UNIVERSITY OF LEEDS

This is a repository copy of Challenges to Subcarrier MIMO Precoding and Equalisation
with Smooth Phase Responses.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/231054/

Version: Accepted Version

Proceedings Paper:

Bakhit, M., Khattak, F.A. orcid.org/0000-0003-2401-9366, Schlecht, S.J. et al. (2 more
authors) (Accepted: 2025) Challenges to Subcarrier MIMO Precoding and Equalisation
with Smooth Phase Responses. In: Proceedings of 28th International Workshop on Smart
Antennas 2025. 2025 28th International Workshop on Smart Antennas (WSA), 16-18 Sep
2025, Erlangen, Germany. IEEE (In Press)

This is an author produced version of a conference paper accepted for publication in
Proceedings of 28th International Workshop on Smart Antennas 2025, made available
under the terms of the Creative Commons Attribution License (CC-BY), which permits
unrestricted use, distribution and reproduction in any medium, provided the original work is
properly cited.

Reuse

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the
authors for the original work. More information and the full terms of the licence here:
https://creativecommons.org/licenses/

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

| university consortium eprints@whiterose.ac.uk
WA Universities of Leeds, Sheffield & York https://eprints.whiterose.ac.uk/



mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/id/eprint/231054/
https://eprints.whiterose.ac.uk/

Challenges to Subcarrier MIMO Precoding and
Equalisation with Smooth Phase Responses

M.A. Bakhit!, FA. Khattak?, S.J. Schlecht®, G.W. Rice?, and S. Weiss!
!Department of Electronic and Electrical Engineering, University of Strathclyde, Glasgow, Scotland
2School of Computer Science, University of Leeds, Leeds LS2 9JT, UK
3Multimedia Communications and Signal Processing, Friedrich-Alexander Universitit Erlangen-Niirnberg, Germany
“Mathworks Ltd., Glasgow, Scotland
{mohammed.bakhit,stephan.weiss } @strath.ac.uk, f.a.khattak @leeds.ac.uk, sebastian.schlecht@fau.de, grice@mathworks.com

Abstract—Precoding for multiple-input multiple-output ortho-
gonal frequency division multiplexing systems is often based
on a per-subcarrier singular value decomposition, where phase
smoothing is applied to the singular vectors that form the
transmit beamformers. We show that such a smooth solution can
ideally be based on an analytic singular value decomposition, but
for estimated channel matrices is beset by challenges that deny
a smooth or even continuous evolution of singular vectors with
frequency. We show how such problems can be bypassed by
admitting complex-valued singular values or fractional delays,
and by exploiting a method analogous to the analytic eigenvalue
decomposition to approximate ground truth analytic singular
vectors from estimated channel matrices. We present examples
and demonstrate some of the capabilities of a proposed algorithm
through simulations.

I. INTRODUCTION

For the transmission over a multiple-input multiple-output
(MIMO) channel, in the narrowband case a singular value
decomposition (SVD, [1], [2]) of the channel matrix can
provide precoding and equalisation — also referred to more
generally as transmit- and receive-beamforming — via its
left- and right-singular vectors; such an arrangement satisfies
optimality in various senses [3], [4]. For broadband systems,
every pair of transmit and receive antennas is described by an
impulse response; thus the channel matrix C[n| now depends
on the discrete time index n € Z. In the z-domain, C(z) =
>, Cln]z~™ is a matrix of channel transfer functions, which
instead of the narrowband case of a standard matrix with
complex valued elements now contains functions in z € C.
Applying the SVD to C[n| or C(z) is generally only capable
of decoupling such a system for a particular value of n or
z [5].

To extend this utility of the SVD to broadband systems,
an SVD can be applied in every subcarrier of an orthog-
onal frequency division multiplexing (OFDM) system, see
e.g. [6]. A non-uniqueness for the phase of the left- and
right-singular vectors in the per-subcarrier SVD can lead to
leakage effects [7], and poses challenges for some additional
processing tasks such as channel estimation [8]-[10]. In order
to achieve some form of smoothness across subcarriers, sug-
gested solutions include methods such as clustering [11], [12],
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spherical interpolation [11], or geodesical interpolation [13].
In clustering [11] a number of adjacent subcarriers are grouped
together and receive a common transmit beamformer, which
can be optimised based on maximising the minimum channel
gain under a spherical constraint to maintain the unit norm
of a singular vector [11]. Alternative, the optimisation can
include a smoothness term applied to the channel frequency
response, which due to the time-bandwidth product of the
Fourier transform and the channel assumed to being shorter
than the cyclic prefix on the presumed support of the channel
being shorter than the cyclic prefix cannot vary wildly [12],
[14]. The latter has also been applied without clustering [7],
[15]. The geodesic interpolation in [13] finds the shortest
connection between singular vectors in adjacent bins that
satisfy mutual orthogonality.

In this paper, we want to explore such OFDM-MIMO tech-
niques against the background of findings from polynomial
matrix algebra [5], [16], [17], and explore some of the resulting
challenges that appear to not have been addressed in e.g. [7],
[9]-[15]. For a channel matrix C(z) that is analytic in z,
except for contrived cases there exists an analytic singular
value decomposition for C(z) [18]-[20],

C(z") =U(2)Z(2)V(2), (1)
with analytic paraunitary factors U(z) and V(z), and an
analytic diagonal matrix X(z). Generally we have x = 1

but in some cases require x = 2 to admit analytic factors
such that 3(z) is a parahermitian matrix, ie. X(z) :=
{Z(1/2*)} = 3(z) and thus is real-valued on the unit
circle. The parahermitian operator {-}¥ implies time reversal
and Hermitian transposition, while paraunitarity means that
U(z)U%(z) = I [21]. Interestingly, and akin to the case of
continuous-time analytic SVD [22], [23], the singular values
may have to be permitted to change sign in order to admit the
factors in (1) to be analytic.

In principle, analyticity of the SVD factors in (1) implies
infinite differentiability of the left- and right-singular vectors,
and therefore provides (i) the theoretical foundation for the
phase smoothness considerations in [7], [11]-[15], [24], [25],
and (ii) implies a potentially stronger smoothness criterion,
such that analyticity can be directly exploited to drive al-
gorithms for extracting both analytic eigenvectors [26], [27]



and analytic singular vectors [28]-[31], and therefore any
precoding matrices. However, two facts in this context impact
on the application of MIMO precoding:

(F1) in the case k = 2, singular values are only 47 periodic,
and no analytic solution exists unless either (i) the
channel matrix is oversampled [18], [19] or (ii) singular
values are permitted to be complex valued [20] on the
unit circle;

(F2) if estimated from data, the channel matrix C(z) is
randomly perturbed and the singular values and singular
vectors of this estimated matrix are only piece-wise
analytic [29].

Thus, in such cases no smooth decomposition exists for an

estimated channel matrix, contradicting the assumptions made

in [7], [11]-[15], [24], [32]. This similarly affects wideband

precoding and equalisation as e.g. attempted in [33]-[36],

which is based on a polynomial SVD from [16] and may only

represent a piecewise analytic approximation of an analytic

SVD [19].

In the following, we outline the above facts (F1) and (F2),
and demonstrate how an analytic solution can be found using
fractional delays [37] and an approximation of the analytic
ground truth [38] underlying the estimated channel matrix.
The Matlab implementations to generate all figures presented
in this paper can be found online'.

II. MIMO CHANNEL MODEL
A. MIMO System Transfer Function

For a MIMO broadband system with M transmitters and
L receivers, an impulse response cg,,[n] can be measured
between the mth transmitter and the (th receiver. If ¢, ,,,[n] is
causal and stable, the z-transform Cy,,(2) = >, com[n]z ™",
or for short Cy p,(2) ®—o c¢ m[n], will be analytic in z € C.
With C[n] an L x M matrix of impulse responses with
¢¢,m[n] forming its entry in the fth row and mth column,
C(z) e—o CJn] is a matrix of analytic functions.

For simplicity, but without loss of generality, in the remain-
der of the paper we assume M = L. We also assume that
C'(2) has full spatial rank, i.e. that when evaluated on the unit
circle, z = /2, the determinant det{C(e’*})} only possesses
isolated zero-crossings at most [31], and that we can find at
least one €2, where C/(e/%) possesses M distinct singular
values.

B. Per-Subcarrier Singular Value Decomposition

In an OFDM transmission with K subcarriers, SVD-based
decoupling of the channel matrix can yield precoders and
equalisers that are optimal in various senses [4]. For this, an
SVD is applied to each of the K frequency bins C(ei*),
O =27k/K, k=0,...,(K-1),

C(eij) = UkEkV,I;I = Zak7muk7mvgm , 2)

Thttps://github.com/StephanWeiss5/WSA25-precoding

where the diagonal matrix 3, holds the singular values oy,
and the corresponding left- and right-singular vectors uy .,
and vy, ,, form the columns of the unitary matrices Uy, and
Vi.

For the sake of uniqueness, the singular values are pos-
itive real and ordered such that o, > ok my1 = 0 for
m = 1,...,(M — 1). However, even with distinct singular
values, their corresponding singular vectors possess a phase
ambiguity, such that with an arbitrary phase @, ugel¥*
and viel¥* are also valid left- and right-singular vectors of
C(e/%). It is this ambiguity that the MIMO-OFDM schemes
in e.g. [7], [11]-[15], [24], [25], [32] aim to resolve, in order
to obtain a smooth variation of the singular vectors across
frequency bins.

C. OFDM Interpolated Precoding and Equalisation

In MIMO-OFDM systems, the MIMO channel is typically
identified in a limited number Ky <« K of so-called pilot
subcarriers, and the channel gains in the remaining subcarriers
are determined by interpolation. If the indices of the pilot
subcarriers belong to a set Sy with cardinality |Sy| = K, then
the problem is to determine the remaining K — K precoders
and equalisers via (2). This assumes that the factors in (2)
permit an interpolation, i.e. that the r.h.s. of (2) is sampled
from sufficiently smooth functions. We show below that this
assumption cannot necessarily be made, and that issues arise
for the precoding approaches in [7], [11]-[15], [24], [25], [32]
when singular values are

(i) constrained to be strictly non-negative,
(i) constrained to be real-valued, and
(iii) obtained from an estimated channel matrix that is subject
to random estimation errors.

In order to demonstrate this, we first explore the theoretical
foundations of a frequency-dependent analytic SVD in Sec. III,
and some fundamental and profound effects of its perturbation
in Sec. IV. A potential solution is highlighted in Sec.V.

III. ANALYTIC SINGULAR VALUE DECOMPOSITION
A. Existence of an Analytic SVD

For the analytic MIMO transfer function matrix C|(z),
except for contrived cases, an analytic singular value decom-
position exists, such that [18], [19]

C(z") =U((2)2(2)VF(2) . (3)

In (3), U(z) and V(z) are paraunitary matrices, such that
e.g. {U(2)}~' = U"(z). The diagonal matrix X(z) contains
the singular values. These can be selected to be real-valued
on the unit circle, but must be permitted to change sign akin
to the case of the analytic SVD on a real interval [22], [23].

Since analytic singular values may intersect, the majori-
sation of singular values in the standard SVD [2] does no
longer have the same meaning, and their ordering can be
arbitrary; they a sign ambiguity [37]. For distinct singular
values in X(z), each corresponding pair of left- and right-
singular vectors is non-unique w.r.t. an arbitrarily selected
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Fig. 1. Elements Cy ,,[n] of matrix C[n] of Example 1, showing real (o)
and imaginary parts (x).

allpass filter [19]. Generally in (3), we have x = 1, but if the
singular values are constrained to be real on the unit circle
and posses an odd number of zero crossings on a 27 interval,
K = 2 is required in order for (3) to admit r.h.s. factors that are
analytic in z € C, i.e. an analytic SVD with X(e/}) € RM*M
only exists for a twice oversampled channel matrix C(z2).

Example 1: Consider the 2 x 2 matrix C(z) e—o CJ[n] of
analytic functions characterised in Fig. 1. A factorisation can
yield

%z—&-l—%z_l 0] @)

%(z) = [ 0 27 4270

With 3(z) = diag{o1(2), 02(2)} = E¥(2) satisfying paraher-
mitian symmetry, its singular values are real-valued on the unit
circle. While o1 (z) and its corresponding singular vectors are
analytic, and O’l(ejﬂ) > 0, the second singular value exhibits
two oddities:

1) 5(Q) = 09(2)|,—¢ie must be permitted to change sign,
as otherwise it becomes non-differentiable at 2 = (2k +
1)m, k € Z, as evident from Fig 2;

2) o2(z) contains fractional powers of z and is therefore not
analytic; equivalently, its evaluation on the unit circle,
o4(9) is only 4r-periodic as shown in Fig. 2.

Note that the singular value ¢5(€2) only has an odd number of
zero crossings over a 27 interval, thus requiring oversampling
by k = 2. A
Thus, Example 1 demonstrates a case where no analytic
SVD with real singular values exists unless the channel is
oversampled by a factor of two. Even if oversampled, singular
values have to be permitted to change sign in order to admit
analytic and hence smooth singular vectors. Therefore, in this
case the efforts in [7], [11]-[15], [24], [32] will fail to find a
smooth solution.
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Fig. 2. Singular values of C(z) of Example 1 evaluated on the unit circle.

B. Admitting Complex-Valued Singular Values

As an alternative to (3), admitting complex-valued singular
values on the unit circle removes the need for oversam-
pling [201, [37],

C(2) =U(2)S(2)V'(2), (5)

whereby S(e/*?) is diagonal but no longer constrained to be
real-valued. This introduces additional ambiguities, and it is
now possible to shift allpass factors between singular values
and singular vectors.

Example 2: For the matrix C(z) of Example 1 it is possible
to find a complex-valued analytic SVD with

ve - 4 ] ve-

—Z

Al -l

(6)

lr41-1z71 0
14271

In contrast to the analytic SVD with real-valued singular
values in Example 1, all factors are now analytic, as the

fractional delay 272 — an ideal allpass — has been shifted
between the second singular value and its corresponding right-
singular vector. A

IV. ANALYTIC SVD UNDER RANDOM PERTURBATION
A. Channel Matrix Estimation

_If a MIMO channel C(z) is estimated, then the estimate
C(z),

C(z)=C(2) + E(2) , €

is subject to a random perturbation term E(z). This may
occur e.g. when a channel is identified by an adaptive system
identification setup [39], [40], or if a channel is sounded using
finite data — say IV samples — or under the influence of
channel noise. Typically the size of this perturbation term will
depend on the sample size N on which the estimate is based,
as well as the exact channel and the signal statistics [41], [42].
The larger the sample size NV is, the smaller the perturbation
term becomes.

We know that for an analytic perturbation of C(z), the
perturbation of the analytic SVD factors will also be ana-
lytic [18], [19]. Thus, a small change in C(z) will only result
in a small variation in its analytic SVD factors [43]. For a
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random perturbation this is not guaranteed to be true, and a
small random perturbation of C(z) could potentially result in
a significant perturbation of its analytic SVD factors. We will
explore this below.

B. Perturbation of Singular Values

On a bin-wise perspective, the random perturbation by
E (&) causes the singular values to become random variables
with a distribution. Two fundamental effects occur. Firstly,
if A(e/%) for some frequency €y possesses two identical
eigenvalues, then by sampling from a distribution, almost
surely the singular values of A(e/) will be distinct [44].
Secondly, if a singular value of A(ejQO) was zero, then the
singular value of A(e-iﬂo) will have a positive offset term [43].

Example 3: We perturb the earlier system C(z) of Exam-
ple 1 by 10* uncorrelated complex Gaussian instances E(z) of
the same support as C|(z) at a signal-to-noise ratio (SNR) of
40 dB. At a normalised angular frequency {2 = 7, we compute
the SVDs of C(e™) yielding singular values <., m = 1,2;
their histograms are shown in Figs. 3(a) and (b). According
to Fig. 2, we expect singular values of 0 and 1 for A(e'™),
but ¢; and ¢ differ, and in particular the histogram for ¢; in
Fig. 3(a) does not include zero. A

The distribution for singular values (and likewise eigenval-
ues) are typically challenging to represent, but can be stated
for specific cases, see e.g. [45]-[47]. For a complex Gaussian
perturbation, a Rician fit for the histograms of Example 3 in
Fig. 3 appears to be a close fit.

Since at a single frequency the probability of a zero singular
value or of identical singular values is almost surely zero,
this is also the case at any frequency. As a result, across the
spectrum, the singular values of C(e/?) almost surely will not
intersect or possess zero crossings.

Example 4: For one instance of a randomly perturbed C (2)
from Example 3, evaluating bin-wise SVDs with a sufficiently
high spectral resolution of 2'2 bins provides the evolution of
singular values with frequency depicted in Fig. 4. The zoomed
inserts of Fig. 4 demonstrate how singular values on the unit
circle no longer intersect and also no longer possess zero
crossings. A

Note that due to the loss of zero-crossings and intersections,
the singular values of C(z) are now 2m-periodic on the unit
circle, and oversampling is no longer required. As the pertur-
bation E(z) decreases, the analytic singular values of C/(z)
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Fig. 4. Analytic singular values of c (2) on the unit circle, with the moduli
of the analytic singular values of C(z) underlaid in grey. The vertical line at
Q = 7 indicates where the histograms of Fig. 3 are evaluated.

converge towards functions that are piece-wise analytic seg-
ments of the analytic singular values of C/(z), approximating
non-differentiable functions at frequencies where previously
intersections and zero-crossings occurred [44].

C. Perturbation of Singular Vectors

Sec. IV-B has outlined how perturbed singular values con-
verge towards the piece-wise analytic SVD of C(z) as the
perturbation decreases. The segments are switched where the
analytic singular values of C(z) intersect. This also switches
the corresponding analytic singular vectors; since singular
vectors should be mutually orthogonal, for decreasing pertur-
bations, the analytic singular vectors of C (z) converge towards
discontinuities at the switching frequencies. We demonstrate
this by the following example.

Example 5: For the perturbed matrix of Example 4, we
assess the subspace evolution of the left-singular vectors
U, (2) with frequency. In order to ignore phase ambiguities
across bins, we measure the Hermitian angle «., (€2),

cos o, () = \rHum(eiQ)| , )

against the reference vector r = u; (/). The resulting angles
o, () are depicted in Fig. 5. Underlaid in grey are the angles
for the unperturbed matrix C'(z), while the subspace angles
for C (z) approximate discontinuities at the frequencies where
the corresponding singular values in Fig. 4 are switched. A

D. Consequences for Precoding and Equalisation

Based on the findings above, a random perturbation ensures
that an analytic SVD exists without the need for oversampling
by K = 2 in (1). As the perturbation term decreases, e.g. by
performing system identification based on a large data set,
the accuracy increases and C/(z) tends towards C/(z), but the
same cannot be said for the SVD factors. These tend towards
piece-wise analytic functions, and the transition to (1) only
occurs if the perturbation term is zero. In the transition, we
find that the smaller the perturbation, the more difficult the ap-
proximation of a non-differentiability in terms of the singular
values, and of a discontinuity in case of the singular vectors,
becomes. Hence paradoxically, the more accurate C' (2) is, the
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higher the approximation order grows that is required for an
accurate representation of the singular vectors, and thus for the
SVD-based precoding and equalisation operators in a MIMO
communications system.

V. RECOVERING GROUND TRUTH SINGULAR VALUES

In order to estimate the ground truth analytic singular
values of C(z) from a perturbed measurement C(z), below
we investigate an extension of a similar algorithm for the
extraction of perturbed singular values in [38]. The algorithm
is modified to address (i) singular values that can become
negative, and (ii) singular values that may require a fractional
delay in order to avoid oversampling by « = 2 for an analytic
solution [20], which is not required for the analytic eigenvalue
decomposition [18], [19].

The approach is based on the fundamental property of
analytic functions to match their Taylor series everywhere; as
a result, the entire analytic function can be reconstructed from
any small segment. Thus, we first identify segments of bin-
wise singular values in Sec. V-A that can be clearly associated
where a sufficient separation between singular values and zero-
crossings exist. In order to align these segments, Sec. V-B
compares their partial time-domain reconstructions, permitting
the extraction of the ground truth singular values in Sec. V-C.

A. Segmentation

By operating in the discrete Fourier transform (DFT) do-
main, we perform a bin-wise SVD in each frequency bin of
C(e), O, = 27k/K, k=0,...,(K — 1), where K is the
DFT length, such that

C(@™) = Uz, VI, )

where X, = diag{ak,l, ey O'k,M} with Ok,1 > ... > Ok, M >
0. In order to identify viable segments where singular values
are sufficiently separated from each other and from any zero-
crossings, we define a minimum distance as

dmin(Qk) -

min
m,pu=1,...,

o {(Ok,m - Uk,p,)a 2Uk,m} . (10)

The second argument in (10) measures the distance from a
Zero-crossing.
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Fig. 7. Extracted Q = 4 segments for Example 6 based on the minimum
distance and threshold in Fig. 6.

Segments can be defined where a sufficient number of
subsequent frequency bins have a minimum distance above a
preset threshold 7. For reasons of robustness, such segments
must also satisfy a minimum length — i.e. a minimum number
of consecutive frequency bins — in order to calculate a reliable
reconstruction later [38].

Example 6: We now assume that C(z) is perturbed by a
term E(z) at 60 dB SNR. The minimum distance dyin(€2x)
of bin-wise singular values in K = 2'° DFT bins as defined
in (10) is shown in Fig. 6. Valid segments are extracted where
more than 16 successive bins satisfy a minimum distance
Anin(Qe) > T = %maxm {dmin(2%)}. The resulting Q = 4
segments are shown in Fig. 7; note that the last segment wraps
around at €2 = 27. A

B. Aligning Partial Reconstructions

Each segment can be converted back into the time domain
using a partial inverse DFT [38]. We here apply a small
modification, since segments potentially have to be fractionally
delayed in case they belong to ground truth singular values
with an odd number of zero crossings. Thus, we check if
a phase shift equivalent to a half sample delay provides a
symmetric response in the time domain. If this is the case, then
for this particular singular value segment a fractional delay is
incorporated.

Example 7: For the segments in Example 6, Fig. 8 shows the
time domain reconstructions. Note that for each segment, one
of the singular values has been corrected by a fractional delay
of a half sample, resulting in functions that are symmetric
wrt T = % Note that two of these fractionally delayed
segments (¢ = 3,4) exhibit a sign change. A

The alignment of the reconstructed segments uses the
Hungarian algorithm [48], [49] based on the norm difference
between different segments, taking into account that a smaller
norm may be possible if a segment is negated. In Fig. 8, the
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result of this alignment is indicated by the frame colours of
the subplots.

C. Extraction of Analytic Singular Values

The extraction of singular values follows the procedure
in [38], whereby a weighted average over the differently
aligned and sign-corrected segments is performed. The weight-
ing is provided by the length of the segments, whereby longer
segments are deemed to be more reliable than shorter ones.

Example 8: For the segments in Example 7, Fig. 9 shows
the segment-weighted and sign-corrected averages for the two
singular vectors. In order to avoid oversampling by x = 2,
the half-sampled delay has now created a singular value s2(z)
that is no longer constrained to be real-valued on the unit
circle. Fig. 9 therefore contains the real- and imaginary parts
of s5(e!?), which now are 2m-periodic and therefore admit
analyticity of so(z). The support of the extracted singular
values of 7 samples is close to the ground truth with a support
of 3 coefficients.

For comparison, if instead of seeking the ground truth
solution, we reconstruct the bin-wise SVDs of C' (z) as shown
in Fig. 4, instead of a support of 7 as highlighted in Fig. 10(a),
we end up with a support that is several orders of magnitude
larger: Fig. 10(b) shows an IDFT with 2'° bins, where the
decay of the coefficients is very slow. This represents the
type of time-domain support that may be necessary, unaffected
by any phase smoothing, if a bin-wise or per-subcarrier
SVD is interpolated without addressing the challenges of the
underlying analytic SVD.
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Fig. 10. Moduli of the time-domain singular values sw(a) obtained using (a)
the proposed method and (b) an IDFT reconstruction based on the perturbed
system in Fig. 4.

VI. CONCLUSIONS

Motivated by the efforts in phase smoothing for precoding
matrices in multicarrier MIMO communication systems, we
have explored the analytic singular value decomposition as
the theoretical foundation for the spectral coherence behind
a per-subcarrier SVD. This reveals some of the challenges in
trying to find a smooth interpolation from a limited number
of subcarriers. Firstly, in order to admit the infinite differen-
tiability and hence smoothness afforded by analytic functions,
we have demonstrated the need for admitting complex valued
singular values. Secondly, fundamental challenges arise from
random perturbations introduced in the estimation process of
the channel matrix. Paradoxically, the better the estimate, the
higher may be the required approximation order of the singular
values and their associated left- and right-singular vectors. Pro-
foundly, this can lead to precoding and equalisation matrices
being difficult to interpolate.

While we have not yet addressed the recovery of analytic
singular vectors, we have as a first step demonstrated how
to extract analytic singular values by adapting an existing
approach for analytic eigenvalues from [38]. Despite the above
problems, this can recover smooth solutions with compact
support, that hence are easier to interpolate. For the some-
what analogous case of an analytic eigenvalue decomposition,
once analytic eigenvalues have been extracted [50]-[52], their
corresponding eigenvectors can be tackled [53], [54].
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