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Abstract

Reduction in mobility due to gait impairment is a critical consequence of diseases affecting the neuromusculoskeletal

system, making detecting anomalies in a person’s gait a key area of interest. This challenge is compounded by within-

subject and between-subject variability, further emphasized in individuals with multiple sclerosis (MS), where gait

patterns exhibit significant heterogeneity. This study introduces a novel perspective on modeling kinematic gait

patterns, recognizing the inherent hierarchical structure of the data, which is gathered from contralateral limbs,

individuals, and groups of individuals comprising a population, using wearable sensors. Rather than summarizing

features, this approach models the entire gait cycle functionally, including its variation. A Hierarchical Variational

Sparse Heteroscedastic Gaussian Process was used to model the shank angular velocity across 28MS and 28 healthy

individuals. The utility of this methodology was underscored by its granular analysis capabilities. This facilitated a

range of quantifiable comparisons, spanning from group-level assessments to patient-specific analyses, addressing

the complexity of pathological gait patterns and offering a robust methodology for kinematic pattern characterization

for large datasets. The group-level analysis highlighted notable differences during the swing phase and towards the

end of the stance phase, aligning with previously established literature findings. Moreover, the study identified the

heteroscedastic gait pattern variability as a distinguishing feature ofMS gait. Additionally, a novel approach for lower

limb gait asymmetry quantification has been proposed. The use of probabilistic hierarchical modeling facilitated a

better understanding of the impaired gait pattern, while also expressing potential for extrapolation to other

pathological conditions affecting gait.

Impact Statement

Quantifying gait patterns can enhance the understanding of disease progression or response to interventions,

which is particularly relevant for individuals with multiple sclerosis (MS). In this context, wearable sensors

emerge as a cost-effective and unobtrusive tool for patient monitoring. However, the quantitative evaluation of

the impact of a disease on gait and mobility using data collected by wearable sensors remains a challenging task.

This is primarily due to substantial variability between individuals and temporal fluctuations within a single

individual’s data. The work presented here proposes a novel data-driven probabilistic approach which can help

reveal which part of the gait cycle is most affected by a disease using a Bayesian machine learning technique, the

Hierarchical Variational Sparse Heteroscedastic Gaussian Process.
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1. Introduction

Gait is a complex dynamic process that has received increased attention by the scientific community due

to its relevance in understanding human health and pathology. Gait impairment, often considered a

hallmark of neuromuscular diseases (Polhemus et al., 2021; Cicirelli et al., 2022), is notably exemplified

in multiple sclerosis (MS). This neurodegenerative condition is characterized by the inflammatory-

mediated demyelination of axons within the central nervous system (Comber et al., 2017). For an

enhanced understanding and quantification of the disease, it is necessary to accurately characterize the

lower limb distal motion, as it is often affected as a result of alterations in distal muscle involvement (Filli

et al., 2018; Pau et al., 2021; Polhemus et al., 2021). As such, the shank angular velocity emerges as a

potential signal of interest within this context. While the existing literature predominantly employs the

shank angular velocity for gait cycle detection, emphasizing its effectiveness in identifying key gait event

landmarks (Pacini Panebianco et al., 2018), the authors assert that the full potential of this signal remains

largely unexplored. Additionally, advancements in wearable sensor technology, particularly inertial

measurement units (IMUs), have led to their increased application in clinical gait analysis (Angelini

et al., 2020). Owing to their flexibility, IMUs present practical solutions for quantifying lower limb distal

motion, providing a direct measure of the shank angular velocity, and further motivating the clinical utility

of this signal. In light of these considerations, the current work proposes a new approach which seeks to

model the full kinematic signal of the shank angular velocity using a data-driven approach. As a first step

before exploring longitudinal gait changes, this model is used to reveal regions of the gait cycle that are

most affected by the disease or exhibit the greatest variation between contralateral limbs or individuals.

A gait cycle—which consists of the stance phase (accounting for approximately the first 60% of the

gait cycle) and the swing phase (accounting for the remainder of the gait cycle)—ends and begins with the

heel strike event (Rueterbories et al., 2010). During the stance phase, the limb bearing the body weight

transitions from heel strike to toe-off. During the mid-stance, the body is transitioned forward, and the

opposite, contralateral limb is in the swing phase. This part of the gait cycle is characterized by a small

base of support and a relatively high center of gravity, making the walker least stable. The swing phase,

encompassing initial swing, the mid-swing, and terminal swing, propels the limb forward in preparation

for the subsequent heel strike. Figure 1 shows typical examples of shank angular velocity signals during a

Figure 1.Comparison of shank angular velocity data between healthy controls (HC) and individuals with

multiple sclerosis (MS). The figure presents an aggregate of data points collected using inertial

measurement units from both left and right limbs, encompassing 7899 gait cycles from 28 healthy controls

and 7105 gait cycles from 28 individuals affected by multiple sclerosis.
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gait cycle, collected usingwearable sensors, for two distinct groups of individuals: healthy controls (HCs)

and people with MS (PwMS). Relative to the HC group, the MS group exhibits increased gait pattern

variability, particularly discernible from mid-stance to mid-swing. For clarity, the term “variability” is

commonly employed in gait analysis to signify stride-to-stride fluctuations during walking, often serving

as an indicator of gait impairment (Moon et al., 2016). However, within the scope of this study,

“variability” refers to the dispersion of shank angular velocity around its mean characteristic pattern

throughout the normalized gait cycle. Although a direct comparison with the relevant literature presents

challenges, as the majority of the studies focus on joint kinematics, rather than segment kinematics (as in

the case of the present study), similar trends have been previously documented. Crenshaw et al. (2006)

reported a significantly higher knee and ankle joint angle variability for PwMS. Kelleher et al. (2010)

proposed that individuals with MS experience insufficient propulsion from the ankle plantar flexor

muscles and lack fine motor control during the swing phase, perhaps as a result of favoring the more

proximal muscle groups. A reduced range of ankle flexion was also confirmed by Nogueira et al. (2013),

even for PwMS in the prodromal phase of the disease. Similar trends were also reported by Severini et al.

(2017). More recently, Salehi et al. (2020) investigated the deviation phase as a measure of coordination

variability and reported significant differences between HC and MS gait during the stance and swing

phases. The increased variability observed in the MS group may also be attributed to inefficient gait

compensations prompted by factors such as muscle weakness, spasticity, fatigue, or balance impairments

(Nogueira et al., 2013; Socie et al., 2013; Gil-Castillo et al., 2020).

From a modeling perspective, it can be seen that the gait signals are exhibiting a number of interesting

features. First, the relationship between the input domain and the shank angular velocity is not linear.

Second, the variance in the data is not constant across the input space. This phenomenon is known as a

heteroscedastic noise process, where the variance in the data is dependent on the input (Or the noise

variance changes across the input domain and can be modeled as a function of the input.). In contrast, the

process when the variance is independent of the input is referred to as a homoscedastic noise process.

Third, inspecting Figure 1, which displays the datapoints from repeated gait cycles collected during

straight-line walking for multiple individuals belonging to both groups, it is clear that there is a shared

underlying pattern. This observation not only underscores the commonalities in gait dynamics between

HC and PwMS but also prompts an exploration of the hierarchical structure inherent in the process of data

acquisition during gait assessments. Starting with the collection of data from both lower (contralateral)

limbs, this initial stage of organization extends to an individual level, encapsulating the unique charac-

teristics of each participant’s gait. This aspect holds particular relevance in the context of neurological

conditions (Rodríguez-Martín et al., 2017; Ingelse et al., 2022). Subsequently, the aggregation of

individual-level datasets contribute to the formation of distinct groups (HC and MS in the case of this

work). Finally, group categorizations, in turn, become nested within the broader population of individuals,

representing a diverse spectrum of human gait patterns. This approach can offer a comprehensive under-

standing that considers individual variations, group dynamics, and shared trends across the entire population.

However, to the best of the authors’ knowledge, the methods currently adopted in the gait-analysis

community do not necessarily capture the hierarchical structure of the acquired data. Where many methods

presented in the literaturewill look at a set of summary features—usually computed fromdatawhich has been

averaged across multiple gait cycles—this article proposes to model the functional form of shank angular

velocity across the gait cycle. This approach can be interpreted as a nonparametric representation of the gait.

The equivalent feature space is expected to bemuch richer than a low-dimensional one and has the advantage

of not requiring “expert” selection of those features.

In view of the gait characteristics of PwMS and considering the distinctive features observed in the

dataset depicted in Figure 1, this study pioneers a novel methodology for constructing a robust

probabilistic model specifically tailored to the shank angular velocity. The probabilistic approach

proposed in this work may potentially provide valuable insights in the field of gait analysis, especially

in the challenging context of assessing and quantifying the degree of gait impairment and its changes over

time. In the context of neurological disorders, such as MS, which is marked by intrinsically unpredictable

disease progression (Gelfand, 2014; Creagh et al., 2022), the proposed probabilistic framework becomes
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particularly relevant. A probabilistic framework will provide distributions over the expected gait patterns

along with a measure of confidence, allowing informed decision-making in data-driven assessments of

pathological gait. This is the opposite of a deterministic approach, where uncertainty is not accounted for,

and therefore implies perfect models. A deterministic approach can lead to shortcomings in planning for

unforeseen variations or complexities in the individual’s gait. Furthermore, the hierarchical extension can

advance the analysis capabilities, allowing for a granular analysis of the gait patterns. Here, idiosyncrasies

of an individual’s gait patterns can be immediately captured, together with the corresponding confidence

bounds. Moreover, group-level differences can be revealed, as well as isolated. It is therefore clear that a

hierarchical probabilistic modeling approach offers tangible benefits for the gait analysis community.

This article aims to provide amethodology for accurately modeling the shank angular velocity through

an extension of the hierarchical Gaussian processes (GPs) model proposed by Hensman et al. (2013),

which effectively manages heteroscedasticity and facilitates sparse inference. The authors hypothesize

that such amodel would be able to showcase similar trends consistent with the existing literature on lower

limb joint kinematics. Importantly, the model is anticipated to achieve this alignment in a manner that

reflects the inherent organization of the dataset. The contribution of this paper can be summarized into

three key modeling ideas. First, the hierarchical structure inherent in the data is leveraged to capture the

temporally structured covariance between contralateral limbs, individual subjects, and groups. This

hierarchy accommodates the shared underlying population patterns across both groups, while also

accommodating the characteristic group patterns present in all individuals in each group. Additionally,

it considers the extension of distinctive individual patterns to contralateral limbs, in order to deal with the

potential presence of lower limb asymmetry characterizing the MS-affected group (Pau et al., 2021).

Second, given the substantial amount of data collected during clinical assessments, this work addresses

scalability challenges through variational sparse approximations (Titsias, 2009). This ensures the

efficiency of the GP in handling large datasets. Third, recognizing the nonconstant variability of the

shank angular velocity across the gait cycle, heteroscedasticity is introduced into the GP framework by

modeling the variance as an input-dependent function (Lázaro-Gredilla and Titsias, 2011). This approach

leads to a sensitive and informative method for characterizing the shank angular velocity patterns.

The article is organized as follows. First, the relevant literature is presented in Section 1.1. Then, the

key concepts necessary for the formulation of the hierarchical GP model are presented in Section 2.

Following this, the relevant extensions for handling heteroscedasticity and sparse inference are detailed in

Sections 2.1, 2.2, and 2.3. Section 3 introduces an example dataset, which will then be utilized to

showcase the potential utility of this newly proposed modeling approach in the context of gait analysis.

The applications of the methodology on the chosen case study are presented and discussed in detail in

Sections 3.2, 3.3, and 3.4. Finally, the article concludes in Section 4.

1.1. Related work

Within the gait analysis community, various approaches have been used for characterizing the gait

patterns, broadly falling into three different categories: conceptual gait models, model-based optimization

techniques, and statistical methods. Conceptual gait models consist of a finite set of features extracted

from the gait signals and are typically initiatedwith the accurate identification of gait eventswithin the gait

cycle. For example, conceptual gait models have been derived for characterizing the gait patterns of

people with Parkinson’s disease (Arcolin et al., 2019), as well as community-dwelling older adults

(Verghese et al., 2009; Lord et al., 2013), people with dementia (Verghese et al., 2007), or MS (Angelini

et al., 2021). Specific to the MS population, Shema-Shiratzky et al. (2019) investigated the deterioration

of specific aspects of the gait during a typical 6-minute walking test (6MWT), revealing that key metrics

—including cadence, stride time variability, stride regularity, step regularity and gait complexity—

significantly deteriorated during the test, relative to HCs. Later, Angelini et al. (2020) studied gait

alterations for patients with moderate and severe MS. The study also incorporated supplementary gait

metrics, such as intensity, jerk, regularity, and symmetry, which provide additional insights into overall

gait quality and efficiency (Pasciuto et al., 2017). In a subsequent study, Angelini et al. (2021) proposed
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the previously mentioned MS-specific conceptual gait model, which comprises metrics categorized into

five domains (rhythm/variability, pace, asymmetry, and forward and lateral dynamic balance). Thismodel

successfully identified gait abnormalities across different MS disability groups. Nevertheless, a notable

challenge in these studies lies in assessing the model’s capacity to generalize across unseen datasets.

Moreover, by solely focusing on a limited set of features, the authors argue that a vast amount of costly

clinical data—potentially encoding important information about the health condition of specific individ-

uals—is discarded.

Model-based optimization techniques have also been used to gain a better understanding of human

walking patterns. These approaches leverage idealizedmathematical models and cost functions in order to

determine an optimized trajectory of the moving body part (Anderson and Pandy, 2001; Neptune et al.,

2009; Xiang et al., 2010; Rasouli and Reed, 2021). The optimization problem is formulated as a

minimization task over various human performancemeasures, such as dynamic effort,mechanical energy,

metabolic energy, jerk, and stability, while adhering to physical constraints (Xiang et al., 2010). Yet,

although informed modeling strategies are utilized, optimization-based techniques can be an oversim-

plification of the actual gait dynamics, and some are not representative for pathological populations

(Rasouli and Reed, 2021). However, the biggest limitation of these approaches is that most optimization

techniques output a deterministic pattern, which does not account for the uncertainty associated to the

target process (Yun et al., 2014), even though it is well known that human gait involves randomness,

which cannot be fully captured (Hausdorff et al., 1995).

Statistical methods offer a viable alternative for predicting gait patterns without the need for pre-

defining biomechanical models. By inherently accommodating variations and uncertainties inherent in

humanwalking, thesemethods present a promising approach. In light of the diverse range of available gait

analysis acquisition systems (including motion capture devices, force plates, and inertial measurement

units), amultitude ofmachine-learning techniques such as neural networks (Bishop, 2006), support vector

machines (SVMs) (Cortes and Vapnik, 1995; Smola and Schölkopf, 2004), or Gaussian process

regression (GPR) (Rasmussen and Williams, 2006) have established themselves as prominent data-

driven tools for effectively handling extensive gait data processing and inference. For example, Horst

et al. (2016) used SVMs to monitor daily kinematic changes in individual gait patterns. Later, Horst et al.

(2019) used both SVMs and neural networks to investigate specific gait features in the gait patterns that

can accurately identify specific individuals. Gadaleta et al. (2016) used a convolutional neural network

(CNN) to extract gait features from a single wearable sensor placed on the shank. Later, these features

were fed to an SVM classifier for human gait-based person recognition. In a later work, Gadaleta and

Rossi (2018) used the same approach to form an outlier detection problem for human gait identification.

More recently, Fang et al. (2020) developed a gait recognition and prediction model based on a temporal

CNN for improving the interactions between exoskeletons used for rehabilitation purposes and their

users. Nevertheless, these approaches do not inherently offer uncertainty estimates for predictions and, as

such, a distinction should be made between deterministic and probabilistic approaches.

Within this context, GPs have emerged as a powerful probabilistic tool for gait pattern prediction. GPs

are nonparametric models that can capture complex patterns and dependencies, without assuming any

specific functional form. Moreover, GPR allows comparisons of the gait cycles across the full function

space rather than simply on a discrete feature level.Wang et al. (2008) proposed a dynamical GPmodel for

human motion, which was later used by Chun et al. (2015) and Hong et al. (2019) in order to generate

reference trajectories for robotic gait rehabilitation systems. Yun et al. (2014) also used GPR for mapping

body parameters to gait kinematics. Glackin et al. (2014) attempted to model the lower limb joint

kinematics of individual subjects and showed that GPs can learn a mapping between patient’s gait and

therapist-assisted gait. However, limited conclusions can be drawn from this study, as a result of the

limited number of subjects included. Wu et al. (2018) introduced GP regression for learning the

relationship between body parameters and gait features at different walking speeds, as part of a

developmental pipeline designed for individualized lower limb exoskeleton robots, while Chen et al.,

2023 used deep GPs for online gait prediction during human–exoskeleton interaction. In a different

context, Benemerito et al. (2022) introduced GPs as a regression tool for efficient sensitivity analysis
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aimed at reducing the complexity ofmusculoskeletalmodeling, in response to the computational challenges

offered by traditionalMonteCarlomethods. It can be seen that there have beennumerous approaches toward

modeling gait patterns and that investigation into this problem is an active field of research. While most of

the studies have been directed toward robotics applications utilizing modeling of healthy patterns, GPR

adoption for modeling pathological gait patterns remains limited. Additionally, to the best of the author’s

knowledge, no studies have specifically attempted the probabilistic modeling of shank angular velocity.

Moreover, the challenges associated with the scalability of GPs are seldom addressed (Chen et al., 2023),

and the integration of heteroscedastic approaches remains largely unexplored for this specific application.

Furthermore, it is also significant to highlight that hierarchical extensions that mimic the organization of the

data have not been ventured within the realm of gait analysis, as far as the authors are aware.

To address these challenges, motivated by the characteristics of the example dataset presented in

Section 1, this paper provides a novel methodology that forms an accurate hierarchical model for the

shank angular velocity kinematics. Concurrently, the varying uncertainty is automatically quantified

across the duration of the gait cycle in amanner that is efficient for large datasets and statistically rigorous.

The approach proposed in this article integrates the methodologies of Liu et al. (2018), which enables

sparse inference along with handling of heteroscedastic noise, with a novel application of hierarchical

modeling, as originally proposed by Hensman et al. (2013).

2. Gaussian process regression

Gaussian process (GP) models represent a versatile nonparametric Bayesian machine learning approach

for resolving regression problems, enabling the characterization of a distribution over functions

(Rasmussen and Williams, 2006). Specifically, a GP is an infinite set of random variables that exhibit

a joint Gaussian distribution for any finite subset. GPs have gained significant popularity across a diverse

range of applications owing to their ability to automatically quantify uncertainty in predictions, minimal

requirement for a priori input, and modeling capabilities even in the presence of high noise levels in

the measured data. The GP is developed to model data as the output of some function f xð Þ, operating on a
D-dimensional input x, as described by Equation 1.

y= f xð Þþ ε, ε�N 0,σ2n
� �

(1)

Here, it is assumed that the measured values y differ from the latent function values f xð Þ by some additive

noise εwith zeromean and a predetermined variance σ2n, also known as the “nugget parameter.”Equation 2

formally defines a GP, where x and x0 are a pair of inputs to the function of interest. For clarification, the
notation adopted in this study involves representing vectors using bold typography, while matrices are

identified by uppercase letters.

f xð Þ�GP m xð Þ,k x,x0ð Þð Þ (2)

It follows that a GP is completely specified by its mean functionm xð Þ and the covariance function k x,x0ð Þ.
Here, the covariance function encodes the similarity between any pair of inputs. A popular choice for the

covariance function is the 3=2 Matérn kernel, which is described in Equation 3. Although other kernel

functions exist, such as the squared exponential kernel, the Matérn kernel was selected, as it was found to

better model the abrupt changes in the slope of the gait traces, as a result of its finitely differentiable

property.

k x,x0ð Þ= σ2f 1þ
ffiffiffi
3

p
x�x0ð Þ2
l

 !

exp
�

ffiffiffi
3

p
x�x0ð Þ2
l

 !

(3)

Note that this kernel function is defined by a set of two hyperparameters: the variance σf , controlling the

vertical scaling (amplitude) of the kernel and the length-scale l, which controls the smoothness of the

functions. Next, the prediction task is achieved by assessing the joint Gaussian distribution of the observed

target values and the function values at the test locations.
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Finally, in order to learn the hyperparameters, a Type-II maximum likelihood (ML-II) approach is used

by maximizing the marginal likelihood of the model. However, for convenience and numerical stability,

the optimization is performed as a minimization task over the negative log marginal likelihood. For the

specific mathematical details regarding GP implementation, the reader is referred to Rasmussen and

Williams (2006) and to Appendix A, where the key equations are presented.

2.1. Sparse GPs for large datasets scalability

Either learning the hyperparameters of the GP or making predictions involves taking the inverse of the

covariance matrix with noise, Kxxþσ2nI
� ��1

, which is an operation scaling as O N3
� �

in computational

complexity. Hence, in practice, it is not feasible to perform full GP regression tasks on datasets involving

more than roughly 10,000 datapoints (Rogers et al., 2020). This is also one of the limitations preventing

the use of full GP regression on gait data, as the number of datapoints collected during a visit often exceeds

10,000 points per subject. To address this limitation, a number of approximation methods have already

been proposed in the literature (Quiñonero-Candela and Rasmussen, 2005; Titsias, 2009; Bui et al., 2017;

Hensman et al., 2018). Broadly speaking, these approaches are divided into two main classes, namely

model approximations and posterior approximations. For the sake of brevity, the reader is referred to

Quiñonero-Candela and Rasmussen (2005), Rasmussen and Williams (2006), or Bui et al. (2017) for

more details about these approaches. The posterior approximation approach is widely recognized to

generally provide more robust approximations and possess inherent mechanisms to counteract over-

fitting. Thus, the present study employs a posterior approximation method, specifically the variational

free energy (VFE) method proposed by Titsias (2009). Themain advantage of this approximation method

is the reduction in time complexity fromO N3
� �

toO NM 2
� �

, whereM is the number of auxiliary points

introduced, called inducing points, at which the approximation is performed. Clearly, this becomes

advantageous whenM≪N. Therefore, with this approximationmethod, the standardGP can be scaled up

to large datasets, such as those containing gait data collected during clinical assessments for multiple

patients.

The variational approximation of the full posterior is handled through the use of a small set of inducing

points, Z,uf g (where Z contains the locations of the inducing points and u are the values of the latent

functions at these points). The model can then be learnt by minimizing the Kullback–Leibler (KL)

divergence between the approximate joint posterior and the full joint GP posterior. Nonetheless, this

minimization is equivalent to maximizing a variational lower bound (also known as the Evidence Lower

Bound orELBO) of the true logmarginal likelihood, as detailed in Titsias (2009). For conciseness, the key

equations characterizing the variational approximation method used in this paper as a means of scaling

GPs to large datasets can be found in Appendix B.

2.2. Sparse heteroscedastic noise models extensions

With reference to the dataset presented in Figure 1, it is evident that the homoscedastic noise assumption

of the GP model is not satisfied. This is the assumption that the additive noise on the function f xð Þ has a
constant variance across the input space. To address this problem, heteroscedastic GP models (that is

those using input-dependent additive noise) have been developed (Lázaro-Gredilla and Titsias, 2011).

Focusing on the MS group, it can be seen that gait pattern variability is one of the key aspects of the

disease. Hence, enhancing themodel’s ability to effectively capture the inherent variability, particularly in

the swing phase of the gait cycle, will enable the establishment of more accurate confidence bounds for

predictions. In this case, the regression model introduced by Equation 1 would then become

y= f xð Þþ ϵ xð Þ, ϵ xð Þ�N 0,r xð Þð Þ (4)

This means that the variance of the noise process is now a function of the model inputs. Notably, the

heteroscedastic noisemodel presented above reduces to a homoscedastic onewhen r xð Þ is a constant. The
derivation of the heteroscedastic GPmodel was first introduced by Lázaro-Gredilla and Titsias (2011). To
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define this model, a GP prior is initially placed on the unknown function f xð Þ, as presented in Equation 5.
Here, a zero-mean function has been assumed for practicality reasons, although this assumption is not

restrictive, and alternative mean functions can be considered.

f xð Þ�GP 0,kf x,x0ð Þ
� �

(5)

Then, to ensure positivity of the noise variance, r xð Þ, an exponential transform is applied, as described in

Equation 6:

r xð Þ= exp h xð Þð Þ, h xð Þ�GP μ0,kh x,x0ð Þð Þ (6)

Here, the log noise variance, denoted by h xð Þ is modeled by a GP, whose covariance function is denoted

by kh x,x0ð Þ. The GP has a constant mean, μ0, which controls the scale of the noise process. Here μ0 is

introduced as a learnable parameter, which models the “average” noise level across the function. This is a

departure from standard function modeling where μ0 = 0 is typically assumed. By learning μ0, we can

account for the inherent noise present in the data, which corresponds to the homoscedastic case. As such,

the addition of the secondary GP placed on the log noise variance increases the expressiveness of the GP,

albeit simultaneously increasing the complexity of the learning and inference processes. As a result of the

inclusion of the heteroscedastic noise model, the log-likelihood becomes untractable and can no longer be

computed analytically. Similarly to the sparse GP extension, a variational method is used to approximate

the posterior distribution and form a new lower bound. The key equations describing the lower bound and

the variational approximation of the first two moments of the predictive distribution are detailed in

Appendix C.

The concepts outlined above facilitate the probabilistic estimation of latent underlying functions, along

with accurate prediction of variance, at any given input. However, in practice, computing the variational

bound of the heteroscedastic GP, along with its gradient, takes roughly twice the time required to compute

the evidence and its derivatives in a standard homoscedastic GP (Lázaro-Gredilla and Titsias, 2011). Due

to this cost consideration, integrating a variational sparse heteroscedastic method to improve scalability

becomes a necessity. To this end, the Variational Sparse Heteroscedastic Gaussian Process (VSHGP) has

already been derived in the literature by Liu et al. (2018). Inspired by the model presented in Lázaro-

Gredilla and Titsias (2011), Liu et al. (2018) have shown that it is possible to derive an analytical ELBO

usingM inducing points for the mean function GP, f xð Þ, andU inducing points for approximating the log

noise variance GP modeling h xð Þ. As a result, this approach is scalable to large datasets, given its

O NM 2þNU 2
� �

complexity.

Finally, with these methods it is now possible to approximate the first two moments of the predictive

distribution, that is the mean and variance, respectively. The nontrivial key equations leading to the

derivation of the first twomoments can be found in Appendix D. It is also worth noting that, in addition to

the methodology presented here, Liu et al. (2018) also improved the scalability of the proposed VSHGP

model through the addition of stochastic and distributed extensions. However, these extensions are not

utilized in this study. For more details regarding these, the reader is instead referred to the original paper.

As it will later be demonstrated, the additional information provided by the VSHGP model regarding the

uncertainty of the process will prove to be an important capability for modeling kinematic gait patterns,

especially in pathological populations.

2.3. Hierarchical expansion

In this study, we reassess the dataset depicted in Figure 1, comprising two distinct subgroups: HCs and

PwMS. The final modeling strategy employed herein involves a hierarchical extension of the VSHGP

model presented in Section 2.2. This extension entails its integrationwith the hierarchical model proposed

by Hensman et al. (2013). Specific to the current dataset, the key idea of hierarchical models is that there

exists a common trend across a pool of data from multiple candidates performing the same walking test,

regardless of their group label. The measurements obtained from each participant exhibit individual
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variation from the shared trend due to biomechanical differences, as well as corruptive noise. Conse-

quently, these distinctive individual gait patterns can be interpreted as individual signatures (Winner

et al., 2023). For the sake of simplicity, this section will only consider a two-layer hierarchy and will

only present the implementation using a standard GP. The integration of the variational sparse

heteroscedastic extension in a hierarchical framework will be explained further in this section of

the report by considering block-wise relationships within the hierarchical covariance.

Let ygi denote the vector of measurements for the ith individual in group g. The corresponding time

points are stored in vector xgi. To combine the data acquired during all the walking tests from all

participants in a particular group, a Bayesian hierarchical approach is being used. The underlying trend

for the gth group, f g xð Þ is presumed to be drawn fromaGPwith a zero-mean andwhose covariance function

is denoted by kg x,x0ð Þ. Further down in the hierarchy, the underlying trend describing the gait pattern

belonging to a unique participant in that particular group, f gi xð Þ is drawn from the group GP. However, the

mean of the individual GP is f g xð Þ, as described in Equation 7.

f g xð Þ�GP 0,kg x,x0ð Þ
� �

f g,i xð Þ�GP f g xð Þ,ki x,x0ð Þ
� �

where i= 1,2,…,n

(7)

It should be noted that the two covariance functions kg and ki used for the group and individual levels

may be different. For clarity, while group kernel hyperparameters remain constant across all individuals,

individual kernel hyperparameters are allowed to vary, reflecting specific individual variability. This

model is pictorially shown in Figure 2, where the function dependency is highlighted. The prior over

the underlying group pattern f g xð Þ is shown at the top, as a dotted line. The shaded area represents the

variance of the function, which is controlled by σ2g. The smoothness of the function is controlled by the

length-scale of the group kernel, lg. A single sample from this prior is then shown as a red solid line,and

the length-scale of the covariance function is also highlighted. The individual level is shown in the

second row, where samples conditioned on the sample shown in f g xð Þ are displayed, representing three
unique individuals. The three samples follow the trend of f g xð Þ, but are allowed to independently vary by
a small amount (σ2i ) with a short length-scale li. Therefore, although the main features of the common

trend are preserved, each of the individuals exhibit their own characteristics. Finally, the hierarchical

covariancematrix is shown at the bottom of Figure 2, demonstrating the block-wise relationship between

individuals.

Let Y g = ygi

n on

i = 1
be the collection of noisy observations for n patients in group g and Xg = xgi

� �n
i = 1

the corresponding time points. Due to the conjugacy property of Gaussian distributions, the model

described above can be mathematically represented as a joint Gaussian distribution, and it is possible to

write down the likelihood as

p Y gjX g,θ
� �

�N bygj0,Σg

� �
(8)

where byg = yTg,1,y
T
g,2,…,yTg,n

h iT
has been used to denote the row-wise concatenation of Y g. θ are the

hyperparameters of the covariance functions kg �ð Þ and ki �ð Þ. Finally, the block of Σg is given by

Σg i, i
0½ �= Kg xgi,xgi0

� �
þK i xgi,xgi0

� �
þσ2nI if i= i0

Kg xgi,xgi0
� �

otherwise:

 

(9)

In order to make inferences about the functions f g xð Þ and f g,i xð Þ, it is necessary to compute the

covariances between these functions. The predictive covariance functions are given in Equation 10. Note

that these expressions describe the covariance of the latent functions, while the covariance of the observed

data ygi additionally includes the heteroscedastic noise variance r xð Þ via moment-matching (Lázaro-

Gredilla and Titsias, 2011). This means that group predictions can be made simply by using the group

kernel, kg �ð Þ, whereas an additive kernel, kg �ð Þþki �ð Þ, is required for individual predictions.
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cov f gi xð Þ, f g x0ð Þ
� �

= kg x,x0ð Þ, (10a)

cov f gi xð Þ, f gi0 x0ð Þ
� �

=
kg x,x0ð Þþ ki x,x

0ð Þ if i= i0

kg x,x0ð Þ otherwise:

	
(10b)

Finally, inference can then be made using the standard methods outlined in the preceding sections,

while hyperparameters of the covariance functions can also be optimized in a similar fashion. However,

the scalability of the hierarchical model is similar to that of a standard GP, limiting its applicability to large

datasets. Hence, to mitigate the computational challenges associated with large datasets, variational

approximation methods have been employed to efficiently approximate the posterior distributions, as

described in Sections 2.1 and 2.2. The hierarchical formulation employs a shared set of inducing points

across all GPs in the hierarchy, in contrast to maintaining distinct sets for each hierarchical level. This

formulation serves to both reduce computational complexity and constrain the parameter space, as it

requires optimizing a single shared set of inducing point locations rather than multiple disjoint sets across

the hierarchy.

Figure 2. An illustration of a simple hierarchical GP. Top: solid line—a single sample from the prior over

the underlying group function f g xð Þ. Dotted line—zero-mean function. Shaded area: ± 1 standard

deviation of functions, σ2g. Middle: three samples conditioned on f g xð Þ and corresponding to three distinct
individuals. The individual samples follow the trend of f g xð Þ, but vary by a small amount, σ2i . The length-
scale of the group and individual functions are denoted by lg and li, respectively. Bottom: block-wise

covariance matrix used to generate samples.
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3. A case study for characterizing gait variability in MS using hierarchical Gaussian processes

Here, it remains to demonstrate how the above proposed scheme might be applied to gait data collected

from both patients and healthy control individuals. The purpose of this case study is to highlight how the

framework for modeling of gait (with heteroscedastic noise) provides insights from all levels of the

hierarchy, from specific limbs to populations. The examples shown in this sectionwill progress downward

from the top of the hierarchy, starting with comparisons between groups of PwMS and HCs, and finishing

with considerations of symmetry in individuals’ gait. The dataset used in this work consists of angular

velocity data recorded with IMUs from 2 groups of subjects: namely healthy controls (HCs, with no

history of musculoskeletal or neurologic disorders which might affect their balance or mobility) and

individuals with MS. Both groups were comprised of 28 subjects each. The severity of MS was assessed

through the Expanded Disablity Status Scale (EDSS) scale (Kurtzke, 1983), which is one of the most

widely used clinical outcomes (Angelini et al., 2021), consisting of a neurological assessment, as well as

observing the walking range and the level of walking assistance needed. The scale is rated from 0 (normal

healthy status) to 10 (MS-related death) in 0.5-unit increments. Scores up to 3:5 typically indicate no

visible gait impairment, while scores between 4:0 and 5:5 denote individuals capable of walking limited

distances independently. Scores up to 6:5 indicate the necessity of assistive walking devices, while higher
scores denote restricted mobility. In this case study, participants with relapse-remitting MSwere included

only if they had experienced no relapse in the 30 days preceding the baseline test and had maintained a

stable treatment for the past 3 months. No participants using assistive devices were included. Ethics

approval was granted by both the NRES Committee Yorkshire & The Humber-Bradford Leeds (Ref:

15/YH/0300) and the North of Scotland Research Ethics Committee (Ref: 17/NS/0020). Written

informed consent was obtained from all participants prior to their inclusion in the study.

Gait data was acquired using two tri-axial IMUs (OPAL, APDM Inc, Portland, OR, USA, sampling

frequency, 128 Hz, gyroscope range ± 2000 ° =s), attached to the body through elastic straps, on the

anterior aspect of both shanks. The sensing axes of the sensors were approximately aligned with the

anatomical planes. Both groups (HC andMS) performed the 6MWT, going back and forth in a straight line

across a corridor of either 10 or 14mand turning at the ends (Table 1). Participants were instructed towalk

at their self-selected pace, with rests permitted only if necessary. All turns and resting breaks were

automatically removed, following the procedure detailed in Angelini et al. (2021). Only straight-line

walking bouts were included in the upcoming analysis. Data was segmented into individual strides,

according to the gait events locations identified in the shank angular velocity signal (Angelini et al., 2021).

To remove sensor misalignment effects, a rotation to a vertical-horizontal coordinate system was applied,

as described in Moe-Nilssen (1998). The shank angular velocity signals were filtered with a zero-phase,

low-pass, Butterworth filter with a 10 Hz cut-off frequency and normalized using a zero-mean, unit range

normalization method. It was decided to remove the transient part at the beginning of the signals (first 8%

of the samples), in order to avoid problems caused by misclassification of the gait events (Haji Ghassemi

et al., 2018). Finally, for each individual limb, the resultant gait cycles were normalized along the time

axis, effectively eliminating the pace component from the signals and facilitating direct comparative

analysis.

Table 1. Demographics table

Group Participants

Age Gender MS subtypes

Mean (SD) N male RR SP

HC n = 28 39.2 (12.7) 13 – –

MS n = 28

EDSS = 3:35
47.7 (12.2) 8 18 10

Note. RR, relapse remitting; SP, secondary progressive.
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3.1. Case study objectives and model evaluation metrics

Given the anticipated differences among the gait patterns of HCs and PwMS, the aim of this case study is

to showcase the intrinsic advantages of the proposed modeling approach. Therefore, having established a

mathematical framework for hierarchically modeling the nonlinear gait pattern, together with hetero-

scedastic noise, the focus can now shift toward predicting the shank angular velocity for the two groups

considered in this study. The following results will serve to highlight the benefits of the three main aspects

present in the proposed novel modelingmethodology. First, it is necessary to establish that the uncertainty

found in the gait data is heteroscedastic, warranting this more complex modeling choice and demon-

strating the insight that can be learnt from the functional form of the noise variance. Second, it will be

shown how the hierarchical nature of the model naturally obeys the structure arising in gait data when

aggregating different limbs, individuals, and groups (e.g. MS and HC), and facilitates quantitative

comparisons across multiple scales. Finally, considering that angular velocity data was acquired from

both limbs, as well as the time normalization procedure used in this study, the third objective of this study

is to showcase the utility of the probabilistic models by introducing a novel methodology for lower limb

asymmetry quantification. With regards to the third aim of this study, it is important to note that the

concept of asymmetry presented here deviates from the traditional concept of gait asymmetry, which is

commonly assessed as the absolute difference in temporal metrics between contralateral limbs or as the

natural logarithm of the absolute ratio between their mean values (Godfrey et al., 2015; Yogev et al.,

2007). However, the full motivation for alternative asymmetry metrics is postponed until Section 3.4.

A total number of 50,015 gait cycles has been collected, (26,330 belonging to healthy individuals and

23,685 to PwMS). Following pre-processing, the data are separated into two distinct sets: the training set

and the held-out test set. The training set consists of 70% randomly selected samples from the aggregate

dataset, that is combined data from all subjects. For clarity, a single sample refers to a single data point.

Only this set was used for training and hence the optimization of the hyperparameters. The test set

contains the remaining 30% of the data, that is these samples remain unseen until predictions aremade and

are referred to as the held-out test set. The training set contains 1,942,881 data points, while the test set

contains 832,664 points. It can be therefore seen that given the very large datasets, it is not feasible to fit

non-variational sparse GPs with any reasonable amount of computational resources. In addition to this,

training the GP models on a subset of data (that is downsampled data) may lead to unreliable uncertainty

quantification, which fails to capture the full information present in the complete dataset (Quiñonero-

Candela and Rasmussen, 2005). This is particularly important in gait analysis, where both the overall

pattern and subtle variations can be clinically relevant. As such, for full transparency, comparisons with

standard GP formulations have not been conducted in this study.

The hierarchical variational sparse heteroscedastic GP (HVSHGP) model, combining the hierarchical

approach, together with sparsity and heteroscedasticity was implemented in Python, using GPflow

(de G. Matthews et al., 2017). As an implementation note, instead of constructing the block-wise

covariance matrix, the underlying dependencies and interdependencies between different subjects and

groups were modeled by incorporating a block-wise relationship into an additive ELBO, which was then

optimized using the NADAM (Nesterov-accelerated Adaptive Moment Estimation) algorithm (Dozat,

2016)—an extension of the Adam optimizer that combines Nesterov momentum with adaptive moment

estimation to improve convergence speed and stability.Optimizationwas performedwith a learning rate of

0.0001 for 1000 steps, and default parameters: β1 = 0.9, β2 = 0.999. While the derivatives of the lower

bound (see Equation 30) with respect to the hyperparameters are provided in the framework proposed by

Liu et al. (2018), the additive ELBO used in this hierarchical approach was optimized using the automatic

differentiation capabilities of TensorFlow (Abadi et al., 2015). Moreover, it should be noted that

optimizing over the size of the inducing point set represents a challenging high-dimensional optimization

problem. As such, while the size of the inducing point set is fixed at 100 across all levels of the hierarchy,

their locations are treated as optimization variables. This represents a trade-off between computational

complexity and model fidelity: fixing the number of inducing points helps manage computational cost,

while allowing their locations to be optimized enables the model to better capture the underlying structure

of the gait patterns. The optimization of inducing point locations does increase the complexity of the

variational optimization problem, but we found this additional flexibility to be beneficial for capturing
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nuanced gait patterns. For amore thorough discussion about the selection and optimization of the inducing

points set, the readers are referred to Quiñonero-Candela and Rasmussen (2005) or Bui et al. (2017). As a

result, a four-layer HVSHGP model was achieved (see Figure 3), and with every layer in the hierarchy,

new hyperparameters were introduced. At the top layer of the hierarchy, the entire population is being

modeled in order to capture the overall trend shared between both groups. The mean function at the group

level is then conditioned on the population samples, and consequently, all the individual mean functions

are then subsequently conditioned on their corresponding group samples. Finally, a fourth layer was

introduced to manage asymmetric gait patterns corresponding to contralateral limbs.

For the purposes of model comparisons, two performance metrics were used: the Normalized Mean

Squared Error (NMSE) and the Mean Standardized Log Loss (MSLL), which is derived from the

Standardized Log Loss (SLL), providing a probabilistic measure (Rasmussen and Williams, 2006).

The NMSE is computed as

NMSE =
100

nσ2y
y
⋆
� yð ÞT y

⋆
� yð Þ (11)

where n is the sample size, σ2y is the signal variance, y⋆ is the model prediction, and y is the true measured

data. Here, an NMSE score of zero implies perfect prediction, meaning that model predictions precisely

align with the target values, while a value of 100 corresponds to predicting with the mean of all

observations. Therefore, the NMSE measures the average squared difference between the predicted

and actual values, normalized by the variance of the target variable, returning the accuracy of the model’s

predictions and providing an indication about howmuch the variance in the target variable is captured by

Figure 3. Hierarchical modeling structure. From left to right: population layer, group layer (HC/MS),

individual layer (combining the individual left and right limbs), individual limb layer (modeling the left

and right limbs separately).
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the model. Given that GP predictions are returned as distributions, it is feasible to evaluate the negative

probability of a prediction under the model, often referred to as the model’s loss. By standardizing this

value in relation to the mean and variance of the training set, the MSLL can then be computed as

MSLL =
1

n

X

k

� logp y
⋆,kjX,y,x⋆,k

� �
þ logp y

⋆,k;E ykð Þ,V ykð Þ
� �� �

(12)

where k indexes a particular test point, logp y
⋆,kjX,y,x⋆,k

� �
is the log predictive likelihood of the model,

x⋆,k represents the test location, X is the set of training inputs, and y are the training targets. Therefore, the

MSLL is obtained by taking the average of the negative log likelihood over the test set and subtracting the

trivial model, which always predicts the mean and variance of the training set, therefore providing a

quantitative metric for how well the model quantifies the uncertainty in predictions. A MSLL value of

zero is associated with predicting with the training set mean and variance, and increasingly negative

values indicate improved predictions (Rasmussen andWilliams, 2006). By using both NMSE andMSLL,

users can gain a better, comprehensive understanding of the model’s performance.

All statistical comparisons presented in the subsequent sections of the article were performed using

GraphPad Prism v.9.5.1 software (GraphPad Inc., La Jolla, CA, USA).

3.2. Homoscedastic versus heteroscedastic modeling for gait data

In this section, the first objective of the case study will be addressed, which involves showcasing the added

benefits of integrating heteroscedastic noise models into GP regression. To support the proposed modeling

approach, group-level comparisons will be presented between a non-heteroscedastic four-layer hierarchical

variational sparse GP model (HVSGP) and the four-layer HVSHGP model proposed in this work,

incorporating the heteroscedastic noise. The model predictions on the test dataset can be seen in

Figure 4, for both HC and MS groups, where the first row of predictions belongs to the homoscedastic

model, and those on the second rowbelong to the heteroscedasticmodel.Qualitatively, it can be seen that the

Figure 4. Group-level GP predictions against test data for homoscedastic models (first row) and

heteroscedastic models (second row). (a) HC Homoscedastic model, (b) HC Heteroscedastic model,

(c) Homoscedastic MS model, (d) Heteroscedastic MS Model.
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homoscedastic model has failed at capturing the representative spread of the data, especially in the case of

theMSgroup,wheremany test datapoints lie outside the ± 2σ interval. Particularly, the increased variability

in the gait signals is not captured adequately during the swing phase of the gait cycle, which accounts for

approximately 33 to 38% of the gait cycle (Angelini et al., 2021; Moon et al., 2017; Pau et al., 2017).

According to Remelius et al. (2012), this behavior may be a result of unstable equilibrium during the

coordination of the swing and forward movement. Conversely, the heteroscedastic model further expands

the ± 2σ interval of the GP and allows for better predictions across the entire input space. Even though both

models appear to be comparable during the stance phase, the heteroscedastic model also improves the

predictions toward the termination of the stance, during the double support time. For clarification, the

averaged stance and swing phases for both HC and MS groups can be visualized in Figure 6, which are

separated by the second vertical line corresponding to the toe-off event.

The improvement of the heteroscedastic model, relative to the homoscedastic model, is most evident

when examining the predictive mean and variance of the models for both HC and MS, as illustrated in

Figure 5. Considering only the means, a discernible similarity is observed between the homoscedastic and

heteroscedastic approaches, irrespective of the group membership. This behavior was perhaps expected,

given that the predictivemean of the heteroscedasticmodel has a very similar formulation to the predictive

mean equation for the homoscedastic case. However, the key distinction between the models, from a

predictive standpoint, lies in the computation of the predictive variance, which is learnt via marginal

likelihood optimization. This is particularly evident prior to the onset of the swing phase. Notably, an

increased variancemagnitude is evident for theMS group, surpassing that of theHC group. Consequently,

in the MS group, the variability arising from uncontrolled coordination during the swing phase is

effectively captured within the ± 2σ bounds of the heteroscedastic GP model. This results in a more

accurate representation of group-level gait patterns for this pathology.

The performance metrics of both the homoscedastic and heteroscedastic models are presented in

Table 2, concisely quantifying the benefits of the heteroscedastic noise modeling approach. First, it is

evident that there are minimal distinctions in model performance between the training and test sets. Next,

analyzing the NMSE values, it is unsurprising that both modeling strategies achieved similar results. This

is because the NMSE does not depend on the predictive variance of the model. Thus, only looking at this

performance metric might be misleading. However, when analyzing the MSLL values, the improved

uncertainty quantification of the heteroscedastic model is evident, judging by the negative value of the

MSLL. While the addition of heteroscedastic noise modeling led to a modest enhancement in predictive

performance for the HC group, the MS group exhibited a notably more significant improvement.

This underscores the efficacy of the heteroscedastic approach, particularly for pathological populations

where accurate uncertainty estimation is paramount.

Figure 5. Mean and variance differences between the homoscedastic and heteroscedastic models.
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3.3. HC versus MS: Group and individual level comparisons

Building upon the utility of heteroscedastic noise modeling, this section targets the second objective of

the case study, which aims to present a robust methodological foundation for the systematic examin-

ation and quantitative analysis of differences in shank angular velocity patterns across multiple scales.

First, the investigation of group-level discrepancies between HC and MS is presented. This investiga-

tion serves to establish a comprehensive understanding of the model’s capacity to encapsulate the

variability inherent inMS gait dynamics. In addition, this comparison serves as a checkpoint, ultimately

verifying previously reported literature trends. Expanding on the hierarchical structure of the model,

and contrary to conventional approaches that predominantly focus on group-level differences, our

exploration extends to facilitate nuanced comparisons at lower levels in the hierarchy, enabling

comparisons between individuals.

With reference to the HC and MS group predictions, using the held-out test data, the achieved NMSE

scores are 2.873 and 7.397, respectively, indicating a marginal improvement in point-wise error for the

HC group. This result may be attributed to the increased measured variance in the MS group, just before

the initiation of the swing phase. Notably, the MSLL scores for both group predictions were relatively

similar, achieving values of�1.493 for the HC group prediction and�1.523 for theMS group prediction.

Next, a more informative analysis may entail a focused examination of specific regions within the gait

cycle that manifest the most pronounced differences.

Considering Figure 6, one way of quantifying the differences is by computing the unbiased formu-

lation of theMaximumMean Discrepancy (MMD) (Gretton et al., 2012) at each test location. This is done

Table 2. Comparison of the performance metrics for the homoscedastic and heteroscedastic group

models

NMSE (%)

Train

NMSE (%)

Test

MSLL

Train

MSLL

Test

HC MS HC MS HC MS HC MS

Homoscedastic 2.869 7.403 2.873 7.397 �1.305 0.532 �1.305 0.527

Heteroscedastic 2.869 7.403 2.873 7.397 �1.494 �1.520 �1.493 �1.523

Figure 6. Left: GP group predictions, Right: Samples drawn from the GPs. The vertical dotted lines, from

left to right, correspond to the group-averaged mid-stance, toe-off and mid-swing events. Toe-off events

were defined as the time point where the minimum negative peak occurs immediately before the maximum

positive peak during each stride. The mid-stance point corresponds to the halfway point between the start

of the gait cycle and the toe-off event, whereas the mid-swing corresponds to the maximum amplitude

point in the signal.
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using samples drawn from the predictive distributions of both groups, as described in Equation 13. In this

context, ℙ and ℚ represent the posterior distributions under examination, corresponding to the HC and

MS groups, respectively. pi and qi denote samples drawn from these distributions, whilem and n indicate

the respective sample sizes of ℙ and ℚ. The benefit of using the MMD is that it is a nonparametric

distance metric employing kernel embeddings of the distributions considered for comparison. This

presents an advantage, as the kernel trick enables the efficient assessment of effectively infinite

moments by employing inner products within a feature space (Bishop, 2006). While the Kullback–

Leibler (KL) divergence between univariate Gaussian distributions is analytically available in closed

form, the MMD was selected as the primary metric for this analysis based on two key methodological

considerations. First, while designating the HC group as the reference distribution in KL calculations

would be a natural choice for clinical interpretation, MMD’s symmetric property eliminates this

decision requirement altogether. Second, and more significantly, as demonstrated in Appendix E,

MMD and KL divergence quantify fundamentally different aspects of distributional differences.

MMD correlates more directly with the difference process between the MS and HC distributions,

with sensitivity to the combined variance of both distributions. In contrast, KL divergence depends

primarily on the ratio of variances, making it disproportionately sensitive to small values in the

reference distribution rather than capturing the absolute magnitude of differences. This mathematical

property explains why MMD provides a more balanced assessment of group-level gait pattern

differences, especially in regions where the variance of the difference process is high. Specific to

the MMD computation, the radial basis function (RBF) (Lloyd and Ghahramani, 2015) has been used

as the preferred kernel, defined according to Equation 14, where the σ parameter controlling the

bandwidth of the kernel has been set as the median distance between points in the aggregate sample

(Gretton et al., 2012).
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The predictive distributions are visible on the left of Figure 6. On the right side, 500 samples have been

generated at each of the 200 equidistant test points along the input space. The comparison is depicted in

Figure 7, where the values of the MMD test statistic have been normalized between 0 and 1. While the

interpretation of the absolute values of the MMD is difficult, here, values closer to 0 indicate similarity

between distributions, whereas increasingly higher values are indicative of greater discrepancies between

the models. Moreover, to aid comparison, absolute differences in terms of mean predictions and standard

deviations are also shown, where it should be noted that the ± 2σ interval corresponds to the standard

deviation of the difference process and should not be confused with the bandwidth hyperparameter of the

MMD. Even though certain regions in the gait cycle exhibit notable similarities (indicated by the black

and dark blue regions), specific locations stand out as being dissimilar. These regions include the first

15%, the range of 35 to 55%, and the range of 60 to 90% of the gait cycle. The first two regions in which

discrepancies have been highlighted overlap with the double support phases (that is the period in which

both feet are in contact with the ground), (Neumann, 2016), whereas the greatest discrepancies are most

apparent during the initiation of the swing phase.

Direct comparison with other results presented in the relevant literature is challenging, as most of the

characterizations of pathological gait primarily rely on joint kinematics, instead of segment kinematics.

Nevertheless, in the case of the MS group, it is evident that the variability in the gait pattern progressively

increases frommid-stance to mid-swing. Consistent with the findings of this study, other researchers have

also reported greater variability in joint angles among individuals with MS, even among those with mild

disability (Crenshaw et al., 2006; Kelleher et al., 2010; Nogueira et al., 2013; Severini et al. 2017). Similar
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trends have been found by Salehi et al. (2020), where the authors reported significant differences between

HC and MS during the stance and swing phase when looking at the deviation phase, as a measure of

coordination variability. Additionally, the flatter trajectory observed during the stance phase may suggest

a reduced range of plantar flexion, as reported by Nogueira et al. (2013). This reduction can lead to

diminished power generation at the ankle, particularly during the initiation of the swing phase, potentially

impacting the stability control throughout this latter phase. Such outcomes might be attributed to muscle

weakness, spasticity, fatigue, or balance impairments (Nogueira et al., 2013; Socie et al., 2013).

Therefore, while confirming authors’ expectations, these group-level comparative results highlight the

model’s ability to effectively capture the inherent variability ofMS gait patterns, allowing for an informed

analysis.

Next, to showcase the capabilities of the proposed hierarchical modeling approach to facilitate nuanced

comparisons at lower levels in the hierarchy, individual gait pattern comparisons have been investigated,

relative to the control group. This analysis aligns with the overarching aim of providing a patient-specific

assessment. As such, detailed shank angular velocity predictions were generated for all participants in the

study, which can be seen in Figure 8. Here, the held-out test data has been overlaid, allowing for enhanced

insight into the model’s predictive performance. For clarity, the overlaid data corresponds to 30% of

randomly selected datapoints from each particular individual, which were not seen during training. The

individual NMSE andMSLL scores are provided in Appendix F. Notably, individuals with MS exhibited

significantly higher NMSE scores, indicating lower predictive capabilities of the MS model. Not

surprisingly, the MS group also displayed significantly higher MSLL scores, further supporting the

diminished predictive performance of the model for this population, given the increased variability in the

gait patterns as well as the presence of asymmetry. To highlight individual-level discrepancies, samples

drawn from the HC group predictive distribution were compared to samples drawn from the individual

GPs, in a similar way to the MMD-based approach used above. More specifically, 500 samples were

generated again at each of the 200 equidistant test locations along the input space, and the MMD was

computed at every test location, for every subject. Then, the MMD values from all subjects were

aggregated and normalized between 0 and 1. Therefore, the regions in the gait cycle which are most

different relative to the control group are highlighted in Figure 9. As a result, while many of the PwMS

Figure 7. Visualization of the group differences. The solid white line shows the difference between the

means of the twoGPs, whereas the curved dashed lines showcase two standard deviations from the mean.

The horizontal dashed line has been added here only for highlighting zero-crossing points. Notably,

although the ± 2σ interval may not seem symmetric above and below the mean upon initial observation, it

is, in fact, symmetric. Disparities between the HC and MS models are highlighted across the input space

using the MMD.
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appear to display a walking pattern closely aligned with the HC group pattern, with no immediate visible

signs of impairment, several individuals with MS clearly stand out. However, it is important to

acknowledge that comparing the individual MS predictions with the predictive distribution of the HC

group is not sufficient. This is due to the presence of overlapping confidence intervals and comparable

means shared between the HC group and the PwMS, stemming from the increased variability in the

individual predictions of the latter group.

Figure 10 highlights the individual heteroscedastic variances, where departures from the contained HC

gait patterns are evident for several individuals affected by MS, especially toward the termination of the

stance and during the swing phase. Therefore, extending the hierarchical methodology to model

individual gait patterns led to a novel feature that may serve as an indicator of the presence of neurological

or musculoskeletal deficits. Twomain factors are believed to be responsible for these results. The first one

might be associated with the possible lack of control during the swing phase, as a result of muscle

spasticity, fatigue or balance impairments (Nogueira et al., 2013; Socie et al., 2013), while the second one

pertains to the presence of asymmetry. For clarification, the alternative concept of asymmetry used here

will be elaborated upon in the subsequent paragraphs, where the hierarchical model has been extended to

include separate consideration for the left and right limbs. This extension has been added since the

distribution over the outputs must be symmetric about the mean, which is not representative of the

bi-modal distribution when asymmetry is present. However, the asymmetric gait patterns are still captured

within the ± 2σ bounds of theGP predictions. Thus, the variance predicted throughout the gait cycle could

Figure 8. Individual predictions versus held-out test data. The first four rows correspond to HC

individuals, while the last four rows correspond to PwMS.
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hold significant potential for integration into clinical gait analysis, noting that our methodology is not

intended as a substitute for standard gait analysis, but rather as a valuable augmentation to the clinical

assessment of patients with MS.

Figure 9. Individual differences, MMD highlighted. The first four rows correspond to HC individuals,

while the last four rows correspond to PwMS.

Figure 10.Heteroscedastic variance differences at the individual layer in the hierarchy, where data from

the left and right limbs are combined for each individual. Each line corresponds to a single subject.
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3.4. Quantifying individual asymmetry

In light of the results presented in Section 3.3, where the heteroscedastic variance has been observed to be

one of the discriminant factors between HCs and PwMS, as well as considering the data normalization

procedure, this section addresses the third objective of the case study concerning a novel proposal for

asymmetry quantification. Recognizing asymmetry as one of the key factors for the increased variability

in the gait patterns, the hierarchical model has been extended to separately address contralateral limbs.

This extension not only allows for a nuanced exploration of contralateral limb data but also serves as a

foundational step in introducing a novel methodology for quantifying lower limb asymmetry from a

probabilistic perspective.

Traditionally, gait asymmetry has been defined as the absolute difference between the temporal metrics

extracted from the left and right lower limbs (Godfrey et al., 2015) or as the natural logarithm of the

absolute ratio of the shorter and the longer mean value of the temporal metric (Yogev et al., 2007). Gait

asymmetry is often considered to be an indicator ofMS (Angelini et al., 2021). However, in the context of

this work, the term asymmetry is used to denote signals that align for the most part but display disparities

at certain locations. To allow improved visual insights into the presence of asymmetry, the individual left

and right model predictions are presented in Figure 11, relative to the unseen held-out test data.

Analyzing Figure 11, disparities between left and right limbs for the MS-affected subject are evident,

and several subjects clearly stand out. Conversely, the gait patterns observed for the HCs demonstrate a

higher degree of symmetry, that is the same functional form throughout the gait cycle, despite the sparse

presence of slight deviations between the left and right shanks (which can be considered negligible).

Given the normalization procedure employed in this study, traditional asymmetrymetrics can no longer be

computed, necessitating the adoption of an alternative, comprehensive methodology. As such, first, the

Wasserstein distance (Villani, 2009) between samples drawn from each of the left and right limb GPs was

computed across the input space. By computing theWasserstein distance (WD) between these samples, a

detailed insight into gait asymmetry can be obtained, effectively measuring how much the left and right

limbs differ across the entire gait cycle. Similarly to the MMD distance, 500 samples were drawn from

each GP’s predictive distributions at 100 equidistant points spread across the input space. Then, the WD

was computed at each of the test locations (please refer to Figure G1 in Appendix G). This allows the end-

users to visually discern the distinctive locations within the gait cycle where asymmetry is more

prominent. Moreover, the overall effect of gait asymmetry was quantified by computing the area under

the curve, thus providing a unified gait asymmetry metric. The comparison of the individual differences

for all subjects included in the study can be seen in Figure 12a,b.

Here, the PwMS numbered 2, 4, 19, 26, and 27 particularly stand out. Subject 2 displayed a reduced

range of mobility on the right shank during the stance phase, as well as an increased stance duration, when

compared to the left leg. An uncontrolled movement was recorded on the right leg of subject 4. For this

subject, the one-sided balance and coordination deficits were evident across the entire gait cycle, albeit

more pronounced during the swing phase. Subject 19 also displayed temporal differences between the left

and right limbs. A reduced range of mobility was also recorded for subject 26 for the right shank. This was

recorded in conjunction with temporal differences between the two limbs, as well as increased variability

during the swing phase and the end of the double support phase. Finally, subject 27 exhibited an

uncontrolled right shank movement, accompanied by temporal differences as well as higher movement

variability on the left leg. To summarize the asymmetry differences between the HC and MS groups, the

nonparametric Mann–Whitney U test was employed, with a minimum significance alpha level of 5%,

highlighting statistically significant differences between the two groups (p< 0:0001, see Figure 12c).

Nonetheless, the correlation between the WD and the clinical scores (in the form of the EDSS score) was

also explored. Only a weak correlation has been found (Pearson0sr = 0:33), which might suggest that

asymmetry could manifest independently of disease severity inMS. Despite some arguments proposing a

link between asymmetry and disease severity, such as Pau et al. (2021), which demonstrated moderate

correlations between joint kinematics asymmetry and the EDSS score using trend symmetry (Crenshaw

and Richards, 2006), the findings of this study emphasize asymmetry relevance across various levels of
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MS disability. However, because of the considerably lower number of subjects included in the present

study, drawing definitive clinical conclusions is not advisable.

Second, an additional dimension of asymmetry analysis was pursued using the KL divergence. This

process involved comparing the third-layer GP model that considers both limbs together with separate

Figure 11. Individual limbGP predictions. The first four rows correspond toHCs, while the last four rows

correspond to PwMS. The solid lines represent the mean GP predictions, while the dotted lines

correspond to the ± 2σ interval. The dots represent the held-out test data.

Figure 12. (a) HC, (b) MS—Unified Wasserstein distance computed between samples drawn from the left

GP and the right GP for each of the individuals in both HC and MS groups. (c) Statistical comparison

between the HC and MS groups.
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fourth-layer GP models that focus on the left and right limbs individually. This can be visualized in

Figure 13a,b. The KL divergence, therefore, gives an indication of how well the combined model

represents individual limb dynamics. A high KL divergence indicates that the combined model might

not fully capture the nuances of each of the individual limbs, potentially reflecting asymmetry or

distinctive characteristics. It should be noted that computing the KL divergence involves treating the

GPs as multivariate Gaussian distributions and requires access to the full covariance matrix. In contrast to

the previous asymmetry analysis employing theWD, analyzing the KL divergence metrics in Figure 13b,

two additionalMS subjects stand out, namely subjects 10 and 14. Although outcomes of subject 10 are not

readily apparent, this result can be attributed to a subtle discrepancy between the left and right gait

trajectories, which may elude visual inspection. Similar results were also recorded for subject 14, for

which the presence of asymmetry was significantly more pronounced. The statistical comparison is

presented in Figure 13c. The nonparametric Mann–WhitneyU test was also employed in this case, with a

minimum significance alpha level of 5%, highlighting statistically significant differences between the two

groups (p= 0:0029). However, no correlations between the KL divergence-based asymmetry metrics and

EDSS score were found (Pearson0sr = 0:1015 and 0:0051 for the left and right shanks respectively),

necessitating additional validation procedures before drawing any definitive clinical implications.

However, the extension of the hierarchical model to individually consider contralateral limbs provided

new insights into asymmetry levels in individuals affected byMS through a novel, multifaceted approach

employing both the WD and the KL divergence as complementary asymmetry metrics. It is important to

note that while the results presented heremay suggest that asymmetry could be a challenging aspect ofMS

even in the early disease stages, caution should be exercised due to the small sample size and the need for

further validation. Nonetheless, these insights may hold promise in assisting end-users toward providing

improved personalized treatment or rehabilitation plans.

While the advantages and potential applications of the newly proposedmethodology for characterizing

the shank angular velocity for PwMS have been emphasized, it is also important to consider its potential

limitations. First, while the size of the inducing point set has been kept fixed and shared across all levels of

the proposed hierarchy, in order to reduce the parameter space over which to optimize, future work should

investigate how this design constraint affects the quality of the sparse approximation within the context of

this work. Second, while the authors retained the entire dataset for the analysis proposed in this study,

future work may also investigate the effects of downsampling and attempting the modeling problem with

a reduced sample size. This may allow direct comparison of sparse GP approximations to standard GP

regression.

In summary, the contribution of this work has been to propose a novel methodology for investigating

similarities and differences in gait data across multiple hierarchical levels, presenting an initial case study

of HVSHGPs directly applied to gait signals. The proposed approach is to make a departure from

Figure 13. KL divergence computed between the individual level GP, combining the left and right limbs

(third layer), and the individual limbs GP models, treating each limb individually (fourth layer). (a) HC,

(b) MS. The lighter shade represents the left shank, while the darker shade represents the right shank.

(c) statistical comparison.
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understanding gait with respect to a set of summary features; instead, the full gait cycle is modeled

functionally, including varying noise/uncertainty throughout the signal. This model additionally obeys

the underlying hierarchical structure of the gait data, exploiting similarities, but respecting differences.

Finally, given that the shank angular velocity can be directly measured using wearable sensors—a cost-

effective and versatile technology applicable in both laboratory and free-living environments—this signal

presents a promising candidate for a biomarker in longitudinal studies of distal lower limb motion,

offering advantages over traditional motion capture systems.

4. Conclusions

To the best of our knowledge, this study marks the first instance where scalable hierarchical GPs have

been employed as a flexible Bayesian machine learning technique for modeling the nonlinear shank

angular velocity. First, the hierarchical approach has been used to account for the temporally structured

covariance between groups of patients and individual subjects. Then, the problem of scaling GPs to

handle large datasets, such as the ones obtained during clinical gait assessments, has been addressed by

using variational approximation methods. Finally, the variability in the gait cycle has been captured by

input-dependent noise modeling, that is heteroscedasticity. This was achieved by modeling the log-noise

variance of the process as an additional GP, which is also learnt in a variational manner. In possession of

this hierarchical model is then possible to perform comparisons of the gait cycle across the full function

space, rather than simply on a discrete feature level.

In conclusion, the move toward probabilistic modeling of the shank angular velocity allows for the use

of probabilistic models, which offer robust and accurate mean predictions, along with automatic

uncertainty estimates. The use of these models facilitates a better understanding of the impaired gait

pattern in MS and also holds promise for possible extension to other pathological gait conditions.
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Appendix A. Key standard GP equations
The reader should note the shorthand notationKXX used to denote k X,Xð Þ throughout this appendix. Following the brief introduction
to GPs in Section 2, the joint Gaussian distribution of the observed target values y and the function values at test locations y

⋆
, under

the prior is given by

y

y
⋆


 �
�N

m Xð Þ
m x⋆ð Þ

" #

,
KXX þσ2nI KXx⋆

Kx⋆X Kx⋆x⋆ þσ2nI

" # !

(15)

Here, X denotes a set of N, D-dimensional training inputs, where X ∈ℝ
N ×D, whereas y∈ℝ

N × 1 is the corresponding set of N

measured training outputs. Given the training inputs X and their corresponding outputs y, the predictive distributions over y
⋆
at new

test input locations x⋆ are given by

p y
⋆
jx⋆,X ,yð Þ�N EStandard y

⋆
½ �,VStandard y⋆½ �ð Þ (16a)

EStandard y⋆½ � =m x⋆ð ÞþKx⋆X KXX þσ2nI
� ��1

y�m xð Þð Þ (16b)

VStandard y⋆½ � =Kx⋆x⋆ �Kx⋆X KXX þσ2nI
� ��1

KXx⋆ þσ2nI (16c)

The kernel hyperparameters can be found via the following optimization of the negative log marginal likelihood:

bθ = argmin
θ

� logp yjx,θð Þ (17)

with

� logp yjx,θð Þ= � logN yjm xð Þ,KXX þσ2nI
� �

=
N

2
log 2πð Þ

|fflfflfflfflfflffl{zfflfflfflfflfflffl}
constant term

þ1

2
log ∣KXX þσ2nI∣
|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

complexity term

þ1

2
y�m xð Þð ÞT KXX þσ2nI

� ��1
y�m xð Þð Þ

� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
model fit term

(18)
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The annotated terms in Equation 18 have readily available interpretations, and it can be clearly seen that there is a trade-off between

model fit and model complexity. This property is known as the Bayesian Occam’s Razor (Rasmussen and Ghahramani, 2001;

Rasmussen and Williams, 2006). Thus, the hyperparameters of the kernel can be learnt and the GP is completely defined by

Equations 15 and 16.

Appendix B. Key sparse GP equations
Following the introduction presented in Section 2.1, the key equations required for variational approximationmethods are presented

here. Briefly, variational inference methods derive a lower bound of the log-marginal likelihood using a distribution q fð Þ over the
entire infinite-dimensional function:

logp yjθð Þ = log

Z
p y, f jθð Þdf ≥

Z
q fð Þ log p y, f jθð Þ

q fð Þ df =Eq fð Þ log
p y, f jθð Þ
q fð Þ


 �
=FSparse q,θð Þ (19)

This lower bound FSparse can be expressed in terms of the KL divergence between the variational distribution and the true posterior:

FSparse q,θð Þ=Eq logp yjθð Þ½ ��KL q fð Þkp f jy,θð Þð Þ (20)

Given the set of inducing points Z,uf g, where Z contains the locations of the inducing points and u are the values of the latent

functions at these points, the variational lower bound can be written explicitly as

FSparse Zð Þ= �1

2
log 2πð Þ�1

2
log∣QXX þσ2nI∣�

1

2
y�m Xð Þð ÞT QXX þσ2nI


 ��1
y�m Xð Þð Þ

�1

2
σ�2
n tr KXX �QXXð Þ

(21)

where tr �ð Þ is the trace operator and QXX is the approximate covariance matrix, defined as

QXX =KXuK
�1
uuKuX (22)

Here, the kernel functions, evaluated at the data points X, inducing input points Z, and between the data and inducing points, are

represented by the kernel matricesKXX ,Kuu andKXu, respectively. Please note, that according to Titsias, 2009; Bui et al. (2017), the

notation used here can be generalized, such that:

Qab =KauK
�1
uuKub (23)

The bound derived in Equation 21 can then be used for hyperparameter optimization. For the complete derivation of this bound, the

reader is referred to Michalis (2009). Following optimization, predictions can be done in a comparable manner to the standard

GP. Hence, the predictive distribution is given by (It should be noted that the explicit conditioning of the posteriors on the training

data, test input, inducing points, and hyperparameters was dropped here for simplicity of notation.)

p y
⋆
jx⋆,X,y,uð Þ =N ESparse y⋆½ �,VSparse y⋆½ �

� �
(24a)

ESparse y⋆½ �=Qx⋆X QXX þσ2nI
� ��1

y (24b)

VSparse y⋆½ �=Kx⋆x⋆ �Qx⋆X QXX þσ2nI
� ��1

QXx⋆ (24c)

The main benefit of this sparse approximation is that the computational requirements are reduced from O N3
� �

to O NM 2
� �

for M

inducing points. Naively, it is not clear where the computational speed-up is found. However, note that the Woodbury inversion

lemma can be applied as detailed below:

QXX þσ2nI
� ��1

=

KXuK
�1
uu KuX þσ2nI

� ��1
=

σ�2
n I�σ�2

n I KuuþKuX σ�2
n I

� �
KXu

� ��1

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ℝ

M ×M

KuX σ
�2
n I

(25)

Appendix C. Key heteroscedastic GP equations
The heteroscedastic lower bound is given by Equation 26, as follows:

FHeteroscedastic μ,Σð Þ= logN yj0,K f þR
� �

�1

4
tr Σð Þ�KL N hjμ,Σð ÞkN hjμ01,Khð Þð Þ (26)

To ensure clear notation, K f and Kh are used here to denote the covariance matrices of the two GPs used to model f xð Þ and h xð Þ,
respectively.R is a diagonal matrix whose elements areRii = exp μi�0:5Σiið Þ.Moreover, μ andΣ are the variational parameters to be

determined, defined according to Equation 27, for some positive semidefinite diagonal matrix Λ (see Liu et al., 2018):
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μ=Kh Λ�1

2
I

� �
1þμ01, (27a)

Σ
�1 =K�1

h þΛ (27b)

It can be seen that this implementation requires the optimization of NþN Nþ1ð Þ=2 free variational parameters. This is achieved

through the reparametrization of μ andΣ in terms ofΛ (Lázaro-Gredilla and Titsias, 2011). As a result, the computational complexity

is roughly twice that of the homoscedastic GP.

Another challenge that has emerged from the use of a heteroscedastic GP is the lack of a complete predictive distribution in a

closed form. Fortunately, it is still possible to approximate the first two moments (that is the mean and variance) of the predictive

distribution. These are expressed in the following equations:

Eq y⋆½ � = a⋆ (28a)

Vq y⋆½ � = c⋆2þ exp μ
⋆
þ1

2
σ⋆

2

� �
(28b)

Here, the following notations have been used:

a⋆ = kf x⋆,Xð Þ K f þR
� ��1

y (29a)

c⋆
2 = kf x⋆,x⋆ð Þ� kf x⋆,Xð Þ K f þR

� ��1
� �

kf X,x⋆ð Þ (29b)

μ
⋆
= kh x⋆,Xð Þ Λ�1

2
I

� �
1þμ0 (29c)

σ⋆
2 = kh x⋆,x⋆ð Þ� kh x⋆,Xð Þ KhþΛ

�1
� ��1

kh X,x⋆ð Þ (29d)

With these definitions, it is now possible to make predictions using a heteroscedastic GP. Here, it is assumed that the first two

moments presented above are representative of the true underlying distribution.

Appendix D. Key variational sparse heteroscedastic GP equations
In this section, the covariance matrices are indexed by a superscript f or h, which denotes the function and corresponding

hyperparameters under consideration. The subscripts denote which sets of points the covariance is computed between, with

X being the full set of points and u being the set of inducing points for the corresponding function. Therefore, as an example, Kh
Xu

is the covariance matrix between the training points and the inducing points for h xð Þ, given the hyperparameters of the kernel for

the log-noise GP. Although there is a nontrivial amount of algebra to arrive at these equations, to learn the optimal set of

hyperparameters for the VSHGP model, the problem reduces to maximizing the following lower bound (Liu et al., 2018), which

is defined as

FSparse‐Heteroscedastic μ,Σð Þ= logN yj0,Qf
XX þRh

� �
�0:25Tr Σh½ �

�0:5Tr R�1
h K

f
XX �Q

f
XX

� �h i
�KL N hjμu,Σuð ÞkN hjμ0,Kh

uu

� �� � (30)

where the diagonal matrix Rh ∈ℝ
N ×N is defined as: Rii = exp μhi�0:5Σhiið Þ, with the mean and variance.

μh =Ω
h
Xu μu�μ01ð Þþμ01 (31a)

Σh =K
h
XX �Qh

XX þΩ
h
XuΣu Ω

h
Xu

� �T
(31b)

μu =K
h
uX Λ�0:5Ið Þ1þμ01 (31c)

Σ
�1
u = Kh

uu

� ��1þ Ω
h
Xu

� �T
ΛΩ

h
Xu (31d)

Here, Λ is a positive semi-definite diagonal matrix, and Ω
h
Xu is defined according to Equation 32. For details regarding the full

derivation, the reader is referred to Liu et al. (2018).

Ω
h
Xu =K

h
Xu Kh

uu

� ��1
(32)

The sparse approximation for the two GPs employed to model the heteroscedastic noise introduces several additional

hyperparameters associated with the inducing points used in f xð Þ and h xð Þ. It should be noted that the number of inducing points

does not necessarily have to be equal for both functions. As a result of the introduction of the two sets of inducing points, the number

of hyperparameters has now increased to include the kernel hyperparameters for kf x,x0ð Þ and kh x,x0ð Þ, the constant mean for the log

noise variance, μ0, the location of the m inducing points for f xð Þ, the location of the u inducing points for h xð Þ, as well as the n
variational parameters composing the Λ diagonal matrix.

However, as with the non-sparse heteroscedastic GP, computing the predictive distribution p y
⋆
jy,x⋆ð Þ at the test points x⋆

requires marginalizing over the latent noise process, leading to an intractable integral. This marginalization implies that the

predictive posterior is no longer Gaussian. In practice, following Lázaro-Gredilla and Titsias (2011) and Liu et al. (2018), we can
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approximate the predictive distribution by matching its first two moments via Gauss–Hermite quadrature. This procedure yields an

approximate Gaussian predictive distribution with mean μ
⋆
and variance σ2

⋆
as follows:

μ
⋆
= μ f

⋆
, σ2

⋆
= σ⋆

f 2þ eμ⋆
hþσ⋆

h2=2 (33)

where

μ
⋆

f =K f
⋆uK

�1
R K

f
uXR

�1
h y, (34a)

σ⋆
f 2 =K f

⋆⋆
�K f

⋆u K f
uu

� ��1
K f

u⋆þK f
⋆uK

�1
R kfu⋆, (34b)

σ⋆
h2 =Kh

⋆⋆
�Kh

⋆u Kh
uu

� ��1
Kh

u⋆þKh
⋆uK

�1
Λ
Kh

u⋆, (34c)

KR =K
f
uXR

�1
h K

f
XuþK f

uu (34d)

KΛ =Kh
uXΛ

�1Kh
XuþKh

uu (34e)

Here, it is important to note that the correction term, K
f
⋆uK

�1
R K

f
u⋆ in Equation 34b contains the heteroscedasticity information from

the noise term Rh.

Appendix E. Group and individual model comparisons using the KL divergence
Figure E1 demonstrates the asymmetric nature of the Kullback–Leibler (KL) divergence when comparing group-level differences

across the gait cycle. The left panel shows the divergence pattern when using the healthy control group as the reference distribution,

while the right panel shows the same comparison with theMS group as the reference. The distinct patterns between these two panels

highlight a key limitation of KL divergence: its asymmetric property leads to different interpretations depending on the choice of

reference distribution. In addition to this, it is clear that the KL divergence is disproportionately sensitive to small values in the

reference distribution rather than capturing the absolute magnitude of differences. As such, both visualizations show notable

dissimilarities in the first 15%, the range of 35 to 55%, and the range of 60 to 90% of the gait cycle, but with differentmagnitudes and

temporal distributions, emphasizing why a symmetric metric like theMaximumMean Discrepancy (MMD) might be preferable for

clinical interpretations (see Section 3.3). This same analysis is extended to individual-level comparisons against the control group, as

shown in Figure E2.

Figure E1. Comparison of GP posterior distributions using KL divergence. (Left) KL divergence

computed using the healthy control (HC) group GP posterior as the reference distribution. (Right) KL

divergence computed using the MS group GP posterior as the reference distribution. The solid white line

represents the mean difference between the two GPs, while the dashed lines indicate the ± 2σ uncertainty

bounds of the difference.
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Figure E2. Comparison of individual differences using KL divergence. (Top) KL divergence computed

using the healthy control (HC) group GP posterior as the reference distribution. (Bottom) KL divergence

computed using individual-specific posteriors as reference distributions. The first four rows represent HC

individuals, while the last four rows represent people with MS (PwMS). Higher values (yellow) indicate

greater divergence between distributions.
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Appendix F. Individual models: Performance metrics
The individual model (aggregating contralateral limb data) performance metrics are presented in Table F1.

Table F1. Performance metrics of individual models aggregating contralateral limb data

Healthy controls PwMS

Subject no.

NMSE (%) MSLL

Subject no. EDSS

NMSE (%) MSLL

Train Test Train Test Train Test Train Test

1 0.841 0.885 �4.177 �4.183 1 4.5 2.838 2.821 �3.870 �3.838

2 1.303 1.277 �4.025 �4.023 2 4.5 3.914 3.925 �3.554 �3.528

3 1.012 0.972 �4.153 �4.134 3 4 1.381 1.347 �4.193 �4.208

4 1.260 1.286 �4.086 �4.092 4 4 8.810 9.162 �3.609 �3.584

5 0.591 0.619 �4.135 �4.109 5 5 6.227 6.344 �3.736 �3.773

6 0.562 0.555 �4.321 �4.320 6 5 4.573 4.589 �3.736 �3.711

7 0.557 0.563 �4.245 �4.231 7 4.5 1.434 1.413 �4.167 �4.176

8 1.014 1.046 �4.108 �4.099 8 2 0.877 0.897 �4.122 �4.124

9 0.742 0.735 �4.087 �4.091 9 3.5 7.875 7.907 �4.677 �4.690

10 0.588 0.598 �4.292 �4.278 10 3.5 1.000 1.032 �4.027 �4.018

11 0.634 0.654 �4.474 �4.456 11 2 0.736 0.738 �4.245 �4.238

12 0.793 0.801 �4.218 �4.207 12 5 6.190 6.275 �4.127 �4.132

13 0.626 0.646 �4.382 �4.366 13 4.5 2.062 2.192 �4.068 �4.030

14 0.992 0.972 �4.109 �4.078 14 2.5 2.899 2.942 �3.887 �3.884

15 0.593 0.586 �4.194 �4.193 15 2 1.434 1.429 �3.878 �3.852

16 0.810 0.813 �4.114 �4.127 16 1.5 1.013 1.004 �4.173 �4.187

17 0.778 0.774 �4.175 �4.173 17 3.5 6.648 6.310 �3.549 �3.570

18 1.108 1.113 �3.913 �3.925 18 2 0.620 0.649 �4.237 �4.211

19 0.800 0.790 �4.029 �4.049 19 2 4.265 4.154 �3.772 �3.801

20 0.927 0.929 �4.087 �4.043 20 2 0.966 0.960 �4.315 �4.293

21 0.575 0.583 �4.366 �4.381 21 3.5 1.320 1.335 �4.191 �4.203

22 1.658 1.662 �3.880 �3.882 22 2 2.933 2.919 �3.998 �3.997

23 0.952 0.973 �4.172 �4.180 23 2 0.729 0.763 �4.307 �4.291

24 1.054 1.093 �4.219 �4.204 24 3.5 5.856 5.974 �3.831 �3.775

25 0.703 0.696 �4.424 �4.433 25 3.5 5.321 5.434 �4.473 �4.438

26 0.973 1.007 �4.055 �4.013 26 4 11.427 11.012 �3.571 �3.553

27 1.094 1.094 �4.098 �4.092 27 4 6.722 6.684 �3.664 �3.663

28 0.637 0.634 �4.073 �4.064 28 4 2.792 2.787 �3.807 �3.823
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Appendix G. Wasserstein asymmetry
Figure G1 displays the distinctive locations across the entire gait cycle where asymmetry is present in the gait patterns obtained from

the individual limb models, that is left versus right. Here, each individual line corresponds to a unique individual.

Cite this article: Stihi A, Mazzà C, Cross E and Rogers TJ (2025). Hierarchical Gaussian processes for characterizing gait

variability in multiple sclerosis. Data-Centric Engineering, 6, e36. doi:10.1017/dce.2025.10009

Figure G1. Wasserstein distance computed between left and right limb models.
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