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A Note on Moving Frames along Sobolev Maps and
the Regularity of Weakly Harmonic Maps

Luigi Appolloni and Ben Sharp
September 4, 2025

Abstract

The purpose of this note is twofold. First we show that, for weakly differentiable
maps between Riemannian manifolds of any dimension, a smallness condition on a
Morrey-norm of the gradient is sufficient to guarantee that the pulled-back tangent
bundle is trivialised by a finite-energy frame over simply connected regions in the
domain. This is achieved via new structure equations for a connection introduced
by Riviere in the study of weakly harmonic maps, combined with Coulomb-frame
methods and the Hardy-BMO duality of Fefferman-Stein.

We also prove that for weakly harmonic maps from domains of any dimension
into closed homogeneous targets, a smallness condition on the BMO seminorm of
the map is sufficient to obtain full regularity.

1 Introduction

Since the work of Wente [19], so-called div-curl structures or “Wente terms” have been
known to appear crucially in the study of geometric PDE and calculus of variations in
the large. Such terms are generally of the form E - D for vector fields in conjugate
Lebesgue spaces F, D € LP, LP" for which one is divergence-free whilst the other is curl-
free: a-priori only in L', these terms lie in the slightly smaller Hardy space H' which
enjoys better properties in relation to weak convergence and under convolution by singular
integrals (and hence elliptic regularity theory) see Coiffman-Lions-Mayers-Semmes [4] for
generalisations and links to classical harmonic analysis. In his celebrated work on the
regularity theory of harmonic maps from surfaces, Frédéric Hélein [9] used a moving
frame technique along the map to re-write the equations in such a way that Wente-type
terms naturally appear. This was extended by Fabrice Bethuel [3] for weakly harmonic
maps u : B{" — N from higher dimensional domains, under a smallness condition on the
M?*™=2 Morrey norm of the gradient (which is just the L?-norm when m = 2):

1/2
|duw||przm—2(p,) == sup <r2_m/ |du|2dx> .
r(x)NB"

z€B,r>0

The appearance of Wente terms is sufficient to conclude that a weakly harmonic map
whose gradient is small in this Morrey-norm, is in fact smooth. This smallness condition is
guaranteed for weakly stationary harmonic maps away from a closed set S C B satisfying
H™2(S) = 0. Here are throughout, N — R? is an n-dimensional submanifold of R?
equipped with the induced metric and Bf* C R™ denotes the open unit ball.
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In [I3] Tristan Riviere established a deep and remarkable link between the above regularity
theory and systems of the form

—Au' = Q5 -du? forue WH(BP,RY)  and Q € L*(BY",s0(d) ® T'R™). (1.1)

Riviere found a new gauge in order to re-write the above as a conservation law under
an appropriate smallness-condition on €2, when m = 2. In particular he uncovered hid-
den Wente terms and showed that solutions were continuous. This was extended by
Riviere-Struwe [I4] to higher-dimensional domains, wherein they recover regularity of
such systems under the natural assumption that Q,du € M*™~2 and ||| ys2.m-2 is small.
This powerful observation concerning systems of the form has had deep and fruitful
consequences in many nearby regularity problems in geometric PDE both in higher-order
and non-local settings, see e.g. [13], 5], 12, [I7] and citations thereof.

In particular given a C2-Riemannian manifold A" < R and

we WLZ(B{”,N) ={ve lez(Bin,Rd) cv(x) e N forae. x € B}

Riviere introduced the following specific €2 which we henceforth denote with the lower
case w = w(N,u) : B" — s0(d) ® T*R™: let A € T(T*N ® T*N ® VN) be the second
fundamental form defined by A(X,Y) = (DxY)* which one extends in the obvious way
as a section of T*R?®@ T*R?® TR over N via A(X,Y) := A(XT,Y ") and can be written
in ambient R%-coordinates {z} via A = A%, dz7 ® dz" ® 0,:. For u as above define
w=w:=—( 3k(u) — Afk(u))duk (1.2)

J

In particular given a vector v € R? we may see that w may be equivalently defined without
coordinates via

wv = wiv! = —A(v,du) + (A(du, -)!, v) € RY @ T*R™. (1.3)

J

Riviere’s interest in such an w is that weakly harmonic maps u solve for this specific
w, (Au = w - du = A(du,du)) and thus the regularity theory for harmonic maps may
be reduced to the study of systems in the form . In this article we show that w as
defined in (1.2)) is significant even for arbitrary (i.e. not necessarily harmonic) w.

1.1 Moving frames along Sobolev maps

The first half of this article concerns arbitrary maps v € WH2(B™ N) and the related w
defined in (1.2). We equip u*(TR?) = B" x R? with the connection V¥ = d + w. We
uncover some fundamental structure equations for this induced connection which, when
combined with Coulomb-frame methods, contain Wente terms. Utilising the H! — BMO
duality of Fefferman-Stein [6] we have the following:

Theorem 1.1. Let N — R? be C?-Riemannian manifold, u € W*(B™ N') and w be
defined by (1.2)). There exist € = e(m,d) >0, C = C(m,d) < oo so that if

1/2
lwllarzm-2p,) := sup (Tz_m/ |WI2dx> <e,
’I‘(I)QBYL

z€BT",r>0
then w*TN and w*VN are both trivial in the sense that there exist

{ei}?zla {Vj}?:n+1 C W1’2(B1, Rd)
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so that {e;(x)} resp. {v;(x)} form orthonormal bases of TyumN resp. VyumN for a.e.
x € By. Furthermore, {e;} resp. {v;} are finite-energy Coulomb frames in the sense that
for all relevant i, j we have

d*<€i . dej) = O, d*<VZ : d]/j) =0

and
max{|deil|srzm-2(y), [V [lar2m-2(m0) } < Cllwllarzm-2z)-

Remark 1.2. We may conclude the same result, assuming [|Al|z(y) is finite (e.g. if
N is closed), under a smallness condition on ||dul|[32m-2 except both ¢ and C' would
depend additionally on [|Al[z=(n). We note that it is not true that a small bound on
||dwl| pr2.m-2 implies that the image of u is contained in a small region e.g. when m = 2
let v : [0,00) — AN be any Lipschitz curve with |y/| = 1 almost everywhere, and consider
you : By — N for u(z) = eloglog(e|z|~t). However the result above implies that a certain
amount of ||dul|pzm-2 is required for the image to “wrap around” enough for «*TN to be

T

non-trivial e.g. u : B} — S? defined by u(z) = 7; satisfies v~ ||du/[Z2p, (o)) = 8 for all

r > 0 and of course the pulled-back tangent bundle is not trivial in this case.

Remark 1.3. We will see below that w = 1R™*dR where R : B; — O(d) can be interpreted
as Gou and G : N — G(n,d) < O(d) is the Gauss map of N (see Remark [2.3). Thus
the theorem above can be compared directly with Lemma 5.1.4 in [9] and be thought of
as an extension of this to higher dimensions - see Theorem below.

In light of the above Remarks we pose the following

Question 1.4. Does the above Theorem remain true if instead of imposing that ||w||y2.m—2
or ||dul|prz.m—2 is small, we instead require

_ — 1
IR — Rm|2> <e, Ris:

= R
|B,(z)| /B, ()

[Rlpmo(sy) == sup <T_m/B

BT(:E)CB1

or indeed [u]paos,) < €. Of course the best one could hope for is that we end up with
an equivalent bound on [e;]pavos,) and [v;]ymo(s,) in terms of [R]gaos,)-

Theorem [I.1]is a special case of the following

Theorem 1.5. Suppose that I € W12(B", gl(d)) is a projection (i.e. 1> = 11 and
rank(I1) = n a.e.), equivalently suppose that 11 € WH2(By, G(n,d)). Define wy := TIdII —
dIIII. There exist € = e(m,d) > 0, C = C(m,d) < oo so that if ||wr||a2m-—2p,) < € then
there exist
{ei}znzlv {Vj}?:n-i—l - WLQ(Bl’Rd)

so that {e;(x)} resp. {v;(x)} form orthonormal bases of Il(x)R? resp. II*(z)R? for a.e.
x € By. Furthermore, {e;} resp. {v;} are finite-energy Coulomb frames in the sense that
for all relevant i, j we have

d*<€i . d€j> = O, d*(Vl : dl/j) =0

and
H%%X{”deiHMQ,m—Q(Bl), Hde’le,m—2(Bl)} S CHWHMQ,m—Q(Bl).

In the above II*(z) := Id — II is the projection onto the orthogonal complement.
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Remark 1.6. As mentioned in Remark [1.3] when m = 2 this result recovers [J, Lemma

5.1.4] with a new proof which works for all m. We also recover (when m = 2) ¢ =

%’r using the optimal L2:-Wente estimates proved by Ge [7], see Remark for the

necessary changes in the proof. This constant is equivalent to the 4/ %’T appearing in [9],
the discrepancy is due to a differnent choice of metric on G(n,d).

Outline of the Proof of Theorem [1.1] The proof relies on a series of observations
concerning the geometry of the connection V¥ which we expect to be of interest in their
own right.

Let End(TR?) denote the endomorphism bundle restricted to A" and T € I'(End(TR?))
be the projection onto the tangent space of N: T(z) — Iy, Similarly V € T'(End(TR%))
projection onto the normal space V(z) = IIy, . Denote by T = T o u € T'(v*End(TR?)),
V=VoucI'(uEnd(TR?) and R = T — V € T'(v*End(TR?)) where we note that R is
of course orthogonal with R = R~! = RT. In fact we have the following identities for w

(see Lemma [2.2)):
1
w = 5R—ldR = TdT — dTT.

The connection V¥ on u*(TR?) induces a connection on u*End(TR?) and we show that
T, V and R are all parallel sections (see Lemma , in particular:

VYR = dR + [w,R] = 0.

Since ||w|[ps2m-2 is small, we utilise the Coulomb frame constructed by Riviere-Struwe
[14] and find a new frame P making the new connection forms divergence free. At which
point the gauge-invariant form of the above allows us to write, for Q = P~'RP:

Testing this equation with d@ gives a Wente structure on the right hand side and we
may employ H!'-BMO duality to show that ||dQ||%2(Bl) < C’s||dQ||%2(Bl) i.e. when ¢
is sufficently small ) = P7'RP is a constant. In particular this yields that P itself
simultaneously trivialises both the pulled-back tangent and normal bundles. The full
details are given in Section 2]

1.2 The regularity of harmonic maps into homogeneous targets

As discussed in the opening weakly harmonic maps are regular in a neighbourhood of
a point p if |[du arzm—2(By(p)) is sufficiently small for some radius R > 0. By the scale
invariance of this norm, this condition may be stated in an equivalent way: as long as all
approximate tangent maps, 4, ,(z) = u(q+rz), for ¢ € Br(p) and all r < R — |p — ¢/, are
locally Wh2-close to a constant, then u is regular near p.

In the case of harmonic maps into homogeneous targets, Hélein [§] utilised Noether’s
theorem to show that pure Wente structures naturally appear using the presence of a
moving frame constructed via the isometries acting on AN (and not via Coulomb gauge
methods). In the second part of this article we note that weakly harmonic maps into a
homogeneous target are regular in a neighbourhood of a point p if

1/2 )
(U] BMO(Br(p)) = sup (r_m/ |u — ﬂm|2 dac) , Uy 1= U
By (2)C Br(p) By () | B, ()] /B, ()
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is sufficiently small - i.e. when N is homogeneous we may replace a first order condition
on the map u (||dul|p2.m-2 small) with a zeroth order one ([u]pao small) to achieve full
regularity. As above, we may re-state this: for weakly harmonic maps into homogeneous
targets, if all approximate tangent maps in a neighbourhood of p are locally L?-close to a
constant, then u is regular near p.

Theorem 1.7. Suppose that N™ — R? is a closed homogeneous Riemannian manifold
isometrically embedded in Euclidean space and equip BY* with a smooth metric g. Then
there exists C = C(m, g, N') < 0o so that if u : (By,g) = N is weakly harmonic then

IV*ullpis, ) < ClIVulZe.

Furthermore there exists ¢ > 0 = e(m, g, N') > 0 so that for any weakly harmonic map
u: (By,9) = N satisfying [u]pmos,) < € then

[Vl LB, ,,) < Cllu =025,y < Clulpmos,)-

Our starting point for the proof is a result of Hélein [8, Lemmata 1 and 2] which uses the
homogeneity of N' and Noether’s theorem to uncover Wente terms in the harmonic map
PDE, see also [2] for a new interpretation of this via equivariant embeddings. From this
we may infer that there exist K = K(N) € N, L = L(N) < oo so that a harmonic map
u as in the Theorem above solves

Agu= X, 4 d(Y(u)) (1.4)

for

{X;}, c L*(B,, T'R™), d;(X;)=0 and |X;] < L|dul, (1.5)

and
{Y/}S, CT(TN), [d(Y/(w))] < Lldul, and [Y7(u)]smos) < Llulpmos,). (1.6)

The proof of Theorem now follows from the below, the proof of which is given in
Section . We note that by translation in R? we may assume that (1.4)-(1.6) remain true

— . — 1 _ .
for u — @ in place of u, where u = B Jp, u=0:

Theorem 1.8. Let 1 < m,n and B C R™ the unit ball equipped with a smooth Rieman-
nian metric g. Assume that u € WH2(B7 RY) weakly solves

Aju=X;-,dY? in By

where {X;}, {Y7} satisfy (L5) and (L.€) and we assume additionally that [z u = 0.
Then there exists C' = C(K, L,m,g,d) so that

IV*ulli(s, ) < ClIVullZe.
Furthermore there exits e = (K, L, m, g,d) > 0 so that [u]pyos,) < € implies that
IVull (B, ) < CllullLrsy) < Clulpmos,)-

Acknowledgements The authors were supported by the EPSRC grant EP/W026597/1.



2 Proof of Theorems 1.1 and 1.5

Given a C?-Riemannian manifold A’ — R?, recall that T : ' — End(TRY) is the
projection onto TN whilst V = Id — T is the projection onto the normal bundle VN.
Given a map u : B* -+ N weset T=Tou, V=Vou.

Remark 2.1. We note trivially from the definition of T and V that T 4V = Id and so
dT = —dV, but also VATV = 0 = TdTT since:

T=T? = dT = TAT+dTT = TdTT =2TdTT similarly VdVVY =0 = VdTV = 0.

In particular we may decompose dT into the sum of two parts, one which maps tangent
vectors to normal, and its transpose:

dT = VdTT 4 TdTVY = dTT + TdT.

Lemma 2.2. Let N" — R? be a C%-Riemannian manifold and u € W12(By, N') with w
defined by (1.2)). Then we may write w in the following two equivalent ways:

1. Setting R =T —V € W'(B}*,0(d)) we have w = sR™'dR.
2. w=TdT —dTT.

Remark 2.3. As may be seen in the work of Uhlenbeck [I8, Section 8], or indeed checked
directly, O = {O € O(d) : O? = 1d} is a disjoint union of totally geodesic submanifolds
of O(d) and that R : G(n,d) — O(d) given by R(E) = Il — IIz. may be considered a
totally geodesic embedding onto 9,, = {O € O : dim,;(0) = n} where dim,,(O) is the
dimension of the eigenspace corresponding to eigenvalue +1. Thus R above should be
thought of as the composition of u with the Gauss map G : N' — G(n,d) = O,,.

Remark 2.4. Note that the first point in Lemma [2.2indicates immediately that the related
connection V* = d+ 2w is flat. We also note later that if we additionally assume that the
tension field of u, 7(u) := TAu is weakly in L' then we may compute (see the Appendix),
for any v € R%:

—d*wv = —A(v, 7(u)) + (A(T (1), )f, v) — VY A(v, du) + (VY A(du, ), 0).  (2.1)

Thus if u is harmonic, and N is embedded via a parallel second fundamental form (VN A=
0) then d*w = 0, too. Examples of such A include round spheres, O(d), U(d), and real and
complex Grassmannians equipped with their induced metrics e.g. from the embedding R
above.

Proof. For zy € N fix an orthonormal frame {e;(z)},_, around z, € N such that
VNej(z0) = Deej(z0) — Alei,e;) = 0, where we denote by V* the Levi-Civita con-
nection on N and by D the usual Euclidean derivative in R?. Observe that for all v € R,
we have

thus



Evaluating this at 2y, we obtain

n

dT(z0) [e;]v = D (Ales,¢)), v)ei + (es, v) Ales, ¢5).

i=1
Now, if X € T, N, using Einstein’s summation convention, we can write X = X’¢;, and
the above formula can be expressed as

dT(20) [X]v = Y (Ale;, X), v)e; + A(v, X) = (A(, X)) 0) + A(v, X).  (2.2)

i=1

Thus
AT (z)v = (A(-,du)*,v) + A(v, du)

and clearly
dT(Tv) = A(v, du) and TdTv = (A(-, du)?,v)

which, by comparison with gives wv = TdTv — dTTw for all v € R?, proving the
second claim.

Now, since T and V are projections, it is straightforward to verify that RT = R and
R? = Id, which implies R™! = RT = R. As a consequence, we have using Remark

1 1 1
gRTAR = JRAR = JR (AT —dV) = RAT = (T —V)dT = TdT — VdT

=TdT - dTT

since VdT = dTT.

The connection V¥ on u*TR? induces also connection on u*(End(TR?) via
VYE =dE + [w,E]  for E € I'(u*End(TR?))

from which it is straightforward to check:

Lemma 2.5. VYT =0, V¥V =0 and V¥R = 0.

Proof. We will check only the first claim, with the others following trivially from this and
Remark 2.1} Using part 2. of Lemma [2.2) and Remark 2.1 we have

[w,T] = wT — Tw = (TdT — dTT)T — T(TdT — dTT) = —dTT — TdT = —dT

as required. O

Proof of Theorem and Theorem[1.5 In the case of Theorem [I.5] we note that Remark
and Lemma holds for IT, IT*, and wyy respectively, and indeed the below proof works
by replacing T with II, V with II*, w with wy and R with IT — IT+.

Using the Morrey-space version of the Coulomb frame proven by Riviere-Struwe [14]

Lemma 3.1] we know that by choosing ¢ = e(m,d) > 0 sufficiently small there are P €
HY(B7*,SO(d)) and ¢ € H} (B}, s0(d) @ A*T*R™) such that

PldP+ P 'wP=d*, and dé=0 on B (2.3)



Moreover, dP and D¢ belong to M*™~2(B™) with
||dP||M2,m72 =+ ||D€||M2,7’n72 S C||w||M2,mf2 S CE. (24)

In the above D¢ denotes the collection of all first order derivatives of all components of £
which we distinguish from d¢ which is simply the exterior derivative of the two-form.
The gauge-invariant version of Lemma [2.5] tells us that

VY PI'TP) = d(P'TP) + [d*¢, P7'TP] = 0,

similarly V4'¢(P~1VP) = 0 and V¥ ¢(P7'RP) = 0, as may be checked directly using

23).
In particular letting @ = P™*RP then we have dQ = [Q,d*¢{] giving (where we always
sum over repeated indices)

QP = tr([Q,d*¢] - dQT) = #(Qd"E A +dQ) — A" Q; A +dQF)

= —*2(d* & AQLAQ))

= —*2d(x& A QdQ)) +2(=1)" 7% x (+ A (dQ; A dQY).
We may extend & by zero to the whole of R™ without relabelling, and recall that [£] gyomm) <
C|| D€|| przm—2(gmy in view of the Poincaré inequality. We also extend @ — @ to a W2
function @ on the whole of R™ so that ||dQ||z2 < C||dQ|r2(s,) and dQ = dQ in B;. By
H!-BMO duality [6] and the fundamental results of Coiffman-Lions-Mayers-Semmes [4]
we have, up to a sign which is irrelevnat

14QI3esy = 2 [+ A (aQi A dQ))
2[&/Bmo Q) A dQj 3
C| Dl ar2m-2 QI 725,
CngQHQH(Bl)-
For ¢ sufficiently small, @) is a constant. Now if {E;} and {N,} is an orthonormal basis
TuoN and VN then we
Claim: ¢;(z) := P(z)P(0)" E; and v;(x) := P(x)P(0)" N; are orthonormal moving frames
for u*(TN) and u*(VN) respectively as required by the Theorem.
Clearly both {e;} and {v,;} are orthonormal frames satisfying the desired estimate, by
(2.4). We will see below that R(z)e;(z) = (T(x) — V(x))e;(x) = e;(x) meaning that
ei(z) € TyuN almost everywhere, and similarly R(x)vj(z) = —v;(x) meaning that
V() € Vy@wN almost everywhere. Indeed:
R(x)ei(w) = R(z)P(z)P(0)"E; = P(x)(P"(2)R(x)P())(P(0)" E;)
= P(z)(P(0)"R(0)P(0))P(0)" E; = e;(x)

VARRRVANR VAN

and
R(z)vj(x) = R(z)P(x)P(0)"N; = P(x)(P"(z)R(x)P(x))(P(0)" N;)
= P(x)(P(0)"R(0)P(0))P(0)"N; = —v;(x).

It remains to check that d*(e; - de;) = 0 and similarly for {r;}. We do this for the former
leaving the latter to the reader. Assume w.l.o.g. that P(0) = Id and note that

€; dej = PEZ . (dP)EJ = E@ . PildPEj = El . d*gE] — El . (Pile)Ej.

The result follows from E; - (P~ 'wP)E; = e; - we; = 0 since we; is a normal vector by
Remark 2,11 O



Remark 2.6. When m = 2 one finds P € H'(B}",SO(d)) and ¢ € H} (B}, s0(d)) solving
P 'dP+ P 'wP =xd¢ on B, with |dP| 2 <2|wlzz and |d€]|ze < w22

regardless of the size of € (see e.g. [15, Theorem 8.4]). The optimal L? Wente estimate on
dics [7] then gives [|dQ||%. < /2 ||lw||z2[|dQ]|7> which means that & = /4T is sufficient.

3 Proof of Theorem

Proof of Theorem[1.8 For simplicity we will give the proof only in the case that g is
the Euclidean metric, leaving the required changes necessary for the general case to the
interested reader.

The first estimate on || V?ul| 1, ,) is standard - by suitably extending X; and Y7 similarly
to the below one may use e.g. [9, Theorem 3.2.9].

For the BM O-regularity part we begin by noticing that, from standard L?-Hodge theory
(see for instance [10, Corollary 10.5.1]), there exists & € WH2(Bj", A*’T*R™) such that
Xj = d"§;, each component of {; has mean zero in By and || D& r2m) < || X 22(5,). We
extend &; to & € WH2(R™, A°T*R™) and for which we still have

D&l 12 < Cll X128,y < Clldullr2(sy)-

We similarly extend each Yi— Y7 to Y7, defined on the whole of R” and for which we
have dY? = dY7 in By and (see [11])

Y prowmy < ClY | symom) < Clulsayos,)-

Testing the equation with ¢ € C®(Bj",RY) and applying the divergence theorem, we
obtain

[Xi-avie = [ag-avio - —[Bl(d*éj-d¢)Yj
- /(d £ & N d)TY,
Now, [4] gives that
(& A do)ll @m) < ClIDE N 2@ 1Al 25y < Clldull2sy) Al zacsy).
Combined with the H! — BMO duality we have, for all ¢ € C>°(B, R?)

/Xj'dy‘jﬁb < O|ldullr2(sy 1dd| 28 Y] Brro@m)
< Clldull g2z [v] Brosyl| A9l L2 (s,),

A

giving ||X; - dY7|| g-1(y) < C||dull 28 [ulBmos,)- Now letting v € Wy? be the unique
solution to Av* = X - dY”7 we have

HUH%Q(Bl) + Hde%Q(Bl) < CHduH%Q(Bl)[uPBMO(Bl)' (3.1)

We now may essentially follow some of the arguments as in [I6] to complete the proof
which we outline briefly:



Write u = h+v for h a harmonic function. We first observe that ||A| 11(5,) < C(||u| 18+
lvllcr) < Cllullprmyy + |dul| L2 U] Bros,)), whence one trivially has that

||dh||%2(31/2) < C(HuH%l(Bl) + ||du||%2(31)[u]QBMO(Bl))'
Thus in particular,
||du|’%2(31/2) < C(HduH%?(Bl)[u]QBMO(Bl) + HuHil(Bl))

and by repeating the argument above on each ball Byr(x) C B, and by the scaling
properties of each quantity we see that

HduHQLQ(BR/Q(z)) < Ol dullZ2 (g @y W Barosy) + B2l p,)
< 052||du||%2(BR(z)) + CR_m_2||U||%1(Bl)~

Hence exactly as equation (23) in [16] is derived using [16, Lemma A.7] we may obtain
that, for e sufficiently small

[dull 2B, ) < CllullLi(s,)- (3.2)
Observe now that we can write du = H 4+ dv where H = dh is a harmonic one-form and
||du||%2(31) = ||HH%2(31) + HdU“%?(Bl)‘
Since H is harmonic, the quantity =™ || H ||%2( 5, is increasing, which implies

IH | 25,y < ™ HZ2(5,
< 7" dul[f2p,)- (3.3)

for all 0 < r < 1. Using equations (3.1)) and (3.3)), for any 6 > 0, we have

ldullZes,y < (H 2, + [dvllLas,)?
(

< (140 H725,) + Cslldv||7zz,)

< (L4 0)r™|dullZa,) + Cslldullze[ulBaro

= (U +0)™ + Colulbro) lldulF2 s,

< (@ +0)yr™ + Coe?) ||dullFz s, (3.4)

where we also used Young’s inequality. At this point, given a € (0,2) to be determined
later, choose 6, ¢ € (1, 2] sufficiently small so that

(1 + 20)

Cse® =207,
om + Cse

For any = € Byy, 0 = 7/8 — |z| > 1/8, and any r < p we may write 27" 1o < < 27Fp.
Deriving (3.4) on B,(x) and iterating gives (also from (3.2)))

— m-o m—o, m—ao m—a
ldulZes, e < (275)" 7 dullgpy ey < 327l dulliags, ) < Cr™llull}i(g,)-
The above estimate gives
||du||M2.mfa(

By < Cllulls,)-
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As a consequence, since u solves equation ([1.4]) and recalling (1.5 and ((1.6)), we obtain
that
HAuHMl,m—a(33/4) < CHu“%l(Bﬂ

and thus, fixing a such that « such that 1 < a < 2m/(2m — 1), the Riesz potential
estimates of Adams [I] gives du € L?(Bs/s) for 1 5 =1 — . Thus for some ¢ > 2m,

[dul[ra(Bs ) < Cllullpi(s,)-

Going back to (L.5) and (L.6) we obtain ||Aul|zs(s,,,) < Cllullfi (g, for some s > m from
which Calderon-Zygmund estimates and Sobolev embedding finishes the proof. O]

A Sketch proof of (2.1

Proof. Given X,Y € I'(TA) and assuming that VXY = V¥ X = 0 at z, we have

D*T[X,Y]v = Dy(DxT)v
and starting from (2.2)) we have, for any v € R¢

D*T[X,Y]v = Dy((A(-,X)" v) +A(v, X))
= (Dy(A(-, X)"),v) + Dy(A(v, X))
= (VWA(LX)  v) — (A, X)L AV ) + VYA (v, X) — (A(v, X), A(Y, )

where we have used that if n € T(VA) then Dyn = V¥n — (n, A(Y,-)).
Thus we have that

d*wv = ATTv - TATwv
= dT[TAu|Tv — TAT[TAulv + D*T[du, du]Tv — TD*T[du, du]v
= Av,7(u)) = (A(r(w), ), 0) + Vi, A(v, du) — (Vi A(du, ), 0)

using the above, and ([2.2)) again.
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