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Abstract

Computational models of coronary flow allow quantification of virtual frac-
tional flow reserve (VFFR) and absolute flow, reducing the need for invasive
testing in supporting a diagnosis of ischaemic heart disease (IHD). One-
dimensional (1D) models of coronary flow are an emerging tool, which pro-
vide rapid assessment of coronary physiology. However, they currently do
not fully account for side branch flow, the importance of which for clinically
indeterminate cases is disputed. In the current study, we derive a novel 1D
model of coronary flow from the Navier-Stokes equations, which accounts
for vessel taper, convective acceleration and boundary slip. Using 15 ide-
alised coronary arterial anatomies derived from patient data, we compared
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VvFFR results from our model with those from a pre-existing 1D model of
coronary flow. The techniques showed strong correlation (r=0.99, p < 0.001)
with close agreement. Through a novel output-constrained global sensitivity
analysis (GSA), we demonstrated that anatomical parameters, particularly
the magnitude of simulated side branches significantly influences vFFR in
the diagnostic grey zone (0.75 - 0.85) and absolute coronary flow regardless
of stenosis severity. This challenges the commonly accepted dominance of
stenosis parameters. We present a more mathematically and anatomically
consistent 1D system for modelling coronary flow, which demonstrated mod-
est differences with established models. GSA highlighted the influence of the
flow diameter (Murray) scaling exponent in all cases when computing flow
and in intermediate epicardial stenoses when quantifying vFFR. This work
highlights the importance of accurately quantifying side branch flow when
computing virtual coronary physiology.

New & Noteworthy: A new 1D model for blood flow is derived accounting
for vessel taper, side branch flow and boundary slip. This model is applied to
a novel output-constrained GSA, highlighting the influence of anatomical and
flow input parameters within clinically relevant regions of virtual fractional
flow reserve. Notably, we reveal the significant influence of the flow diameter
scaling exponent in the virtual fractional flow reserve grey zone (0.75-0.85)
compared to the conventionally accepted stenosis severity.

Keywords: Coronary Artery Disease, Sobol Indices, VFFR, Absolute Flow,
Modelling Assumptions

1. Introduction

Ischaemic heart disease frequently results from occlusive epicardial coro-
nary artery disease (CAD). Clinically, epicardial lesion severity is often judged
from angiographic appearances alone. In cases of intermediate stenoses,
where images alone are inconclusive, proportional translesional flow loss may
be quantified with invasive assessment of fractional flow reserve (FFR). In-
vasively assessed FFR is the current gold standard diagnostic technique for
epicardial lesions [1] and is associated with improved patient outcomes ver-
sus angiography guided revascularisation [2]. However, FFR quantifies only
proportional flow reduction and cannot assess coronary microvasculature dys-
function (CMD). Currently, microvascular assessment requires further inva-
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sive assessment of coronary microvasculature resistance (CMR) [3] with ei-
ther bolus thermodilution or Doppler velocity. However, agreement between
techniques is poor [4], whilst increasing procedural time, cost and risk of
complications.

Mathematical models of coronary physiology provide an alternative to in-
vasive assessment. Computational fluid dynamics (CFD) workflows typically
use clinical imaging to produce CFD boundary conditions representative of
patient anatomy. The first CFD tools used plane [5] and CT [6] angiography
to derive virtual FFR (vFFR) based on both imaging modalities (which are
now commercially available [7, 8, 9]). Subsequent refinement of CFD tech-
niques facilitate the quantification of absolute flow (mL/min), CMR [10, 11]
and wall shear stress (WSS) [12]. However, such measures of coronary phys-
iology are absolute (rather than proportional); results are therefore more
sensitive, both to boundary conditions and the model of flow- including any
account of side branch flow [13]. Some models include side branches in their
geometrical reconstructions [11, 14, 15| and while the inclusion of a selected
number of major side branches is feasible and has now translated into clini-
cally available workflows [9], the selection of which side branches to include is
subjective. Furthermore, incorporation of all major side branches in a heav-
ily tapering vessel (most applicable to the LAD) prolongs segmentation time
and increases simulation expense, which may preclude real-time use in the
cardiac catheterisation laboratory. This approach also ignores smaller side
branches (typically < lmm in diameter) which cannot be fully visualised
owing to the limited resolution of angiography.

An alternative technique, initially described by Sturdy et al. [16], mod-
elled the wall of the vessel as a porous boundary through which side branch
flow would virtually ‘leak’. Here, the magnitude of leak was determined by
taper of the main vessel, which was used to infer the size and flow loss of
unsegmented side branches according to Murray’s law [17] of vascular scaling:

Q o< D5, (1)

Where D represents artery diameter, (Q absolute flow and c the flow diameter
exponent, which was originally described by Murray as 3.0 [17]. This first
model assumed a homogenous distribution of side branches, with reducing
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leakage along the vessel length [18]. Further work regionalised leakage to bi-
furcation sites [19] and incorporated simulated local vessel pressure, P, into
leakage [13]. However, the true value of the flow diameter scaling exponent
has been disputed, with theoretical [20] and observational studies [21] sug-
gesting an exponent closer to 7/3 (2.33). This lower scaling exponent implies
relatively smaller side branches, with higher terminal resistance, and there-

fore less side branch flow. The effect of this discrepancy in exponent value
for vFFR [22, 18], absolute flow and CMR is uncertain.

An established thread of research aims to accelerate computation, by re-
ducing the Navier-Stokes equations and coronary geometries to a one di-
mensional (1D) formulation [23, 24, 25, 26, 27]. Such 1D models have been
applied throughout the vasculature. Colebank et al., examined their utility
in the pulmonary circulation [28] including physiological and pathophysio-
logical states (chronic thromboembolic pulmonary hypertension) [29]. In the
systemic circulation [30], the most significant prior art relates the coronaries
(coupling to multi-scale models [31]), to ventricular dysfunction [32] and a
description of the complete coronary tree [33]. All the work cited above relies
on a 1D formulation in which no vessel leak occurs. However, a need (com-
pelling in the case of the coronaries) to incorporate side branch flow erodes
the mathematical foundations of 1D theory, which has not been updated con-
sistently to account for the convective acceleration effects of side branch losses
and the logical necessity of boundary slip- to exit the domain, there must
be motion at the boundary. While preliminary work suggests that existing
approximations may describe vFFR [18, 34], flow and CMR are inherently
more sensitive to boundary conditions, which may result in increased error
[35].  Global sensitivity analysis (GSA) quantifies the sensitivity of model
outputs relative to input uncertainty and is therefore well-suited to expose
the significance of these omissions. Previous coronary GSA has focused on
vFFR and concluded model geometry i.e. stenosis severity, [36, 37, 38| and
outlet boundary resistance [37, 39] dominate output uncertainty. But these
authors treat the full range of vEFFRe [0, 1] and do not scrutinise sub-ranges
where clinical decision support is particularly useful for vFFR. Considering
the FFR diagnostic threshold of 0.80, the ”grey zone” of vEFRe [0.75,0.85]
is critical. This influence of anatomical and flow parameters in clinically im-
portant sub-ranges is, to our knowledge, unexplored. In redress, we proceed
as follows:
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1. Advance the 1D formulation of the Navier-Stokes equations in a taper-
ing geometry, self-consistently to incorporate convective acceleration,
the effects of side branch flow, and a necessary boundary slip.

2. To gain insight into the expected difference in vFFR computation, we
compare the model in (2) with a previously validated, 1D pre-cursor
[18].

3. We then use the novel model to perform the first output constrained
GSA. The aim of this was to determine input parameter influence upon
decomposed sub-domains of vFFR and distal coronary flow, with the in-
tention of identifying influential parameters (i.e., future areas for model
development) in the most clinically relevant cases.

2. Methods

In this section we describe a 1D model accounting for vessel taper, bound-
ary slip and convective acceleration and then its GSA. See figure 1 for a
schematic of our workflow.

2.1. Patient recruitment, clinical data collection and vessel segmentation

Data were sourced from the University of Sheffield coronary physiology
repository. This included data from adult patients undergoing clinically in-
dicated cardiac catheterisation for assessment of chronic coronary syndromes
at Sheffield Teaching Hospitals NHS Foundation Trust. Data collection for
research purposes was approved by Regional Ethics Committees and all
patients gave informed consent. A full description of patient recruitment
[40], vessel segmentation and simulation workflow has already been reported
[10, 19]. In brief, for vessel reconstructions, two angiographic projections of
the vessel of interest, acquired > 30 apart and during end-diastole were man-
ually selected. Table movement between consecutive image acquisitions was
manually performed. Vessel contrast gradient was used to semi-automatically
trace the vessel centreline and borders with manual correction if required. Fi-
nally, a rigid, 3D, axisymmetric geometry was automatically created based
on epipolar geometry. To adapt 3D arterial structures into a 1D description,
we follow established methods [34, 36]. 3D volume meshes were collapsed to
circular cross-sectional areas, A;, with surface normals which were tangent
to the vessel centreline, to which the streamwise coordinate was parallel.
Spacing between centreline nodes did not exceed 0.5 mm. From each A; we

calculated a local vessel radius r; = ,/%, the streamwise location of each

6
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Clinical Data Collection (15 cases)

FFR assessment

Angiography
e | e,

1D Geometry Generation

Vessel segmentation 1D geometry generation

=== 3D reconstruction radii

= Healthy filtered radii

3D reconstruction

Radius

Streamwise length

Simulations and data analysis

VFFR comparison Sensitivity analysis
Taper vs standard 1D model Taper model
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(100 per case)
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Correlation and Agreement 1. All simulations
k assessed 2. VFFR subgroups /

Figure 1: Schematic representation of the methodology and analysis protocol
Top panel: Clinical Data Collection, patients underwent clinically indicated angiography
and FFR assessment (15 total vessels). Middle panel: 1D Geometry Generation, each
vessel was manually segmented and 3D reconstruction generated using an epipolar line
method. Radius data were then extracted from the 3D reconstruction and Fourier filtra-
tion used to model vessel radii as a monotonically decreasing function. Bottom panel:
Simulations and data analysis, each Fourier filtered vessel formed a base case onto which
artificial stenoses were inserted. Agreement was assessed for taper and standard 1D model-
derived vFFR in 1500 artificially stenosed vessels. Sensitivity analyses was then performed,
using the taper model, for outputs vFFR and absolute distal flow (mL/min). Sobol indices
are presented across all simulations and in distinct vFFR strata.
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such segment being computed by summing the Euclidean distance between
adjacent centreline points. Thus, the streamwise coordinate of A;, x;, was
accumulated as x; = Y. _| AS,_1,. Here, S,_1, is the Euclidean distance
between centreline points indexed n — 1 and n.

2.2. Idealised vessel construction

The GSA methodology required suitable 1D representations of healthy
vessels (geometries), with an associated inlet flow boundary condition, onto
which focal stenoses could be introduced. Idealised geometries are described
in section 3.1 and figure 1. To create 1D geometries, radius was sampled
at 200 points along the reconstructed centre-line. To filter stenoses from
these 1D descriptions, a Fourier filtration was used to transform vessel ra-
dius into a monotonically decreasing function of centre-line distance. See
Appendix B, in which the black (red) line shows the observed vessel struc-
ture (filtered vessel of our synthetic healthy approximation). The Fourier
filtration method transforms the centreline-based radius measurements into
the frequency domain, suppresses the high-frequency components associated
with pathological narrowings, and reconstructs a smoothed radius profile by
Fourier inversion, removing focal stenoses while preserving the natural ta-
pering arterial characteristics. This allowed a controlled re-introduction of
parameterised stenoses, for our subsequent haemodynamic analyses.

A three step process was used to compute inlet flow in the absence of epicar-
dial stenoses (i.e., healthy inlet flow): a 3D CFD simulation in the original
diseased case was first performed, yielding absolute flow at the diseased ves-
sel outlet [5]. Outlet flow in the absence of focal epicardial stenoses was then
computed using

Diseased outlet flow

Health: tlet flow =
ealthy outlet flow TR

From the above, taper of the artery was used to quantify healthy inlet flow,
using the Huo-Kassab flow diameter scaling exponent of 7/3 [20], and our
geometrical leak model [13, 36] as follows :

Ro\7/3
Healthy inlet flow = Healthy outlet flow < n )

out

Here, R;, (Rou) is the vessel inlet (outlet) radius.

8
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2.3. Haemodynamic descriptions
2.3.1. Flow in healthy vessel sections

A 1D model of steady flow [13], was used to compute vessel flow rate (Q(x)
and pressure P(z)) in leaky sections of a healthy vessel. The computational
domain was a 1D representation of coronary arterial segments, with each ves-
sel parameterised by its centreline (streamwise) coordinate = € [0, L], with L
denoting the total vessel length. The vessel geometry was characterised by a
cross-sectional area A(z) = mwR*(z), where R(z) is a filtered radius, obtained
as described above. Domain boundaries exist at the inlet (z = 0) and outlet
(x = L), with prescribed pressure and flow conditions at the inlet. We adopt
a constitutive equation relating pressure and cross-sectional area via a linear
wall model [41], applied under the assumptions that the vessel segments are
locally cylindrical and the walls are thin, incompressible, homogeneous, and
orthotropic. We assume loading and deformation are axisymmetric and that
the vessels are tethered in the longitudinal direction.

In this work, z (rather than traditional z) denotes the stream-wise co-ordinate,
to be consistent with a majority of the relevant literature. Input data were
patient-specific: (i) inlet pressure P, o, inlet flow rate @, and (ii) filtered,
discretised vessel radii {(x;, R;);i = 1,..,200}. In Appendix A, we derive
the novel 1D initial value problem

dQ

e +1 =0,
Xi(Q_Q) é£+2(c+2)ﬂ'/jg(1+<ﬁ>2)—l/2 0
dr \ A p dx P A dx
Q(O) = Qp,Oa
P(0) = P,o.

Above, « is a slip parameter, which we formally associate with a notional
luminal surface roughness, arising as a consequence of side branch flow. In
the base 1D formulation [26, 23], % = 0 is assumed. The assumption of
no taper is appropriate for larger systemic vessels [26, 42]. However, in the
coronaries, taper is an essential anatomical feature (here ingested through
the geometrical data) which, following Appendix A, is included in our 1D
formulation. Blood viscosity, u = 0.0035Pa s, blood density p = 1050kg/m?,
flow sink ¢ () describes local leak (see below), A(z) = wR(x)?* is local ves-

sel area, ¢ parameterises transverse variation in stream-wise velocity [43] as

9
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u(x,r):%(#) {1-(%)1, 0<r<R@), CeR', (3)

X is a momentum correction coefficient [26]

Q2 / / + )

We assume an anatomical model of vessel leak [13] based upon Murray’s law.
Accordingly, @Q(x) and ¢ (z) are determined by R(x) (or, equivalently, A(z)),
given (0). The following equation describes the local leak at each vessel
segment x;:

Q0 =ao(5)" v =990 )

Above, ¢ denotes the Murray exponent. To determine P(x), a numerical
scheme was devised using Equations (2) and (5) and a trapezoidal quadra-
ture. Thus, for {P(z;) : i =1,..,200}

2x(c—1) — 040} (Q(l‘iﬂ)z Q(l‘z‘)z)

P(xi1) = P(x;) — P[ 2(c — 2) A(zip1)? Az;)?

Tt Q 1 dA\2\ "
—2((4—2)71’,&/ E<1+47T_A<E> ) dx,

Z;

(6)

where Q(z;) is computed from Equation (5), A(z;) = 7R? and, in the inte-
grand, (Q and A vary linearly over x; < = < x;,,. Put another way, each
vessel is discretised into 200 segments, derived directly from the reconstructed
anatomy, which approximate a conical frustrum with a unique linear taper.
These precautions account for vessel taper in the inertial and viscous terms
of the momentum equation, while accommodating a boundary momentum
flux egress. See Appendix A.

2.3.2. Flow in stenosed vessel sections

Abrupt stenotic changes in R(z) involve significant radial flow, invalidat-
ing the 1D haemodynamics. A lumped sub-model of, essentially, a Bernoulli
resistor can represent flow within the stenosis [44, 45]:

B Ky _Kip (Ao
AP=AQ+BAIQL A= B 2AQ<A 1 @

10
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Above, Ay and A, are the cross-sectional areas of the healthy and stenotic
segments, respectively, Dy and D, are the healthy and stenotic vessel diame-
ters and K, and K, are dimensionless empirical constants quantifying viscous
and turbulent effects respectively:

(Ko, 5 + Ko, Ds) @
Do A,

2
K, = ) , K, = 26.56, K,, =52.48, K; = 1.52,
and S, is the length of the stenosis. Here @ = 0 thus this term is dropped
which is present in previous work. No leak was assumed to occur in stenosed
sections of vessels.

2.4. Diseased geometry generation and boundary condition modulation

To conduct GSA, synthetic stenoses were inserted into the idealised ge-
ometries described in section 2.2. Stenoses were parameterised by:

S, €[0.1,0.9], S, € [0.1,0.9], S; € [3.0,15.0]. (8)

Above, S, S, and S; respectively denote proportional limits for total stenosis
luminal area occlusion, location of stenosis centre relative to total vessel
length and stenosis length in mm. For example, a stenosis with Sy = 0.7
produces a 70% reduction in luminal area at the narrowest point, while S, =
0.5 places it halfway along the vessel length. Parameter S; controls the
length of the stenosis e.g., S; = 15.0, is a 15mm stenosis in the vessel. This
approach facilitates the spectrum of clinically representative stenoses, from
mild, diffuse narrowings to severe, focal lesions. In all cases, the value of
patient-specific invasive proximal flow was modulated in accord with the
induced vFFR [13], to provide the inlet flow boundary condition, Q(0).

2.5. Global sensitivity analysis
The model above has an input parameter set

{0} = {SsvsxaSlacagaaaKt,Kvl,Kvg}. (9)

In the variance based methodology of Sobol [46], the first order sensitivity
index Sy ; = vary,.(Fp: (Y]0;)), where 07 = {0} \ {0;}, subscript i represents
the ¢th input parameter and superscript ¢ represents the complementary
set of the ith parameter. Here, E is the expectation operator and var the
variance. Total order estimators, after Homma [47], were computed using

St,i = o (vary, (Y|07)) = var(Y') — varg: (Ey, (Y|0])). (10)

11
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Above, St; quantifies the total effect, of input parameter 0;

St 251,i+25¢j+ Z Sijk + oo (11)
i#] i#i#k
Re-arranging Sr; — S1; = Zi# Sij + Z##k Sijk + ... = Su, where Sp;

denotes the higher order interactions, for an input parameter 6;. Sg,; — 0
implies that model input parameter 6; impacts the studied output indepen-
dently of 07. In this case, St is a proxy of S} ; as the model parameter effects
can be considered independent.

Table 1 declares the assumed bounds of our model input parameters. Ranges
align with published theoretical and experimental observations and are tai-
lored to the interval of clinical interest, for revascularisation [21]. GSA is
used to analyse both the global impact of input parameters and their effects
in the following output vFFR strata which reflect CAD stratification:

(1) vFFR € [0.00,1.00], (2) vFFR € [0.95,1.00], (3) vFFR € [0.85, 0.95],
(4) vFFR € [0.75,0.85], (5) vFFR € [0.65,0.75], (6) vFFR € [0.00, 0.65].

So, we perform conventional GSA, while binning model outputs into the
above intervals. Region (4) is termed the grey zone, in which correctly pre-
dicting physiological lesion significance, and therefore recommending revas-
cularisation, is most difficult (the diagnostic threshold for FFR is < 0.80).
Our GSA exposes the variation of input parameter effects within such grey
regions.

To compute the sensitivity indices, two n x m sample matrices A, B were
generated. n is the sample number and m the input space dimension. A, B
were then used with a variance estimator, to calculate input effects [48, 49].
A & B contain the parameter vectors which produces output- in this case,
vFFR and Q. To sample the input parameter sufficiently, we utilised the
low discrepancy Sobol sequence, to optimise sensitivity indices’ convergence
and parameter independence statistical properties. For certain parameter
vectors, VFFR will not satisfy the criteria (1)-(6) above, so a modified total
order estimator was used

n—N

A) — f(AL)?
12
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Above, f denotes the solution to the model, A% is a sample matrix con-
structed from our A and B, in which all the rows are from A except the
1-th, which is extracted from B, and N is the number of sample points which
failed to produce output within range. For this work, n = 1,000, 000 sample
points were used for each geometry and resampling with replacement was
used 1000 times to ensure index convergence. To obtain an average sensi-
tivity, sensitivity estimates were averaged across all 15 geometries. Please
see figure 1 for a schematic representation of the methods and analysis pro-
tocol. It is important to acknowledge the number of simulations which are
required in order to perform this analysis. For a full GSA with first and
total order effects, one should perform n(|p| + 2) model executions [50],
where n is the number of samples and |p| is the dimensionality of the in-
put space. Here, |p| = 9, so to produce outputs for 1 geometry, we require
1,000, 000(9 4+ 2) = 11,000,000 model executions; so for our 15 geometries,
we require 15 x 11,000,000 = 165, 000, 000 model executions in total. Then,
from the outputs we can stratify the results; in these strata, sensitivity in-
dices are calculated. As we are only examining single vessels in this work, we
can calculate the model outputs directly. However, for more computationally
expensive tasks surrogate models have are effective for performing 1D model

GSA [51].

Parameter Description Base Value Bounds Source
S Stenosis Severity 0.35 (0.1, 0.9] [52, 53]
Sy Stenosis Position 0.5 0.1, 0.9] [52]
Si Stenosis Length 7.0 3.0, 15.0] [52]
c Flow Diameter Exponent 2.33 (2.0, 3.0] [36, 17, 20, 54]
¢ Flow Velocity Exponent 4.31 [1.0, 9.0] 26, 43|
a Surface Roughness 0.7 (0.4, 1.0] [55]
K Stenotic Turbulant Coefficient 1.52 [1.064, 1.976] [45, 56]
K,, Stenotic Viscous Coefficent 26.56 [18.592, 34.528] [45, 56]
K,, Stenotic Viscous Coefficent 52.48 [36.736, 68.224] [45, 56]

Table 1: GSA Parameter bounds: The input parameters which are utilised within our
model and their respective lower and upper bounds for the GSA.

2.6. Statistical Analysis

Categorical variables (i.e., dichotomised vFFR lesion significance) are pre-
sented as frequency (percentage). The Shapiro-Wilk test was used to assess

13
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the spread of data. Normally distributed continuous variables are presented
as mean (+ standard deviation), while skewed data are presented as median
[inter-quartile range]. Correlation was quantified using Pearson’s correlation
coefficient (r). Agreement was assessed with Passing and Bablok regression
and quantile regression Bland Altman plots.

3. Results

3.1. Patient characteristics

Fifteen coronary arteries, from nine patients were included. Vessels were
selected to encompass the range of clinically relevant anatomical variation
which may be encountered in routine practice and included seven left anterior
descending (LAD), two left circumflex (LCx), four right coronary arteries
(RCA), one diagonal branch and one obtuse marginal branch. The observed
and synthetic healthy vessels are shown in Appendix B. These synthetic
vessels can then be used to evaluate various scenarios, e.g. comparing the
novel and standard model [18] and performing the stratified GSA. Seven
patients were male, mean age was 67.4 (£ 9.1) years old and four (44%)
patients were overweight or obese (BMI > 25). Mean vessel inlet flow was
264 (£ 150 /min), and the proportional difference between vessel radius
inlet and outlet (i.e., total taper) was 38% (£ 15%). See table 2 for full
haemodynamic results.

3.2. Model Outputs

The taper model was compared with the standard model of leak (% =
0,y = 1,aa =0,¥ = 0) [18] for vFFR. One-hundred simulations were per-
formed in each of the 15 geometries, with stenoses parameterised within the
limits declared in table 1. Of the 1500 simulations, 1314 yielded paired data
with vEFRe [0, 1]. Failures were predominantly attributed to edge cases (i.e.
at the end of model parameters bounds) which did not produce a geometry
amenable to simulation. The mean vFFR was 0.8140.006 for the taper model
and 0.80 = 0.006 for the standard model. Correlation between the two mod-
els was statistically significant (r = 0.99, p < 0.0001 ). Passing and Bablok
regression did not identify significant constant or proportional differences be-
tween the methods (m = 0.95, 95% CI 0.80 to 1.17; ¢ = 0.03, 95% -0.19 to
0.20)(figure 2). At the vFFR diagnostic threshold, mean bias was 0.00 with
95% CI [-0.04, 0.06]. There was a trend towards poorer agreement between
the models at lower vEFR values. Lesion significance (VFFR < 0.80) differed
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Case number Vessel Pa Healthy inlet flow Inlet radius Outlet radius
1 LAD 83 366.1 1.58 0.84
2 LCx 45 307.8 1.62 0.88
3 RCA 79 279.0 1.81 1.25
4 LAD 174 464.1 1.84 1.08
5 D1 81 558.3 1.56 1.05
6 LAD 52 120.0 1.82 0.98
7 LAD 65 222.7 1.06 0.91
8 LCx 79 135.6 1.54 1.00
9 LAD &4 246.8 1.69 0.53
10 RCA 91 433.4 1.81 0.99
11 LAD 51 368.0 1.31 0.88
12 OM1 57 123.8 1.56 0.76
13 LAD 86 80.1 1.26 0.73
14 RCA 76 774 1.07 0.96
15 RCA 109 178.2 1.20 0.93

Table 2: Summary of vessel characteristics used to define the healthy, reference
Healthy inlet flows correspond to the artery ostium (i.e., left or right main
coronary stem). Vessel type denotes the branch in which the reconstruction terminates.
All pressures represent mmHg, flows represent mL/min and radii are mm. D1, First
diagonal branch;LAD, Left anterior descending artery; LCx, Left circumflex artery; RCA,

vessels.

Right coronary artery; OMI1, First obtuse marginal branch.
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in 22 cases (1.7%) between taper and standard models. These 22 discordant
cases were evenly split between vEFR positive and negative cases (i.e., the
taper model categorised eleven cases as false positives and eleven as false
negatives).

0.2

VFFR Taper - vFFR Standard
Standard - vFFR

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
VvFFR Mean(Taper,Standard) Taper - vVFFR

o —y —y=z

Figure 2: Quantile regression plot and Passing Bablok plot comparing the two
vFFR models The left figure displays a quantile regression plot comparing the vFFR
values for the novel tapering 1D formulation derived in this work against the previously
validated 1D model of side branch flow developed by Gosling et al., [18]. The right figure
displays a Passing Bablok regression comparing vFFR values obtained from the taper
model (x-axis) against the standard 1D formulation including side-branch flow (y-axis).

3.3. Global Sensitivity Analysis

3.8.1. Full Output consideration

First and total order indices were first calculated for all input parameters
in figure 3. Across all simulations, stenosis severity, .S, was most influential
on vFFR (first order index (S;) 0.88 [0.80 —0.91], total order index (S7) 0.88
[0.80 — 0.93]). Input parameter influence on ); was more variable, where
the two most influential input parameters were ¢ (S 0.33 [0.15 — 0.49], St
0.45 [0.29 — 0.55]) and stenosis position, S, (S; 0.30 [0.08 — 0.33], Sr 0.42

[0.35 — 0.60]). Across all simulations, error of first and total order indices
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was less than 0.01 and thus these are not displayed on the box and whisker
plot.

First Order indices A Total Order indices C
0.8 - ! 0.8 - !
06 ® 0.6 -
[TH [ ]
$0.4 0.4 -
0.2 0.2
-
0.0 - =g =g P S 0.0 - IEE=_._——_
Sy So S ¢ ¢ a K K, K, Sy S: S ¢ ¢ a K, K, K,
B D
0.8 0.8

0.6 0.6 T

0.4 -|— | 0.4 -

0.2 1 _J_EJ_ 0.2 - +IEJ_

————=— 1| 00

Ss Sz SZ Cc C « Kt Km Ku; Ss Sz Sl c C- « Kt Kl/| Kllz

Qd

—_—— ——

Figure 3: First and total order indices for vFFR and )4 The first and total order
indices are displayed for the vFFR and Q4. Panes A & B display the independent first
order effects for the input parameters of the taper model derived in this work against the
outputs vFFR and Qg respectively. Panes C & D display the total order indices for the
same set of input parameters against vEFR and )4 respectively. The points outside the
box and whisker are those which exist more than 1.5 times the IQR which is a end of a
whisker. We consider these points to be the outliers.

3.3.2. vFFR Stratification

Total order indices were then computed across distinct vEFFR strata de-
tailed in section 2.5 are presented in figure 3. In cases of non flow limiting
stenoses (VFFR € [0.85,1.0]), figure 4A and 4C showed Ss; was minimally
influential over vFFR, which was instead most sensitive to ¢, S, and ;.
For intermediate epicardial lesions (VFFR € [0.75,0.85]), figure 4E showed
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vFFR was most sensitive to S5 (S7 0.26 [0.24 — 0.30]), but the input pa-
rameters ¢, S, and S; retained comparable influence over vFFR results. In
cases of stenoses causing significant flow limitation (VFFR < 0.75) as seen in
figures 4G and 41, Sy became increasingly dominant on vFFR results (vVFFR
€ [0.65—0.75], St 0.30 [0.24 — 0.38] and vFFR < 0.65 St 0.38 [0.32 — 0.44]).
Contrasting with vFFR results, ¢ and .S, were consistently the most influen-
tial input parameters on (), across the entire spectrum of epicardial disease
severity. Figure 4 displays the total order indices for the input parameters
against VFFR and Q4. All errors for the total order indices were less than
0.001. Figure 3, shows only very small variations between first and total
order indices, therefore, we only display the total order indices here.

4. Discussion

In this study, we have described a novel 1D formulation of the Navier-
Stokes equations, which incorporates a generalised description of convective
acceleration effects of side branch flow and the presence of slip at the luminal
boundary. This was implemented in a 1D, leaky vessel model of coronary
flow, compared with a previously validated 1D model and we performed a
GSA, examining the impact of input parameters on vFFR and Q.

4.1. Comparison with current models of coronary flow

We conducted an extensive GSA of this taper model, performing 165 mil-
lion model executions, to analyse the impact of input parameters on vFFR
and @)y both globally and in distinct vFFR strata. As we have derived a di-
rect integration scheme (see equation A.19), a single model evaluation takes
0.00075 seconds which permits extensive model analysis. Previous coronary
GSA work has focused on vFFR in non-leaky vessels across the output range
0 to 1. Model geometry, namely stenosis severity, [36, 37, 38], and distal resis-
tance [39] frequently emerge as dominant input parameters and the former is
corroborated by our investigation. However, as reconstruction accuracy [57]
and models of patient-specific CMR prediction [58] have been validated, the
second-order determinants of accuracy are becoming increasingly relevant.
By conducting an output-constrained GSA, which analysed mainly interme-
diate severity stenoses for grey zone vVFFR values, we were able to identify
these second-order parameters. For the intermediate cases in which vFFR
is most clinically useful, this showed the influence of stenosis severity was
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Figure 4: Total order indices for different vFFR groups: Panes A,C,E,G,I display
total order indices for vFFR results, stratified by the vFFR ranges specified in section
2.5. For these corresponding ranges, the total order indices are displayed for ()4 in panes
B,D,F.H,J.
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comparable with stenosis location, length and the flow diameter scaling ex-
ponent, c. Therefore, when geometries closely resemble true anatomy and
patient-specific MVR is reasonably approximated, our results suggest inclu-
sion of side branch flow and the value of the flow diameter exponent used
become influential in clinically relevant applications of vFFR. Our investi-
gation included values of ¢ across the theoretical range of 2.0 - 3.0 [17, 20|
this range considers both laminar and turbulent, unsteady flow in addition
to the rheological properties of blood [54, 59]. A recent meta-analysis de-
rived an optimal exponent of 2.39 [21] and while this may serve as a suitable
population average, future work may wish to examine the potential benefit
of patient-specific exponent personalisation. Our GSA results also demon-
strated the influence of side branch flow across the spectrum of epicardial
disease severity when predicting CMR, the importance of which is likely to
increase given the heightened recognition of CMD in international guidelines
[60]. While outside the present scope, arterial WSS is a known contributor
to the progression of stenosis, particularly at side branches. Further investi-
gation into the influence of various wall mechanics models, on vFFR, would
provide complementary insight into the influential factors [61].

Previous 1D models of coronary side branch flow did not fully account for re-
sultant fluid convective acceleration or luminal boundary slip and neglected
the impact of vessel taper [23, 24, 25, 26, 27]. Implications of these assump-
tions were uncertain for vEFFR accuracy [18, 62]. Our taper model, accounting
for these phenomena, was compared with a pre-existing anatomical model of
side branch flow in 1314 simulations. The new model was mildly influential
on vFFR, suggesting a change in management in 2% of total cases. This
is reassuring; previous work has demonstrated negligible mean bias between
virtual and invasive FFR [63, 64]. Therefore, this updated methodology
may incorporate a more physiologic representation of side branch flow whilst
preserving the known diagnostic accuracy of traditional models. An inva-
sive validation will be important to evaluate if these differences translate to
improved diagnostic accuracy.

4.2. Output Constrained GSA

The output-constrained GSA methodology presented in this work rep-
resents a significant advancement over traditional sensitivity analyses that
consider the entire output range. By stratifying results into clinically mean-
ingful ranges (e.g., vVFFR grey zone, severe stenosis), we reveal parameter
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influences that would otherwise be masked in global analyses. For vFFR val-
ues within the grey zone (0.75-0.85), where decisions are most challenging,
our results demonstrate that stenosis severity is not exclusively dominant,
as previously assumed. A more nuanced approach is warranted, based on
a combination of anatomical factors including stenosis position, length, and
underlying flow distribution patterns, determined by side branch character-
istics. The flow diameter scaling exponent emerged as influential in the grey
zone, suggesting that accurate modelling of side branch flow could be the
difference between intervention and conservative management. This chal-
lenges the current clinical paradigm, which emphasises stenosis percentage,
and indicates that comprehensive evaluation of coronary anatomy and branch
patterns might improve diagnostic accuracy, where it matters most. For such
intermediate cases, implementing more sophisticated computational models
which account for individualised branching patterns and flow distribution
could reduce diagnostic uncertainty and improve patient outcomes.

This approach acknowledges that parameter sensitivity is not uniform across
the output space, particularly in physiological systems where clinical deci-
sion thresholds create distinct operational regimes. Our findings demonstrate
that within the critical vFFR grey zone (0.75-0.85), anatomical parameters
and flow scaling exponents exert influence comparable to stenosis severity—a
finding obscured in previous whole-range analyses. This methodology could
be readily extended to other cardiovascular applications. For instance, ap-
plying constrained GSA to ventricular mechanics models could identify crit-
ical parameters affecting cardiac output within specific pathophysiological
ranges. This approach could isolate which hemodynamic factors most influ-
ence plaque vulnerability within specific shear stress ranges associated with
rupture risk. By focusing computational resources on regions of clinical un-
certainty, output-constrained GSA provides a framework for targeted model
refinement where accuracy is most critical for patient outcomes, potentially
improving diagnostic specificity across multiple domains of cardiovascular
medicine.

4.3. Limitations

Our model used a computationally-derived flow inlet boundary condition
which would not be available in routine clinical practice. However, patient-
specific CMR may be used as a substitute for vFFR calculations and distal
pressure for (4. The stenosis model is empirically derived and applies the
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same mechanical description for each vessel investigated. It therefore consid-
ers only concentric lesions [45]. The use of a stenosis model is vital due to the
current 1D description assuming negligible radial low but future work may
address this deficiency [65]. We did not formally evaluate the influence of
MVR in the vFFR GSA. In reality, the parameters of the model are unlikely
to independent, despite our assumptions to the contrary. This work does
not consider real-world challenges of clinical applications [66], it is possible
failure rate may be higher using values for the flow diameter scaling exponent
close to 2.0 due to the (c-2) terms in the denominator. The work considers
only single lumen reconstructions of coronary arteries. Effects of the taper
model will be less pronounced in right coronary arteries, which typically ex-
hibit fewer branches. The taper model of flow has not been validated against
invasive measurements which should be the subject of further work. While
the model is able to compute WSS, it does not consider elastic properties of
the vessel wall or 3D structure of bifurcations.

5. Conclusion

This study describes a novel, 1D formulation of the Navier-Stokes equa-
tions, accounting for convective acceleration effects of side branch flow in
addition to luminal boundary slip, which are more anatomically consistent
with true coronary flow. The novel output constrained GSA showed influence
of side branch flow inclusion and accuracy of the flow diameter exponent are
highly relevant for grey zone vFFR predictions. When predicting ()4, the
flow diameter exponent and stenosis position were universally influential on
results. While further validation work is needed, this model represents a
refinement of current CFD techniques for predicting coronary flow and high-
lights the importance of factors other than stenosis severity and microvascular
resistance in predicting coronary physiology.

Appendix A. Numerical Scheme Derivation

The following is based upon the treatment of 1D flow in a tapering artery
with leak, due to Hughes and Lubliner [43]. We assume the absence of any
body force and will eventually simplify to a steady solution, for constant
boundary shape. We use cylindrical polar coordinates to exploit an assumed
axial symmetry and a known radius function R = R(z). Notation for bound-
ary regions and the corresponding unit normal vectors is defined in table A.3.
In axial symmetry, ny = 0 everywhere.
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Boundary Element Location

‘Inlet Luminal Outlet Section z

: A Ja (Rléz+ér) jay jas
Unit normal, n | —é, Vv €s €s
Identifier 09 oY 09, 0,

Table A.3: Boundary notations and unit normal vectors. é, is the streamwise

(artery centre-line) direction. All unit normal’s are positive pointing away from the en-
dR

closed volume. R’ = €% is a known function of streamwise co-ordinate, z.
Appendiz A.1. Conservation Relations in the Presence of Leak

Hughes and Lubliner apply Reynolds’ transport theorem to a leaking
artery to show that for some arbitrary scalar function &(r, z,t) [43]

o - 9 D¢ )
SAE+ 5o Al = [ [ hyaas A ey A (A

Above, u(z) and v(x) denote the fluid and boundary motion, C(x) identifies
a contour in the luminal boundary lying within a plane perpendicular to the
z-axis (axis of symmetry), A = mR(z)? is the smallest area bounded by C(x)
and an overbar denotes a cross-sectional area average:

o1
€= / . ¢dA. (A.2)

Appendiz A.1.1. Fluid Volume Balance
Following Hughes and Lubliner, set £ = 1 in equation (A.1) to obtain

A
94 L 9 pt+v—o, zp:—f wydl (A.3)
C(x)

ot  Ox

where w,, = (u — v) - 1 is the relative normal component of the fluid motion,
or leak, at the luminal boundary. Sink term (x) represents a volumetric
flux per unit length of fluid leaving the domain at streamwise location z.

Appendiz A.1.2. Streamwise Momentum Balance
Again following Hughes and Lubliner, set £ = u,(r, x,t) in equation (A.1)
from which it is immediate that

0 o -
Y Vyy _ 2 —
P Ay, + pe Au? + 1, /

Du,
00 Dt

dA, ¢, =— fg( )uandl. (A.4)
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Above, 1), is a momentum sink associated with momentum flux at the domain
boundary. The material derivative in the above is replaced using an approx-
imate form of the z-component of the curvilinear Navier-Stokes equations

43]:
Du, A0p uj{ R
dA = ——— + = n- V) ugdl,
/an Dt pOxr  p C(x)( )

Expanding the directional derivative in the integrand and substituting into
Equation (A.4), we find

o, 9 - Adp [ (R 4 Dua)
) . A2 it _ ox or dl
o T o T e Pﬁ(x) V1+ R?

We suppose the dominant term in the first integration on the right hand side
to be 2 and noting that R’ is constant on contour C'(z), we transpose all

or
terms to the left hand side
o, 0 , - Adp 2nuR(z) [ Ou,
— A, + —Au2 + === — =0. A5
o * oz e + p Ox + ¥y o1+ R2| Or 99, (x) (A-5)

Momentum sink term 1), will be related to the volume sink term (Equation
(A.3)) shortly. Finally, we parameterise the convective acceleration using the
momentum correction coefficient, which is implicitly defined as follows

X = 1 // uZdA. (A.6)
A S Jaw@

Parameter y can be evaluated subject to assumptions regarding the trans-
verse variation of the velocity profile. The momentum conservation equation
may now be written as follows

9] Adp

B o ~ 2nuR(z) [ Ou,
—A — (vAw,2) + =22 — =0. (A.
ot * Ox (xAw") + p Ox T pV1+ R? { or :|8QL(x) 0. A7)

We assume the following transverse variation of streamwise velocity within
the artery, based upon a no-slip condition at the luminal boundary and a
profile blunting controlled by parameter ¢ [43, 36]

(2, 7) = u(z) (Ccﬁ) {1 ~( R(@ﬂ, 0<r<R@). (AS)
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This profile generates the following results straightforwardly

i = u() _(ﬂ) {aum} C m(C+2)
Uy = UX), X = C+1 ) or mL(z)* —R(w) )

The last result follows from Equation (A.4), though a no-slip condition at the
boundary intuitively excludes leak. A form of the momentum conservation
equation follows from substituting Equations (A.9) into Equation (A.7)

Y, =0. (A9)

O 0 . Adp 2mulC+u
~ZA — (A + ==+ =L . Al

Taylor et al. used the above form of momentum conservation to compare
models of leak [13]. To advance the momentum conservation equation, ex-
plicitly to account for a luminal boundary x-momentum flux, engendered by
leak, we hypothesise a rough artery wall, interpreting R(x) as a local mean
radius and postulate a non-zero velocity at the wall. Put another way, we as-
sume a mean boundary slip velocity, proportional to @, (but retain Equation
A8)
uz(z, R(z)) = oty

Above, « is a constant of proportionality parameterising a slip which we for-

mally associate with luminal surface roughness. Of course a = 1 corresponds
to the plug flow. Accordingly

Up(z) = —j{ Up Wy dl — —ozux% wydl = atgp(z)
C(z) C(x)

Our current form for the momentum conservation equation, which is consis-
tent with Hughes and Lubliner’s result [43], now follows

o . 0 _ Adp ~ 2p(C + 2)uy
—A — (Au,? e — =0. A1l
g ux—irxax( ux)—l—pax—l—ozuxzﬂ(x)—l— T RE 0 ( )

Let us adapt the steady-state conservation Equations A.11 and A.3 in
terms of the flow () = Au, and p = P along with the initial conditions for
the problem

@
@er—o,

d Q>N AdP _.Q N
— (7) RS (1 IR +afe =0, (A.12)

Q(O) = Q07
P(0) = .
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Above, the artery geometry, the function A(x), is a known function, Q) is a
known inlet flow and we have defined

P 2(¢ + 2)7T/L.
p

Equations A.12 are supplemented by our assumed model of anatomical leak,
based upon Murray’s law [17], but with a relaxed exponent, denoted ¢

a0 =0 (Ge1)" (A1

which allows us to assign v

dQ _ ¢ Qo ,cqdA
dx 2 A(0)2 dx’
and to consider only the second of Equations A.12, in which substitute our
expression for 1. After a little straightforward algebra

dP  pQ3 . ,dA ac\  pKQuA/*2 o\
2= 4 PO ge322 ey — = (1+R =0. (A.15
dx i A§ de \N X7 2 + A8/2 + ( )

(A.14)

Note that Equation A.13 allows us directly to assign Q(x), given A(z) and
initial condition (). Seeking a numerical solution for P(z), we integrate the
above between two consecutive streamwise locations x; and x;;

2xc —2x —ac\ pQi [ .5 9
P, — P, AST2 _ AC
i + ( 2c—4 ) A ol ’

K Tit1 —1/2

+2 %O / A2 (1 + R"") dz = 0.
A e,

Finally, a compact and easy to implement numerical scheme results when

we substitute for K, use Equation A.13 and eliminate R’ in favour of A =

7R(z)? 2 2
-l

Substituting this, write to clearly identify the inertia and viscous terms. All
in terms of area and flow.

(A.16)

 [2x(e—=1) —ac Q7
g }“*‘p{ 20— 2) }(Aal a2
Q 1 sdAN2\ V2 (A.18)
+2(C+2)7w/ E(lJ“zm_A(%) ) dz
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Applying the trapezoidal rule we obtain a computational scheme of:

ar o[l b o] (B9

2(c=2) Az, A&
~1/2
+7u(¢ +2)Ax Q;H (1 + 1 <Ai+2 - Ai+1>2> /
As AmAiq Az (A.19)
Qi 1 (A — A\’ o
+A_Z2(1+47rAi< Azx )) ]
P =P — AP,

Where Az is each vessel segment length. This numerical scheme is valid for
the healthy parts of the vessel. At a stenosis, to calculate the pressure drop
we utilise the methodology in section 2.3.2. By leveraging the assumption
that there is no leakage over the stenosis, one must pass the flow rate at
position i (Q;) to the lumped model to calculate the pressure drop using
equation 7. At the end of the stenosed section, indexed n, the updated flow
@, = Q; and pressure P, = P,— AP are passed back to the 1D computational
scheme above. Here AP is the pressure drop calculated with equation 7.
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Figure B.5: 3D vessel reconstructions with corresponding segmented (black)
and filtered (red) radii. Each vessel is discretised into 200 segments, derived directly
from the reconstructed anatomy, which approximate a conical frustrum with a unique
linear taper.
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Data Availability

The data supporting the findings of this study are available from the
corresponding author upon reasonable request.
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