in

Figure 5b, the experimental data of the second derivative demonstrate a completely noisy

and uncontrolled spread including both positive and negative values. Thus, instead of

the expected Heavyside step function and delta function at Tg, we observed massive

fluctuations for experimental data. Similarly to the above, strongly fluctuating data were

obtained for ∂PDF/∂T and ∂2PDF/∂T2 at Tg, which is now expectedly appropriate, as the

PDF(r) and S(q) are interrelated via Equations (1) and (2).

4. Discussion

The results obtained conform to previous data on the Wendt±Abraham empirical

criterion of the vitrification of melts while being cooled fast enough [13] and its modification

for the first minimum of PDF(r), denoted as PDFmin [14], which through this provides proofs

of configuron formation and the expansion of the FCS, e.g., see Table 1 of [23]. The glass

transition temperature found agrees with data previously knownÐsee, e.g., Figure 2aÐ

although there is some spread of experimental points near the inflection point. Figure 2b

with more recent results from [25] also shows high deviations from the idealised linear

approximation near the inflection point, which identifies the Tg. In the meantime, the

attempts to use the stepwise temperature dependence of ∂S/∂T and the diverging character

of ∂2S/∂T2 at Tg have clearly failed. The reason behind this is in the characteristics of

the glass transition and massive fluctuations of both ∂S/∂T and ∂2S/∂T2 instead of the

idealised dependences via Equations (4), (5), (7) and (8), which are also shown in Figure 5

by grey coloured lines.

The glass transition expresses itself at the calorimetric glass transition tempera-

ture [3,32±34] as a second-order phase transformation with all its attributes following

the Ehrenfest classification of phase transformations [35±37]. Namely, it is a continuous

transformation with continuous thermodynamic functions such as Gibbs free energy G(T,P),

entropy S(T,P), volume V(T,P), and discontinuities in response functions (susceptibilities)

such as heat capacity, compressibility, and the thermal expansion coefficient, and all these

are always seen during the glass transition [3,32±34,38]. Due to this, the International Union

of Pure and Applied Chemistry (IUPAC) defines the glass transition as a second-order

transition in which a supercooled melt yields, on cooling, a glassy structure, so that below
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the glass transition temperature, the physical properties vary in a manner similar to those

of the crystalline phase [39].

The theoretical analysis of phase transitions is well known, e.g., in the first-order

phase, transitions such as crystallisation of the correlation length (e.g., the size of the new

phase) remains finite, while for continuous phase transitions the correlation length diverges

when approaching the phase transition. The configuron percolation theory (CPT) of glass

transition [16,22,40] gives for the correlation length a diverging dependence at temperatures

approaching Tg:

ξ(T) ∝

ξ0
∣

∣T − Tg

∣

∣

ν (9)

where ξ0 has the order of interatomic distance, the critical exponent ν in three-dimensional

space is ν = 0.88, and ξ(T) diverges at Tg, in contrast to the structural coherence length

that characterises the exponential decay of atomic pair distribution function oscillations

beyond the first peak, which increases with decreasing temperature and freezes at the

glass transition [41]. The amorphous material near the glass transition is dynamically

inhomogeneous on length scales smaller than ξ(T), while at temperatures far from the

Tg, the correlation length becomes small, and the amorphous material is homogeneous.

Fluctuations in the system of disordered species (atoms or molecules) become correlated

over all distances, and that forces the whole system to be in a unique phase, which is critical

at the phase transition [36,37,42,43].

The phenomenon of increasing fluctuations in the vicinity of a phase transition is

best demonstrated with the critical opalescence phenomena and is already known to be

present for glass transition [44,45]. Therefore, the massive fluctuations in approaching the

glass transition temperature evidently seen in Figure 5 should not be surprising while

interpreting the glass transition as a true second-order phase transformation, although it

occurs in a non-equilibrium system of atoms and molecules constituting the amorphous

material. It is now recognised that in addition to equilibrium phase transitions [36,45],

non-equilibrium phase transitions are rather common across a wide range of scientific

disciplines [46±49], manifesting in a rich variety of both static and dynamic patterns

including ergodicity breaking; the Mpemba [50±53], Bokov [44], and Kovacs effects [54,55];

and the asymmetry of heating±cooling [56,57]. It is worth noting that the classification of

glass transition as a second-order transition in Ehrenfest terms remains debated within the

scientific community. Most physicists and materials scientists agree that it does not meet the

criteria for a second-order equilibrium transition, mainly due to its non-equilibrium nature

and time dependence. In this respect, the extension of the analysis of glass transition to that

belonging to phase transformations in non-equilibrium systems is assisting in unveiling its

nature and dual, both kinetic and thermodynamic, character [30,40].

Thus, the fluctuations (inherent noises) encountered upon analysing the glass

transition in the Pd-Cu-Ni-P alloy (a very fragile metallic glass with a fragility index

m = 60 [58,59]) are well expected within the theory of second-order (or second-order-like)

phase transformations and once observed can be considered as an additional argument in

favour of the effects associated with a true phase transformation. Moreover, there are some

reasons to believe that fragility can be related to the properties of the resulting glass [60].

The proposed delta-like or step-wise behaviour in structural derivatives (7) and (8) cannot

be directly revealed from experiments, namely due the intrinsic noises/fluctuations that

are always associated with second-order transitions.

While the glass transition is traditionally viewed as a kinetic freezing process, strong

evidence from modern studies supports its interpretation as a true phase transition [38,61]

or a topological phase transition [62]. Unveiling the structural mechanisms behind the glass

transition then enables practical utilisation in various applications [63±66]. The Wendt±
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Abraham empirical criterion [13] and its analogues [14,27] enable the identification of the

glass transition temperature Tg. However, why is the glass transition interval quite wide?

We know that glass is not uniform: it has densely packed and loosely packed regions [67].

It can be assumed that the glass transition of these regions occurs at slightly different

temperatures, which gives the glass transition interval. Moreover, two relaxation processes

competing with each other related to the different diffusion coefficients of the alloying

elements were observed [68].

5. Conclusions

The Wendt±Abraham empirical law of glass transition is confirmed as valid for the

Pd-Cu-Ni-P metallic glass-forming alloy, which conforms to previous works. Attempts to

process derivatives of the pair distribution function and structure factor failed because of

massive fluctuations on approaching the glass transition, which confirms the concept of

glass transition as a second-order-like phase transformation in the non-equilibrium system

of atoms following the Ehrenfest classification scheme. Consequently, the observed massive

fluctuations have a generic character for amorphous systems at the glass transition.
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The following abbreviations are used in this manuscript:

CPT Configuron percolation theory

FCS First coordination shell

FSDM First sharp diffraction minimum

DMA Dynamic mechanical analysis,

DTA Differential thermal analysis

PDF Pair distribution function

RDF Radial distribution function

TMA Thermal mechanical analysis
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