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Abstract
We investigate an epidemiological model that incorporates waning of immunity at 
the individual level and boosting of the immune system upon re-exposure to the 
pathogen. When immunity is fully restored upon boosting, the system can be ex-
pressed as an SIRS-type model with discrete and distributed delays. We conduct a 
numerical bifurcation analysis varying the boosting force and the maximum period 
of immunity (in the absence of boosting), while keeping other parameters fixed 
at values representative of a highly infectious disease like pertussis. The stability 
switches of the endemic equilibrium, identified numerically, are validated using an 
established analytical approach, confirming that the equilibrium is unstable in a 
bounded parameter region, and stable outside this region. Using recently developed 
continuation methods for models with discrete and distributed delays, we explore 
periodic solutions and their bifurcations. Our analysis significantly extends previous 
findings and reveals a rich dynamical landscape, including catastrophic bifurcations 
of limit cycles, torus bifurcations, and bistability regions where two stable periodic 
solutions coexist, differing in amplitude and period. These complex bifurcations 
have critical public health implications: perturbations—such as non-pharmaceutical 
interventions—can shift the system between attractors, leading to long-term conse-
quences from short-term measures.
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1  Introduction

Boosting of the immune system through re-exposure to an infectious pathogen plays a 
key role in the dynamics of diseases without lifelong immunity, affecting the success 
of vaccination programmes with imperfect or waning vaccine protection (Schuette 
and Hethcote 1999; Heffernan and Keeling 2009; Lavine et al. 2011; Dafilis et al. 
2012).

Waning and boosting of immunity are particularly challenging to describe math-
ematically as they introduce delayed feedback loops. To keep the models tractable, 
the waning of immunity is often modeled using a chain of compartments with full or 
partial immunity. However, various analyses have shown that such models predict 
periodic outbreaks only if the chain is long enough, while an overly simplified model 
could disregard interesting dynamical outcomes and predict damped oscillations to 
an endemic equilibrium (Hethcote et al. 1981; Gonçalves et al. 2011; Röst and Tekeli 
2020). For this reason, structured models that capture the within-host dynamics by 
explicitly keeping track of the time passed since infection or recovery are more appro-
priate than simple ordinary differential equations, allowing more flexibility in the 
definition of delay distributions and potentially reproducing more complex dynamics 
(Diekmann and Montijn 1982; Aron 1983; Barbarossa and Röst 2015; Diekmann et 
al. 2018; Okuwa et al. 2021; Yang and Nakata 2021).

To describe in a general way the process of waning and boosting of immunity, 
Barbarossa and Röst (2015) proposed a model where recovered individuals are struc-
tured by a simplified one-dimensional variable z ∈ [zmin, zmax] that describes the 
immunity level (thereby avoiding to model the complex details of the immune sys-
tem response). After natural infection, a host enters the immune compartment with 
maximum immunity zmax, then their immunity decays in time with some given rate. 
Immunity can be boosted upon further exposure to the pathogen. When the immune 
level reaches the lowest threshold zmin, the individual becomes susceptible again.

In a later analysis, Barbarossa et al. (2017) focused on the special case where 
immunity decays at a constant rate and boosting always restores the maximal level 
of immunity. For this reason, it is also referred to as the ‘MAXboost’ model (Bar-
barossa et al. 2018). Under the assumption that the population size is constant, this 
model reduces to a system of two equations, for the susceptible and infected popula-
tions respectively, where the inflow into the susceptible compartment due to loss of 
immunity is mathematically captured by a distributed delay term. In this model, the 
maximal delay τ  represents the maximal duration of immunity when boosting does 
not occur. The authors showed the existence of an endemic equilibrium that under-
goes multiple stability switches depending on the model parameters, with sequences 
of Hopf bifurcations suggesting the emergence of branches of periodic solutions.

The linearised stability analysis of the endemic equilibrium for the MAXboost 
model was carried out numerically by Barbarossa et al. (2017). Here, we refine the 
analysis of stability switches of the endemic equilibrium when the maximum dura-
tion of immunity is varied, and fully characterise the stability changes that occur in 
the MAXboost model. The main difficulty lies in studying characteristic equations 
where the delay occurs in multiple ways. Delay systems in which the coefficients in 
the characteristic equation depend on the time delay τ  only through an exponential 
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term exp(−τd) are easier to study, and the theory in such cases is well developed 
(see, for example, Kuang (1993)). One can usually explicitly compute the delay val-
ues for which stability switches occur. A systematic approach to studying charac-
teristic equations with delay-dependent parameters has been developed by Beretta 
and Kuang (2002) for one constant delay, and extended to multiple delay systems 
by An et al. (2019). Using this method, we provide geometric and analytical criteria 
for stability switches with respect to the delay. In addition, this approach provides a 
rigorous method for finding Hopf bifurcations.

The bifurcation analysis beyond Hopf points for models with discrete and dis-
tributed delays has traditionally been limited, due to the complexity of the analytical 
calculations and the lack of easily accessible software tools. As an example, Taylor 
and Carr (2009) obtained analytical and numerical results on the delayed SIRS model 
without boosting of immunity by rigorously studying the small periodic oscillations 
emerging from a supercritical Hopf bifurcation, and the stable pulse oscillations that 
coexist with the stable endemic equilibrium near subcritical Hopf bifurcations. This 
is one of the first examples of bistability in infectious disease models with waning 
immunity.

In the presence of boosting of immunity, bistability has also been observed by 
Dafilis et al. (2012) in a SIRWS compartmental model with one intermediate waning 
immunity compartment. By performing a numerical bifurcation analysis, the authors 
showed the presence of subcritical Hopf bifurcations when varying the boosting 
force and the per capita mortality rate, with the emergence of regions of bistability 
of the endemic equilibrium with a stable limit cycle. Kojakhmetov et al. (2021) then 
rigorously showed existence of oscillations in the fast-slow SIRWS model proposed 
by Dafilis et al. (2012) using geometric singular perturbation theory. Strube et al. 
(2021) further extended the analyses of bistability in the SIRWS model, showing 
that the region of bistability is relatively small for biologically realistic parameters. 
Opoku-Sarkodie et al. (2022) generalised the SIRWS model by allowing differ-
ent expected durations for individuals being in the fully immune compartment and 
being in the waning immunity compartment, from where their immunity can still be 
restored upon re-exposure. The modified model exhibits rich dynamics and displays 
additional complexity with respect to the symmetric partitioning.

In this paper, we further expand the analysis of the MAXboost model by using a 
recently developed delay equation importer for MatCont 7p6 for MATLAB (Liessi et 
al. 2025), that allows to perform the numerical bifurcation analysis of equations with 
discrete and distributed delays. Our analysis captures a richer dynamical behaviour 
than previous ones, including those from Hethcote et al. (1981), Taylor and Carr 
(2009) and Dafilis et al. (2012), even in the absence of boosting. In particular, we find 
a series of catastrophic bifurcations that originate from the switch between supercriti-
cal and subcritical Hopf bifurcations when varying the boosting force and the maxi-
mal duration of immunity, which can result in drastic changes in the epidemiological 
situation due to small perturbations of parameters. We find interesting bifurcations 
on the branches of periodic solutions, including Neimark–Sacker bifurcations and 
the emergence of stable tori, highlighting how waning and boosting of immunity 
lead to a very complex dynamical landscape. Most importantly, we identify regions 
of parameters that exhibit bistability, both of one equilibrum and a periodic solutions 
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and of two distinct periodic solutions for the same parameter values. The existence of 
coexisting stable periodic solutions differing in amplitude and period has important 
consequences in public health, as perturbations due for instance to the implementa-
tion of public health interventions could push the system to a different attractor.

The paper is structured as follows. In Sect. 2, we briefly summarise the MAXboost 
model under consideration and formally study the stability switches of the endemic 
equilibrium depending on the maximal duration of immunity when not boosted. In 
Sect. 3, we perform a numerical bifurcation analysis with respect to the length of the 
immune period and the boosting force. We also focus on the special case of waning 
immunity but no boosting, showing in this case, too, the existence of multiple stabil-
ity switches and branches of stable periodic solutions with different amplitudes and 
periods. Finally, we briefly comment on the impact of the expected lifetime on stabil-
ity. In the last section, we discuss the results and the implications of our findings in 
the context of public health interventions.

2  The mathematical model

We consider the model studied by Barbarossa et al. (2017) for the spread of an infec-
tious pathogen that confers temporary immunity. Let S, I and R be the fraction of 
susceptible, infected, and immune individuals in the population, respectively, so that 
S + I + R = 1. Let d > 0 be the per capita natural mortality rate of individuals, 
equal to the total population birth rate. Let β and γ denote respectively the per capita 
transmission rate and the recovery rate of infected individuals. Upon recovery, indi-
viduals are completely immune to the disease, but they re-enter the susceptible class 
after time τ > 0, unless their immune system is boosted before time τ . If immune 
individuals enter in contact with the pathogen, their immune system can be boosted 
to the maximal level at a rate βν, where ν ≥ 0 represents the boosting force. Hence, 
the rate at which individuals re-enter the class S at time t is given by the individuals 
who had maximal immunity at time t − τ , and their immune system has not been 
boosted between t − τ  and t. Specifically, at time t − τ  there are two cohorts of 
individuals who acquire maximal immunity: those who recover naturally, at total rate 
γI(t − τ), and those whose immunity has been boosted, at rate νβI(t − τ)R(t − τ). 
The probability that individuals in these cohorts do not die nor receive an immunity 

boost between t − τ  and t is given by e−dτ−νβ
∫ 0

−τ
I(t+u)du. The total inflow into S 

at time t is therefore given by

	
[γI(t − τ) + νβI(t − τ)R(t − τ)] × exp

(
−dτ − νβ

∫ 0

−τ

I(t + u)du

)
.

Since the population is constant, we can write R = 1 − S − I , hence the full model 
is described by the two equations

1 3

   30   Page 4 of 24



Bistability and complex bifurcation diagrams generated by waning and…

	

Ṡ(t) = d(1 − S(t)) − βI(t)S(t) + I(t − τ)

(γ + νβ (1 − S(t − τ) − I(t − τ))) exp
(

−dτ − νβ

∫ t

t−τ

I(u) du

)

İ(t) = βI(t)S(t) − (γ + d)I(t).

� (1)

We refer to Barbarossa and Röst (2015) for an equivalent formulation of the model 
using partial differential equations.

Note that, if ν ∈ [0, 1], immune boosting following secondary exposure occurs at 
a lower rate than primary infection. Conversely, if ν ≥ 1, boosting can occur through 
exposures that would not induce infection in a susceptible host (Lavine et al. 2011). 
When ν → 0, the model reduces to a SIRS model with no boosting of immunity. 
When ν → +∞, the model reduces to a SIR model with no waning of immunity.

System (1) always admits the disease-free equilibrium (S∗, I∗) = (1, 0), which 
is globally asymptotically stable when R0 < 1, where R0 is the basic reproduction 
number, defined by

	
R0 = β

γ + d
.� (2)

If R0 > 1, the disease-free equilibrium is unstable and a unique endemic equilibrium 
(S∗, I∗) exists, with S∗ = R−1

0  and I∗ > 0 implicitly defined by the equation

	 d(1 − S∗) − βI∗S∗ + (γ + νβ (1 − S∗ − I∗)) I∗e−dτ−νβτI∗
= 0.

The endemic equilibrium can be stable or unstable depending on parameters. Bar-
barossa et al. (2017) performed a numerical analysis of the stability boundaries of 
the endemic equilibrium varying the parameters ν and τ , with all other parameters 
fixed so that R0 > 1, using TRACE-DDE, a MATLAB computational tool (Breda et 
al. 2009). The analysis shows that the equilibrium destabilises through Hopf bifurca-
tions. However, no information is given about the dynamical behaviour when the 
endemic equilibrium is unstable.

2.1  Stability switches of the endemic steady state

In this section, based on the method developed by Beretta and Kuang (2002), we 
study the occurrence of possible stability switches of the endemic equilibrium as a 
result of increasing the delay τ .

Recall from Barbarossa et al. (2017) that linearising the system (1) about the 
endemic equilibrium point (S∗, I∗), with I∗ = I∗(τ) ≥ 0, results in the character-
istic equation

	

λ3 = −λβ(γ + d)I∗ − λ2(d + βI∗) − λ2e−λτ νµ

+ λe−λτ µ
(
σ − νβI∗)

− νβI∗σµ + e−λτ νβI∗σµ,

1 3

Page 5 of 24     30 



F. Scarabel et al.

where

	

µ = µ(τ) = βI∗e−τ(d+νβI∗),

σ = σ(τ) = γ + νβ(1 − 1/R0 − I∗).
� (3)

This can be written in the form

	 W (λ, τ) ≡ P (λ, τ) + Q(λ, τ)e−λτ = 0,

where

	

P (λ, τ) = λ3 + λ2(d + βI∗) + λβ(γ + d)I∗ + νβI∗µσ,

Q(λ, τ) =
(
λ2ν − λ

(
σ − νβI∗)

− νβI∗σ
)
µ,

and µ, σ as in (3). Note here the dependence of the polynomials P and Q on the 
delay, which appears in their coefficients not only explicitly in the term e−τd, but also 
implicitly through the equilibrium component I∗. A systematic approach to study 
characteristic equations with delay-dependent parameters was developed by Beretta 
and Kuang (2002). We give here a brief summary of their technique as it applies to 
our problem.

We look for purely imaginary roots, λ = iω, ω > 0 of W (λ, τ). Separating the 
real and imaginary parts in W (iω, τ) = 0 results in

	
sin(ωτ) = Im

(
P (iω, τ)
Q(iω, τ)

)
, cos(ωτ) = −Re

(
P (iω, τ)
Q(iω, τ)

)
.� (4)

From the characteristic equation, P (iω, τ) = −Q(iω, τ)e−iωτ  therefore, if ω satis-
fies (4), then it must be a positive root of the polynomial

	 F (ω, τ) ≡ |P (iω, τ)|2 − |Q(iω, τ)|2 = ω2 (
ω4 + a1(τ)ω2 + a0(τ)

)
,� (5)

where

	

a1(τ) = d2 + β2(I∗)2 − 2βγI∗ − ν2µ2,

a0(τ) = (βI∗(γ + d))2 − 2νβI∗(d + βI∗)µσ − (σ − νβI∗)2µ2 − 2ν2µ2βI∗σ.

Since the coefficients depend on the delay, we have that ω = ω(τ). We find that 
λ = iω solves W (iω, τ) = 0 if and only if ω is a root of F, which in turn can have 
zero, one, or two positive ω(τ) roots.

Assume that J ⊆ R+ is the set of all time delays for which ω(τ) is a positive root 
of F, that is

	 J = {τ : τ ≥ 0, ω(τ) is a positive simple root of F (ω, τ)} .
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For any τ ∈ J , where ω(τ) is a positive root of F (ω(τ), τ), we can define the angle 
θ(τ) ∈ [0, 2π], such that sin θ(τ) and cos θ(τ) are given by the right-hand side of 
(4), i.e.,

	
sin θ(τ) = Im

(
P (iω, τ)
Q(iω, τ)

)
, cos θ(τ) = −Re

(
P (iω, τ)
Q(iω, τ)

)
.� (6)

Hence, for all τ ∈ J  we must have ω(τ)τ = θ(τ) + 2πn. Define the maps 
τn : J → R+ as

	
τn(τ) = θ(τ) + 2πn

ω(τ)
, n ∈ N0,

where ω(τ) is a positive solution of F (ω, τ). Finally, introduce the functions

	 Sn : J → R, Sn(τ) = τ − τn(τ), n ∈ N0.

Then Theorem 2.2 in Beretta and Kuang (2002) states that, if ω(τ) is a positive root 
of F (ω, τ) in (5) defined for τ ∈ J , and at some τ∗ ∈ J  we have that

	 Sn(τ∗) = 0 for some n ∈ N0,

then a simple pair of conjugate pure imaginary roots λ±(τ∗) = ±iω(τ∗) of 
W (λ, τ) = 0 exists at τ = τ∗ that crosses the imaginary axis. The theorem also gives 
conditions that determine the direction of the crossing. In particular, let

	

δ(τ∗) = sign
{

dRe(λ)
dτ

|λ=iω(τ∗)

}

= sign {F ′
ω(ω(τ∗), τ∗)} sign

{
dSn(τ)

dτ
|τ=τ∗

}
.

� (7)

Then, the pair of eigenvalues crosses the imaginary axis from left to right if δ(τ∗) > 0, 
and from right to left if δ(τ∗) < 0.

Let us return to our model. We can give explicit conditions on the coefficients of 
the polynomial F (ω, τ) in (5), as functions of τ , such that F admits one or two posi-
tive ω(τ) roots. In the next proposition, we characterise the set of time delays for 
which positive roots ω±(τ) exist.

Proposition 1  For the dynamical system (2), the delay interval for which F(ω, τ) has 
positive ω(τ) roots is finite.

Proof  First, we specify the delay intervals for which one or two positive (distinct) 
roots ω(τ) of F exist. It is straightforward to see that, if a0(τ∗) < 0 for some τ∗ > 0, 
then F has exactly one ω+(τ∗) > 0 root, and, when a0(τ∗) > 0, then under some 
additional conditions F has exactly two ω±(τ∗) distinct positive roots. For a better 
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understanding, we plotted in Fig. 1 all possible outcomes for the number of roots. 
This figure divides the (a0, a1)-plane according to the number of positive roots of F, 
and it also marks with a dashed line the boundary that separates regions where roots 
exist and where not. Along the dashed line, there are no admissible roots. Define the 
sets where positive roots of F exist by

	 J− = {τ : τ ≥ 0, a0(τ) > 0 and D(τ) > 0 and a1(τ) < 0}

and

	 J+ = J− ∪ {τ : τ ≥ 0, a0(τ) < 0} ∪ {τ : τ ≥ 0, a0(τ) = 0 and a1(τ) < 0} ,

where D(τ) = a2
1(τ) − 4a0(τ). Hence for τ ̸∈ J+ ∪ J−, ω(τ) is not defined. It is 

clear that if τ ∈ J+\J−, then F has only one ω+(τ) > 0 root, whereas if τ ∈ J−, 
then both ω+(τ) > 0 and ω−(τ) > 0 exist. Note that, due to the continuity of the 
roots with respect to τ , J+ and J− are (connected) intervals. For the remainder of 
this paper, let J+ = (τ+

min, τ+
max) (or J+ = [0, τ+

max)) and J− = (τ−
min, τ−

max) (or 
J− = [0, τ−

max)). We need to show that τ±
max < ∞.

Consider the limit τ → ∞, which means that immunity is lifelong. In this case, the 
system reduces to an SIR system, and if there is demography (d > 0), then there is a 
unique endemic equilibrium when R0 > 1,

	
S∗

∞ = 1
R0

, I∗
∞ = d

β
(R0 − 1).

Fig. 1  The partition of the (a0, a1)-plane according to the number of positive distinct roots ω(τ) of 
F (ω, τ) = 0 in (5). The dashed curve is the boundary separating the region where there is at least one 
admissible root (marked by II. and III.) from the region where there are no roots (marked by I.)
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In this limit, we also have that

	

a∞
0 = lim

τ→∞
a0(τ) = d2 (−β + γ + d)2

> 0,

a∞
1 = lim

τ→∞
a1(τ) = d

(γ + d)2

[
dβ2 + 2(γ + d)2(γ + d − β)

]
,

D∞ = lim
τ→∞

D(τ) = d3β2

(γ + d)2

[
dβ2 + 4(γ + d)2(γ + d − β)

]
.

� (8)

Since a∞
0 > 0, there exists τ1 > 0 such that a0(τ) > 0 for all τ > τ1, i.e., if τ  is 

large enough, we arrive and stay in the right half of the (a0, a1)-plane in Fig. 1. Since 
the roots ω(τ) are continuous, this implies that either there are no positive roots for 
τ > τ1 (in domain I.), then τ+

max = τ1, or there are two distinct ones (in domain III.). 
In the second case, due to continuity, a1(τ) < 0 for τ > τ1 + T  for some T > 0 or 
T = ∞.

If T < ∞, i.e., a1(τ) changes sign at τ1 + T , then again by continuity, this is 
only possible if we first cross the D(τ) = 0 curve at some τ  value, i.e., there exists 
a τ2 < τ1 + T , such that D(τ2) = 0. At this value of the delay, the two roots collide, 
yielding that τ+

max = τ−
max = τ2.

If T = ∞, i.e., a1(τ) < 0 for all τ > τ1, then in (8), a∞
1 ≤ 0. Since R0 > 1, it 

follows that D∞ < 0, which implies due to the continuity of D(τ) that there exists 
τ3 > τ1 such that D(τ3) = 0. Therefore, τ+

max = τ−
max = τ3, which completes the 

proof.� □
If only ω+(τ), τ ∈ J+ is feasible, then stability switches can occur only at the 

roots of S+
n (τ). However, if both ω+(τ) and ω−(τ) are feasible for τ ∈ J = J−, 

then switches can occur at the zeros of the following two sequences of functions

	
S+

n (τ) = τ − θ+(τ) + 2πn

ω+(τ)
, S−

n (τ) = τ − θ−(τ) + 2πn

ω−(τ)
, n ∈ N.� (9)

Here the angles θ+(τ) and θ−(τ) are the solutions of (6) corresponding to ω+(τ) and 
ω−(τ), respectively. Clearly, if ω+(τ) > ω−(τ), then the following monotonicity 
properties hold for all n ∈ N0, τ ∈ J ,

	 S+
n (τ) > S+

n+1(τ), S−
n (τ) > S−

n+1(τ) and S+
n (τ) > S−

n (τ).� (10)

Remark 1  Suppose that ω(τ) is a root of F (ω(τ), τ) = 0 for τ ∈ J . Since

	 F ′
ω(ω(τ), τ) = 2ω(τ)(2ω2(τ) + a1(τ)),

it is straightforward to see that F ′
ω(ω+(τ), τ) > 0 for all τ ∈ J+ and F ′

ω(ω−(τ), τ) < 0 
for all τ ∈ J−. Then we can determine the direction of which eigenvalues cross the 
imaginary axis, i.e., the sign of δ(τ∗) in (7), only by analysing the derivative of 
S+

n (τ) and S−
n (τ) at τ = τ∗, respectively.
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In the next lemma we describe, using Fig. 1, how stability switches can occur, which 
will also determine the direction in which eigenvalues cross the imaginary axis.

Lemma 2  The endemic equilibrium may undergo stability changes, and eventually it 
becomes stable for any value of the boosting ν.

Proof  We prove this lemma in more steps, depending on the number of feasible roots 
ω(τ) of F (ω(τ), τ).

Case 1. Assume that J− = ∅, i.e., only one root ω+(τ) is feasible for 
τ ∈ J+ = (τmin, τmax) (or J+ = [0, τmax)). We need to show that for all τ  larger 
than the last zero of S+

n (τ) for some n ∈ N0, all eigenvalues have passed and remain 
on the left half of the imaginary axis.

If τmin = 0, then from (9) it follows that S+
n (τmin) < 0 for all n ∈ N0. If 

τmin > 0, then it is determined by the conditions a0(τmin) = 0 and a1(τmin) > 0, 
see also Fig. 1. Therefore,

	
lim

τ↓τmin

ω+(τ) = 0+ and lim
τ↓τmin

S+
n (τ) = −∞.

Since J+ is finite, τmax is also determined by the condition a0(τmax) = 0 and 
a1(τmax) > 0. Then we have that

	
lim

τ↑τmax

ω+(τ) = 0+ and lim
τ↑τmax

S+
n (τ) = −∞.

This, together with the monotonicity property of S+
n  in (10), implies that S+

n  can only 
have an even number of sign changes for each n, so there is an even number of possible 
stability switches on J+. Moreover, since the equilibrium is stable at τ = 0, the first 
switch is towards unstable. From Remark 1, we have that δ(τ∗) > 0 (< 0) whenever 
(S+

n )′(τ∗) > 0 (< 0), so by the monotonicity property of S+
n , it is straightforward to 

see that the last switch is at τ = τ∗
2m, the zero of S+

0 (τ), and that δ(τ∗
2m) < 0, which 

completes this part of the proof.
Case 2. Suppose J− ̸= ∅ and τ+

min < τ−
min. Then the switches in the interval 

τ ∈ (τ+
min, τ−

min) are determined by the zeros of S+
n (τ). This means that as we 

increase τ  in this interval, only a1(τ) changes sign, which does not affect the exis-
tence of ω+(τ). At τ−

min we have a0(τ−
min) = 0, a1(τ−

min) < 0 and a0(τ) changes 
sign as we continue to increase τ . Thus we enter region III in Fig. 1, where both ω+ 
and ω− exist up to τ−

max. Two things can happen here, either the two roots collide and 
then disappear, or only ω+ remains feasible as we further increase τ . In the first case 
τ+

max = τ−
max = τmax, D(τmax) = 0 and D(τ) < 0 for τ > τmax, and in the second 

case a0(τ−
max) = 0 and a1(τ−

max) < 0.
Let us analyse the possible stability switches that can occur at the zeros of S+

n (τ), 
τ ∈ J+ and S−

n (τ), τ ∈ J−, respectively. From case 1, it follows that the first switch 
occurs at τ∗

1 , the first zero of S+
0  and the equilibrium becomes unstable. At τ−

min the 
second root ω− appears and
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lim

τ↓τ−
min

ω−(τ) = 0+ and lim
τ↓τ−

min

S−
n (τ) = −∞.

Next, we discuss the last eigenvalue crossing. If ω+(τ) and ω−(τ) collide (thus they 
are not admissible) at τmax, we have that

	
lim

τ↑τmax

S+
n (τ) = lim

τ↑τmax

S−
n (τ) for all n ∈ N0.� (11)

If this limit is positive and S+
n  and S−

n  have sign changes, then the last zero at 
τ∗

m < τmax is at the zero of S−
n . In this case, both S+

n  and S−
n  have an odd number 

of sign changes, so there are an even number of eigenvalue crossings in total. If the 
limit in (11) is negative, then S+

n  has an even number of sign changes and S−
n  can 

have none or an even number for all n > 0. Thus, the total number of zeros will also 
be even.

It remains to discuss the case where τ−
max < τ+

max, that is, only the root ω+ is 
feasible for τ > τ−

max. On the interval (τ−
max, τ+

max), we can apply the arguments of 
case 1 to count the number of sign changes of S+

n .
To summarise, in case 2 the number of eigenvalue crossings is even. Then 

Remark 1 and the monotonicity properties in (10) prove the statement of the lemma.
Case 3. Suppose J+ = J− = (τmin, τmax) (or [τmin, τmax)), i.e., the roots 

ω+(τ) > ω−(τ) > 0 are both feasible. If τmin = 0, then S±
n (0) < 0 for all n ∈ N0 

and the monotonicity properties imply that the first switch occurs at the zero of 
S+

0 (τ). If τmin > 0, then D(τmin) = 0 and a1(τmin) < 0. Hence,

	
lim

τ↓τmin

S+
n (τ) = lim

τ↓τmin

S−
n (τ) for all n ∈ N0,

and in the limit τ ↑ τmax (11) holds, so it is easy to check that the total number of 
eigenvalue crossings is also even in this case, and use the same arguments as before 
to complete the proof of this lemma. � □

In the next section, we will use this technique to compute the stability switches for 
a given set of parameters inspired by pertussis, and different values of ν.

3  Numerical bifurcation analysis

To investigate the dynamical behaviour of the system beyond the equilibria, in this 
section we perform a numerical bifurcation analysis for the parameter set consid-
ered by Lavine et al. (2011) and Barbarossa et al. (2017), which is plausible with 
a highly infectious disease like pertussis. We take R0 = 15, γ = 17 (year−1), cor-
responding to an average infectious period of 21  days, and per capita death rate 
d = 0.02 (year−1), corresponding to an average lifetime of 50 years. The parameter 
β is then fixed through (2) (β = 255.3 year−1). We perform stability and bifurca-
tion analyses varying the parameters τ  and ν, which represent the maximal duration 
of immunity in the absence of boosting and the boosting force, respectively. Since 
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R0 > 1, the endemic equilibrium exists for all ν and τ , with the susceptible popula-
tion equal to S∗ = R−1

0 = 1
15  at equilibrium.

The numerical continuation is performed with MatCont  7p6 running on MAT-
LAB (Liessi et al. 2025). For the approximation of the history in the delay interval 
we chose a collocation degree of M = 20 or M = 30, depending on the required 
accuracy and the other parameter values. The distributed delay is approximated with 
a quadrature rule on the same collocation nodes. We refer to Breda et al. (2016) for 
further details on the numerical approximation.

3.1  Stability of the endemic equilibrium

Figure  2 shows the computed stability regions of the endemic equilibrium in the 
parameter plane (ν, τ), which is consistent with the results presented by Barbarossa 
et al. (2017, Fig. 1). The endemic equilibrium is stable outside the outermost bound-

Fig. 2  Left: stability of the endemic equilibrium of model (1) in the plane (ν, τ). Solid lines represent 
Hopf bifurcation curves, with Hopf–Hopf (HH, •) and Generalized Hopf (GH, ◦) bifurcations detected 
along the curves. The endemic equilibrium is unstable in the shaded area. Although not visible in the 
diagram due to the scaling of the axis, the lowest curves connect at a large value of ν. The vertical 
dashed lines correspond to the parameters chosen for the one-parameter bifurcation diagrams in the fol-
lowing analyses. Note that an accurate approximation near ν = 0 requires large discretisation indices 
and becomes computationally challenging, so we do not show it here. Right: close-up with the bifurca-
tions numerically detected on different branches of limit cycles, delimiting their stability regions
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ary curve, and unstable inside (shaded region). Note that, as theoretically expected, 
the equilibrium is always stable on the axis τ = 0 (corresponding to an SIS-type 
model with individuals immediately susceptible upon recovery).

The boundary separating the stable and unstable regions is the union of differ-
ent segments of Hopf bifurcation curves corresponding to different pairs of complex 
eigenvalues crossing transversally the imaginary axis. The parameter values at which 
two different pairs of complex eigenvalues cross the imaginary axis correspond to 
Hopf-Hopf bifurcations (HH), and lie at the intersection of distinct Hopf curves. 
Moreover, generalized Hopf points (GH) are detected along each curve, correspond-
ing to changes in the criticality of the Hopf bifurcation. We refer to Kuznetsov 
(1998, Chapter 8) for further details on these bifurcations.

GH points are often associated with the emergence of limit points of cycles (LPC) 
(Kuznetsov 1998, Sect. 8.3.3) and hence with bistability of equilibria and periodic 
solutions. Similarly, HH points are associated with the emergence of Neimark–
Sacker bifurcations (NS) and invariant tori (Kuznetsov 1998, Sect. 8.6.3). Figure 2 
therefore suggests the emergence of rich and complex dynamics. We further explore 
such complex dynamics by studying the one-parameter continuation of the periodic 
orbits emerging from Hopf and their bifurcations, fixing ν = 4.8, 3.2, 2, 1, and vary-
ing the duration of immunity τ  (along the dashed lines indicated in Fig. 2).

3.2  One-parameter bifurcation diagrams with respect to τ

Figure 3 shows the one-parameter bifurcation diagram with respect to τ  for 
ν = 4.8 (left), and the corresponding estimated period along the branch of limit 
cycles (right). Four Hopf bifurcations are detected along the equilibrium curve, at 
approximately τ ≈ 0.05, 2.86, 3.15, and 4.59. The equilibrium is unstable between 
the first two points and between the last two points. A bubble of stable limit cycles 
exists for τ  between 3.15 and 4.59 (both supercritical bifurcations), with a period 
between 2.2 and 2.8 years. When computing the limit cycle branch emerging from 

Fig. 3  Left: bifurcation diagram of I varying τ , for ν = 4.8, including the equilibrium curve with the 
detected Hopf bifurcations (H, •) and the max/min values of the branch of limit cycles. Solid red lines 
indicate a stable equilibrium/limit cycle, dashed lines are unstable. Right: period of the limit cycle 
branch (years)
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τ ≈ 0.05, the amplitude of the branch diverges quickly, and the numerical continua-
tion stops. This branch is therefore not shown in the figure.

Figure 4 (left) shows how the roots ω+(τ) and ω−(τ) of F (ω, τ) in (5) vary as a 
function of τ  in their maximal interval of existence, which for this set of parameters 
are J+ = [0, 4.59) and J− = (0.9, 4.59), respectively. Let us analyse this with refer-
ence to Fig. 1. When τ = 0, we are in the second quadrant of the (a0, a1)-plane, so 
ω+(0) > 0 is the only root. As we increase τ , only a1(τ) changes sign, which does 
not affect the existence of ω+. At τ−

min = 0.9, a0(τ−
min) = 0, a1(τ−

min) < 0 and a0 
changes sign as we continue to increase τ . Thus we enter region III, so both ω+ 
and ω− exist up to τmax = 4.59, where they collide and then disappear. This is an 
example of case 2 in the proof of Lemma 2.

Let us analyse the possible stability switches that can occur at the zeros of S+
n (τ), 

τ ∈ J+ and S−
n (τ), τ ∈ J−, respectively. Since S+

0 (0) < 0, the first switch occurs 
at τ = τ∗

1 , the first zero of S+
0 , destabilising the endemic equilibrium. Since at 

τmax = 4.59, ω+(τ) and ω−(τ) collide and disappear, we have that

	
lim

τ↑τmax

S+
n (τ) = lim

τ↑τmax

S−
n (τ) for all n ∈ N0.

This limit is positive for n = 0, 1, for which S+
n  and S−

n  have a sign change, so both 
S+

n  and S−
n  have an odd number of zeros, and therefore together they have an even 

number. The last zero is at τ∗
m < τmax, the zero of S−

1 (τ).
As we can observe in Fig. 5, the numerical computation of the rightmost eigen-

value crossings as τ  varies (bottom left panel), aligns perfectly with the computation 
of possible stability switches, which are the zeros of S±

n (τ), n = 0, 1 (top left panel). 
The zeros were calculated using (9) on the corresponding intervals J+ and J−. This 
also confirms Lemma 2, which implies that the endemic equilibrium will be stable 
for all τ > τmax.

To illustrate the emergence of bistability through the GH point, Fig. 6 shows the 
one-parameter continuation for ν = 3.2. In this case, we still observe a bubble of 
limit cycles for τ  between the Hopf points  2.11 and 5.37 (first supercritical, sec-

Fig. 4  Positive roots ω+(τ) and ω−(τ) of F (ω, τ) in (5) for ν = 4.8 (left) and ν = 3.2 (right) as τ  
varies
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ond subcritical). An LPC and an NS bifurcations are detected on the branch of limit 
cycles, and the limit cycles are stable between those bifurcations. Bistability occurs 
for values of τ  between the Hopf and LPC bifurcations (i.e., for τ  between 5.37 and 
6.16), where a stable limit cycle coexists with the stable endemic equilibrium, so the 
asymptotic behaviour of the system depends on the initial condition.

Note that, once again, the Hopf bifurcations correspond to those found analyti-
cally: in Fig. 4 (right) the roots ω+(τ) and ω−(τ) are plotted as functions of τ  on 

Fig. 6  Left: bifurcation diagram of I varying τ , for ν = 3.2. Solid red lines indicate stable equilibrium/
limit cycles; dashed lines indicate unstable. NS and LPC labels indicate Neimark–Sacker and limit 
point of cycle bifurcations, respectively. The blue shading shows the interval in which a stable equi-
librium coexists with a stable limit cycle, for τ  between 5.37 and 6.16. Right: period along the limit 
cycle branch (years)

 

Fig. 5  Top: graph of the stability switch functions S±
n (τ) for n = 0, 1, 2, where ν = 4.8 and 3.2, re-

spectively. Bottom: corresponding real part of the rightmost eigenvalues along the equilibrium branch, 
varying τ . Black dots indicate Hopf bifurcations
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their maximal interval of existence, i.e., J+ = [0, 6.13], J− = (1, 6.13]. The stabil-
ity switches and rightmost eigenvalue crossings can be observed in the right panel 
of Fig. 5.

Figure 7 shows the emergence of a stable invariant torus through the NS bifur-
cation: the long-term orbits in the plane (S, I) are plotted for values of τ  taken on 
opposite sides of the NS (τ = 5.6 and τ = 4.2). The left panel shows the coexisting 
stable equilibrium and limit cycle, while the right panel shows the orbit of a stable 
invariant torus.

An even more complex dynamical picture is shown in Fig. 8 for ν = 2, with two 
different closed limit cycle curves connecting different pairs of Hopf bifurcations, 
one with larger amplitude and larger period than the other. Each branch is stable in 
an interval of values between an LPC and an NS bifurcation. Two regions of bista-

Fig. 8  Left: bifurcation diagram of I varying τ , for ν = 2. Solid red lines indicate stable equilibrium/
limit cycles; dashed indicate unstable. Right: period of the limit cycle along the branches. The figure 
shows two intervals of bistability: the blue shading indicates bistability of an equilibrium and limit 
cycle, while the red shading indicates bistability of two limit cycles differing in amplitude and period

 

Fig. 7  Left: bistability of the positive equilibrium and the stable limit cycle for ν = 3.2 and τ = 5.6. 
Right: emergence of a stable torus via a Neimark–Sacker bifurcation, for ν = 3.2 and τ = 4.2
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bility appear: one with a stable equilibrium coexisting with a stable limit cycle, and 
one with two different stable limit cycles. These regions are shaded in Fig. 8. Figure 
9 shows the orbits of the limit cycles in the small- and large-amplitude branches, as 
well as their time profiles. The figure highlights the differences in both amplitude 
and period. Following the LPC and NS curves for each bubble of limit cycles in the 
plane (ν, τ) one can get some insights about regions of parameters where two stable 
periodic solutions coexist, or one stable periodic solution coexists with the stable 
endemic equilibrium. These curves are sketched in the right panel in Fig. 2.

Figure 10 shows the ω+ and ω− curves expected from the analysis with ν = 2, as 
well as the stability switch curves that predict the Hopf bifurcation points.

As ν becomes smaller, the bifurcation diagrams become more and more compli-
cated, with several nested limit cycle bubbles emerging from longer sequences of 
Hopf bifurcations. Figure 11 shows the stability switch curves for ν = 1, and the 
corresponding bifurcation diagram. In the left panel, we can see five different curves 
crossing the horizontal axis, giving rise to ten Hopf bifurcations. The last bifurcation, 
which corresponds to a stability switch from unstable to stable, is at approximately 
τ ≈ 13.39. The four rightmost bubbles of limit cycles are shown in the right panel. 

Fig. 10  For ν = 2, the positive roots ω+(τ) and ω−(τ) of F (ω, τ) in (5) (left) and the graph of the 
stability switch functions S±

n (τ) for n = 0, 1, 2, 3 (right)

 

Fig. 9  Orbits (left) and trajectories (right) of the stable coexisting limit cycles, for ν = 2 and τ = 7. 
Periods are approximately 1.41 years (blue) and 2.67 years (red)

 

1 3

Page 17 of 24     30 



F. Scarabel et al.

As before, the branch of limit cycles emerging from the smallest Hopf point is not 
shown, as it quickly diverges and the computation stops.

3.3  The case with no boosting

When ν = 0 (no boosting) the system reduces to the delayed SIRS model

	

Ṡ = d(1 − S) − βIS + γe−dτ I(t − τ)
İ = βIS − (γ + d)I.

Similar models with a fixed immunity period and no boosting of immunity have been 
considered for instance by Hethcote et al. (1981), Taylor and Carr (2009), and more 
recently applied to COVID-19 transmission by Pell et al. (2023).

Since the unique endemic equilibrium

	
I∗ = d(β − γ − d)

β(γ + d − γe−dτ )
, S∗ = γ + d

β

depends on τ  explicitly, the calculation of stability switches in Sect. 2.1 becomes 
somewhat easier in this case. We seek zeros ω+(τ) > ω−(τ) > 0 of F (ω, τ) in (5), 
where the coefficients are

	

a1(τ) = d2 + (βI∗)2 − 2γβI∗,

a0(τ) = (βI∗)2(γ + d − γe−τd)(γ + d + γe−τd).

Since a0(τ) > 0 for all τ  and all parameters in the system, F has two or no positive 
zeros. Hence, ω+(τ) and ω−(τ) are both feasible when τ ∈ J+ = J− = J , where

Fig. 11  Case ν = 1. Left: stability switch functions S±
n (τ). Right: bifurcation diagram, with dashed 

lines indicating unstable branches
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	 J =
{

τ : τ > 0 : a2
1(τ) − 4a0(τ) > 0 and a1(τ) < 0

}
.

This corresponds to case 3 in the proof of Lemma 2. With our set of parameters, 
J = (0.421, 95.83). Since this interval is very large, we have covered only the region 
close to τmin and τmax, where ω± are feasible and collide at both ends, see Fig. 12 
(top panels). There are 72 possible stability switches, so in Fig. 12 (bottom panels) 
we show only the first and last few S±

n (τ) curves. The last switch is at the zero of S−
35 

at τ ≈ 95.80, Fig. 12 (bottom right).
Since the model has only one discrete delay, we performed the bifurcation analysis 

with the package DDE-BIFTOOL for MATLAB (Engelborghs et al. 2002). Figure 13 
(left) shows the rightmost Hopf bifurcations and the two rightmost limit cycle bub-
bles. In this case we did not detect bistability, but two stable limit cycles with differ-
ent amplitudes exist for parameter values that are in a relatively small interval around 
τ = 95 years. The right panel in Fig. 13 shows the stable orbits in the (S, I) plane, for 
τ = 94 (large amplitude) and τ = 95.5 (small amplitude). The convergence to the 
stable limit cycles was confirmed by performing a long-time integration of the system 
using the built-in function dde23 for MATLAB.

Fig. 12  Case ν = 0. Top row: the roots ω−(τ) and ω+(τ) of F (ω(τ), τ) as functions of τ  when τ  is 
small, close to τmin, and large, close to τmax. Bottom row: the stability switches in the correspond-
ing intervals. The last switch, when the equilibrium becomes stable, is the zero of S−

35 at τ ≈ 95.805
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Finally, we stress that, due to the large values of the delay at the stability switch 
when ν = 0, the numerical analysis with MatCont becomes challenging as large 
discretisation indices are needed to obtain sufficient accuracy. Figure 14 compares 
the approximation error of the rightmost Hopf bifurcation detected by MatCont, for 
ν = 3.2 and ν = 0, depending on the degree M of the collocation polynomial used in 
the approximation of the delay system in MatCont 7p6. The right panel shows that a 
collocation degree of the order of 150 is needed to approximate the Hopf bifurcation 
for ν = 0, which occurs at approximately τ ≈ 95.80. This is much larger than the 
collocation degree required to approximate the Hopf bifurcations for larger ν (left 
panel), which is of the order of 20.

Fig. 14  Log–log plot of the approximation error of the rightmost Hopf point for ν = 3.2 (left) and 
ν = 0 (right), depending on the collocation degree M used in the approximation of the delayed state in 
MatCont 7p6. The error is computed with respect to the numerical value obtained with M = 31 and 
M = 160, respectively. The computation is carried out using the default MatCont tolerance 10−6, 
explaining the error barrier

 

Fig. 13  Case ν = 0. Left: bifurcation diagram of I (rightmost Hopf bifurcations) obtained with DDE-
BIFTOOL, showing two regions of stability on different branches of periodic orbits. Right: stable limit 
cycles with different amplitudes and periods, obtained via long-term time integration using dde23
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3.4  Impact of life expectancy

The previous analyses were carried out for fixed demographic parameters, and in 
particular for a rather short life expectancy (50 years). However, life expectancy is 
known to play an important role in the emergence of oscillatory dynamics: using a 
compartmental SIRWS model, Dafilis et al. (2012) showed that increasing life expec-
tancy can cause sustained oscillations in the presence of waning and boosting of 
immunity. With this motivation, we conclude this study with a brief discussion on the 
sensitivity of our stability results to the life expectancy of individuals.

The left panel of Fig. 15 shows the stability and instability regions of the endemic 
equilibrium in the parameter plane (τ, ν) (similarly as Fig. 2) when the per capita 
death rate is d = 0.013 years−1, corresponding to an average lifespan of approxi-
mately 75  years. While the qualitative picture remains the same, decreasing the 
mortality rate d enlarges the region of instability compared to Fig. 2 (left). The desta-
bilising effect of increasing life expectancy is also evident from the right panel of 
Fig. 15, which shows the stability and instability regions in the plane (d, ν), for fixed 
τ = 7 years and β = 255.3 years−1, so that R0 varies with d according to (2). We 
observe that, as d decreases, the system undergoes a Hopf bifurcation with the emer-
gence of stable periodic solutions. These results qualitatively agree with the analyses 
by Dafilis et al. (2012) (see for instance Fig. 4 in that reference).

Fig. 15  Left: stability of the endemic equilibrium of model (1) in the plane (ν, τ), with same pa-
rameters as in Fig. 2, but the per capita mortality rate now fixed at d = 0.013, corresponding to an 
expected lifespan of approximately 75 years. Right: stability of the endemic equilibrium in the plane 
(d, ν), for fixed τ = 7
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4  Discussion and conclusions

In this paper, we extended the analysis of the dynamics and bifurcations of the model 
with waning and boosting of immunity proposed by Barbarossa et al. (2017), for-
mulated as a system of equations with discrete and distributed delays. Bifurcation 
analyses for such models are scarce in the literature, due to the technicalities and 
complexities in the calculations. Our analysis was performed with a recently devel-
oped software release, MatCont 7p6 for MATLAB (Liessi et al. 2025).

For parameter values describing a highly infectious disease like pertussis, our 
analysis uncovered a much more complex dynamical picture than previous ones, 
including catastrophic bifurcations and parameter regions with bistability of different 
attractors. While bistability in waning-boosting models has been observed previously 
(for instance Dafilis et al. 2012 and Opoku-Sarkodie et al. 2024), our work is the first 
to analyse a delayed model and find evidence of bistability not only of the endemic 
equilibrium and a limit cycle, but also of two distinct stable limit cycles differing in 
amplitude and period, for the same parameter values.

Catastrophic bifurcations and bistability have practical relevance in public health, 
as disturbances of the system’s state or parameters by non-pharmaceutical interven-
tions can push the system to a different basin of attraction, hence potentially changing 
its long-term dynamics. Pertussis transmission, for instance, is highly influenced by 
waning-boosting dynamics, and post-pandemic outbreaks have sparked significant 
concern (Kang et al. 2025).

Our work helps to better understand the role of duration of immunity and boost-
ing force in shaping disease dynamics, further corroborating the evidence that wan-
ing-boosting infection dynamics is highly nonlinear, extremely complex, and public 
health interventions may have unintended consequences.
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