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1. Introduction

In the paper all rings are unital. When we say ring we mean a K-algebra over a
commutative ring K that belongs to the centre of the ring.

The goal of the paper is to start to develop the most general theory of one-sided
fractions. For that the following new concepts are introduced: the almost Ore set, the
localizable set and the localizable perfect set. Their relations are given by the chain of
inclusions:

{Denominator sets} C {Ore sets} C {almost Ore sets} C {perfect localizable sets}

C {localizable sets}.

The ring R(S™!). Let R be a ring and S be a multiplicative set in R (that is SS C S,
1 € Sand 0 ¢ S). Let R{(Xg) be a ring freely generated by the ring R and a set
Xs = {xs|s € S} of free noncommutative indeterminates (indexed by the elements of
the set S). Let us consider the factor ring

R(S7") == R(Xs)/Is (1)

of the ring R(X ) at the ideal I's generated by the set of elements {szs—1,zs5—1|s € S}.
The kernel of the ring homomorphism

R—R(S™Y, resr+1s (2)

is denoted by ass(S) = assr(S). The ideal assg(S) of R has a complex structure, its
description is given in Proposition 2.12 when S is a left localizable set. Lemma 1.2,
Proposition 1.1.(1) and its proof describe a large chunk of the ideal assr(S), which is
the ideal a(S). The proof of Proposition 1.1 contains an explicit description of the ideal
a(S). The ideal a(S) is the key part in the definition of perfect localizable sets.

Localizable sets.
Definition. A multiplicative set S of a ring R is called a left localizable set of R if

R(S™Y ={57'7|5€ S,7 € R} # {0}
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where R = R/a, a = assg(S) and S = (S + a)/a, i.e., every element of the ring R(S™1)
is a left fraction 517 for some elements 5 € S and 7 € R. Similarly, a multiplicative set
S of a ring R is called a right localizable set of R if

R(S™) ={rs '|5€ 5,7 € R} # {0},

i.e., every element of the ring R(S™!) is a right fraction 75! for some elements 5 € S
and 7 € R. A right and left localizable set of R is called a localizable set of R.

The sets of left localizable, right localizable and localizable sets of R are denoted by
L;(R), L,(R) and L(R), respectively. Clearly, L(R) = L;(R) N L, (R). In order to study
these three sets simultaneously we use the following notation LL.(R) where * € {l,r,0}
and () is the empty set (L(R) = Ly(R)). Let

assL.(R) = {assg(S)|S € L.(R)}. (3)

For an ideal a of R, let L.(R,a) = {S € L.(R) |assr(S) = a}. Then

LR= ][ L. (4)

acass L. (R)

is a disjoint union of non-empty sets.

The ideals a(5), 'a(S) and o/(S). For each element r € R, let - : R — R, x + rx and
r: R— R, x> ar. Thesets 'Cr := {r € R|ker(-r) = 0} and C, := {r € R|ker(r-) = 0}
are called the sets of left and right reqular elements of R, respectively. Their intersection
Cr = 'Cr N C} is the set of regular elements of R. The rings Q;q(R) := CglR and
Qr.c(R) = RCE1 are called the classical left and right quotient rings of R, respectively.
Goldie’s Theorem states that the ring Q; (R) is a semisimple Artinian ring iff the ring
R is semiprime, udim(R) < oo and the ring R satisfies the a.c.c. on left annihilators
(udim stands for the uniform dimension).

Proposition 1.1. Let R be a ring and S be a non-empty subset of R.

1. Suppose that there exists an ideal b of R such that (S + b)/b C Cre. Then there is
the least ideal, say a = a(S), that satisfies this property.

2. Suppose that there exists an ideal b of R such that (S +b)/b C'Cgr/y. Then there is
the least ideal, say 'a ='a(S), that satisfies this property; and 'a(S) C a(S).

3. Suppose that there exists an ideal b of R such that (S +b)/b C C}%/b. Then there is
the least ideal, say o' = d'(S), that satisfies this property; and a’(S) C a(5).

For a multiplicative set S in a ring R, we fix the following notation (unless it is stated
otherwise): 'a ="a(S) and @’ = a’(S) (see Proposition 1.1),
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'R:=R/'a, 'm:R—='R, r='r=r+"a, 'S="n(9), (5)
R :=R/d; " :R— R, r—+=r+d, §=7(9). (6)

The proof of Proposition 1.1 is given in Section 2. The ideals a(S), 'a(S) and ¢/(S) are
defined in an explicit way, see (10), (11) and (12), respectively. They play an important
role in the proofs of many results of this paper.

Lemma 1.2. Given S € L.(R) where x € {l,r,0}. Then assg(S) 2 a(S) where a(S) is
the least ideal of R such that (S + a(S))/a(S) € Cr/a(s), see Proposition 1.1.(1).

The structure of the ring R(S~!) and its universal property. Let R be a ring. A
multiplicative subset S of R is called a left Ore set if it satisfies the left Ore condition:
for each r € R and s € S,

Sr N Rs # 0.

Let Ore;(R) be the set of all left Ore sets of R. For S € Ore;(R), ass;(S) := {r € R|sr =
0 for some s € S} is an ideal of the ring R.

A left Ore set S is called a left denominator set of the ring R if rs = 0 for some
elements r € R and s € S implies ¢r = 0 for some element ¢t € S, i.e., r € ass;(S). Let
Den;(R) be the set of all left denominator sets of R. For S € Den;(R), let

ST'R={s"'r|sc S recR}

be the left localization of the ring R at S (the left quotient ring of R at S). Let us stress
that in Ore’s method of localization one can localize precisely at left denominator sets.
In a similar way, right Ore and right denominator sets are defined. Let Ore,(R) and
Den,.(R) be the set of all right Ore and right denominator sets of R, respectively. For
S € Ore,(R), the set ass,(S) := {r € R|rs = 0 for some s € S} is an ideal of R. For
S € Den,(R),

RS™' ={rs7!|sc S, recR}

is the right localization of the ring R at S.

Given ring homomorphisms v4 : R —+ A and vg : R — B. A ring homomorphism
f:A— Biscalled an R-homomorphism if vg = frvs. A left and right Ore set is called
an Ore set. Similarly, a left and right denominator set is called a denominator set. Let
Ore(R) and Den(R) be the set of all Ore and denominator sets of R, respectively. For
S € Den(R),

SR~ RS™!

(an R-isomorphism) is the localization of the ring R at S, and ass(S) := ass;(S) =
ass,(R).
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For a ring R and * € {l, 7,0}, Den,(R,0) be the set of * denominator sets T of R such
that T' C Cg, i.e., the multiplicative set T is a * Ore set of R that consists of regular
elements of the ring R. For a ring R, we denote by R* its group of units (invertible
elements) of the ring R. Theorem 1.3 describes the structure and the universal property
of the ring R(S™!) and gives a characterization of the ideal assg(S).

Theorem 1.3. Let S € L.(R,a) where x € {I,0}, R=R/a,n:R—> R, r—7F=r+a
and S = 7(S). Then

1. S € Den,(R,0).

2. The ring R(S™') is R-isomorphic to the ring S 'R

3. Let b be an ideal of R and 7t : R — R = R/b, r T =r +b. If ST = 7(9) €
Den, (R',0) then a C b and the map

F_lﬁ — SrlRT, 57— sTier

is a ring epimorphism with kernel g_l(b/a). So, the ideal a is the least ideal of the
ring R such that S+ a € Den,(R/a,0).

4. Let f : R — @ be a ring homomorphism such that f(S) C Q> and the ring Q is
generated by f(R) and the set {f(s)™'|s € S}. Then
(a) a C ker(f) and the map

SR Q, e f(s) ()

is a ring epimorphism with kernel gil(ker(f)/a), and Q = {f(s)"1f(r)|s €
S,r € R}.

(b) Let R = R/ker(f) and @ : R — R, r — & = r + ker(f). Then S := 7%(S) €
Denl(ﬁ7 0) and SR ~ Q, an E—isomorphism.

A similar result holds for x = r, i.e., for right localizable sets. Statements 3 and 4
of Theorem 1.3 are the universal property of localization of a ring at a (left or right)
localizable set. In the particular case when S € Den, (R), these are precisely the universal
property of localization of a ring at a (left or right) denominator set.

In view of Theorem 1.3.(1,2), for S € L. (R) we denote by S!R the ring R(S~1) for
* € {I,0} and by RS! for x € {r,0}. In particular, for S € L(R), R(S™!) = S7!R ~
RS~ Elements of the rings S~'R and RS~! are denoted by s~'r and rs~!, respectively,
where s € S and r € R.

Perfect localizable sets. By Lemma 1.2, assg(S) 2 a(5) for all S € L,(R) where
x e {l,r,0}.

Definition. A localizable set S € L. (R) is called perfect if assg(S) = a(5), i.e., the ideal
assgr(9) is ‘the least possible’.
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Therefore, localizations at perfect localizable sets are the most free/largest possible.
Another feature of perfect localizable sets is that the ideal assg(S) = a(S) admits an
explicit description that can be computed in many examples (see the proof of Proposi-
tion 1.1 and (10)).

Let LY(R) = {S € L.(R) |assg(S) = a(S)} and assLY(R) = {assr(S)|S € LY(R)}.
Clearly,

L2rR)= [ LR (7)

acassLE(R)
where LE(R,a) = {S € LY(R) |assg(S) = a}. Clearly, LY (R, a) = LY(R) NL.(R,a).

The sets 'L;(R), L;.(R) and 'L; . (R). We denote by Ore,(R) (where x € {l,7,0}) the
set of * Ore sets of R. So, Ore;(R) is the set of all left Ore sets of R.

Definition. Let ‘IL;(R) (resp., L/.(R)) be the set of all multiplicative sets S of R such
that 'S € Ore;('R) (resp., S’ € Ore,(R’)) (see (5) and (6)). Let
L) (R) :="L;(R)NL,(R) and LOre.(R) := L.(R) N Ore.(R)

l,r

where x € {l,7,0}. The elements of the set LOre,(R) are called the localizable * Ore
sets.

Localizable left/right Ore sets. The study of localizations at left, right, and left and

right Ore sets was started in the paper [2]. In particular, [2, Theorem 4.15] states that
every Ore set is a localizable set, i.e., Ore(R) C L(R). Therefore,

LOre(R) = Ore(R). (8)

This fact also follows from Theorem 1.6.(2). Proposition 1.4 establishes relations between
the concepts that are introduced above.

Proposition 1.4.

L?(R) and LOre/(R) = 'L;(R) N Ore;(R) = LY(R) N Ore(R).
L2(R) and LOre,.(R) = L. (R)NOre.(R) = L2(R)NOre,(R).
Criterion for a left Ore set to be a left localizable set. For a ring R and its ideal a, let

"Den (R, a) := {S € Den;(R) |ass;(S) = a,S C 'Cr},
Den! (R,a) := {S € Den,.(R) |ass.(S) = a,S C Cy}.
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Theorem 1.5.(1) is a criterion for a left Ore set to be a left localizable set and Theo-

rem 1.5.(2) describes the structure of the localization of a ring at a localizable left Ore

set.

Theorem 1.5. Let R be a ring, S € Ore)(R), and a = assg(S). Then

1.

2.

S e Li(R) iff'a # R where the ideal'a ="a(S) of R is as in Proposition 1.1.(2) and
(11).

Suppose that 'a # R. Let'm : R—'R:=R/'a,r—'r=r+"a and’'S ='x(S). Then
(a) 'S € 'Den;('R).

(b) a='n""(ass;('9)).

(c) ST'R~'S™VR, an R-isomorphism.

Theorem 2.11 is a criterion for a right Ore set to be a localizable set.

Localization at an Ore set. Theorem 1.6.(1) is the reason why every Ore set is local-

izable. For an Ore set S of a ring R, Theorem 1.6.(1,2) shows that a(S) = assg(S) and
gives an explicit description of this ideal.

Theorem 1.6. Let R be a ring and S € Ore(R).

1.
2.

a:={r € R|srt =0 for some elements s,t € S} is an ideal of R such that a # R.
Letm: R — R:=R/a,r+— 7 =r+a. Then S := n(S) € Den(R,0), a = a(S) =
assp(S), S € L(R,a), and S™'R ~ 3_1E, an R-isomorphism. In particular, every
Ore set is localizable.

Let b be an ideal of R and 7 : R — RY := R/b, r > 1T =7+ b. If ST := 71(9) €
Den(R',0) then a C b and the map

g_lﬁ — SrlRT, 57 SJFlTJr

s a ring epimorphism.

Let f : R — Q be a ring homomorphism such that f(S) C Q* and the ring Q is
generated by f(R) and {f(s)~'|s € S}. Then

(a) a Cker(f) and the map

5TR-Q, 57 e f(s)7 ()
is a ring eptmorphism with kernel §_1(ker(f)/a).

(b) Let R = R/ker(f) and @ : R — R, 7~ r +ker(f). Then S := 7(S) € Den(R, 0)
and ST'R ~ Q, an R-isomorphism.
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Theorem 1.6.(1,2) also states that every Ore set S of R is localizable and the local-
ization ST R of the ring R at the Ore set S is R-isomorphic to the localization S 'Rof
the ring R at the denominator set S of R.

Corollary 1.7 provides a view from another angle at the localization of a ring at an
Ore set.

Corollary 1.7. Let R be a ring, S € Ore(R) and a = assg(S). We keep the notation of
Theorem 1.6. Let a; := ass;(S) and m;: R — Ry := R/a;, r — r + a;; a, := ass,(S) and
m: R— R.:=R/a,, r—r+a,. Then

1. qy+a-Ca.

2. S :=m(S) € Den.(R;,a/a;) and RlSl_1 ~ SR ~ RS™! R-isomorphisms.

3. S, = 7m(9) € 'Deny(R,,a/a,) and S;'R, ~ STIR ~ RS™! ~ Rlel, R-
isomorphisms.

4. 'a(S) = a, and a'(S) = q;.

Proposition 1.8 explains the origin of the construction of localizable sets. For every
Ore set it gives an explicit construction of a localizable set with the same localization.
For a ring R and its ideal a, let Ore(R, a) := {S € Ore(R) |assg(S) = a}.

Proposition 1.8. Let R be a ring, S € Ore(R,a), 7: R — R:= R/a, R—7 =7+ a and
S=S8+a. Then SCS, Se€L(R,a) and ST'R ~ S™'R, an R-isomorphism.

The set maxL,(R) maximal elements in L,(R) where x € {l,r,0}. For a ring R,
the set max.Den;(R) of maximal left denominator sets (w.r.t. C) is a non-empty set,
[3, Lemma 3.7.(2)]. Let max LL.(R) be the set of maximal elements (w.r.t. C) of the set
L.(R).

Theorem 1.9. Let R be a ring. Then max L, (R) # 0.
The key idea of the proof of Theorem 1.9 is to use Lemma 1.10 and Zorn’s Lemma.

Lemma 1.10. Let R be a ring, S € L.(R,a) and T € L.(R,b) such that S C T where
x € {l,r,0}. Then a C b and for x € {l,0} the map ST'R — TR, s7tr — t~1r is an
R-homomorphism with kernel S=1(b/a) = g_l(b/a) where S = {s+a|s € S}. A similar
result holds for x = r.

Classification of maximal Ore sets of a semiprime Goldie ring. It was proved that the
set max.Deny(R) is a finite set if the classical left quotient ring Q; (R) := C}ElR of R is
a semisimple Artinian ring, [4], or a left Artinian ring, [5], or a left Noetherian ring, [6].
In each of the three cases an explicit description of the set max.Den;(R) is given. For a
ring R, let min(R) be the set of its minimal prime ideals. For a ring R, the rings
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Qra(R) :=Cr'R and Q. .(R) := RCR'

are called the classical left and right quotient rings provided they exist, respectively. If
both rings exist then they are isomorphic and the ring

ch (R) = Ql,cl(R) =~ Qr,cl (R)

is called the classical quotient ring of R. Ideals of a ring are called incomparable if none
of them is contained in the other.
The next theorem is an explicit description of maximal Ore sets of a semiprime Goldie

ring.

Theorem 1.11. Let R be a semiprime Goldie ring and Ny := {S € maxL,(R)|Cr C S}
where x € {l,7,0}. Then

1. max Ore(R) = maxDen(R) = {C(p) |p € min(R)} = N, for all x € {l,r,0} where
C(p) :== {c € Rlc+1p € Cryp}. So, every mazimal Ore set of R is a mazimal
denominator set, and vice versa.

2. For all S € max Ore(R) the ring S~ R is a simple Artinian ring.

QCl<R) = HSEmax Ore(R) S7'R.
4. maxassOre(R) = ass max Ore(R) = min(R). In particular, the ideals in the set

@

ass max Ore(R) are incomparable.

Classification of maximal left localizable sets of a semiprime left Goldie ring that
contain the set of regular elements of the ring. Theorem 1.12 is such a classification.

Theorem 1.12. Let R be a semiprime left Goldie ring and N := {S € maxL;(R)|Cr C
S}. Then N'= max Den;(R) = {C(p) |p € min(R)}.

So, every maximal left localizable set of a semiprime left Goldie ring that contains
the set of regular elements of the ring is a maximal left denominator set, and vice versa.
The proof of Theorem 1.12 is based on Theorem 1.13.

Theorem 1.13. Let R be a ring and Sy, ..., S, € L.(R) where x € {l,7,0}, p; = assr(S;),
R; := R/p; and Q; be the localization of R at S;. Suppose that the rings Q; are simple
Artinian rings, (V;_ pi = 0 and (V] p; # 0 fori=1,...,n. Then

The rings R; are semiprime x Goldie rings.

min(R) = {p1,...,pn}

Qi ~ Qi a(R;) fori=1,...,n (an R-isomorphism).
S; gC(pl) fori=1,...,n.

Q*,CZ(R) = H?:l Qi'

Foralli=1,...,n, C(p;) € max L,(R).

S ot W
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In Section 7, examples are considered. In [7], we continue to develop the most general
theory of one-sided fractions. The aim of [7] is to introduce 10 types of saturations of
a set in a ring and using them to study localizations of a ring at localizable sets, their
groups of units and various maximal localizable sets satisfying some natural conditions.
The results are obtained for denominator sets (the classical situation), Ore sets and
localizable sets.

2. Localizable sets and the localization of a ring at a localizable set

In this section, (left, right) localizable sets of a ring and the construction of local-
ization of a ring at them are introduced and studied. A proof of Theorem 1.3 is given.
A criterion for a left (resp., right) Ore set to be a left (resp., right) localizable set is
presented, Theorem 1.5.(1) (resp., Theorem 2.11.(1)). A description of the ideal assg(S)
of R is given, Proposition 2.12. Proofs of Proposition 1.1, Proposition 1.4, Theorem 1.9,
Lemma 1.10, Theorem 1.12 and Theorem 1.13 are given.

The following notation is fixed: R is a ring, S is a multiplicative set of R, ass;(S) :=
{r € R|sr =0 for some s € S} and ass,(S) := {r € R|rs =0 for some s € S}. We use
standard terminology on localizations of a ring at denominator sets, see [8,10,11].

Proof of Proposition 1.1. We keep the notation of Proposition 1.1. Let I" be the set of
ordinals. The ideal a (resp., 'a, a’) is the union

a= U ay (resp., 'a= U ‘ay, o = U ay) 9)

Ael el Ael

of ascending chain of ideals {ax}xer (resp., {"ax}rer, {a) }rer), where A < pin T implies
ax C ay, (resp., ‘ax C'ay, ) C a),). The ideals ay (resp., ‘ay, a}) are defined inductively
as follows: the ideal ag = a(S, R) (resp., 'ag, aj) is generated by the set {r € R|sr =0
or rt = 0 for some elements s,t € S} (resp., {r € R|rt = 0 for some element ¢ € S},
{r € R|sr =0 for some element s € S}), and for A € I such that A > 0 (where below

({ . }) means the ideal of R generated by the set {...}),

Uu<xer % if A is a limit ordinal,
a, =
{r € R|sr € ax_1 or rt € ay_; for some s,t € S}) if A is not a limit ordinal,
(10)
(resp.,
‘a if \ is a limit ordinal,
/aA _ UM<A€F 1 . (11)
<{r € R|rt €’ay_1 for some t € S}) if A is not a limit ordinal,
, U, crer @ if X is a limit ordinal,
Cl)\ = 1 (12)

({r € R|sr € a)_, for some s € S}) if A is not a limit ordinal),
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and the proposition follows (since ‘ay C ay and a) Cay forall A eT'). O

The first ordinal such that the ascending chain of ideals in (9) stabilizes is called the
I-length of the ideal denoted Ir(a) (resp., Ir(‘a), Ir(a')).

Lemma 2.1. Let R be a ring, S be a multiplicative set, a = assr(S), b be an ideal of the
ring R such that b Ca, R=R/b and S=(S+0b)/b={seb|seS}. Then

1. S is a multiplicative set of the ring R, R(S™') ~ R(S™1) and assé(g) =a/b.
2. Let R=R/a and S = (S +a)/a. Then R(S™!) ~ E(§_1>, S C Cx and assp(S) =
a/a=0.

Proof. Straightforward. O

Proof of Lemma 1.2. Let a = assg(5) and R = R/a. Then S = (S + a)/a € Cg. Hence,
a 2 a(S), by the minimality of the ideal a(S), see Proposition 1.1.(1). O

For a ring R, its ideal a, and x € {I,r,0}, let Den, (R, a) be the set of * denominator
sets S of R such that ass.(S) = a.

Lemma 2.2 and Lemma 2.3 show that denominator sets are localizable sets, the lo-
calization of a ring at a denominator set is the same as the localization of a ring at the
denominator set treated as a localizable set, and ass.(S) = a(S) for all S € Den. (R, a).
So, the localization at a localizable set is a generalization of the localization at a denom-
inator set.

Lemma 2.2. Given S € Den,(R,a) where x € {I,r,0}. Then a = a(S) where a(S) is the
least ideal of R such that (S + a(S))/a(S) € Crya(s), see Proposition 1.1.(1).

Proof. By the very definition of the ideal a, a C a(S5). Since (S+a)/a € Cg/q, we have the
inverse inclusion a 2 a(S), by the minimality of the ideal a(S). Therefore a = a(S). O

Lemma 2.3. Den.(R) C L.(R) where x € {l,r,0}. For all ideals a of R, Den,(R,a) C
L.(R,a) and for all S € Den;(R,a), ST'R ~ R(S™!) and a = a(S) = assr(S).

Proof. Given S € Den;(R,a). By Lemma 1.2 and Lemma 2.2, a = a(S) C assg(R). Let
R=R/aand S = (S + a)/a. Then

S € Deny(R,0) and S™'R ~ 'R
The ring S 'R is generated by the ring R and the set {57 1|5 € S}. Therefore, there

is natural ring epimorphism R(S™!) — S 'R which is an R-homomorphism. Hence,
assp(S) C a, and so a = a(S) = assg(S) and R(S™") ~ SR o
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Proof of Theorem 1.3. To prove the theorem it suffices to consider the case x =[.
1 and 2. Let R = R(S™!). By Lemma 2.1.(2),

R(S™Y ~ R(S

-1

), S CCx and assz(S) =0.
Hence, R C R. Then, for all elements 5 € S and 7 € R,

1 _ ——1-—1
TS T =3 T

for some elements 5; € S and 7; € R. Then 3,7 = 7,5 in R. Hence, S € Den,;(R,0), and
so R(S 'Y ~ 5 'R, by Lemma 2.3.

3. There is a natural R-epimorphism R({S~1!) — STilRT, and statement 3 follows
from statement 2.

4. The ring homomorphism r : R — @ induces the ring epimorphism f : R(S™!) — Q
since the ring @ is generated by f(R) and the set { f(s)~!|s € S}. Since R(S™!) ~ SR
(statement 2), the statement (a) follows. In particular,

Q={f(s)"'f(r)|s € S,r € R}.

Furthermore, @ = {f(5)"'f(7)|s € S,r € R} since a C ker(f). Hence, Q@ =
{f(3)71f(7)| s € S,r € R}. Therefore, S € Den;(R,0) and SR~ Q, via f. O

Corollary 2.4. If S € L(R,a) then S € Li(R,a), S € L,.(R,a) and the localizations of R
at S as a localizable set, a left localizable set and a right localizable set are R-isomorphic.

Proof. The corollary follows from Theorem 1.3.(1,2). O

Proof of Lemma 1.10. Recall that a = assg(S) and b = assg(T’). Let @ be a subring
of T7'R which is generated by the images of the ring R and the set {s7!|s € S}
in T7'R (recall that S C T). Applying Theorem 1.3.(4a) to the ring homomorphism
R—-QCT 'R, r— 1 we obtain the ring R-homomorphism

SR> TR, s7tr— s ir

Since S'R=5 'Rand T-'R=T '(R/b) where T = {t+b|¢ € T}, the kernel of the
R-homomorphism is §_1(b /a). O

The maximal elements in I, (R) where x € {l,r,0}.

Lemma 2.5. Let R be a ring, * € {l,r,0}, and a set {S;}icr € L.(R) be such that
for any two elements S; and S; there is an element Sy such that S; U S; C Si. Then
S = Uje; Si € Lu(R) and the ring S~'R = injlim S;lR is the injective limit of R-
homomorphism of rings {S[IR}Z»GI given by the R-homomorphisms S’;lR — S’;lR n
Lemma 1.10 in case S; € .5;.
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Proof. Straightforward (use Lemma 1.10). O
Proof of Theorem 1.9. The Theorem 1.9 follows from Zorn’s Lemma and Lemma 2.5. O

Classification of maximal left localizable sets of a semiprime left Goldie ring that
contain the set of regular elements.

Proof of Theorem 1.13. 1. By the assumption ();_, p; = 0. So, we have ring monomor-
phisms

CRSTE| LRI | (PSS R Y (S

i=1 =1

We identify the rings R and R with their images in the ring Q.
(i) R; is a prime % Goldie ring with Q. (R;) ~ Q;, an R-isomorphism: By Theo-
rem 1.3.(1,2),

gi = (SZ —l—pi)/pl € Den*(Ri,O) and gl_lRZ ~ Q;,

an R-isomorphism. Since the ring Q; is a simple Artinian ring, S; C Cg, C Q. Hence,
Cr, € Den.(R,0) and Q; ~ Q. «(R;). By Goldie’s Theorem, R; is a prime * Goldie ring.

(ii) p; € Spec(R) for i = 1,...,n: By the statement (i), the ring R; is prime, and so
p; € Spec(R).

(iii) The ring R is a semiprime x Goldie ring: The ring R is a semiprime ring since
Mi_, pi = 0 and the ideals p; are prime.

Let udim, r denote the * uniform dimension of the * R-module (udimy g is the left
uniform dimension, udim, g is the right uniform dimension and udimpg stands for udim; g
and udim, g). The ring R; = R/p; is a prime * Goldie ring. Hence, udim, r(R;) =
udim, z(R;) < co. Since R C [[;", R;,

udim, p(R) < udim, r ( ﬁ RZ-) Z udim, r(R Z udim, g, (

i=1

Let X be a non-empty subset of R and x.anng(X) be its * annihilator (lanng(X) =
{r € R|rX = 0} is the left annihilator of X in R, etc). Since R C R, x.annr(X) =
R N x.anng(X). By the statement (i), the ring R = [[\-, R; satisfies the a.c.c. on *
annihilators, hence so does the ring R. The proof of the statement (iii) is complete.

2. (1) min(R) C {p1,....pn}: Given p € min(R). Then (., p; = {0} C p, hence
p; C p for some i, and so p; = p, by the minimality of p.

(ii) min(R) = {p1,...,pn}: By the statement (i), the ring R is semiprime, i.e.,
ﬂpemm(R)p = 0. Since min(R) C {p1,....pn} and (), p; # 0 for all i = 1,...,n,
we must have
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min(R) = {p1,...,Pn}

3. Statement 3 has already been proven, see the statement (i) in the proof of statement
1.

4. See the proof of the statement (i) in the proof of statement 1.

5. The ring R is a semiprime * Goldie ring. By [4, Theorem 4.1],

Qua®) =~ [[ QalB/p).

pEmin(R)

By statement 2, min(R) = {p1,...,pn} and Q; ~ Q. (R;) for i = 1,...,n (statement
3). Now, statement 5 follows.
6. By [4, Theorem 4.1],

C(p;) € maxDen,(R), ass.C(p;) =p; and C(p;) 'R~ Q;,
a simple Artinian ring. Suppose that C(p;) C T for some T € L,(R). By Lemma 1.10,
p; = assp(C(p;)) C a:=assp(7T)

and there is an R-homomorphism Q; = C(p;)"*R — R(T!). Since Q; is a simple
Artinian ring, p; = a. Then, by Theorem 1.3.(1),

T = (T +p;)/p; € Den.(R;,0).
Hence, T C Cg,, and so T' C C(p;), and statement 6 follows. O
Proof of Theorem 1.12. Let M = max Den;(R). By [4, Theorem 4.1],
M ={C(p)|p € min(R)}
and the set M satisfies the conditions of Theorem 1.13. By Theorem 1.13.(2,6),
M C max L.(R).

Since Cgr C C(p) for all p € min(R), M C N. To finish the proof it remains to show that
N C M. Given S € N. Let a = assg(S).

(1) @ = Nyemin(r),acy P: Since S € N, Cg € S, and so there is an -homomorphisms

f:Q:=Cz'R— S™'R. Therefore, a = RN ker(f) and ker(f) = Cz'a. By [4, Theorem
4.1],

Ci'R~ [ cw 'R

pEmin(R)
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is a finite direct product of simple Artinian rings C(p) ™! R with assg(C(p)) = p, and the
statement (i) follows.

(ii) S C C(p) for some (unique) p € min(R) such that a C p: By Theorem 1.3.(1),
S := (S +a)/a € Deny(R,0) where R = R/a is a semiprime ring with

min(R) = {p/a|p € min(R),a C p},

by the statement (i). Since Cr C C(p) for all p € min(R), we have that C := (Cr+a)/a C
Cx since

R=R/a=R/(\p< [ R/p

peD peD

where D := {p € min(R)|a C p}, see the statement (i). Since Cr € Ore;(R), Cr €
Den;(R,0) and

. _ _ _

Cr R~Cp'(R/a) ~Cr'R/C'a~ [ Cp) 'R

peD

Therefore, R is a semiprime left Goldie ring with min(R) = {p/a|p € D}.
Since S € Deny(R,0), the left denominator set S is contained in a maximal denomi-
nator set R, i.e., S C Cx(p/a) for some prime ideal p € D. Then

S C Cr(p)
since R/(p/a) ~ R/p. O

The set T, o(R) and the ring Q. ((R). Lemma 2.6.(4) describes the largest element
T, «(R) in the set L.(R, a).

Lemma 2.6. Let R be a ring and a € assLL,(R) where x € {l,r,0}.

1. The set L.(R,a) is a commutative multiplicative semigroup where for S, T €
L.(R,a), ST is the submonoid of (R,-) generated by S and T

2. For all S,T € L.(R,a), SUT C ST.

For all S1,55,T € L.(R,a) such that S; C Sy, T'S; CTSs.

4. The set Tia = Uger, (r,a) S is the largest element in the set L.(R,a) (w.r.t. C),
and STy o =Ty q for all S € L.(R,qa).

5. For all S,T € L.(R,a) such that S C T, ST'R C T7'R C T..(R)"'R =
User.ra S 'R

@

Proof. Let 7: R — R:= R/a,r =7 =1 +a.
1. By Theorem 1.6.(1), S,T € Den,(R,0). By [3, Theorem 2.1.(1)], ST € Den.(R,0).
Hence,
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ST = ST € Den,(R,0) and ST C ((ST)"'R)*.

By Theorem 1.3.(3), ST € L.(R, a).
2 and 3. Statements 2 and 3 are obvious.
4. Statement 4 follows from statement 2 and Lemma 2.5.
5. Statement 5 follows from Lemma 1.10 and Lemma 2.5. O

Definition. Let R be a ring and a € assL,(R,a) where x € {l,r,0}. The localization of
the ring R at T 4(R) (see Lemma 2.6.(5)) is denoted by Q. q(R).

A left or right Ore set of a ring is called regular if it consists of regular elements of
the ring. A regular left/right Ore set is automatically a left /right denominator set.

Theorem 2.7. [3, Theorem 2.1] For a ring R there is a largest (w.r.t. inclusion) regular
left Ore set S;(R) in R and the ring Q;(R) := S;(R) 'R is called the largest left quotient
ring of R.

For a ring R there is a largest regular Ore set S(R) in R and the ring
Q(R) := S(R) 'R~ RS(R)™*

is called the largest quotient ring of R, [3, Theorem 4.1.(2)]. The interested reader is
referred to [3] for more information about the largest regular left /right Ore sets and the
largest left /right quotient rings. Notice that for a ring R, its classical left /right quotient
ring does not always exist,.

Theorem 2.8 describes the multiplicative sets Ty o(R) and the rings Q. 4(R) via the
largest regular Ore sets and the largest quotient rings.

Theorem 2.8. Let R be a ring, a € assL.(R) and 7 : R — R := R/a, 7 — T =r + a.
Then

1. Tvo(R) = 77 1(S4(R)) where S.(R) is the largest regular * Ore set in R.

2. Q.a(R) ~ Q.(R), an R-isomorphism where Q.(R) = S.(R)™'R for * € {I,0} and
Qr(R) = RS, (R)™!

3. Tha(R) = 07 (Qua(R)*) = 07 H(Q+(R)*) where 0 : R — Quo(R) ~ Qu(R), r — %

Proof. 1. The set T := m~1(S,(R)) is a multiplicative set in R since 7(T) = S,(R) is so.
Clearly, T, := T o(R) C T since 7(T%) € Den,(R,0), by Theorem 1.3.(1). Since

7(T) = S.(R) € Den,(R,0) and b :=assr(T) # R,

we have that T € L,(R,b) and b C a. Since T, C T, we have that a C b, and so a = b.
Therefore,
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T e L.(R,a).

Since T, C T', we must have T, = T', by the maximality of 7.
2. Statement 2 follows from statement 1.
3. The map o is the composition of the homomorphisms

R5RZ Q.q(R) ~Q.(R)

where o(r 4+ a) = £. By [3, Theorem 2.8.(1)], S.(R) = ' (Q.(R)*). Now, statement 3
follows from statement 1. O

The L,-radical L,rad(R).

Definition. An element S of the set maxL.(R) where * € {l,r,0} is called the mawi-
mal left/right localizable set and the mazimal localizable set, resp., and the rings S™!R,
RS™! and S7'R ~ RS~ are called the mazimal left/right localization and the mazimal
localization of R, respectively.

Definition. The intersection

L,rad(R) = ﬂ assp(S) (13)
Semax L, (R)

is called the L-radical of R.
For a ring R, there is the canonical exact sequence where x € {I,r, (1},

0= L.aadR) - RS> [ SR o= ][] os (14)
Semax L, (R) Semax L, (R)

where 05 : R — S7'R, r — 7. A similar sequence exists for * =r.

Definition. The sets LL.(R) := Uger, (r) S and NLL,(R) := R\LL.(R) are called the
set of LL-localizable and IL.-non-localizable elements of R, resp., and the intersection

CL.R)= (] S

SemaxL, (R)

is called the set of completely L, -localizable elements of the ring R.

By the very definition the sets LL.(R), NLL.(R) and CL.(R) are invariant under
the action of the automorphism group of the ring R, i.e., they are characteristic sets.

The sets 'L;(R), L;.(R) and 'L; ,.(R). Recall that for an ideal a of a ring R,

"Den;(R,a) = {S € Deny(R,a)| S C'Cr} and Den.(R,a) = {S € Den,(R,a)|S C Cx},
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and a localizable set S € L.(R) is called perfect if assg(S) = a(S). So, the perfect
localizable sets S of R have the ‘smallest’ possible ideal assg(S). Proposition 2.9 shows
that the sets 'L;(R), L}.(R) and 'Lj .(R) are perfect localizable sets of the ring R. See
the Introduction for their definitions.

Proposition 2.9. We keep the notation as above.

1. 'Ly(R) C LY(R) and for each S € 'Li(R), assg(S) = a(S) = 'm (ass;('9)) and
R(S™Y) ~ 'S7VR where ass;('S) = {'r € 'R|'s'r = 0 for some 's € 'S}. Further-
more, 'S € 'Den; ('R, a/'a) where a = assr(S).

2. L'(R) C L2(R) and for each S € L/(R), assg(S) = a(S) = 7’ ~Y(ass.(9")) and
R(S™1) ~ R'S"~1 where ass,.(S") = {r' € R'|r's' =0 for some s’ € S'}. Further-
more, S' € Den!.(R',a/a’) where a = assg(S).

3. 'Lj.(R) € LP(R) and for each S € 'Lj (R), assg(S) = a(S) = ' (ass;('S)) =
7' “(ass, (9)) and R(S™!) ~'S7VR ~ R'S"~'. Furthermore, 'S € 'Den;('R,a/'a)
and S’ € Den!.(R',a/a’) where a = assg(S).

Proof. 1. Recall that a(S) is the ideal in Proposition 1.1.(1).

(i) 'a C a(9): The inclusion follows from Proposition 1.1.(2) (by the minimality of the
ideal ‘a since (S + a(S))/a(S) € Cr/acsy € 'Crya(s))-

(i) b := "7 (ass;('S)) C a(S): The inclusion b C a(S) follows from the inclusion
‘a C a(S) and the definition of the ideals b and a(S).

(iii) b = assp(.9): By Lemma 1.2, a(S) C assg(S). Now,

b C assgr(9),
by the statement (ii). Since S := (S + b)/b € Den;(R/b,0), we must have
b D assg(9),

by the minimality of the ideal assg(S) (Theorem 1.3.(3)), and the statement (iii) follows.
By the statements (ii) and (iii),

asspr(S)=a(S)=0b

(since b C a(S) C assr(S) =b) and R(S™1) ~'S~VR. Clearly, 'S € Den;('R, a/'a).
2. Statement 2 can be proven in a similar/dual way as statement 1.
3. Statement 3 follows from statements 1 and 2. O

For L € {'Li(R),L;.(R),'L; .(R)}, let ass(L) := {assr(5)| S € L}. Then

"Li(R) = H "Li(R,a) where 'L;(R,a) ={S € 'L;(R)|assg(S) =a}, (15)
acass’'L;(R)
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L,(R)= J[ Li(R.a) where L, (R,a) ={S € L/(R)|assp(S) =a},  (16)
acassL’ (R)

T, = ] 'Li,(Ra) where Lj,(Rq) = {S € L], (R) |ass(S) = a}.
acass’L] (R)
(17)
Left /right localizable Ore sets. Recall that for a ring R, the sets
LOre;(R) :=L;(R) N Ore(R), LOre,(R) :=L,(R) N Ore.(R),
LOre(R) := L(R) N Ore(R) = Ore(R)

are called left, right and Ore localizable, respectively. Clearly, LOre(R) = LOre;(R) N
LOre,(R) since

LOre(R) = L(R) N Ore(R) = (L;(R) NL,(R)) N (Ore;(R) N Ore,-(R))
= (L;(R) N Ore;(R)) N (L, (R) N Ore,(R)) = LOre;(R) N LOre,(R).

For each element x € {I,r,0}, let assLOre,(R) := {assg(S)|S € LOre.(R)}. Then

LOre,(R) = [T LOre.(Ra)
acassLOre, (R)
where LOre,(R,a) := {S € LOre.(R) |assr(S) = a}. (18)

Clearly, LOre,(R,a) = L.(R,a) N Ore.(R). Since Ore(R) C L(R) see (8), we have that
LOre(R) = Ore(R). So, the letter ‘L’ is redundant in the definition of the sets ‘LOre(R)’,
‘ass LOre(R)’ and ‘max LOre(R, a), and we drop it. So, (18) takes the form

Ore(R) = H Ore(R,a) where Ore(R,a):={S € Ore(R)|assg(S) =a}. (19)
acass Ore(R)

Proposition 2.10.

1. Given S € LOre;(R). Then 'a # R (see Proposition 1.1.(2)) and the ideal 'a is
the least ideal b of the ring R such that (S + b)/b € 'Den;(R/b). In particular,
(S+'a)/'a € 'Den;(R/'a).

2. Given S € LOre,(R). Then o/ # R (see Proposition 1.1.(3)) and the ideal o is
the least ideal b of the ring R such that (S + b)/b € Denl.(R/b). In particular,
(S+a’)/a’ € Den.(R/a").

Proof. 1. By Proposition 1.1 and Lemma 1.2, 'a C a(S) C assg(S) # R. Then

'S:=(S+'a)/'a € 'Deny(R/'a).
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Since the ideal ‘a is the least ideal of the ring R such that (S+'a)/’a € 'Cp//4, statement
1 follows.
2. Statement 2 is proven in a dual way to statement 1. 0O

Proof of Proposition 1.4. 1. By Proposition 2.10.(1), LOre;(R) C 'L;(R). By Proposi-
tion 2.9.(1), 'L;(R) C LY(R). Now,

LOrei(R) = "Li(R) N LOre(R) = 'Ly(R) N L(R) N Orey(R) = "Li(R) N Orey(R),
LOre;(R) = LY(R) NLOre/(R) = LY(R) NL(R) N Ore;(R) = L7(R) N Orey(R).

2. Statement 2 can be proven in a similar way to statement 1.
3. Since Ore(R) = LOre;(R) N LOre,(R), statement 3 follows from statements 1 and
2 and the fact that Ore(R) C L(R), see (8)). O

Using some of the above results we obtain criteria for a left/right Ore set to be a
left /right localizable set, Theorem 1.5 and Theorem 2.11.

Proof of Theorem 1.5. 1(=) If S € L;(R) then a # R. Now, the implication follows
from the inclusions ‘a C a(S) C a (Lemma 1.2).

2(a) If 'a # R then clearly 'S € 'Den('R).

1(«) Since 'a C a(S) C a (Lemma 1.2), the implication follows from the statement
2(a) and Lemma 2.1.(1).

2(b,c) Since 'a C a (Lemma 1.2),

R(S™) ="R('S7Y),

by Lemma 2.1.(2). Now, the statements (b) and (c) follow from the inclusion 'S €
'Den;('R) (the statement (a)). O

Theorem 2.11.(1) is a criterion for a right Ore set to be a left localizable set and
Theorem 2.11.(2) describes the structure of the localization of a ring at a localizable
right Ore set.

Theorem 2.11. Let R be a ring, S € Ore,(R), and a = assg(S). Then

1. S € L.(R) iff & # R where the ideal o' = o/(S) of R is as in Proposition 1.1.(3)
and (12).

2. Suppose that ' # R. Letn’' : R— R';=R/d', r—r'=r+d and S’ = 7'(S). Then
(a) S’ € Den.(R'),
(b) a= ()" (ass (5")),
(c) RS™! ~ R'S"~' an R-isomorphism.

Proof. The proof of the theorem is dual to the proof of Theorem 1.5. O



58 V.V. Bavula / Journal of Algebra 610 (2022) 38-75

Description of the ideal assg(S) for S € L.(R). For each localizable set S € L.(R, a),
Proposition 2.12 describes the ideal a.

Proposition 2.12. Let R be a ring and S be a multiplicative set in R.

1. Let S € L;(R,a). For each pair of elements s € S and r € R fix a pair of elements
s1 € S and r1 € R such that syr — r1s € a, and let b; be the ideal of R generated
by the elements s1r — r1s, m : R — Ry := R/b;, v — r 4+ b;. Then S; :== m(S) €
LOre;(Ry, a/b;) and a = 7, *(a(S;)) where the ideal a(S) of the ring Ry is defined in
Proposition 1.1.(1).

2. Let S € L.(R,a). For each pair of elements s € S and r € R fix a pair of elements
s1 € S and ry € R such that rsy — sry € a, and let b, be the ideal of R generated
by the elements rsy — sri, mp : R = R, := R/b,, r — r 4+ b,. Then S, := m.(5) €
LOre,(R,,a/b,) and a = 7,1 (a(S,)).

3. LetS € L(R,a),b=b;+b, and7: R — R, r — r+b. Then S := 7(S) € Ore(R, a/b)

and a =7 (a(S)).

Proof. 1. By the very definition, b; C a. By Lemma 2.1.(2),

Sl c ]Ll(Rl, a/bl).

By the definition of b;, S; € LOre;(Ry, a/b;). By Proposition 1.4.(1), a/b; = a(5;), and
so a=m "(a(S)).

2 and 3. Statements 2 and 3 can be proven in a similar way. 0O

Proposition 2.13 gives a sufficient condition for an epimorphic image of a left localiz-
able set to be a left localizable left Ore set.

Proposition 2.13. Let R be a ring, S € L;(R,a), b be an ideal of R such that a C b
and R = R/b. Suppose that the left ideal ST Rb is an ideal of the ring S™'R such that
S™IRb # S'R. Then S := (S + b)/b € LOre;(R,%) for some ideal ¢ of R such that
b C ¢ where ¢ = c/b.

Proof. Since S € L;(R,a) and a C b, S € Ore;(R). Let by be the kernel of the ring
homomorphism

R— S™'R/S"'Rb, r— g + S 'Rb.

Clearly, b C by, S = (S + by)/b; € Deny(R/by,0) and S~'R/S~'Rb ~ S~(R/b;). By
Theorem 1.3.(3), S € LOre;(R,t) for some ideal ¢ of R such that b C¢. 0O
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3. Localization of a ring at an Ore set

The localization of a ring at an Ore set was introduced in [3]. The aim of this section
is to prove Theorem 1.6 which among other things explains what is the localization of a
ring at an Ore set and why it always exists. Proofs of Corollary 1.7 and Proposition 1.8
are given.

Proof of Theorem 1.6. 1. (i) a + a C a: Given elements a,a’ € a. Then sat = s'a’t’ =0
for some elements s, s’,t,t € S. Fix elements sq,t; € S such that s15 = as’ and tt; =t/
for some elements «, 5 € R. Then s1s,tt; € S and

s18(a+a')tty = s1(sat)ty + a(s'd't') B =040 =0,

and so a +d’ € a.
(ii) RaR C a: Given elements r,7’ € R and a € a. Then sas’ = 0 for some elements
s,s’ € S. Using the left and right Ore conditions, we have the equalities

sir =r1s and ris] = s'r)
for some elements sq,s] € S and 1,7} € R. Then
sirar’'sy = risas’r] = r0r) =0,

and so rar’ € a, and the statement (ii) follows.

The statements (i) and (ii) imply that the set a is an ideal of the ring R.

(ili) a # R: If a = R then 1 € a, and so s- 1 -t = 0 for some elements s,¢ € S. Then
0= st € S, a contradiction.

2. (1) SNa=0:If r € SNa then srt = 0 for some elements s,¢ € S. This is not
possible since 0 = srt € S, a contradiction.

(ii) S € Den(R,0): Clearly, S € Ore(R). If 57 = 0 or /s’ = 0 for some elements
s,8' € Sand r,7" € R. Then sr € a and 7's’ € a. Then sysrs] = 0 or sor’s’sh, = 0 for
some elements s;,s2,57,5, €S, and sor € aand 7’ € a, i.e., 7 = 0 and 7’ = 0, and the
statement (ii) follows.

(iii) S7'R ~ SR and a = assp(S): The statement (iii) follows from Theo-
rem 1.3.(2,3).

(iv) a = a(S) = assr(S): The result follows from the inclusions a C a(S) C assg(.5)
and the equality a = assr(S) (the statement (iii)).

(v) S € L(R,a): The statement (v) follows from statements (iii) and (iv).

3. (i) a C b: Given an element a € a. Then sat = 0 for some elements s,t € S, and so
staft! = 0. Hence a' = 0 in R since st,t" € Cxt, and so a € b, and so a C b.

(ii) The map SR SrlRT, 157 st s a ring epimorphism: The statement
(ii) follows from the universal property of localization.



60 V.V. Bavula / Journal of Algebra 610 (2022) 38-75

4(a) 1) Q={f(s)71f(r)|s€ S,re R} ={f(r)f(s)~'|s € S,r € R}: The statement
(i) follows from the fact that S € Ore(R) and that the ring @ is generated by the sets
F(R) and {f(s)"" | € S}.

(ii) @ C ker(f): Given an element a € a. Then sat = 0 for some elements s,t € S, and
S0

0= f(sat) = f(a)f(s)f ().

Hence, f(a) = 0 since f(s), f(t) € Q*, and so a € ker(f), and the statement (ii) follows.

(iii) The map SR Q, 5% = f(s)"1f(r) is a ring epimorphism: Since the ring
Q is generated by the set f(R) and {f(s)~!|s € S}, and a C ker(f), the statement (iii)
follows from the universal property of localization.

(iv) The kernel of the map in the statement (i) is gil(ker(f)/a): The statement is
obvious.

4(b) The statement (b) follows from the statement (a). O

Definition (/3/). Let S € Ore(R). The ring S 'R~ RS in Theorem 1.6.(2) is called
the localization of the ring R at the Ore set S and is denoted by S™'R = RS~!. The
ideal a in Theorem 1.6.(1) is denoted by ass(S).

Statement 4 (and statement 3) of Theorem 1.6 is the universal property of localization
of a ring at Ore set. If the Ore set is a denominator set this is precisely the universal
property of localization at a denominator set.

Proof of Corollary 1.7. 1. Statement 1 follows from Theorem 1.6.(1).

2. (i) S € Ore,(R;) with ass;(S;) = 0: Since S € Ore(R) and R; = R/ass;(5), the
statement (i) is obvious.

(i) S; € Denl(R;,a/a;): Since S € Ore(R), we have that S; € Den,(R;) since
ass;(S;) = 0 C ass,.(S;), by the statement (i). By Theorem 1.6.(1),

ass,(S;) = a/q;.

In more detail, m;(r) € ass,(S;) iff 0 = m(r)m(¢t) = m(rt) for some element ¢ € S iff
rt € a; iff srt =0 for some s € S iff r € a, by Theorem 1.6.(1).

(iii) R;S; ' ~ S~'R ~ RS™!: The statement (iii) follows from Theorem 1.6.(2).

3. Statement 3 is proven in a similar fashion as statement 2.

4. Let ‘a ="a(S) and @’ = a’(5). By the very definition of the ideals a; and a,,

'aDa, and a' D q.

The reverse inclusions follow from statements 2 and 3 and the ‘minimality of the ideals
‘a and o’ in the sense of Proposition 1.1.(2,3). O
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Proof of Proposition 1.8. (i) S is a multiplicative set of R such that S C S: The set
S = 7(8) is a multiplication set of the ring R, hence the set § = 7~ () is a multiplicative
set of R.

(ii) S € L(R): It suffices to show that S € LL;(R) since then by symmetry we will get
S € L,(R). Given clements s € S and r € R. Since 7(5) = § € Deny(R, 0), 517 = 7,5 for
some elements 5; € S and 7; € R. Then s;7 —r;s € a. By Theorem 1.6.(1), a C assR(g),
g S Ll(R).

(iii) S € L(R, a): Let d@ = assg(S). We have to show that @ = a. Since S C S, we have
the inclusion

aCa,
by Lemma 1.10. Since 7(S) = S € Deny(R, 0), we have the reverse inclusion

a>a

V)

(by Theorem 1.6.(2,4)), and so & = a.
gi ) ST'R ~ S~!R is an R-isomorphism: By the statement (iii), S~'R ~ n(S)"'R =
S R=S"'R O

The following obvious lemma is a useful criterion when an epimorphism image of Ore
set is an Ore set.

Lemma 3.1. Let R be a ring, S € Ore(R) and b be an ideal of R. Then S := (S+1b)/b €
Ore(R/b) 4ff SNb=10.

Proof. Straightforward. 0O

An element a of ring R is called a normal element if aR = Ra. Suppose that R is
a K-algebra over a field K. A K-linear map * : R — R, r — r* is an involution if
(rs)x = s*r* and s** = s for all elements s,r € R.

We keep the notation of Corollary 1.7. The next example shows that for an Ore set
S of R, the ideals a;, a, and a are distinct and a = a; + a,, but, in general, a £ a; + a,
(see the second example).

Example. Let P = K[x1,23,...,Y1,¥2,...] be a polynomial algebra over a field K in
countably many variables x1,22,...,¥1,¥%2,.... Let R be a K-algebra generated by P
and an element a subject to the defining relations:

ary =0, ax; =xi—1a (1 >2), y1a=0, y;a=ay,—1 (i >2).
The K-algebra R admits a K-involution * where

a*=a, ; =y; and y; =x; forall i> 1.
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The element « is a left normal element of R, i.e.,
aR C Ra.

In view of the involution * and the fact a* = a, the element « is also a right normal, and
so the element a is a normal element of the ring R. Hence,

S, :={a'|i € N} € Ore(R), ass;(Sa) = (w1,72,...), ass.(R) = (y1,va,...),

ass(S.) = (T1,. .., v1,...) = ass;(Sa) +ass,(S,), and S; 'R~ RS, ! ~ Kla,a '] (Corol-
lary 1.7.(2,3)). Clearly, the ideals ass;(S,), ass,(S,) and ass(S,) are distinct and

ass(S,) = ass;(Sq) + ass,(S,).

The next example shows that, in general, ass(S,) properly contains the sum ass;(S,) +

ass;(Sg)-

Example. Let P = K[x1,22,...,...,Y1,Y2,...] be a polynomial algebra over a field K in
variables x1,xs,...,Y1,¥2,.... Let R be a K-algebra generated by P and an element a
subject to the defining relations:

ary =0, ax; =xi—1a (1>2), y1a=0, yoa=a(y; +x2), yia =ay;—1 (i > 3).

Then a is a normal element of R (since aR C Ra (as ay; = (y2 — x1)a) and Ra C aR),
hence S, := {a’|i € N} € Ore(R), ass;(S,) = (21, T2,...), ass.(R) = (y1),

ass(S,) = (@1, 22, ..., Y1, Y2, ...) 2 assy(S,) +ass,(S,) and S, 'R~ RS, ~ Kla,a™ ]
(Corollary 1.7.(2,3)).
4. Localization of a ring at an almost Ore set

The aim of this section is to introduce almost Ore sets, to give a criterion for an almost
Ore set to be a localizable set (Theorem 4.1.(1), Theorem 4.2.(2) and Theorem 4.3.(2))
and for each localizable almost Ore set S to give an explicit description of the ideal
assg(S) and of the ring S~'R (Theorem 4.1.(2), Theorem 4.2.(3) and Theorem 4.3.(3)).

Almost Ore sets. Let R be a ring. Recall that a multiplicative set S of R is a left
(resp., right) Ore set if the left (resp., right) Ore condition holds: For any elements s € S
and r € R, there are elements s; € S and 7 € R such that syr = r1s (resp., rsy = sr1).
A left and right Ore set of R is called an Ore set of R.

Definition. Let R be a ring. A multiplicative set S of R is called an almost left (resp.,
right) Ore set of R if the almost left (resp., right) Ore condition holds:
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(ALO) For any elements s € S and r € R there are elements s1,s9 € S and r; € R
such that (s17 — r1s)se = 0.

(ARO) For any elements s € S and r € R there are elements s1,$2 € S and r; € R
such that sy(rs; — sr1) = 0.

Let AOre;(R) and AOre, (R) be the sets of almost left and right Ore sets, respectively.
Elements of the set AOre(R) := AOre;(R) N AOre,(R) are called almost Ore sets.

Clearly, Ore.(R) C AOre,(R) for x € {I,r,0}. Let

LAO;(R) :=L,;(R) N AOre;(R),
LAO,(R) :=L,(R) N AOre,(R),
LAO(R) :=LAO;(R)NLAO,(R) =L(R) N AOre(R).
Elements of the sets LAO;(R) and LAO, (R) are called left localizable almost left Ore

sets and right localizable almost right Ore sets, respectively. Elements of the set LAO(R)
are called localizable almost Ore sets.

Let assLAO.(R) := {assg(S)|S € LAO.(R)}. Then

LAO,(R) = Il LAO.(R )
acass LAO.(R)
where LAO.(R,a) :={S € LAO.(R) |assg(S) = a}. (20)

Clearly, LAOL(R,a) = LAOL(R) N L. (R, a).
Theorem 4.1.(1) is a criterion for an almost Ore set to be a localizable set. It also gives
an explicit description of the ideal assg(S) for each S € LAO(R) (Theorem 4.1.(2b)).

Theorem 4.1. Let R be a ring, S € AOre(R), a; and a, be the ideals of R generated by
the sets ass;(S) = {r € R|sr =0 for some s € S} and ass,(S) = {r € R|rs =0 for
some s € S}, respectively.

1. The following statements are equivalent:
(a) S eL(R).
(b) @i +a, #R.
2. Suppose that a = a; + a, # R. Let R = R/& and S = (S + &)/a. Then
(a) S € Ore(R).
(b) assp(S) = 7 1(a°) where @ : R — R, 1 — 7 = r + & and a° is the ideal in
Theorem 1.6.(1) for the Ore set S € Orey(R), that is a® = {F € R| 57 = 0 for
some elements 5,1 € S}.
(c) Let a = assg(S) and m : R - R:= R/a, r =T =r+a. Then S := n(S) €
Den(R,0).
(d) ST'R ~ §_1E, an R-isomorphism.
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Proof. Recall that a = assg(S) and a(S) is the least ideal of the ring R such that
(S +a(S))/a(S) € Cryacs) (Proposition 1.1.(1)).

(i) @ C a(S) C a: The first inclusion follows from (10) and the second one does from
Lemma 1.2.

1(a=b) If S € L(R) then a # R, and so @ # R, by the statement (i).

1(b=a)

(i) If & # R then S € Ore(R): The statement (ii) follows at once from the conditions
(ALO) and (ARO).

Since each Ore set is localizable, the implication (b = a) follows from the statement
(ii).

2(a) The statement (a) is the same as the statement (ii).

2(b,c,d) The statements (b), (¢) and (d) follow from the statement (a) and Theo-
rem 1.6.(1,2). O

Criterion for an almost left/right Ore set to be a left localizable set. Theorem 4.2 is
such a criterion.

Theorem 4.2. Let R be a ring, S € AOre;(R), a = assg(S), a, be the ideal of R generated
by the set ass,(S) ={r € R|rs =0 for some s € S}. Then

1. S, :=(S+a,)/a. € Ore;(R/a,).

2. SeLy(R) iff Sy € Ly(R/a,) iff 'a(S,) # R/a, iff 'a(S) # R (see Proposition 1.1.(2)
and (11)).

3. Suppose that 'a := 'a(S) # R. Let 'm : R - 'R = R//a, r = 'r = r+'a and
'S ='n(S). Then
(a) 'S € 'Den;('R).
(b) a="n"1(ass;('9)).
(c) ST'R~'S™VR, an R-isomorphism.

Proof. 1. Statement 1 follows at once from the condition (ALO) and the definition of
the ideal a,..

2. Since a, C a(S) C assp(S) (Lemma 1.2), S € L;(R) iff S, € L;(R/a,), by
Lemma 2.1.(1). Recall that S, € Ore;(R/a,) (statement 1). Now, by Theorem 1.5.(1),

S, € Li(R/a,) iff 'a(S,) # R/a,.
Since a, C’a(S), ‘a(S)/a, ='a(S,). Therefore,
'a(S,) # R/a, iff 'a(S) # R.
3. Since 'a # R, the set S, is a localizable left Ore set of the ring R/a,., by statements

1 and 2. Since a, C 'a(S) C a(S)) C assg(9), R(S™!) ~ (R/a,)(S; ') (Lemma 2.1.(1))
and 'a(S)/a, = 'a(S,), statement 3 follows from Theorem 1.5.(2). O
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Theorem 4.3. Let R be a ring, S € AOre,(R), a = assg(S), a; be the ideal of R generated
by the set ass;(S) = {r € R|sr =0 for some s € S}. Then

1. S :=(S+a)/a; € Ore . (R/ay).

2. SelL.(R)iff Sy € L.(R/ay) iff a’(S;) # R/ay iff a/(S) # R (see Proposition 1.1.(3)
and (12)).

3. Suppose that @' := d’(S) # R. Let 7’ : R - R = R/d, r = ' = r+d and
S' =a'(S). Then
(a) S’ € Den.(R').
(b) a=n""1(ass,(9)).
(c) RS™' ~ R'S"~1, an R-isomorphism.

Proof. The proof of the theorem is ‘dual’ to the proof of Theorem 4.2. 0O

Localizable almost Ore sets are perfect localizable sets. Corollary below shows that
localizable almost Ore sets are perfect localizable sets.

Proposition 4.4.

1. LAOy(R) C 'Li(R) C LP(R) and LAO;(R) = 'Li(R) N AOre/(R) = LP(R) N
AOrel(R).

2. LAO,(R) C L/(R) C L2(R) and LAO,(R) = L/.(R) N AOre,(R) = LE(R) N
AOre,(R).

3. LAO(R) C 'Lj, (R) C L?(R).

Proof. 1. Statement 1 follows from Theorem 4.2.(3).
2. Statement 2 follows from Theorem 4.3.(3).
3. Statement 3 follows from statements 1 and 2. O

5. Classification of maximal localizable sets and maximal Ore sets in semiprime Goldie
ring

The aim of this section is to classify the maximal Ore sets in a semiprime Goldie ring
(Theorem 1.11.(1)). One of the key results that is used in the proof of Theorem 1.11 is
Theorem 5.2. The concept the maximal left denominator set of a ring was introduced
and studied in [3].

Lemma 5.1. Let R be a ring and S € Ore(R). For any elements s,t € S, there is an
element v € S such that v = x1s = xot = sy; = tys for some elements x;,y; € R for
i=1,2.

Proof. Since S € Ore;(R), s1s = rit for some elements s; € S and r; € R. Since
S € Ore,(R), ssg = try for some elements sy € S and r2 € R. Then v = ssgs1s € S and
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v==5"(82818) = 88281 - S =1 79818 = 8871 - T,
as required. O

Theorem 5.2. Let R be a semiprime left Goldie ring. Then Cr Nassr(S) = 0 for all
S € Ore(R).

Proof. The ring R is a semiprime left Goldie ring. By Goldie’s Theorem, its classical left
quotient ring Q = Q4 (R) = CglR is a semisimple Artinian ring, @ =[]}, Q; where
Q; are simple Artinian rings. The map

U:R%Q:HQ“ r»—)%z(rl,...,rn)

i=1

is a ring monomorphism. We identify the ring R via o with its image in Q. So, r = 7 =

(ri,...,m) where r; = T € Q;.

Suppose that Cr Nassg(S) # 0 for some S € Ore(R), we seek a contradiction. Fix an
element ¢ € Cr Nassg(S). By Theorem 1.6.(1),

sct =0
for some elements s,t € S. By Lemma 5.1, we can assume that s = ¢, i.e., scs = 0, i.e.,
Q; 3 sicis; =0forall i =1,...,n where s = (s1,...,8,) and ¢ = (¢1,...,¢y,). Clearly,
c; €Q) foralli=1,...,n. Hence,
si ¢ Q) forall i=1,....n

(since s;¢;s; = 0). The ideal of R, a; = ass;(S), is a nonzero ideal (since s-cs = 0 and
0 # cs € ;). The ring Q is a left Noetherian ring. Hence Cglal is an ideal of Q. If s;, =0
then Cglal N Q; = Q;. Suppose that s; # 0. Then 0 # ¢;s; € Cglal N Q;, and so

0#CrlaNQi =Q

since @Q); is a simple ring. Therefore, Cglal NQ;=Q; foralli=1,...,n, and so

Cplay = HQi =Q
i=1

Hence, Cg Na; # 0. Fix an element a € Cg N ;. Then s'a = 0 for some s’ € S (since
a € a; = assy(S)) but a € Cg, hence 0 = ¢’ € S, a contradiction. O

Classification of maximal Ore sets of a semiprime Goldie ring.

Proof of Theorem 1.11. 1. By [4, Theorem 4.1],
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max Den(R) = {C(p) | p € min(R)}.
By Theorem 1.12,
{C(p)|p € min(R)} =N, for = e {l,r,0}.

To finish the proof of statement 1 it suffices to show that every Ore set S of the ring R
is contained in a maximal denominator set.
The ring R is a semiprime Goldie ring. The left and right quotient ring of R,

Qa(R) =Cr'R~ Ry ~ [[ @
1=1

is a product of simple Artinian ring Q;. Let a = assg(S). By Theorem 5.2,

Crla#Q.
Hence, up to order, Cgla = H?:m—&-l Q; for some m such that 1 < m < n. We have ring
homomorphisms
m
c:R5 Rja5Crl'(R/a) ~Q = HQ’
i=1
where o = 77, m(r) =T := r+a and 7(7) = L. The homomorphism 7 is an epimorphism

and the homomorphism 7 is a monomorphism. Let S = 7(S). By Theorem 1.6.(2),
S € Den(R/a,0).

In particular, S C @X. Therefore, 01(S) C Qf where 1 : R — Q — Q1 where the first
map is r — 7 and the second is the projection onto (1. Therefore,

S Cor Q).
By the explicit description of the set max Den(R) at the beginning of the proof,
o7 HQF) € max Den(R),
as required.
2. In view of the first equality in statement 1, statement 2 is [4, Theorem 4.1.(2d)].

3. In view of the first equality in statement 1, statement 3 is [4, Theorem 4.1].
4. In view of the first equality in statement 1, statement 4 is [4, Theorem 4.1.(2¢)]. O
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6. Localization of a module at a localizable set

The aim of the section is to introduce the concept of localization of a module at a
localizable set and to consider its basic properties.

Definition. Let R be a ring, S € L.(R,a) where x € {[,0} and M be a left R-module.
Then the left S~!R-module

STIM:=S'Reop M

is called the (left) localization of M at S. If S € L,(R,a) where x € {r,(} and M be a
right R-module. Then the right RS~!'-module

MS™:=M®p RS~
is called the (right) localization of M at S.
We consider the case when * € {[,0} and M is a left R-module. By the very definition,
S~IM is a left S~!'R-module. The elements of the S~'R-module S™!M are denoted by

s7tm. In particular, s 'r®@m=s"trmfor s € S, r € Rand m € M, and T=1@m.
The map

iM:M—>SflM, m—1®m
is an R-homomorphism.

Proposition 6.1. Let R be a ring, S € L.(R,a) where x € {l,0}, M be an R-module, and
ing: M — ST'M, m~— 1®m. Then

1. S7'M ~ §_1(M/aM) where S := (S + a)/a € Deny(R,0) and R = R/a (Theo-
rem 1.5.(1)).

2. Let M be an S~'R-module and f : M — M be an R-homomorphism. Then there is
a unique S~ R-homomorphism S™'f : STIM — M such that f = S f oipy.

3. tg(M) :=ker(ipy) ={m € M |sm € aM for some s € S}.

Proof. 1. Let M = M/aM. Then S~*(aM) = ST'R®r aM = S~'Ra®pr M = 0, and
S0

SM=8'"M=S'ReorM~S RezM=5 M.
2. The R-homomorphism f : M — M determines a ring homomorphism

R — Endz (M), r— (m— rm).
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The images of the elements of the set S in Endz (M) are units. Now, statement 2 follows
from Theorem 1.3.(4).
3. Statement 3 follows from statement 1. O

For a ring R, let R — mod be the category of left R-modules. By Proposition 6.1.(1),
the localization at S functor,

S™1:R—mod - S™!R—mod, M~ S™'M,
is the composition of two right exact functors

S1=5 "o (R/a®r ). (21)

Therefore, the functor S™! is also a right eract functor for all S € L.(R): Given a
short exact sequence of R-modules 0 — M; — My — M3 — 0, then the sequence of
S~!R-modules

0— §7l(M1 NaMy/aM;) — S~ My — S~ My — S™'Ms — 0 (22)
is exact. Notice that
My NaMy/aMy ~ My N (aMs/aMy).
An R-module M is called S-torsion (resp., S-torsionfree) if ST*M = 0 (resp., ts(M) =
0, i.e., the map ips : M — S™'M, m + 1 ® m is an R-module monomorphism). Let

fs(M) = im(ipr), the image of the map iy, and we have a short exact sequence of
R-modules

0= ts(M) = M — js(M) — 0. (23)
Clearly, aM C tg(M),
ts(M)/aM = torg(M) := {m € M |sm =0 for some element 3 € S}
where M = M/aM and
fs(M) = M/ts(M) ~ (M/aM)/(ts(M)/aM) =~ M [torg(M).

By taking the short exact sequence (23) modulo aM, we obtain a short exact sequence
of R-modules

0 — torg(M) — M — M /torg(M) — 0. (24)

Lemma 6.2. Let R be a ring, S € L.(R, a) where * € {l,0} and M be an R-module. Then
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1. tsfs(M) =0 and so the R-module fs(M) is S-torsionfree.
2. fsfs(M) = fs(M).

0.

Proof. 1. tgfs(M) = ts(M /torg(M)) = torg(M /torg(M)) =
= 0, by statement 1. O

2. fsfs(M) ~ fs(M)/tsfs(M) = fs(M) since tsfs(M)
Theorem 6.3 is a criterion for the functor S=1: M — S~1M to be exact.

Theorem 6.3. Let R be a ring, S € L.(R,a) where x € {I,0}, R = R/a and S :=
(S+a)/a. The functor S~1 is exact iff for all R-modules My and My such that My C M,
the R-modules My N aMs/aM; is S-torsion.

Proof. The theorem follows from the exact sequence (22). O

Corollary 6.4. Let R be a ring, S € L.(R,a) where * € {I,0}, R = R/a and S :=
(S + a)/a. If the functor S™! is evact then the R-module a/a® is S-torsion (recall that
S € Deny(R,0), by Theorem 1.3.(1)).

Proof. Applying Theorem 6.3 to the pair of R-modules M; = a C Ms = R, we conclude
that the R-module (M; N aMs)/aM; = a/a? is S-torsion. 0O

For an R-module M and S € L.(R,a), we have a descending chain of R-modules
ts(M) 2 (M) 2+ 2 t4(M) 2 -+
where t4(M) = tsts-- - tg(M), n times.

7. Examples

In this section, we consider several examples and present explicitly some of the con-
cepts that are introduced in the paper.

The algebras S,, n > 1, of one-sided inverses. Let K be a field and K* be its group
of units, and P, := K|[z1,...,x,]| be a polynomial algebra over K.

Definition (/1]). The algebra S,, of one-sided inverses of P, is an algebra generated over
a field K by 2n elements x1, ..., %y, Y1, - .-, Y, that satisfy the defining relations:

yizr = =yprn =1, [z, y;] = [z, 23] = [yi,y;] = 0 foralli # j,
where [a, b] := ab — ba, the commutator of elements a and b.

Let us recall some results of [1] that are used in proofs below. By the very definition,
the algebra S,, is obtained from the polynomial algebra P, by adding commuting, left
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(or right) inverses of its canonical generators. The algebra S; is a well-known primitive
algebra [9], p. 35, Example 2. Over the field C of complex numbers, the completion of the
algebra S; is the Toeplitz algebra which is the C*-algebra generated by a unilateral shift
on the Hilbert space [2(N) (note that y; = x7). The Toeplitz algebra is the universal
C*-algebra generated by a proper isometry.

Clearly, S, = SP" and S; = K{z,y|yr = 1) = D, ;>0 Kz'yl. For each natural
number d > 1, let My(K) := @i;io KE;; be the algebra of d-dimensional matrices
where {E;;} are the matrix units, and Moo (K) = lim My(K) = €D, jon K Ei; be the
algebra (without 1) of infinite dimensional matrices. The algebra S; contains the ideal
F =@, jeny KEij, where

Eiji=a'y! —ahy T i >0 (25)
For all natural numbers 4, j, k, and [, E;; Ey = 0, E; where §;;, is the Kronecker delta

function. The ideal F' is an algebra (without 1) isomorphic to the algebra M. (K) via
Eij — Ezg For all Z,] >0,

eEij =Fi1;, yEijj=Ei_1; (E_1;:=0), (26)
Eijx = Ei,j—17 Eijy = Ei,j+1 (Ei,—l = 0) (27)
S1 =K@ zK[z]|®yKly| @ F, (28)

the direct sum of vector spaces. Then
Si/F~Klz,2 | =L, x—x, yrsa ' (29)

sinceyr =1, zy =1 — Eyg and Eyg € F.
Lemma 7.1 is used in the proof of Proposition 7.2.

Lemma 7.1. Let R be a ring, a be an ideal of R, and 7 : R — R := R/a, r — r + a.
Suppose that S is a multiplicative set in R such that S := w(S) € Den.(R,b) and
a C ass,(S) where * € {l,r,0}. Then S € Den,(R,b) where b = 7~1(b).

Proof. We prove the lemma for * = [. The other two cases can be proven in a similar
way. For each element r € R, let 7 = 7(r).

(i) S € Ore;(R): Given elements s € S and r € R. Then 5 € S and 7 € R. Since S is
a left Ore set in R, 517 = 75 for some elements s; € S and r; € R. Hence,

a:=81r—"risea.

Since a C ass;(S), we can choose an element, say s € S, such that 0 = sga = sos17 —
sar18, and the statement (i) follows.
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(ii) ass;(S) = b: Given an element b € b. Then b € b, and so 3b = 0 for some element
s € S (since S € Den;(R,b)). Hence, sb € a, and so tsb = 0 for some element t € S
(since a C ass;(S5)). Therefore, b € ass;(S) and b C ass;(.5).

Conversely, given an element a € ass;(S). Then sa = 0 for some element s € S. Then
3a =0, and so @ € b and a € b. Therefore, b D ass;(S), and the statement (ii) follows.

(iii) S € Den;(R,b): In view of the statements (i) and (ii), we have to show that if
as = 0 for some elements @ € R and s € S then a € b. Clearly, @5 = 0, and so @ € b.
Hence, a € 7~1(b) = b, as required. O

The algebra S,, admits the involution
U:Sn_)Sny Ti = Yiy Yi > T, izlv"'a”)
i.e., it is a K-algebra anti-isomorphism (n(ab) = n(b)n(a) for all a,b € S,,) such that
n* =ids,, the identity map on S,,. So, the algebra S,, is self-dual (i.e., it is isomorphic
to its opposite algebra, n : S, ~ S2). This means that left and right algebraic properties

of the algebra S,, are the same.
Let a, := (151 — 1,...,2pyn — 1), an ideal of S,,. By [1, Eq. (19)], the factor algebra

Sn/an = Ly :K[xfl,...,xil]

is the Laurent polynomial algebra. Clearly, L} = {Az* |\ € K*,«a € Z"} where z* =
it x2n. Let

c:S, = Ly, a—~a+a,.

Proposition 7.2. Let X = (x1,...,2,) andY = (y1,...,yn) be multiplicative submonoids
of (Sn,-) that are generated by the elements in the brackets. Then

1. Y € Deny(Sy, a,) and Y 1S, = L,.
2. X € Den,(S,,a,) and S, X! = L,.

Proof. Recall that S,, = S?". By [1, Eq. (19)], ap, =p1+-+-+p; + -+ + p, where
p1 :F®Sn_1,...,pi:Si_1®F®Sn_i,...,pn:Sn_1®F.

By (26), p; C ass;(S;) where S; = {yf |7 >0} CY. Hence, a,, C ass;(Y). Notice that
Y € Deny(L,,0). By Lemma 7.1, Y € Den,(S,, a,). Now,

YIS, ~Y S, /a,) =YL, = L,.

2. By applying the involution 7 of the algebra S,, to statement 1 we obtain statement
2 (since n(a,) =a,, n(Y)=X and n(X)=Y). O
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For the algebra S,, and its multiplicative set Y, Lemma 7.3 presents explicitly all the
ingredients of Proposition 1.1 and Theorem 1.3.

Lemma 7.3.

1. Y € Ore(S,) and Y ¢ Den,(S,), Y C'Cs, , ass;(Y) = a,, and ass,(Y) = 0.
2. The ideals a(Y) =a(Y) = a,, and 'a(Y’) =0 (see Proposition 1.1).
3. We keep the notation of Theorem 1.5. Then for all x € {l,r,0},

(a) Y € Lu(Sp,a), a=a,, and Y'S, ~S, Y1~ L,,

(b) §,L i=Sn/a = Sn/tn = Ln,

(¢) Y =Y € Den,(S,,0).

Proof. 1. The equalities y;2; = 1, ¢ = 1,...,n, imply that y; € 'Cs,, and so Y C 'Cs, .
Hence, ass,(Y) = 0. By Proposition 7.2.(1), ass;(Y) = a,. Hence, Y ¢ Den,(S,) (since
0+#a, =ass;(Y) € ass,(Y) = 0).

By Proposition 7.2.(1), Y € Ore;(S,,). To finish the proof of statement 1, it remains
to show that Y € Ore,(S,). Since S,, = S?’ﬂ it suffices to prove the statement for
n =1, that is Y = {y*|i > 0}, we drop the subscript ‘1. The algebra S; is generated
by the elements x and y, and Y = {y*|i > 0}. So, it suffices to check that the right Ore
condition holds for the elements x € S; and y € Y, i.e. to prove that there are elements
a € S; and y* such that xy’ = ya. It suffices to take i = 2 and a = 1 — Ey;:

zy? = (1— (1—2y))y = (1 — Ep)y =y — Enn = y(1 — Eny).

2. By statement 1, Y C ‘Cs , and so ‘a(Y) = 0. By Proposition 7.2.(1), ¥ €
Den;(Sy,a,). Hence, a(Y) = a,. On the one hand, a(Y)" C a(Y) = a,, by Proposi-
tion 1.1.(3). On the other hand, a,, C a(Y)’, by (26). Therefore, a(Y) = a,,.

3. The case x = [ follows from the fact that Y € Den;(S,, a,) (Proposition 7.2.(1)).
It suffices to consider the case where x = r. By statement 1, ass;(Y) = a,. Clearly,
ass;(Y) C assg(Y). Since S,,/ass;(Y) = S, /a, = L, and the elements of the set Y are
units in the Laurent polynomial ring L,,, we have that assg(Y) = a,, Y € L,.(S,,a,)
and S,Y ! ~ L,,. Now statements (b) and (c) follow. 0O

For the algebra S,, and its multiplicative set X, Lemma 7.4 presents explicitly all the
ingredients of Proposition 1.1 and Theorem 1.3.

Lemma 7.4.

1. X € Ore(Sy) and X ¢ Den(S,), X C Cg , ass,(X) = a,, and ass;(X) = 0.
2. The ideals a(X) ='a(X) = a,, and a(X)' =0 (see Proposition 1.1).
3. We keep the notation of Theorem 1.3. Then for all x € {I,r,0},

(a) X € Ly(Sp,a), a=a,, and X7 'S, ~S, X' ~L,,
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2]

(b)
()

n:=Sp/a=S,/a, = Ly,
= X € Den,(S,,0).

>

Proof. Since n(Y) = X and n(a,) = a,, the lemma follows from Lemma 7.3. O

Localization of a ring at the powers of a normal non-nilpotent element. In commuta-
tive algebra and algebraic geometry a localization of a commutative ring at the powers
of a non-nilpotent element plays a prominent role in many proofs. An analogue of this
situation for a noncommutative ring is a localization of a ring at the powers of a normal
non-nilpotent element, see Lemma 7.5 for details.

Let R be a ring and « € R be a normal non-nilpotent element (Rz = xR and % # 0
for all i > 1). Then S, := {z|i € N} is an Ore set.

Lemma 7.5. We keep the notation of Theorem 1.0. Let R be a ring, x € R be a normal
non-nilpotent element, and S, := {x'|i € N}.

1. a=a(S,) =assg(S:) = {r € R|z'rz7 =0 for some 4,j > 0}.

2. Letm:R— R:=R/a, r—7=r+a. Then S, :=n(S,) € Den(R,0), S, € L(R,a),
and S; 'R ~ S_m_lﬁ, an R-isomorphism.

3. Let b be an ideal of R and 7t : R — R := R/b, r — vt =1 4+ b. If 2' € Ct then
a C b and the map

S_m_lﬁ — S;lRT, T :L'TiirT

is a ring epimorphism.

4. Let f : R — Q be a ring homomorphism such that f(x) € Q* and the ring Q is
generated by f(R) and f(x)~'. Then
(a) a Cker(f) and the map

5, R—Q, =T fa) " f(r)

is a ring epimorphism with kernel E_l(ker(f)/a).
(b) Let R = R/ker(f) and7: R — R, r — r+ker(f). Then S, := 7(S;) € Den(R,0)
1

and :S:;i R~ Q, an E—z’somorphism.

Proof. 1. Statement 1 follows from Theorem 1.6.(1,2) where S = S,.
2-4. Statements 2—4 follow from Theorem 1.6.(2)-Theorem 1.6.(4), respectively. 0O

Localization of a ring at the powers of a normal nonzero idempotent element. If, in
addition, the above element z is an idempotent we can find ingredients of Lemma 7.5
explicitly, see the corollary below.
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Corollary 7.6. We keep the notation of Lemma 7.5. Let R be a ring, x € R\{0} be a
normal idempotent, and S, := {z*|i € N} = {1,z}.

1. R=xzRzx x (1 —x)R(1 —x) is a direct product of rings and a = a(S,) = assg(Sz) =
(1-2)R(1 —=x).
2. S;'R~R/(1 —2)R(1 —z) ~ zRx.

Proof. 1. The elements of R, e; = = and e; = 1 — z, are orthogonal idempotents
(erea = ege; = 0) such that 1 = ey + eo. Hence, the ring R is canonically isomorphic to
the matrix ring

Rll R12 o A o
<R21 R22) where R;; =e;Re; for i,j =1,2,

and each element r € R is identified with the matrix

T11 T12 ..
where r;; = ¢e;re; for 4,7 =1,2.
<,,,21 7”22) ij il'Cj ) )

Since the element z is a normal idempotent of R, R13 = zR(1 —x) = Rz(l —z) = 0 and
Ro1 = (1 —x)Rz) = (1 — x)zR = 0. Therefore, the ring R = xRz x (1 —z)R(1 —z) is a
direct product of rings. Statement 1 follows from Lemma 7.5.(1).

2. Statement 2 follows from statement 1 and Lemma 7.5.(2). O
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