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Breather interactions in the integrable discrete Manakov system
and trigonometric Yang-Baxter maps

V. Caudrelier!, N. J. Ossi?, and B. Prinari?

1 School of Mathematics, University of Leeds, Leeds, UK
2 Department of Mathematics, State University of New York, Buffalo, NY 14260 USA

Abstract

The goal of this work is to obtain a complete characterization of soliton and breather interactions in
the integrable discrete Manakov (IDM) system, a vector generalization of the Ablowitz-Ladik model. The
IDM system, which in the continuous limit reduces to the Manakov system (i.e., a 2-component vector
nonlinear Schrédinger equation), was shown to admit a variety of discrete vector soliton solutions: funda-
mental solitons, fundamental breathers, and composite breathers. While the interaction of fundamental
solitons was studied early on, no results are presently available for other types of soliton-breather and
breather-breather interactions. Our study reveals that upon interacting with a fundamental breather, a
fundamental soliton becomes a fundamental breather. Conversely, the interaction of two fundamental
breathers generically yields two fundamental breathers with polarization shifts, but may also result in a
fundamental soliton and a fundamental breather. Composite breathers interact trivially both with each
other and with a fundamental soliton or breather. Explicit formulas for the scattering coefficients that
characterize fundamental and composite breathers are given. This allows us to interpret the interactions
in terms of a refactorization problem and derive the associated Yang-Baxter maps describing the effect
of interactions on the polarizations. These give the first examples of parametric Yang-Baxter maps of
trigonometric type.

1 Introduction

In this work we consider the following system of differential-difference equations:

dan, 1
T 7(qn+1 - 2qn + qn—l) - qun“Q(qn-‘rl + qn—l)a 0 = :FL (11)

Car T
where q,(t) is a 2-component complex vector function of n € Z, t € R, and ¢ = F1 distinguishes between
the focusing/defocusing dispersion regimes. This system, which we will refer to as the integrable discrete
Manakov (IDM) system, was introduced in [18-20] as a vector generalization of the Ablowitz-Ladik model
(Eq. (1.1) for a scalar g, (t), see [1, 2]), and it is an integrable O(h?) spatial discretization of the Manakov
system [27]:
Q¢ = dee — 20[laf’a, o =FL,

to which it reduces as the lattice spacing h — 0 with nh — x. In turn, the Manakov system is a vector
generalization of the celebrated nonlinear Schrédinger (NLS) equation [33], and, like its scalar counterpart,
it is a completely integrable system. In particular, both the Manakov system and its integrable discretization
(1.1) are linearizable by the Inverse Scattering Transform (IST), and they admit vector soliton solutions. In
this work we will consider the focusing case, so we will take ¢ = —1 throughout. The vector solitons of the
focusing Manakov system have the form:

a(z,t) = q(z,t)p,  qlz,t) = 2pe 2EHHE T goch 29z — 8¢t — 21,), (1.2)

where g(z,t) is the 1-soliton solution of the scalar NLS equation, and p € C? is a norm-1 complex vector.
From a spectral point of view, the physical parameters that characterize the soliton are encoded in: a



“discrete eigenvalue” k = £ + in € C*, whose real and imaginary parts, respectively, fix the soliton velocity
(v = 4¢) and amplitude (A = 21 > 0); and a “norming constant” C € C? associated to the discrete eigenvalue
k, which determines the center of the soliton, z, = log \/||C||/2n, and its “polarization” p = C'/||C]||.

While a 1-soliton solution of the Manakov system is fundamentally governed by the scalar NLS, the
vector nature of the solution affects the dynamics when solitons with different polarizations interact. Indeed,
as was already established in Manakov’s pioneering paper [27], interacting vector solitons generically change
their polarizations upon interaction. Specifically, for a 2-soliton solution with individual solitons traveling
at different velocities, in the backward (t — —oo) and forward (¢t — +o0) long-time limits such a solution
asymptotically breaks up into individual solitons

q(z,t) ~ qi(amt) = pqu(x,t) + pétqét(x,t) as t — oo, (1.3)

where p;t are complex unit vectors, and qj»t(amt) are l-soliton solutions of the scalar NLS such that q;
and qu are characterized by the same amplitude and velocities as determined by the discrete eigenvalues
kj = & +in; for j = 1,2, with & # &. Manakov’s formulas express the polarizations of the solitons in the
forward long-time limit pf, pgr in terms of the polarizations p;, p5:

lkl—k*[ k¥ —Fk, _+ _ }
+ _ 2 1 1
Py =~ |P2 + —=(P1 'P2)PT |, 1.4a
2 Xklka 2 k’27]€1(1 2)1 ( )
1k — kX k:—k
+_ iR TRy | Ry T R2 o g
== + , 1.4b
Py Xkl_k2[p1 k2_k1(p2 pl)pz} (1.4b)
with
o |k1— k3

’ [1 (ki — k1) (k2 — 3)
k1 — kao|?

= CTpa 1.4
= bz ). (1.40)

while the centers of the solitons in the forward-backward long-time limits are given by:
e2(r3 —23) — X, Q2@ —ay) _ 1/x. (1.5)

[Here and in the following: * denotes complex conjugation, and the superscripts 7 and f are used for matrix
transpose and conjugate transpose, respectively]. The Manakov formulas (1.4) show that in general when the
solitons interact, the intensity distributions of the individual solitons in the two components change, yielding
a “polarization shift”, and only when the “initial” polarizations of the solitons p;, p, are either parallel or
orthogonal is the amplitude of each individual component of the solitons conserved. Egs. (1.4) were obtained
in [27] by tracing the asymptotic states of the eigenfunctions through each soliton, multiplying them by
the corresponding soliton transmission coefficient, and accounting for bound states of the eigenfunctions via
the norming constants. In the multisoliton case, a J soliton collision is equivalent to the composition of
J(J — 1)/2 pairwise interactions taking place in an arbitrary order compatible with the soliton velocities,
and the effect of the interactions (i.e., the shifts in the soliton centers and in the polarizations of each
individual soliton) is independent of the order in which the pairwise solitons actually interact [5]. In turn,
this was shown to be related to the fact that the map R[ki,ka] : (P, , Py ) = (P] , P3) defined by (1.4) is a
(reversible) Yang-Baxter map [5, 14]. Conversely, the matrix refactorization of the transmission coefficients
associated to the solitons provides an alternative method to show that the map (1.4) is a Yang-Baxter map
[22, 32]%, that is, a solution of the set-theoretical Yang-Baxter equation [17].

Like the Manakov system itself, the discretization (1.1) is completely integrable in the sense that it can
be solved via the IST and it has exact multisoliton solutions [3, 4, 6, 7, 31]. As it turns out, (1.1) is even
richer, both in terms of the types of soliton solutions it exhibits and, as we will show, in terms of the relative
interaction properties. As shown in [4], it is convenient to rewrite the system (1.1) for a 2 x 2 matrix potential

0 @
Q. (1) = ((1)n+1Q£12)* (=1)" %1)*) ) (1.6)

IThere is a vast literature on Yang-Baxter maps in relation to (fully) discrete integrable systems and consistency around the
cube that would be too long to cover here and also not directly relevant to the present work. We refer the interested reader to
the book [23].




satisfying:

dQn,
ar Qi1+ Quot + 1Qul? (Quia + Qu1) (L.7)
where we define the matrix norm as ||Q,||*> = |Q£11)|2 + \Qg) |2, and let
an = TR QY. Q) t=1/nt (18)

The system (1.7) admits a variety of discrete vector soliton solutions, depending on the rank and struc-
ture of the norming constant associated with the soliton: fundamental solitons, fundamental breathers (a
superposition of two orthogonally polarized fundamental solitons with the same amplitude and velocity, but
opposite carrier frequencies), as well as composite breathers (more general superpositions of fundamental
solitons). Fundamental solitons are the discrete analog of (1.2), to which they reduce in the continuous limit.
On the other hand, fundamental and composite breathers are purely discrete solutions, and do not have a
continuous counterpart in the Manakov system. One of the goals of this study is to obtain a complete charac-
terization of soliton-breather and breather-breather interactions for the integrable discrete Manakov system.
The formulas for the polarization shifts of discrete fundamental solitons that are the analog of the well-known
formulas (1.4) for the interaction of vector solitons in the Manakov system were already obtained in [4, 6, 7].
In this work, we complete the description of the landscape of interactions in the discrete Manakov model
by characterizing the interactions between a fundamental soliton and a fundamental breather, between two
fundamental breathers, between composite breathers, and between a composite breather and a fundamental
soliton or breather. Our study reveals that upon interacting with a fundamental breather, a fundamental
soliton becomes a fundamental breather and, conversely, that the interaction of two fundamental breathers
generically yields two fundamental breathers with polarization shifts, but may also result in a fundamental
soliton and a fundamental breather. This type of highly non-trivial interaction was discovered for vector
solitons of the complex-coupled short pulse equation (ccSPE) in [13], and it is now reported for the first
time for a discrete integrable system of NLS-type. Explicit formulas for the coefficients that characterize
the fundamental breathers and for their polarization vectors are also obtained. Furthermore, we show that
composite breathers interact trivially both with each other and with a fundamental soliton or breather. All
interactions are illustrated with plots. The results are then interpreted in terms of a refactorization prop-
erty for the transmission coefficients associated to each soliton, which produces a novel Yang-Baxter map of
trigonometric type.

The structure of the paper is as follows. In Section 2, we give a brief overview of the IST for the IDM
system as developed in Ref. [4], and of its 1-soliton and 1-breather solutions. In Section 3, we derive the
explicit expressions of the (matrix) transmission coefficients corresponding to a 1-fundamental soliton, a
1-fundamental breather, and a 1-composite breather solution. In Section 4 we perform long-time asymptotic
analysis on exact soliton-breather and breather-breather solutions, and we use it in conjunction with the
transmission coefficients for a single soliton/breather solution to obtain the maps for the polarization vectors
that describe the solitons and breathers in the forward long-time limit 7 — 400 in terms of their values
as 7 — —oo. In Section 5 we show, on one hand, how the fundamental breather interaction leads to a
Yang-Baxter refactorization property for the transmission coefficients, and, on the other hand, how the map
itself can be derived from the refactorization property. Finally, Section 6 is devoted to some concluding
remarks, and more technical details are provided in the appendices.

2 Overview of the IST and soliton/breather solutions

Below, we give a succinct overview of the IST for the integrable discrete Manakov system (1.7) as developed
in [4], whose notations we will follow unless specified otherwise. We refer the reader to [4] for further details
regarding the results summarized in this section.

Eq. (1.7) admits the following Lax pair:

_ 21y Q.
Vn+1 - <Rn Z_112> Vn , (21&)
d _ iQan,1 - % (22 + 2_2) 12 _ZZQn + iz_lanl
ar T ( iz7'R,, —izRp_1 —iR,Quo1 + 4 (22 +272)1 Vs (2.1b)



M @ e 0 —i
Qn(T) = (_1)n+1Q(2)* (_1)7LQ(1)* ’ Rn = (_1)n+ 0-2Qn0-2’ o2 = (Z 0 ) ’ (22)

z € C is the spectral parameter, and I is the 2 x 2 identity matrix. Note that this corresponds to taking
N=M=2R,=-Qf,and A =B =1, in [4]; and that the matrix P used throughout [4] is simply ic.

2.1 Direct problem

First, one needs to characterize the spectrum of the scattering problem, namely, Eq. (2.1a), and the cor-
responding eigenfunctions. In the direct and in the inverse problems, 7 is fixed and therefore in the corre-
sponding sections we omit the 7-dependence of the eigenfunctions and scattering data for brevity. Assuming
Q. — 0 sufficiently rapidly as n — £o00, one introduces Jost eigenfunctions:

Pn(2) = (0n(2) Dn(2)),  Wulz) = (¥n(2) ¥,(2)). (2.3)
which are defined by
D, (2)~ 2" n — —oo, W, (z) ~2Z" n — 400, (2.4)
where
Z= (ZOI; 201212> , (2.5)

with 0y being the 2 x 2 zero matrix. It is convenient to work with modified eigenfunctions
(M,,(2) My (2)) = ®,(2)Z7", (N (2) Np(2) = ®,(2)Z27", (2.6)

both approaching the 4 x 4 identity as n — Foo, respectively. Let DT = {z € C : |z| < 1} denote the interior
(=) and the exterior (+) of the unit circle C = {z € C : |z| = 1}. As shown in [4], if the potential Q,, € ¢1(Z)
(i.e., with 7 _{|Q,|la < 0o where ||Q,|4 is any matrix norm of Q,,), then M, (z), N,,(z) defined above
are analytic in D* and continuous for |z| > 1, and M,,(2), N,,(2) are analytic for 2 € D~ and continuous
for |z] < 1. Furthermore, the modified eigenfunctions satisfy the following asymptotics (in their respective

regions of analyticity):

I, + O(272, even) _ 2Qu_1 + O(2%,0dd)

M (2) 200 <21QL_1 +0O(273,0dd) )’ Ma(2) S0\ I+ 0O(22 even) ) (2.72)
—z71ASIQ, + O(273, 0dd) < AT, + O(22%, even)

Nn(2> z:oo < A;l:[Q + 0(2—27even) , Nn(z) Z:O ZAT_LlQIL =+ 0(23,Odd) ’ (27b)

where “even” (resp., “odd”) indicates that the remaining powers are even (resp., “odd”) powers of z, and

—+oo

An=Tl 0+, =P +QP2 (2.8)
k=n

and we have taken into account that Q,R,, = R, Q, = a,Is for Q,, R, asin (2.2).
The Jost eigenfunctions ®,,(z) and ¥,,(z) are two fundamental matrix solutions of the scattering problem
for any z € C, and therefore one can express one in terms of the other as:

a@)BgD’ Qﬂazéﬁd<§3 qa>’ 4 (29)

where the 2x 2 matrices a(2), b(z), a(z), b(z) are the “left” scattering coefficients, and the 2 x 2 matrices c(z),
d(z), ¢(z), d(z) are the “right” scattering coefficients. The scattering coefficients a(z), c(z) (resp., a(z), €(z))
are analytic for z € DT (resp., 2 € D™). Moreover, all four diagonal blocks are even functions of z in their

respective regions of analyticity, and a(z),c(z) — Iy as z — co. These analytic coefficients are the inverses

V)]



of the matrix transmission coefficients of the scattering problem. The off-diagonal scattering coefficients are
in general only defined on the unit circle C, where they determine (matrix) reflection coefficients:

p(z) =b(z)a'(z),  plz) =b(z)a"'(z), |s|=1. (2.10)

The symmetries in the Lax pair induce the following symmetries in the scattering coefficients (see [4] for
details):

+00 too
al(1/2%) = c(2) H (14 an), a(z) =cf(1/2%) H 1+ an), (2.11a)
. n=—oo n=—oo i
det c(z) = det a(z) H (1+ay,)72, deta(z) = deta(i/z) = detc(i/z) H (14 an)?, (2.11b)

in the respective regions of analyticity, as well as

p(z)=—p'(1/z"),  ||=1 (2.11c)

The discrete spectrum consists of the values of z € C\ C, for which the scattering problem admits eigen-
functions in £%(Z), and, because of the symmetries of the Lax pair, discrete eigenvalues appear in symmetric
octets:

Z = {4z, % = iz}, +7; 1= £1/2], +5; := iz'/zj}jzl : (2.12)

where +z;, £Z; are zeros of deta(z) (as well as detc(z)) in D, and +%;, £2; are zeros of deta(z) (as well
as det ¢(z)) in D~. The simplest soliton solutions are obtained assuming that the discrete eigenvalues are
simple zeros of deta(z). But it is possible for a discrete eigenvalue to be a second-order zero of deta(z)
yet still a first-order pole for the meromorphic eigenfunction that appears in the inverse problem. In this
respect, both cases should be considered as corresponding to elementary (as opposed to higher order) soliton
solutions. Indeed, the following holds.?

Proposition 1. Let {£z;,+%;,£%;,£2;} be an octet of discrete eigenvalues as in (2.12).

1. If £z; are simple zeros of deta(z) in DT, then ranka(+z;) = 1 and +z; are simple poles for
M,,(z)a=1(z) (and the same holds for the other symmetric eigenvalues in the octet in the respective
regions of analyticity).

2. If £z; are double zeros of deta(z) in D' and a(£z;) = 0g, then *z; are still simple poles for
M,,(z)a=1(z) (and the same holds for the other symmetric eigenvalues in the octet in the respective
regions of analyticity).

Since in both cases the points +zj,+Z; (resp., £zj,+2;) are simple poles for the function Ma~! (resp.,
Ma~!) in D (resp., D~ ), one can define the corresponding residues as follows:

ZEﬁngn(z)a_l(z) = (d2;) "N, (+2;)C;, (2.13a)
Zl:%isgjl\/[n(z)a_l(z) = (4i/z;) "N, (+i/z;)C;, (2.13b)
Zgje[sszn(z)é_l(z) = (£2;)*"N,(£2,)C;, (2.13c)
2522_,.1\71"(2)571(2) = (4i/2;)*"N,,(%i/2;)C,, (2.13d)

where C; is the 2 X 2 norming constant associated to the discrete eigenvalues £z;, and
Cj = EJZCL Cj = 72]4_20'263;1'10'2, Cj = Zj_QO'QC;rO'Q . (214)

In the first case, i.e., when a(z),a(z) evaluated at the discrete eigenvalues are rank-1 matrices, the norming
constants are rank-1 matrices themselves; in the second case, the norming constants can be either full-rank
or rank-one matrices.

2 Analogous results were established in [29] for the matrix NLS equation and in [21] for the ccSPE, and similar arguments
can be used here.



As will be explained in Section 2.4, the nature of the soliton associated with a discrete eigenvalue z;
crucially depends on the rank of the associated norming constant Cj;.

2.2 Inverse problem

The inverse problem aims at reconstructing the potential Q,, in terms of the scattering data (i.e., reflection
coefficients, discrete eigenvalues, and associated norming constants). Concretely, one first reconstructs the
eigenfunctions from the scattering data, and then the potential is recovered from the asymptotics of the
eigenfunctions in the spectral parameter z. The inverse problem for the eigenfunctions is formulated as a
Riemann-Hilbert problem (RHP) in the complex variable z, for which a suitable normalization condition as
z — oo must be provided. Since the large-z asymptotic behavior of the modified eigenfunctions depends on
the potential Q,, (cf. Egs. (2.7)), it is convenient to pose the problem for the following renormalized matrix
functions:

N (2) = <(I)22 A?fb) No(z) ~ (igiig&@?) , (2.15b)
(oo (B )
o (5 S )meonto o (88, e

These eigenfunctions are meromorphic functions of z with poles (assumed simple, cf. Proposition 1) at the
discrete eigenvalues, and the 4 x 4 matrix function m,,(z) = m¥(z) for z € D*:

m(2) = (,(2) Np(2)), my (2) = (N,(2) i, ()

satisfies the following RHP across the circle |z| = 1:

—m= _ (P1(1/z")p(2) 2Prpl(1/2%)
m (2) =m,, (z) (I + V,.(2)), V,L(z)_< () 0. ) (2.16a)

m}(z) - Iy as z — 09, (2.16b)

with simple poles at the discrete eigenvalues whose residues are determined by the norming constants ac-
cording to (2.13). In turn, the potential Q,, is reconstructed by the asymptotics of the renormalized eigen-
functions, namely:
Qn—l = lim Z_l ll/n(up) (Z)7 Ayl = lim /]’;z(dn) (2)7 (217)
z—0 z—0

where, here and in the following, the superscripts ("P) and (1) denote the upper/lower 2 x 2 block of the 4 x 2
matrix eigenfunctions. Note that as a consequence of the symmetries of the scattering data (and consistently
with the expansions (2.7)), one has:

NP (—2) = NP (z), NI (—z) = - (97 (2), (2.18a)
N/ (W) (—2) = —NZ(WP) (), N/ () = N/(40) (), (2.18b)

In the pure soliton case (i.e., for reflectionless potentials for which p(z) = 0), the jump in (2.16a) becomes
trivial, and, taking into account the symmetries (2.18), the solution for the RHP for the eigenfunctions is



given by:

—2n+1 n 2n 1
N;P) (2 —I2+2Z . AN )G +2ZZ 2+z a7 N/E)C; (2.19)
7271 )n* ~
1(dn) (5 zz N’(dn)(zj (of +22 N'<dn>( i/%;)C;, (2.19D)
z,
j=1 J
( ) 72n ( J ( 1)77,27277, ( .
u /7 (u 7 (u .
N/ (W) () = 22 = _ZJN P)(z;)C; +2;WN P)(i)2;)Cy, (2.19¢)
—2n+1 J n —2n 1
N —Tas 23 NG ey N0, e

Jj=1

which yields a closed linear system for the eigenfunctions evaluated at the discrete eigenvalues, i.e.:

J —2n+1 n 2n 1
-1) ~
N/ (5) =T, +23 " 2k 1UP) (2 )Cy + 2i N/ (up) Cr, 2.20a
2 kz e (2)Cr ; 2+Z (i/2zk)Cy (2.20a)
72n+ J (_1) 2271 1
NP (5/25) _12—22 = N’(“p)(zk)Ck—22’2727N'(“p)(2/zk)0k, (2.20b)
k=1 J +z k k=1 ZJ 2
Ziny, J (=1)"z 2"z
N/ (UP) (5 _22 Sk TN (P () ck+2Z¢N'<up (i/z)Cr, (2.20c)
h—1 % =% = % T
72n*—1 / B J ( 1)nzk_2n2‘_1 ) R
N/ (W) (/) :—zzz LN () Cp — 20y NP (i) 2,) G, (2.20d)
k=1 ~i +Zk =1 i %k
j=1,---,J, and
J

Q. 1= _22 7?(”*1)N;(up)(gj)c —

Jj=1

1)n—1z;2(n*1)1§]fn(up) (Z/ZJ)CJ (2.21)

[\}
.
I Ma
Il
—
|

For future reference, we also give the linear system for the lower blocks of the renormalized eigenfunctions:

N/ dn) 2 Zk_ Z] N/ (dn) C 2 72JN, (dn - /= C 222
> 2 (21)Cr + Z T (i/2k)Cr, (2.22a)
k=1 k=1 k
—2!LZ—1 J n Qn fl

N (G /2) = —212 k N’(dn) (2)Cr — 2i Z N (/%) Cp (2.22b)

k=1 ] k k=1
(an) 5 AT G ) J w0 r(an)

N/ (dn N’ %) (%,)Ch, + 2 n Cr, 2.22
Z (21)Cy + ZZ 2 +z (1/2k)Cr (2.22¢)
k=1 J k=1 lc

(an) J F2n+1 (dn) J n —2n 1 (an)
N ldn ) =1 —2 N (Z)C, — 20y ~—2 "k N/ (i/2)Cy, 2.22d
WE kz:ffuzk e ;; Z] _Zk G 222
with
J J )
Ay =T, =23 2" N ()C) + 20 Y (—1)"2 >IN (i) C. (2.23)
j=1 j=1

2.3 Time evolution

The second operator in the Lax pair (2.1b) determines the time-dependence of eigenfunctions and scattering
data. Specifically, for the latter the following holds.



1. The matrix transmission coefficients are constants of the motion:
a(z,7) = a(z,0), a(z,7) = a(z,0), (2.24)

so in the following we will continue to denote them simply as a(z), a(z). The same of course holds for
c(z) and ¢(z). In particular, note that the above equations imply that the discrete eigenvalues are all
time independent.

2. The time-evolution of the matrix reflection coefficient and of the norming constants are given by
p(zv T) = ei(z2+z_2)7'p(z’ 0)7 Cj (T) = Cjei(z'?+zj_2)‘rv j = 1; T Jv (225)

(note C; = C;(0)) and (2.14) provide the corresponding expressions for the other norming constants
in each octet.

2.4 Explicit 1-soliton and 1-breather solutions

The simplest soliton solutions are obtained for 1 octet of discrete eigenvalues, i.e., by taking J = 1, and the
nature of the solution crucially depends on the rank of the associated norming constants. When the norming
constant Cj is rank-1, and one of its columns is identically zero, say

Ci=(m0), 7€C (2.26)

the corresponding solution is a fundamental soliton:

511)(7-) = —sinh 2a; sech(¢; — d )eQibl(nH)_wai (2.272)
@) = ! e vl '

where z; = exp(aj + iby) (with a; > 0 since z; € D), and

74l
Cl = 2&1 ((n + 1) — ’Ul'r) 5 dl = log m 5 (227b)
1
w1 = cosh 2a7 cos 2by , v1 = —— sinh 2a4 sin 2b; . (2.27¢)

a
When the norming constant C; is rank-1 with the two columns proportional to each other, say

Ci=78] = (1, 7). MmeC 6= <Z1> €C?, (2.28)
1

the corresponding solution is a fundamental breather:

* * 1
n (T K1 Y1 2iby (n41)—2iwyT n+l K1 YT _2ib) (n41) 420w
= —sinh 2a; sech({; — dy) e= T4 (=1) e "™
( )) EAIEA EANEA

(2.29a)

where

N = —ioyy, di; = log 7”;11}”1”2(111” , (2.29b)
and the rest of the parameters are the same as in the fundamental soliton case. The above expression shows
that a fundamental breather is a superposition of two orthogonally polarized fundamental solitons, with
the same amplitude and velocity, but opposite carrier frequencies. We want to stress that the vector §;
introduced here is different from the one used in [4] (where §; was used to denote the second column of the
norming constant), and instead follows the notation introduced in [13] for the ccSPE. Eq. (2.29) shows that
the fundamental breather reduces to a fundamental soliton by setting either k; = 1 and pu; = 0, or k1 =0
and p; = 1. Of course, one of the two constants k; and g1 can always be scaled out (as in the solutions
presented in [4], where u; = 1 and k1 = k). However, for the purpose of investigating soliton interactions, it
is convenient to keep both constants in. It is worth mentioning that if v; has only one non-zero component,



then the opposite carriers are split in different components, and hence the oscillations are suppressed. While
with a single breather it is always possible to reduce it to such a case by an appropriate axes rotation
and exploit the unitary invariance of the system (1.7), this is not possible, in general, with more than one
breather.

Finally, when the norming constant C; = (v, &1) is invertible (i.e., its columns ~,,e; are linearly
independent), the corresponding solution is a composite breather:

(1)(7') 1 , . . .
n - e, . 6—21(w1+w1'u1)r * 41 n+1®* . e2z(w1—w1'ul)‘rEL , 2.30a,
o) = Trgmm (e v+ (D)0 () . (@30

where
e—4a1n+4a1v17 cos2b

n(7) = —————|C1|> +Tn I, ()2, = —— 2.30b
gn(7) ST 2a, [C1lI” + Lo (7) + I75(7) + 87T (7)] = Suhoar (2.30b)

1 . )
O (1) = 222" [1 = 8’Tp(1)], Tlr) = (1) ————— 2y Melilr=iav)T qor ©; . (2.30¢)

(w1 — iajvy)?

The above formula for a generic composite breather is novel; only a special case, corresponding to C; =
(71, inoay;) with n € C, was given in [6]. We also mention that in [28] soliton solutions for the discrete
coupled nonlinear Schrodinger equations (which are essentially the IDM system considered here) are derived
using Hirota’s bilinear formalism. However, only fundamental soliton solutions can be obtained from the
Pfaffian solutions of the bilinear equations that are reported in [28]. Some plots of 1-soliton and 1-breather
solutions are given in Fig. 1.

(al) (b1) (c1)

Figure 1: Single soliton solutions corresponding to the same discrete eigenvalue z; = exp(0.2 — i7/8), with
|Q£L1)(T)| in the top panels, and |Q5«?)(T)| in the bottom panels. (a) Fundamental soliton with C; = (8? 8)
0.3 0.3 0.3 0.3)

0.1 0.1

(b) Fundamental breather with C; = ( 01 0.2

). (c) Composite breather with C; = <

As we will show in Section 4, the key difference between rank-1 and rank-2 solitons is that the former
interact nontrivially with each other and with rank-2 solitons. Conversely, when rank-2 solitons interact



with each other or with rank-1 solitons, the only effect of the interaction is an overall phase/position shift,
while the polarization vectors are left unchanged.

3 Transmission coefficients of soliton and breather solutions

According to their definition in Section 2, the (inverse) transmission coefficients c(z), €(z) corresponding to
single soliton solutions can be determined from limits of the “right” modified eigenfunctions as follows:

c(z)= lim NOW(z)  ¢(z)= lim N@(z). (3.1)

n——oo n——oo
For instance, from the second of (2.9) it follows that for z € C:
NP (2) = MW (2)e(z) + =2 MW (2)d(2)

Taking the limit as n — —oo in the above equation, and considering that M$™ (2) — I and M (2) — 0,
one obtains the first of (3.1), which can then be extended into D~ by analytic continuation. A similar ap-
proach works for c(z). The coefficients a(z), a(z) can be found via similar limits of the “left” eigenfunctions,
or directly through the symmetries in (2.11a).

To compute the relevant eigenfunction needed to determine ¢(z), one can first solve the linear system
(2.20a)~(2.20d) with J = 1, and substitute the result into (2.19) to determine N, "P(z). Eq. (2.23) allows
one to obtain A,, in terms of the solution of the linear system (2.22), which can then be used in conjunction
with (2.15) to compute the limit required in (3.1). We provide below the results of these calculations for a
fundamental soliton, fundamental breather and composite breather. Further details are given in Appendix A.

In the case of a composite breather, where the norming constant C; is invertible, the transmission
coefficients simply turn out to be multiples of the identity; namely,

22— 22)(2? zf2 Z_Q—Zfz 272+ 52

cop(z) = EZQ - z%iEzQ i 212312 ,  ccB(2) = EZ_Q — leigz_Q I z%; I, (3.2a)
22— 23) (2% + 22 _ 272 (22 4 22

acp(z) = EZQ — Z%§E2_2 T 2512 , acp(z) = 22_2 — 2123222 " 212;12 . (3.2b)

Note that the above expressions correspond to the second case in Proposition 1, i.e., each of the discrete
eigenvalues in the octet is a double zero of the determinant of one of the coefficients, all of which have rank
0 (i.e., they vanish) when evaluated at the eigenvalues in the pertinent region of analyticity.

On the other hand, the transmission coeflicients are non-trivial in the rank-1 case. The primary norming
constant associated with a fundamental breather can be written as C; = 7161; and with the symmetries
(2.14) in mind, one has C,C; = C;C; = 0,. As such, many terms in the linear system vanish, including
those that contribute to the transmission coefficient limits in the rank-2 case. The transmission coefficients
for the fundamental breather, derived in Appendix A, are as follows:

crp(z) = jz I 2:2 :Iz + Zf_jziz);iiz jr ?:z;valT] , (3.3a)
oty = e BB
app(z) = zz 1 22 :12 + ig t ;)2(),2(55 _T_ jg vaﬂ , (3.3¢)
app(z) = zg i j:z :12 + Ezl_z : 2 2;5?_;2?;; ufuﬂ , (3.3d)

where u; = v1/||v;|| and vi = 87/||1] are normalized polarization vectors. Note that when v; = (1,0)7,
¢(z) in (3.3a) and a(z) in (3.3¢) reduce to diagonal matrices while ¢(z) in (3.3b) and a(z) in (3.3d) remain
nontrivial, in agreement with the result obtained in [4] for the fundamental soliton case. The expressions of
the transmission coefficients for fundamental and composite breathers were not determined before.
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As we will see in Section 4, the nontrivial structure of their transmission coefficients (and their dependence
on the norming constants, in addition to the discrete eigenvalues) is responsible for the nontrivial interaction
properties of rank-1 solitons, i.e., fundamental solitons and fundamental breathers.

4 Soliton-breather and breather-breather solutions and their long-
time asymptotics

4.1 Generic multi-soliton solution

The explicit expression of a multi-soliton solution can be obtained from the linear system (2.20). Specifically,
upon substitution of (2.20c) and (2.20d) into (2.20a) and (2.20b), one obtains:

2J
x; =T+ xAj, j=1,...,2J, (4.1a)
=1
where
—2n+2_2n nz2n—2:2n
z z _ (== z _ .
4 Tk "t C,Cp+ k s CsCrl,t=1,...,0,5=1,...,J,
;1 |:(zj2.z]%)(z]% —z2) E+50E2+2)
J (_1)n2—2n+22—2n 52n—2z—2n
k —J A k —J - = .
4 — — Ci—yCr + — — 5 ——— — CgJck:|,€:J+1,...,2J,j=1,...,J,
A= 1;1 |:(Zj2' =) (5 +22) (2 + 2.0 - 22,
J ‘> [ T c,C SO c.C } 6=1,...,J,j=J+1,...,2J.
- — — JA ] — — - — (Lt =14...,J,0 = ) )
k=1 (Zj—2J + 22)(23 — 23) (z, 2 zj_QJ)(zk 24 z2)
J -1 nz—2n+22—2n R 2271,—22—271 R _
-43" [ E2 ) L GG cljck} =J4+1,...,2Jj=J+1,...,2J,
= L& 200G+ 20)) I G 7))
and
X = 0t Xar - Xe0) = (NP (2), 0 NGO (), NP (i), NP /). (4b)

For convenience, we have dropped the explicit dependence on the lattice variable n. Thus, the set of equations
(4.1) forms a system of linear equations
AX=B (4.2)

where
B= (IQ; 127 o 512)T7 X = XT? A= I4J - I:(A]TZ)ISLZSQJ} . (43)

Note that A is a 4J x 4J matrix (since each A, is a 2 x 2 matrix), and X and B are 4J x 2 matrices. We
now denote by X and X® the first and second columns of X, respectively, and we use the same notation
for B. Thus, the system (4.2) can now be split into two equations

AXD =BV  AX® =B®, (4.4)
Using Cramer’s rule, the solutions to these systems are
det ALY det ALY
XU = — X@EO = T p=1,...,4] 4.5
det A det A’ e (4.5)

where
AMD = (A Ay, A, BW A, Ayy),
A£27€) = (Ala A27 ey Af*la B(Q)a A€+la e ;A4J>7

and Aq,..., A, are columns of A. Note that X (% and X9 represent the ¢-th component of X! and
X () respectively. Finally, we have

_ 1 (1,2j-1) (1,2)
N/n(up) (zj) = XT (det A e ) ] = 17 ) ‘]’ (4'63”)

77 det A \det AZ% D ot A2)

11



and

NI (if2) = XT.

1 det AS‘LZ(JJ"J)_I) det A£‘172(J+J))
I det A

det A£‘2a2(j+J)*1) det A7(n2’2(j+J))> ’ .7 =1,..., J. (46b)

A generic multi-soliton solution can then be obtained by substituting the above expressions for the eigen-
functions in Eq. (2.21).

4.2 Fundamental soliton and breather interactions

Presently, we focus on the case of J = 2 fundamental breathers, whose norming constants are both of
the form (2.28), in which case any terms with the products Cj C; and (_jjéj vanish. The case when one
fundamental breather is a fundamental soliton can be obtained as a subcase (by assuming, as before, that
one of §; has only one non-zero component). In a similar way one can obtain the reduction to the formulas
for 2-fundamental solitons, already considered in [4]. Examples of soliton-breather and breather-breather
solutions are plotted in Fig. 2 and Fig. 3, respectively. The explicit expressions of the solutions are too
complicated to be of practical use “as is” even in these cases, but one can turn to long-time asymptotics to
gain valuable insight into the behavior of the solutions. In particular, we aim to characterize the polarizations
'yj[, in (and in turn uf, Vji) of both breathers as 7 — +o0.

(al)

1R ()|

1V ()

Figure 2: (a) Fundamental soliton-fundamental breather interaction with z; = exp(0.15+i7/8), v; = (1,2)7,
§1 = (1,0)T and 25 = exp(0.1 —i7/8), 75 = (1, 1)T, 82 = (0.1,0.1)7. (b) Reverse view, from which one can
see more clearly that the fundamental soliton becomes a fundamental breather after the interaction.

Writing z; = exp(a; + ib;), Z; = exp(—a; + ib;) with a; > 0, b; € R, and introducing

1
¢ =2a;(n—v;T), v; = - sinh 2a; sin2b; , w; = cosh2a;cos2b;, j=1,2, (4.7)
j
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Figure 3: Interaction between two fundamental breathers with z; = exp(0.1 +in/3), v; = (2,3)T, §; =
(0.04,0.04)T and 2 = exp(0.12), v, = (0.2,0.2)7, 85 = (1,0.5)7.

together with the time evolution of the norming constants one can obtain the following useful expressions:

zj_Q"C]’(T) = Cje G 2ibin+2inT (4.8a)
5?”(_3]‘ (r) = Cje—Cj-*-?ibj”—?inT : (4.8b)
Zj_Qan(T) = e RbntRioT (4.8¢)
ijnéj (r) = Cje—Cj+2ibjn—QinT , (4.8d)

where in the right-hand side C; denotes C;(0), and similarly for the other norming constants. Without loss
of generality, assume that v; < ve. In the reference frame of fundamental breather “1”, i.e. for fixed (7, one
can write

G=2¢ - 2a3(vy — v1)7, (4.9)
aq

from which it can be seen that e=¢> — 0 as 7 — —oo. Thus, in this limit, all terms in the linear system
that contain a norming constant labeled “2” can be neglected, in light of (4.8) and (4.9). The solution of
the resulting asymptotic system in this case is straightforward, and it is given in detail in Appendix B. The
result is that as 7 — —oo with (; fixed, the 2-fundamental breather solution approaches a 1-fundamental
breather identical to (2.29). Similarly, in the reference frame of fundamental breather “2”, one can express

G = 26— 2a1 (v — w2 (4.10)
a2

From this, e™¢* — 0 as 7 — 400, in which case all terms in the linear system that contain a norming
constant labeled “1” can be neglected. In this limit, one finds that the 2-fundamental breather solution
again approaches a form identical to (2.29), but with parameters labeled “2”. A conclusion can then be
drawn that the prescribed polarization vectors v, and 4, can be attributed to long time limits in the
following way:

Y1 =7, 01 =01, 73_ =72, 6; =0s. (4.11)

4.3 Explicit polarization maps

Determining the long-time asymptotic behavior in the opposite limits (i.e., as 7 — +oo with fixed ¢;, and
as 7 — —oo with fixed (») and identifying the corresponding polarization vectors 'yf,&i" and 75,05 is
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significantly more complicated, as one now has growing exponential terms, and at least 2 next-to-leading
order terms have to be computed and retained at each step, because the system becomes degenerate. The
detailed calculation of the asymptotics as 7 — —oo with fixed (5 in the simpler case in which both interacting
solitons are fundamental solitons is given in Appendix B. In the more general case, in which one or both is a
fundamental breather, rather than deriving the polarization vectors directly from the long-time asymptotics,
we assume:

= ela ), (4.122)
Y2 = cilz2,71)7s (4.12b)
07 = [a(z1,07)]707 = zgzg2e2(1/z;,5;)5; : (4.12¢)
0, = lai(z,67)]705 = 23z7%e,(1/25,87)65 (4.12d)

where c;(z,7;) and €;(z,d;) are the transmission coefficients associated to the j-th fundamental breather
as given in (3.3), and we have used

aj(z,0;) = 27z;%el(1/2",8;), (4.13)

on account of symmetry (2.11a), and Ao = [[7 (1 + ay,) = 2]22;2 for any of the 1-soliton solutions with

eigenvalue z;. Eqs. (4.12) generalize Manakov’s method to the fundamental breather case. Indeed, if we let
01i = 'yf (51i)T, then Eqgs. (4.12) give

Cl = ca(z1,727)Cr az(21, 63), C; =ci(22,71)Cqa;(22,67),

which, upon identifying S;t ~ C;t for j = 1,2, reduce to Egs. (5.3.208) in [4] in the case of fundamental
solitons, i.e., when a;(z) is independent of in and diagonal. Moreover, Egs. (4.12) are also consistent with
the direct computation of the long-time asymptotics in Appendix B. Similar equations were obtained in
[13] for the ccSPE using the dressing method and the Darboux matrices for fundamental breather solutions.
Here, we will, on one hand, verify numerically that (4.12) provide the correct long-time asymptotics for the
soliton-breather and breather-breather interaction, and, on the other hand, show how the maps defining the
polarization shifts that follow from (4.12) can be derived from the refactorization property of the associated
transmission coefficients.
Specifically, we can write the transmission coefficients (3.3) as follows:

A~ 5,60
RS G = 3 J7J
ci(275) = (@) | L+ Bi(z) =10 €5(2,05) = a5(2) | T2+ B5(2) (4.14a)
ViV 399
with
72+ 272 (27 = 25)(ZF + 25 %)
i(2) = 2—— (2) = 4.14b
OZJ(Z) 2]2-+Z_2 BJ(Z) (ZQ j)(zj 4z ) ( )
a;(z) = aj(1/2%),  Bi(z) = B (1/z"). (4.14c)
Alternatively, one can express the polarization shifts in terms of the unit vectors uj—t = (’y]i)* / ||'y;t|| and
= (in)*/HJjEH as follows:
- +
wf = sy s g = 22 e e ) (1.150)
7l vz |l
+_ llor ]l T __ 53] —\Ty+
vi = lae(zn v v, vy = Az, v)] vy (4.15b)
167 102l
One can check that o N
rllocl _ Il )

=X,
ST vz ey |
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and direct calculations also show that

alvill _zmldl o mlsl _zlel i
S Xy s = = =5, .
allvill zlvall 2|0 22 6y
with
X2 _ Z% __2‘|'22 [1_|_ (Z%_E%)(%Q"'Z%)(Z% 5%)(Z§+22‘_2)|u—fu—|2} (4.18a)
K 52 21z - (G +)(EB-DEE A+
- 2 on/ — _ _ __
¢ = Bl [E=E 24 BB - BB+ 5| 1 1o s
- 22 _ 22\(% - - 1 V2 : -
22 70+ (27 — 23)(22 % + 21) (25 — 27)(25 + 21%)
With the help of these definitions, the polarization shifts (4.15) can be written explicitly as
S =2, 27T 2y —2 | 52
+ Zrzgt 42| (2T —E ) +E) +}
u; = ——=—"|u; + u, 'uj;)ug |, 4.19a
L N T e 1)
_ 92 2T -2 =—2 —2 52
- Zoz o+ EA [ o (e =7 )+ E) -t + —}
u, = ————|uy + u, 'ug)ui |, 4.19b
T LT YT T g )
=2, .27 52 _ . 2\(52 —2
vi = 5?7%,2 ha zé vy + (Zg 2)(3 ki Z%2) (v;Tvl)vg] : (4.19c¢)
A1zt F 2y L (21 —23)(25 +217)
27 52 2\ (52 -2
- 222y +Zz +, EH-A)E A+ s ]
Vo = XeT 53— |V2 t+ — —=(vy 'va )vi | . 4.19d
ST T AR (10

One can verify that the above formulas reduce to known results for the interaction of 2 fundamental solitons.
For instance, by taking vi = v§ = (1,0)7 and vi = (v*,0)T, (4.19a) and (4.19c) can be reduced to
Eq. (5.3. 217) of [4]. Particularly, from (4.19¢) it can be found that

2 2
z1 2] — 25

v =5 (4.20)
Z1 27 — 74

Then, by rewriting (4.19a) for p; = uj (v*)* (with p; = u; and p; = uj) and using x,Xxs = X, one

arrives at (5.3.217) in [4], which in turn matches the result from the long-time asymptotics in Appendix B.

In their current form (4.19), the polarization shifts are expressed as maps (u;,uj) ~ (uj,u;) and
(vi,vy) = (vi,vy) due to our knowledge of how the prescribed norming constants are attributed to the
7 — +oo limits, see (4.11). We remark that one can instead view these as maps from the polarization vectors
before the interaction to those after the interaction, i.e. (uy,u;) + (uj,ud) and (vi,v;)+— (vi,vi). In

particular, observe that

cj(z,vj)_l = 23272 }(l/z*,'yj), (4.21)
aj(z,0;) 7" =222l (1/2%,4;), (4.22)

which implies that we can rewrite (4.12b) and (4.12d) as
vi =47l )v: 85 = 2 Fau(1/25,67)8; - (4.23)

Then, the above can be substituted into (4.12a) and (4.12¢) so that all “+” polarization vectors are expressed
in terms of “—” ones. After simplification, we have:

1 -2 27 _ ~2 4 2

u = —?7?_2 + 212 u; + (2 5 %2 2)(22_ + ZZ) (uQ_Tuf)uQ_] , (4.24a)
Xy 21 29 " + 27 | (217 = 29 )29 " + 27)
1 2, =27 —2 | 2\/.2 22

v e | e = == T (4210
Xy 2225 +217 L (21 — 29)(29 ~ + 2{)
| 2 524527 2 2 -2y

vi = 727172272 + 2 vy + (2 2)(2 + '?2) (v, Tvl)vz} , (4.24c)
X§ 2129 "+ 27 | (21 —23)(75 + 71 7)
15,524 -2 224 2 (5-2 _ =2y

vi = —2—272 +f£2 2 <Z£+Zl_,)(zl_2 21,2) (v Tv;)v;] . (4.24d)
X6 #2225 +217 L (217 =2 )z +27)




Note that from the form given in (4.19), we see that the shifts are symmetric with respect to interchanging
1« 2 and + <> —. On the other hand, (4.24) are no longer symmetric upon interchanging 1 <> 2, consistent
with what one observes in the Manakov formulas (1.4).

Fig. 4 shows the same soliton-breather solution as in Fig. 2, but with the long-time asymptotics predicted
by (4.11) and (4.19) subtracted out. Similarly, Fig. 5 shows the 2-fundamental breather solution as in Fig. 3
with the asymptotics subtracted out, providing numerical verifications of the correctness of the long-time
asymptotics obtained from (4.12).

(al) (b1) (c1) (d1)

Q5 ()]

Figure 4: The same soliton-breather interaction as in Fig. 2, with the predicted asymptotic breathers sub-
tracted in each direction. In particular; in (a) the soliton with polarization vectors uy, vy is subtracted,
in (b) the breather with polarization vectors uj’,v] is subtracted, in (c) the breather with polarization

vectors u; , v, is subtracted, in (d) the breather with polarization vectors ugj,vJ is subtracted.

Fundamental soliton-fundamental breather interaction. Consider the case where soliton 1 is a fun-
damental soliton before the interaction, i.e.

vi =(1,07",  vi=(mr)" (4.25)
Then, according to (4.12), after the interaction we have:
=2 4 2 52 ,2\(52 4 .2
T AZ 2 [(1> (73 —23) (5 +27) <M>}
vi=ys =22 2 + . 4.26
1 Xs 2 252 + Z% 0 (Z% _ 32\(32 — lu’ K ( )

If u and » are both nonzero, both components of v from the above equation are generically nonzero,
so soliton 1 becomes itself a fundamental breather upon interaction with the fundamental breather. This
phenomenon can be observed in Fig. 2.
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Q3 (7)1
[P ()1

[ ()1

Figure 5: The same breather-breather interaction as in Fig. 3, with the predicted asymptotic breathers
subtracted in each direction. In particular; in (a) the breather with polarization vectors uj , vy is subtracted,
in (b) the breather with polarization vectors uj’, v} is subtracted, in (c) the breather with polarization

vectors u; , v, is subtracted, in (d) the breather with polarization vectors ugj, vy is subtracted.

4.4 Interactions involving composite breathers

Interactions of 2 composite breathers. Recalling that the norming constant of a composite breather
is a full-rank 2 x 2 matrix, we can separate the two columns by letting

C. = mdl + o3, (127

and choose 8, = (1,0)7, 81 = (0,1)7, and ~, and €, any two linearly independent vectors. Similarly to
what was shown in the ccSPE [13], we assume that e, transforms like v;, and §; transforms like &, in (4.12),
with the appropriate transmission coefficients. Since the latter are all proportional to the identity in the
composite breather case (cf Egs. (3.2)), this suffices to show that the interaction of 2 composite breathers is
always trivial.

Interaction between a fundamental and a composite breather. Let us assume soliton 1 is either a
fundamental soliton or a fundamental breather (i.e., with a rank-1 norming constant), while soliton 2 is a
composite breather, i.e., we take

=T
Ci=70l,  Cy=n,0}+e2dy, (4.28)
where 85 = (1,0)7, 85 = (0,1)7, and v, and e, are linearly independent vectors. From Eqs. (4.12) we have
Y =e(z,73)v7, 8 = [aa(21,03)]107, (4.29)

and since for the composite breather

ST et L PO YO i ek [ Gk 1
N e T (R -2 (e + 2)
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Y1 =1 51_ =4y, (4303)

T G 0 N o ) D TS e 00 o e 2 WO N 1300

S i p— N RN S I — —2\/-2 , -—2\1> (4.30b)
(217 = 2 7) (21 "+ 23) (Z1 =2 ) +27)

showing that the rank-1 soliton (be it a fundamental soliton or a fundamental breather) is essentially un-
affected by the interaction with the composite breather, as the interaction only results in a shift in the
overall phase and in the soliton center. For the composite breather, assuming again that like in the ccSPE
€9 transforms like 75, and d2 transforms like d5 in (4.12), with the appropriate transmission coefficients, we
find

1 =+ % 0
Y3 = Yo 6; =8y = (0> ) e5 = €3, 0y =0y = (1) , (4.31a)
2, -2 22 2V(52 4 =2\ m— (ot
. - _ 2 T2 (27 —20)(Z + 21 7) v (1) +
Y2 =ci(z, 7 s = g |+ 1 RANAN PV (4.31D)
’ A #-2)F@+27) hl? 17
2, -2 22 ON(22 4 =2\ (T
- - _ A T2 (271 —20)(Z + 2 ) v ()] 4
g5 =ci(z,v])ed = 22 |, + — = = €5, (4.31c)
’ VT2 T B -E R0 il ]
=2 | 2 —2 | 2\(22 _ =2y S—(s—\1
- - 2"tz (21 "+ 2{)(31 — 21 ) 67 (67) +
8y =lai(z,07)]10f = 25— I+ 4oL "L SAIAN (4.31d)
Z 0+ 2 | (212 =2 ) (Z +212) 1671
=2, .21 —2 | Sovis2 =2\ s—(s—\f
5 N . L (20 "+ 20)(Z1 —217) 61 (67)"] =+
8, = [ai(z0,07)]f0, = 25— "L L, 4 A L L AN I N (4.31e)
Z 0+ 22 | (277 = 22)(ZB +277) |67 |12

Fig. 6 shows an example of an interaction of a fundamental soliton and a composite breather. Observe
that, aside from a shift to its center, the fundamental soliton emerges unchanged. Fig. 7 shows the same
interaction, with the asymptotics predicted by (4.30) and (4.31) subtracted.
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Note that the rank of the norming constant is preserved in the interaction, so the composite breather
remains a composite breather upon interacting with a rank-1 solution (be it a fundamental soliton or a
fundamental breather). Indeed, one has

det C5 = det [01(22, ~v1)CFai(z2, 51_)] = det ¢y (22,7 ) det C deta; (22,67 ), (4.32)

proving that if CJ is non-singular, so is C; .
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Figure 7: The same interaction as in Fig. 6, with the predicted asymptotic states subtracted in each direction.
In particular, in (a) the fundamental soliton with polarization vectors ~;,d7 is subtracted, in (b) the
fundamental soliton with polarization vectors 'yf,(ﬁ is subtracted, in (c¢) the composite breather with

polarization vectors v5 ,&5 ,05, 3; is subtracted, in (d) the composite breather with polarization vectors
~+ .
~3,€5,84,8, is subtracted.

5 Refactorization problem and Yang-Baxter maps

In an interaction of J fundamental breathers with velocities v1 < vy < --- < vy, the net change in the
polarization of each soliton from 7 — —oo to 7 — +00 is independent of the order in which the intermediate
interactions occur. As was established in [7] in the special case of fundamental solitons, this result is tied
to the fact that the polarization map (4.24) associated with each two-body interaction is a Yang-Baxter
map. In this section, we reinterpret the two-body interactions in the discrete Manakov model in terms of
Yang-Baxter maps by recasting the condition on the scattering coefficients that leads to the maps for the
polarization vectors before and after the interaction as a refactorization problem.

5.1 Generalities

We recall some general facts and notions from the theory of refactorization and Yang-Baxter maps, following
e.g. [24, 32]. Let A(x,\) be a given matrix-valued function that depends on a point x € X, with X being
some set (typically CPY or a Grassmannian in the context of soliton interactions), a (spectral) parameter
A € C, and possibly other (model-dependent) parameters. Consider the refactorization problem

Ay T, VAT, N = AxT,NAY ,\) VYiaeC. (5.1)

If this uniquely defines x*,y* for each x =,y ~, then it gives rise toamap® R: X x X — X x X, (x7,y ") —
(xT,y™). If in addition the equation

Az, ) A(y, N A(x,\) = A(c, \)A(b, ) A(a, A) YA eC, (5.2)

3With the simplified notations used here, it might look like this unique solution must be the trivial permutation solution
(xt,yt) = (y~,x) but we will see that this is not the case in practice because of the other parameters involved in the model.

19



implies (x,y,z) = (a,b, c) then the map R satisfies the Yang-Baxter equation on X x X x X, namely
Ri1aR13R23 = RogRi3R12 .

An important embodiment of these ideas arises in the context of loop groups in which the role of A(x, \) is
played by the so-called simple element

)\70[1
o000 =1 —1)1II, .
i ann() =T+ (3222 - 1) (5.3

where I is the identity matrix of appropriate size, a1, as € C, oy # ap and I12 = II is a projector in some
complex vector space. Note that its inverse is

A—a
gahaz,l'[()‘)_l =T+ ()\ )

— 1) IT = goy,00,1(A) - (5.4)

—a
The following results can be found in [30], see also [25, 26].

Proposition 2. Let go, a,,11, (A) and gg, 8.1, (A) be two simple elements. If

¢ = (ag = B1)I + (a1 — a2)Ily + (B1 — B2)Il2 (5.5)
is invertible, then
Yo, a2,y ()‘)gﬁlﬂfz,lh (/\) = 9B1,52,P> ()‘)gm,afz,ﬂ ()‘) (5~6)
if and only if
P, =¢lLio™ ", i=1,2. (5.7)

For our purposes, the reduced case, whereby II is a Hermitian projector IIf = IT and ap = o, will be
relevant. This is equivalent to the symmetry

ga1702,n()‘)_1 = ga17a27n(/\*)T )

and then it is enough to denote the simple element by g, m(A). In this reduced case, [30] shows that if
a1 # ag and oy # o then ¢ is always invertible so that the refactorization problem

o,y ()‘)gaz,rb ()‘) = Joz,P, (A)gahpl ()‘) ) (58)

is equivalent to the relation (5.7) between the projectors, and that Py, P, are also Hermitian projectors.
Finally, condition (5.2) holds for such simple elements, see e.g. [25]. Thus, (5.8) yields a parametric Yang-
Baxter map R(ay,as) : (II1,II3) — (Py, P2) given explicitly by

Pi = ¢Hi¢_1 5 1= 1,27 d) = (ai‘ — 042)1 + (041 — OéT)Hl + (Oég — aS)Hg . (59)

5.2 Application to interactions in the integrable discrete Manakov model

The point is that the two-body interactions in the discrete Manakov model can be cast into the (reduced)
refactorization problem (5.8) where the role of the simple elements is played by the scattering coefficients
in (3.2) and (3.3). Given that for composite breathers the transmission coefficients (3.2) are proportional to
the identity, the refactorization is trivial and no interesting Yang-Baxter map arises. Thus we focus on the
fundamental breather coefficients (the fundamental soliton being a special case) and restrict our attention
to (3.3b) since the structure of (3.3a) is similar. Specifically, consider the coefficients c;(z,7;) in (4.14) and
the refactorization

ea(2,77 Jer (577 = e1(2, 97 ea(z 1) - (5.10)

We claim this is a special case of (5.8). First note that the factor a;(z) in
7575

cj(z,7;) = a;(2) {I + 5;’(2)%;] ;
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plays no role since the product a;(z)as(z) appears on both sides of (5.10). Second, observe that

(22 — 7:]2)(22 + zj_z)

i(z) = -1
BJ( ) (22 —2?)(2524'2;2)

22—2’2—(2]2—2172) )

B z2—z—2—(2j2—2;2)
sin 2y — sin 2 ;

e ot R W PN 11
sin 2y — sin 215 (2= ) (5.11)
A=A

= )\_)\% —1, (sin2u — A). (5.12)

Third, the projectors here are rank one Hermitian projectors in C? and the correspondence with (5.9) is
- +
aj = A, I = I = 31?;; P; — Hj = :{?”YT, j = 1,2. Therefore, we have a parametric Yang-Baxter
map on rank one Hermi]tiarjl projectors of tr%go;wmetm’c type, as seen from the reparametrization (5.11).
Strictly from the point of view of the YB maps, there is no essential new effect on the polarization shifts
from this trigonometric map as compared for instance to the rational. Indeed, the last reparametrization
(5.12) shows that in terms of A\, the YB map takes the same form as in the rational case. However, physically
speaking, one has to remember that the trigonometric nature of the map is tied into the similar trigonometric
nature of the Lax matrices in (2.1). In turn, this dictates how the physical properties of the solitons such as
their velocity and amplitudes are related to the spectral parameters (see e.g. (2.27a)-(2.27c)) and therefore
how they influence the polarization shifts. Given the same velocity say of a soliton in the rational case and
the trigonometric case, the corresponding effect on the polarization shifts when interacting with another
soliton will be different in the two cases.
A rank one Hermitian projector is in one-to-one correspondence with a nonzero vector modulo its norm,
i.e. with an element of CP', and we can deduce a trigonometric Yang-Baxter map on CP' from the map we
have just described:

I =0l 67, ¢= (A — AL+ (A — AN + (A2 — AL, (5.13)
22272
where we recall that A\; = 5~ in the original parametrization. It remains to derive the desired map
+ _£T
between ’y;r and 5 (up to normalization), using H;E = % For convenience, write ay = ry + 51,

J
g = T3 + 189 so that

¢ =(r1 —ro)I+is (217 —I) +is2(2ll; —I) =71+ i(s101 + s202) . (5.14)

Note that o, are Hermitian involutions. Also, ¢'¢ = ¢pT = (r? + s3 + s3)1 + sys2(0102 + 0201) and, as a
result, we have
oloo;=0;0'¢ =ol¢ I =TI; ¢'¢.
Thus, on the one hand
I ¢TIl = ¢ipll; (5.15)

and on the other hand, direct calculation gives
I, s I = (r? + 53 + s%)H; + s182117 (o109 + 0201)1'[;

=t~ 2
= 7’2+(51*52)2+45152% I
[y [Pl |l

— A271T7T—
= AII; . (5.16)

Essentially the same calculation gives

12 o=t = A2 |— (2
vy |17 =" o' o =A% |v; 117 (5.17)
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With this, (5.13) yields

+a+T N =\t
v " Sy L v (97))
=1 =gl ¢ = —¢Il; ¢l = L —I° (5.18)
v ! Az llov; 112
Thus, up to a normalization constant p; we have the map
= ey - (5.19)
More explicitly, using the expression in (5.13) for ¢ we have, forgetting about the normalizations,
Ay — A _ AL — A}
7f:<1+)\ _/\2H2)'yl, 'y2+:(1+)\* )\*H )'727 (5.20)

which we can interpret as a map between elements [’yﬂ in CPP! given in terms of representatives 'yj-[ in C?, if
one is not interested in normalizations. Of course, physically it is important to determine the normalizations
precisely, and the corresponding maps are then the ones given in (4.24a)-(4.24b).

5.3 Common structures and differences across three integrable models

It is important to point out that the vector NLS, ccSPE and discrete Manakov all fall into the above scheme,
in the sense that looking at the refactorization of the scattering coefficients amounts to (5.8), in the special
case of certain reductions and with appropriate reparametrization of the spectral parameters. In turn, each
version of (5.8) adapted to the model at hand plays a crucial role in the description of soliton interactions
in the model. Before proceeding with the description of the common features of the three models, we first
discuss an important difference. The solitons in the (focusing) vector NLS (on the full line with decaying
boundary conditions) only correspond to rank one projectors in the refactorization problem (5.8), while
ccSPE and discrete Manakov both also support fundamental and composite breathers (fundamental solitons
are just a special case of fundamental breathers). Composite breathers do not lead to interesting maps on
the polarizations so we do not dwell on them in this discussion.

Thus, the common structure between the three models is the following type of transmission coefficients

c;(k, ) = a;(k) (T+ 5;(k)IT)

+

where II = % is a rank one Hermitian projector and

ki — k;

Bi(k) = =~ (vector NLS), (5.21)
k — k3
k2 /{i*2 j

Bi(k) = k:Q k2 k*2 (ccSPE), (5.22)
k2 — k2)(k? — k72

Bi(k) = (k; = k5)(ks — ;) (discrete Manakov) . (5.23)

72\ (—2 1 1.2

(k2 — k])(k 24 k:j)
In all three cases, the refactorization property of the scattering coefficients

Cl(k771r)c2(k7'72+) = CQ(kﬂ'Y;)Cl(k?’YI) ’ (5'24)

is equivalent to (5.8). We explained this in (5.11)-(5.12) for the discrete Manakov model. For the vector
NLS and ccSPE, it suffices to note that

Bj(k) = i::ii —1, k— X (vector NLS), (5.25)
J
el Ao A
L2 2 —\:
By =8 1278 3 1/k2 5 ) (ccSPE). (5.26)
Rk A= >‘j

In the terminology that originated in [8] and is widespread in (quantum) integrable systems, the vector NLS
provides Yang-Baxter maps of rational type, while we found in the present work that the discrete Manakov
model provides Yang-Baxter maps of trigonometric type.
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6 Concluding remarks

In this work, we presented a complete characterization of the various soliton and breather interactions in
the integrable discrete Manakov model. This was done using a generalization of the Manakov method
(which essentially expresses the change in the polarization of the soliton/breather after the interaction
via the transmission coefficients associated to the interacting soliton/breather) to include fundamental and
composite breathers. As is well-known, interactions in multicomponent integrable PDEs (and, as shown
here, in their integrable discretizations) are intimately related to set-theoretical solutions of the Yang-Baxter
equation with spectral parameters, or parametric Yang-Baxter maps. In particular, the explicit formulas for
the transmission coefficients that characterize fundamental solitons and fundamental breathers allowed us to
interpret the interactions in terms of a refactorization problem, and derive the associated Yang-Baxter maps
describing the effect of interactions on the soliton polarizations. As an essential feature of the integrable
discrete Manakov model, a novel Yang—Baxter map of trigonometric type was derived. In that respect, we
expect these maps to possess nice Poisson and symplectic properties arising from the underlying Hamiltonian
structure of the discrete Manakov model. The latter would be the natural vector generalization of the one
presented e.g. in [11] which relied on the trigonometric classical r-matrix in the sense of the Belavin-Drinfeld
classification [8]. Such nice properties were studied in detail in [25, 26] in relation to the rational case. The
investigation of these properties in the trigonometric case is beyond the scope of this paper, but we expect
it will be the subject of future work.

Another natural follow-up question concerns the type of set-theoretical solutions of the reflection equation,
or reflection maps [12, 14], that could be constructed from the trigonometric Yang-Baxter map found here.
This is particularly relevant as a fruitful method to construct such reflection maps is to pose the integrable
model on the half-line (or positive integers) and study the corresponding integrable boundary conditions.
Since the Ablowitz-Ladik with such boundary conditions has been thoroughly studied [9-11], we expect that
an extension to the discrete Manakov model would yield reflection maps of trigonometric type. In turn,
this is of relevance to the study of the set-theoretical Yang-Baxter and reflection equations in the context
of (skew)-braces and other related algebraic structures. Recently, the importance of developing parametric
versions of these structures has emerged in [15, 16]. This is left for future work.

Finally, we remark that the 2-component vector system (1.1) has an integrable N-component generaliza-
tion (see for example [31]), and a study similar to that of the present paper could be applied to this generic
case. The norming constants would be N x IV matrices, so one could consider the interactions of solitons as-
sociated with N possible ranks. In general, this would produce YB maps relating to Grassmannians and the
variety of possible interactions between solitons corresponding to different ranks of projectors will increase
substantially.
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A Derivation of the transmission coefficients

Fundamental breathers. In the case of the single fundamental breather solution, where C; = 4 51 and
C,C; = C,C; =0, the full solution of the linear systems (2.20) and (2.22) with J = 1 is given by:

=2 -2 T

_ B - +z 010
N/ () (z) = _ {1 N s (I — L )} A.la
n P (z1) 1+, 27T4 22 +21—2 2 IEAE ( )

S 1 272427 816)
N/ (up) ( - {I + g, L L ] A.1b
n (Z/Zl) 1 gn 2 gn21_2+2% ||61H2 ( )
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/ (up) 221 [zt t 722 t
N/ WP () = — | =017 + (- 1)"———= (017,12 — v16}) |, Alc
) = | gl + (0 S @l o) (A10)
_22’271 r 22n+2 Zf2n72
N/ W) (/5 = 1 1 Syt + (=)L (814 1y — v, 60 }, Ald
(i) 21) T+ gn |22+ 2 1+ (=1) 2;2_2;2(1’712 7101) ( )
= r —2n =2n
N (7)) = 2%1 ,221 2’)’15{ + (_1)n+17’2% (715112 - 51’)’{)} ) (A.le)
1 + gn_l,-l Zl Z% + Zl
B _21’271 Py —2n Z?n
N/ (i /2) = 1 [ L 8 4+ (1) — A (yl611, — 6141 } A1f
n (i) 21) T+ 0 ,2+Z%’Y1 1+ (=1) T (V10112 — d171}) (A.1f)
1 21+ Zz vy 'yT
N/ (dn) — [12 + Gn 111(12 T ) (Alg
(21) = 14 gnt1 * %-‘r 2 |12 )
. 2422 Y ’y
N;l(dn) 1/z1) = l:I2 +gn 1 AT :l ’ A.lh
o) = g [P I (A1h)
where
S 6 (A2)
=4 Y 1 . .
(Z1 z7)? !
With this, from (2.19) one can compute the explicit form of the eigenfunctions for all z:
_ 1 2242 (B4 22 8160
N/(up) Py _ _ |:(1+ " 1 )I 1 1 1 1 1 , A.3a
o (2) 1+ Ggn g 22+ 772 2 (zf2—z*2)(22+2f2)||51\|2 ( )
9 22n+2 Z—2n—2z
7 (u _ 1 n 1 T T
NG = e | ]+ () S Gl - ). (A.30)
_ 2 z—2n 2277.2
N/ )y [ 1 5T Pt L2 ST, — & T} A.3¢
no(2) ol +(=1) a2 (7101 — 6177) (A.3¢c)
1 7224272 (22 —2)(Z2 +272) ~ ’yT
N/ () — ~ [<1+~n1 )1 B e Ml ! 1} A.3d
) I+ gnt1 g A+22) g (22 = 20) (2 +272) [ |? ( )

Additionally, from (2.23), it can found that
L+0n

n — = 5 A4
1+ In+1 ( )
so that in light of (2.15), the original eigenfunctions are
N (z) = N ") (), NOP(2) = Nj(P)(2), (A.5a)
_ 2 L2n, z2n
N(dn) L O+ (1)L (41800, — 61 A.5b
) = e Bl = (UM S Glan s (A5D)
1 224272 (22— 22)(Z2 4 272) !
N(dn) [(1+~n 1 )I T Wl A e a1 171 ] A5
R S AR ) A C Rl —

To compute the relevant transmission coefficients ¢(z) and c(z), one simply needs to take the limit as
n — —oo of N%up)(z) and N (2), respectively. With this in mind, note that g, grows exponentially in this
limit. In particular, if z; = exp(a; + iby) then g, = re=4®1" (recall that a; is assumed to be positive) with
r independent of n. The formulas for the transmission coefficients given in (3.3) then clearly follow from

_ 1 Cdan 2l 2 Cvan (B4 2TD(E2 = 272 6,60
¢(z)= lim ——— |1 4 preton L )I + retan L ! ! ! L A6
)= i e |1 S CRETEET N T M
1 7+a (7 = ) +2°) 171
= 1 1 —4a1n ~1 I —4ain 1 1 171 ) A7
o) =, e | (e S e T T
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Composite breathers. The transmission coefficients associated with a composite breather solution can
be obtained using the same procedure; though in this case, since C; is generic, the expressions for the
eigenfunctions are not as concise as in the fundamental breather case. For instance, upon solving the linear
system for NP (z1) and N, (P) (i/z1), one finds

. _ 1 (142222 . 2y (1 4 225 o, -
N;L(up)(zl) -1 {12 —4(-1)" 721 (2 2 ; 1)—2 CiCy -4~ 2 —é 2 *(*2 121)0101} (4.82)
+9n (217 +27)%(2f — 27) (21 — 27)%(z; " + #7)
—2n22n 252 ~4n 252 ~
N;(UP)(i/Zl) — 1 |: , 212 271 2(1 ‘Z 21'2)26101 +4(-1)" _ zZ _(21 'Ef;zl)_g 20101} . (A.8b)
L+ gn (21 7+ 21) (21 — 7)) (21 — 20) (%1 " + %)

Here, g, is the same as in the composite breather solution, defined in (2.30b). The above can be used to
construct a lengthy expression for N (z), and the limit as n — —oo can be computed to find ¢(z). In
doing so, one finds that when C; is rank-2, the fastest growing terms in the numerator and denominator
of N (2) are at O(e~31"), and hence dominate the O(e~441") terms that contributed to the limit in the
rank-1 case.

B Long-time asymptotics for the 2-fundamental breather solution

As mentioned in Section 4, the two long-time limits of the 2-soliton solution that are straightforward to
compute are the 7 — —oco limit in the reference frame of soliton 1 (the slower soliton) and the 7 — +o0
limit in the reference frame of soliton 2 (the faster soliton). Here we show the derivation of the former limit,
and the latter follows from a similar calculation.

The 2-fundamental breather solution can be obtained from (2.21) after solving the linear system (2.20a)-
(2.20d), all with J = 2. Upon substituting (2.20c)-(2.20d) into (2.20a)-(2.20b), all terms involving C,;C; or
(_?j Cj, which are zero in the rank-1 case, can be dropped. Additionally, in the limit 7 — —oco with ¢; (as
defined in (4.7)) fixed, all terms involving 2, *"Cs, 23" Cs, 22_2"@2, or ZS"CQ decay exponentially and can

be neglected. From (4.8), using the fact that C; = 7151, the nonzero products of norming constants are

22" Cu(r)Cou(r) = e |y, 7|6 |1, (B.1)
222" CUT)Cu(T) = —e 2 Py [P0 P (T2 — IO, (B.2)
where ;
6161 2
= , II"=1I. (B.3)
1611

With all of this in mind, one finds that after dropping all negligible terms, the desired asymptotic limit can
be obtained from

anl('r) N _22272X616*41+2ib1n72iw1‘r _ 2(_1)71712%Y(A3167C172ib1n+2iw1‘r ’ (B4)

where X = N,"?) (2) and Y = N,"P) (i /) satisfy the system

X(Iy + aIl) + Yb(I, — IT) = I (B5)
X+ Y (L +a(ly— M) =T, '
2272 Z7 2272
a =4t e O Iy P2 b=c" =4 e e 2 |y |10 ]2 (B.6)
CEFI GE+ade -0
Making use of the fact that
I, + all) " = (1 + a(t2 - 1)) B.7
(I + aIT) 1+a 2+ a(I2 )) (B.7)
the solution of the system (B.5) is
a b
X = I, - Im-———O,-1II B.
2 1+a 1+ a( 2 )7 ( 83‘)
L~ 1m- % (1, 1I). (B.8b)

1+a 14+a
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Considering (B.4), note that IIC, = C; and Hcl = 0, so that

_ 1 = 1 .

XC, = Ci, YC, = C. B.9
YTava b Y lva (B.9)
Substituting these into (B.4) gives
=29 1o dibin-oi 1.2 —2ibynt2i
Qn_1(7) ~ T+ a {Zf Cpetbhin=2int L (120 e 2t “’“17} T— —o0, fixed (3, (B.10)
or in explicit vector form:
(1) -2 —C1
T € * _ ok _2ibin—2iw, T n —2tbin+42iwi T
(g&leTD " 1+ta {Mﬂ’leQb HAT 4 (1) ke PR . (B.11)
n—1

Upon plugging in the definition of a from (B.6), after simplification one can verify that (B.11) is identical
to the 1-fundamental breather solution in (2.29).

Although conceptually similar, computing the long-time asymptotics in the opposite limits is quite cum-
bersome because now the system has growing exponential terms, and at least 2 next-to-leading order terms
have to be computed and retained at each step, since the system becomes degenerate. We give below some
details on how the limit is computed for fixed (; and 7 — —oo (where, according to (4.9), e~ — +00) in
the case in which both solitons are fundamental solitons. The basic idea is to expand the coefficients of the
system (4.1) with J =2, C; = »yjaj for j = 1,2 and §; = (1,0)T in powers of e~ (i.e. O(1),0(e%),...),
iteratively solving the equations for one of the unknowns and back-substituting into the other equations,
while keeping at least two non-zero terms at each step. This yields:

N/n(up)(zl) N lh 1111 (1)
_e61—¢2: 10713
e I I oW
sy (O0) B,
NP (i) 21) ~ (O(l) "y Eys /I )

_ eSt
N9 (5,) ~ (gzéff)l 0(9((1))) , (B.12¢)

NP (/25 ~ < o(1) 0(641)) _ (B.12d)

, (B.12a)

(B.12b)

(’)(641) 113/16

The omitted entries in the matrices above do not contribute to the asymptotic solution, either because they
are exponentially small, or because they are annihilated by the norming constants in the reconstruction
formula (2.21). In particular, the right column of (B.12a) and the left column of (B.12b) are annihilated by
the zero entries of the (fundamental soliton) norming constants Cy () and Cy(7), respectively. The specified
O(e*) terms in (B.12a) and (B.12b) do in fact contribute to the asymptotic solution, since they multiply
C1(7) and Cy(7), which both grow at @(e~¢1). On the other hand, the O(e¢1) terms in (B.12¢) and (B.12d)
do not contribute, since they multiply the O(1) norming constants Cy(7) and Cy(7). In the above,

PP LY W R AR B (1 - Z‘*hQ) A2 p—q- Dl (B.13a)
g8 lif2 9211
h l l

Hy = —1, Is = G12 — (fg];g 2+ fgg12> ) Gi2 = fu (1 L 10) e -1, (B.13b)

I ;5 gs Sl
113:—1—E7 E11 :_gj7 E15:_g£' (B13C)

9s 9gs g8

Iy, 112, hay oo+ yhag, f1,-+-, fiz and g1, - -+, g12 are the coefficients in the expansions of each of Egs. (4.1),

and we provide below the explicit expressions of the ones that contribute to the asymptotic expansions for
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the eigenfunctions above:

42272 42272 .
ll - _ 1 _1 H,Y ||2) 12 - _ 2~1 '7 Yo 627(b1—b2)n—21(w1—w2)7, (B.14a)
(2 -zp2" " (23 — 27)?
4 2352 ) .
l4 _ Z1%3 W(,Y;7,y2) e—Qz(bl—bg)71,—2z(:;.11—i-w2)7—7 (B.14b)

W("}’27 '71) 672i(b1+b2)n+2i(w1+w2)r’ (B14C)

42222 42222 — —2i(w1—w2)T
hl = 52 _ .2 - 12 52 ||’Yl||27 h2 = 73 — 22 12 — ’7 “Y2 eQz(bl ba)n—2i(n 2) ) (B14d)
(2 — 21)(21 — 27) (z z3)(23 21)
4Z Z 4(_1)nz2z—2 —24 n+2i(wy +ws)T
hs = _(Z% . 22)2 e 1||2 h7 = (2 — z%)(zgizﬁ)w(’h’%) g~ 2ilbrtba)n Zilwr Hn) ) (B.14e)
4Z1’Z% 2 42%2% * 2i(by —b2)n—2i(w1 —w2)T
R M = Te TR
A(-1)zz° 2i(by+ba)n—2
g6 = —— — W (~ i i(b1+b2)n— Z(w1+w2)7' B.14
’ (212_21 2)(212+22) Oa7i)e ( 8)
42’121 423723 * i(by—ba)n—2i(w1 —wa)T
w=moapmlh ses gyt e a)
42377 2 42377 2(by—b ;
_ 7 _ * e2ibi— 2)n—22(cd1—u)2)7" B.14i
AR e L R = R e L -
4(-1)"z22,2 9 42373
— 1574 i(b1+b2)n— 21(w1+wQ)7' — 27 2 B.14i
f3 (22_2 — 2 2)(2:1 + 22_2) ('Ylv'y ) fS (Z% 2)(2% 2) H’Yl” ’ ( J)

42222 * —2i(by1—b2)n+2i(w1—w2)T 4Z Z
fo= (25_23)2(;’% e 2ibi—ba)nt2i(wr—w)T :,ﬁH 7|2 (B.14K)

Substituting the asymptotics (B.12) into the reconstruction formula (2.21) with the explicit expressions of
the involved coefficients, upon simplification we obtain for the first row:

(1) ) )
(g@) ETD ~ —sinh (2a)e*"P2 722 soch(Cy — dy )py; T — —o0, fixed (o, (B.15a)
T
Py 22 - Z1 5 72 22% 21 Y1 M 5% - Z% W (~1,73) ’Yf (B.15b)
2T X2 H’Yz” 22 Z el © 24572 [l Tl '
1, BB w56 - DE B W )l B
2 + (22 _22)(22 — 2 ) ” ” ” 2 2 —2\ (=2 >—2 2 2 | ( : C)
X 1 PYA 3) vl M2l (21 +2°)(FH +77) 112yl
(=52 -2 ot +_ log vl
A= dy, =dy —logy, dy = ———=—. B.15d
Ty G mE e A= (B.154)

The above expression is a 1-fundamental soliton solution as in (2.27a), with a polarization vector ps .
It can be seen that this is consistent with (4.19b) and (4.19d) by noting that

W, v3) 1 3 (v1-75) 7}

= - , (B.16a)
Fvalllvall el fvall vallllvall vl
w 2 L Ax]2
| (7217’72)‘2 —1— ‘71 272| . (B16b)
e [Pzl [y1 P12l
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Substituting these into the above, after simplification we find

B [ w |, GE- D) i) 1)
? Zy =2 )% "+ 27 2 27 — Z3)(Z9 7+ 27 Y2 1
(23 —22) (22 + 22) Lllvall (22— 23)(22 + 22) v llllvall llval
—92\ 2 _ _ N .
1 _|@-RE ], G DB EE D) el .
X (B -3 +27) (23 = 2D) (27 — 23) (2 2 + 28) (27 + 252) [l Pl 1

The expression for p, agrees exactly with (4.19b) and (4.19d) with vi = v5 = (1,0)7. Furthermore, in the
notation of Section 4, from

L 2 ?
— == , (B.18)
X3 2 v |2
a direct calculation shows that
o ) _ _ o\, N
1Bl +sl, L EoAE - B)E )& ) vl (B.19)
2 2|z (22 — 22)(22 — 22)(2—2 1 22)(22 +2—2) EAREAE :
¥ 2121 2 2 —21)Z1 — 2)(% )21 + 29 L7172
Similarly, with vi = v5 = (1,0)7 we have
1 22 21|22 — 22 2
2T 24|52 2 (B-20)
X5 R2RlR A
Putting them together and simplifying the factor in front gives
_ _ 9\ (2 _ _ on, "
11 @B-DERIP],, B -DE-RE TG D) ol | gy
2 7 V242 7 |32 2\(52 4 5—2 +2—22—2——2 2V( -2 4 52 2 2’(')
X X5 X5 (73 —21)(Z1 + 237) (23 — 23) (27 — 22) (27 2 + 22) (22 + 2z3°) a2yl

which is indeed the same as (B.17b).
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