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1 | INTRODUCTION

Under the Langlands correspondence, where automorphic representations of GL,, should cor-
respond to n-dimensional Galois representations, cuspidal automorphic representations should
correspond to irreducible Galois representations. More generally, one expects that the image of an
automorphic Galois representation should be as large as possible, unless there is an automorphic
reason for it to be small.

In this paper, we study the images of Galois representations attached to low weight, genus 2
Siegel modular forms. These automorphic forms are the genus 2 analogues of weight 1 modular
forms, and are of particular interest due to their conjectural relationship with abelian surfaces.
Our main result is the following theorem:

Theorem 1.1. Let 7 be a cuspidal automorphic representation of GSp,(Aq) such that 7, is a holo-
morphic discrete series or limit of discrete series representation. Assume that the weak functorial lift
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under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided
the original work is properly cited.
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of m to GL, exists and is cuspidal. Let E be the coefficient field of m. For each prime A of E, of residue
characteristic ¢, let

Py Gal(Q/Q) — GSp,(E;)

be the A-adic Galois representation associated to 7. Then:

() Ifp;lg, isde Rham, and if ¢ > 5, then p, is irreducible.
(i) p;lq, iscrystalline for all A | ¢ for a set of primes ¢ of Dirichlet density 1.

In particular, p; is irreducible for all 2 | ¢ for a set of primes ¢ of Dirichlet density 1.

The automorphic representations 7 in the statement of the theorem are exactly those that arise
from classical genus 2 vector-valued Siegel modular forms. The assumption that the functorial
lift is cuspidal amounts to demanding that 7 arises from a Siegel modular form that is not CAP
or endoscopic; in these cases, the associated Galois representation is known to be reducible. In
general, the existence of this lift follows from Arthur’s classification [2]; see Section 2.4 for fur-
ther discussion.

Beyond irreducibility, we also prove a big image theorem for the images of the mod A represen-
tations attached to 7:

Theorem 1.2. Let 7 be a cuspidal automorphic representation of GSp,(Aq) such that 7, is a holo-
morphic discrete series or limit of discrete series representation. Assume that the weak functorial lift
of m to GL, exists and is cuspidal. Let E be the coefficient field of 7. For each prime A of E, of residue
characteristic ¢, let F; = O /A and let

P, : Gal(Q/Q) — GSp,(F;)

be the mod A Galois representation associated to 7. Let L be the set of primes A of E for which p; |q,
is crystalline. Then,

(i) for all but finitely many primes A € L, p, is irreducible;
(ii) if  is neither an automorphic induction nor a symmetric cube lift, then, for all but finitely many
primes A € L, the image of p, contains Sp,(F,).

The corresponding results for elliptic modular forms were proven by Deligne-Serre, Ribet and
Momose [12, 32, 39, 41]. For high weight Siegel modular forms, irreducibility for all but finitely
many primes follows from the work of Ramakrishnan [38], while the analogue of Theorem 1.2
follows from [5, Prop. 5.3.2] and from the work of Dieulefait-Zenteno [16], but only for a set of
primes A of residual Dirichlet density 1. Conjecturally, p; should be irreducible for all primes 4,
and p; should be irreducible for all but finitely many primes 4. Since, in the high weight case, the
set £ contains all but finitely many primes, Theorem 1.2 gives an improvement on existing results
even in the cohomological case.

These previous results depend crucially on the facts that the associated Galois representations
are geometric, satisfy the Ramanujan conjectures and, in the high weight Siegel modular form
case, are Hodge-Tate regular. All other recent results proving the irreducibility of automorphic
Galois representations rely on these inputs [5, 9, 35, 38, 53].
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360 | WEISS

The novelty of this paper is that we prove a big image theorem in a situation where these key
inputs are not available. In the case of low weight Siegel modular forms, the Hodge-Tate-Sen
weights of p, are irregular, purity is an open problem and, a priori, crystallinity is not known.
Indeed, a priori, we do not even know that p, is Hodge-Tate.

1.1 | Methods

Our proof of Theorem 1.1 proceeds in two steps. First, in Theorem 4.1, we prove, with no assump-
tions on the prime A, that either p, is irreducible or it decomposes as a direct sum of two irre-
ducible two-dimensional representations that are Hodge-Tate regular and odd. Our key input is
Theorem 4.2, which demonstrates that, in many cases, the Jacquet-Shalika bounds [24], can be
used to rule out the existence of certain subrepresentations. These bounds are weaker than those
predicted by the generalised Ramanujan conjecture, and are known in general for cuspidal auto-
morphic representations of GL,,,

If these two-dimensional subrepresentations of p; were modular, then a routine L-functions
argument would lead to a contradiction. By recent work of Pan [33], these representations are
modular if they are de Rham and if # > 5, but, a priori, these representations need not even be
Hodge-Tate. On the other hand, a criterion of Jorza [25] shows that, if 77 is unramified at # and if
A | ¢, then p; is crystalline if the four Satake parameters of 7z, are distinct.

Our second step is to observe that Jorza’s criterion can be translated into a condition on the
image of p; for a single prime A. Indeed, for all unramified primes p # ¢, the Satake parameters
of 7, are (up to normalisation) exactly the eigenvalues p;(Frob p). Combining work of Rajan [37]
with the restrictions on the decomposition of p; proven in Theorem 4.1, we prove that the char-
acteristic polynomial of p,(Frob),) has distinct roots for a set of primes p of Dirichlet density 1.
Thus, p;, is crystalline for all 4 | £ for a set of primes ¢ of Dirichlet density 1, and we can apply
Pan’s result to reach a contradiction.

This distinctness of Satake parameters is a key input in the proof of Theorem 1.2. Indeed, in
Lemma 7.3, we use it to prove that p; cannot have an even two-dimensional subrepresentation
for infinitely many A4 € L. In the cohomological case, this argument allows us to strengthen the
result of [16] to apply to all but finitely many primes, rather than just a density 1 set of primes.

1.2 | The structure of this paper

In Section 2, we review key properties of automorphic representations of GSp,(Ag). In particular,
we define holomorphic (limit of) discrete series representations in terms of their L-parameters,
and we discuss the transfer map from GSp, to GL,. In Section 3, we survey existing results on the
construction of Galois representations associated to Siegel modular forms. In addition, we prove
that, for low weight forms, the Galois representations are symplectic.

In Section 4, we prove Theorem 4.1 and the key input Theorem 4.2. In Section 5, we use the
results of Section 4 to prove that the Satake parameters of 77, are distinct for a set of primes p
of Dirichlet density 1. Applying a theorem of Jorza [25], we deduce that p; is crystalline for all
primes A |  for a set of primes # of Dirichlet density 1. Using this result, in Section 6, we apply
a recent result of Pan [33] to complete the proof of Theorem 1.1. Finally, in Section 7, we prove
Theorem 1.2.
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2 | AUTOMORPHIC REPRESENTATIONS OF GSp4(AQ)

In this section, we review aspects of the local and global theory of automorphic representations
of GSp,(Ag)-

Definition 2.1. For aringR, let
GSp4(R) = {y € GL4(R) : y'Jy =vJ, v € R*},

where

o

I

—
S O = O
S O O

For y € GSp4(R), the constant v is called the similitude of y and is denoted sim(y). Let Sp,(R) be
the subgroup of elements for which sim(y) = 1.

2.1 | Archimedean L-parameters

If 7 is a cuspidal automorphic representation of GSp,(Agq), then 7 can be decomposed as a
restricted tensor product 7 = ®’ 7,, with each 7, an admissible representation of GSp4(Qp).
Throughout this paper, 7 will denote a unitary cuspidal automorphic representation of GSp,(Aq)
whose archimedean component 7z, is a holomorphic discrete series or limit of discrete series rep-
resentation. In this subsection, we define these representations via their associated L-parameters.
Our exposition follows [31, § 3.1].

Let W = C* denote the Weil group of C and let Wy be the Weil group of R. Then

Wgr = C*uCYj,
where j2 = —1 and jzj~! = z for z € C*. We define a map
|1 Wy — R

by sending z € CX to zz = |z|? and j ~ —1. This map induces an isomorphism Wl‘;b ~ R*.

211 | L-parameters for GL,(R)

We begin by defining the L-parameters that correspond to the discrete series and limit of discrete
series representations of GL,(R). Let w, n be integers, withn > 0 andn = w + 1 (mod 2). Define

¢(w;n) : WR - GLZ(C)
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362 WEISS

for z € C*

—w( (/2"
z+ |zl < (Z/E)-”/2>

j (1(—1)” )

Here, if z = re’® € C*, then we let (z/z)"/> = ¢"®. When n > 1, ¢, corresponds to the
weight n + 1 discrete series representation of GL,(R) with central character a — a™%, fora € R*.
When n =0, ¢, ,y corresponds to the limit of discrete series representation of GL,(R) with
central character a — a™*. The parity condition on w ensures that, in both cases, ¢, ) is the
archimedean L-parameter attached to a classical modular form of weight n + 1.

212 | L-parameters for GSp,(R)

Next, we define the L-parameters whose L-packets contain the (limit of) discrete series represen-
tations of GSp,(R). For integers w, m;, m,, with m; > m, > 0and m; + m, = w +1 (mod 2), we
define an L-parameter

¢(w;m1,m2) : WR - GSp4(C)

by

(Z/E)(m1+m2)/2
: (z/Z) =2
z|z|™" (z/E)‘(’"l‘mz)/z

(Z/E)—(m1+m2)/2

for z € C%, and

j = (_1)m1+m2

(_1)m1 +my

The image of ¢, m,) lies in GSp,(C) and has similitude character given by

z s |z|7

j — (_l)w — (_1)m1+m2+1.

If we compose @, ,m,) With the inclusion GSp,(C) < GL,(C), the resulting representation of
Wy is isomorphic to the direct sum ¢, 1, 4m,) D P(w; m, —m,) Of parameters of discrete series rep-
resentations of GL,(R).

The L-packet corresponding to ¢y, y, m,) has two elements:

H w
T T .
{ (w; my,my)’ (w;ml,mz)}
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Both 7/ and 7% have a central character given by a —» a% fora € R*. Whenm, >
(w; my,my) (w; my,m,) o

1 they are (up to twist) discrete series representations: T ey )
s My, my
and n(‘fu. momy) isa generic discrete series representation. When m, = 0, 7
sMmMy,my
limit of discrete series and 7"
(w; my,0

is a holomorphic discrete series

H
(w; my,0)

is a generic limit of discrete series representation.

is a holomorphic

)

2.2 | The ‘weight’ of a holomorphic (limit of) discrete series
representation

The Blattner parameter (k;,k,) of the holomorphic (limit of) discrete series representation
o is defined to be
(w; my,m,)

k1:m1+1, k2:m2+2.

If 7 is the automorphic representation corresponding to a classical Siegel modular form of weight
(ky, k,) — that is, a vector-valued Siegel modular form with weight Sym*1=%2 det*> — then 7 is
a holomorphic (limit of) discrete series representation with Blattner parameter (k,, k,). Hence, if
7 is a cuspidal automorphic representation of GSp,(Aq) such that 7, is a holomorphic (limit of)
discrete series representation, then we refer to the Blattner parameter (ky, k) of 7, as the weight
of 7.

We say that 7 is cohomological or has high weight if k, > 3. If k, = 2, then we say that 7 is non-
cohomological or has low weight. Cohomological automorphic representations can be realised in
the étale cohomology of a local system on a suitable Shimura variety, while non-cohomological
automorphic representations can only be realised in coherent cohomology.

2.3 | Other non-degenerate limits of discrete series for GSp,(R)

Finally, for completeness, we note that there is another L-packet of non-degenerate limits of dis-
crete series. Following [42], if m is a positive integer, then this L-packet corresponds, up to twist,
to the L-parameter Wi — GSp,(C) that sends

(z/2)"? 1

2/ L

If 7 is a cuspidal automorphic representation of GSp,(Ar), whose archimedean components
are all either discrete series or non-degenerate limits of discrete series, then, by [20, Thm. 10.5.1],
we can attach Galois representations to 7z. Assuming local-global compatibility results for these
Galois representations as in Theorem 3.3, it is likely that the arguments of this paper can be
extended to prove a big image theorem for these Galois representations.
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364 | WEISS

2.4 | The transfer map

The principle of Langlands functoriality predicts that there is a global transfer map from automor-
phic representations of GSp, to automorphic representations of GL,. Indeed, “GSp, = GSp,(C)
and *GL, = GL,(C), and the existence of the embedding GSp,(C) < GL,(C) of L-groups means
that there should be a corresponding lifting of automorphic representations. This lifting should
be compatible with the local Langlands correspondence: if an automorphic representation 7 of
GSp,4(Aq) lifts to an automorphic representation IT of GL4(Ag), then, for almost all primes p, the
Weil-Deligne representation

W, X SLy(C) = GL,(C)

corresponding to IT, via the local Langlands correspondence for GL, should be isomorphic to the
Weil-Deligne representation

W, X SL(C) — GSp,(C) = GL,(C)

corresponding to 7, via the local Langlands correspondence for GSp,. Moreover, an automorphic
representation IT should be in the image of this lifting if and only if it is of symplectic type, that is, if
there is a Hecke character y such that IT = ITV ® y and the partial L-function L*( /\2 Iy 1's)
(which exists by [27]) has a pole at s = 1.

This lifting has been achieved for globally generic cuspidal automorphic representations of
GSp,(Aq) by Asgari-Shahidi [4]. However, the automorphic representations that correspond to
Siegel modular forms are not globally generic: their archimedean components are holomorphic
(limit of) discrete series representations, which are not generic.

If 7 is cohomological, then Weissauer [52, Thm. 1.1] has shown that 7 is weakly equivalent to
a globally generic automorphic representation of GSp4(Aq). Combined with the result of Asgari-
Shahidi, we obtain a weak lift of 7 to GL,. In particular, the results of this paper apply uncondi-
tionally to cohomological Siegel modular forms.

More generally, the existence of a lift to GL, follows from Arthur’s endoscopic classification
[2]. Indeed, the case of PGSp,, that is, where 7 has trivial central character, has been spelled
out in detail in [1], and this work has been generalised by Gee-Taibi [19] to cover all automorphic
representations of GSp,. However, these works are all dependent on several papers that have been
announced, but have yet to appear: see the discussions in [19, p. 3] and in [31, p. 527].

3 | GALOIS REPRESENTATIONS ASSOCIATED TO SIEGEL
MODULAR FORMS

In this section, we review the construction of Galois representations associated to Siegel modular
forms. In Sections 3.1 and 3.2, we discuss the construction of Galois representations in the coho-
mological and non-cohomological cases. In Section 3.3, we prove that, in the non-cohomological
case, the Galois representations are symplectic.
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ON THE IMAGES OF GALOIS REPRESENTATIONS 365

3.1 | The case of cohomological weight

We review the construction of Galois representations attached to high weight Siegel modular
forms.

Theorem 3.1. Let 7 be a cuspidal automorphic representation of GSp4(Aq) of weight (ky, k), ky >
k, = 3. Let S denote the set of primes at which r is ramified. Let E denote the coefficient field of
7. Then, for every place A1 of E, of residue characteristic ¢, there exists a continuous, semisimple,
symplectic Galois representation

Pyt Gal(Q/Q) — GSpy(E;)

that satisfies the following properties:

(i) The representation is unramified at all primes p & S U {¢}.
(ii) The similitude character sim p; is odd and p; =~ ,oX ® sim p,, where pZ is the dual represen-
tation.
(iii) The representation p 1lq, is de Rham for all primes A, and crystalline if & S.
(iv) Local-global compatibility is satisfied up to semisimplification: for any prime p # ¢,

(3—k1—k2)/2)55

WD(pllQp)ss =~ rec,(7, ® |sim|,

where rec, denotes the local Langlands reciprocity map [18].
(V) The set of Hodge-Tate weights of pylq, is{0,k; —2,ky —1,k; + k; — 3}.
Moreover, if 7 is not CAP (that is, of Saito-Kurokawa type), then p;, satisfies the following

Stronger properties:
(vii) Local-global compatibility is satisfied up to Frobenius semisimplification: for any prime p #
f:
WD(:OMQP)F'SS = rec, (7, ® | sim |;3—k1—k2)/2).

(viii) The representation p; is pure of weight k, + k, — 3. In particular, if p & SU{¢} and ifa € C
ky+ky—3
is a root of the characteristic polynomial of p;(Frob,), then |a| = p =

Finally, if 7 is neither CAP nor endoscopic and if £ > 5, then p;, is irreducible.

Remark 3.2. If p ¢ SU{Z}, a, is the (suitably normalised) eigenvalue of the Hecke operator T,
and y is the Galois character associated to the central character of 7z, then condition (iv) implies
that

Trp,l(Frobp) =ap, simp; = )(el;l+k2_3,

where ¢, is the #-adic cyclotomic character.
Proof. When 7 is CAP or endoscopic, the construction of p,; follows from the construction of

Galois representations for elliptic modular forms. A discussion of these cases is given in [31, pp.
537-538]. In these cases, p; is reducible.
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366 | WEISS

When 7 is of general type (type (G) in the notation of [43]), there are two different constructions
of the compatible system of 1-adic Galois representations attached to 7:

* The original construction, due to Laumon [29] and Weissauer [51], builds on previous work
of Taylor [46], and works directly with a symplectic Shimura variety. The Galois representa-
tions are constructed from the étale cohomology of Siegel threefolds. The fact that the Galois
representations are valued in GSp, was proven by Weissauer in [52].

* The second construction, due to Sorensen [44], utilises the transfer map from GSp, to GL, in
combination with Harris-Taylor’s construction of Galois representations for automorphic rep-
resentations of GL,, which uses unitary Shimura varieties [21]. Sorensen’s costruction works
in the more general setting of automorphic representations 7 of GSp,(Ap), with F totally real,
so long as there exists a weak functorial lift of 7 to GL,. For cohomological automorphic rep-
resentations of GSp,(Aq), the existence of this lift is due to Weissauer [52, Thm. 1]. Using this
construction, Mok [31, Thm. 3.5] proves local-global compatibility at ramified primes.

Irreducibility when ¢ is sufficiently large is [38, Thm. B]. Using [33, Thm. 1.0.4] in place of [48]
in Ramakrishnan’s proof, the condition on # can be taken to be # > 5. O

3.2 | The case of non-cohomological weight

The situation for low weight automorphic representations is much less comprehensive. Since the
automorphic representations are non-cohomological, the associated Galois representations can-
not be constructed directly from the étale cohomology of symplectic or unitary Shimura varieties.
Instead, they are constructed as limits of cohomological Galois representations. The process of
taking a limit of Galois representations loses information, in particular about local-global com-
patibility and geometricity at £.

Theorem 3.3. Let 7w be a cuspidal automorphic representation of GSp,(Aq) of weight (k, 2). Suppose
that 7 is not CAP or endoscopic. Let S denote the set of primes at which 7 is ramified. Let E denote the
coefficient field of 7. Then, for every place A of E, of residue characteristic £, there exists a continuous,
semisimple, symplectic Galois representation

Py 1 Gal(Q/Q) — GSp,(E))

that satisfies the following properties:

(i) The representation is unramified at all primes p & S U {¢}.
() IfpgSui{t}a pis the (suitably normalised) eigenvalue of the Hecke operator T, and y is the
Galois character associated to the central character of 7, then

ky+k,—3

Tr py(Frob,) = ap, simp; = xe, ,

where ¢, is the £-adic cyclotomic character.
(iii) The similitude character sim p; is odd and p; ~ p){ ® sim p;.
(iv) Local-global compatibility is satisfied up to semisimplification: for any prime p # ¢,

3=k, —kz)/z)ss

WD(p,llQp)Ss = rec, (7, ® |sim |,
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(V) The Hodge-Tate-Sen weights (that is, the eigenvalues of the Sen operator) of p;|q, are{0,0,k —
1,k —1}

(vi) If ¢ & S and the roots of the £-th Hecke polynomial of 7= are pairwise distinct, then p;|q , IS
crystalline.

Proof. As in the cohomological case, there are two different constructions of the compatible sys-
tem of A-adic Galois representations attached to 7. In both cases, p; is constructed, via its pseu-
dorepresentation, as a limit of cohomological Galois representations.

* The original construction, due to Taylor [45], uses the Hasse invariant to find congruences
between the Hecke eigenvalue system of 7 and mod ¢" cohomological eigenforms 7,,. The
associated Galois pseudorepresentation is constructed as a limit of the Galois pseudorepresen-
tations attached to the 7,,. This construction is sufficient to prove the existence of the compatible
system of Galois representations and parts (i)—(iii) of the theorem.

* A second construction, due to Mok [31], extends the work of Sorensen [44] and constructs an
eigencurve for GSp,. As in the cohomological case, this construction generalises to automor-
phic representations of GSp, over totally real fields. However, the construction only requires the
existence of a functorial lift from GSp, to GL, for cohomological forms, so the construction is
still unconditional for automorphic representations of GSp,(Ag). Using this construction, Mok
[31, Thm. 3.5] proves local-global compatibility at ramified primes up to semisimplification.

Part (vi) is due to Jorza [25, Thm. 4.1]. Finally, the fact that the Galois representations are valued
in GSp,(E ) is Theorem 3.6. O

Remark 3.4. While it should always be true that p,|q, is crystalline when # ¢ S, without the
condition in part (vi), we do not even know that p; |Q/ is Hodge-Tate.

Corollary 3.5. Let 7 be a cuspidal automorphic representation of GSp,(Aq) of weight (k, 2), which
is not CAP or endoscopic. Then there exists an integer N such that, for all primes A of E, the Serre
conductor of p; divides N.

Proof. Fixaprime 4, and let N, be the Serre conductor of p,, where p; is viewed as a representation
valued in GL,. Let S be the set of primes at which 7 is ramified and let

N, = H cond(recp(ﬂp ® | sim |;3_k1_k2)/2))
PES

be the conductor of the transfer of 7 to GL,. Since S is finite, we can assume, without loss of
generality, that £ ¢ S. By definition,

N, = Hcond(WD(p,llQp)F'ss).
pPES

A Weil-Deligne representation (V, p, N) of W@p has conductor

cond(p) pdim(vf )—dim(VI{,)’

‘T °TTOT ‘0SLLE9YT

sdny wouy

ssdny) suonIpuop) pue sud], 3 29§ “[§70T/80/7T] U0 A1eIqr auruQ ASTIA ISOL Aq 9LGTTSWIl/TT T1°01/10p/wod Karav

1o1/00 koA

asuOIT suOIIIOD) 2ANEAL) Aquandde o) £q PoUIACS ATE SO[PIIE VO SN JO SA[NI 10j ATRIQYT AUIUQ AATIAL U0



368 | WEISS

where V! is the subspace of V fixed by the inertia group and VIIV = ker(N)L. If (V, p, N) is a Weil-
Deligne representation, then, by definition, (V, p, N)** = p%. If, moreover, (V, p, N) is Frobenius
semisimple then p% = p, and it follows that

cond(V, p,N) | cond(p) pdim(").

Hence, N, divides 11 pes cond(WD(p /1|Qp )¥)p*. By part (iv) of Theorem 3.3,

L S8
[] cond (WD(palq,)")p* = [ cond (rec, (7, ® | sim |S k)2 b,
PES pES

which divides

H cond(rec, (7, ® | sim |§_k1_k2)/2))174-

peS
Since
[ cond(rec, (7, ® | sim 5T )pt = N, 110"
pES PES
we deduce that N, | N [] s p*- ]
3.3 | Galois representations valued in GSp,

The goal of this section is to prove the following theorem:

Theorem 3.6. Let 7 be a cuspidal automorphic representation of GSp,(Aq) of weight (k, 2), with

associated A-adic Galois representation p; : Gal(Q/Q) — GL,(E,). Then p, is isomorphic to a rep-
resentation that factors through GSp,(E ;).

The idea of the proof is to reformulate Taylor’s original construction of p;, using V. Lafforgue’s
G-pseudorepresentations [28] in place of Taylor’s pseudorepresentations [45]. We are grateful to
B. Stroh for providing a broad outline of the proof. The details of the proof are tangential to the
remainder of the paper, so the reader should feel free to skip to the next section.

Remark 3.7. This theorem has long been known to experts, however, prior to the appearance
of this paper, no proof had appeared in the literature. Since the first appearance of this paper,
an ostensibly simpler proof of Theorem 3.6 was given in [8, Thm. 4.3.4]. Their proof is morally
equivalent to the one we provide: the key fact in both proofs is that a representation valued in
GSp, is determined by its characteristic polynomial and its similitude. However, the argument
given here is more robust, and does not require the low weight Siegel modular form to be a p-adic
limit of cohomological eigenforms in characteristic 0. Moreover, we expect that the arguments
given here can be generalised to broader settings. For example, see [6] for a different application
of these ideas.
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3.3.1 | Taylor’s construction and the limitations of pseudorepresentations

In [45], Taylor gives a blueprint for constructing Galois representations attached to low weight
Siegel modular forms by utilising congruences with Siegel modular forms of cohomological
weight. This subsection gives an overview of Taylor’s construction.

Recall that 7 is the cuspidal automorphic representation of GSp,(Ag) corresponding to a cus-
pidal Siegel modular eigenform of weight (k, 2) and level I'(IN). Let E be the finite extension of Q
spanned by the Hecke eigenvalues of 7z, and fix a prime A of E with residue characteristic . Follow-
ing [45, p. 316], let H, denote the Hecke algebra of GSp,(Z p) bi-invariant functions GSp,(Q p) - Z
that are supported in My(Z,), and let HN = @ pin - For each tuple k= (ki, k,) of weights, let
T} denote the quotient of HN acting on the space of cuspidal Siegel modular forms of weight k
and level N. Then TE ® Q is a semisimple algebra.

Associated to 7 is a character 6 : HN — T(k2) = Op,. Moreover, for each integer i > 1, the
automorphic analogue of multiplying a classical form by the Hasse invariant [45, Prop. 3] gives a
commutative diagram

HN ;) (9E/1

bl

r; i
T; ®70g, — O, /4

where l%- =(k+a,7N(¢ —1),2+ a,£71(¢ — 1)), with a, € N a constant depending on #. In
the classical language, for each i, 7 is congruent to a mod 4! eigenform of cohomological weight.

For every i, by Theorem 3.1 and the fact that T; ® Q is semisimple, there is a finite extension
E;/E; and a Galois representation l

pit Gal(Q/Q) — GSpy(T}; ®7 E))

such that Tr p;(Frob,,) = 6;(T,) whenever p ¢ S;, for some finite set of places S;.
If we could compose p; with r; to construct a representation p; : Gal(Q/Q) —» GSp4(Op, /2D,

then we would be able to construct p; as the limit l(iﬂi p;- However, while Tr p;(Frob) € lei ®z
O, for all p ¢ S, it is not necessarily true that p; can be chosen to be valued in GSp4(TEi ®z
Og,)- The solution to this problem is to work with pseudorepresentations. Associated to p; is a
pseudorepresentation

T;=Trp;: Gal(Q/Q) — T; ®zE;
and, since T;(Frob,) € T; ®; O, forall p € S; and since T; ®z O, is flat, it is clear that
T,: GalQ/Q) - Ty ®; 0,
is valued in T; ®z Of,. Composing with r;, we obtain a pseudorepresentation

T;: Gal(Q/Q) — O /2.
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A computation shows that each T; is in fact valued in Og, /Al and that, for i >m, T,, = T;
(mod A™). Hence, there is a pseudorepresentation

T = @Ti : Gal(Q/Q) — O, CE,.

1

It follows from the theory of pseudorepresentations [45, Thm. 1] that there is a semisimple Galois
representation

1 Gal(Q/Q) — GL,(E,)

associated to T, which is, by construction, the Galois representation associated to 7.

Taylor’s construction via pseudorepresentations shows that p, is valued in GL,(E, ), but is insuf-
ficient to show that the representation is isomorphic to one that is valued in GSp,(E,): taking the
trace of p; ‘forgets’ the fact that p; is symplectic. The proof of Theorem 3.6 follows the same struc-
ture as Taylor’s proof, replacing pseudorepresentations with Lafforgue’s G-pseudorepresentations.

3.3.2 | Lafforgue pseudorepresentations

In this subsection, we define Lafforgue pseudorepresentations and state their key properties. Most
of these are lifted directly from [28, Sec. 11] and [7, Sec. 4].

Let G be a split reductive group over Z, and let Z[G"]¢ denote the ring of regular functions of
G" that are invariant under conjugation by G.

Definition 3.8. Let A be a topological ring, let T be a topological group and let C(I"*, A) denote
the algebra of continuous functions I — A. A (continuous) G-pseudorepresentation © = (0,,),,5;
of T over A is a collection of continuous algebra homomorphisms

0, : Z[G"]° - Cc(I", A)

for each integer n > 1, which are functorial in the following sense:

(i) If n,m > 1 are integers and if ¢ : {1,...,m} — {1,...,n}, then, for every f € Z[G™]° and
Y1, -->¥n €I, we have

O, ()Y 1s s ¥n) = 0, (Feays s Ve(m))s

where fS(7y, .. ¥n) 1= FFeys s Veim))-
(ii) For everyintegern > 1, f € Z[G"]° and y;, ..., 7,1 € T, we have

®n+1(f)(}/1’ v Yne1) = O (W15 s Vi1 V¥ 1)

where f(yl’ et yn+1) L= f(yl’ <5 ¥Vn—1» }/nyn+1)'

For a category-theoretic interpretation of this definition, see [49].
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As with classical pseudorepresentations, we can change the ring A. The following facts are
immediate from the definitions:
Lemma 3.9. Let A, A’ be topological rings.

(i) Ifh: A — A’isamorphism oftopological ringsand if ® = (@,,),,, is a G-pseudorepresentation
over A, then h,(©) = (ho®,),, is a G-pseudorepresentation over A’.

(ii) Leth: A & A’ be an injection of topological rings and let ®' be a G-pseudorepresentation over
A'. Suppose that, forevery f € Z[G"]°, 0! (f) = hog forsome g € C(T", A). Then the collection
0 = (0,),5 given by ©,(f) = g is a G-pseudorepresentation over A, and @' = h,(0).

The connection between G-pseudorepresentations and G-valued representations is encapsu-
lated in the following lemma:

Lemma 3.10. Let p: T — G(A) be a continuous homomorphism. For each integer n > 1, let
0, : Z[G"]° - Cc(I™, A)
be given by
O 1) = Fe(r1)s -, (V1))
Then the collection (®,,),,.; is a G-pseudorepresentation, which we denote by Tr p.

Remark 3.11. Fix an embedding t: G < GL, for some r, and let y denote the composition of ¢
with the usual trace function. Then y € Z[G]®. Suppose that p : ' — G(A) is a representation
with corresponding G-pseudorepresenation Tr o = (0,,),,5;. Then ©,(y) : ' — A is the classical
pseudorepresentation associated to the representation top. Indeed, we have

0,()) = x(p(¥)) = Tr(top(y)),

and the properties of this classical pseudorepresentation follow from the properties of Tr p [28,
Rmk. 11.8].

As in the case of classical pseudorepresentations, if A is in fact an algebraically closed field,
then every G-pseudorepresentation arises as the trace of a G-valued representation.

Theorem 3.12 [28, Prop. 11.7], [7, Thm. 4.5]. Let A be an algebraically closed field and let ® be a G-
pseudorepresentation of T over A. Then there is a completely reducible representation p : T' — G(A)
such that © = Tr(p).

Being completely reducible generalises the notion of a GL,,-representation being semisimple.
Since we will not use this notion, we refer the reader to [7, Def. 3.3] for the definition.
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3.3.3 | Lafforgue pseudorepresentations and Galois representations
Akey step in Taylor’s construction is to show that the pseudorepresentation T; is valued in T; ®z
Og,. The following lemma will enable us to prove the analogue of this fact when using GSp,-

pseudorepresentations in place of pseudorepresentations.

Lemma 3.13. Let xq,..., x, € Z[G]°. Suppose that, for each integer n > 1, Z[G"]° is generated by
functions of the form

Y1ses V) 2 X (Vg(l)ym J/g(m))
wherel< jgsrm>=1¢:{1,..,m} - {1,...,n}andaj € Z. Let
p: T = G(A)
be a continuous representation. Then ® = Tr p is completely determined by ©,(x), ..., ©,(x,)-

Proof. Let © be a G-pseudorepresentation, n > 1 be an integer, y;,...,7,, € T and f € Z[G"]°.
Since each ©,, is an algebra homomorphism, we may assume that f is of the form

where y = Xj for some j, ¢ : {1,..,m} - {1,...,n}and a; € Z
First note that f = ¢¢ where g € Z[G™]C is given by

9 1o ¥m) 2 X@L 7).
It follows that

0NV 112 7) = O DV e(1)s e Veim):

Since ® = Tr(p), we observe that

O ( DTy > Yeem) = 9(PWeay)s s PTe(m)))
= X(P(}’gu))al p(y;(m))“'")

where
9" W Vi) 2 X1 Vi)
If m > 2, then ¢’ = h, where h € Z[G™ 1] is given by

h . (71, ’ym—l) = X(J/I o YM—I)a
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so that
a Am—1
m(g )(yg(ly eee s y;«(m)) l(h)()/{(l)a LI J/g(m I)Y{(m))
It follows by induction on m that
am
Ou ()W 1> V) = ©100W )+ Vo) O

Example 3.14. If G = GL,,, then by work of Processi [11, 36], the ring Z[Gan]GLn is generated
by det™ and the functions X ~ s,(X) that map X € GL,, to the i-th coefficient of its characteris-
tic polynomial, and Q[GL!"]S!» is generated just by the trace map and by det™!. In particular, a
Lafforgue GL,-pseudorepresentation over a characteristic O field is completely determined by its
associated Taylor pseudorepresentation (cf. [28, Rmk. 11.8]).

In order to prove Theorem 3.6, we show that GSp, satisfies the conditions of Lemma 3.13:

Lemma 3.15. For an element X € GSp,, let t* + Y+ (—1)!s;(X)t*~! be its characteristic polyno-
mial. Then Z[GSpZ”]GSp4 is generated by sim*! and the functions X 5;{(X), i = 1,2, where 5;(X) is
the i-th coefficient of the characteristic polynomial.

Proof. Let M, denote the algebra of 4 X 4 matrices. If K is any infinite field, then, by [54, Thm. 1],
the ring K [MT]SW =K [MT]GSp4 is generated by functions of the form

(X17"' ,Xm) = Sl(le oo YJS)’

where each matrix Y; is either X; or its symplectic transpose X l’ . By [54, Prop. 3.2], the ring
K[Sp]']°P+ is generated by the images of these functions under the canonical map K[M]'] —
K[Sp}']. If X € Sp,, then, by definition, X* = X . It follows that K [Spé""]Sp4 is generated by func-
tions of the form

(Xl’“‘ ,Xm) = Sl(le o Yjs)’

where each matrix Y; is either X; or X l._l.

Now, the natural grading on Z[M}'] by multi-homogeneous degree restricts to a filtration on
Z[SpZ”]SP4, and each filtered piece is a finite Z-module. Hence, by the same argument as [11,15.2.1],
it follows that Z[SpT]SP4 is generated by functions of the above form as well.

To conclude, we argue as in [54, p. 316]. The natural surjection Sp}* X GL[" — GSp}" induces an
embedding

Z[GSp}'|%*P+ & (Z[Spy'] ® Z[GLY'])*P+* M = Z[Sp']P+ ® Z[GLY'].
But, by the above computations, every element of Z[SpZ"]SP4 extends to an element of

Z[GSp/'|%5P+. Hence, the above map is surjective. It follows that Z[GSp/'|“P+ is generated by
sim*! and by functions of the above form, as required. O
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3.3.4 | Proofof Theorem 3.6

Proof of Theorem 3.6. We use the notation from the beginning of the section. Consider the GSp,-
pseudorepresentation ©© = Tr 0; associated to

pi: Gal(Q/Q) — GSpy(Ty; ®z E)).
By Lemmas 3.13 and 3.15, Tr p; is completely determined by
0(s) =T;: GalQ/Q) — Tj; ®2 E;,
0'(s,): GalQ/Q) — T} ®;E,
and
0 (sim*): Gal(Q/Q) - T}, ®z E;.

Since each of these maps factors through T; ®z O, it follows from Lemma 3.9(ii) that we can

view each @) as a GSp,-pseudorepresentation over T; ®z Op,. By Lemma 3.9(i) we may compose
0® with the map r; : T; ®z O, — O, /A! to produce a new GSp,-pseudorepresentation 6(1) of
Gal(a/ Q) over O, /A% Since each ©® is determined by @gi)(si), i=1,2and @gi)(simil), it follows

—(0)
that ©®

land in O, /2!, so that each 6(1) is actually a GSp,-pseudorepresentation over O, /Al Therefore,
we can form a GSp,-pseudorepresentation

is too. Hence, the arguments of Taylor summarised above show that these maps actually

©=1im®"
lim

1

of Gal(Q/Q) over Op, - Finally, viewing O, as a subalgebra of E;, we may view © as a GSp,-

pseudorepresentation over EA and, by Theorem 3.12, there is a representation

p: Gal(Q/Q) — GSpy(E)),

such that ® = Tr(p). This is the Galois representation associated to 7. Indeed,
©(s) =T: GalQ/Q — E,

is exactly the classical pseudorepresentation constructed by Taylor. O
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4 | RESTRICTIONS ON THE DECOMPOSITION OF p;

Recall that 7 is a cuspidal automorphic representation of GSp,(Aq) of weight (k, 2) in the notation
of Section 2.2, and that the weak functorial lift IT of 7 to GL, exists and is cuspidal. The goal of
this section is to prove the following theorem:

Theorem 4.1. Keep the assumptions of Theorem 1.1. For each prime A, either:

* p, isirreducible or

* 0, decomposes as a direct sum 7, @ 7, of distinct, irreducible, two-dimensional representations,
each with determinant sim p,. Moreover, for each i, t; lq, is Hodge-Tate with Hodge-Tate weights
{0,k — 1}

When 7 is cohomological, Theorem 4.1 is due to Weissauer [51, Thm. II] and Ramakrishnan
[38, Thm. A]. In the cohomological case, since p; has distinct Hodge-Tate weights, the fact that
the two representations are distinct and Hodge-Tate regular is obvious.

4.1 | Irreducibility without the Ramanujan bounds

The proof of [51, Thm. IT] makes crucial use of the Ramanujan bounds, which are not available
in the non-cohomological case. In place of the Ramanujan bounds, we prove the following the-
orem, which requires only the Jacquet-Shalika bounds [24], which are known for all cuspidal
automorphic representations of GL,,.

Theorem 4.2. Letp: Gal(a/ Q- GLn(af) be a Galois representation. Assume that p is auto-
morphic: there exists a unitary cuspidal automorphic representation I1 of GL,(Aq) and an integer
w such that L*(I1, s — %) = L*(p,s).

Let T be an m-dimensional subrepresentation of p, and suppose that dett|q, is Hodge-Tate with
Hodge-Tate weight h. Then

e m

mw m
2 2"

Remark 4.3. The generalised Ramanujan conjecture would give h = %

Proof. Fix an embedding Q < C as well as a prime p # £ at which both p and II are unrami-
fied. Let a4, ..., a,, € C be the Satake parameters of IT,. Then by assumption and via our fixed

embedding, the eigenvalues of p(Frob ) are a; p 2 e, XD 2.
By [24, Cor. 2.5], for each i, we have

w-—1 w+1

pz <lap:l<p:.

Since 7 is an m-dimensional subrepresentation of p, it follows that det 7(Frob,,) is a product of m
of the eigenvalues of p(Frob ). Thus

m(w—1) m(w+1)

p 2 <|detz(Frob,)| <p 2
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On the other hand, the assumption on the Hodge-Tate weight of det7|p, means that det7 ~
xe?, where y is a finite order character. Thus, | det T(Frobp)| = p" and hence, @ <h<

m(w+1)
2 : I:‘

4.2 | Proofof Theorem 4.1
Lemma 4.4. Suppose that I1 is an automorphic induction. Then p; is irreducible.

Proof. Suppose that IT is automorphically induced from an automorphic representation IT" of
GL,(Ap) for some quadratic extension F//Q, and let ppy ; : Gal(K/K) — GLZ(EA) be the A-adic
Galois representation associated to IT". It is well known that py ; is irreducible: when F is real
quadratic, this is due to Ribet [40], while if F is imaginary quadratic, Taylor [47, Sec. 3] proved
irreducibility in many cases. See [50, Thm. 1.2.6] for a complete proof.

Since, by assumption, IT is cuspidal, we have IT'  (IT')°, where o is the non-trivial element
of Gal(F/Q) [3]. By local-global compatibility and the strong multiplicity one theorem for GL,,,
IR Indg prr 4 and prp 5 * p;,’ ;- It follows that p; is irreducible. 1

Lemma 4.5. Suppose that 7 is a proper subrepresentation of p,. Then t is two-dimensional and
7lq, is Hodge-Tate, with Hodge-Tate weights {0,k — 1}.

Proof. If 7 is three-dimensional, then p, also has a one-dimensional subrepresentation. Hence,
we can assume that 7 is m-dimensional, with m =1 or 2. By Theorem 3.3, the Hodge-Tate-Sen
weights of p;|q, are {0,0,k — 1,k — 1}. Thus, the Hodge-Tate-Sen weights ay, ..., a,, of 7], are
contained in {0,0,k — 1,k — 1} and, by Theorem 4.2, a; + --- + a,, = %m(k —1). It follows that
m = 2 and that 7|q, has Hodge-Tate-Sen weights {0, k — 1}. Since the Hodge-Tate-Sen weights
are distinct integers, it follows that the Sen operator is semisimple [31, Thm. 5.17], and hence that
7lq, is Hodge-Tate. Ll

Lemma 4.6. Suppose that p;, ~ v, ® 7, with 71,7, irreducible and two-dimensional. Then there
does not exist a finite order character y witht, ~ 7, ® ¥.

Proof. Suppose that 7, ~ 7, ® y for a finite order character y. Then y cuts out a finite cyclic
extension K of Q, and p, | ~ 7;|x @ 71|x. We have

2
/\ palk = (T1lx ® 71lg) © detty |x @ dett; | ~ Sym® 7y |¢ +detz'1|16§3.

Now, dett,|r is Hodge-Tate at all places above # by Lemma 4.5, so, by class field theory,
L(dett,|g, s) has meromorphic continuation to the whole of C. Since K /Q is cyclic, by cyclic base
change [3] and by [27], /\2 0211k is the Galois representation associated to an isobaric automorphic
representation of GL4(Ag). Thus, L( /\2 01lx8) has meromorphic continuation to the whole of C.
It follows that L(Sym2 7, |g, 8) does too and, by twisting, so does L(Sym2 7; @ det ‘L’l_l lx>S).

On the other hand,

Pl ® paly = (1; @ 1))®* =~ (Sym’ 7; @ det 7, 1)®* @ 194,
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Let IT be the transfer of 7 to GL4(AQ). By assumption, II is cuspidal. Moreover, by Lemma 4.4,
we may assume that IT is not an automorphic induction. Hence, the cyclic base change Iy of IT
is also cuspidal [3, Thm. 4.2] and, by [23, Prop. 3.6], the L-function

L* (g ® I, s) = L*(palx ® palg»s)
has a simple pole at s = 1. Since L(1, s) = ¢(s) also has a simple pole at s = 1, it follows that
ord,_, L(Sym*t, ® det ][, s)* = 3.

But L(Sym? 7; ® det (2 !¢, s) is meromorphic, so its order of vanishing at s = 1 must be an integer.
This is a contradiction. O

Proof of Theorem 4.1. After Lemma 4.5, it remains to show that, if p; ~ 7, & 7,, with 7, 7, irre-
ducible and two-dimensional, then det7; ~ dett, ~ sim p;.

Let y = det 1'1_1 ® sim p;. By Lemma 4.5, )(IQ/ has Hodge-Tate weight 0, that is, y is a finite
order character. We need to show that y is the trivial character. First, since

(sim p;)? ~ detp, ~ dett, det,,
it follows that y ~ det7, ® sim pzl. Moreover,

1@, 2p 20, ®simp,
(2} ®simp,) ® (<) ®sim )
~ (1, @dett]! @ simp;) & (7, @ det7;! @ simp,)
~M®N® (®x ™).

By Schur’s lemma and by Lemma 4.6, it follows that 7; ® y ~ t; for each i = 1,2. Thus, p; ®
X = p;.LetITbe the transfer of 7 to GL,. By class field theory, we may view y as a Hecke character,
and it follows that IT and IT ® y have the same Hecke polynomials at almost all primes. By the
strong multiplicity one theorem for GL,, we have IT ~ IT ® y. Hence, by [3, Thm. 4.2], if y is non-
trivial, then ITis an automorphic induction, in which case, p, is already irreducible by Lemma 4.4.
Hence, y must be trivial. [l

5 | CRYSTALLINITY AND DISTINCTNESS OF SATAKE
PARAMETERS

In the previous section, we proved that, if p, is reducible, then it decomposes as a direct sum 7, @
7, of distinct, irreducible, odd, two-dimensional representations. In this section, we will apply
that result to prove the following theorem:
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Theorem 5.1. Keep the assumptions of Theorem 1.1, and assume that the transfer I of w to GL, is
not an automorphic induction. For a set of primes p of Dirichlet density 1, the roots of the p-th Hecke
polynomial of 7 are pairwise distinct.

Applying part Theorem 3.3(vi), that is, [25, Thm. 4.1], we immediately deduce:

Corollary 5.2. The representation p;|q, is crystalline for all primes A | ¢ for a set of primes ¢ of
Dirichlet density 1.

Remark 5.3. If I is automorphically induced from an automorphic representation IT" of GL,(A),
then Corollary 5.2 still holds for 7. Indeed, let oy ; be the A-adic Galois representation attached

to IT'. Then p; =~ Indg prr ;- If F is real quadratic, then IT’ arises from a cohomological Hilbert
modular form. Hence, ppy , is crystalline, from which it is clear that p, is too. If F /Q is imaginary
quadratic, then one can prove Corollary 5.2 by slightly amending the arguments of this section.
In both these cases, p; is irreducible by Lemma 4.4.

5.1 | The Lie algebra of p,

Fix a prime 4, and let F/E; be a finite extension such that
p1 ¢ GalQ/Q) — GSpy(F)

is defined over F. Let G, be the Zariski closure of the image of p; in GSp, /5, let G} be its identity
connected component and let g; be its Lie algebra. In this subsection, we determine the Lie algebra
g; and the group G, when p; is irreducible.

Proposition 5.4. Assume that the weight of 7 is not of the form 2k — 1,k + 1) for some k > 2. If
P, is irreducible, then g; ~ g3p,(F).

Remark 5.5. If the weight of 7 is of the form (2k — 1, k + 1) for some k > 2 — so, in particular, 7 is
cohomological — then we cannot rule out the case that g; ~ Sym? gl,(F) in complete generality.
However, when 4 | £ with £ > 5, then one can rule out this case by combining [10, Thm. 3.8] with
[33, Thm. 1.0.4].

Corollary 5.6. Assume that the weight of 7 is not of the form (2k — 1,k + 1) for some k > 2. If p, is
irreducible, then G, ~ GSp,(F).

Proof. G, is a Zariski closed subgroup of GSp,(F). Moreover, Lie(G;) = Lie(GSp,(F)), so G, is
also a Zariski open subgroup of GSp,(F). Since GSp,(F) is Zariski-connected, it follows that G; =
GSp,(F). [l

Definition 5.7. Let G be a group, and k be a field. We say that a representation
p: G- GL,(k)

is Lie irreducible if p|y; is irreducible for all finite index subgroups H < G.
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Definition 5.8. Let G be a group, and k be a field. We say that a representation
p: G — GL,(k)

is imprimitive if it is absolutely irreducible, but there is a finite index subgroup H of G and a k-
representation 7 of H such that p @ k ~ Indg 7. Otherwise, we say that p is primitive.

Lemma 5.9. If p; is irreducible, then it is Lie irreducible.

Proof. First suppose that p; =~ Ind1(<2 7 is imprimitive. We first note that we may assume that K/Q
is quadratic. If not, then, by counting dimensions, [K : Q] = 4. If K contains a quadratic subex-
tension K’, then p; = Indg,(lndﬁ, 7). If K does not contain a quadratic subfield, the proof of [17,
Lem. 5.3] shows that p; is induced from a different quadratic extension. It follows from Clifford
theory that

PL =Py ® Xk/Q

where xy /q is the quadratic character that cuts out the extension K /Q. Let IT be the lift of 7 to
GL, and recall that, by assumption, ITis cuspidal and not an automorphic induction. By class field
theory, we may view g o as a Hecke character, and the above isomorphism implies that IT and
I ® xk/q are weakly equivalent. Hence, by the strong multiplicity one theorem for GL,,

By [3, Thm. 4.2], this isomorphism is equivalent to IT being an automorphic induction, a contra-
diction.
Hence, we may assume that p; is imprimitive. By [34, Prop. 3.4.1], we can write

PLETRw,

where 7 is a Lie irreducible representation of dimension d with d | 4, and w is an Artin representa-
tion of dimension %. The fact that the Hodge-Tate-Sen weights of p, are not all equal shows that
P, is not a twist of an Artin representation. Hence, d # 1. Suppose that d = 2. If w is imprimitive
—say w =~ Indg x for some quadratic extension K/Q and character y of Gal(ﬁ/ K) — then

p; = Ind2(rlx ® %)

is also imprimitve, a contradiction. Hence, we may assume that both 7 and w are primitive. It
follows that Sym? r and Sym? w are both irreducible. Taking exterior squares, we find that

/\zpﬂz/\z(‘[@co): (/\21®Sym2w>€9</\2w®8ym2‘t)

does not contain a one-dimensional subrepresentation, contradicting the fact that p, , is sym-
plectic.
The only remaining possibility is that d = 4, that is, that p, is Lie irreducible. O
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Proof of Proposition 5.4. Let G/’1 be the commutator subgroup of G; and let gﬁl be its Lie algebra.
Since p; is a semisimple representation, it follows that G; is a reductive group, that G/’1 is semisim-
ple and, hence, that gﬁl is a semisimple Lie subalgebra of 8p,(F). Moreover, since the similitude
of p, does not have finite image, we have g; ~ 9;1 @ gl;.

Fix an embedding F < af. Then, by the classification of semisimple algebras, the Lie algebra
9;1 ®p Q, is one of the following Lie algebras [22, 9.3.1]:

0 8p @)
(i) 81,(Q,) x 81,(Q,);
(iii) 81,(Q,) embedded in a Klingen parabolic subalgebra;
(iv) §I2(6f) embedded in a Siegel parabolic subalgebra;
W) %Iz(af) embedded via the symmetric cube representation SL, — Sp,;

(vi) {1}

Letdp; : g; — ¢3p,(F) be the Lie algebra representation associated to the map G, < GSp,(F)

‘We need to show that gﬁl ~ 3p,(F). Since p, is irreducible, by Lemma 5.9, p, is Lie irreducible,
which exactly says that dp; is irreducible. Moreover, since g, is semisimple, we can write g =
g’ @ a, where a is abelian. It follows that dp, is irreducible if and only its restriction ot 9;1 is.
Thus, 9;1 ®r Q, cannot be as in cases (ii), (iii), (iv) or (vi).

Suppose that g; ®p Q, is as in case (v), that is, that gﬁl ®F Q, ~ Sym?> 81,(Q,). Then (G/‘{)’ Xp
Q, =~ Sym? SL,(Q,). Since the similitude of p, does not have finite image, it follows that G° X

Q, ~ Sym? GLz(af). There is a finite Galois extension K/Q such that pl(Gal(G/K)) CG°. It
follows that p; | ~ Sym? 7 for some two-dimensional representation 7. If the Hodge-Tate-Sen
weights of T at any place v | oo are {a, b}, then the Hodge-Tate—Sen weights of p;|r at v are
{3a,2a + b, a + 2b, 3b}, which contradicts the assumption on the weights of 7.

It follows that g, ®p Q, =~ 8p,(Q,). Now, g}, isa vector subspace of 8p,(F). The fact that ¢’ ®p

6; ~ 8p,(F) Qp af shows that g; and 8p,(F) have the same dimension, and hence areequal. []

5.2 | Distinctness of Satake parameters
We recall the following theorem, due to Rajan:
Theorem 5.10 [37, Thm. 3]. Let F be a finite extension of Q, and let & be an algebraic group defined
over F. Let X be an algebraic subscheme of &, defined over F, that is stable under the adjoint action
of €. Let
P Gal(Q/Q) — Z(F)

be a Galois representation, and let

C =X(F)n p(Gal(Q/Q)).

Let G denote the Zariski closure of p(Gal(G/ Q)) in &, with identity connected component G° and
component group ® = G /G°. Foreach ¢ € ®, let G® denote the corresponding connected component,
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and let
¥={ped:G’CX]}.

¥

Then the set of primes p such that p(Frob,) € C has Dirichlet density |-

Corollary 5.11. Suppose that p; is irreducible and not a symmetric cube lift. Then the roots of the
p-th Hecke polynomial of 7 are pairwise distinct for a set of primes p of Dirichlet density 1.

Proof. Up to multiplication by a normalisation factor, if p, is unramified at p, then the roots of
the p-th Hecke polynomial are exactly the eigenvalues of p,(Frob,).

Let X C GSp, be the set of elements g € GSp, whose characteristic polynomials have indistinct
eigenvalues. Then X is a closed subscheme of GSp, — it is the vanishing set of the discriminant
of the characteristic polynomial — that is stable under the conjugation action of GSp,. By Corol-
lary 5.6, the Zariski closure of p; is GSp,(F), which is connected, and clearly is not contained in
X. The result follows from Theorem 5.10. O

Lemma 5.12. Suppose that p; ~ Sym>t is a symmetric cube lift from an irreducible two-
dimensional representation t. Then the roots of the p-th Hecke polynomial of 7 are pairwise distinct
for a set of primes p of Dirichlet density 1.

Proof. By Lemma 5.9, p, is Lie irreducible, and hence 7 is as well. Arguing as in Proposition 5.4 (or
as in [41]), we see that the Zariski closure of the image of 7 is GL,(F). Thus, as in Corollary 5.1,
it follows that the eigenvalues a,, 8, of 7(Frob,) are distinct for a set of primes p of Dirichlet
density 1. Moreover, by [34, Prop. 3.4.9], &, # B, for a set of primes p of Dirichlet density 1. Lastly,
if a, = {3B,, where {5 is a cube root of unity, then Tr Sym? 7(Frob,) = 0. Thus, if a, = {3, for
a positive density of primes p, it follows from [34, Prop. 3.4.9] that Sym? 7 is irreducible, but not
Lie irreducible. But if Sym? | is reducible, then 7| is induced from a quadratic extension L/K,
so 7|; is reducible. Hence, p, |; is reducible, contradicting Lemma 5.9.

It follows that the eigenvalues 0513], oci Bps ocpﬁlz), ,8; of p; (Frob,,) are distinct for a set of primes p
of Dirichlet density 1. O

Lemma 5.13. Suppose that p; ~ t, @ 7,, With 7, T, irreducible and two-dimensional. Then, up to
reordering, T, is Lie irreducible.

Proof. Suppose that 7; and 7, are both irreducible, but not Lie irreducible. Then, for each i, there
exists a quadratic extension K; /Q such that 7| isreducible. Let K = K; - K,. Then K is a solvable
extension of Q. Recall that there is a cuspidal automorphic representation ITof GL,(A) associated
to 7z. By [3] and the assumption that IT is not an automorphic induction, the solvable base change
ITx of IT is cuspidal. On the other hand, p, | is a direct sum of four Hodge-Tate characters, y; @
X2 @ x; ® x4 By class field theory, we may view the characters y; as Hecke characters. By the
strong multiplicity one theorem for GL,, it follows that I is isomorphic to the isobaric sum of
four Hecke characters, contradicting the fact that Iy is cuspidal. O
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Proof of Theorem 5.1. After Theorem 4.1, Corollary 5.11 and Lemma 5.12, it remains to consider the
case that p; ~ 7; @ 1,, with 7, 7, distinct, irreducible two-dimensional Hodge-Tate representa-
tions, each with Hodge-Tate weights {0, k — 1} and with determinant sim p,.

For each i = 1,2 and for each prime p at which p, is unramified, let ., ;, 8, ; be the roots of the
characteristic polynomial of 7;(Frob, ). By Lemma 5.13, we may assume that 7, is Lie irreducible.
Hence, as in the proof of Lemma 5.12, we see that a,,; # f8,,; for a set of primes p of Dirichlet
density 1.

If 7, is Lie irreducible, then the same argument shows that a, ; # §,, , for a set of primes p of
Dirichlet density 1. Otherwise, since 7, is not an Artin representation, it follows that there is a
quadratic extension K /Q and a character y of Gal(Q/K) such that

T, Indg()().

If p is a prime that is inert in K, then Tr7,(Frob,) = a,,; + f8,, = 0, from which it follows that
ap1 # Bpo- If psplitsas vve in K, then the eigenvalues of 7,(Frob ,) are y(Frob,) and y(Frob,.) =
x“(Frob,), where c is the non-trivial element of Gal(K/Q). Note that y % x¢, since 7, is irre-
ducible. Moreover, since 7, is Hodge-Tate regular, it follows that K/Q is imaginary quadratic,
that y and y¢ have infinite image and that they have different Hodge-Tate weights at the two
complex places. If y(Frob,) = y“(Frob,) for a positive density of primes p, then, by [37, Thm. 2],
there exists a finite order character w such that y ~ ¥ ® w, which contradicts the fact that y and
x¢ have distinct Hodge-Tate weights.

It follows that for a set of primes p of Dirichlet density 1, we have a, ; # 8, ; for each i = 1,2.If
the eigenvalues of p, (Frob,) are indistinct for a positive density of primes p, relabelling, we may
assume that @, ; = a, ,. Since det 7, ~ det1,, it follows that 8, , = 3, , as well. Hence, for a set
of primes p of positive density, we have Tr 7, (Frob p) = Tr 7,(Frob p). By [37, Thm. 2], there exists
a finite order character y such that 7; ~ 7, ® x, contradicting Lemma 4.6. O

6 | PROOF OF THEOREM 1.1

Proof of Theorem 1.1. After Corollary 5.2, it remains to show that, if 1 | £ with # > 5 and if p; |,
is de Rham, then p, is irreducible.

Suppose that p, is reducible. Then, by Theorem 4.1, we can write p,; ~ 7; @ 7, where the rep-
resentations 7, 7, are distinct, two-dimensional, irreducible, Hodge-Tate regular and odd. Since
p,1|Qf is de Rham, so are 7, |Qf and 1'2|Qf. Thus, since 7 > 5, by [33, Thm. 1.0.4], there exist dis-
tinct cuspidal automoprhic representations 7, 7, of GL,(Aq) such that, for each i, 7; is the 2-adic
Galois representation associated to 7;.

Consider the representation

Pa®P =M ®T)BTRT)D (1, ®7)) D (1, ®).
Since p,, T, and 7, are automorphic, we obtain an equality of (partial) L-functions

L'(m®n¥,s)=L"(m, ® 711’, S)L*(m; ® 71';’, S)L*(m, ® 7'[1’, )L (7, ® 71';, s).
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Since the transfer of 7 to GL, is cuspidal, by [23, Prop. 3.6], the left-hand side has a simple pole
at s = 1. Similarly, for each i = 1,2, ord,_; L*(7; ® 71';/, s) = —1. However, by [23, Thm. 3.7], the
L-functions L*(7; ® 7, s) and L*(7, ® 7}, s) are non-zero at s = 1. It follows that the right-hand
side has a pole of order 2 at s = 1, a contradiction. Hence, p; is irreducible. O

7 | RESIDUAL IRREDUCIBILITY AND THE IMAGE OF GALOIS

In this section, we prove Theorem 1.2. Our arguments generalise those of [14-16] to the case that
7 is non-cohomological. Moreover, Lemma 7.3 allows us to strengthen the results of [16] even in
the cohomological case (see [16, Rmk. 3.4]). Although the results in this section apply to auto-
morphic representations of arbitrary weight, for ease of notation, we will assume that 7z has non-
cohomological weight (k, 2), for some integer k > 2.

Our key tool is following proposition, which is a simple consequence of Fontaine-Laffaille the-
ory. Recall that £ is the set of primes 4 for which p; |q, is crystalline. By Theorem 1.1, £ contains
all primes A | ¢ for a set of rational primes # of Dirichlet density 1.

Proposition 7.1. Suppose that 1 € L has residue characteristic ¢ > k. Then we have the following
possibilities for the action of the inertia group I, at £ (cf. [13]):

k-1

1 k>x< . * ok (28 f(l)c * %

0 €, * 0 2( Dok

0 0 1 = [ 0 0 1 = |

—k—1 —k—1
0 0 0 ¢ 0 0 0 €,
2)(k—
k=10 * * (D 0 0 0
A B 0 gy 0
0 0 g(k—l) o |’ 0 0 gf3+l)(k—1) 0 ’
k-1 —

0 0 0 5 0 0 0 §1+f)(k D

where €, is the mod ¢ cyclotomic character, and 1, is the fundamental character of level i.

Lemma 7.2. Suppose that, for infinitely many A € L, p, contains a subrepresentation T ;. Then for

all but finitely many such A, T is irreducible and two-dimensional, and det7;|;, = El;_l.

Proof. First suppose that, for infinitely many A € L, 7 is one-dimensional. By Proposition 7.1, it
follows that, for almost all such 4, 7 = flE;’l, where , is unramified at £ and ny =0 or k — 1.
By Corollary 3.5, the conductor of y; is bounded independently of A. Since there are only finitely
many characters of bounded conductor, there exists a character y : Gal(ﬁ/ Q- ax such that,
for infinitely many 4, 7; = xe, (mod 1), where n = 0 or k — 1is independent of 4.

Fixa prime p at which 7 is unramified. Then, for infinitely many 4, o, (Frob ) has an eigenvalue
ap, such that a, = )(e;(Frobp) = y(p)p" (mod A). It follows that a, = x(p)p". Since n # %,
this contradicts the Jacquet-Shalika bounds [24, Cor. 2.5], as in Theorem 4.2.
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Hence, if o, contains a subrepresentation 7, for infinitely many 4 € £, then 7, must be two-
dimensional for all but finitely many such A. If det 7, | L # E’;_l, then, by Proposition 7.1, we must
have detT; = 7/15;‘, where ; is unramified at # and n; = 0 or 2(k — 1). As above, it follows that
for a fixed prime p, p;(Frob,) has two eigenvalues a,,, 8, that satisfy |a,8,| = p" with n = 0 or
2(k — 1), which contradicts the Jacquet-Shalika bounds. O

Lemma 7.3. Suppose that, for infinitely many 1 € L, p; ~7; @ ?;, with ?/1,?:1 irreducible and
two-dimensional. Then for all but finitely many such 1, 7, ?; are odd.

Proof. Write y; =simp; ® detq?/{1 and suppose that det7; is even. Since sim p; is odd, it fol-
lows that ; is non-trivial. Moreover, since det p, ~ (simp,)? ~ detT7, det ?;, it follows that y; =
det ?; sim ,5;1.

Now, by Lemma 7.2, we may assume that ; is unramified at # and, by Corollary 3.5, the con-
ductor of y; is bounded independently of 1. Hence, there exists a Dirichlet character y such that
%, = x (mod A) for infinitely many A.

By duality, we see that

0T, ~p; ~p, ®simp, ~ (T, ®@simp,) B T;' @simp,) ~ (T, @ X)) ® T, ®7; ).

By Schur’s lemma, it follows that either 7; ~7; ® x; and ?; ~ ?ﬁl ® x; or ?; ~T, QX;
In the first case, p; ® x; ~ p,. If this case occurs for infinitely many 4, then p; ~ p; ® y. Thus,
0, is not Lie irreducible, contradicting Lemma 5.9.

- — —k
In the second case, o [er y = T2 |]€(22w. Thus, if p splits in the number field Q “% then the eigen-
values of p,(Frob,) are indistinct. If this case occurs for infinitely many 4, then for the positive

—k
density of primes p that split in Q er)(, the p-th Hecke polynomial has indistinct roots modulo 4
for infinitely many 4. Hence, for a positive density of primes p, the p-th Hecke polynomial has
indistinct roots in Q, contradicting Theorem 5.1. O

Proof of Theorem 1.2. We first show that p, is irreducible for all but finitely many £ € L. After the
previous lemmas, it remains to consider the case that, for infinitely many £ € £, p; ~7; & ?:1,
with 7, ?ﬁl irreducible, two-dimensional and odd. In this case, we can argue as in [14] and apply
Serre’s conjecture [26].

By Corollary 3.5, the conductors of 7, ?ﬁl are bounded independently of A, and by Lemma 7.2,
they each have Serre weight k. Thus, there is an integer N, independent of A, and modular forms
fa ) € Si(T1(N)) with associated residual representations 7, ?:1.

If this case occurs for infinitely any A, then, since S, (I';(IV)) is finite dimensional, there exist
fixed modular forms f, f* € S(T';(N)) such that f = f; and f’ = f’, for infinitely many 1. Thus,
for infinitely many 1 and for almost all p, Tr p;(Frob,,) = a;(p) + ap(p) (mod 1) and, since this
congruence holds for infinitely many 4, it must be an equality. By the Chebotarev density theo-
rem and the fact that a semisimple representation in characteristic 0 is determined by its trace, it
follows that p; is reducible for all A, contradicting Theorem 1.1. Hence, p;, is irreducible for all but
finitely many 1 € L.

The remainder of the proof of Theorem 1.2 is exactly the same as for the cohomological case
[16, 3.2-3.5]. By the classification of the maximal subgroups of GSp,(F,») [30], if p; is irreducible
and does not contain Sp,(F,), then one of the following cases must hold:
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(i) the image contains a reducible index two subgroup, that is, o is induced from a quadratic
extension;
(ii) p, is isomorphic to the symmetric cube of a two-dimensional representation;
(iii) the image is a small exceptional group.

By using the description of the image of inertia as in Proposition 7.1, Dieulefait-Zenteno show
that each of these cases can only occur for finitely many £ € L. [l
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