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Equations involving the modular j-function
and 1ts derivatives

By Vahagn Aslanyan at Manchester, Sebastian Eterovi¢ at Wien
and Vincenzo Mantova at Leeds

Abstract. We show that, for any polynomial F (X, Yy, Y1, Y2) € C[X, Yy, Y1, Y2], the
equation F(z, j(z), j'(z), j”(z)) = 0 has a Zariski dense set of solutions in the hypersurface
F(X,Yo,Y1,Y2) =0, unless F is in C[X] or it is divisible by Yy, Yo — 1728, or Y;. Our
methods establish criteria for finding solutions to more general equations involving periodic
functions. Furthermore, they produce a qualitative description of the distribution of these solu-
tions.

1. Introduction

The problem of determining which (systems of) equations involving certain classical
transcendental functions of a complex variable have solutions is a natural question at the inter-
section between complex geometry, model theory, and number theory. In complex geometry, it
is a form of analytic Nullstellensatz for the given functions; in model theory, it plays an impor-
tant role in the definability properties of the functions involved; and in number theory, it is
related to Schanuel’s conjecture and its analogues (given by special cases of the Grothendieck—
André generalised period conjecture). Often, the function under consideration is of arithmetic
importance. Examples of such classical functions are the exponential functions of semi-abelian
varieties and Fuchsian automorphic functions. In this paper, we focus on the modular ;-
function and its derivatives.

The first conjecture in this area arose from Zilber’s work on the model theory of com-
plex exponentiation [16—18]. It is now referred to as the Exponential (Algebraic) Closedness
conjecture or Zilber’s Nullstellensatz, and predicts when systems of equations involving addi-
tion, multiplication, and complex exponentiation have solutions in the complex numbers. We
refer to the general version of the problem as Existential Closedness, or EC for short. An EC
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conjecture for the j-function was proposed in [4, §1]; in geometric terms, it states that any
algebraic variety V' € C?2" satisfying geometric conditions known as freeness and broadness
intersects the n-fold graph of the j-function. The definition of these geometric conditions is
long and will not be used in the present work, so we refer the interested reader to [4, §2.2], but
informally, freeness and broadness ensure that the equations defining V' do not break any func-
tional properties of j coming from the linear-fractional action of GL;r (Q) (where + denotes
positive determinant) on the upper half-plane, as well as not contradicting a conjecture on
transcendental values of the j-function analogous to Schanuel’s conjecture for exponentiation
(see [4, Conjecture 1.1] and [3, §6.3] for the statement of this conjecture).

If one somehow knows that an algebraic variety V' does intersect the graph of j, a very
natural next question is to determine how these intersection points are distributed within V. For
instance, one may ask whether these points are Zariski dense in V. We remark that if VV € C?2”
satisfies the above-mentioned geometric conditions of freeness and broadness, then for any
Zariski open subset V' C V, it is possible to construct an algebraic variety W < C2(+1)
which is also free and broad and projects onto V. Thus, if we assume EC then, applying it
to W, we deduce that V' intersects the graph of j. Since V'’ was an arbitrary Zariski open
subset of V', we conclude that the intersection of V' with the graph of j is Zariski dense in V.

In the same work [4], the authors also proposed an extension of the conjecture incorpo-
rating the derivatives of j (see [4, Conjecture 1.6]). This version of EC is often referred to as
Existential Closedness with Derivatives, or ECD for short. This time the variety V' in question
is a subset of C*#”, and the conjecture states that if ' satisfies analogous geometric notions
of freeness and broadness (again related to a form of Schanuel’s conjecture, now involving j
and its derivatives), then V intersects the n-fold graph of the map z — (j(z), j'(z), j"(2)).
For the definitions and precise statements of these conjectures, see [1,2,4]. Note that we do
not consider the third and higher derivatives of j as these are rational over j, j/, j” (see (2.2)).
As with EC, ECD implies that if VV € C*" satisfies the geometric conditions of freeness and
broadness, then V' has a Zariski dense set of points of the desired form.

Very few cases of ECD have been proven, in comparison to EC where various fami-
lies of varieties in C2” have been shown to satisfy the conjecture. Prior to the present work,
only very special cases of ECD had been solved, proving solvability of some simple equations
involving just j’ (so not combining it with j or j”); see [9, 10]. An ECD statement for “blur-
rings” (certain multi-valued twists) of j was obtained in [4]. All of these papers mostly focused
on, and established stronger results for, the EC conjecture for the j-function (without deriva-
tives). These results are analogous to their exponential counterparts, namely, [5-7,11, 12, 16].
Although different methods have been used across these works, one common feature is that
they all exploit in some way the periodicity of exp or the SL,(Z)-invariance of j. Incorporat-
ing the derivatives of ; into the equations presents then a significant new challenge, as j’ and
j" are no longer SL,(Z)-invariant. It is also worth noting that a differential version of ECD
was obtained in [2], and that it is so far the only setting where a full Existential Closedness
statement is proved for j with derivatives, and the same method also applies to exp.

In this article, we prove the ECD conjecture when n = 1, which precisely states that
any algebraic variety V' € C# of dimension 3 without constant coordinates contains (a Zariski
dense set of) points of the form (z, j(z), j'(z), j”(z)). This amounts to checking exactly which
equations of one complex variable involving only z, j(z), j’'(z), j”(z) have solutions, and
whether these solutions are Zariski dense. Note that, for n = 1, broadness of V' just means
dim V' > 3; hence the only non-trivial case is dim V' = 3. On the other hand, freeness for



Aslanyan, Eterovi¢ and Mantova, Equations involving j, j’, j” 3

n = 1 means V has no constant coordinates. Nevertheless, we will even be able to decide
what happens when V' does have a constant coordinate.
Our first main result establishes the existence of solutions in all non-trivial cases.

Theorem 1.1. Let F(X, Yy, Y1, Y2) € C[X, Yy, Y1, Y2] \ C[X]. Then the equation

F(z.j(2).j'(2). j"(z)) =0

has infinitely many solutions.

The proof of Theorem 1.1 is based on a generalisation of the methods of [9], which use
Rouché’s theorem from classical complex analysis to establish some cases of EC for j (without
derivatives). Theorem 1.1 can be seen as an analogue of the classical fact that every irreducible
polynomial p(X,Y) € C[X, Y] which depends on Y has infinitely many zeroes of the form
(z,exp(z)), unless p = ¢Y for some ¢ € C*.

Throughout the paper, all algebraic subvarieties of C* will be defined by polynomials in
the ring C[X, Yo, Y1, Y2].

Our main goal is to obtain a much stronger version of Theorem 1.1. We show that, for
any polynomial F (X, Yy, Y1, Y2), the set

{(z,j(2),j'(2),j"(2)) e Hx C*: F(z, j(2), j'(2), j"(2)) = 0}

is Zariski dense in the hypersurface F (X, Yy, Y1, Y2) = 0, unless F is divisible by an explicit
(finite) list of polynomials. In this case, we say that the equation F(z, j(z), j'(z), j"(z)) =0
has a Zariski dense set of solutions (see Definition 2.1), that is, by a solution of such an
equation, we understand a tuple (2o, j(z0), j'(z0), " (z0)) rather than just zg.

We remind the reader that this is equivalent to establishing certain cases of ECD for
subvarieties of C8: given a hypersurface V' € C# and a Zariski open dense V' C V, there is
W C C8 free and broad which projects onto V' such that W intersects the graph of j and
its derivatives if and only if V'’ does. For instance, the system {j”(z) =0, j(z) # 0} has
a solution if and only if {j”(z1) = 0, j(z1)z2 = 1} does.

The bulk of the paper is focused on proving the Zariski density of the set of solutions,
which the proof of Theorem 1.1 does not provide. For instance, the solutions of the equation

Zj" @) + (2 + D)+ j(2)j(z) =0
3

found via the proof Theorem 1.1 are the SL,(Z)-conjugates of p = —% + 731'. These are
obviously not Zariski dense, for it is well known that j(yp) = j'(yp) = j"(yp) = 0 for every
y € SLy(Z) (see [13, p.40]). Indeed, Zariski density requires at least that the solutions are
not contained in finitely many SL;(Z)-orbits, except for when the equation is of the form
[1x(j(z) —ug) = 0 for some uy € C.

The zeroes of j’ are in fact problematic: observe that, for all z € H,

j(@)(j(z) = 1728) =0 < j'(z) =0.

This immediately gives that the three equations j(z) = 0, j(z) — 1728 = 0, and j'(z) = 0 do
not have Zariski dense sets of solutions. Our main result shows that these are essentially the
only non-examples.
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Theorem 1.2. For any polynomial F(X, Yy, Y1,Y2) € C[X, Yo, Y1, Y2] \ C[X] which
is coprime to Yo(Yo — 1728)Y1, the equation F(z, j(z), j'(z), j”(z)) = 0 has a Zariski dense
set of solutions, i.e. the set

{(2,(2),j'(2),j"(2)) e Hx C*: F(z, j(2), j'(2), j"(2)) = 0}
is Zariski dense in the hypersurface F(X, Yy, Y1,Y2) = 0.
Remark 1.3. For every rational function G(X, Yy, Y1, Y2) € C(X, Yy, Y1, Y2), Theo-

rem 1.2 implies that the function G(z, j(z), j'(z), j”(z)) has a zero unless G is of the form

Y$ (Yo — 1728) Y}
H(X,Yy.Y1.Y2) '

where H is a polynomial and s, ¢, £ € N.

A special case of Theorem 1.2 is that the equation j”(z) = 0 has a Zariski dense set of
solutions.! In this case, even proving that there is a solution outside the SL,(Z)-orbit of p is
highly non-trivial; see Section 7.1.

Remark 1.4. In [8], the author studies the problem of finding generic solutions to equa-
tions involving j (and its derivatives) under the assumption that the system has a Zariski dense
set of solutions. In particular, combining Theorem 1.2 with [8, Theorem 6.5], we get that there
is a countable field C; € C such that, for any irreducible hypersurface V' C C* satisfying the
conditions of Theorem 1.2, if V' is not definable over C;, then for any finitely generated subfield
K C C over which V can be defined, there is a point of the form (z, j(z), j'(2), j"(z)) € V
such that tr.deg.x K(z, j(2), j'(2).j"(z)) = dimV = 3.

To prove Theorem 1.2, we establish general criteria for the solvability of certain equations
involving periodic functions (see Section 4). The following proposition is a special case of those
criteria.

Definition 1.5. A meromorphic function f:H — C is 1-periodic if f(z +1) = f(z)
for every z € H. Every such function induces a meromorphic function f (g) on the punctured
unit disc by performing the change of variable ¢ = exp(2wiz). We say that f is meromor-
phic at ioco if f~ is meromorphic at 0.

Proposition 1.6. Let fy,..., fn: H — C be 1-periodic functions which are meromor-
phic on H U {ioco}. Suppose that, for some k, one of the following conditions is satisfied:

e thereis t € H such that fi(z)/fun(z) > ccasz — t € H, or
* fx(2)/fn(2) — o0 as Im(z) — +oo0.

Then there is a sequence of points {Zm }meN C H with z,,, # T and z,,, — T in the first case, or
Im(z,,) = 400 and 0 < Re(z,,) < 2 in the second case, such that, for all sufficiently large m,
the point z,, + m is a solution to the equation

@)+ fum1 (@) + fo(2) = 0.

" In particular, the ramification points of j are not contained in finitely many SLy (Z)-orbits.
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Let us consider an example illustrating how we apply Proposition 1.6 in practice. It also
gives an idea of our approach in the general case.

Example 1.7. Consider the equation

(1.1) j'(2)* + p(i(z)) =0,

where either p(j(z)) = j(z)(j(z) — 1728) or p(j(z)) = j(z)?(j(z) — 1728). First, we want
to get an equivalent equation which is written as a sum of powers of z with periodic coef-
ficients. To that end, we apply the SLy(Z)-transformation z +> —% and, using the identities

J=H =j@), j/(=1) = 22j'(z), we get
(1.2) z*j'(2)* + p(j(2)) = 0.

Thus we obtain an equation in a suitable form for using Proposition 1.6, where f4 = (j/)2,
f3= fo=fi =0and fo = p(j). When p(j) = j(j — 1728), the ratio

ﬁ _ Jj(j —1728)
Ja (J")?
has a pole at T = p. When p(j) = j2(j — 1728), the ratio

Jo _ J*( —1728)
Ja (J")?
has no finite poles, but it has limit co as Im(z) — +o0.

Thus, by Proposition 1.6, there is a sequence z, with z,, — t and z,, # 7 in the first
case, or Im(z;;) — +o00 and 0 < Re(z;;) < 2 in the second case, such that, for all sufficiently
large m, the point z,, 4 m is a solution to equation (1.2). This already implies that the solutions
of (1.2) intersect infinitely many SL, (Z)-orbits.

To deduce Zariski density of these solutions, suppose that all of them are also solutions
of another independent equation G(z, j(z), j'(z), j”(z)) = 0. Combining this and (1.2), we
can eliminate z and end up with an equation H(j, j’, j”) = 0. Now, our assumption means
that H(j, j’, j”) vanishes at z,, + m, hence also at z,, by periodicity. This is not possible, for
a 1-periodic holomorphic function, meromorphic at i oo, cannot have infinitely many zeroes
with real part bounded from above and below and imaginary part bounded from below. This
then implies the Zariski density of solutions of (1.1).

We also note that our criteria can be applied to more general periodic functions, beyond
polynomials of j, j’, j”, such as exp or the Weierstrass g-function. For instance, Proposi-
tion 1.6 implies that the function j'(z)z + exp(27iz) has infinitely many zeroes around the
points i 4+ m, where m is a large integer.

1.1. Structure of the paper. In Section 2, we go over some basic preliminaries about
the j-function and its derivatives. We also give the definition of Zariski density used in Theo-
rem 1.2. In Section 3, we prove Theorem 1.1 by extending the methods of [9], which are based
on Rouché’s theorem. In Section 4, we prove criteria for the existence and distribution of solu-
tions of equations involving periodic functions, which combined imply Proposition 1.6 (but are
significantly more general). The approach used here involves Rouché’s theorem, the Argument
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Principle, and some elementary methods from valuation theory. These methods do not appear in
later sections of the paper. In Section 5, we use the results of the previous section to obtain con-
crete criteria for proving Zariski density of equations of the form F(z, j(z), j'(z), j"(z)) = 0.
These criteria are about the presence of poles in quotients of certain polynomials only in
j,j',j”. In Section 6, we produce zero estimates for polynomials in z, j, j’, j” in order
to determine when the quotients mentioned above have poles. In Section 7, we first prove
Zariski density for j-homogeneous equations (Definition 7.1), which only involve j(z), j'(z)
and j”(z), including the equation ;j”(z) = 0 (Section 7.1). Finally, in Section 7.2, we prove
Theorem 1.2 in full generality.

2. Preliminaries

Let H denote the complex upper half-plane {z € C : Im(z) > 0}. The group GL;r (R)
of 2 x 2 real invertible matrices with positive determinant acts on H via linear fractional

transformations
az+b a b
= for g = € GLT(R).
gz =y forg (c d) » R)

This action can be seen as a restriction of the action of GL,(C) on the Riemann sphere
C U {oo}. The modular group is defined as

b
SLy(Z) = {(i’ d) € GLI(R) :a.b.c.d € Z and ad — be = 1}.

As a group, SL,(Z) is generated by two elements (§ 1) and (9 ~}), which correspond to the
actions z =z + l and z — —%, respectively.

The modular j-function can be defined as the unique SL;(Z)-automorphic function
j:H — C satisfying j(p) = 0 (recall that p := exp(zT’”); this notation will be kept through-
out the paper), j(i) = 1728, and j(co) = oo (this last condition should be understood as
limypy(2)— 400 J(2) = 00). In particular, this means that j satisfies j(yz) = j(z) for every y
in SL,(Z) and every z in H, and it is in particular 1-periodic, and by assumption meromorphic
at i co. Its Fourier expansion (also known as a g-expansion) is of the form

[e.e]
2.1) j@)=q '+ 744 + Z aqu, with ¢ := exp(27iz) and a; € C.
k=1
In fact, a; € Z for every k € N. The j-function induces an analytic isomorphism of Riemann
surfaces SL,(Z) \ H ~ C (see [13, Chapter 3, §3]).
Since j is invariant under the action of SL;(Z), we can study the behaviour of j by
looking at fundamental domains of the action of SL»(Z) on H. The standard fundamental
domain is the set

1 1 1
F = {ZG(C:—E <Re(z) < o |z| > 1, (|Z| =1 :—5 fRe(z)SO)}.

We let F denote the Euclidean closure of I (within the Riemann sphere). A diagram of the
standard fundamental domain along with some of its SL,(Z)-translates is given in Figure 1.
When we refer to a fundamental domain, we will always mean a set of the form y[F for some
Yy € SL, (Z)
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Im(z)

Re(z)
-3 -2 —1 0 1 2

Figure 1. The fundamental domains of the action by SL»(Z), where F is highlighted by the striped
background.

It is well known that j satisfies the following third-order differential equation (and none
of lower order [15]):?

3 7\2 12— 1968 + 2654208
(2.2) 0= (L) + LT
EAN K 272(j —1728)2
This shows that the derivatives of j of order at least 3 are rational over j, j’, and j”. Mahler’s
result [15] implies that j, j/, and j” are algebraically independent over C.
The functions j, j’, and j” are all 1-periodic and meromorphic at i oo, and by differen-

tiating (2.1), we can obtain the following g-expansions of j’ and j”:

().

./ 2mi . k -7 4r> 2 2 k
ji(z) = —— 4 27i Zakkq , ji(2)=———4nm Zakk q°.
q k>1 q k>1

Observe that Q U {oco} forms a single orbit under the action of SL;,(7Z). We call these ele-
ments the cusps of j. Given a fundamental domain yF, the cusp of yF is the unique element of
Q U {oo} contained in the Euclidean closure of yIF (where the closure is taken in the Riemann
sphere).

Using (2.1) and the g-expansions of j’ and j”, it is easy to see that, for every x € R,
we have that each of the expressions j(x +iy), j/(x +1iy), and j”(x + iy) grows expo-
nentially to oo as y — +4o0. In this case, we sometimes write z — 0o to emphasise that z
approaches oo by increasing its imaginary part, while the real part remains bounded. A similar
behaviour takes place when z approaches a rational number from within a fixed fundamen-
tal domain containing that rational number in its Euclidean closure. We will give a precise
description of this behaviour in Section 4.

2) Observe that the denominators in the equation correspond to the polynomials that must be omitted in
Theorem 1.2.
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We finish this section with the definition of what we mean by finding a Zariski dense set
of solutions to an equation.

Definition 2.1. Let F(X, Yo, Y1, Y2) be a polynomial over C. We say the equation

F(z.j(2).j'(2). j"(z)) =0

has a Zariski dense set of solutions if, for any polynomial G(X, Yy, Y1, Y2) which is not divisi-
ble by some irreducible factor of F, there is zg € H such that F(zg, j(z0), j'(z0), j"(z0)) = 0

and G(2o. j(z0). j'(z0). j"(z0)) # 0.

Clearly, it suffices to prove Zariski density for irreducible polynomials to obtain Theo-
rem 1.2, so from now on, we will reduce to the case where F is irreducible.

3. Existence of solutions

We start with the Rouché method for proving the existence of solutions, but not yet their
Zariski density. We first recall the crucial theorem.

Theorem 3.1 (Rouché; see e.g. [14, Chapter VI, §1, Theorem 1.6]). Let f, g be mero-
morphic functions on a complex domain Q2. Let C denote a simple closed curve which is
homologous to 0 in Q and such that f has no zeroes or poles on C. If the inequality

lg(@)| < 1/(2)]

holds for all z on C, then the difference between the numbers of zeroes and poles in the interior
of C for the functions f + g and f is the same.

It is well known that the Euclidean closure of the SL; (Z)-orbit of any point in H (where
the closure is taken within the Riemann sphere) only accumulates at the boundary of H, that is,
at R U {oo}. The following lemma will help us choose convenient sequences within any given
orbit converging to points in R.

Lemma 3.2. Letz € Handu € R.

(1) If u e R\ Q and the sequence y;, = (‘;’; ZZ) € SLy(Z) is such that yz — u as k — +00,
then |cx| — +o0 and‘;—’k‘ — uask — +oo.

(ii) If u = ¢ € Q with ged(a, c) = 1, then there is a sequence y = (‘Z Z’Z) € SLy(Z) such

that |by|, |dr| — +o0 and yrz — u as k — +oc.

Proof. (i) We first show that |c;| — +o00. Since every subsequence of y; z tends to u, it
suffices to show that ¢ is unbounded. Assume it is bounded; then we can choose a subsequence
where the value of ¢y is constant. So assume ¢; = ¢ is a constant sequence.

Conversely, assume now that ypz — u. Let z = x 4+ iy. If dj is also bounded, then
we may assume it is constant. Then ayz + by = (arpx + by) + a;yi must be convergent;
hence aj must be convergent, and so constant. Then by, is also constant, for ady — bycr = 1,
a contradiction.
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Thus we may assume |dy | — +o0. Then

ax b
de+dk

- —u
EZ + 1
Therefore,
ag by (ak bk) ag
- - = - - - —
dkz—l— d, dkx—l- di + dkyl u
This implies
ag by
— =0, ——u
dy dy
b 1

On the other hand, a;dj — bic = 1; hence aj — =~ 0. Thus a; — uc, which means
ay = a € 7 is constant. But then u = % € Q.
Since |cx| — +0o0, then using that

arz + by ¢ o axz + by

R S T
ckz+di ar agz+ b+ o

we see that vz and ‘C’—]’: must have the same limit.
(ii) Asu = ¢ with ged(a, ¢) = 1, there are integers m, [ such that am — ¢l = 1. Choose
by =1+ ka,d, =m+ kc. Then
b
az + by N = . by Il +ak a
im = lim ———= lim — = lim =—
k—+oo cZ +dy  k—+oo ozt 1 k—>+oody k—>toom+ck ¢

=Uu. O

In order to ease notation, we will start using bold-faced letters to denote vectors, so we
set Y := (Yo, Y1, Y2)andj:= (j,j’, j"): H — C3.
We are now ready to prove Theorem 1.1 which we restate below for convenience.

Theorem 1.1. For every F(X,Y) € C[X, Y]\ C[X], the equation F(z,j(z)) = 0 has
infinitely many solutions.

Proof. If F does not depend on Y; and Y5, then we are done by the results of [9]. So
assume F depends on Y7 or Y5. The argument below is a generalisation of the method of [9].
Letr(X) :=—F(X,0,0,0) and G(X,Y) := F(X,Y) + r(X). Further, let

f(2) = G(z,j(2)).

Then we want to solve the equation

f(z) =r(2).

Notice that f(p) = 0, for j(p) = j'(p) = j”(p) = 0. Let B C C be a closed disc centred at
p with sufficiently small radius such that j’(z) # 0 and j"”(z) # 0 forz € B \ {p}.

Pick a pointu = ¢ € Q, and choose a sequence y € SL>(Z) as in Lemma 3.2 (ii) such
that ypz — u ask — 4oo forany z € H. Let By := y; B. By compactness of B, the function
r(yxz) tends to r(u) uniformly for z € B.
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We have
fkz) = G(ykz. j(2). (cz + di)?j'(2), (cz + di)* j"(2) + 2¢(cz + di)? j'(2))

- G(ykz,j(z),d,f(dikz + l)zj/(Z),

4 c 4 . /1 ¢ ¢ 3 ./
d} ((d—kz +1) @) +2d_k(ﬁz +1) @))-

Consider the polynomial G(X, Yo, T2Y1, T*Y>) as a polynomial of 7. It clearly has
positive degree, for otherwise G (and hence F') would not depend on Y7 nor Y;. Let its leading
termbe H(X,Y) - T™. Since ;—k — 0, we see that

flykz) =d" - H(u,j(2)) + o(dy") ask — +oo.

We can now shrink B to make sure that H(u, j(z)) # 0 on 0B, so it is uniformly bounded
away from O for z € dB. In particular, f(yxz) approaches infinity as k — +oo uniformly for
z € 0B. So, for sufficiently large k, the inequality | f(z)| > |r(z)| holds for all

z € 0By = o(yx B) = 0B,

and we can apply Rouché’s theorem to these functions. Since f has a zero in By, namely yy p,
sodoes f —r. m|

Remark 3.3. The following more general statement can be proven by the same argu-
ment. Let F(X,Y) € C[X,Y]\ C[X]. Let U C C be an open set such that U N R # @ and
let f:U — C be a holomorphic function. Then the equation F(z,j(z)) = f(z) has infinitely
many solutions.

As mentioned in Section 1, the proof of Theorem 1.1 does not guarantee a Zariski dense
set of solutions. For instance, if F(X,0,0,0) = 0, thatis, F has no term depending only on X,
then the only solutions yielded by the method above are the SL;(Z)-conjugates of p. In order to
establish Zariski density, we will look at a refinement of the procedure, where we transform the
equation by convenient elements of SL,(Z). This will be done starting in Section 6, but first,
in the next section, we will develop some tools to study equations involving periodic functions.

4. Solvability of certain equations involving periodic functions

In this section, we establish some general criteria for the solvability of equations involv-
ing periodic functions and, in particular, prove Proposition 1.6. We remark that this section is
independent in many ways from the rest of the paper as the results we prove make no reference
to j or its derivatives, and in particular, the methods developed here will not reappear in the
following sections.

We recall that, given a meromorphic function f, not identically 0, and a point zg, the
order of f at zg is the unique integer n such that (z — z9) ™" f(z) is holomorphic and non-zero
at zg.

Proposition 4.1. Let fo, ..., fn: H — C be 1-periodic meromorphic functions and let
—{ be the minimum order of fi./fn at a fixed zg € H fork =0,...,n — 1.
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If £ > 0, then for any sufficiently small disc D centred at zy and for every sufficiently
large m € Z, the equation

fn(2)z" + fn_l(Z)Zn_l 4+t folz) =0

has £ solutions, counted with multiplicity, in m + (D \ {zo}).

Proof. For simplicity, assume that fy/ f, has a pole at zg € H of order £ > 0; the same
proof will work in the general case with trivial modifications.

Under the above assumptions, ( f,/f0)(zo) = 0, and moreover, ( fi/fo0)(z0) # oo for
all k. Let F(z) := fn(2)z" + fu—1(2)z" 1 4+ --- 4+ fo(z). Consider the functions

. fn(z)zn and H(z) = fn—l(Z)Zn—l NI f1(2)

"~ fo(2) fo(2) fo(2)

Pick a small closed disc D centred at zg such that the f3’s have no zeroes nor polesin D \ {zp}.
Since fi(z)/fo(z) are periodic and bounded on D, for large enough m, we have

Ju(2)
fo(2)

By Rouché’s Theorem 3.1, the number of zeroes of the functions

G(z) z+ 1.

Gz +m)| =

|z +m|* > |H(z +m)| forzeadD.

G(z+m) and G(z+m)+ H(z +m) = fo(z) 'F(z +m)

inside D is the same. Since the former has a zero at zo of order £ and no other zero, the latter
must also have £ zeroes in D, counted with multiplicity. Thus fo(z)~ ' F(z 4+ m) has £ zeroes
in D, and so fo_1 F has £ zeroes in m + D, counted with multiplicity.
Finally, note that G(z9 + m) + H(zo + m) = 0 holds for at most n — 1 values of m;
thus, for m sufficiently large, the above £ solutions in m + D are actually inm + (D \ {zo}).
This finishes the proof of the proposition when fy/f, has a pole at zg of order greater

than or equal to that of f;/f, fork = 1,...,n — 1. For when the maximum order of pole at zg
is attained by fi/ f, for some k # 0, simply divide by f;(z) rather than fy(z) when defining
G and H. ]

Following the notation of the proposition, when the fi’s are polynomials in j, j’, j” and
some [,/ fn has a pole in H, the above proposition applies. Instead, when the functions fx/ f»
have no poles in H, we will rely on the asymptotic behaviour of f;/f, towards the boundary
of H. Specifically, we will prove an analogue of Proposition 4.1 in the case where

Jk(2)
Jn(2)

As the following example shows, we may also need to consider non-periodic functions
which are asymptotically periodic. Dealing with those functions requires a considerably more
sophisticated setup than the one in Proposition 1.6, so we first discuss the example in detail to
clarify the choices made in the rest of this section.

— 00 asz — 100.

Example 4.2. Consider the equation

() + 72 —1728)2(j")? + aj?(j — 1728)(j")* =0,
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where « is to be determined later. In order to write this equation as a polynomial in z with
periodic coefficients, we apply the z —% transformation® and get

2007 + 2222 (2) = 17282 (j"(2))> + 274 (2)*(j (2) — 1728)% ' (2) " (2)
+2°(4/(2)%(j(2) = 1728)°(j(2)* + ej(2)*(j (2) = 1728)(j'(2))*) = 0.

In this example, the ratio of the coefficients of z8 and z'° actually has a pole at i. How-
ever, checking for poles among such ratios in a general equation requires sufficiently precise
zero estimates at the conjugates of p and i, which are hard to produce for polynomials involving
J" (see Example 6.7); on the other hand, we can provide sharp zero estimates for polynomials
in j, j’ only (see Section 6). The latter estimates turn out to be enough: for instance, when the
original equation does not contain z, after the z — —% transformation, the coefficient of the
lowest power of z does not depend on j”. This is exemplified here by the coefficient of z°.
Hence our strategy hinges on the fact that the ratio between a particular coefficient not involv-
ing j”, which we can procure in all cases, and the leading coefficient has a pole or exponential
growth in some fundamental domain.

In this particular example, the ratio in question is between the coefficients of z6 and 219,
thus the function

1) = 4j2(j —1728)% + aj2(j — 1728) '
’ ('? '

We claim that f(z) has no pole in H. Indeed, easy calculations show that the orders of the
numerator at p and i (and their SL, (Z)-orbits) are equal to 6 and 3 respectively. The denomina-
tor has the same orders at these points, so f has no poles. Moreover, choosing o = % ensures
the leading terms in the g-expansions of the two terms in the numerator cancel out. This then
means that f(z) tends to a constant as z — i oco. Therefore, Proposition 1.6 cannot be applied
in this situation. However, f(z) has exponential growth as we approach 0 from within a funda-
mental domain with a cusp at O (in fact, we shall prove that f(z) must have exponential growth
in most fundamental domains). Indeed, after applying the z — —% transformation, we get

_ 4j(2)%(j(2) = 1728)% + az?j(2)*(ji(2) — 1728)j'(2)
- Z6j/(Z)3 ’

¢ = (1)

and because of the extra factor z2 in the second summand in the numerator, no cancellation is
possible, thus guaranteeing that g(z) grows exponentially as z — i co. Note however that this
function is not periodic, but only asymptotically periodic in the sense that

. gz+1)
Iim — =

1.
Z—100 g(z)

This fact is responsible for the technicalities in the rest of this section.

It is worth mentioning that, for equations of the form F(j, j’) = 0, where F is a poly-
nomial, the transformation z +— —% always guarantees that the ratio of the lowest and highest
powers of z has a pole in H or exponential growth at i co. In general, Proposition 1.6 is suffi-
cient when we deal with equations of the form F(z, j(z), j'(z)) = 0, although the argument
is somewhat more complicated.

3 The action of the group SL»(Z) is generated by the transformations z > z + 1 and z — —1/z. Since
our functions are invariant under the former, it is natural to apply the latter; while j is invariant under it, j" and j”
are not, and we take advantage of this fact.
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The reader may benefit from revisiting this example after reading the rest of the paper, as
it will make the above-mentioned phenomena less obscure.

Notation. Let J denote the field of 1-periodic meromorphic functions on H which are
also meromorphic at i 0o (recall Definition 1.5). We write & [w] and & (w) respectively for the
polynomial ring and its fraction field generated by the variable w over #. We remark that the
functions in & will also be thought of as meromorphic functions of the variable w.

Also, given an unbounded region U C C and two meromorphic functions f, g on U, we
write f ~ g for w — oo in U to mean that the limit of the ratio f(w)/g(w) tends to 1 as w
approaches infinity from within U'.

Lemma 4.3. Let f € P(w). Then there are « € C*, e,d € Z, and a positive C € R
such that f(w) ~ aw?q® for w — oo in the region Im(w) > C log|w|, where ¢ = exp(2miw).

Proof. 1t suffices to prove the conclusion for f € #[w]. Write
n
fw) = Z gk(w)wk, with g, € P.
k=0

Each gz (w) has a meromorphic g-expansion g (¢) which converges on some neighbourhood
of ¢ = 0. Let e be the minimum order of g5 (¢) atq = 0fork = 0,...,n. Let oy € C be such
that gi (¢) = q%(ax + O(q)). Let d be the maximum k such that g (¢) has order e at ¢ = 0,
namely such that ay # 0. In the region |¢| < |w|~®**D, we have O(¢q) = O(w~®*D), in
which case

n n
G(w,q) = Z gk(q)wk — qewd Z(ak + O(w_(”+1)))wk_d _ Otdqewd(l + O(w_l)).
k=0 k=0

It now suffices to specialise at ¢ = exp(27riw) and observe that |g| = e ™27 MW < |y|~(+1)

if and only if Im(w) > ”;;Tl log|w]. o

It follows at once that all functions in & (w) are “asymptotically periodic” in the sense
that f(w + 1) ~ f(w) for w — oo in the above region. Moreover, the lemma allows us to
make the following definition.

Definition 4.4. Call the order at ico of f € P(w), written ordy—;e0(f), the pair
(e,d) € 72 of integers such that, for some o € C and some C € R, we have

f(w) ~ aw™? exp(riew) forw — oo

in the region Im(w) > C log|w]|.
We say that f has exponential growth at i oo if its order is (e, d) with e < 0.

Here we consider Z? as a lexicographically ordered group. This makes (P (w), 0rdy =i o)
into a valued field, and we have for instance f(w) — oo in a suitable region Im(w) > C log|w|
if and only if ordy=;c0 f(w) < (0,0).

We can now set up a generalisation of Proposition 4.1 that will cover our application to ;.
Let us fix the following data:
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« apolynomial F(z,w) = Y }_o z* fi (w), where each f is in (w) and f; # 0;
¢ a value s which is either O or 1.

We look for the zeroes of functions of the form F,(w) := F(r + sw, w) for r varying
among the real numbers. For each r sufficiently large, we pick a suitable rectangle &, pictured
in Figure 2 and defined in Proposition 4.8, and integrate the logarithmic derivative F//F, along
the boundary of E,. Provided that F, does neither have zeroes nor poles on such a boundary,
by the Argument Principle (see Theorem 4.7), the value of the integral counts the difference
between the number of zeroes and poles, with multiplicity, inside E,. We will choose E;, so
that the integral has positive value.

We first parametrise the roots of F(z,w) as a polynomial in z in terms of w varying
in a suitable region. The resulting functions, which by construction are algebraic over & (w),
admit an order at i co which may be a pair of rational numbers, rather than only integers.

Lemma 4.5. There is a positive C € R such that, in the region
U={weH:Imw)=> Cloglwl|},

there are holomorphic functions B1, ..., Bn: U — C such that F(Br(w),w) =0 forallw € U,
and if F(B,w) = 0, then B = Br(w) for some k.

Moreover, there are ay € C*, eg,dy € Q such that By (w) ~ axw =% g% for w — oo
inU, where ¢ = exp(2riw) and w™% = exp(—2midy log(w)) for some holomorphic branch
of log(w) on U.

Proof. 1t suffices to prove the conclusion for F irreducible as a polynomial over & (w).

Let F(®) = 9F/0z. Then there are G, H € #(w)[z] such that GF + HF®) = 1. We
take C large enough that, by Lemma 4.3, the coefficients of F, F (Z), G, and H are holomor-
phic in the region U = {w € H : Im(w) > C log|w|}. In particular, F(z, wo) and F @) (z, wo)
have no common roots for any wg € U, and so, by the implicit function theorem, and because
U is simply connected, there are m holomorphic functions f1,..., B,:U — C such that
F(B:(w), w) = 0 for every t and w € U, and moreover taking distinct values at all w € U;
thus if F (B, w) = 0, then 8 = B (w) for some k.

Now fix some k. For every w € U, there is some ¢ such that

B ()’ fi(w)| = [Br(w)" fe(w)| for every ¢,

and since F (B (w), w) = 0, there is also & # ¢ such that |8 (w)” fj,(w)| = %|,Bk (w)! fr(w)].
Let U; j, be the region where those inequalities hold. We have in particular

a1
1= |Be(w)] ") %'z \/;

(ex.dy) = Ordw:}ioi(ft/fh)‘

By Lemma 4.3 combined with the above inequalities, there is N > 1 such that, whenever w is
sufficiently large in U; 5, we have

Let

Vo Bl 1
= Jwdegec] = N
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for some fixed determination of w~% on U. Choose N so that it works simultaneously for any
possible pair ¢, i. By continuity of B, the numbers dy, e; do not depend on 7, /.

Let S be the set of indices ¢ such that ordy=;co( fz) + (feg, tdy) reaches a minimum
value (e, d). By construction, S contains at least two elements. Write

Fw™ % g%z w) = ¢°w?(Go(z') + G1(z', w)),

where now G is a non-trivial polynomial in z” with | S| > 2 terms and constant coefficients,
and G has coefficients that tend to 0 for w — oo in U ;. Since

B (w)

w_quek

is bounded and continuous, it must converge to a non-zero root oy of Go(z’); thus we have
Br(w) ~ arw ™% g as desired. |

We now provide an estimate on the size of F,(w) that we can use on the boundary of .

Lemma 4.6. There exist0 <xo <1, C,y9 >4, D, Eo, E1 > 0 (with Eg possibly +00),
8 > 0 such that
n—1
|Fr(w)| = |F(r + sw,w)| > 8 | few)|[r + sw[*
k=0

forallw € H, r € R such that Im(w) > yo, |r| > Im(w)®, and one of the following holds:
* 0 <Re(w) <2, Im(w) < Eglog|r|, or
* 0 <Re(w) <2, E1log|r| < Im(w), or
e Re(w) € {x¢9,x0 + 1}.

Proof. We work in a region U = {w € H : 0 < Re(w) <2 A Im(w) > yg} for some
yo sufficiently large as determined by this proof. We start by taking yq large enough that, by
Lemma 4.3, f, has neither zeroes nor poles at w. We also require that |r| > C for some C
sufficiently large, again as determined by this proof.

By Lemma 4.5, provided yy is sufficiently large, there are holomorphic functions

Bloero pn:U — C

parametrising the roots of F(z, w) = 0 as functions of w, and for w — oo in U, we have

dy

Br ~ apw %% g%  for some ax € C* and di,e; € Q.

Since we are assuming 0 < Re(w) < 2, we also have Im(w) < |w| < Im(w) + 2. We
require that C > 4, yog > 4, so that we have the following simple inequalities:

|w|} |r + sw|
S—1 > —

||

> —2,s1 > {_

|r + sw| > max{|r| s Im(w)} > max 5552 2
It follows, for instance, that |w| ~ Im(w) — 400 for w — oo in U. We shall omit the speci-

fication “in U™ in the rest of this proof.
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We now bound |r 4+ sw — B (w)|, distinguishing multiple cases depending on (e, dy).
If (ex,dr) > (0,0), then B (w) converges to a finite value y; for w — oo. In this case,
we require C (if s = 0) and yy to be large enough that

Ir +sw| > 4]y| = 2|Br(w)].

This ensures that

[r +swl _ |r +sw| + |Br(w)]
2 - 4 .

Ir +sw — Br(w)| =

Suppose that e = 0 and dj < 0. For |r| > Im(w)2™{1.=4x} we have both |r| > 4|sw|
and |r| > 4|Br(w)| for w sufficiently large, and so, for yq large, we get

s = ] 1S B

If e < 0, then sw — B (w) ~ —Pr(w) for w — oo. Since Re(w) is bounded, we get

Re(log(sw — Br(w))) = loglsw — B (w)| ~ log|Br (w)| ~ —2mex Im(w).
We first give bounds when |r| is roughly at least |By|?, and when || is roughly at least |r|?.
More precisely, for yg sufficiently large, we have
r r+sw|+ w
s ety > 1 5 L B
B 17 30l SO oreim)

for |r| > e—4nek Im(w)’

Ir + sw — B (w)| >
For w — oo, we also have
Im(log(sw — Br(w))) ~ arg(a) + 7 + 2werRe(w) mod 2.

Now choose xg so that arg(ay) + 2mwerxo and arg(oy) + 2mer(xo + 1) are not in w7, and
so are different from arg(r) € wZ. Note that we can do this simultaneously for all k£ such that
er < 0. In particular, there is §; > 0 such that, after taking y¢ sufficiently large, we have

[r + sw — Br(w)| > S (|r + sw| + |Br(w)]|) for Re(w) € {x0,x0 + 1}.

Now, if e = 0 for some k, let D be the maximum between the values —2d, and 2 for
such k; otherwise, we can take D = 0.If ¢; < 0 for some k, let £ be the maximum of —4mey
and let £ be the minimum of —smey for such k; otherwise, let Eg = +o00 and £; = 0. Under
the above choices, there is § > 0 such that

|Fr(w)| > 8] fu )| T J(lr + sw| + 1Bw)) = 8 Y| fiw)[|r + sw|®
k

k=0

forany w € H, r € R satisfying the requirements in the conclusion. O

We now recall the Argument Principle, which plays a key role in the proof of Proposi-
tion 4.8.
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Im(z)

1
|r| M

E| log|r|

Eg log|r|

0 x| xor1n Re(z)

Figure 2. The region &, highlighted by the striped background.

Theorem 4.7 (Argument Principle; see e.g. [14, Chapter VI, §1, Theorem 1.5]). Let f
be a meromorphic function on a complex domain Q. Let C be a simple closed curve (positively
oriented) which is homologous to 0 in Q and such that f has no zeroes or poles on C. Let Z
and P respectively denote the number of zeroes and poles (counted with multiplicity) of f in

the interior of C. Then
: /') 95 dz
2ni(Z — P) = dz = —.
c f(2) foC Z

In the proof of the following proposition, we will integrate F,/ F; along the boundary of
&, and use the above estimates to find a positive lower bound, thus proving the existence of
zeroes of F, within E,. For a more geometric description, integrating F,/F, computes how
many times the image F,(z) winds around O while z moves along 0E,. The bounds below
will determine a rough picture of F;(0E,), as in Figure 3, and in turn determine the number of
zeroes, counted with multiplicity.

Proposition 4.8. Let (e, d) be the minimum order of fr/fn atioo fork =0,...,n—1
and suppose that e < 0. We work under the notation of Lemma 4.6. Then, for all r € R suffi-
ciently large, the function F(r 4+ sw, w) has —e zeroes, counted with multiplicity, within the
region (Figure 2)

B ={weH:xo<Re(w) <xo+ 1, Eglog|r| <Im(w) < |r|ﬁ},

where M = [D if D > 0 and M = 1 otherwise. Moreover, for w € 0E,, we have

n
[Fr+sww) = 8 Y | fiw)|lr + swl.
k=0
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Im(z)

F,

~ Re(z2)

Re(z)

Figure 3.  Visual representation of the action of F; on the boundary of a typical rectangle &, for F
of the form Az2 + Bz + Cj(z)2 + Dj(z) + E. The term j2 has lowest order (=2, 0),
so F; winds around O twice while following the top side of the rectangle.

Proof. Recall that F,.(w) = F(r + sw, w). First, we apply Lemma 4.6 to F,(w) and
find relevant constants xg, yg, 8, C, D, Eg, E1.Let M = [D]if D > 0 andlM = 1 otherwise.
Let r be large enough so that |r| > C, Eglog|r| > yo, and E; log|r| < |r| ; hence

|Frw)| = 8 Y | fiw)|lr + sw]*

k=0

for w € 0E,. It follows, for instance, that F.(w) has order (e,d) at ico. We also take r
sufficiently large so that each f(w) does not have poles in E,, so in particular F,(w) is
holomorphic on E;.

Note that F,(w) is never zero on the boundary of E,; thus its logarithmic derivative
F/ Fy is holomorphic there. We shall now compute the integral of F//F, of F; along such a
boundary.

Vertical sides. We show that the images of the vertical sides of E, under F, must be
close to each other, and so their contributions cancel out as they are taken with opposite orienta-
tions. For instance, if F, happens to be 1-periodic (as a function of w, for instance, when s = 0
and the coefficients of F are 1-periodic), then the images of these vertical sides are identical.

First, we observe that

Frw+1)— Fr(w) = Y fiw)(r + sw)

k=0

fre(w + 1)(r +sw + l)k_ 1)
( fr(w) r+sw )

Since f; € #(w), we have that
fre(w+1) ~ fr(w) as Im(w) — +oo.

Likewise, r + sw + 1 ~ r 4+ sw for r + sw — oo. Therefore, we can choose r large enough
so that the last factor on the right-hand side has modulus less than % for all k and for any w on
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the boundary of E. We then have

‘Fr(w‘i‘l)_l‘:‘Fr(w'i‘l)_Fr(w)'

1) Fy(w) Fy(w)

k 1
< )|(2|fk(w>||r+sw| ) <3

for w € 0E. We may now choose a branch of log in the disc around 1 of radlus and estimate
the integral along the vertical sides as®

1
/|’|M (Fr’(xo +1+iy) F{(xo +iy))d '
Fr(xo+1+4+1iy) Fr(xo+1iy) g

1
w=xo+i|r|M

Eolog|r|

a Og( Fr(w) )

Bottom side. 'We now show that the image of the bottom side is away from 0 and cannot
wind much. Using (4.1), for r sufficiently large,

/xo+1 F/(x +iEglog|r|) _ log(Fr(x + iEglog|r| + 1))‘ - log(é) -1
xo  Fr(x +iEolog|r|) Fr(x +iEglog|r|) 2 '

< log(%) — log(%) = log(3) < 2.

w=xo+iEglog|r|

Top side. We show that F, behaves like exp(2iew) on the top side of E,, and so the
image under F} is roughly a circle traversed approxim?tely e times.
We now constraint w to the region Im(w) = |r| ™, xo < Re(w) < xo + 1. We have

§max| fiew)lir + swl® < |Fr(w)] < nmax| fiw)llr + swl*.

By construction, 7 ~ wM for some power ¢ of i depending on M and the sign of r. For
simplicity, fix the sign of r, and assume that ¢ = 1, so that r ~ w™ . Then

n M k
FM + sw,w) - F(w) = 3 few)(r + sw)k((w) -1).
r+sw
k=0
In particular, by Lemma 4.6, we find that F(w™ + sw,w) — Fy(w) = o(F(w)) for r — +o0.
Since F(wM + sw, w) is in P (w), it has an order (¢’, d’) at i oo, and in fact, ¢/ = e because
the term w™ cannot alter the exponential growth.
Therefore, we find that there is @ € C* such that, for r large enough,
‘ Fr(w) 1

- -1 < -.
aw~ 4 expriew) 4

Observe that, for r large enough, we have

X —2mie

/XHI ((x + i|r|37)~ exprie(x +l|V|M)))/
X0 (x +i|r|3)~d expQmie(x + i|r|37))

xo0+1 d/
[
x0 X +l|r|M

) Recall that (fg)'/(fg) = f'/f +g'/g. and that [, f'/f =1log(f(y(1))) —log(f(y(0))) whenever

y:10,1] — C is a path and f o y takes values in a simply connected region on which we have fixed a continuous
branch of log.

< 1.
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Thus, for sufficiently large r, we have

X0t Fl(x + i|r| V) Fr(w)
——d log — :
X0 Fr(x +ilr|™) aw™ % exp(Rriew)
Conclusion. Using the above estimates, we can now find the winding number of F; (0E)
at 0. Summing up the contributions from all sides, with the appropriate orientations, we obtain

1 F, !
- ¢ r(w) dw + e
2ri Jor, Fr(w)

By the Argument Principle, the integral on the left-hand side must be the difference
between the number of zeroes and poles of Fy(w) inside E (in particular an integer) multi-
plied by 27i. Since F,(w) is holomorphic on E, it must have —e zeroes in &, counted with

multiplicity. O

|
w=xo+1+i|r|N

X —2mie +1<2.

=

w=xo+i|r| N

1
<—Q2+14+2)<1.
2

Proof of Proposition 1.6. This follows from combining Propositions 4.1 and 4.8, where
we use r = m a large integer and s = 1. Note that if f;(z)/fn(z) = o0 as z — ioco, then
Jfx(2)/ fn(z) must have exponential growth at i oo, for it is periodic and so has a g-expansion.

m|

5. Some criteria for Zariski density
Recall that Y := (Yp, Y1, Y2) and j := (j, j’, j”): H — C3.

5.1. Generic transforms. Given p € C[X, Y], or more generally p € K[X, Y] for some
field K, we define the generic SLo(Z)-transform of p as the polynomial I'(p) € K[Z, W, C,Y]
given by
C(p)(Z,W,C,Y) := p(Z,Yy, W2Y1, W4Y, + 2CW3Y)).
In particular, we have degy (p) = deg(I'(p)). By construction, for any y = (‘Cl 2) € SL,(Z),
if n = degy (p), we have

p’(z.j(2)

(cz+d)n’

Note that p¥ € K[X,Y].
We make the following observations.

(O1) The map I': K[X,Y] — K[Z, W, C,Y] defined above is a K-algebra homomorphism
with left inverse p(X,Y) = I'(p)(X, 1,0,Y).

(02) For each y € SLy(Z), the map p + p? is multiplicative, that is, (p1p2)” = p] p} for
any pi, p2 € K[X,Y]. Indeed, this follows at once from the fact that I" is a homomor-
phism (O1) and degy (p1p2) = degy (p1) + degy (p2).

(03) Forany p € K[X,Y] and any yy1, y2 € SLy(Z), there is r € Z[X] such that

(p"H7?2 = r(X)p¥172.

aX +b
cX +d

p(yz,j(yz)) = where p¥(X,Y) := (¢ X + d)"F(p)( cX + d,c,Y).

Indeed, letn = degy (p) and m = degy (p”'). By construction, m = n + degy, (p) > n.

Now write
b i b
Ve = (at t) fort € {1,2}, and y1y2 = (i "')‘
¢ dt C d
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Thus

pY(2.§(2) _ P1yaz.i(1vaz)) = PV (y22,j(y22))
@ +d)yn ’ €172z + dy)”

_ (p?)72(2,j(2))
(c1y2z + d1)"(c2z + do)™

Since m > n and (c1y2z + d1)(c2z +dy) = ¢z + J, we get

X + dy)" X+b
r(X) = (Ci + .,2) (6‘1 2 + 52 —I-dz)n
CX +d)" X +da

= (2 X +d)" " € Z[X].

(O4) For any p € K[X,Y] and any y € SL(Z), if we consider p and p? as polynomials in
the variables Y with coefficients in K(X), then p is irreducible in K(X)[Y] if and only
if sois pY.

Indeed, note that if p is not a unit (meaning it contains one of the variables Yy, Y7, Y>),
then pY is also not a unit. It follows by (02) that if p is reducible in K(X)[Y], thus
a product of two non-units, then so is p¥. Likewise, if pY is reducible, then ( p”)y
is reducible too, and (p?)Y = r(X)p for some r(X) € C[X] by (O3); since r(X) is
a unit, it follows that p is reducible.

Proposition 5.1. Let p be an irreducible polynomial in C[X, Y]\ C[X] and y € SLy(Z).
Let h be the irreducible factor of pY that is not in C[X]. Then the equation p(z,j(z)) = 0 has
a Zariski dense set of solutions if and only if the equation h(z,j(z)) = 0 has a Zariski dense
set of solutions.

Proof. By (03) and (04), p¥ = r(X)h and ol = s(X)p for some r,s € C[X]. Tt
follows that p(z,j(z)) = 0 and A(z, j(z)) = 0 have the same solutions except possibly for the
zeroes of r(z) and s(z). Since those are only finitely many, the solutions of the former equation
are Zariski dense if and only if so are the solutions of the latter. |

5.2. Density criteria. We now apply the results of Section 4 to establish some useful
criteria for Zariski density of solutions of equations involving z, j(z), j'(z), j"(z).

Definition 5.2. Given a function g € C(z,j(z)) and y € SL»(Z), we say that g(z) has
exponential growth in yF if g(y~'z) has exponential growth at i co. Furthermore, if r is the
cusp of yIF (thatis, r € Q U {oco} is in the Euclidean closure of yIF'), then we define the order
of g(z) in yF atr as ord;—i00(g(y~12)).

Proposition 5.3. Let F(X,Y) =Y j_o X k pi(Y) be a polynomial. Assume that, for
some k and some y € SLy(7Z), the function pr(j(2))/ pn(i(2)) has exponential growth in yF.
Then there are £ > 0,0 < xo < 1, M > 0, E¢ > 0 such that, for all m € Z sufficiently large,
the function F(z,j(z)) has { zeroes, counted with multiplicity, within the region m + y &,
where

Em={zeH:xo <Re(z) <xo+1, Egloglm| <Im(z) < |m|ﬁ}

Proof. Fix some s € {0,1},¢ € R to be determined later. For m € 7Z, let

Fu(i)=Fm+t+sz,jyz)).
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Likewise, set G(z) := F(z,j(z)). By Proposition 4.8 applied to F(z,j(yz)), Fn(z) has £ > 0
zeroes in a certain region &, and is suitably bounded from below for z € 0&,,, as long as m
is sufficiently large.

If y is upper triangular, namely yz = z + k for some k, we choose s = 1, t = 0, and
observe that, since the functions of j are 1-periodic, G(z + m) = F(z + m,j(yz)) = Fn(2);
thus G(z) has £ zeroes in each region m + E,,.

Otherwise, let s = 0 and let ¢ be the limit of yz as z — oo (where in fact t € Q). In
particular,

G(m +yz) = Fm(2) = F(m + yz.j(yz)) — F(m + 1,j(y2))

= 3 pelr)m + o ((ZE22) 1y,
k=0

m+t

Thus, as soon as z is sufficiently large, the last factor on the right-hand side has modulus
less than % independently of m. Then pick m large enough so that this happens whenever
Im(z) > Eglog|m|, and so

GO+ 72) — Fn(2)] < 3 Fn(2)]

Therefore, by Rouché’s Theorem 3.1, G(m + yz) and Fy,(z) have the same number of zeroes
in &,,, counted with multiplicity. It follows that G(z) has £ zeroes in the regionm + yE,,. O

Proposition 54. Let F(X,Y) =) ;_o X k pi(Y) be irreducible. Suppose for some k
the function P(z) = pr(j(2))/ pn(j(2)) satisfies one of the following:

(1) P(z) has a pole in H, or
(i) P(z) has exponential growth in some fundamental domain.

Then the equation F(z,j(z)) = 0 has a Zariski dense set of solutions.

Proof.  Suppose by contradiction that all the solutions of F(z,j(z)) = 0 lie on a further
hypersurface G = 0, where G € C[X, Y] is a non-constant polynomial not divisible by F.
In particular, the algebraic subset of C* defined by {F = G = 0} has dimension two, so its
projection onto the variables Yy, Y1, Y» has dimension at most two, meaning that the solutions
satisfy an equation H (j(z)) = 0 for some non-constant polynomial H € C[Y]. The assumption
on F implies that F' depends on the variable X (i.e. n > 1); thus F and H are coprime.

By Propositions 4.1 and 5.3, for m € Z large, there are regions E,, such that the orig-
inal equation has solutions in m + E,,, and moreover the real part of each &, is bounded
from above and below and the imaginary part is bounded away from O uniformly in m. Each
solution can be in m 4+ E,, for at most finitely many m € Z. This implies that, for some m
sufficiently large, the function H (j(z)) has infinitely many zeroes in the region |_J \k|>|m| Sk If
this union is bounded, then we conclude that H is constantly zero by the identity theorem from
complex analysis, but this contradicts the algebraic independence of j, j’, j”. So we assume
that the union is unbounded, but by Lemma 4.3, there exist « € C*, d,e € Z, and C > 0
such that H(z) ~ az? exp(e2riz) in the region U := {z € H : Im(z) > C log|z|}. Then the
only way H can have infinitely many zeroes in U‘ k|>|m| Sk 1s if H is constantly zero, again
contradicting the algebraic independence of j, j’, j”. This completes the proof. m)
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Corollary 5.5. Let F(X,Y) =) i_oX k pi(Y) be irreducible. Suppose that p, has
a factor h such that the equation h(j(z)) = 0 has a Zariski dense set of solutions. Then the
equation F(z,j(z)) = 0 has a Zariski dense set of solutions.

Proof. If n =0, then F = pg which, by irreducibility, is equal to a constant multiple
of h, and so the result is immediate. If instead n > 0, then by irreducibility of F' for some
k €{0,...,n — 1}, pi is non-zero and not divisible by A. Then p (j(z))/ p»(j(z)) will have
poles in H at those solutions of /(j(z)) = 0 which satisfy pg (j(z)) # 0 (which exist since we
are assuming Zariski density of the solutions of 4(j(z)) = 0). So now the corollary follows
from Proposition 5.4. ]

6. Zero estimates

In view of the results in the previous section, we will now look at the poles of quo-
tients of the form px (j)/ pn(j), with pg, pn € C[Y]. We keep using the notation introduced in
Section 5.1.

Given p € C[X,Y], we will prove a few estimates on the order of p(z, j(z)) at different
points, distinguishing three cases. Before that, we note that specialising the variables Y7 and Y»
of I'(p) at some complex values will almost always return an “obfuscated” copy of the original
polynomial, which for instance cannot be constant unless p itself was. More precisely, we note
the following trivial identity.

Lemma 6.1. Forevery a, B € C with o # 0, we have

U, —a 4pU}
T19 Y()?az’ ﬂ) = p(X’ YO’ U127 U2)

F(P)(X,Ol_lUl,Ol
i

Proof. Immediate. |

First, we consider unramified points of j, that is, points T € H such that j'(7) # 0. If
(Yo — j(z))" divides p, then p(z, j(z)) has obviously order at least s at all conjugates of 7. We
show that the order is exactly s for most conjugates.

Proposition 6.2. Ler p € C[X,Y] be non-zero, T € H. Suppose that j'(t) # 0 and let
s be the maximum integer such that (Yo — j(t))® divides p. Then, for all v in a Zariski open
dense subset of SLy(Z), the function p(z,j(z)) has order s at z = yt.

Proof. Let f € C[X,Y] be such that p = (Yo — j(7))* f. Then we need to show that
f(z,j(z)) has order 0 at z = yt, for all y in a Zariski open dense subset of SL,(Z). In other
words, it suffices to prove the proposition for the case when p is not divisible by Yoy — j(1)
(and hence s = 0).

From now on, we assume s = 0. By Lemma 6.1, ata? = j'(z) #0,8 = j" (1), U? = Y1,
U, = Y5, there are Vy, V, € C(Uyp, Uy) such that I'(p) (X, V1, Va,j(1)) = p(X, j(1), Y1, Y2).
Since p is not divisible by Yo — j(7), p(X, j(7), Y1, Y2) is a non-zero polynomial; hence, in
particular, r(Z, W, C) := I'(p)(Z, W, C, j(7)) is also non-zero.
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Now take y = (¢ 5) € SL,(Z) and write
P’ (@ j(®) = (ct +d)'r(yr,ct +d,c) = (ct +d)" p(yz.j(y7)),

where n = degy (p). In particular, p(yt,j(y7r)) = Oifand only if r(yt,ct + d,c) = 0.
The map v: SL,(C) — C3 given by y > (yt,ct + d, ¢) is injective, and since

dim SL,(C) = 3 = dim C?3,

by the fibre-dimension theorem, v is also dominant. As r is a non-zero polynomial, there is
a non-empty Zariski open subset U; of C3 such that r never vanishes on U. This then gives
a Zariski open subset Uy of SL,(C) such that, for every y € Uy, v(y) € U;. This implies
that, for y € Uy, p(z,j(z)) does not vanish at z = yt, and hence p(z,j(z)) has order s = 0
atz = yt. O

With this proposition, we obtain the following special case of Theorem 1.2.

Corollary 6.3. The equation j(z) —u = 0 has a Zariski dense set of solutions if and
only if u ¢ {0, 1728}.

Proof. If u ¢ {0,1728}, then for any t € H satisfying j(t) = u, we have j'(1) # 0.
We need to show that the solutions of the equation j(z) = u are Zariski dense. So suppose
that p(X,Y) € C[X, Y] is such that its zero locus contains all the solutions of j(z) = u. The
solutions of j(z) = u are precisely SL,(Z)t, where j(t) = u, so p(yt,j(yz)) = 0 for all
y € SLy(Z). Therefore, p(z, j(z)) has positive order at yt for all y € SL»(Z), so by Proposi-
tion 6.2, Yo — u divides p, thus proving Zariski density.

On the other hand, if u € {0, 1728}, then for any v € H satisfying j(r) = u, we have
that j'(t) = 0, so the solutions of j(z) = u lie in the proper Zariski closed subset given by
Y; =0. O

Now we consider the behaviour of p(z,j(z)) towards the cusps of the fundamental
domains. We write TY := (TYy,TY1, TY>). One can easily see that the order at the cusp of
any given fundamental domain is at least (—e, —N) for some N, where e = degr (p(X,TY)).
This is not far from the actual behaviour at most cusps.

Proposition 6.4. Let p € C[X,Y]. Then there is 0 < M < degy, (I'(p)) such that, for
all y in a Zariski open dense subset of SLy(Z), the function p(z,j(z)) has order (—e,—M) at
the cusp of yIF, where e is the degree of p(X,TY) in T.

Proof. Letn = degy(p), e = degy(p(X,TY)), and write

e
PX.TY) =Y TKpe(X.Y),
k=0

where each pj is homogeneous of degree k in the variables Y, namely

(X, TY) = T* pr(X,Y).
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Since I'(p)(Z,W,C,TY) = T'(p(X,TY)), we have

e
T(p)(Z. W.C.TY) =Y TFT(pp)(Z.W.C.Y).
k=0
and so each I'(py) is still homogeneous of degree k in Y.
Recall that, for Im(z) — 400, letting ¢ = exp(27iz), we have

j@=q""+00), j'(z)=-2mig”" +001), j"(z) =—4x’¢"" + 0().
Now fix some arbitrary y = (¢ ) € SL,(Z). We have
PY(2.0(2) = ¢~ (cz + d)'r(yz.cz + d,c) + O(g~ 12N

for Im(z) — 400 in the standard fundamental domain, where N is the degree of I'(p) in
the variable W, and r(Z, W,C) :=T'(pe)(Z, W, C, 1, —2mi, —47?). More precisely, when
¢ # 0, letting M = degy, (), we can also say

pY(z,j(2) = q_e(cz)”r(;—l,cz,c) + 0@z tM,

Therefore, the order of pY¥ (z, j(z)) atioco is (—e, —(n + M)), and so the order of p(yz,j(yz))
is (—e, —M), unless the leading coefficient of r (%, W, ¢) vanishes or ¢ = 0.

To conclude, since the map y > (a,c) from SL,(C) to C? is dominant, it suffices to
prove that r is non-trivial (like we did in the proof of Proposition 6.2). By Lemma 6.1, at
a? = 2mi, = -4, Ul = Y1Y; ', Uy = Yo Y5 !, there are V7, V5 € C(Uy, U,) such that

Yo 1 Y
FX. Vi, V) = T(pe) (X Vi, Va, 1, =2, —472) = pe(X. 72, 25 2 ) = Y3 pe(X. V),
Yo Yo Yo
where the last equality follows from the homogeneity of p.. Since by assumption p, # 0, this
shows that r is non-trivial, as desired. O

Example 6.5. It is easy to construct examples where a function has no exponential
growth at some cusp. For instance, if p(Y) = 472Yy + Y5, then p(j(2)) = 472j(z) + j"(2)
18 bounded for z — i oo in the standard fundamental domain. However, after the transformation
Z > —%, one gets 42 j(z) + z*j"(z) + 223 j/(z), which has order (-1, —4) at i oo, since
z4j"(z) is the dominant term. Note that here 4 = degy, (I'(p)).

There are also simple examples where the dominant terms cancel out at all cusps. Take

h(Y) = Y? — YoY>. Then
h(j(y2)) = (cz +d)*j'(2)* = (cz + d)*j(2)j"(2) = 2¢(cz + d)? j(2) ' (2)

has order (—2,—3) for ¢ # 0, because j(z)j"(z) ~ (j'(z))> ~ —4w?q~2, and it has order
(—2,0) for ¢ = 0. On the other hand, degy, (I'(h)) = 4. Proposition 6.4 guarantees that, even
though these cancellations may occur at all cusps, some term of maximal exponential growth
is not cancelled, at least generically.

Finally, we compute the order of p(z,j(z)) at the points T for which j’(t) = 0, namely
the orbits of p and i. Here, the order is at least the maximum v such that 7V divides respectively
p(X,T3Yy, T?Y1, TY,) (for the conjugates of p) and p(X, T?Yo + 1728, TY1, Y») (for the
conjugates of i ). This estimate is not sharp when p depends on Y5, as we show in an example
below, so we restrict to p € C[X, Yo, Y1].
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Proposition 6.6. Let p € C[X,Yy, Y1), T € H, u = j(t), and let ju be the order of
j(z) —u at z = t. Then, for all y in a Zariski open dense subset of SLo(Z), the order of
p(z.j(2)) at z = yt is the highest power of T dividing p(X,T*Yo + u, T*~1Y}).

Proof. The proof is very similar to that of Proposition 6.4. Write

m
PX.THYo +u, Ty = Y T*pe(X.Y),
k=v

where each pj satisfies the homogeneity condition
(X, TYo, TH7'Y1) = TX pr (X, Yo, Y1)
and p, # 0. Since
T(p)(X, THYo +u, TH Y1) = T(p(X, T*Yo + u, T 111)),

we have

m
()T Yo +u. TH'Y) = Y TET(p)(X.Y)
k=v
and each I'(py) satisfies the above homogeneity condition.
Fix ag € C such that j(z) —u ~ ag(z — 7)*, and so also j'(z) ~ pog(z — 1)*7 L, for
z — 7, where by assumption puog # 0. For y = (‘Cl 2) € SLy(Z), we have

pY(2,j2) = (ct +d)'r(yt,ct +d,c)(z —1)" + O((z — )" 1Y)

as z — t, where
rZ,W,C):=T(p,)(Z,W,C,ap, Lag).

It follows that the order of pY¥ (z,j(z)) at z = 7 is v as long as r does not vanish. Since z > yz
is a diffeomorphism, this coincides with the order of p(z,j(z)) at z = yr.

To conclude, since the map y + (yt,ct + d, ¢) is injective on SL;,(C), hence dominant
on C3, we only need to show that r is non-trivial. Pick B¢ such that ,Bg“ =g I and U
such that UOZM = Y. By Lemma 6.1, at a? = uag, f =0, U12 = (ﬂoUo)_z(“_l)Yl, there
are V1, V, € C(Uy, Uy) such that

Yy
r(X, V1, V2) = D(pu)(X, Vi, V2, ao, petg) = Pk(X’ @o. W)

— ) ( x Us" ! )
— TINT (BoUo)2 (BoUg) 2D
= (BoUo) ¥ py(X. Yo, Y1),
where the last equality is implied by the homogeneity condition. It follows that r is non-trivial,

as desired. D

Example 6.7. The above method fails when p depends on Y». Indeed, to compute say
the order of p(j(yz)) at p, we would look at the maximum power of 7" dividing

P (X, T3Yy, T?Y1,TY>).
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However, if p contains Y5, then
L(p)(X, T3Yo, T?Y1,TY2) # T(p(X. TYo, T*Y1, TY2)),

breaking the very first steps of the argument.
The order can indeed be higher than expected at all the conjugates of p or i. For instance,
for the polynomial

2
p(Y) =YoY> — §Y12’
the maximum power of 7 dividing p(T3Y0, T2Y;, TY>) is 4; however, the function p(j(z))
has order at least 5 at all conjugates of p: if j(z) ~ a(z — yp)3 for z — yp, then

2
Pli() = oz = yp)*(6 = 537+ 0G = yp) = O = vp)").

Corollary 6.8. Forall p € C[Yy, Y1], h € C[Yo], and £ > degy, (p), if the function
_ p(©).J')
h(j(2))j'(2)*

is non-constant, then it has a pole in H or it has exponential growth in some fundamental
domains.

P(z)

Proof. Suppose that P(z) has no poles in H and has no exponential growth in any
fundamental domain. Without loss of generality, we may assume that p and /& are coprime.

Let B be a root of h(Yy) such that B ¢ {0, 1728}, and let T be such that j(z) = B. In
particular, Yo — 8 does not divide p. By Proposition 6.2, p(yt, j(yt)) # 0forall y € SL,(Z)
except for some proper Zariski closed set, and so P has a pole at y t, a contradiction. Therefore,
h(Yp) is of the form ¥ (Yo — 1728)" for some o € C.

Now A(j(z));j’(z)* has order 3s + 2£ at all the conjugates of p and 27 + £ at all the
conjugates of i; thus p(j(z), j’(z)) must have at least the same order at those points. On
writing p =) , Y f/ pe(Yo), Proposition 6.6 implies that each py/(Yy) is divisible by

2(4—¢)

yaHPEET and (v — 1728) 17

In particular, whenever py # 0, we have

2(153—5’)] . {e —25'

with strict inequality if py/ is not a constant multiple of

7
deg(p)zdeg(per)zs+t+{ ]+£’zs+t+£/+g(z—£/),

2(4—¢))

Y2 (v, — 1728) 1551,

On the other hand, by Proposition 6.4, on a Zariski open dense set of fundamental
domains, the denominator has order at most (—(s + ¢ + £), 0) at the cusp, while the numerator
has order at most (— deg(p), 0); thus, whenever py # 0, we also have

7
s+z+z/+g(£—£/)5deg(p)§s+t+£.

As {' < degy,(p) < { and % > 1, it follows at once that £ = £’ and that p = py is a constant
multiple of Y (Yo — 1728)'Y £, and so that P(z) is constant. m]
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7. The main result

7.1. j-homogeneous equations. Before tackling the general case of Theorem 1.2, we
look at equations of the form F(j(z)) = 0, where F' € C[Y] satisfies the homogeneity condi-
tion below.

Definition 7.1. The j-degree of F € C[X,Y] is the degree of F(X, Yy, T?Y1,T*Y,)
in 7', which we denote deg;(F). We say that F is j-homogeneous if F(X, Yo, T?Y1,T*Y,) is
homogeneous in the variable 7'.

One of the easiest examples of a j-homogeneous polynomial is F = Y5, which has j-
degree 4. For the sake of exposition, we first sketch the proof of Zariski density for this F',
namely for the equation j”(z) = 0.

First, we observe that, for y = (‘Cl 2) € SL,(Z),

7.1 j(y2) = j”(z)c4((z + %)4 + 2(Z * 93/]((22))) = j”(z)c4h(z + %,z),

where

' W) X3
II(W)

If we can find T € H such that j”(7) = 0 # j/(z), we are done by Proposition 5.4, so suppose
by contradiction that this does not happen. In this case, j'(z)/j” (z) is bounded on the standard
fundamental domain F: by construction, it cannot have poles in H, and by looking at the g-
expansmns it is also bounded for Im(z) — +4o0. This also implies that s (z —l— ,T) # 0 for
any £ € Q, t € H except possibly when j'(7) = 0.

Second, under the above assumptions, we shall verify that 2(t + r, ) # O forall r € R,
t € H (Claim 7.3.1), and in turn deduce that

e )|z

forall z € IF, for some ¢ > 0 (Claim 7.3.2).
In particular, for all z € ¥, we have

‘ J'(yz) J'(@) J'(2) |Im(yz) _ 2M Im(yz)
7"y T ej"(2) gj"(2)| Im(z) = V3¢
where M is a bound for |j’(z)/j”(z)] on F, and so j'(z)/j”(z) — 0 as Im(z) — 0. By
the Schwarz Reflection Principle, j'(z)/j”(z) extends to a holomorphic function on C that
vanishes for all z € R, and is thus constantly 0, a contradiction.

For a general j-homogeneous F, we just need to find an appropriate generalisation of
equation (7.1) and fill the details in the above sketch.

hX,W)=X*+2

lez +d|7% =

Lemma 7.2. Let F € C[Y] be j-homogeneous. Then there are polynomials py € C[Y]
and h € C[X,Y] such that, for all y = (¢ b) € SLy(Z) with ¢ # 0, we have

pi(z ))(
F(j(2))

where N = degj(F), py = F, and 0 # py, € Y- C[Yo] with 2¢ < ko.

FG(r2) = F)eY (Z ) = FaeneVa: + i),
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Proof. Let F be as in the hypothesis. By j-homogeneity, we have that

T(F)(Z,W,C,Y) = F(Z,Yy, WY1, W*Y, + 2CW?3Y))

w2 w4 w3
_ N
—C F(Z,YO,EYLFY2+2§Y1).

Therefore, we can write I'(F) as

N y wk
PR =CY Y pe) o
k=0

where N = degj(F). Let ko be the least integer such that pg, # 0.

By a further application of j-homogeneity, we also have

N Y, 2C
TR = WNY 2 F(Z. Y0 15+ ).

It follows at once that the terms of maximum degree in W, which make up (WY /CN)py, are
found by discarding 2C /(W Y1), and in particular, we discover that px (Y) = F(Y). Similarly,
the terms of lowest degree in W/ C are obtained by specialising at Y> = 0 and taking the least
power of Y1, and so pg, € YlZ - C[Yo]. Moreover, if ¢ is the degree of F in Y5, we have that
ko=N—t,{ =% —¢ thus 2¢ < ko. o

Theorem 7.3. For any irreducible j-homogeneous polynomial F(Y) ¢ C[X, Yy, Y1],
the equation F(j(z)) = 0 has a Zariski dense set of solutions.

Proof. Let F be as in the hypothesis and fix the polynomials py, & as in the conclusion
of Lemma 7.2.

If some pg(j(z))/ F(j(z)) has a pole in H or exponential growth in some fundamental
domain, we are done by Proposition 5.4. Therefore, we shall assume that this is not the case.
In particular, we assume that 4 (z + %, j(2)) has no pole in H for any %.

With this additional assumption, if F(j(r)) = 0, then F(j(ytr)) = O forall y € SLy(Z).
Since F is not divisible by Yy — j(7), Proposition 6.2 implies that j'(r) = 0. In particular, for
any %, h(t + %,j(r)) = 0 implies that j'(7) = 0.

Claim 7.3.1. For everyu € R, the function h(z + u, j(z)) has no zero in H.

Proof of the claim. Suppose h(t + u, j(r)) = 0 for some (7,u) € Hx R. As h(Z,Y)
is monic in Z, the analytic map (z,u) +— (h(z + u, j(z)), u) has finite fibres, in particular of
dimension zero. Then the Open Mapping Theorem implies that the image of any ball around
(r,u) contains an open neighbourhood of (0, u). In particular, for every rational number r
arbitrarily close to u, there is 7, close to t such that h(z, + r, j(z;)) = 0.

Since & is monic in Z, the polynomial A(t + Z, j(t)) is not identically zero; thus, for r
sufficiently close to u, we have h(t + r, j(t)) # 0, and so t # t. Therefore, the t,’s can be
chosen to accumulate at T for r — u. However, our assumptions imply that j'(z,) = 0, so the
7,’s lie in a closed discrete subset of H (namely, the orbits of p and i), a contradiction. |
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Claim 7.3.2. There is € > 0 such that
h(z 4+ u.j(2)| = ez +ul™

forallz € F andu € R.

Proof of the claim. Our current assumptions imply that each py (j(z))/ F(j(z)) has nei-
ther a pole in F nor exponential growth in IF. Since these functions are in & rather than 2 (w),
their order at i 0o is of the form (e, 0), thus at least (0,0), and so they are bounded in F, say
by M > 0. In particular, since 4 is monic in Z, we have |h(z + u,j(z))| > %lz + u|" as soon
as |z + u| > 2NM . On the other hand, |z + u| < 2NM defines a compact subset K of F x R,
and so the function
h(z + u.j(z))

(z +u)N

attains some minimum ¢ > 0 on K, since it does not vanish by Claim 7.3.1. The conclusion
follows on taking & = min{¢’, % . O

Therefore, for z € IF, we find that

. . N d|N . N
FGO2)] = el FGEDICN |2 + 5| = el FE)llez + a1,
and in particular, for some M > 0 independent of z, we have

‘Pko(j(yz))) _ 1P G@)llez +dPC_ |pi, (i(2)]

lez+dP* N <M Im(yz)e_%,

F(j(yz)) |FG(y2))l ~ e[F((2)]

where we have used that 2¢ < N and that, for z € IF, pg,(j(z))/F(j(z)) is bounded while also

I 3

ez +df = 28 CEN

Im(yz) = 2Im(yz)

Therefore, )
—Pkof.](Z)) — 0 as Im(z) — 0;
F(j(2))

thus, by Schwarz’s reflection principle, pg,(i(z))/F(j(z)) has a holomorphic extension to C
that is constantly zero on R, thus constantly zero on C; hence pg, = 0, a contradiction. O

Remark 7.4. TLet S ={z € H: F(j(z)) = 0} for some F as in Theorem 7.3. As ob-
served in the proof, every T € § that is not in the SL;(Z)-orbit of p or i must also be a pole
of some coefficient py(j(z))/F(j(z)) appearing in Lemma 7.2. Combining this information
with Proposition 4.1, it follows that j(.S) is infinite and every point of j(S) \ {0, 1728} is an
accumulation point of j(S).

7.2. Proof of Theorem 1.2. For the rest of the section, fix some F € C[X, Y] and let
pr € C[Z, C,Y] be polynomials such that

N
D(F)Y(Z.W.C.Y) = p(Z.C.Y)WF,
k=0
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where N = degy, (I'(F)). Given a polynomial @ € C[X, Y], we will use the notation®
aN :={a®:5 e N}

Given different polynomials a1, ...,ay € C[X, Y], we use alﬁ ---oz?I to denote the set of all

products between elements of different ol

Proposition 7.5. The polynomial py is the sum of the terms of maximum j-degree in
F(Z,Yy, W2Y1, W4Y>). In particular, N = degj(F), pn is j-homogeneous, and p N does not
depend on C.

Proof. Let X“ YO‘B 0 Ylﬂ ! Yzﬂ 2 denote a monomial, so «, Bo, B1. B2 € N. Observe that
rxeyfoyfryfoy = zeyfoyPrw2bi38wy, 4 201)).

Hence
degW(F(XD[Yoﬁoylﬂ1 Yzﬂz)) =2B1+ 482

and the term accompanying W21 +4b2 i 7 “Yo’g 0 Ylﬂ ! Yzﬁ 2,
Now write 8 = (o, B1, f2) and

FIX.Y)= Y copX*YP,
(@.B)eN*

where Y8 = Yoﬂ oy 1/3 ! Yzﬂ > and ¢4 g € C. Then, since T is a homomorphism by (O1),

T(F)= Y cupl(X*YF)
(.B)eN*

Since N = degy, (I'(F)), then

PN = 3 cap ¥V Y P
@B)EN*2B1 +4p=N

From this, we see that py does not depend on C and that py is j-homogeneous. This expres-
sion also gives us that py is the coefficient of W¥ in F (Z.,Y, W2y, W4Y2), and so

N = degy (F(Z. Yo, WY1, W?Y2)) = deg;(F). o

Definition 7.6. The j-order of F, denoted by ordj(F), is the maximum power of T
dividing F (X, Yo, T?Y1, T3Y>).

Proposition 7.7. Let ko be minimum such that py, # 0. Then py, is the sum of the
terms of minimum degree in W of F(Z, Yy, W2Y1,2C W3Y1). In particular,

ko = ordj(F) > 2dng1 (Pko)

and py,, does not depend on Y>.

5) We remark that, for us, 0 € N.
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Proof. 'We proceed as in the proof of Proposition 7.5. From
rxevfoybryley = zeyfoybrw2bi+38 Wy, 4+ 20 v))P,

we see that the smallest power of W appearing in this expression is 281 4+ 385, and it is
accompanied by 282C P2z Yoﬁ 0 Ylﬁ %82 Wwhich does not depend on Y,. Hence

Pko = Z Ca,,g252Cﬂ2 thYOﬁo Ylﬂl-i-ﬂz’
(a,B)eN*:28143B2=ko
which also shows that py, is the coefficient of wko in F(Z,Yy, W2Y1,2CW3Yy). Using the
change of variables C = Y2/(2Y1), we conclude that ko = deg;(F), and since
ko =281+ 3B2 > 2(B1 + B2).

we have ko > 2degy, (px,), concluding the proof. m]
Corollary 7.8. If F ¢ YIN(C [X, Yo), then degj(F) > 2degy, (Powg;(F))-

Proof.  One can immediately verify that
degj(F) = degy (F (X, Yo, T?Y1,T*Y2)) > degr(F(X, Yo, T?Y1, T?Y2))
> ordr=o(F(X, Yo, T?Y1, T?Y2)) = ord;(F)
> 2degy, (Porg;(F))

where ordr=¢(P) is the maximum power of 7" dividing P.
If the second inequality is an equality, then

F(X,Yo,T?Y1,T?Y2) = T"F(X, Yo, Y1, Y2),
where m = ord;(F). In particular,
degr (F(X, Yo, T?Y1,T*Y2)) = degr (T F(X., Yo, Y1, TY2)) = m + degy, (F).
If the first inequality is also an equality, then degy, (F)) = 0, and moreover F is homogeneous

in Y of degree 7; thus F € YNC[X, Y. O

We can now prove the main result of this paper, Theorem 1.2, the statement of which is
recalled below for the convenience of the reader.

Theorem 1.2. For any polynomial F(X,Y) € C[X,Y]\ C[X] which is coprime to
Yo (Yo — 1728) Y1, the equation F(z,j(z)) = 0 has a Zariski dense set of solutions.

Proof. Tt suffices to prove the conclusion for F irreducible, not in C[X], and not a con-
stant multiple of Yo, Yo — 1728, or 1. Let n = degy (F') and write

AX + B CX—I—DCY)
CX—i—D’ ) ’

AX + B
CX+D

FP = (cx + D)"I‘(F)(

N
= (X + D)"Y pi(

.C, Y) (CX + D)

n+N
= Y h(A.B.C.D.Y)XF.
k=0
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We recall that F¥ = FT(a,b,c.d, X, Y) forany y = (¢ 5) € SL(Z).If F € C[Y,], the con-
clusion follows by Corollary 6.3, so we may assume that this is not the case, and in particular
thatn + N > 0.

We observe immediately that i,y = C” pN(%, Y) using Proposition 7.5. Moreover,
by Proposition 7.7,

n ol B k n al B k
ho = D I;)pk(B,C,Y)D =p" ) pk(B,C,Y)D.

k=ordj(F)

We claim that, for y = (“ Z) in some Zariski open dense subset of SL,(7Z), we have that

hpyn(a,b,c,d,Y) has a factor r € C[Y] such that the equation r(j(z)) = 0 has a Zariski
dense set of solutions, or that hg/h,+n(a,b,c,d,j(z)) has a pole or exponential growth in
some fundamental domain. In particular, for any one of those y’s, we find that

n+N
FY(z,§() = ) hea.b.c.d.j(2))z" =0
k=0
has a Zariski dense set of solutions (by Corollary 5.5 in the first case, and Proposition 5.4 in
the second one); hence so does F(z, j(z)) = 0 (by Proposition 5.1), as desired.
To prove the claim, we distinguish three cases.

Suppose that py is not in YN(YO 1728)NYN(C[ ]. Recall that py is j-homogeneous
by Proposition 7.5. Since h, 4y = C"pN(C ,Y), if py depends on Y3, so does hn—I—N( ,Y)
for all but finitely many values of £. If py does not depend on Y5, then py = YN h(c ,Yo)
for some polynomial 4 € C[Z, Yo] and by assumption, /(4 ¢ Yo) has at least one root distinct
from 0 and 1728, seen as a polynomial in Yy (in an algebraic closure of (C( )), in which case
so does A (%, Yo) except for finitely many values of £.

In either case, since the map y > ¢ from SL,(C) to C is dominant, we get that, for all
y except on some proper Zariski closed subset of SL,(Z), the polynomial

hnin(a.b.c.d,Y) = c"pN(‘—l,Y)
C

has an irreducible factor r € C[Y] such that r(j(z)) = 0 has a Zariski dense set of solutions
(by respectively Theorem 7.3, after noticing that the factors of a j-homogeneous polynomial
are j-homogeneous, and Corollary 6.3).

Suppose that F is in C[X, Yp]. By irreducibility of F, we have that F = F(X, Yp) is
neither divisible by Yy nor Yy — 1728. In particular, py = I'(F) = F(Z, Y)y) is also neither
divisible by Y nor Yy — 1728, which puts us back in the previous case.

Suppose that py is in YON(YO — 1728)NY1N(C[Z] and F is not in C[X,Yy]. Write
pn =1 (Z)Y§ (Yo —1728)'Y}. Since F is irreducible, F is also not in YNC[X, Yo]; thus,
by Corollary 7.8,

20 = 2degy, (pn) = degj(pn) = degj(F) > 2degy, (Porg(F))-

Since the map y (C 7. ¢) from SL>(C) to C3 is dominant, for y in some Zariski open
dense subset of SL,(Z), we have

degy, (pN(%l, C)) = degy, (pn) > degy, (Poy(F)) = degy, (pordj(F)(g’ ¢ Y))
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in which case the function
Pory(F) (g €.J(2))
pN(£.(2)
has a pole at some 7 € SL(Z)p U SL,(Z)i or exponential growth in some fundamental domain
by Corollary 6.8 (recall that, by Proposition 7.7, we know that poq,() does not depend on Y>).
If we fix some %, ¢ as above, and a corresponding pole 7 or a fundamental domain nIF with
exponential growth, then the function

ho(§.c.i(2) _ d” i Pi(g-¢.i(2)) "
hnen (8,3 emr(E) i J (@) ((2) — 1728) ()

has neither a pole at T nor exponential growth in 7 only when d satisfies a non-trivial polyno-
mial equation over g, c. Since y +—> (%, ¢, d) is also a dominant map, for y in a Zariski open
dense subset of SL,(7Z), the above function has a pole at T or exponential growth in nlF, as

claimed. H
7.3. Two more examples.

Example 7.9. Let us apply Theorem 1.2 to get some information on the zeroes of the

function j”’. From the differential equation of the j-function (2.2), we see that

3G 21968 T 2654208 3
AT 22( — 17282

By Theorem 1.2, the equation
(7.2) 3j2(j —1728)%(j")? — (% — 1968 + 2654208)(j")* =0

has a Zariski dense set of solutions outside SL,(Z)p U SL,(Z)i (this actually follows directly
from Theorem 7.3, because the equation is j-homogeneous). Then these are also solutions of

j"(z) = 0.
Upon applying the transformation z — —%, we get
(73)  z8(3j(2)%(j(z) — 1728)% " (2)* — (ji(2)* — 1968 (z) + 2654208) j'(z)*)
+2712j(2)*(j(z) — 1728)%)'(2) " (2)
+ 28125 (2)%(j(z) — 1728)2j'(2)® = 0.
‘We can see that the ratios
122(j —1728)2)' ;"
3j2(j —1728)2(j")2 — (j2 — 1968 + 2654208)(j’)*’
122(j — 1728)2(j")?
3j2(j —1728)2(j")2 — (j2 — 1968 + 2654208)(j’)*

are equal to 0 at i and p and do not have exponential growth in any fundamental domain.
However, we know that (7.2) has a zero T ¢ SL»(Z)p U SLy(Z)i. Therefore, the second ratio

above has a pole at 7, and so, for all large enough m, equation (7.3) has a zero near t + m.

This means that (7.2), and hence j”/ = 0, has solutions near —H_Lm which accumulate at 0.
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Example 7.10. Given F(z,j(z)) = 0, our strategy of the proof of Theorem 1.2 is to

apply a generic SL,(Z)-transformation and show that, in the function F(yz,j(yz)), the ratio
of the coefficients of the lowest and highest powers of z has a pole at some point in t or has
exponential growth at a cusp. In some cases, e.g. when F (X, Y) does not depend on X, we can
keep things simple and just use the good old transformation z +— —%. Indeed, in this case, it
turns out that the coefficient of the lowest power of z does not depend on j” and so we can
apply Corollary 6.8. For instance,

12
J(=2) =R+ 42710 0) + 42 )2,

We give an example to show that the transformation —% and even a — % for any integer

a does not suffice in general (when F' depends on X)), as the aforementioned coefficient may
depend on j”. Consider the function f(z) = 2j/(z) + zj"(z). Afteraz +> a — % transforma-
tion, we get

1 1
fla=2) =227 + (a =) ") + 227/ )
= az*j"(2) + 22 Qaj'(2) - ().

We see that the coefficient of z3 depends on j” regardless of the value of a.
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