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A B S T R A C T

Grey Cast Iron (GCI) water pipes often develop localised corrosion pits that act as notches and can also expe-
rience biaxial fatigue stresses, resulting in a multiaxial notch fatigue problem. This paper experimentally in-
vestigates for the first time, the high-cycle fatigue sensitivity of GCI to localised notches, under bending and 
biaxal loading, and validates a multiaxial notch fatigue model for GCI. The work uses a recently developed, novel 
biaxial fatigue experiment to generate the first fatigue data for GCI featuring pit-like notches. Approximately 40 
new fatigue tests were completed to calibrate and test four multiaxial notch fatigue models, and to investigate the 
effects of notch root radius, localised notches, bending loading, and biaxial loading. The data shows that pit-like 
notches can have a statistically significant influence on the fatigue strength of GCI when Kt,n > 4. Additionally, 
180◦ out-of-phase biaxial loading was found to reduce the fatigue strength of un-notched specimens by 28 %. The 
Effective Volume notch fatigue model, coupled with the linear-elastic Smith-Watson-Topper criterion, was found 
to give good predictions for notched GCI pipes subject to uniaxial and bending loading. This work highlights the 
ability of the Effective Volume approach to make good fatigue life estimates for thin, notched components 
featuring inclusions, where critical distance-based approaches performed less well. Future work on similar 
problems may wish to consider this approach.

1. Introduction

The UK water industry has committed to halving leakage rates by 
2050, compared to 2017/18 levels, which will require targeted pipe 
replacement [1]. To decide which pipes to replace one must be able to 
assess the relative health of a given pipe. Grey Cast Iron (GCI) pipes are 
old, very common, and have high failure rates per km [2,3], making 
assessing the health of the remaining GCI pipes a priority. The damp, 
aerated conditions found in the soil surrounding many buried GCI water 
pipes promotes the growth of corrosion pitting on the external surface of 
the pipes [4]. The corrosion process replaces the original iron with a 
much weaker corrosion product [5,6], which is often modelled as a pit in 
the pipe wall for structural analysis [7,8]. As a result, corrosion pitting 
can act as a notch, concentrating stress in the pipe wall and causing 
cracks for form under loading that would not damage an un-corroded 
pipe [7].

Small diameter GCI water pipes are commonly found to have 
developed circumferential cracks, which are usually attributed to 
bending loads [2,3,9]. Many pipes are buried under roads, so a potential 
source of bending loads is vehicle loading [10]. The time variable nature 

of vehicle loading means small diameter pipes may develop leaking 
cracks due to bending fatigue loading. Water pipes are also often 
exposed to substantial fluctuations in internal water pressure [11,12]. 
No validated models are available that can predict the damaging effect 
of corrosion pitting on the fatigue strength of GCI pipes subject to 
bending loads, or combined bending and internal pressure loads 
[13,14]. This means asset managers are unable to accurately assess the 
damaging effect of corrosion pitting on the GCI pipes they are respon-
sible for, impeding their ability to make asset health assessments.

GCI is often credited with very low fatigue notch sensitivity [15]. The 
available notch fatigue data for GCI is limited, covering only solid cy-
lindrical specimens with sharp circumferential V-notches under uniaxial 
and rotating bending loads [16,17]. This data is limited in its relevance 
to corrosion pitting in GCI pipes where localised, blunt notches are 
common, and the material depth behind the notch may be a couple of 
mm or less [7]. Data quoted by Heywood [18] for several different GCIs 
give bending fatigue strengths 1.38 to 1.69 times higher than the axial 
fatigue strength. No data is available for bending fatigue of locally 
notched GCI.

To predict the fatigue strength of notched GCI, Heywood [18] pro-
posed an empirical equation that predicts the fatigue strength reduction 
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factor based on the stress concentration factor, notch root radius, and a 
material parameter equal to the length of equivalent internal flaws. 
Heywood’s equation has not been validated for notch geometries 
representative of corroded GCI pipes.

Taylor [19] successfully applied the Theory of Critical Distances 
(TCD) Point Method (PM) to predict the fatigue response of a notched 
GCI component to different notch root radii and loadings. The TCD PM 
shares the theoretical basis of Heywood’s [18] approach that the stress 
some characteristic distance behind the notch root, rather than at the 
notch root, is the important quantity. Also using the TCD PM, Susmel 
[20] re-analysed the fatigue data from Taylor et al. [16] with good re-
sults, and found that the material characteristic length, L, varied be-
tween 3.15 mm and 4.41 mm for load ratios of R =−1 to R = 0.7.

The notch fatigue behaviour of GCI is thought to be controlled by the 
distribution of its internal flaws and inclusions [15]. Based on the idea 
that exposing larger volumes of material to the most damaging stresses 
increases the likelihood of finding a larger internal flaw, Kuguel [21] 
proposed the Highly Stressed Volume (HSV) approach to explain the 
effects of notches, specimen size, and loading types commonly observed 
in fatigue of engineering metals. Bomas et al. [22] reformulated the 
empirical HSV approach by combining it with fracture mechanics and a 
probabilistic model for defect distribution. In this reformulated Effective 

Volume (EV) approach, the volume parameter is determined using a 
defined fracture mechanics-derived formula, rather than an arbitrary 
threshold. The emphasis placed on internal flaws by the HSV and EV 
approaches mean they have the potential to capture the notch fatigue 
behaviour of GCI, however neither have been validated for GCI.

The stress histories experienced by in-service GCI water pipes typi-
cally feature non-zero mean stresses [10]. Additionally, notches can 
create localised multiaxial stress fields [15]. Fash and Socie [23] found 
that the Smith-Watson-Topper (SWT) criterion was also able to account 
for the mean stress effect for GCI in the High-Cycle Fatigue (HCF) 
regime. More recently John et al. [24] found that the linear-elastic SWT 
criterion was also able to predict the un-notched multiaxial fatigue 
behaviour of GCI due to its extremely low ductility. The linear-elastic 
SWT criterion is given by [25,26]: 
σa,SWT =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σn,maxEεn,a
√ (1) 

where: σa,SWT is the predicted equivalent uniaxial fully-reversed stress 
amplitude, εn,a is the normal strain amplitude on the critical plane 
(which in the case of multiaxial stress states can be determined using 
Hooke’s law), and the critical plane is that which experiences the 
maximum value of εn,a; σn,max is the maximum value of normal stress on 
the critical plane; and E is the elastic modulus of the material.

Nomenclature

Acronyms
EV Effective Volume
FEA Finite Element Analysis
GCI Grey Cast Iron
HCF High-Cycle Fatigue
HSV Highly Stressed Volume
SWT Smith-Watson-Topper
TCD PM Theory of Critical Distances Point Method
S-N Stress amplitude vs Number of cycles to failure
á Heywood’s equation material notch alleviation factor
E Elastic modulus
F Bending load
Fan Fatigue average notch effect
Kb Bending fatigue strength reduction factor, equal to the 

uniaxial fatigue strength / the bending fatigue strength
Kf Fatigue strength reduction factor, equal to the un-notched 

fatigue strength / the notched fatigue strength. May be in 
terms of net (Kf ,n) or gross (Kf ,g) stress

Kf ,ES Fatigue strength reduction factor predicted by the Highly 
Stressed Volume approach, coupled with the Smith- 
Watson-Topper criterion

Kf ,He Fatigue strength reduction factor predicted by Heywood’s 
equation

Kf ,HS Fatigue strength reduction factor predicted by the Highly 
Stressed Volume approach, coupled with the Smith- 
Watson-Topper criterion

Kf ,TS Theory of Critical Distances pseudo fatigue strength 
reduction factor

Kt Stress concentration factor, equal to the maximum linear- 
elastic stress / the net (Kt,n) or gross stress (Kt,g)

Kt,SWT Stress concentration factor accounting for multiaxial 
loading using the SWT criterion

ΔKth Threshold stress intensity factor
k Negative inverse slope
k0 Negative inverse slope of the reference SN-curve
L Critical distance
MES Material constant for the Effective Volume approach 

coupled with the SWT criterion
MEV Material constant for the Effective Volume approach
MHS Material constant for the Highly Stressed Volume approach 

coupled with the SWT criterion
MHSV Material constant for the Highly Stressed Volume approach
NA Number of load cycles to failure at which σA is determined
Nf Number of load cycles to failure
n Number of non-runout tests
P Pressure load
Ps Probability of survival
q Fatigue notch sensitivity, equal to (Kf −1)/(Kt −1)
R Load ratio, equal to minimum applied cyclic stress / 

maximum applied cyclic stress
r Notch root radius
TRMS Mean square error of prediction scatter
t Time
V Volume
V95% Volume of material experiencing a stress ≥ 95 % of the 

maximum stress
Veff Effective volume
Vi Volume of element i
εn,a Critical plane normal strain amplitude
σ1 First principal stress
σA High-cycle fatigue refence stress amplitude
σa Stress amplitude
σa,gross Gross stress amplitude
σa,max Maximum stress amplitude
σa(i) Stress amplitude applied during the i-th test
σa,SWT Smith-Watson-Topper equivalent uniaxial fully reversed 

stress amplitude
σa,SWT,L/2 SWT parameter determined at the critical point of the TCD 

PM
σn,max Critical plane maximum normal stress
σUTS Ultimate tensile strength
σx,σy Stress acting in the x and y directions, respectively
σh Stress acting in the hoop or circumferential direction
Δσ0 Stress range at the fatigue limit
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The work detailed in this paper aimed to experimentally investigate 
the fatigue sensitivity of GCI pipes to localised notches, and bending and 
biaxal loading, and validate a multiaxial notch fatigue model for GCI. In 
this study, corrosion pits were assumed to remain constant in size during 
the accumulation of fatigue damage and to be analogous to geometric 
notches in a pipe’s wall. Therefore, the combination of geometric 
notches and complex loading make this water industry problem a 
multiaxial notch fatigue issue. Several potentially suitable notch fatigue 
models were identified from the literature and calibrated using new data 
from uniaxial fatigue tests of notched specimens that were manufac-
tured from cast iron pipes. The effectiveness of these calibrated models 
at predicting the fatigue life of GCI pipes under more realistic conditions 
was then investigated using new data from novel bending and biaxial 
fatigue tests of artificially pitted GCI pipe specimens. As well the water 
pipe application, this work has a strong relevance to other fatigue 
problems involving thin-walled notched components made of materials 
that feature inclusions.

2. Notch fatigue modelling approaches for GCI

This section details the four existing notch fatigue models, intro-
duced above, that were tested in this study against experimental fatigue 
life for notched GCI pipe specimens. These four models are Heywood’s 
equation, the TCD PM, the HSV approach, and the EV approach. The 
theoretical overview of each model was provided in the introduction, so 
this section focuses on the mathematical relationships that describe each 
model. The way in which each model was implemented in the present 
work is expanded upon further in Section 3.4.

Heywood’s equation for GCI is given by [18]: 

Kf ,He =
Kt

1 + 2
(

Kt−1
Kt

)

(

á
r
)1/2 (2) 

where: Kf ,He is Heywood’s fatigue strength reduction factor; Kt is the 
stress concentration factor; r is the notch root radius (mm); and á  is the 
material notch alleviation factor (mm). Heywood recommended that an 
aʹ value of 0.366 mm be used for GCI, based on limited experimental 
data.

To apply the TCD PM, first the critical distance, L, at the fatigue limit 
is calculated as [27]: 

L =
1
π

(

ΔKth
Δσ0

)2
(3) 

where: ΔKth is the threshold stress intensity factor; and Δσ0 is the stress 
range at the fatigue limit. If the linear elastic stress range at the point L/2 
behind a notch root exceeds Δσ0, then fatigue failure is predicted. The 
critical distance varies with cycles to failure, however, Al Zamzami and 
Susmel [28] successfully analysed fatigue of welded joints, where de-
fects control the fatigue process, using the TCD PM assuming a constant 
value of L that was independent of fatigue life. To apply the TCD PM to 
complex three-dimensional notches Louks et al. [29] found it was 
necessary to test a range of points at a depth of L/2 below the stress 
raiser’s surface to identify the critical location.

The HSV approach is typically applied in the following general form 
[30–32]: 

σA,n = σA,0

(V95%,0
V95%

)1/MHSV
(4) 

where: σA,n and σA,0 are the high-cycle fatigue refence stress amplitudes 
of the condition of interest and the reference condition, respectively; 
V95% and V95%,0 are the highly-stressed volumes of the condition of in-
terest and reference condition, respectively, that experience a stress ≥
95 % of the maximum stress; and MHSV is a material constant. The 95 % 
threshold is arbitrary, and some authors have used other thresholds such 

as 80 % [31].
Using the EV approach of Bomas et al. [22] the high-cycle fatigue 

refence stress amplitude of a given geometry and load type, σA,n, in terms 
of maximum linear elastic stress is calculated as follows: 

σA,n = σA,0

(Veff ,0
Veff

)1/MEV
(5) 

where: σA,0 is the fatigue limit of the reference condition in terms of 
maximum linear-elastic stress; Veff ,0 is the effective volume of the 
reference condition; Veff is the effective volume of the condition of in-
terest; and MEV is a material parameter which is related to the defect size 
distribution and fracture mechanics properties of the material. For a 
given geometry and load condition, the effective volume is calculated as 
follows [22]: 

Veff =
∫

V

(

σa(x, y, z)
σa,max

)MEV
dV (6) 

where: σa(x, y, z) is the stress amplitude at any coordinate point x, y, z 
within the material; and σa,max is the maximum stress amplitude 
occurring at any point within the material. The stress amplitude used in 
Eqs. (4) and (5) may be a principal stress amplitude, or the amplitude of 
some equivalent stress.

3. Methods

To calibrate and test the ability of the notch fatigue models intro-
duced in the previous section to estimate the fatigue lives of GCI water 
pipes new experimental fatigue data were obtained. Specifically, high- 
cycle fatigue data was needed for GCI water pipes featuring localised 
corrosion pitting and exposed to multiaxial loading. Following the fa-
tigue tests, Finite Element Analysis (FEA) was used to estimate the stress 
parameters required as inputs for the notch fatigue models (e.g. Kt). This 
section details the fatigue tests performed and the analysis techniques 
used to implement and test each notch fatigue model.

To calibrate each of the notch fatigue models the S-N curves of a 
notched and an un-notched specimen under the same loading type are 
needed. Therefore, uniaxial R =−1 fatigue tests of specimens featuring 
a sharp circumferential notch were conducted which could be used with 
the un-notched R =−1 fatigue data reported in ref [24] to calibrate the 
models.

To test the validity of the notch fatigue models a series of further tests 
were conducted that investigated the effects of notch root radius, 
bending loading, localised pitting, and biaxial loading. Note that biaxial 
stress states feature two non-zero principal stresses, while the third 
principal stress is zero. These variables were highly relevant to the water 
pipe application, so it was important that the notch fatigue models were 
able to account for these effects. Given the number of variables, several 
sets of fatigue tests were performed using different combinations of 
specimen geometry and loading.

3.1. Materials

Approximately 40 fatigue specimens were required to conduct the 
fatigue test programme set out in this paper. To allow this number of 
tests using full sections of pipe barrel, and to reduce specimen-to- 
specimen mechanical property variation relative to testing exhumed 
pipes, specimens were manufactured from new DN50 BS416-2 [33] GCI 
pipes. The graphite microstructure, tensile strength, and uniaxial fatigue 
behaviour of these BS416-2 pipes are within the range expected for GCI 
water pipes, enabling them to represent GCI water pipes in small-scale 
destructive tests [24,34]. These pipes have an average tensile strength 
of 229 MPa and average elastic modulus of 82 GPa [34]. Similarly to real 
GCI water pipes, the manufacturing process used to produce BS416-2 
pipes is not tightly controlled, resulting in a substantial variation in 

E.D.A. John et al.                                                                                                                                                                                                                               International Journal of Fatigue 202 (2026) 109247 

3 



fatigue strength between nominally identical specimens [34].
To calibrate the notch fatigue models and investigate the effect of 

notch root radius, two designs of circumferentially notched uniaxial 
specimens were tested: one with a nominal 0.4 mm root radius and 35◦

flank angle (Fig. 1a) and one with a nominal 5.0 mm root radius 
(Fig. 1b). The remaining wall thickness behind the notch root was 
approximately 1.8 mm for all specimens, which is relatively thin but 
representative of the water pipe application.

To investigate the interacting effects of bending loading, localised 
pitting, and biaxial loading, un-notched specimens and specimens 
featuring localised notches were tested. The un-notched specimens 
(Fig. 2a) featured a gauge section with a large transition radius to ensure 
failure occurred in the centre of the specimen. The notched bending 
specimens had local notches with a round plan cut into them, as shown 
by Fig. 2b and 2c. Two designs of notched bending specimens were 
tested: one with a nominal 0.1 mm root radius, 90◦ flank angle notch, 
and one with a nominal 4 mm root radius notch. The remaining wall 
thickness at the gauge section for these specimens was also approxi-
mately 1.8 mm.

3.2. Fatigue tests

A list of specimen and load combinations used to obtain the fatigue 

data for this work is provided in Table 1 as a reference for readers. To 
characterise the fatigue curves of the circumferentially notched speci-
mens, 10 specimens were tested across 5 stress levels, giving 50 % 
replication. These uniaxial tests were run under load control at 8 Hz 
using a Schenke servo-hydraulic rig fitted with shaft clamps that were 
able to firmly hold the fatigue specimens during tests (see Fig. 3a and 
3b). 2 × 106 cycles was the runout definition. Due to the rapid crack 
propagation observed, failure was defined as specimen separation 
shown by Fig. 3a and 3b.

The bending and biaxial fatigue tests were used to explore the effects 
of different fatigue loads on the fatigue life of notched GCI pipes. To 
reflect realistic loading of GCI water pipes, bending and internal water 
pressure loading were used to apply biaxial stress states. Fig. 4a, 4b, and 
4c illustrate how combined bending and internal water pressure loading 
can be used to create a biaxial stress state at the invert (bottom) 
midpoint of a pipe specimen. This was possible because the axial stress is 
primarily a function of the bending load whereas the circumferential 
stress is primarily a function of the internal pressure load. For the 
multiaxial fatigue loading tests, 180◦ out-of-phase biaxial loading was 
selected to represent a worst-case loading because previous fatigue tests 
of un-notched GCI specimens have shown that torsional loading is more 
damaging than uniaxial loading, from a normal stress amplitude 
perspective [24].

Fig. 1. Uniaxial fatigue specimen dimensions, highlighting the two different circumferential notches tested.
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For the bending and biaxial fatigue tests, the specimens were tested 
under four-point bending so that failures would occur in the region of 
uniform bending stress away from the influence of the load points. The 
bending and biaxial fatigue tests were conducted using new test 
equipment illustrated by Fig. 4d. To provide the bending load applica-
tion force, this test equipment was positioned within a servo-hydraulic 
uniaxial fatigue test machine. For the biaxial tests, the internal water 
pressure load was applied by a bespoke hydraulic system that was 
connected to specimens via the hose visible on the right of Fig. 4d. This 
new experiment was robustly tested to verify its ability to apply the 
intended cyclic stresses to specimens [35]. The greatest total bending 

load amplitude applied during a test was 8.7 kN, whereas the greatest 
internal pressure load amplitude used was 6.3 MPa. Real-world bending 
fatigue loading of small diameter pipes is likely to feature a mean stress, 
so a load ratio of 0.1 was used for all bending fatigue tests.

The bending fatigue tests aimed to provide data against which the 
models could be tested, and to characterise the approximate slope and 
position of the SN curves. Therefore, four specimens were tested across 
two stress levels. Tests were run under load control at 4 Hz and 6 × 105 

cycles was the runout definition as very few uniaxial failures occurred 
after this number of cycles. Failure was defined as the formation of a 
leaking through-wall crack, which was detected by measuring the 

Fig. 2. Dimensions of the fatigue specimens used in the bending and biaxial fatigue tests.

E.D.A. John et al.                                                                                                                                                                                                                               International Journal of Fatigue 202 (2026) 109247 

5 



pressure drop of pressurised water sealed within the specimens.
The consistent negative inverse slope obtained for the uniaxial and 

bending loading data sets meant it was possible to characterise the 
behaviour of the multiaxial loading sets by testing specimens at a single 
stress level. For each biaxial test set three specimens were tested at a 
single stress level with a target of 5 × 103 cycles to failure and a run-out 
limit of 1 × 105 load cycles. This run-out limit was based on the 10 % 
probability of survival interval determined for un-notched specimens 
under uniaxial loading. The combined bending and internal water 
pressure loading was applied at 1.7 Hz, limited by the controller speed. 
To cause true biaxial failures the bending and internal pressure stress 
amplitudes applied were set to be approximately equally damaging, 
although equipment constraints meant the load ratio of the axial stress 
component was around 0.4 instead of 0.1. Failure for these tests was also 
defined as the formation of a leaking through-wall crack and a high- 

speed camera was used to detect this.

3.3. Fatigue data analysis

Before the notch fatigue models could be applied to the experimental 
fatigue data, several parameters were calculated to characterise each 
data set. The net stresses applied to the uniaxial specimens were 
calculated as the applied force divided by the net area. The areas were 
determined from post-test measurements to account for small geometry 
variations between specimens. The net and gross stresses applied to the 
bending and biaxial loading specimens were determined using the FEA 
procedure described below.

The least squares method was used to estimate the relationship be-
tween stress amplitude and cycles to failure according to ASTM E739-10 
[36] for each un-notched and sharp notch uniaxial and bending data set 
as these each contained a sufficient range of stress levels. The least 
squares estimate corresponds to the 50 % probability of survival esti-
mate (PS = 50%). To indicate the range of expected fatigue strengths, 
the 10 % and 90 % probability of survival scatter bands were calculated 
at a 95 % confidence level for the un-notched uniaxial data according to 
ASTM STP91 [37]. Scatter bands were not calculated for the other data 
sets because they contained insufficient data points.

To estimate the fatigue strength reduction factor associated with 
each data set, regardless of whether the PS = 50 % fatigue curve was 
available, a new parameter was defined that exploits the very similar 
negative inverse slopes of the notched and un-notched data sets obtained 
for this study. This new parameter, the fatigue average notch effect, Fan, 
is effectively the average fatigue strength reduction factor obtained by 
estimating σA associated with each experimental data point using the 
negative inverse slope of the un-notched uniaxial case: 

Fan =
1
n
∑

n

i=1

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

σA,o

σa(i)

[

Nf(i)
NA

]1/k0

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

(7) 

Table 1 
List of fatigue test sets, detailing the combination of specimen design and applied 
loading. Reference codes used to abbreviate these test sets for tables and figure 
legends are also provided.

Specimen type Loading Reference
Un-notched Uniaxial, R = -1 UN-UR-1*
Un-notched Uniaxial, R = 0.1 UN-UR- 

0.1*
Sharp notch, Fig. 1a Uniaxial, R = -1 SN-UR-1
Blunt notch, Fig. 1b Uniaxial, R = -1 BN-UR-1
Un-notched, Fig. 2a Four-point bending, R = 0.1 UN-4B
Sharp circular notch, 

Fig. 2b
Four-point bending, R = 0.1 SCN-4B

Blunt circular notch, 
Fig. 2c

Four-point bending, R = 0.1 BCN-4B

Un-notched, Fig. 2a Bending and internal pressure, 180◦ out-of- 
phase (BP), R≈0.1

UN-BP

Sharp circular notch, 
Fig. 2b

Bending and internal pressure, 180◦ out-of- 
phase (BP), R≈0.1

SCN-BP

*Reported in [24] and used as reference curves in the present work.

Fig. 3. Examples of fractured specimens post-test including (a-b) uniaxial specimens still secured in the fatigue test machine, and (c-d) the circumferential fractures 
observed at the midpoint of specimens subjected to bending fatigue loads.
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where: n is the number of non-runout tests in the data set; σa(i) is the 
stress amplitude applied during the i-th test; Nf(i) is the observed cycles 
to failure of the i-th test; and k0 is the negative inverse slope of the un- 
notched uniaxial case. Fan was always calculated in terms of net stresses. 
To enable the significance of any differences in Fan to be determined, the 
90 % confidence interval associated with each fatigue average notch 
effect value was calculated as detailed in [38].

3.4. Fatigue life estimates

While Section 2 outlined the mathematical relationships behind each 
notch fatigue approach, applying these models in practice required some 
additional considerations which are detailed here. Additionally, to test 
the idea that the material was insensitive to the presence of notches, or 
to notch geometry, fatigue life predictions were made using the SWT 
criterion (Eq. (1) applied to the gross and net stress amplitudes and 
referenced to un-notched PS = 50% curves for the relevant loading type.

To make predictions using Heywood’s equation (Eq. (2) Kt values 
were calculated for each specimen and load combination using FEA. The 
uniaxial sharp notch data was used to calibrate Heywood’s equation, 
giving á  = 1.35 mm. Estimated fatigue strength reduction values 
calculated for each notched data set are given in Table 2. To enable 
Heywood’s equation to be applied to data sets featuring mean and 
multiaxial stresses the SWT criterion was used to determine the effective 

gross stress.
To apply the TCD PM, the stress state at a depth of L/2 behind the 

notch was estimated for each specimen geometry and load combination 
using FEA. The slopes of the uniaxial un-notched and sharp notch fatigue 
curves used for calibration were very similar, so L was assumed to be 
independent of fatigue life. L was calculated by comparing the notched 
and un-notched fatigue strengths at 106 cycles to failure, resulting in L =

0.87mm. For the localised pit specimens, the stress state was determined 
at a range of points at a depth of L and the most damaging stress state 
amongst these points taken as the critical location, as recommended by 
Louks et al. [29]. The assumption of constant L meant a pseudo fatigue 
strength reduction factor for the combined TCD PM and SWT criterion 
could be calculated: 

Kf ,TS =
σa,SWT,L/2

σa,gross 

where: σa,gross is the applied gross stress amplitude; and σa,SWT,L/2 is the 
SWT parameter determined at the critical point of the TCD PM when the 
specimen is subject to the same gross stresses.

To apply the HSV and EV methods in conjunction with the SWT 
criterion as a fatigue strength reduction factor, Eqs. (4) and (5) were 
modified as follows: 

Fig. 4. Diagrams (a-c) showing how combined bending and internal pressure loading can be used to create a biaxial stress state at the invert (bottom) midpoint of a 
pipe specimen, and a photograph (d) of the equipment used to apply these loads (note that the photograph was staged outside the fatigue machine to give an 
unobstructed view).

Table 2 
Notch fatigue analysis parameters determined for each test set as described in Sections 3.4 and 3.5. The values reported here correspond to the median specimen 
geometry of each test set and are given in terms of gross stress, except for the uniaxial sets where the net stress values are more representative. V95% and Veff are both in 
terms of σa,SWT for all test sets.

Test set r (mm) Kt,g Kt,n Kf ,He Kf ,TS Kt,SWT V95%(mm3) Kf ,HS Veff (mm3) Kf,ES
UN-UR-1 − 1 1 − 1 1 1.09•104 1.00 1.30•104 1.00
UN-UR-0.1 − 1 1 − 1.49 1.49 1.09•104 1.49 1.30•104 1.49
SN-UR-1+ 0.40 9.09 4.5 1.17 1.17 4.32 2.09•10-1 1.17 1.57•100 1.17
BN-UR-1+ 5.12 4.33 2.03 1.33 1.3 1.94 6.96•100 0.80 4.75•101 0.86
UN-4B − 1 1 − 1.49 1.5 3.16•102 0.98 1.38•103 1.09
SCN-4B 0.27 3.15 1.77 0.77 2.01 4.59 1.93•10-4 0.53 2.79•100 1.35
BCN-4B 3.47 2.06 1.16 1.25 2.21 3.03 1.03•10-1 0.75 5.09•101 1.36
UN-BP − 1.00 1.00 − 2.22 2.22 2.12•102 1.38 1.16•103 1.56
SCN-BP* 0.27 3.20/ 3.48 1.79/ 1.85 0.78/ 0.83 1.90 4.50 1.17•10-4 0.49 2.89•100 1.33

*Kt,g , Kt,n and Kf ,He values for: axial stress / hoop stress.
+ Parameters in terms of net stress rather than gross stress.
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Kf ,HS = Kt,SWT

( V95%,SWT,0
V95%, SWT

)−1/MHS
(8) 

Kf ,ES = Kt,SWT

( Veff ,SWT,0
Veff , SWT

)−1/MES
(9) 

Where Kt,SWT = σa,SWT,max/σa,gross, which is the gross stress concentration 
factor accounting for multiaxial loading using the SWT criterion deter-
mined using the maximum value of the SWT criterion at the notch and 
the gross stress amplitude. V95%,SWT and Veff ,SWT, the highly stressed and 
effective volumes in terms the SWT criterion, were calculated using FEA. 
V95%,SWT was calculated by summing the volume of the elements expe-
riencing ≥ 95 % of the maximum value of the SWT criterion, whereas 
the integral used to calculate Veff ,SWT was approximated as: 

Veff ,SWT =
∑

n

i=1

[

(

σa,SWT,i
σa,SWT,max

)MES
Vi

]

(10) 

where: n is the number of elements in the FEA model; σa,SWT,i is the SWT 
equivalent stress amplitude experienced by element i, calculated using 
Eq. (1); σa,SWT,max is the greatest SWT equivalent stress amplitude 
experienced by any element in the FEA model; and Vi is the volume of 
element i. Through comparing the uniaxial fully reversed un-notched 
fatigue curve and sharp circumferential notch fatigue curve, MHS and 
V95%,SWT,0 were calculated to be 8.31 and 10,930 mm3, respectively. 
Given the dependency of Veff ,SWT on the material constant MES (see Eq. 
(6)), MES was determined through a trial and improvement process, 
using the same data sets as for the HSV material constant MHS. MES and 
Veff ,SWT,0 were calculated to be 6.90 and 13,020 mm3, respectively. The 
prediction accuracy of each approach detailed in this section was 
quantified using the mean square error quantity, TRMS, as explained by 
Walat and Lagoda [39].

3.5. Finite element analysis

Linear-elastic FEA was used to calculate the local stress quantities 
required by the fatigue life estimation methods described in the previous 
section. To do this, finite element models were created and solved for 
each of the specimen-load combinations detailed in Table 1. For 
example, to calculate the effective volume, Veff ,SWT , for a test set the 
stress estimates for each element in the corresponding finite element 
model were inputted to Eq. (10). A benefit of using linear-elastic models 
was that only one static load condition needed to be modelled for each 
specimen-load combination, and the resultant stress could be scaled 
linearly with load to determine cyclic parameters such as stress 
amplitude.

The uniaxial specimens were modelled as two-dimensional axisym-
metric problems for computational efficiency (Fig. 5a) using first-order 
quadrilateral elements. To model the notched uniaxial specimens 
(Fig. 1), the uniformly reduced gauge section shown in Fig. 5a was 
replaced with the notch geometry. A sub-model region at the notch root 
was used to capture the local stress distribution in detail (Fig. 5b).

The bending and multiaxial specimens (Fig. 2) required three- 
dimensional models due to the complexity of the boundary conditions 
and specimen geometry. However, these models’ sizes were reduced by 
taking advantage of two planes of symmetry to create a quarter-pipe 
model, shown by Fig. 6a. The quarter-pipe model boundary condi-
tions, shown by Fig. 6b, were selected to closely replicate the experi-
mental arrangement shown by Fig. 4d. These boundary conditions were 
validated against strain and displacement measurements taken from the 
experiment for the full range of loading conditions used in tests; the FEA 
predictions matched the experimental values within ± 10 % showing 
the validity of these boundary conditions [35]. Hexahedral elements 
were used for the main body of these models and for the gauge section of 
the un-notched models, as shown by Fig. 6c. However, it was necessary 
to use tetrahedral elements in the vicinity of notches to capture the more 

Fig. 5. Illustration of the FEA modelling approach adopted for the uniaxial fatigue tests, showing: (a) the boundary conditions applied to the 2D axisymmetric model 
(un-notched specimen model shown), and (b) detail of the mesh for the sharp notch specimen gauge section.
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complex geometry, as illustrated by Fig. 6d for the blunt circular notch.
For both model types, the mesh was refined in the critical region of 

each model until the Kf values calculated using the methods detailed in 
Section 3.4 converged to within ± 1 % over two subsequent iterations. 
The layered mesh refinement approach can be seen in Fig. 6d. Conver-
gence was not possible for the HSV method for the sharp circular notch 
specimens under biaxial loading. Examples of element sizes that ach-
ieved convergence are 0.5 mm for the un-notched specimens, 0.02 mm 
for the sharp circular notch specimens, and 0.001 mm for the sharp 
circumferential notch specimens.

4. Results

This section details the outcomes of the uniaxial, bending, and 
biaxial fatigue tests and presents analysis used to assess the significance 
of the load and notch effects observed in this data. Additionally, the 
fatigue life estimation performance of the notch fatigue models is 
compared with the experimental data.

4.1. Uniaxial fatigue tests

The notched uniaxial fatigue specimens failed suddenly with sepa-
ration occurring over a single load cycle, indicating rapid crack propa-
gation. Failures initiated at the notch root stress concentration and the 
fracture surfaces of both the sharp and blunt notch specimens lay on the 
plane of maximum normal stress amplitude, as shown by Fig. 3a and 3b, 
implying a tensile cracking mechanism.

The notched uniaxial fatigue results are plotted in Fig. 7. The data 
display significant scattering, however, this was expected given in-
clusions found in the specimen material. Three blunt notch specimens 
survived 2 × 106 load cycles and were classed as runouts. These blunt 

notch runouts were all tested at stress levels that caused failure before 
2 × 106 load cycles for the un-notched and sharp notch specimens. This 
indicates that for the blunt notch specimens the location of the S-N curve 
“knee point” marking the transition from high-cycle to very high-cycle 
fatigue occurred at a much lower number of cycles to failure than the 
un-notched or sharp notch specimens, although further tests are 
required to confirm this.

Fig. 6. Illustration of the FEA modelling approach adopted for the bending and internal pressure fatigue tests, showing: (a) the modelled region of the pipe, (b) the 
boundary conditions applied to the quarter pipe model (note that appropriate symmetry boundary conditions were also applied), and (c-d) details of the gauge 
section mesh for the un-notched and blunt circular notch specimen types. The blue lines on sub-figure (d) indicate the location of geometry edges obscured by the 
refined mesh.

Fig. 7. Uniaxial R = -1 loading fatigue data and fitted curves illustrating the 
effect of sharp and blunt notches relative to the un-notched case. The data sets 
shown are sharp notch specimens (SN-UR-1), blunt notch specimens (BN-UR-1), 
and un-notched uniaxial (UN-UR-1) from [24] are included for reference. To 
show the notched data more clearly, only the 10 %, 50 %, and 90 % probability 
of survival curves for the un-notched data are plotted.
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The blunt notch specimens had fatigue strengths very close to the un- 
notched 50 % probability of survival curve, but the sharp notch speci-
mens generally had lower fatigue strengths which fell between the un- 
notched 50 % and 90 % probability of survival curves. This indicates 
some sensitivity to notch root radius, although all the notched uniaxial 
data, except one, fell within the un-notched uniaxial scatter bands.

Failure data for a wide range of stress levels were available for the 
sharp notch fatigue tests enabling the 50 % probability of survival curve 
parameters to be calculated, as shown in Fig. 7 and Table 3. The 50 % 
probability of survival curve was not calculated for the blunt notch data 
set because the stress amplitude range over which valid results were 
available was too small to give a representative curve. The average Kf ,n 
and Kf ,g values for both data sets are also included in Table 3, which 
again show a small difference between the two notch types. Note the 
similarity between the Kf ,n and Fan values shown in Table 3, indicating 
that Fan provided a good approximation of Kf ,n.

4.2. Bending and biaxial fatigue tests

The bending and biaxial (180◦ out-of-phase bending and internal 
pressure loading) fatigue results are plotted in Figs. 8 and 9, respec-
tively. Note that the cycles to failure of the un-notched biaxial fatigue 
tests were previously reported in [35] as part of the experimental 
method verification, however, the stress-levels tested have not previ-
ously been reported. All specimens failed by developing a circumfer-
ential crack, as shown by Fig. 3c and 3d, which suggests the final tensile 
crack growth stage was driven by the axial bending stress. The S-N curve 
parameters, where available, and the calculated Fan values are provided 
in Table 3.

The un-notched bending tests demonstrated higher fatigue strengths 
than the un-notched uniaxial case for the same stress ratio (R = 0.1) and 
all un-notched bending fatigue data fell outside the uniaxial scatter 
bands, highlighting the significance of this effect. Both sharp (r =

0.27mm) and blunt (r = 3.5mm) circular notches reduced the bending 
fatigue strength relative to the un-notched case. The sharp and blunt 
circular notch specimens had similar fatigue strengths, indicating that 
the notch root radius had a low impact. However, like the uniaxial blunt 
notch tests, two blunt notch bending tests survived 6 × 105 cycles at 
stress amplitudes that caused sharp notch specimens to fail suggesting 
some difference in fatigue behaviour.

For the un-notched biaxial fatigue tests, three specimens were tested 
with gross stress amplitudes of about 70 MPa in both the hoop and axial 
directions, and stress ratios of 0.12 and 0.41, respectively. This loading 
was selected with the aim of each stress direction being equally 
damaging. Two specimens failed before the un-notched uniaxial PS =

90% curve was reached, whereas one specimen survived 105 load cycles 
and was classed as a runout, resulting in a very scattered data set.

Tests of the sharp, circular notch specimens under 180◦ out-of-phase 
biaxial loading were run with the maximum possible bending and in-
ternal water pressure load amplitudes. One specimen survived 106 cy-
cles before failing at a pipe support, and the remaining two specimens 
tested both failed at a hydraulic adapter after about 6 × 104 load cycles. 

Due to the high likelihood of unintended failure types caused by the high 
loading amplitudes, further tests of this type were not run. These 
effective runouts were used to determine a lower-bound fatigue average 
notch effect. From a gross axial stress amplitude perspective, the sharp 
circular notch was less damaging under 180◦ out-of-phase biaxial 
loading than no notch.

4.3. Effect of loading and notches on fatigue strength

To identify which of the investigated fatigue load and notch types 
had a significant effect on the fatigue strength of the GCI pipe specimens, 
the high-cycle reference stress amplitude confidence intervals of the 
data sets were compared using t-tests. Fig. 10 shows the average refer-
ence stress amplitudes, calculated at 106 cycles, and 90 % confidence 
intervals for a selection of un-notched fatigue data sets. Table 4 shows 
the results of the t-tests in terms of the p-values calculated and whether 
the null hypothesis was rejected at a 90 % confidence level; in all four 
un-notched cases the null hypothesis was rejected indicating different 
average reference stress amplitudes. Therefore the 43 % average in-
crease in fatigue strength caused by bending loading, and the 28 % 
average reduction in fatigue strength caused by out-of-phase bending 
and internal pressure loading, relative to uniaxial R = 0.1 loading, were 
statistically significant.

To determine the significance of the notch effect in each data set, the 
net stress concentration factor for each notched specimen type, calcu-
lated using FEA, is plotted against the fatigue average notch effect in 
Fig. 11 and the t-test results are provided in Table 4. These Fan values 
account for the effect of bending fatigue loading so allow direct 

Table 3 
Parameters describing the linear S-N curve and fatigue notch effect for each fatigue data set. The average measured notch root radius values are provided. Some data 
sets did not contain a sufficient range of stress levels to allow calculation of the S-N curve parameters, but the notch effect was characterised for all data sets using Fan.

Test set r (mm) n Runouts R k σA(MPa) σA
σUTS

Kf,g Kf,n Fan

SN-UR-1 0.40 11 0 −1.00 10.6 73.5 0.32 2.61 1.17 1.16
BN-UR-1 5.12 6 3 −1.00 − − − − − 0.96
UN-4B − 4 0 0.10 11.2 76.8 0.34 0.70 0.70 0.70
SCN-4B 0.27 5 1 0.10 11.2 53.7 0.23 1.43 0.89 0.77
BCN-4B 3.47 4 2 0.10 − − − − − 0.74
UN-BP* − 2 1 0.41 / 0.12 − − − − − 1.88 / 1.38
SCN-BP* 0.27 0 3 0.36 / 0.10 − − − − − <1.10 / <0.83

*R and Fan values for: axial stress / hoop stress.

Fig. 8. Bending R = 0.1 and uniaxial R = 0.1 loading fatigue data and fitted 
curves illustrating the effect of bending loading with and without notches 
relative to un-notched specimens subject to uniaxial loading. The bending 
loading data sets shown are un-notched specimens (UN-4B), sharp circular 
notch specimens (SCN-4B), and blunt circular notch specimens (SCN-4B). The 
un-notched uniaxial R = 0.1 (UN-UR0.1) S-N curves from [24] are provided 
for reference.
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comparison of the effect of notch shape. Comparing Kt and Fan in terms 
of the net stresses rather than the gross stresses allowed the effect of 
specimen-to-specimen variations in wall thickness to be excluded. The 
biaxial data set included in Fig. 11 is plotted in terms of hoop stress. 
These results show that the sharp circumferential notch (Kt,n = 4.5) 
resulted in lower fatigue strengths than the un-notched case, whereas 

notches with Kt,n < 2 resulted in higher net fatigue strengths than the 
un-notched case. Higher net fatigue strengths mean that the notch was 
less damaging than a uniform reduction in wall thickness to the same 
depth. The blunt circumferential notch did not have a statistically sig-
nificant effect relative to the un-notched case indicating no fatigue 
sensitivity to this notch type. Unlike the two notched uniaxial test sets, 
the difference in Fan for the two circular notches subject to bending 
loading was not statistically significant, showing the root radius did not 
have a significant effect in this case.

4.4. Fatigue model parameters from FEA

To provide readers with an understanding of the workings of the 
notch fatigue models, the model parameters calculated using the FEA 
results for each specimen type are listed in Table 2 and example results 
are shown in Figs. 12 and 13. The workings of the volume-based 
methods deserve particular attention due to their more complex na-
ture than the point-based methods. As expected, a much larger volume 
of the un-notched specimens experienced the highest stress amplitudes 
compared to the notched specimens, although the maximum stress 
amplitudes experienced by the notched specimens was higher. The less 

Fig. 9. 180◦ out-of-phase biaxial loading fatigue data illustrating the effect of 
biaxial loading on notched and un-notched specimens relative to uniaxial 
loading with a similar load ratio. The biaxial data sets shown are un-notched 
specimens (UN-BP) and sharp circular notch specimens (SCN-BP). The un- 
notched uniaxial R = 0.1 (UN-UR0.1) curves from [24] are provided 
for reference.

Fig. 10. Plot of mean reference stress amplitude (at 106 cycles) and 90 % 
confidence intervals for un-notched fatigue data sets under R = 0.1 loading, 
illustrating the effects of bending and 180◦ out-of-phase biaxial loading relative 
to uniaxial loading. The test sets shown are un-notched uniaxial R = 0.1 (UN- 
UR0.1) from [24], un-notched bending (UN-4B), and un-notched biaxial 
(UN-BP).

Table 4 
Results of the t-tests used to compare the fatigue data sets, where ‘Reject’ in-
dicates there is a statistically significant difference between the compared sets. 
For the un-notched data, the null hypothesis was that the two data sets compared 
had the same reference stress amplitudes. For the notched data, the null hy-
pothesis was that the two data sets compared had the same Fan values.

Fatigue data sets 
compared

p- 
value

Accept or reject null hypothesis at 90 % 
confidence level

UN-UR0.1 & UN-4B 0.000 Reject
UN-UR0.1 & UN-BP 

(σh)
0.000 Reject

UN-UR0.1 & UN-BP 
(σx)

0.001 Reject

UN-UR-1 & SN-UR-1 0.037 Reject
UN-UR-1 & BN-UR-1 0.410 Accept
UN-UR-1 & SCN-4B 0.003 Reject
UN-UR-1 & BCN-4B 0.003 Reject
SCN-4B & BCN-4B 0.502 Accept

Fig. 11. Plot of Fan vs. mean Kt,n for all notched data sets, including the 90 % 
confidence intervals, illustrating the relationship between the notches’ stress 
concentration and effect on fatigue strength. The equivalent position of the 
unnotched uniaxial R = − 1 90 % confidence interval from [24] is marked with 
chain lines. Downward arrows indicate data sets containing a substantial pro-
portion of runout tests.
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binary nature of the Effective Volume approach meant Veff was usually 
larger than V95%. For example, for the sharp notch uniaxial specimen a 
volume of material nearly 10 times greater contributed to Veff than V95% 
(1.57 mm3 compared to 0.21 mm3). The very small V95% values calcu-
lated in some cases is likely to be the reason that the HSV predictions 
from FEA did not converge for some test sets.

The Effective Volume approach showed some interesting behaviour 
in the way it weighted stresses in material volume near and far from the 
notch. For cases where the notch Kt,n value was higher than 2 the 
Effective Volume approach only considered stresses occurring in the 
material proximate to the peak stress. For example, for the sharp notch 
uniaxial specimen, material volume with a (

σa,SWT/σa,SWT,max
)MES 

weighting between 1 and 0.01 comprised over 90 % of Veff . Volume with 
this weighting only extended to a depth of approximately 0.18 mm 
behind the notch root, but did occur the whole way around the speci-
men’s circumference. On the other hand, for cases where the notch Kt,n 
value was less than 2 the Effective Volume approach considered stresses 
in material a significant distance from the notch. For example, for the 
sharp circular notch under bending loading, material volume with a 
(

σa,SWT/σa,SWT,max
)MES weighting between 10−3 and 10−4 comprised over 

75 % of Veff . Volume with this weighting extended from the notch along 
the specimen invert for around 70 mm in each direction, as shown by 
Fig. 12. Additionally, material with a weighting between 1 and 10−3 

only comprised 1 % of Veff , indicating the Effective Volume approach 
attributed minimal significance to the notch root stresses in this case. 
This shows how the Effective Volume approach varied the significance 
attributed to the local notch stresses and the gross stress state for 
different notch types. The behaviour was very different to the Highly 
Stressed Volume approach which only considered material volume at 
the notch root regardless of Kt,n (compare Fig. 13c and 13d, for 
example).

4.5. Fatigue life estimates

The cycles-to-failure estimates used to test the effectiveness of the 
multiaxial notch fatigue criteria detailed in Section 2 are plotted in 
Fig. 14. The quantified prediction errors for each model are also given in 
Fig. 15 in terms of TRMS, where smaller TRMS values indicate better 
prediction accuracy. For each model, predictions were made for each 
fatigue data set not used to calibrate that model. It was not possible to 
make predictions for the un-notched bending and un-notched biaxial 
data sets using Heywood’s relation due to the absence of a notch, and the 

Fig. 12. FEA predicted Effective Volume weighting, (σa,SWT/σa,SWT,max
)MES , for 

the sharp notch bending specimen under bending loading for the quarter-pipe 
model showing the weighting assigned to elements away from the notch. The 
axial direction is left-to-right, and the notch is located at the bottom left.

Fig. 13. FEA results for the sharp notch bending specimen subjected to an 8 kN amplitude bending load, illustrating how the key results used to make fatigue life 
predictions relate to the notch geometry. The axial direction in the sub-figures is left-to-right.
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un-notched bending data was used to calibrate the gross and net stress 
predictions. Predictions which exceeded 2 × 106 cycles are indicated 
with a vertical arrow on Fig. 14.

The gross stress approach consistently overestimated the fatigue 
lives of notched specimens showing that notches always reduced the 
fatigue strength of specimens. On the other hand, the net stress approach 
provided reasonable predictions for most data sets with only a small 
number of points falling outside of the scatter bands.

Heywood’s equation provided conservative predictions for the blunt 
notch data sets. This indicates that when calibrated with relatively high 
Kt,n data the model does not capture the behaviour of lower Kt,n notches. 
The Theory of Critical Distances Point Method provided overly 

conservative predictions for most data sets. The Highly Stressed Volume 
approach tended towards non-conservative predictions for all data sets, 
except the blunt notch uniaxial and un-notched bending data.

The Effective Volume approach provided good predictions for all 
data sets, except the un-notched biaxial data set where one prediction 
fell outside the un-notched uniaxial R =−1 scatter bands on the non- 
conservative side. The Effective Volume received the best TRMS predic-
tion accuracy score for the three bending data sets and a lower TRMS than 
the benchmark for the blunt notch uniaxial data set.

Fig. 14. Multiaxial notch fatigue model predictions compared against the experimentally determined cycles to failure. Each notch fatigue model was coupled with 
the Smith-Watson-Topper multiaxial fatigue criterion to make predictions. The chain lines show the scatter bands of the un-notched uniaxial data for reference.
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5. Discussion

This section looks across the experimental results to determine the 
fatigue sensitivity of GCI pipes to different load types and localised 
notches. Additionally, the numerical modelling results and notch fatigue 
model predictions are used to establish the suitability of the four models 
detailed in Section 2 to predict the fatigue life of pitted GCI pipes. This 
section ends with a review of the wider applicability of this work.

5.1. The effect of bending and out-of-phase biaxial loading

Bending loading had a statistically significant effect on the fatigue 
strength of the GCI specimens (see Table 4). The un-notched bending 
fatigue strength of the GCI pipe specimens was 1.43 times higher than 
the uniaxial fatigue strength of specimens tested under the same stress 
ratio (see Fig. 8), which falls within the 1.38 to 1.69 range reported by 
Heywood [18] for non-pipe GCI specimens. Despite bending loading 
resulting in higher fatigue strengths for the GCI specimens, 180◦ out-of- 
phase bending and internal pressure loading reduced the fatigue 
strength of specimens by a similar proportion to torsional loading. On 
average, the fatigue strengths of the un-notched torsion data from [24] 
and un-notched bending and internal pressure data (from a hoop-stress 
perspective) were 22 % and 28 % lower than the comparable uniaxial 
cases, respectively. These results support the idea that 180◦ out-of-phase 
biaxial loading, where the two principal stress components are of equal 
amplitude, is a particularly damaging load case for un-notched GCI. The 
effect of 180◦ out-of-phase biaxial loading on the fatigue life of GCI 
specimens can be explained by the additional crack opening due to the 
Poisson effect of the transverse stresses acting on the crack, which is 
likely to be why fatigue strength reduction caused by this loading is close 
to the material’s 0.28 Poisson ratio. This effect is captured by the normal 
strain amplitude term of the SWT criterion (Eq. (1).

Unlike the un-notched specimens, 180◦ out-of-phase biaxial loading 
did not have a clear effect on the fatigue strength of the sharp circular 
notch specimens, relative to the same specimens exposed to only 
bending loading (see Fig. 11). However, the lack of failures in the sharp 
circular notch specimen biaxial loading data set makes such a compar-
ison difficult. It is possible that the sharp circular pit specimens were less 
sensitive to biaxial loading than the un-notched specimens because the 
stress hot-spots due to bending loading and internal pressure loading 
occurred at different locations within the pit (note the highly local na-
ture of the stress concentration caused by bending loading in Fig. 13a). 

Further investigation into the interaction between localised pits and 
biaxial loading would be beneficial to confirm whether 180◦ out-of- 
phase biaxial loading represents a more damaging load case for GCI 
pipes featuring localised corrosion pits.

5.2. The effect of notches on fatigue strength

The fatigue strength of pipe specimens was always reduced when a 
notch was introduced, relative to a specimen with no notch and the same 
gross dimensions, as illustrated by the poor gross stress fatigue life 
predictions (Fig. 14a). The reduction in fatigue strength caused by 
notches could partly be described by the reduction in wall thickness 
through considering the net stress state (see Figs. 11 and 14b). However, 
the sharp circumferential notch tested under uniaxial loading (charac-
terised by Kt,n = 4.5) reduced the fatigue strength of the pipes tested, 
relative to an un-notched pipe subject to the same net stress, whereas 
notches with Kt,n < 2 resulted in higher fatigue strengths than the un- 
notched case (see Fig. 11). This shows that the magnitude of the stress 
concentration caused by a notch, and therefore a corrosion pit, can have 
a significant effect on the fatigue strength of GCI, despite the very low 
notch sensitivity of this material. Kt,n is determined by the notch ge-
ometry, including root radius and plan shape, and the applied stress 
direction.

The net stress fatigue notch sensitivity of specimens with Kt,n = 4.5 
(q = 0.05, calculated using Fan) was within the range reported by 
Lampman [17] and Taylor et al. [16] for non-pipe GCI specimens 
featuring sharp circumferential notches (0.00 ≤ q ≤ 0.27). However, 
fatigue tests of GCI specimens featuring localised, low Kt,n notches have 
not previously been reported, so the very low fatigue notch sensitivity of 
GCI to this type of notches (−1.93 ≤ q ≤ −0.30) has not been observed.

5.3. Estimating fatigue life

5.3.1. Net stress approach
Predicting the fatigue life of notched pipes using the Smith-Watson- 

Topper criterion with the global net stress state and bending load fatigue 
effect factor (Kb = 0.7) provided reasonable predictions because of the 
material’s relatively low notch sensitivity. The net stress predictions 
were best for un-notched specimens, or when Kt,n was close to 2 (see 
Fig. 11). However, the net stress predictions fell outside the uniaxial 
scatter bands for relatively high or low Kt,n corrosion pits, with errors 
exceeding two decades. As a result, some understanding of the corrosion 
pit shapes present in a particular pipeline or GCI component, and their 
corresponding Kt,n values, is needed to determine whether the net stress 
can make usable fatigue life predictions.

5.3.2. Effective Volume approach
The coupled Effective Volume approach and Smith-Watson-Topper 

criterion provided the best notch fatigue predictions overall, except 
for the un-notched biaxial loading case. These good predictions were 
achieved because the Effective Volume approach was able to account for 
the bending load effect and distinguish between the effects of high and 
low Kt,n notches by changing the significance attributed to local notch 
stresses and the gross stress state, as discussed above. The calibration 
constant MES is a function of the internal defect size distribution [22], so 
the calibrated value of 6.90 determined here is likely to be applicable to 
spun GCI pipes with similar microstructural properties to the BS 416–2 
pipes tested here.

The underlying theory of the Effective Volume approach is based on 
the weakest-link concept. Specifically, exposing a larger volume of 
material to a higher or more damaging stress amplitude increases the 
probability of a larger defect (or “weaker link”) being exposed to that 
stress, reducing the fatigue strength of the specimen [21,22]. Paradox-
ically, for low Kt,n notch cases (such as the sharp circular notch under 
bending loading) cracks did not occur in the large volume remote from 

Fig. 15. Prediction error results for each notch fatigue model, enabling com-
parison of each models’ relative performance for each fatigue data set. Smaller 
TRMS values indicate better prediction accuracy. As a benchmark, the dashed 
line shows the TRMS value for UN-UR-1 from [24] predicted using σ1,a.
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the notch that was given a substantial weighting by the Effective Volume 
approach (this could be up to 70 mm from the notch), and instead al-
ways occurred at the notch (see Fig. 3d). This seems contrary to the idea 
that larger effective volumes correspond to a greater chance of finding a 
critical defect because crack initiations distributed across the whole 
critical volume would be expected. Literature applications of the 
Effective Volume approach are limited to axisymmetric cylindrical 
specimens [22], so this observation is unlikely to have been relevant 
before, but it is certainly relevant to the application of the approach to 
real components. The accurate notch fatigue predictions made by the 
Effective Volume approach for low Kt,n localised notches therefore do 
not have a clear link to the physical notch fatigue process.

5.3.3. Heywood’s relation and the Theory of critical Distances point 
method

This work has shown that the two notch fatigue approaches that have 
previously been applied to GCI are unsuitable for predicting the fatigue 
notch effect for pitted GCI water pipes. Heywood’s equation coupled 
with the Smith-Watson-Topper criterion provided good predictions for 
high Kt,n notches and poor predictions for low Kt,n notches. Previous 
validation of Heywood’s equation was limited to sharp circumferentially 
notched specimens [18], so this limitation had not been noted. Given the 
likely prevalence of low Kt,n notches in GCI water pipes Heywood’s 
equation can be considered unsuitable for this application.

The Theory of Critical Distances’ predictions were mainly conser-
vative which is likely because the remaining wall thickness behind the 
notch root (approximately 1.8 mm) was less than the range of L quoted 
for GCI in the literature (3.15 to 4.41 mm) [20]. This implies that the 
0.87 mm value of L calculated was specific to the combination of wall 
thickness and notch root radius used for calibration. This agrees with the 
observation of Taylor [27] that the Theory of Critical Distances is not 
applicable to brittle materials where the specimen size approaches L as 
the assumption of local control breaks down and the specimen bound-
aries affect the notch tip processes. This limitation is relevant to GCI 
water pipes because many notch fatigue scenarios are likely to involve 
remaining wall thicknesses approaching, or less than, 3 mm considering 
the initial specified thickness of 3′’ Class C spun-cast pipes was 7.4 mm 
[40]. The similarities between Heywood’s equation and the TCD PM, in 
that they both use the stress at a point behind the notch root to make 
predictions, makes it likely that the poor predictions offered by Hey-
wood’s equation were also due to the low wall thickness of the speci-
mens tested here.

5.3.4. SN curve inflection point
For the specimens tested that featured blunt notches (3.2 mm ≤ r ≤

5.5 mm) the inflection point of the fatigue curves, marking the transition 
from high-cycle fatigue to very high-cycle fatigue, appears to have 
occurred at shorter fatigue lives than the other notched and un-notched 
specimens (see Figs. 7 and 6). Specifically, this transition appears to 
have occurred at around 105 cycles for the blunt notch specimen and 
around 106 cycles for the other specimens. Chaves et al. [41] observed 
that early crack growth behaviour in metals at longer fatigue lives is 
heavily influenced by notch root radius, which may explain this 
behaviour.

Determining the exact position of the S-N curve inflection point, and 
the mechanisms that may cause its position to be influenced by notch 
root radius, was outside the scope of this work. However, the runout 
data obtained give a strong suggestion that some link exists between 
notch sharpness and the S-N curve inflection point. Further investigation 
of this link using the classic staircase testing method [37] would be 
beneficial. Until such an investigation is completed, a cautious approach 
to applying the net stress and Effective Volume models to long fatigue 
lives is recommended. Specifically, both models have the potential to 
make very conservative predictions for fatigue lives greater than 105 

load cycles for certain large root radius notch geometries. This is because 

the notch fatigue models evaluated here are valid only for high-cycle 
fatigue and cannot predict this apparent change in fatigue cracking 
mode.

5.4. Practical significance

The combined EV and SWT criterion is the first validated model for 
predicting the fatigue strength of pitted GCI pipes subject to bending 
loading, or more generally, for predicting the fatigue strength of thin 
GCI components with stress raisers. The damaging effect of a particular 
corrosion pit loading condition can now be assessed for spun-cast GCI 
pipes which are similar to those tested in this work. This provides an 
essential tool that, when coupled with advanced in-pipe inspection 
techniques, will enable asset managers to make informed pipe-level 
replacement decisions to reduce leakage. To apply this approach, 
detailed pit shape measurements are required. However, if detailed 
corrosion pit measurements are not available but the pit depth is known, 
this work has shown that the SWT criterion applied directly to the net 
stress state can provide a reasonable estimate of a pipe’s fatigue 
strength.

This work has also shown that longitudinal bending fatigue loads 
cause complete GCI pipe barrels to demonstrate fatigue strengths 43 % 
higher than loading which results in a uniform application of stress, 
whereas 180◦ out-of-phase bending and internal pressure loading re-
duces the fatigue strength of un-notched specimens by around 28 %. 
This raises the possibility that bending loads, while less damaging in 
isolation, may amplify the effect of internal pressure loads if they occur 
out-of-phase. It is important to note that the percentage changes in fa-
tigue strength quoted above for bending and biaxial loading were 
determined from a relatively small number of tests using similar speci-
mens. As a result, a larger testing programme including GCI pipes with a 
variety of mechanical and microstructural properties would be needed 
to confirm the general applicability of these load effects.

Beyond water pipe applications, this work has shown that the com-
bined EV and SWT criterion can predict the high-cycle fatigue strength 
of a notched metallic component featuring non-metallic inclusions and 
voids. Furthermore, this criterion was shown to work with thin com-
ponents where the TCD was found to return less effective life estimates. 
As a result, the EV approach, in combination with the SWT or another 
multiaxial fatigue criterion, should be considered for fatigue analysis of 
other thin, notched components. Potential applications include auto-
motive and maritime components made from GCI [19,42], as well as 
components made from other metals containing non-metallic inclusions 
and voids such as ductile iron [43,44], sintered iron [45], and 3D- 
printed metals [46].

6. Conclusions

The work presented in this paper experimentally validates a model 
that can be used to assess the damaging effect of corrosion pitting on GCI 
pipes subject to bending and biaxial fatigue loading. The conclusions of 
this work are as follows: 

• The high-cycle fatigue strength of pitted spun GCI water pipes sub-
ject to uniaxial and bending fatigue loading in laboratory conditions 
can be predicted using the combined Smith-Watson-Topper multi-
axial fatigue criterion and Effective Volume notch fatigue model.

• When 2 ≤ Kt,n ≤ 4 the Smith-Watson-Topper criterion can be applied 
directly to the net stress state to make fatigue life predictions, 
simplifying the analysis.

• 180◦ out-of-phase biaxial fatigue stresses can reduce the fatigue 
strength of GCI pipes featuring uniform wall-loss corrosion by up to 
28 %.

• The magnitude of the stress concentration caused by a notch, and 
therefore a corrosion pit, can have a significant effect on the fatigue 
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strength of GCI water pipes, despite the very low notch sensitivity of 
this material.

• GCI pipes subject to longitudinal bending fatigue demonstrate fa-
tigue strengths up to 43 % higher than uniaxial loading.

• The EV approach, in combination with the SWT or another multi-
axial fatigue criterion, should be considered for fatigue analysis of 
other thin, notched components featuring inclusions or internal 
voids.
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