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I. Introduction

Energy efficiency is often considered to be the most important means of reducing energy con-
sumption and CO, emissions (International Energy Agency 2017, 139: Fig. 3.15). But energy
rebound makes energy efficiency less effective at decreasing energy consumption by taking
back (or reversing, in the case of “backfire”) energy savings expected from energy efficiency
improvements (Sorrell 2009). As such, energy rebound is a threat to a low-carbon future
(Brockway et al. 2017; van den Bergh 2017).

Recent evidence shows that rebound is both larger than commonly assumed (Stern 2020)
and mostly missing from large energy and climate models (Brockway et al. 2021). Thus,
rebound could be an important reason why energy consumption and carbon emissions have
never been absolutely decoupled from economic growth (Brockway et al. 2021; Haberl et al.
2020).

I.1. A Short History of Rebound

Famously, the roots of energy rebound trace back to Jevons who said “/i/t is wholly a confu-
sion of ideas to suppose that the economical use of fuel is equivalent to a diminished consump-
tion. The very contrary is the truth” (Jevons 1865, 103, emphasis in original). Less famously,
the origins of rebound extend further backward from Jevons to Williams (1840) and Parkes
who wrote “[tlhe economy of fuel is the secret of the economy of the steam-engine; it is the
fountain of its power, and the adopted measure of its effects. Whatever, therefore, conduces
to increase the efficiency of coal, and to diminish the cost of its use, directly tends to augment
the value of the steam-engine, and to enlarge the field of its operations” (Parkes 1838, 161).
For nearly 200 years, then, it has been understood that efficiency gains may be taken back or,
paradoxically, cause growth in energy consumption, as Jevons suggested.

The oil crises of the 1970s shone a light back onto energy efficiency, and research into
rebound appeared late in the decade (Madlener and Turner 2016; Saunders et al. 2021). A
modern debate over the magnitude of energy rebound commenced. On one side, scholars
including Brookes (1979, 1990) and Khazzoom (1980) suggested rebound could be large.
Others, including Lovins (1988) and Grubb (1990, 1992), claimed rebound was likely to be
small. Debate over the size of energy rebound continues today. Advocates of small rebound
(less than, say, 50%), suggest “the rebound effect is overplayed” (Gillingham et al. 2013,
475), while others claim (i) that the evidence for large rebound (greater than 50%) is growing
(Berner et al. 2022; Saunders 2015) and (ii) that rebound will reduce the effectiveness of
energy efficiency to decrease carbon emissions (van den Bergh 2017).

|.2. Absence of Solid Analytical Foundations

Turner contends that the lack of consensus on the magnitude of energy rebound in the mod-
ern empirical literature is caused by “a rush to empirical estimation in the absence of solid
analytical foundations” (Turner 2013, 25). Progress has been made recently on how price
changes affect economy-wide rebound in general equilibrium frameworks (Blackburn and
Moreno-Cruz 2020; Fullerton and Ta 2020; Lemoine 2020). And arguments from microeco-
nomics (i.e., at sectoral and individual level) have been used from the outset of the modern
debate (e.g., Greening, Greene and Difiglio 2000; Khazzoom 1980), and Borenstein (2015)
and Chan and Gillingham (2015) made further progress toward solidifying the microeco-
nomic analytical foundations.

Rebound involves simultanecous changes in energy, expenditure, and consumption
aspects—keeping an overview of all aspects is difficult, with no approach to our knowledge
documenting all changes in a straightforward and consistent manner. For instance, while the
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microeconomic categories of substitution and income effects provide analytical clarity about
how behavior changes affect energy service consumption, it has been unclear how they could
be used for precise numerical rebound calculations. Where previous numerical calculations
were made, they tended to approximate the substitution effect from other goods to the
cheaper energy service, without maintaining constant utility for the device user. They also
used constant price elasticities for non-marginal efficiency improvements, even though con-
stant price elasticities typically provide only approximations of substitution and income
effects for small efficiency changes. Further, previous analytical studies have stressed the
importance of the cost of buying an upgraded device as well as the energy embodied in the
device. Yet, there is no clearly formulated approach for how to incorporate these cost and
energy components into rebound calculations. Finally, while recent general equilibrium
rebound modeling has led to important insights about the effects of changing prices, dynamic
aspects of a macroeconomic rebound have been neglected by these approaches.

In the absence of solid analytical foundations, the wide variety of rebound calculation
approaches contributes to a wide range of rebound values, giving the appearance of uncer-
tainty and leading some energy and climate modelers to either (i) use questionable rebound
values or (ii) ignore rebound altogether. Insufficient inclusion of rebound in energy and cli-
mate models could lead to overly optimistic projections of the capability of energy efficiency
to reduce carbon emissions (Brockway et al. 2021). We suggest that improving the concep-
tual foundations of rebound and solidifying the analytical frameworks will (i) help generate
more robust estimates of rebound, (ii) lead to better rebound calculations in energy and cli-
mate models, and (iii) provide improved evidence for policymaking around energy efficiency.

But why is there an “absence of solid analytical foundations?” We propose that develop-
ment of solid analytical frameworks for rebound is hampered by the fact that rebound is a
decidedly interdisciplinary topic, involving both economics and energy analysis. Birol and
Keppler (2000, 458) note that “different implicit and explicit assumptions of different
research communities (‘economists’, ‘engineers’) ... have in the past led to vastly differing
points of view.”' Turner states that “[d]ifferent definitions of energy efficiency will be appro-
priate in different circumstances. However, ... it is often not clear what different authors
mean by energy efficiency” (Turner 2013, 237-8). If authors from the two disciplines cannot
even agree on the key terms, it is unsurprising that analytical foundations have not yet been
fully elucidated. To fully understand rebound, economists need to have an energy analyst’s
understanding of energy, and energy analysts need to have an economist’s understanding of
finance and human behavior.> Developing the knowledge and skills required to assess and
calculate, let alone mitigate, rebound effects is a tall order, indeed.

1.3. New Clarity Is Needed

We contend that new clarity is needed. Specifically, a description of rebound that is (i) consis-
tent across energy, expenditure, and consumption aspects, (ii) technically rigorous, and
(iii) approachable from both disciplines (economics and energy analysis) will be a good start-
ing point toward that clarity. In other words, the finance and human behavior aspects of
rebound need to be presented in ways energy analysts can understand. And the energy aspects
of rebound need to be presented in ways economists can understand.

"We prefer the term “energy analysts™ over “engineers,” because “energy analysts” better describes the group of peo-
ple engaged in “energy analysis.” For this paper, we define “energy analysis” to be the study of energy transforma-
tions from stocks to flows and wastes along society’s energy conversion chain for the purpose of generating energy
services, economic activity, and human well-being.

’Indeed, this is why the authors for these papers come from the disciplines of energy analysis (MKH, PEB) and eco-
nomics (GS).
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Summarizing, we surmise that development of effective carbon reduction policies has been
hampered, in part, by the fact that rebound is not sufficiently included in energy and climate
models. We suspect that one reason rebound is not sufficiently included is the lack of consen-
sus on rebound calculation methods and, hence, rebound magnitude. Building upon Turner
(2013), we contend that lack of consensus on rebound magnitude is a symptom of the absence
of solid analytical foundations for rebound. We posit that developing solid analytical frame-
works is difficult because energy rebound is an inherently interdisciplinary topic. We believe
that providing a detailed explication of a rigorous analytical framework for energy rebound,
which is approachable by both energy analysts and economists alike, will go some way
toward providing additional clarity in the field.

|.4. Objective, Contributions, and Structure

The objective of this paper is to help advance clarity in the field of energy rebound by sup-
porting the development of a rigorous analytical framework, one that (i) starts at the microe-
conomics of rebound (building especially upon Borenstein 2015) and (ii) is approachable for
both energy analysts and economists.” We strive to keep the framework as simple as possible
and limit our attention to a model of consumer demand for energy services, while demon-
strating that the approach is transferable to a producer model with few modifications.

The key contributions of this paper are (i) a novel and clear explication of interrelated
energy, expenditure, and consumption aspects of energy rebound, (ii) development of a
rebound analysis framework that combines embodied energy effects, operations, mainte-
nance, and disposal rebound effects, and exact expressions for substitution and income
rebound effects under non-marginal energy efficiency increases and (by implication) non-
marginal energy service price decreases, (iii) an operationalized link between rebound effects
on microeconomic and macroeconomic levels, and (iv) development of an extension of the
framework to an energy price rebound effect.

The remainder of this paper is structured as follows. Section 2 describes the rebound analysis
framework. Section 3 discusses this framework relative to previous frameworks and provides an
initial assessment of an energy price effect. Section 4 concludes. Results from the application of
our framework to energy efficiency upgrades to a car and an electric lamp can be found in Heun
et al. (2025).

2. Methods: Development of the Framework

In this section, we develop an energy rebound framework for an individual consumer who
upgrades the energy efficiency of a single device (concisely, “the framework,” “this frame-
work,” or “our framework™). We endeavor to help advance clarity in the field of energy
rebound by providing sufficient detail to assist energy analysts to understand the economics
and economists to understand the energy analysis.

2.1. Rebound Typology

Table 1 shows our typology of rebound effects. We follow others, including Jenkins, Nordhaus
and Shellenberger (2011) and Walnum, Aall and Lekke (2014), in identifying and including both
direct and indirect rebound effects, which occur at (direct) and beyond (indirect) the level of the

This objective may mean that some aspects of the development of the framework will seem obvious to energy ana-
lysts while other aspects will seem obvious to economists.
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Figure 1. Flowchart of rebound effects and decorations.

device and its user. Again following others, such as Gillingham, Rapson and Wagner (2016), we
distinguish between rebound effects at the microeconomic and macroeconomic levels.

Microeconomic rebound occurs at the level of the single device and its user and in our
framework comprises three effects: an emplacement effect, a substitution effect, and an
income effect, with direct and indirect partitions for each.

“Emplacement” is a new term we introduce to collect effects associated with installing
higher-efficiency devices, including (i) embodied energy of their manufacture (subscript emb),
(ii) operations and maintenance (subscript OM), and (iii) disposal (subscript d) activities.
Although none of the embodied, operations and maintenance, or disposal effects are new (see
Borenstein 2015, 3: footnote 5; 16: footnote 37; Saunders et al. 2021; Sorrell, Dimitropoulos
and Sommerville 2009; Sorrell, Gatersleben and Druckman 2020), we separate them from
substitution and income microeconomic effects (Table 1) to calculate rebound according to
the steps in our framework (see Section 2.5).

The direct rebound effect can be partitioned into a direct emplacement effect, a direct substitu-
tion effect, and a direct income effect. At the level of the device, all of the direct rebound effects
change the consumption of energy by the device whose efficiency has been upgraded, according to
a microeconomic behavioral model of the consumer who responds to the cheaper energy service.

Similarly, the indirect rebound effect can be partitioned into an indirect emplacement
effect, an indirect substitution effect, and an indirect income effect. All of the indirect effects
change the induced energy consumption beyond the upgraded device, again according to a
microeconomic behavioral model. We assume a partial equilibrium response to the energy effi-
ciency upgrade (EEU) at the microeconomic level; other prices in the economy (pg) remain
unchanged in response to the EEU.

In contrast, macroeconomic rebound is a broader, economy-wide response to the single device
upgrade. Like other authors, we recognize many macroeconomic rebound effects, even if we don’t
later distinguish among them.* At the macroeconomic level, general equilibrium effects can occur as
prices for all goods and services (even energy) may change in response to the EEU. Further treat-
ment of macroeconomic rebound can be found in Section 2.5.4 of this paper (Part I) and in Section
4.1 of Heun et al. (2025). Discussion of an energy price rebound effect can be seen in Section 3.2
below and in Section 4.6 of Heun et al. (2025).

Figure 1 shows rebound effects arranged in the left-to-right order of their discussion in
this paper. The left-to-right order does not necessarily represent the progression of rebound
effects through time. Rebound symbols are shown above each effect (Reenp, etc.).

“For example, Sorrell (2009) sets out five macroeconomic rebound effects: embodied energy effects, responding
effects, output effects, energy market effects, and composition effects. (We place the embodied energy effect at the
microeconomic level.) Santarius (2016) and Lange et al. (2021) introduce meso (i.e., sectoral) level rebound between
the micro and macro levels. van den Bergh (2011) distinguishes 14 types of rebound, providing, perhaps, the greatest
complexity.
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Nomenclature for partitions of direct and indirect rebound is shown beneath each effect
(Regempi, etc.). Decorations for each stage are shown between rebound effects (o, *, etc.).
Names for the decorations are given at the bottom of the figure (“orig,” “star,” etc.).”

2.2. Rebound Relationships
Energy rebound (Re) is defined as

actual final energy savings rate

Re=1-— - )
expected final energy savings rate

(1)

where both actual and expected final energy savings rates are in MJ/yr (megajoules per year)
and expected positive. The final energy “takeback” rate is defined as the expected final energy
savings rate less the actual final energy savings rate.® Rewriting equation (1) with the defini-
tion of takeback gives

expected final energy savings rate — takeback rate

Re =1 -
expected final energy savings rate

(2)
Simplifying gives

takeback rate

e= . (3)

expected final energy savings rate

We define rebound at the final energy’ stage of the energy conversion chain, because the
final energy stage is the point of energy purchase by the device user. To simplify derivations,
we choose not to apply final-to-primary energy multipliers to final energy rates in the
numerators and denominators of rebound expressions derived from equations (1) and (3);
they divide out anyway.® Henceforth, we drop the adjective “final” from the noun “energy,”
unless there is reason to indicate a specific stage of the energy conversion chain.

2.3. The Energy Conversion Device and Energy Efficiency Upgrade (EEU)

We assume an energy conversion device (say, a car) that consumes energy (say, gasoline) at a
rate £° (in MJ/yr). We use “rate” to indicate any quantity measured per unit time, such as a
flow of energy per year or a flow of income per year. None of the rates in this paper indicate
exponential (%/yr) changes. Rates are identified by a single dot above the symbol, a conven-
tion adopted from the engineering literature where, for example, x often indicates a velocity

*Note that the vocabulary and mathematical notation for rebound effects is important; Figure 1 and Appendix A
provide guides to elements used throughout this paper, including symbols, Greek letters, abbreviations, decorations,
and subscripts. The notational elements can be mixed to provide a rich and expressive symbolic “language” for
energy rebound. As the goal of this paper is to bridge disciplines, the nomenclature will necessarily have unfamiliar
elements to each discipline involved.

®Note that the takeback rate can be negative, indicating that the actual final energy savings rate is greater than the
expected final energy savings rate, a condition called hyperconservation.

"Conventionally, stages of the energy conversion chain are primary energy (e.g., coal, oil, natural gas, wind, and
solar), final energy (e.g., electricity and refined petroleum), useful energy (e.g., heat, light, and mechanical drive),
and energy services (e.g., transport, illumination, and space heating). See Sousa et al. (2017) for an introduction to
societal energy and exergy accounting.

8Primary energy may be important when the upgraded device consumes a different final energy carrier compared to
the original device, that is, when fuel-switching occurs (Chan and Gillingham 2015).
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in m/s (meters per second) and £ often indicates an energy flow rate in kW (kilowatts). The
overdot is an important notational element in this paper, as it distinguishes between stocks
(without overdots) and flows (with overdots). For example, E is a quantity of energy in, say,
MJ, while £ is a rate of energy in, say, MJ/yr. We later annualize capital costs (Ceqp In §), dis-
posal costs (Cy in $), and energy embodied in the device during its production (Eeu, in MJ) to
create undiscounted cost rates (Cmp and C, in $/yr) and embodied energy rates (E,p, in MJ/
yr). (Cost discounting’ is captured by the variables 7, and 7,,. See Appendix B.1 for details.)
Energy is available at price pg (in $/MJ). The original energy conversion device provides a
rate of energy service ¢° (in, say, vehicle-km/yr) with final-to-service efficiency n° (in, say,
vehicle-km/MJ). An energy efficiency upgrade (EEU) increases final-to-service efficiency
such that n° < n* = ) =71 = 7, as shown in Table B.1. The EEU is not costless, so the
upgraded device may be more expensive to purchase than a like-for-like replacement of the
original device. We call this increased “capital cost” (Cg,, < Cg,,). It may also be more costly
to operate and maintain (subscript OM) and dispose (subscript d) of the upgraded device
(C'gM < CBM and C;l’ < C;). However, the opposite may hold, too. As final-to-service effi-
ciency increases (1° < m*), the price of the energy service declines (p? > p!). The energy
price (pg) is assumed exogenous at the microeconomic level (pg = pj, = pr = pr = pr), so the
energy purchaser (the device user) is a price taker.'® Initially, the device user spends income

(M) on energy for the device (Cf = pr’Ef), annualized capital costs for the device (Tf;Cfap)

annualized costs for operations and maintenance (CgM) and disposal of the device (TZCd),
and other goods and services (C;). The budget constraint for the device user is
= 7502, + €O+ Coy + 105 + C, (4)
Where 7o and 79 account for discounting, and Ccap and C9 are undiscounted cost rates given
Coup / tite and’ Cg/t5,.. Note that 7, = 1, and 7, < 1; equalities apply when interest rate (r) is
zero. (See Appendix B.1 for details on discounting.) After substituting the product of energy
price (pg) and the rate of energy consumption (given by the ratio of the rate of energy service
consumption and efficiency, ¢;/m), after substituting the product of price (p,) and the rate

(g¢) of other goods consumption, after substituting COMd = COM +7 Cd, and after some rear-
rangement, equation (4) becomes

o _ o4 -0
M - Taccap OoMd _pEF +pgl]g > (5)

which is the usual discounted budget constraint for the microeconomic consumer after sub-
tracting capital, operations and maintenance, and disposal costs.

Later (Sections 2.5.1-2.5.4), we walk through the four rebound effects (emplacement, sub-
stitution, income, and macro), deriving rebound expressions for each, but first we show typi-
cal energy and cost relationships (Section 2.4).

“We discount money because interest changes the available amount of money over time. In contrast, we do not dis-
count energy, because there is no temporal variation in the ability of energy to effect changes (via heat or work) in
the physical world. We thank an anonymous reviewer for the insight that, in principle, the carbon content of energy
could also be discounted if one assumes that near term emissions are worse than later emissions.

19Relaxing the exogenous energy price assumption would require a general equilibrium model that is beyond the
scope of this paper. However, see Section 3.2 where we discuss an energy price rebound effect as an extension of this
framework.
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2.4. Typical Energy and Cost Relationships

With the rebound notation of Appendix A, four typical relationships emerge. First, the
consumption rate of the energy service (g;) is the product of final-to-service efficiency (1) and
the rate of energy consumption by the energy conversion device (£,). Typical units for auto-
motive transport and illumination (the examples in Heun et al. (2025)) are shown beneath
each equation.'!

g5 = TTES (6)
[pass - km/yr] = [pass - km/MIJ|[MJ/yr]
[lm - hr/yr] = [lm - hr/MJ][MJ/yr]

Second, the energy service price (p;,) is the ratio of energy price (pg) to the final-to-service effi-
ciency (7).

_ PE
n= (7)
S
[$/pass - km] = [pass [l\lgi/MJ}
__[$/MJ]
[§/tm -] = Ml

Third, energy service expenditure rates (Cy) are the product of energy price (pg) and device
energy consumption rates (Ej).

Cs = pEEs (8)
[3/yr] = [$/MJ][MJ/yr]
Fourth, indirect energy rates for operations and maintenance (EOM) disposal (Ed) and other

goods expenditures (Eg) are the product of expenditures rates (Coy, 7,Cy, and Cg) and the
energy intensity of the economy (/g).

Eom = Comlg )
Ed = Tde[E (10)
E, = Cylg (11)

[MJ/yt] = [$/yr][MJ/$]

Note that the indirect energy rate for the disposal effect is obtained from disposal costs that
include discounting. (See Appendix B.1 for details on cost discounting.)

""Note that “pass” is short for “passenger,” and “Im” is the SI notation for the lumen, a unit of lighting energy rate.
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2.5. Rebound Effects

The four rebound effects (emplacement, substitution, income, and macro) are discussed in
subsections below. In each subsection, we define the effect and show mathematical expres-
sions for rebound (Re) caused by the effect. Detailed derivations of all rebound expressions
can be found in Appendix B. See, in particular, Tables B.3 to B.6, which provide a parallel
structure for energy and financial accounting across all rebound effects. We begin with the
emplacement effect.

2.5.1. Emplacement Effect. The emplacement effect accounts for performance changes of the
device due to the fact that a higher-efficiency device has been put in service (and will need to
be decommissioned at a later date); consumption patterns are assumed unchanged. Behavior
adjustments are addressed later, in the substitution and income effects. Any (positive or neg-
ative) adjustment in income due to emplacement (measured as net income, N*) is added to
the freed cash (G) spent in the income effect.

Direct emplacement effect (Regempr). The direct emplacement effects of the EEU include
device energy savings (Sz,) and device energy cost savings (AC;‘). S,ev can be written conveni-
ently as

* o
S = (;’—— 1) Z—E (12)
(See Appendix B.4.1 for the derivation.)

Because the original and upgraded device are assumed to have equal performance'? and
because behavior changes are not considered in the direct emplacement effect, actual and
expected energy savings rates are identical, and there is no takeback. By definition, then, the
direct emplacement effect causes no rebound. Thus,

Redemp; =0. (13)

Indirect emplacement effects (Rejemp). Although the direct emplacement effect does not cause
rebound, indirect emplacement effects may indeed cause rebound. Indirect emplacement
effects account for the life cycle of the energy conversion device, including (i) changes in the
embodied energy rate (AE:mb), (i1) changes in the operations and maintenance energy and
expenditure rates (AE*OM and AC};M), and (ii1) changes in the disposal energy and expenditure
rates (AL and ACY).

Embodied energy effect (Ree,»). One of the unique features of this framework is that inde-
pendent analyses of embodied energy and capital costs of the EEU are required. We note that
the different terms (embodied energy rate, E,,,, and capital cost rate, pr) might seem to
imply different processes, but they actually refer to the same emplacement effect. Purchasing
an upgraded device (which likely leads to Ccoap #* cap) will likely mean a changed embodied
energy rate (£, # E* ;) to provide the same energy service. Our names for these aspects of
rebound (embodied energy and capital cost) reflect common usage in the energy and econom-
ics fields, respectively.

Consistent with the energy analysis literature, we define embodied energy to be the sum of
all energy consumed in the production of the energy conversion device, all the way back to

120f course, it is often the case that the original and upgraded devices have small performance differences. For exam-
ple, a high-efficiency LED lamp may have slightly greater or slightly lesser lumen output than the incandescent lamp
it replaces. For the purpose of explicating this framework, we assume that the performance of the upgraded device
can be matched closely enough to the performance of the original device such that the differences are immaterial to
the user.



Heun et al. I

resource extraction.'® Energy is embodied in the device within manufacturing and distribu-
tion supply chains prior to consumer acquisition of the device. We assume no energy is
embodied in the device while in service. The EEU causes the embodied energy of the energy
conversion device to change from E9,, to E7, .

For simplicity, we spread all embodied energy evenly over the lifetime of the device which

gives a constant embodied energy rate (E,,;). Thus, we allocate embodied energy over the life
of the original and upgraded devices (7, and #;;,, respectively) without discounting to obtain

embodied energy rates, such that £5, = E° . / 1y, and E =E,/ I1.- The change in embo-
died final energy due to the EEU (expressed as a rate) is given by AE?, , = E>  — E> .. The
expression for embodied energy rebound is

Reemb — Ec?mb t?iﬁ’. emb . (14)

S dev

(See Appendix B.4.2 for details of the derivation.)

Embodied energy rebound (Re.,;) can be either positive or negative, depending on the
sign of the term (Ej,,/ES,,) 15/t ) — 1. Rising energy efficiency can be associated with
increased device complexity, additional energy consumption in manufacturing, and more
embodied energy, such that £, < E? , and Re., > 0, all other things being equal.

However, if the upgraded device has longer life than the original device (¢, > f3,),
Ef,» —E°,, could be negative, meaning that the upgraded device has a lower embodied
energy rate than the original device.

Operations, maintenance, and disposal effects (Reoyy). In addition to embodied energy,
indirect emplacement effect rebound accounts for energy demanded by operations and main-
tenance (subscript OM) and disposal (subscript d) activities. Operations and maintenance
expenditures are typically modeled as a per-year expense, a rate (e.g., C};M). On the other
hand, disposal costs (e.g., C37) are incurred at the end of the useful life of the energy conver-
sion device (subscript w). We annualize disposal costs (with discounting) across the lifetime
of the original and upgraded devices (7, and 7}, respectively) to form discounted expendi-
ture rates such that C9,,, = C3,, + 7°CS and Cjy,,; = Chy, + 7C.

For simplicity, we assume that operations, maintenance, and disposal expenditures imply
energy consumption elsewhere in the economy at its overall energy intensity (/g). Therefore,
the change in energy consumption rate caused by a change in maintenance and disposal
expenditures is given by ACS,ulr = (Chpw — Coua)le- Rebound from operations, mainte-
nance, and disposal activities is given by

C'w o
(c‘”’ - 1) Comalk

oMd
S dev

(15)

Reoya =

(See Appendix B.4.2 for details of the derivation.)

2.5.2. Substitution Effect. Neoclassical economic theory determines consumer behavior through
utility maximization. It decomposes price-induced behavior change into (i) substituting energy
service consumption for other goods consumption due to the lower post-EEU price of the

13We take an energy approach here, consistent with the literature on energy rebound. One could use an alternative
quantification of energy, such as exergy, the work potential of energy (Sciubba and Wall 2007) or emergy, the solar
content of energy (Brown and Herendeen 1996).
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energy service (the substitution effect) and (ii) spending of the higher real income (the income
effect).’* This section develops mathematical expressions for substitution effect rebound
(Regu»), thereby accepting the standard neoclassical microeconomic assumptions about con-
sumer behavior.'” (The next section addresses income effect rebound, Re;,..) The substitution
effect determines compensated demand, which is the demand for the expenditure-minimizing
consumption bundle that maintains utility at the pre-EEU level, given the new prices.
Compensated demand is a technical term for a thought experiment from welfare economics:
the device user’s budget is altered so that the user is “compensated” for the change in price so
as to maintain the same level of utility as before. In the case of an EEU, this implies the bud-
get is reduced because the energy service price has fallen, so that it becomes cheaper to main-
tain a given level of utility. The change in the budget is called “compensating variation” (CV).
The substitution effect involves (i) an increase in consumption of the energy service, the direct
substitution effect (subscript dsub) and (ii) a decrease in consumption of other goods, the indi-
rect substitution effect (subscript isub). Thus, two terms comprise substitution effect rebound:
direct substitution rebound (Reg ) and indirect substitution rebound (Re;g).

After emplacement of the more efficient device (but before the substitution effect), the
price of the energy service decreases (p{ > pi). After compensating variation tightens the
budget constraint, consumption at the new energy service price (p}) yields utility at the same
level as prior to the EEU by consuming more of the now-lower-cost energy service (subscript
s) and less of the now-relatively-more-expensive other goods (subscript g).

A constant price elasticity (CPE) utility model is often used in the literature (e.g., see
Borenstein 2015, 17: footnote 43) for determining post-substitution effect consumption and
therefore Reyy,, and Reyq,, (see Appendix B.4.3). However, the CPE utility model can deliver
only an approximation of the substitution effect for two reasons. First, because it is a reduced
form model and only uncompensated elasticities are observed, the CPE utility model reports
the sum of direct substitution effect and direct income effect rebound (Regzus + Regine).
Second, price elasticities typically change as consumption bundles change, whereas the CPE
price elasticity remains constant by definition. Typically, constant price elasticities (as in the
CPE utility model) are approximations that are applicable only to marginal price changes.
As shown in Heun et al. (2025), these approximations can lead to small or large errors
depending on the case, relative to the exact model, which we introduce next. Appendix C
derives changes in price elasticities for non-CPE models.

Here, we present a constant elasticity of substitution (CES) utility model that allows all of
the uncompensated own price elasticity (g, ), the uncompensated cross price elasticity
(¢4,.p,)> the compensated own price elasticity (&, p, ), and the compensated cross price
elasticity (&, p,,) to vary along an indifference curve, thereby enabling numerically precise
analysis of non-marginal energy service price changes (p; > p?). The CES utility model
allows the direct calculation of the utility-maximizing consumption bundle for any con-
straint, describing the device user’s behavior as

F- @ one)

The device user’s utility rate (relative to the original condition, #°) is determined by the
consumption rate of the energy service (¢;) and the consumption rate of other goods and ser-
vices (Cg) The share parameter (f °) between ¢, and C is taken from the original (pre-EEU)

(1/p)
(16)

“For the original development of the decomposition see Slutsky (1915) and Allen (1936). For a modern introduction
see Nicholson and Snyder (2017).

SAlternative assumptions on behavior would arise from, for example, adopting a behavioral economic framework
(Dorner 2019; Diitschke et al. 2018) or an informational entropy-constrained economic framework (Foley 2020).
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consumption basket. The exponent p is calculated from the (constant) elasticity of substitu-

tion (o) as p = (o — 1)/o. All quantities are normalized to pre-EEU values so that the cost

share of other goods can be used straightforwardly in empirical applications rather than hav-

ing to construct quantity and price indices. The normalized specification is commonly used

in empirical CES production function applications (Gechert et al. 2021; Klump, Mcadam and

Willman 2012; Temple 2012). See Appendix C for further details of the CES utility model.
Direct substitution effect rebound (Regg) is

AE,
Redsub = = u N (17)
dev
which can be rearranged to
-1
Redsuh = l{f . (18)
T

Indirect substitution effect rebound (Re;q,) 1S given by

~

AC, I
Re[sub = - g 5 (19)
dev
which can be rearranged to
Gy
ce a7 Co
Reigp = 54— L 22 (20)
g E
7’0

To find the post-substitution effect point (A), we solve for the location on the indifference
curve where its slope is equal to the slope of the post-EEU expenditure line, assuming the
CES utility model.'® The results are

2]\ lion p*i]o p/(1=p) ~1/p
= (122 K C) (21)
qy ) ( s) fCA Cg
and
> o /(p=1) ~1/e
C' o l_fc p*q? ’
S (BN e
g 7 Cy g

Equation (21) can be substituted directly into equation (18) to obtain an expression for
direct substitution rebound (Re ;) via the CES utility model.

e\ pege] 7109 ~Ue
e+ (-re) | ()% -1

-1

Cdsub —

3y

1%Other utility models could be used; however, the Cobb-Douglas utility model is inappropriate for this framework,
because it assumes that the sum of substitution and income rebound is 100% a/ways. Regardless of the utility model,
expressions for ¢,/¢2 and c o/ C; must be determined and substituted into equations (18) and (20), respectively.
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Equation (22) can be substituted directly into equation (20) to obtain an expression for
indirect substitution rebound (Re;y,;,) via the CES utility model.

e\ ...]P/ =) ~lp
L+f2 [( ’)Pq} —1 -1,
(,.r g /ﬁ CEIE

o n° E°

S

Reisub == (24)

(See Appendix B.4.3 for details of the derivations of equations (18), (20), and (21)—(24).)

2.5.3. Income Effect. The monetary income rate of the device user (M) remains unchanged
across the rebound effects. Thanks to the energy service price decline, real income rises, and
freed cash from the EEU is given as G = pzS,. (See equation (90) in Appendix B.3.)
Emplacement effect adjustments and compensating variation modify freed cash to leave the

device user with net savings (N) from the EEU, as shown in equation (100) in Appendix B.3.
(Derivations of expressions for freed cash from the emplacement effect (G) and net savings

after the substitution effect (N) are presented in Tables B.3 and B.4.) Rebound from the
income effect quantifies the rate of additional energy demand that arises when the energy
conversion device user spends net savings from the EEU.

Additional energy demand from the income effect is determined by several constraints. The
income effect under utility maximization satisfies the budget constraint, so that net savings are
zero after the income effect (N = 0). (See Appendix D for a mathematical proof that the
income preference equations below (equations (25) and (29)) satisfy the budget constraint.)

A second constraint is that net savings are spent completely on (i) additional consumption
of the energy service @S < ¢,) and (ii) additional consumption of other goods @g < Eg).
The proportions in which income-effect spending is allocated depends on the utility model,
which prescribes the income expansion path for consumption. Given post-EEU prices, maxi-
mized CES utility means spending in the same proportion on the energy service and other
goods across the income effect, a property known as homotheticity. This constraint is satis-

fied by construction below, particularly via an effective income term (M").

However, this framework could accommodate non-homothetic preferences for spending
across the income effect (turning the income expansion path into a more general curve instead
of a line). Demand for certain energy services could satiate as consumers become more afflu-
ent, implying income elasticities of the energy service of less than one (Greening, Greene and
Difiglio 2000). At the lower bound, the consumer spends all income after the substitution
effect on other goods (subscript g) and none on the energy service (subscript s), choices that
serve to reduce rebound due to typically lower energy intensity of other goods compared to
the energy service.'’

We next show expressions for direct and indirect income effect rebound.

Direct income effect (Reginc). The income elasticity of energy service demand (.sq i) quanti-
fies the amount of net savings spent on more of the energy service (qs < q,). (See Appendix
C for additional information about elasticities.) Spending of net savings on additional energy
service consumption leads to direct income effect rebound (Reg;.).

The ratio of rates of energy service consumed across the income effect is given by

In principle, the energy service could be an “inferior good” whose consumption declines as incomes rise. However,
energy service elasticities of income have been estimated to be positive over the long run, so we do not expect the
inferior good case to be relevant (Fouquet 2014).
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~

- N Eqg, M
& - <1 + ?> . (25)
q M

Under the CES utility model, homotheticity means that &, ;; = 1.
Effective income (M) is given by

M=M= — g — N (26)

a~cap

For the purposes of the income effect, effective income (equation (26)) adjusts original

income (M°) to account for sunk costs (r; Cjap and CgMd) and net savings (V).
Direct income rebound is defined as
AE
Redinc = —S-
dev

(27)

(See Table B.5.) After substitution, rearranging, and canceling of terms (Appendix B.4.4), the
expression for direct income rebound under the CES utility model is

0 Cge M
(1o 2) e
M’ ° ° e\ psds
Regpe =~ Jpe+ <1 *fc.\.> K c)l’q

Al
T )G
n

p/(1=p)) ~/P

(28)

If there are no net savings after the substitution effect (N = 0), direct income effect rebound
is zero (Regiy,e = 0), as expected.18
Under a non-homothetic utility model, the bounding condition is satiated consumption of

the energy service such that as the device owner becomes richer, none of the net income (V) is
spent on more of the energy service, and thus Reg;,,. = 0 would occur.

Indirect income effect (Rejine). Not all net savings (N) are spent on more energy for the
energy conversion device. The income elasticity of other goods demand (ng,M) quantifies

the amount of net savings spent on additional other goods (ES < ¢,). Spending of net sav-
ings on additional other goods and services leads to indirect income effect rebound
(Re[inc)'

The ratio of rates of other goods consumed across the income effect is given by

— -~ Sq M
. S\
KL (1 + r) . (29)

9q M’

Under the assumption that prices of other goods are exogenous (see Appendix E), the ratio
of rates of other goods consumption (Eg/ gg) 18 equal to the ratio of rates of other goods
expenditures (C,/C,) such that

~

- (1 + ﬁ) . (30)
g M,

8Zero net savings (N = 0) could occur if increases in the capital cost rate (AC;‘HP) and/or the operations, mainte-

nance, and disposal cost rate (AC};Md) consume all freed cash (G) plus savings from the compensating variation.

5'1->‘qu-|
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Homotheticity means that ¢, ;, = 1. As shown in Table B.5, indirect income rebound is
g
defined as

AC, Iy

S dev

(31)

Reiinc =

After substitution, rearranging, and canceling of terms, the expression for indirect income
rebound under the CES utility model is

- % COI 1 —f,o * 20
Reiinc = ]W*/ (%) g i X 1 +fg TCS %
T n°) E° e ) e

Cs

p/(p—1) ~1/p
—1

(32)

(See Appendix B.4.4 for details of the derivation of direct and indirect income effect

rebound.) ~
Under the bounding satiated utility model, all net income () is spent on other goods, and
indirect rebound becomes simply Re;;,. = 1;715 .
dev

2.5.4. Macro Effect. The previous rebound effects (emplacement effect, substitution effect, and
income effect) occur at the microeconomic level. However, changes at the microeconomic
level can have important impacts at the macroeconomic or economy-wide level.

It is one of the basic tenets of economics that productivity gains have been the main long-
run driver of economic growth in the last couple of centuries (Marx 1867; Smith 1776; Solow
1957). Interest in the impact of individual sectors on the whole economy reaches arguably
even farther back (Quesnay 1759) and continues to the present (Leontief 1986). Recent work
revived interest in firm- and sector-specific shocks on aggregate output and demonstrates
that due to interlinkages between firms and sectors, productivity shocks in a firm or sector
can have larger macroeconomic consequences than the original shock (Acemoglu et al. 2012;
Baqace and Farhi 2019; Gabaix 2011). Foerster et al. (2022) estimate that 3/4 of long-run
U.S. growth since 1950 can be attributed to sector-specific (as opposed to aggregate) trend
factors. Because the EEU represents a positive, sector-specific productivity shock, the same
principles apply. These kinds of rebounds can be captured by a general equilibrium model
(Stern 2020), but we propose a simple rule for incorporating this macroeconomic effect of
productivity growth into our partial equilibrium framework.

Before establishing a formalism for Re,,uq,, We clarify the link between consumer theory
and economic growth. Turner (2013) cautions that when households see the productivity of
their non-market activities increase, GDP remains unchanged.' That may be true in the
short run. But the question over longer periods is whether the more productive household
energy services do not also feed through into economic growth accounted for by GDP.
People in affluent countries spend about as much time on unpaid (i.e., non-market) work as
on paid work (Folbre 2021). Therefore productivity improvements in unpaid work can spill

YTo appreciate the difference between production for the market and production for the household, consider the
example of increased fuel efficiency. In one case, the household upgrades its own car and takes more trips (direct
rebound), without effect on GDP. In the other case, the household buys the energy service (transport) directly from
a taxi company that upgrades its cars. Here, the taxi company lowers the price but gains more customers, leading
immediately to growth in inflation-adjusted (i.e., real) GDP, as more driving services are produced. Yet, the physical
change of more car trips is the same in both cases.
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over into paid work, which enters GDP. One channel could be time-saving. If the EEU saves
time, then saved time could be spent on more paid work or on increasing human capital
(Gautham and Folbre 2024; Sorrell and Dimitropoulos 2008). If the EEU saves money (but
no time), then the freed cash could be spent to create additional demand for products that
translate into higher GDP and possibly faster productivity growth (Magacho and McCombie
2018). The freed cash could also be spent on more effective (and more costly) human capital-
increasing activities or even be used to start a venture. In all cases, it would be rash to con-
clude that just because some EEUs lead to productivity increases not captured directly by
GDP, they do not eventually lead to additional economic growth.*

Borenstein also addressed these macro effects from consumer behavior noting that
“income effect rebound will be larger economy-wide than would be inferred from evaluat-
ing only the direct income gain from the end user’s transaction” (Borenstein 2015, 11) and
likened it to a macroeconomic multiplier.?' The sectoral growth shock literature also uses
multipliers to conceptualize the impacts of sectoral productivity shocks on aggregate out-
put (Buera and Trachter 2024; Foerster et al. 2022). Using multipliers has the advantage
that they can be directly linked to the income effect (minus compensating variation) and
its consequence for macroeconomic rebound. Borenstein also notes that scaling from net
savings (N*) at the device level to productivity-driven growth at the macro level is unex-
plored territory.

We operationalize the macro rebound multiplier idea by noting that higher productivity
makes the device cheaper to operate (and possibly purchase), which allows consumers to pur-
chase a larger bundle of goods and services. If the overall expansion of the economy is a mul-
tiple of the direct increase in productivity expressed as productivity gains in other sectors,
then the macro effect can simply be represented as a multiple of the (indirect) emplacement
effect at the post-emplacement stage (x) of Figure 1, a multiplier that we represent by a macro
factor (k).>

The macro factor (k) represents respending in the broader economy after the emplacement
effect has occurred and is not tied to any particular EEU or economic sector. k=0 is
expected. £ = 0 means there is no macroeconomic effect resulting from the energy efficiency
upgrade. £ >0 means that productivity-driven macroeconomic growth has occurred with
consequent implications for additional energy consumption in the wider economy.

We assume as a first approximation (following Antal and van den Bergh 2014; Borenstein
2015) that macro effect responding implies energy consumption according to the average
energy intensity of the economy (/g). Macro rebound is therefore given by

kN*,
Remacro = . E . (3 3)

dev

20Nevertheless, as long as the energy efficiency improvement (in this example, an upgraded car) is the only technolo-
gical progress in the economy, further output growth may be constrained to the extent that the other inputs into pro-
duction remain constrained at their original levels and substituting energy for the other inputs to production is
limited by the prevailing technology.

211t is important to distinguish this multiplier from an autonomous expansion of expenditure, a demand-side shock,
in an otherwise unchanged economy, that is, the Keynesian multiplier (Kahn 1931; Keynes 1936), that risks crowd-
ing out other economic activity (Gillingham, Rapson and Wagner 2016). Our energy productivity improvement is a
supply-side shock. After the EEU, it takes less energy (and therefore less energy cost) to generate the same economic
activity, because energy efficiency has improved, so the concept of crowding-out as defined by macroeconomics does
not apply.

22The macro factor (k) appears unitless, but its units are actually $ of economy-wide expansion created per $ of net
savings gained by the device user in the emplacement effect (V).
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(See Table B.6.) After some algebra (Appendix B.4.5), we arrive at an expression for macro
effect rebound:

Remacm = k(pEIE — Recap — ReOMd) . (34)

Another macroeconomic rebound could arise from the energy price, which could fall due
to lower demand (Borenstein 2015; Gillingham, Rapson and Wagner 2016). The size of
the energy price effect depends on the size of the energy savings from the EEU relative to the
energy demand in the economy. Therefore, calculating the energy price effect requires addi-
tional assumptions about how many households adopt the new device, which we consider to
be outside the scope of our core framework. However, we show how it could be incorporated
by adding an assumption about EEU adoption shares and a model of the energy market to
derive a rebound expression for the energy price effect in Section 3.2 and Appendix F.

2.6. Rebound Sum

The sum of all rebound emerges from the four rebound effects (emplacement effect, substitu-
tion effect, income effect, and macro effect). Macro effect rebound (Re,c0 in equation (34))
is expressed in terms of other rebound effects. (Derivation details can be found in Appendix
B.4.6.) After algebra and canceling of terms, we find

Reyy = Reomp, + k(pEIE — Recap) + (1 = k)Reopa +

35
Redsub + Reisub + Redinc + Reiinc- ( )

3. Discussion

3.1. Comparison to Other Rebound Frameworks

We developed above a rebound framework for consumers. We note that many of its compo-
nents are similar to those for a producer-sided framework due to symmetries between neo-
classical microeconomic producer and consumer theory. Ours is a partial equilibrium
framework at the microeconomic level that provides a detailed assessment of individual
EEUs with tractable, easy-to-understand mathematics. Partial equilibrium frameworks are
easier to understand, in part, because they constrain price variation to the energy service
only; all other prices remain constant (at least at the microeconomic level).>* In our frame-
work, general equilibrium effects and other dynamic effects at the macroeconomic level are
captured by a simplified, one-dimensional rebound effect discussed in Section 2.5.4.

We are not the first to develop a rebound analysis framework, so it is worthwhile to com-
pare our framework to others for key features: analysis of all rebound effects; analysis of
energy, expenditure, and consumption aspects of rebound; level of detail in the consumer
preference model; allowance for non-marginal energy efficiency changes; and empirical appli-
cation. When all of the above characteristics are present, a fuller picture of rebound can
emerge.”* Table 2 shows our assessment of selected previous partial equilibrium frameworks
(in columns) relative to the characteristics discussed above (in rows).

Because all frameworks evaluate the expected decrease in direct energy consumption from
the EEU, the “Direct emplacement effect” row contains @ in all columns. Three early papers
(Nédssén and Holmberg 2009; Thomas and Azevedo 2013a, 2013b) estimate rebound

BGeneral equilibrium frameworks provide detail and precision on economy-wide price adjustments, but they give up
specificity about individual device upgrades, make assumptions during calibration, and lose simplicity of exposition.
24See Section 2.2 of Heun et al. (2025) for literal pictures of rebound in energy, expenditure, and consumption planes.
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Table 2. Comparison Among Relevant Rebound Analysis Frameworks.

Thomas
Néissén and and Chanand  Wang, Yu This
Holmberg Azevedo Borenstein  Gillingham and Liu paper
Comparison aspect (2009) (20134, 2013b) (2015) (2015) (2021) (2025)
Rebound effects
Direct emplacement [ [ [ [ ® ®
effect
Capital cost and [~ [~ [~ @) O [
embodied
energy effect
Maintenance and @ O e O O {
disposal effect
Direct and indirect = e (] (] { (
substitution effects
Direct and indirect = e (] (] [ {
income effects
Macro effect O O o O @) =
Other characteristics
Analysis on energy, ® @ e @ = (

expenditure, and
consumption planes
Detailed model of Q (=) = (] [ (]
device user behavior
and preferences

Non-marginal energy o O O O O (
service price
changes

Empirical application [ ] (] e O O (

Note. Empty (white) circles indicate no treatment of a subject by a framework. Partly and fully filled circles indicate partial
and comprehensive treatment of a subject by a framework.

quantitatively, earning high marks (@) in the “Empirical application” row. Both Néssén and
Holmberg and Thomas and Azevedo motivate their frameworks at least partially with micro-
economic theory (consumer preferences and substitution and income effects) but use simple
linear demand functions in their empirical analyses. Thus, the connection between economic
theory and empirics is tenuous, leading to intermediate ratings (& or less) in the “substitution
effects,” “income effects,” and “Detailed model of consumer preferences” rows. More
recently, Chan and Gillingham (2015) and Wang, Yu and Liu (2021) anchor the rebound
effect firmly in consumer theory, earning high ratings (@) in the “substitution effects,”
“income effects,” and “Detailed model of consumer preferences” rows. They extend their fra-
meworks to advanced topics that our framework does not presently incorporate, such as mul-
tiple fuels, energy services, and nested utility functions with intermediate inputs. However,
neither Chan and Gillingham nor Wang et al. provide empirical applications, earning o in
the last row of Table 2. In the middle of the table (and between the other studies in time), the
framework by Borenstein (2015) touches on nearly all important characteristics. However,
the Borenstein framework cannot separate substitution and income effects cleanly in empiri-
cal analysis, reverting to partial analyses of both, leading to a @ rating in the “Detailed model
of consumer preferences” and “Empirical application” rows.

No previous framework engages fully with either the differential financial effects or the
differential energetic effects of the upfront purchase of the upgraded device, leading to low
ratings across all previous frameworks in the “Capital cost and embodied energy effect” row.
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In fact, except for Nissén and Holmberg (2009), no framework engages with capital costs,
although all note its importance. (Nédssén and Holmberg note that capital costs and embo-
died energy can have very strong effects on rebound.) Thomas and Azevedo (2013a, 2013b)
provide the only framework that traces embodied energy effects of every consumer good
using input-output methods, but they do not analyze embodied energy of the upgraded
device. Borenstein (2015) notes the embodied energy of the upgraded device and the embo-
died energy of other goods but does not integrate embodied energy or financing costs into
the framework for empirical analysis. Borenstein is, however, the only author to treat the
financial side of embodied energy or maintenance and disposal effects. Borenstein (2015)
postulates the macro effect, but does not operationalize the link between micro and macro
levels, earning © in the “Macro effect” row. No other framework even discusses the link
between macro and micro rebound effects, leading to O in the “Macro effect” row for all pre-
vious frameworks (apart from Borenstein 2015). Our framework operationalizes the link
between micro and macro levels, via the macro factor (k), but more work can be done in this
area. Thus, “This paper (2025)” earns @ in the “Macro effect” row. Finally, all previous fra-
meworks assume constant price elasticities and implicitly marginal or small improvements in
efficiency, excluding the numerically precise analysis of important non-incremental upgrades
where price elasticities are likely to vary. Therefore, all previous frameworks earn o in the
“Non-marginal energy service price changes” row.

Table 2 shows that previous frameworks contain many key pieces, providing starting
points from which to develop our rebound analysis framework. A left-to-right reading of the
table demonstrates that previous frameworks start from microeconomic consumer theory
and move towards more rigorous theoretical treatment over time, with recent frameworks
making important advanced theoretical contributions at the expense of empirical applicabil-
ity. In the end, no previous rebound analysis framework combines all rebound effects across
energy, expenditure, and consumption aspects with a detailed model of consumer prefer-
ences, non-marginal energy service price changes, and empirical applicability for the simplest
case (understandable across disciplines) of a single fuel and a single energy service. In partic-
ular, assessing the rebound implications of differential capital costs, non-marginal price
changes, and the macro effect required conceptual development as in Section 2.5.4 and
Appendix B.4.5. (Development of empirical applications is left for Heun et al. (2025).) This
paper addresses most of the gaps in Table 2; hence we fill the “This paper (2025)” column
with filled circles (®) in nearly all rows. By so doing, we help advance clarity in the field of
energy rebound.

3.2. Notes on an Energy Price Rebound Effect

The income effect (Section 2.5.3) captures the energy and rebound implications of expanding
real income at the level of the upgraded device. The partial equilibrium framework described
herein enables calculation of income effect rebound (Re;,.) without regard to changes in
energy price (pg), because the energy price is assumed exogenous.

But there are other effects at work beyond the device level and outside the boundaries of
a partial equilibrium analysis. One of those effects is an energy price effect. This section (and
Appendix F) shows that our partial equilibrium framework can be extended to obtain an ini-
tial estimate of the rebound implications of an energy price effect (Re,,) with an analysis that
remains short of full equilibrium.

The energy price effect can lead to rebound when EEUs are applied to energy conversion
devices at a scale that is substantial relative to the economy-wide use of energy. Examples of
conditions under which the energy price effect could be significant include replacing all cars
in the economy by hybrids and replacing all domestic electric lamps in the economy by
LEDs, to use the examples from Heun et al. (2025). With reduced energy demand throughout
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the economy, an energy price reduction can be expected (pg > pr) as the lower energy price
leads to rebalancing of supply and demand. With the now-lower energy price (pg), the device
owner has additional freed cash (GPE) to spend, in addition to the adjustments described by
the substitution and income effects (see Sections 2.5.2 and 2.5.3).

A complete analysis of the price effect would amount to introducing a full model of the
energy market and involve solving a system of simultaneous equations for the new economy-
wide energy demand, the new energy price, and a new consumption bundle. But in this
instance, as we desire a simple estimate of energy price rebound, we conservatively assume
the device owner spends the additional freed cash (the result of the lower energy price) exclu-
sively on other goods, with energy implications at the energy intensity of the economy (/g).
Under these assumptions, Appendix F derives an expression for rebound from the energy
price effect as

Re,, = CrelE (36)

dev

where G,,E is the freed cash arising from the reduction in energy price due to widespread ado-
potion of the EEU throughout the economy.

4. Conclusions

In this paper (Part I), we developed foundations of a rigorous analytical framework that
includes all rebound effects across energy, expenditure, and consumption aspects with a
detailed model of consumer preferences and non-marginal energy service price changes in an
operational manner linking micro and macro effects for the simplest case of a single fuel and
a single energy service. Furthermore, we presented approaches for exploring consumer satia-
tion of energy service demand and for analyzing the effect of reduced energy demand on
energy price to create energy price rebound. With careful explication of rebound effects and
clear derivation of rebound expressions, we help advance the analytical foundations for
empirical analyses and facilitate interdisciplinary understanding of rebound phenomena
toward the goal of enhancing clarity in the field of energy rebound and enabling more robust
rebound calculations for sound energy and climate policy.

Future work could be pursued in several areas. (i) Other utility models (besides the CES
utility model, but not a Cobb-Douglas utility model) could be explored for the substitution
effect. (ii) Although this is a consumer-sided framework, we demonstrated that it could be
extended to effects affecting producers such as the energy price rebound effect. Further work
could explore additional extensions to other producer-sided energy rebound effects.
Moreover, a neoclassical producer framework, in analogy to the consumer framework, could
be derived due to the substantial symmetry between neoclassical consumer and producer
models (Fine 2016; Varian 1992). (iii) This framework could be extended to include some of
the advanced topics in Chan and Gillingham (2015) and Wang, Yu and Liu (2021), such as
multiple fuels or energy services, more than one other consumption good, and nested utility
functions with intermediate inputs. (iv) This framework could be extended to include fuel-
switching EEUs, wherein the upgraded device uses a different fuel from the original device.
(v) The greenhouse gas emissions implications of energy rebound could be evaluated using
this framework, provided that the primary energy associated with final energy purchases
were available. Borenstein (2015) went some way to analyzing emissions and could provide a
starting point for such work. The capability to analyze fuel-switching EEUs (discussed in the
previous item) will be important for analyzing the greenhouse gas emissions implications of
many EEUs that involve electrification, such as the transition to all-electric vehicles and the
conversion of natural gas and oil furnaces to heat pumps for home heating.
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In Heun et al. (2025), we further help advance clarity in rebound analysis in three ways.
First, we develop a way to visualize the energy, expenditure, and consumption aspects of
rebound effects. Second, we apply the framework to two EEUs: an upgraded car and an
upgraded electric lamp. Finally, we provide results of rebound calculations for the two
examples.

Appendices

A. Nomenclature

Presentation of the rigorous analytical framework is aided by a nomenclature that describes
energy stages and rebound effects. Table A.1 shows symbols and abbreviations, their
meanings, and example units. Table A.2 shows Greek letters, their meanings, and example
units. Table A.3 shows initialisms. Table A.4 shows symbol decorations and their meanings.
Table A.5 shows subscripts and their meanings.

Differences are indicated by the Greek letter A and always signify subtraction of a quantity
at an earlier stage of Figure 1 from the same quantity at the next later stage of Figure 1. For
example, AX = X — X, and AX = X — X. Lack of decoration on a difference term indicates a
difference that spans all stages of Figure 1. For example, AX = X — X°. AX is also the sum
of differences across each stage in Figure 1, as shown below.

Table A.l. Symbols and Abbreviations.

Symbol Meaning [example units]

Annualized cost [$/yr]

The share parameter in the CES utility model [-]
Cost [$]

Final energy [M]]

Expenditure share [-]

Freed cash [$]

A constant in the derivation of &;_p, c and &;_p,.c. [-]
A constant in the derivation of &5, c and &g p, c [-]
Energy intensity of economic activity [M)/$]
Summation index for present value calculations [-]
Macro factor [-]

Income [$]

An exponent in the derivation of &g p, c and &, ¢ [-]
Net savings [$]

An exponent in the derivation of &g p, c and &, [-]
Present value [$]

Price [$]

Quantity at the macroeconomic level []

Quantity [-]

Rebound [-]

Real monetary discount rate [|/yr]

Energy cost savings [$]

Time variable [yr]

Utility [utils]

Position [m]

A constant in the derivation of ¢g_p, c and &g p, c [-]

QU ©3IZ3IIIAT— TSmO >

@
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Table A.2. Greek Letters.

Greek letter Meaning [example units]

e Subscript that indicates capital cost payments at beginning of life

A Difference (later quantity less earlier quantity, see Figure 1)

P Price or income elasticity []

&40 M Income (M) elasticity of energy service demand (gs) [-]

Eq,. M Income (M) elasticity of other goods demand (9e) [-]

€4,.ps Uncompensated energy service price (ps) elasticity of energy service demand (gs) [-]
€q,.p, Uncompensated energy service price (p;) elasticity of other goods demand (q;) [-]
&, ps.c Compensated energy service price (ps) elasticity of energy service demand (qs) [-]
€q,.psuc Compensated energy service price (p;) elasticity of other goods demand (q) [-]

n Final-energy-to-service efficiency [vehicle-km/M]]

Y Term in the derivation of end-of-life payment discounting [-]

o Subscript that indicates disposal cost at end of life

¢ Term in the derivation of beginning-of-life payment discounting [-]

p Exponent in the CES utility function, p = (o — |)/o [-]

o Elasticity of substitution between the energy service (¢7) and other goods (q5) [-]
T Multiplicative term that accounts for discounting []

Table A.3. Initialisms.

Initials Meaning

CES Constant elasticity of substitution

CPE Constant price elasticity

cv Compensating variation

EEU Energy efficiency upgrade

EPSRC Engineering and Physical Sciences Research Council
GDP Gross domestic product

UK United Kingdom

UKRI UK Research and Innovation

us. United States

Table A.4. Decorations.

Decoration Meaning [example units]

X° X originally (before the emplacement effect)

X* X after the emplacement effect (before the substitution effect)
X X after the substitution effect (before the income effect)

X X after the income effect (before the macro effect)

X X after the macro effect

X Rate of X [units of X/yr]

M Effective income [$]

AX = AX + AX + AX + AX
AX = (X —X)+ (X —X) + (X —X*) + (X" —X°) -
5 5 37
=< DA EF)

X -
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Table A.5. Subscripts.

Subscript Meaning

c Compensated

cap Capital costs

dev Device

dempl Direct emplacement effect

d Disposal

dinc Direct income effect

dsub Direct substitution effect

E Energy

emb Embodied

empl Emplacement effect

g Other expenditures (besides energy) by the device user
iempl Indirect emplacement effects

iinc Indirect income effect

inc Income effect

isub Indirect substitution effect

life Lifetime

m Maintenance

macro Macro effect

oM Operations and maintenance

OMd Operations, maintenance, and disposal

s Service stage of the energy conversion chain
sub Substitution effect

tot Sum of all rebound effects in the framework

B. Derivation of the Analytical Framework

This appendix provides a detailed derivation of the analytical framework, beginning with the
budget constraint for the device owner.

B. 1. Budget Constraint

We assume the device owner has four expense categories related to the device: capital cost
(Ceqp), energy service cost (Cy), operations and maintenance cost (Coy), and disposal cost
(Cq). We count one expense category for all other goods and services (Cy), one category for
annual income (M), and net savings (V), the difference between income and expenses. Capital
(cap) and disposal (d) costs are applied at the beginning («) and end (w), respectively, of the
device lifetime (). All other budget categories are applied at the beginning of each year. A
budget can be constructed for the device owner for each stage of Figure 1, leading to a differ-
ent budget before emplacement (o), after emplacement (x), after the substitution effect (M),
after the income effect (—), and after the macro effect (~). When needed, the different bud-
gets can be distinguished by symbol decorations shown in Table A.4. We allow the device
owner to purchase the device with a loan and assume a real discount rate ». For a device not
purchased on credit, » = 0 applies. The device owner may save (with real discount rate r) to
pay for future disposal costs.

Each budget category is analyzed in perpetuity to allow comparisons at different rebound
stages (o, *, etc.) where the device lifetime () may be different. The present value (P) of
each expense category is obtained with an infinite sum for three cases.

First, the present value (P.,,) of the capital cost (Ccq,) is given by the infinite sum
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Ccap Ccap CC“P
Pc”p - Ccap * Liife * 2t e itiife
(e = e (1)
(38)
CHPIZO 1 + I" lt/,/g
= (bm/é caps
(1+ r

where ¢, = .
Second, tlgle present value of all yearly expenses or income can be given by similar equa-
tions. For the example of the present value (Py) of annual energy services costs (Cy), we have

Cs Cs Cs
P, =C, + —_ — L —
(1+7r)* (1 + 7)Y (1+7r)"
Zx 1 (39)
= (1 +”)1yr

- d)lerS'

Equations for the present value of annual operations and maintenance costs (Poy, and Coyy),
annual other goods costs (P, and Cg), annual income (Py; and M), and annual net savings
(Py and N) are identical except for the subscripts.

Finally, the present value (P,) of disposal costs (C,) is given by

Pa=—S1 Cd2 TR <
(1 + r)te (1 + ) (1 + r)'te
— Z (40)
1+ ”"fe
- yt[i/kcd’

= 1
where y, = T

For simplicity, we desire annual values (4) with equivalent present value for each cost cate-
gory. Using the capital cost to illustrate, we begin with the present value equivalence of the

infinite series and annual costs:

Peyp = Py, (41)
Substituting expressions for present values (P) gives
b1, Ceap = b1 yeAcap- (42)
Rearranging gives
o = D, (43)
b1y

Eurther, we desire annualized rates defined as 4 = 4 /1yr such that Aca,, = Acqp/1yr and
Ceap = Ceap/tiife. Solving for 4., and C.,p, and substituting gives
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- Duye
Acap(l yr) ¢:” Ccaptltje (44)
yr

P t
Defining 7, = d)”’“ T

lifetime) gives

(with subscript « indicating payments at the beginning of each device

Aca‘n = TaCcap- (45)

Similar derivations can be employed for all other budget categories to obtain

A = Cy (46)

Aoy = Com (47)

Aq=71,Cy (48)

Ag = Gy (49)

Ay =N (50)

Ay =M, (51)

where 7, = :;””E f”"’r (with subscript w indicating payments at the end of each device lifetime),

and C; = Cy / f1ife, the annualized disposal cost without discounting.
The budget constraint expressed in annualized present-value equivalent terms is

Apy = Aeap + A + Aoy + Ag + Ay + Ay. (52)
Substituting cost rates gives
M = 74Ceqp + Cs + Coyr + 7,Cq + Co + N. (53)

Substituting the product of energy price (pg) and the rate of energy consumption (given by
the ratio of the rate of energy service consumption and efficiency, ¢s/), the product of price
(pg) and the rate (g4) of other goods consumption, COMd COM + 70 C3, and after some rear-
ranging gives the budget constraint used in equation (5):

M - Tuchap - COMd =pE% +pgég + N (54)

The term 7, represents the additional cost of annual interest payments when the device is
purchased with a loan. When » >0, 7, > 1. When r = 0, 7, = 1, as proved below (Section
B.1.1). The term 7, represents the reduction of disposal costs if the device owner pays for dis-
posal costs with money invested annually assuming real discount rate ». When r > 0,
0 <7, <1.Whenr=0,7, =1, as proved below (Section B.1.2).

B.1.1. Proof: 7, = 1 when r = 0. We expect that 7, = 1 when r = 0. However, direct substitu-

?
tion of » = 0 into the expression for 7, gives %, so we rather assess lim,_,o+7, = 1.
Substituting for 7, gives
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. e life
lim Pe tie
r—0+ \ @, yr lyr

Substituting for ¢ terms gives

(1 + )l
i (-1 Ty |2 1
r—0* | _( 0™ 1yr ’
(1+r)—1

Distributing double-fractions gives

e [ )™ (L+1)"Y —1 ty
1 . .
=0t (14 7)Y (1+7r)"% —1 lyr

Multiplying terms in numerator and denominator gives

m tie Lyr Lyr
r—0 (I+r)"™1+r)" =(1+7r)

()14 )T — (1 e e :

Applying L’Hopital’s rule gives

e

=1.
ala+nma+n =+ 0]

Applying the chain rule repeatedly gives

lim

r—07"

ife ife 1 ife
1 {% [(1 + ) (1 + r) yr} -2+ r)tff}}

alasrman] - 2la+n"]

Several intermediate results are helpful.

lim 3
r—0+ | or

Substituting the intermediate results gives

W+a%u+wﬂ}=wu+WW+wm+aw

lllz;er [(1 + }")lyl'(tlifé) + (1 + r)tlife(l yI‘) — tlife} ?
(1+ 1) () + (1+ 7)™ (Lyr) = Lyr

(57)

(64)
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Setting » = 0 in the remaining terms gives

Mr (D) (tuee) + (1)(1yr) — tuge) 2 (65)
(1) (tie) + (1)(1yr)—1}’r
Simplifying gives
()0 (66)
Liife
v L (67)

thereby completing the proof with the expected result.

B.1.2. Proof: 7, = 1 when r = 0. We expect that 7, = 1 when » = 0. However, direct substitu-

?
tion of » = 0 into the expression for 7, gives %, so we rather assess lim,_¢+7, = 1.
Substituting for 7, gives

. Y tife ?
Im | ———] =1. 68
F—0" <¢1yr 1 yr) (68)

Substituting for y and ¢ terms gives

1
0+ re—1 tie | 2
lim |t fge o Z g (69)
r—0* (1+7’)1” lyr
(1411

Distributing double-fractions gives

(70)

r—0%

1 (1+r)lyr—1 tiife :’1
(L+nh" @+t —1 Ty

Multiplying terms in numerator and denominator gives

lim 00 1G5 2. (71)

=0 | (14 )" (1 + 7)Y — (1 + )"

Applying L’Hopital’s rule gives

tife 9 |:(1 + r)lyr _ 1:|
lim Lo 21, (72)

2 [ =2 [0 0]

Applying the intermediate results from Section B.1.1 yields
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; (1) (1ym) » 73
im =1.
=0 | (1 + r)lyr(tl,]é) + (14 7)™ (1yr) = 1yr

Setting » = 0 in the remaining terms gives

(1t/§r) (1yr) ?

-l 74
(1) (ture) + (1)1yr —1yr (74)
Simplifying the denominator gives
(f"’i)(l yr)
! (75)
Liife
1 <, 76)

thereby completing the proof with the expected result.

B.2. Relationships for Rebound Effects

For each energy rebound effect in Figure 1, energy and financial analysis must be performed.
The purposes of the analyses are to determine for each effect (i) an expression for energy
rebound (Re) for the effect and (ii) an equation for net savings (N) remaining after the effect.

Analysis of each rebound effect involves a set of assumptions and constraints as shown in
Table B.1. In Table B.1, relatlonshlps for emplacement effect embodied energy rates (E°

emb

and E? ), capital expenditure rates (C° cap a0d Ccap) and operations, maintenance, and dispo-
sal expenditure rates (C9,,, and Cj,,,) are typical, and inequalities could switch direction for
a specific EEU. Macro effect relationships are given for a single device only. If the EEU is

deployed at scale across the economy, the energy service consumption rate (qs) dev1ce energy
consumption rate (E ), embodied energy rate (Ecm;,) capltal expenditure rate (Cm,,) and

operations, maintenance, and disposal expenditure rate (COMd) will all increase in proportion
to the number of devices emplaced.
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Table B.l. Assumptions and Constraints for Analysis of Rebound Effects.

Emplacement Substitution Income Macro
Parameter effect effect effect effect
Energy price Pe = PE be = Pe pe = Pe Pe = pe
Energy service efficiency n° <n* nt =1 n="n n=1n
Energy service price py > p; Py = Ps ps = ps ps = Ps
Other goods price Pe pg Pg pg
Energy service consumption rate q; = q; g < ES as <4, 4. = q.
: S0 — s - = 5 T
Oth.er goods consumptlcfn rate ck 4, q > ig g, < Eg gg = 4
Device energy consumption rate E? > E; Er < E, E, <E, E = E,
Embodied energy rate ES ., <Ei. E: = Eemb Eerb = Eomp Eerb = Eemb
Device lifetime the. < tie tie. = tife tie = e tie = tie
Beginning-of-life discount factor To < Th T = Ta Ta = Ta Ta = Ta
End-of-life discount factor To > T To = To To = Tw To = To
. - i : . - -~ = = <
Capital expenditure rate Cmp < Ccap Cp = Ceop Ceop = Caap Cep = Ceap
Ops., maint., and disp. Coma < Coma CZ)Md = Comd Comd = Comd Comd = Comd
expenditure rate
Energy service expenditure rate CSO > CS* Ct < E E <C Cc. = E
s s s s s s
Other goods expenditure rate C; =G C; = Cg C.g < Cg C.g = Cg
Income M M M M
Net savings 0 =N° <N~ N*<I:l ﬁ>ﬁ=0 N=N=0

Table B.2. ]ustification for Zeroed Terms in Tables B.3-B.6.

Zeroed term

Justification (from Table B.I).

. 0
A
g
D.Igo
AL,
Ao
A

C; = Cg* (Cg unchanged across emplacement effect)

0=N° (net savings are zero prior to the EEU)

E*

el

~

mb = Eermb (Eemb unchanged across substitution effect)

C(*)Md = Comd (COMd unchanged across substitution effect)

~

Eemp = Eemp (Eemb unchanged across income effect)

Comd = Comd (Comq unchanged across income effect)

N=0 (all net savings are spent in the income effect)
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Table B.6. Macro Effect.

Rebound stage Energy analysis Financial analysis
Before (-) E (109)
After (~) E (11o)
Take differences to obtain the change in N/A
energy consumption,
AE=E—E (I

The energy change due to the macro

effect (AE) is a scalar multiple (k) of

net savings (N*), assumed to be spent

at the energy intensity of the economy (Ig).

AE = R (112)
All terms are energy takeback rates.

Divide by Sge, to create rebound terms.

AE _ i (113)

Sdev Sdev

Define Remgero = % such that
KN (33)

Remacro =

B.3. Derivations

Table B.2 highlights equations in Table B.1 that justify zeroing terms in tables that follow.
Derivations for rebound definitions and net savings equations are presented in Tables B.3 to
B.6, one for each rebound effect in Figure 1. Energy and financial analyses are shown side
by side, because each informs the other.

B.4. Rebound Expressions

All that remains is to determine expressions for each rebound effect. We begin with the
device-level expected energy savings rate (Sg,), which appears in the denominator of all
rebound expressions.

B.4.1. Expected energy savings (Si). Saev is the reduction of energy consumption rate by the
device due to the EEU. No other effects are considered.

Sey = E° — E7 (114)

The final energy consumption rates (E;’ and E;f) can be written as equation (6) in the forms
EQ =g /m° and ET = g7 /7",

Sygey = 25— 25 115
dor =5 (115)
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With reference to Table B.1, we use ¢ = ¢; to obtain

S = I s, (116)
R

When the EEU increases efficiency such that 1° < n*, expected energy savings grows

(Szev > 0) as the rate of final energy consumption declines, as expected. As n* — o, all final

energy consumption is eliminated (Ej —0), and S, = g /m° = E;’. (Of course, n* — « is

impossible. See Paoli and Cullen (2020) for a discussion of upper limits to device efficiencies.)
After rearrangement and using £° = ¢°/1°, we obtain a convenient form

Sy = (”—O_ 1) T e, (12)
n n

B.4.2. Emplacement effect. The emplacement effect accounts for performance of the EEU only.
No behavior changes occur. The direct emplacement effect of the EEU is device energy sav-
ings and energy cost savings. The indirect emplacement effects of the EEU produce changes
in the embodied energy rate and the maintenance and disposal expenditure rates. By defini-
tion, the direct emplacement effect has no rebound. However, indirect emplacement effects
may cause energy rebound. Both direct and indirect emplacement effects are discussed below.

Direct emplacement effect rebound expression (Regemp). As shown in Table B.3, the direct
rebound from the emplacement effect is Regemp = 0. This result is expected, because in the
absence of embodied energy, maintenance and disposal cost, or behavioral changes, there is
no takeback of energy savings at the upgraded device.

Indirect emplacement effect rebound expression (Rejemp). Indirect emplacement rebound
effects can occur at any point in the life cycle of an energy conversion device, from manufac-
turing and distribution to the use phase (maintenance), and finally to disposal. For simpli-
city, we group maintenance with disposal to form two distinct indirect emplacement rebound
effects: (1) an embodied energy effect (Re.,;) and (ii) a maintenance and disposal effect
(Remd)'

Embodied energy effect rebound expression (Re.n;). The first component of indirect empla-
cement effect rebound involves embodied energy. We define embodied energy consistent with
the energy analysis literature to be the sum of all final energy consumed in the production of
the energy conversion device. The EEU causes the embodied final energy of the device to
change from £9 , to £ ,.

Energy is embodied in the device within manufacturing and distribution supply chains
prior to consumer acquisition of the device. For simplicity, we spread all embodied energy
over the lifetime of the device, an equal amount assigned to each period.

Thus, we allocate embodied energy over the life of the original and upgraded devices (77,
and #j,, respectively) without discounting to obtain embodied energy rates, such that

ES, =E°,/ th and E =E,/ tie- The change in embodied final energy due to the EEU

emb
(expressed as a rate) is given by EX , — E° .. After substitution and algebraic rearrangement,
the change in embodied energy rate due to the EEU can be expressed as

(B! Eonp) (T /i) — 1EG,, @ term that represents energy savings taken back due to

embodied energy effects. Thus, equation (3) can be employed to write embodied energy
rebound as
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E
emb Ir/e o
(EO r* -1 ) E emb

emb Llife

14
Sdev ( )

Reeny =

Embodied energy rebound can be either positive or negative, depending on the sign of the
term (E,,/ES.)(th./t.) — 1. Rising energy efficiency can be associated with increased
device complexity and more embodied energy, such that E} , > E° . and Reg, > 0.
However, if the upgraded device has longer life than the original device (f;, > ).
E* , — E° . can be negative, meaning that the upgraded device has a lower embodied energy
rate than the original device.

Operations, maintenance, and disposal effect rebound expression (Repyy). In addition to
embodied energy effects, indirect emplacement rebound can be associated with energy
demanded by operations, maintenance, and disposal expenditures. We apply discounting to
end-of-life disposal expenditures to form expenditure rates such that C8,,, = CS,, + R°CS
and CgMd = CBM + RZ,C;;, with C; = Cy /tie. (For details, see Appendix B.1.)

We assume, for simplicity, that operations, maintenance, and disposal expenditures indi-
cate energy consumption elsewhere in the economy at its energy intensity (/z). Therefore, the
change in energy consumption rate caused by a change in operations, maintenance, and dis-
posal expenditures is given by ACgMdIE. This term is an energy takeback rate, so maintenance
and disposal rebound is given by

«
ReOMd: M, (1]7)
dev

as shown in Table B.3. Slight rearrangement gives

¢
(cgm - 1) COMd]E

oMd
S dev

(15)

Reoya =

Rebound from operations, maintenance, and disposal can be positive or negative, depend-
ing on the sign of the term Cy,,,,/Cyu — 1

B.4.3. Substitution effect. This section derives expressions for substitution effect rebound. Two
terms comprise substitution effect rebound, direct substitution rebound (Rey») and indirect
substitution rebound (Re;q). Assuming that conditions after the emplacement effect (*) are

known, both the rate of energy service consumption (ES) and the rate of other goods con-

sumption (C'g) must be determined as a result of the substitution effect (the ~ point).

The EEU’s energy efficiency increase (n° < m) causes the price of the energy service pro-
vided by the device to fall (p? > p,). The substitution effect quantifies the amount by which
the device user, in response, increases the consumption rate of the energy service (¢; < 55)
and decreases the consumption rate of other goods (g > ag).

The increase in consumption of the energy service substitutes for consumption of other
goods in the economy, subject to a utility constraint. The reduction in spending on other
goods in the economy is captured by indirect substitution rebound (Rejg).

We begin by deriving an expression for direct and indirect substitution effect rebound
(Regsup and Re;y,, respectively). Thereafter, we develop a constant price elasticity (CPE) util-
ity model and a constant elasticity of substitution (CES) utility model for determining the

post-substitution point (as and Cg).



Heun et al. 37

Direct substitution effect rebound expression. Direct substitution effect rebound (Regqp) 18
given by
AE,  E,—F
Sdev Sdev

Redsub =

Substituting the typical relationship of equation (6) in the form £, = g, /m gives

i i
Redsub: 77. ! . (118)
Sdev
Realizing that n* = 7) and rearranging produces
<q_ . q_) i
@ @)
Regopy = ~———F—. (119)

S dev

Recognizing that the rate of energy service consumption (g;) is unchanged across the empla-
cement effect leads to ¢7/¢° = 1. Furthermore, ¢°/n* = (¢2/7°)(n°/n") = E2(n°/7n*), such

that
i \E%
Reyp = | 22— 1| —2L. 120
dsub (qso ) Sdgv ( )

Substituting equation (12) for S, and rearranging gives

4
— = 1 74e)
_ @ #1 /’?
Redxub n* %é#/ . ( 121 )
- — 1 \EE°
nO
Canceling terms yields
4
]
Redsub = qi . (18)
v

Equation (18) is the basis for developing expressions for Reg,, under both the CPE and the
CES utility models.

Indirect substitution effect rebound expression. Indirect substitution effect rebound (Re;q»)
is given by

AC, I _ (Cg - Cg)IE

S dev S dev

3—g Colg
ce ce) ¢

g
N dev

(19)

Re isub =

Rearranging gives

(122)

Reisupy =
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Recognizing that expenditures on other goods are constant across the emplacement effect

gives C; / Cg =1 and
¢ col
Rew = | 25— 1] 2L, (123)
Cg Sdev

Substituting equation (12) for S, and rearranging gives

Cey
ce * Col
Reisub = i n_ é E- (20)
no_ g n E
n°

Equation (20) is the basis for developing expressions for Re;,;, under both the CPE and the
CES utility models.

Determining the post-substitution effect conditions requires reference to a consumer util-
ity model. We first show the CPE utility model, often used in the literature. Second, we use a
constant elasticity of substitution (CES) utility model. The CES utility model is used for
nearly all calculations and graphs in this paper.

Constant price elasticity (CPE) utility model. In the literature, a constant price elasticity
(CPE) utility model has been used to determine conditions after the substitution effect (A)
(Borenstein 2015, 17: footnote 43). However, the CPE model does not produce precisely
utility-preserving preferences, thus it cannot calculate the actual substitution effect. We dis-
cuss the CPE utility model here for comparison purposes only.

Borenstein‘s CPE utility model uses the reduced form relationship between energy service
price (ps) and energy service consumption rate (¢s), namely the observed, uncompensated
own price elasticity of energy service demand (g, ), such that

a _ (ﬁ) (124)
g5 N .

Note that the uncompensated own price elasticity of energy service demand (g;_, ) is assumed
constant in the CPE utility model. A negative value for the uncompensated own price elasti-
city of energy service demand is expected (¢, ,, < 0), such that when the energy service price
decreases (p; > p}), the rate of energy service consumption increases (g; < ¢,).

Substituting equation (7) in the form p? = p%/n° and p! = p%/n* and noting that ¢° = ¢}

gives
/q\ n* —&45.ps
=== . 125

qs (n) (123)

Again, note that the compensated own price elasticity of energy service demand is negative
(¢,.p, < 0), so that as energy service efficiency increases (m° < 7m*), the energy service con-
sumption rate increases (g7 = ¢i < ¢,) as well.

Substituting equations (125) into (18) yields the CPE model’s expression for direct substi-

tution rebound
<\ ~&4y.ps
() "
B (126)
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such that, for example, ¢;_, = — 0.2 and n*/n° = 2 yields Regap = 0.15.

Aslongase; , € (—1,0), the CPE utility model indicates that direct substitution rebound
will be below 1. Ate; , = 1, the effect would be the same as the Cobb-Douglas utility model
(see footnote 16) and the sum of substitution and income rebound effects would be exactly
100%.

To quantify the substitution effect on other purchases in the CPE utility model, expendi-
ture on other goods is reduced by the same dollar amount as expenditure on the energy ser-
vice increased due to the direct substitution effect: expenditure is held constant. Thus,

~

AC, = — AL, (127)

The advantage of this approach is that no cross price elasticity is needed. The disadvantage is
that it does not adhere to the definition of the substitution effect, which assumes that utility,
not expenditure, is held constant.

Solving for Cg / C*, substituting an expression for the change in expenditure on the energy

service (AC,), namely

AC, = - , (128)
n
and substituting equation (125) gives
¢ P A
<& =1—%[("—0> —1} (129)
G 7 Cy L\M
Substituting equations (129) into (20) gives
R
o | \3e s Cof
Reisub: _ncg 1]* n_ igE- (130)
w1 n° E°

Rearranging and substituting equation (126) gives the expression for indirect substitution
rebound under the CPE utility model.

q:Coprle

Rejp = — >—— Reyq, 131
b nOCg’jEf dsub (131)

Because (i) the compensated cross price elasticity of other goods consumption is positive
(€g,.p,,c > 0), that is, we exclude Giffen goods (Spiegel 1994) whose consumption declines as
their price declines and (ii) the energy service efficiency ratio is greater than 1 (n° < 1), direct
substitution rebound will be positive always (Reg,, > 0) and indirect substitution rebound
will be negative always (Rep < 0), as expected, under the CPE utility model. Negative
rebound indicates that indirect substitution effects reduce the energy takeback rate by direct
substitution effects.

CES utility model. The CPE utility model assumes that the compensated own price elasti-
city of energy service demand (g;_,, ) is constant along an indifference curve, an assumption
that holds only for infinitesimally small energy service price changes (Ap; = pi — p? =~ 0). The
CPE utility model provides reasonable approximations for a 1% to 2% change in energy
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efficiency. However, in the case of an energy efficiency upgrade (EEU), the energy service
price change is neither infinitesimal nor confined to single-digit percentages. Rather, Ap} is
finite and may be very large in percentage terms.

To determine the new consumption bundle after the substitution effect (qs and Cg) and,
ultimately, to quantify the direct and indirect substitution rebound effects (Reyy, and Re;gp)
exactly, we remove the restriction that energy service price elasticity (g, ) must be constant
along an indifference curve (as in the CPE utility model). Instead, we require constancy of
only the elasticity of substitution (o) between the consumption rate of the energy service (¢;)
and the expenditure rate for other goods (C‘g) across the substitution effect. Thus, we employ
a CES utility model in our framework. Figures 4 and 7 in Heun et al. (2025) (especially seg-
ments x—c and ¢—~A) illustrates features of the CES utility model for determining the new
consumption bundle.

Two equations are helpful for this analysis. First, the slope at any point on indifference
curve (the i°—1i° curve in Figures 4 and 7 of Heun et al. (2025)) is given by equation (160)
with i2/u° = 1 and the share parameter (@) replaced by /2, as discussed in Appendix C.

a(g) _ 18 (&)(p_l) 1 (i)p B (132)
o) T\ AV |

Second, the equation of the pre-substitution-effect expenditure line (* —=* in Figures 4 and 7
of Heun et al. (2025)) is

Cg p*qo (Q> 1 ( y o e} -
=8 = B () (00— (9, — G). 133
Ce ce \gs Ce p TOMd (133)

To find the rate of energy service consumption after the substitution effect (as), we set the
slope of the expenditure line (equation (133) and line *—=* in Figures 4 and 7 of Heun et al.

(2025)) equal to the slope of the indifference curve (i°—i° in Figures 4 and 7 of Heun

et al. (2025)) at the original utility rate of i/u°® = 1 (equation (132)).

. o (] . _ 0o . (]_P)/P
) ) T e
Ce =72 \4¢ L=fE L=/ )\

Solving for ¢,/¢° gives Es/ézi’ as

.
- fo- ol

Equation (21) can be substituted directly into equation (18) to obtain an estimate for direct
substitution rebound (Regy,;) via the CES utility model.

112\ prge p/(1—p)) ~/P
o o Cy 4y
se+ (1-%2) [( 7 )c] -1

-1

J1e/=p)) VP

(1)

Reggup =

3ls)
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The rate of other goods consumption after the substitution effect (Cg) can be found by
substituting equation (21) and #/#° = 1 into the functional form of the CES utility model
(equation (159)) to obtain

~ f f ooy —1 1/p
Cg ( 1 > < Co ) O p q 17;)
S5 - S L A (Y o) By (135)
Ce 1 _fC.\' 1 _f'C.\, “ ( C‘> f C;
Simplifying gives
> o /(p-1) —le
C, /AR
R K AV @)
C ) fCO Ce

Equation (22) can be substituted into equation (20) to obtain an expression for indirect
substitution rebound (Re;y,;) via the CES utility model.

2\ e ] o
1+ /2 e\ miad 1 -1
e [(’ ) CE} i Gl

— . 24
n m° E? (24)
5

€isub =
K

B.4.4. Income effect. Rebound from the income effect rebound quantifies the rate of additional
energy demand that arises because the user of the energy conversion device spends net sav-
ings from the EEU. The income rate of the device user is M, which remains unchanged across
the rebound effects. Freed cash from the EEU is given by equation (90) as G = pgSse. In
combinatjon, the emplacement effect and the substitution effect leave the device user with net
savings (N) from the EEU, as shown in equation (100). Derivations of expressions for freed
cash from the emplacement effect (G) and net savings after the substitution effect (N) are pre-
sented in Tables B.3 and B.4. N

__In this framework, all net savings (N ) are spent on either (i) additional energy service
(g, < g,) or (ii) additional other goods (g, < 5 ). The income elasticity of energy service
demand and the income elasticity of other goods demand (s iy and 8y 1 respectively) quan-
tify the income preferences of the device user according to the followmg expressions:

_ N gt
g— - (1 n i) ‘ (25)
s M
and
é—"’ <1 + i) K ‘4’ (29)
rs M’
where effective income (5/1'\’) is
M=M= 7Cyy = Copg = . (26)

Homotheticity means that ¢, ;, = 1 and &g = L.
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The budget constraint across the income effect (equation (108)) ensures that all net sav-
ings available after the substitution effect (V) is re-spent across the income effect, such that
N = 0. Appendix D proves that the income preference equations (equations (25) and (29))
satisfy the budget constraint (equation (108)).

The purpose of this section is derivation of expressions for (i) direct income rebound

(Regine) arising from increased consumption of the energy service (§S < ¢,) and (ii) indirect
income rebound (Re;;,) arising from increased consumption of other goods (¢, < Eg).
But first, we derive an expression for device energy consumption rate prior to the income

effect (E,). This expression will be helpful later.
Derivation of expression for E;. An expression for £. that will be helpful later begins with

o~

E, - <£> <E—>E . (136)
YAVE

Substituting equation (6) and noting efficiency (n) equalities from Table B.1 gives

i 55/7{ 75N o
- (1) e

ES=<%> j (Z—)E (138)

Noting energy service consumption rate equalities from Table B.1 (¢} = ¢7) gives

Canceling terms yields

E,= 2T pe (139)
qs M

The next step is to develop an expression for Rey;,. using the income preference for energy
service consumption.

Derivation of expression for Regy.. As shown in Table B.5, direct income rebound is
defined as

AE,
Red,‘nc = —. (27)
dev
Expanding the difference and rearranging gives
Ec - E?
Redinc = — -, (140)
Sdev
and
<€— _ 1> £,
Redinc = Evsi . (141)

Sdev
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Substituting equation (6) as E, = g,/mand E; = ay /7 gives

Ts/ﬁ/ >~
Y\ E

STV 142

Redinc - S
dev

Eliminating terms and substituting equation (12) for S4, and equation (25) for ¢,/ 55 gives

[(1 + ﬁ) —1|E,
Redinc = *Ml (143)
("— - 1) 7 fo
n° K
Substituting equation (139) for £, gives
]/_\\7 &y b1 /'\‘ "
(e 2) g
Redinc = . (144)

(k¥

Eliminating terms, recognizing that ¢¢ = ¢;, and substituting equation (21), which assumes
the CES utility model, gives

N g M
1+ /\> -1 —1/p
- . . 12\ oo p/(1-p)
R A

G

If there is no net savings (N = 0), direct income effect rebound is zero (Regyi,c = 0), as
expected.

The next step is to develop an expression for Re;;,. using the income preference for other
goods consumption.

Derivation of expression for Rej,.. As shown in Table B.5, indirect income rebound is
defined as

AC,I
Reiinc = Cg 2 (31)
Sdev
Expanding the difference and rearranging gives
(Co— Co)ie
Reijne = ~——5—5—, (145)
Sdev
and
(C_ : 1> ot
Rege =~ L (146)
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Substituting Eg = pgag and Cg = pgag and cancelling terms gives

(zg 1) s
Ne /0 (147)

Reiinc = S
dev

Substituting the income preference equation for other goods consumption (equation (29) for
/4, and equation (12) for Sy, yields

[(1 + i) - 1} Colr
= M . (148)

Substituting ( Cg / Cg) Cg for C'g, recognizing that C; = Cg, and simplifying gives

N g Nt
(R
n n°) E; \Cg

_o_l

Substituting equation (22) for C'g / C‘;,’, thereby assuming the CES utility model, gives the

final form of the indirect income rebound expression:

< ]’\} )’qg..w
I+ = -1 o
T n° s
n° y (32)
L— 70N iso]?/0=D e
x | 1+/2 AL -1 :
ANz e
If there is no net savings (N = (), indirect income effect rebound is zero (Re;y. = 0), as
expected.

Income effect rebound under the CPE utility model. Following Borenstein (2015), under the
CPE utility model all freed cash is spent on other goods, as in the fully satiated case discussed
in Section 2.5.3. However, because the substitution effect under the CPE utility model does
not alter freed cash, the income effect involves the product of the energy intensity of the econ-
omy (/) and N* (instead of N).

B.4.5. Macro effect. Macro rebound (Reyacro) 1s given by equation (33). Substituting equation
(89) for net savings (N* ) gives
k(pESdev — A(Tanp)* — ACEMd)IE

- 150
Sdev ( )

Remacro =
Separating terms gives

kpESaole kA(TaCcap)*lE kACH) 1
gdev Sdev Sdev |

Remacro =

(151)
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Canceling terms, substituting equation (117) to obtain Repuy, and defining Re,,, as

A(1eCeap) 1,
Reqp = M (152)
Sev
gives
Remacm = k(pEIE - Recap - ReOMd) . (34)

B.4.6. Rebound sum. The sum of the four rebound effects is

Retat = Reempl + Resub + Reinc + Remacro . (153)

Substituting equations (85), (97), and (106) gives

Re;,; = Reepy, + Reoyu emplacement effect
+ Regap + Rejgy, substitution effect
+ Regine + Rejine Income effect
+ Repucro macro effect

(154)

Macro effect rebound (Repqeo, €quation (34)) can be expressed in terms of other rebound
effects. Substituting equation (34) gives

Reior = Reemp + Reopa emplacement effect
+ Regap + Reisup substitution effect (155)
+ Regine + Rejine income effect

+ kpplp — kRecq, — kReppq . macro effect

Rearranging distributes macro effect terms to emplacement and substitution effect terms.
This last rearrangement gives the final expression for total rebound.

Reypr = Reemp + k(pEIE — Rewp) + (1 — k)Reomu (35)
+ Redsub + Reisub + Redinc + Reiinc

Equation (35) shows that determining seven rebound values,

Re,,,;, (equation (14)),
Re,,, (equation (152)),
Repq (equation (15)),
Rey,,, (equation (23)),
Reigu (equation (24))5
Rey;,. (equation (28)), and
Rej;,. (equation (32)),

is sufficient to calculate total rebound, provided that the macro factor (k), the price of energy
(pg), and the energy intensity of the economy (/) are known.

C. Utility Models and Elasticities

As discussed in Section 2.5.2 and Appendix B.4.3, the substitution effect requires a model for
device user behavior. Behavior is typically represented by a model of utility that is maximized
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with arguments of consuming the energy service (g,) and other goods and services (g,) and
subject to income and price constraints. In this appendix, we describe two utility models. The
first utility model is a constant price elasticity (CPE) utility model, which allows an easy cal-
culation of price-demand relationships as Appendix B.4.3 illustrates. It gives a good approxi-
mation of the behavioral response for very small changes in energy efficiency and energy
service price, such that An* ~ 0 and Ap? ~ 0. The CPE utility model is discussed for continu-
ity with the literature only (see, e.g., Borenstein 2015, 17: footnote 43).

We note that larger and non-marginal efficiency gains cause greater rebound (measured in
joules) than small and marginal efficiency gains. Thus, any rebound analysis framework
needs to accommodate large, non-marginal efficiency changes. Since price elasticities are
point-measures in analytical utility models, a version of the framework amenable to empirical
applications should account for the changing price elasticity along an indifference curve.?
The second utility model discussed in this appendix is the Constant Elasticity of Substitution
(CES) utility model which does, in fact, accommodate large, non-marginal energy efficiency
and energy service price changes. The CES utility model underlies the substitution effect in
this framework (see Section 2.5.2). Furthermore, the CES utility model is needed for the
example energy efficiency upgrades (EEUs) in Heun et al. (2025), which have large, non-
marginal percentage increases in energy efficiency.

In addition to the substitution effect, the income effect requires income elasticities to
describe consumer behavior. Elasticities for both the substitution effect and the income effect
are discussed below, after we lay out the CPE and CES utility models.

Before proceeding with the utility models and elasticities, we note briefly that the rate of
other goods consumption (g,) is not known independently from the prices of other goods
(pg). With the assumption that the prices of other goods do not change across rebound effects
(i.e., py is exogenous), the ratio of other goods consumption is equal to the ratio of other
goods spending, such that

0 Colte ¢
% - i _ ¢, (156)

at all rebound stages. (See Appendix E for details.)

C. 1. Utility Models for the Substitution Effect

A utility model gives the ratio of energy service consumption rate and other goods con-
sumption rates across the substitution effect (5 /4 and ag/é];, respectively). In so doing,
utility models quantify the decrease in other goods consumption (qg/qg < 1) caused by
the increase of energy service consumption (qs/qﬁ > 1) resulting from the decrease of the
energy service price (p; < p?) under the constraint of constant device user utility. Across
the substitution effect, the utility increase of the larger energy service consumption rate
must be exactly offset by the utility decrease of the smaller other goods consumption
rate.

2In principle, calculated arc elasticities could describe the relationship between price and quantity changes for any
EEU by representing the percentage price and quantity changes between any two known consumption bundles
(Allen and Lerner 1934). However, we do not know the new consumption bundle and instead determine it with the
CES utility function whose price elasticities vary along the indifference curve.
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C.1.1. Constant price elasticity (CPE) utility model. The constant price elasticity (CPE) utility model
is given by equations (125) and (129). The equations for the approximate utility model are

repeated here for convenience.
- *\ T €.ps
i- (2
N

pE‘.I* 7’* ~&s.ps
()
N Cg L\?M

C.1.2. CES utility model. The CES utility model is given by equation (16). Here, its derivation is
shown. Throughout the derivation, references to Heun et al. (2025) are provided for visual
representations of several important concepts. Those concepts (e.g., equilibrium tangency
requirements) are best visualized in rebound planes that are introduced in Section 2.2 of
Heun et al. (2025).

The CES utility model is normalized by (indexed to) conditions prior to emplacement:

i) v (%)p]“/”, a7

where p = (00— 1)/0, a is a share parameter (determined below), and o is the elasticity of
substitution between the normalized consumption rate of the energy service (¢,) and the nor-
malized consumption rate of other goods ((']g).26 By definition, o is assumed constant such
thato® =" =6=0=0d=o0.

With the assumption of exogenous other goods prices in equation (156), we find

SRS

. p7 (1/p)
M

(158)
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Equation (158) is the functional form of the CES utility model, whose share parameter (a) is
yet to be determined. The correct expression for the share parameter (@) is found from the
equilibrium requirement, namely that the expenditure curve is tangent to the indifference
curve in the Cg/ C; vs. ¢s/qS plane (the “consumption plane” in Heun et al. (2025)) prior to
the EEU. For example, the o—o line is tangent to the constant-utility indifference curve
i°—i° at point o in Figures 4 and 7 of Heun et al. (2025).

To find the slope at any point on the indifference curve (i°—1i° in Figures 4 and 7 of
Heun et al. (2025)), equation (158) can be rearranged to give the normalized consumption
rate of other goods (Cg /C2) as a function of the normalized consumption rate of the energy

g
service (¢s/¢°) and the normalized utility rate (ir/i°):

Cg 1 a\? a g p7(1/p)
b L . 4 159
&) @) ] (1)

a form convenient for drawing constant utility rate (i2/i°) indifference curves on a graph of
Ce/Cg vs. q5/4; (the consumption plane of Figures 4 and 7 in Heun et al. (2025)). In the

%I the international trade literature, where the CES utility model is often used, the elasticity of substitution is also
called the Armington elasticity (Feenstra et al. 2018).
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consumption plane, the slope of an indifference curve is found by taking the first partial deri-
vative of Cq/ Cg with respect to g /4?2, starting from equation (159) and using the chain rule
repeatedly. The result is

) - e (1) [ - e ()] (160

The budget constraint is the starting point for finding the slope of an expenditure line in
the consumption plane. (Example expenditure lines include the o—o, *—x%, A—A and
——— lines in Figures 4 and 7 of Heun et al. (2025).) The following equation is a generic
version of equations (78), (80), (93), and (102) with p,g, substituted for pzE;.

M :psqs + TaCcap + COMd + Cg + N (161)

In a manner similar to derivations in Appendix B.3.1 of Heun et al. (2025), we solve for Cg
and judiciously multiply by Cg/Cg and ¢ /4¢ to obtain

2800 = —p,Lige + M —7,Cupp — Coma — N. (162)
Ce i

Solving for C’g / C‘; and rearranging gives

C a° (o, 1 . . . .
-_g = _% (ﬂ) + -_(M_Taccap - COMd _N)a (163)
&\ g

from which the slope of the indifference curve in the consumption plane is taken by inspec-
tion to be
o(Cu/) _ pag

3(q,/4°) Ce

(164)

At any equilibrium point, the expenditure line must be tangent to its indifference curve,
or, as economists say, the ratio of prices must be equal to the marginal rate of substitution.
Applying the tangency requirement before emplacement enables solving for the correct
expression for a, the share parameter in the CES utility model. Setting the slope of the expen-
diture line (equation (164)) equal to the slope of the indifference curve (equation (160)) gives

-0 2\ (p—1) N\ P -\ p1(1=p)/p
o) (HE R e
Cg I —a\q 1 —a/\u I —a/\g?

For the equilibrium point prior to emplacement (point o in Figures 4 and 7 of Heun et al.
(2025)), g5/q2 = 1,0/i® = 1, and p, = p2, which reduces equation (165) to

g = S0 (e -6

Simplifying gives

(I-p)/p
] (166)
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psqs a
Csls — . 167
e - (167)

OO_

Recognizing that p$g C° and solving for a gives

e
T (168)
TGt e

which is called f °, the share of energy service expenditure (CO) relative to the sum of energy
service and other goods expenditures (C° + C°) before emplacement of the EEU. Thus, the
CES utility equation (equation (158)) becomes

. N &\
e [fc (&) (1 I ) <C°> ; (16)
with
Co
0= __ 78 169
B (169)

C.2. Elasticities for the Substitution Effect

Calculating the change in consumer preferences across the substitution effect requires a util-
ity model, two of which are described in the section above: the constant price elasticity (CPE)
model and the constant elasticity of substitution (CES) model. Within those utility models,
price (¢) and substitution (o) elasticities describe consumer preferences.

Own and cross price elasticities describe consumer preferences for consumption of the
energy service (¢,) and other goods (g,) as the price of the energy service (py) changes due to
the EEU. Thus, there are four price elasticities: (i) the uncompensated own price elasticity of
energy service consumption (g, ), (ii) the uncompensated cross price elasticity of other
goods consumption (€g,.p,), (ii1) the compensated own price elasticity of energy service con-
sumption (& p,.c), and (iv) the compensated cross price elasticity of other goods consump-
tion (SQg’pS,c).

The elasticity of substitution (o) describes the willingness of consumers to substitute one
good for another. In the context of rebound from an EEU, substitution is considered between
consumption of the energy service (¢;) and comsumption of the basket of other goods (g,).

C.2.1. Original, pre-EEU (o) elasticities. Economists use surveys, statistical data, and other means
to estimate values for the uncompensated own price elasticity of energy service consumption

( ) prior to the EEU. With &) p,

Elasticity of substitution (o). For the constant price elasticity (CPE) utility model, there is
no analytical expression for the elasticity of substitution (o) and values are most likely taken
from estimation, if they are obtained at all. As we show in Tables 12 and 13 of Heun et al.
(2025), not all rebounds are typically calculated, so not all elasticities are needed.

For the constant elasticity of substitution (CES) utility model, Gortz (1977) shows that the
elasticity of substitution prior to the EEU (¢0°) can be computed by

in hand, calculation of all other elasticities is possible.
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f° —I—gq o
o° = = 170
= (170)

Thus, the original elasticity of substitution (o°) can be determined from two pieces of readily
available information: (i) the original uncompensated own price elasticity (ao ) and (i) the

share of income spent on the energy service prior to the EEU (7 from equdtlon (169)). In

the CES utility model, ¢° is assumed invariant and given the undecorated symbol ¢ to indi-
cate that it applies across all rebound effects.

For the rest of the pre-EEU elasticities (¢ . ¢ , ., and 9q _ps.o)» there is no difference for
the CPE utility model or the CES utility model

Uncompensated cross price elasticity (¢ , ). From Hicks and Allen (1934), we note that the

pre-EEU uncompensated cross price elast101ty (s ) can be expressed as
&, =S (a — e M) . (171)

Compensated own price elasticity (¢ , ). An expression for the pre-EEU compensated own
price elasticity (eq ) can be derlved using the Slutsky equation, whereby the uncompen-

sated own price elasticity of the energy service (¢ , ) is decomposed into the compensated

own price elasticity (¢ , .) and the income elasticity (¢, ;) as follows:

g Dsn C
o _ .0 o .
Cavpe — Caypec e 81 (172)

where Iz is given by equation (169), and the income elasticity (a M) is given in Section C.3.

Solving for the compensated price elasticity prior to the EEU (Fq v c) gives

8;ssps~ ‘L Ds fC q,, M (173)

Compensated cross price elasticity (7 , ). The cross price version of the Slutsky equation is
g

the starting point for deriving the pre- ‘EEU compensated cross price elasticity (.sq )

‘gr(';;,px - qg ps.c fC 4y M (174)

The income elasticity of other goods consumption (eq 47) 1s given in Section C.3. Solving for
& e gives

o _ .0 o .
ng,m,c = E4.ps +f‘c.,851g,M : (175)

An alternative formulation can be derived by setting equation (171) equal to equation
(174) to obtain

fé’s (0- - ng’M) - Sgg»ch _fCO‘l\qugﬂM : (176)
Solving for aq puc glves
Egppee —JET - (177)

Substituting o from equation (170) gives
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. R ra.) -
g = .
gD, sz 1

Assuming a known value for the original uncompensated own price elasticity (sq ), all
other pre-EEU elasticities can be calculated from equations (170), (171), (173), and (175) or
(178).

Note that the rebound framework in this paper uses the CES utility model and needs only
the uncompensated own price elasticity (&7 ,) and the derived elasticity of substitution (o) to
calculate rebound values. The other price elast1c1tles (8q o eq pvcoand € D ) are not neces-

sary for the model. However, they are helpful for elucidating results derlved from the frame-
work, a task left for Heun et al. (2025).

C.2.2. Post substitution effect (/) elasticities. The stage after the substitution effect (A) represents
utility-maximizing behavior after the energy service price drop caused by the EEU and the
compensating variation. Post-EEU, elasticities may be different from the original condition,
because the consumption bundle has changed (due to a move along the indifference curve).
This section derives expressions for elasticities at the A stage. Elasticities at the A stage are
different for the CPE utility model and the CES utility model.

CPE utility model. By definition, the uncompensated own-price elasticity is assumed
unchanged from their original values across the substitution effect in the constant price elas-
ticity (CPE) utility model. Thus,

(179)

o 4
Eqps  Cdpps -

CES utility model. The CES utility model is rather different to the CPE model with respect to
the behavior of elasticities across the substitution effect. In the CES utility model, price elasti-
cities (¢) are different after the substitution effect (A) compared to the original (o).

Elasticity of substitution (o). Be definition, the elasticity of substitution (o) is constant
across the substitution effect for the CES utility model. Thus,

°=6. (180)

Because the elasticity of substitution is unchanged, we refer to o without decoration for the
CES utility model. The constancy of o means that the price elasticities (&) will vary with the
energy service price (p;) across the substitution effect.

Compensated own price elasticity (&, ,, .). The compensated own price elasticity of energy
service demand (¢;_,, .) gives the percentage change of the consumption rate of the energy
service (gy) across the substitution effect due to a unit percentage change in the energy service
price (p;) resulting from the EEU under the constraint that utility is unchanged (ir* = ﬁ). In
contrast to the CPE utility model above, the compensated own price elasticity of energy ser-
vice demand (&, c) is not constant in the CES utility model. Rather, &;_, . is a function of
the post-EEU energy service price (p;). The definition of &, . is

L i,
qs,Ps,C — *
q, apy|. .

uw=1ia" =u

(181)

To find an expression for & _,, . for the CES utility function, we need to first find the
partial derivative of the rate of energy service consumption (qb) with respect to the post-
EEU energy service price (p;) at constant utility (i = i* = u) across the substitution effect.
This derivation of an expression for & , . for the CES utility model commences with
equation (21), which was derived for constant utility across the substitution effect.
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> lff.o % :0
qs _ o ( o) G, | PsYs
Is — )4 (1-f Pss
ARG % K‘@ >C§

In equation (21), all terms on the right side except p! are constant for the purposes of the

p/(1-p)) ~V/P

(1)

partial derivative. Finding the partial derivative of as with respect to p; amounts to applying
the chain rule repeatedly. To simplify the derivation, we can define the following constants

f=r (182)
e=1-75. (183)
h=1 (184)
C
m,=p/(1-p). (185)
n= —1/p, and (186)
g, 1-le g
N X (187)
f ¢ Cg
and rearrange slightly to obtain
4=l +e@)™]" (188)

Taking the partial derivative of QS with respect to p;, via repeated application of the chain
rule, gives

~

8qs -0 ng (% Ms— w\mg1n—1
.~ demong ()" + g G)") ) (189)

Forming the elasticity via its definition (equation (181)) gives

_ ps 94

8. =
qs>Ps> C > *
qs aps

o~

u=u" =u (190)

: %[f + jzzp*)’"s]" qusngzms ()" { [+ g(zpé‘)mx]nil}.

Cancelling terms and combining p} and V + g(zp;f)mj] terms with different exponents gives

mg

_ mng(ap))

8y pre = —ASI 191
s> Ps» f +g(zp;‘) 2 ( )

Back-substituting the constants and simplifying where possible yields



Heun et al. 53

(192)
o+ (1 - .o) e mae
e, e )| e

Equation (192) shows that the compensated energy service price elasticity of energy service
consumption (&, , ) under the CES utility model is a function of the energy service price
after the EEU (p}). It is negative, as it should be, because all terms are positive, with p and
Iz being bounded above by 1.

"Of interest is how the elasticity changes as p: changes. Taking the derivative of
equation (191) and simplifying gives

my

025 p..c _ mfng(zp}‘)
N2
i pi(f+g()™)

(193)

All terms taken to their power are positive with the exception of n. For oo < 1, n is posi-
tive; for o > 1, n is negative. Since we expect o < 1 (otherwise we have backfire rebound
conditions), the derivative is positive: the compensated own price elasticity becomes less neg-
ative as p* increases.”’ Since the share of income spent on the energy service declines for
o < 1,itis not immediately clear in which direction &, , moves according to equation (171).
See Figure C.8 in Appendix C.7 of Heun et al. (2025) for a graph of the sensitivity of price
elasticities (€) to energy service price (p}) for concrete examples.

Compensated cross price elasticity (& p,,c). The compensated cross price elasticity of other
goods demand (éq .p..c) gives the percentage change of the consumption rate of other goods
(g¢) across the substitution effect due to a unit percentage change in the energy service price
(ps) resulting from the EEU under the constraint that utility is unchanged (&* = u) To find
the compensated cross price elasticity of other goods consumption (aqg, ., ¢), we follow a simi-
lar procedure as for deriving the own price elasticity of energy service consumption (&),
with two differences being (i) the elasticity definition and (ii) the equation from which the par-
tial derivative is derived.

The first difference is the definition of the compensated cross price elasticity of other goods
consumption (&, c)-

R _ P 3qg
ng,ﬁs

(194)

Again, we need to find the partial derivative of the rate of other goods consumption (g,)
with respect to the energy service price (p;) at constant utility (i* = u) across the substitution
effect. The second difference is the starting point for this derivation, equation (22) (instead of

equation (21)).
(el
s g

p/(p=1) ~1/p
-1 . (22)

LY

2"For o = 1, my = 0, and the derivative is zero: the Cobb-Douglas special case.
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In equation (22), all terms on the right side except p; are constant for the purposes of the
partial derivative. So finding the derivative amounts to applying the chain rule repeatedly. To
simplify the derivation, we can define

mg=p/p—1), (195)

invoke the constancy of other prices (pg = pg) from Appendix E, and rearrange slightly to
obtain

qo = {1 +fl()™ —1]}", (196)

with f, n, and z being constants defined in the derivation of &; ,, . above.
1Takmg the partial derivative of ¢ dq with respect to p?, via repeated application of the chain
rule, gives

0y _

e — o () {1+ () - 1)) 197

Forming the elasticity via its definition (equation (194)) gives

é ps aqg
qg>Ps->C <~
g’ qg aps

a :Z*:; 74 . 1 (198)
- b ()" 1 () 1]
{1+ ()™ — 1]}

Cancelling terms and combining p; and {1 + f[(zp})™ — 1]} terms with different exponents
gives

. mgnf
Egprnc e/ (27 ) : (199)
s [G) ]
Back-substituting the constants and simplifying where possible yields
N\ P/ (=1)
( ) o( oc\p q\>
~ CO
Sippoc = (200)

L

o -1 ’
- i p/(p=1) .
Je €

Equation (200) shows that the compensated energy service price elasticity of other goods
consumption (&,,,, ) under the CES utility model is a function of the energy service price
after the EEU (p ). It is positive, because all terms except = L — are positive, with p and f ° being
bounded above by 1.

Of interest is how the elasticity changes as p; changes. Taking the derivative of 199 and
simplifying gives

aé‘?g’psac _ mz’nf(zp:)mg
* 2
i p (s e)™ 1))

(201)
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All terms taken to their power are positive with the exception of n, analogous to the deri-
vative of the own price elasticity in equation 193. Thus, with o < 1 and n positive, the com-
pensated cross price elasticity becomes more positive as p? increases.

See Figure C.8 of Appendix C.7 of Heun et al. (2025) for a graph of the sensitivity of price
elasticities (¢) to energy service price (p}) for concrete examples.

Uncompensated own price elasticity (¢;, ). After finding the compensated own price elasti-
city (£,.p,.c)» the Slutsky equation can be used directly to find the uncompensated own price
elasticity (&, ,,) after the substitution effect for the CES utility model.

Eaup. = Equpec —Je (202)

Uncompensated cross price elasticity (&,,p,). The result from Hicks and Allen (1934) can be
used to calculate the uncompensated cross price elasticity (&;,,,) for the CES utility model.

8pm = I, (0‘ - 8qg,M)- (203)

C.3. Elasticities for the Income Effect (¢, y, and ¢, )

The income effect requires two elasticities to estimate the spending of net savings: the income
clasticity of energy service consumption (¢, ;) and the income elasticity of other goods con-
sumption (g, ;). Due to the homotheticity assumption, both income elasticities are unitary.
Thus, )

=1, (204)

and

E%’M =1. (205)

D. Proof: Income Preference Equations Satisfy the Budget Constraint

After the substitution effect, a rate of net savings is available (N), all of which is spent on
additional energy service (Ag,, AC, = ppAE,) or additional other goods (Aag, ACg). The
income effect must satisfy the budget constraint such that net savings is zero afterward
(N = 0). The budget constraint across the income effect is represented by equation (108):

N = ppAE, + AC, . (108)

The additional spending due to the income effect is given by income preference equations

- ]/'\\] S[vaM
L - (1 + :) (25)
g M’

and
_ ~ zqg i
s _ (1 4 ﬁ) , (29)
qq M’

where
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Ml = . chap C?)Md - N : (26)

This appendix proves that the income preference equations (equations (25) and (29)) satisfy
the budget constraint (equation (108)).

The first step in the proof is to convert the income preference equations to CO and C°

ratios. For the energy service income preference equation (equation (25)), multlply numerator

and denominator of the left-hand side by p} = pz/n* (equation (7)) to obtain C / C For the
other goods income preference equation (equatlon (29)), multiply numerator and denomina-

tor of the left-hand side by p, to obtain Cg / C Then, invoke homotheticity to set ¢, =1
and &1 = 110 obtain

| =

Sore X (206)
C, M’
and
¢ N
C, M’

The second step in the proof is to obtam expressmns for AC and AC Multlply the
1ncome preference equations above by AC and ACg, respectively. Then, subtract AC and

AC ¢» Tespectively, to obtain

Al = SN (208)
M/
and
AC, = Z£N. (209)
M/

The above versions of the income preference equations can be substituted into the budget
constraint (equation (108)) to obtain

)

|(,°

C -~
LN+
Mo

N Ssy. (210)

If equality is demonstrated, the income preference equations satisfy the budget constraint.
The remainder of the proof shows the equality of equation (210).

Dividing by N and multiplying by M’ gives

"
<)

G+ Cy (211)
Substituting equation (26) for M’ gives

C+ C, LM -RC — Chya — N (212)

a ~cap

Substituting equation (93) for M gives
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- ~ 2 2 N -~ - » . . -
Co+ Co “pebs + RuCugp + Conu + Co + N = Rl — Copa— N (213)

o~ cap

Cancelling terms and recognizing that R Cr =R, Ccap, CgMd = Coma, and C, = prE, gives

a ~cap

> A 7?7 ~ [ i > NS i
Cs + g = C_q +R/chap + OMd + Cg _R/chap ‘%Md- (214)

Cancelling terms gives

e

Ci+Cy = Co+ Cy, (215)

thereby completing the proof that the income preference equations (equations (25) and (29))
satisfy the budget constraint (equation (108)).

E. Other Goods Expenditures and Constant p,

This framework utilizes a partial equilibrium analysis (at the microeconomic level) in which
we account for the change of the energy service price due to the EEU (p§ # p}), but we do
not track the effect of the EEU on prices of other goods. These assumptions have important
implications for the relationship between the rate of consumption of other goods (¢,) and the
rate of expenditure on other goods (Cg).

We assume a basket of other goods (besides the energy service) purchased in the economy,
each (i) with its own price (pg ;) and rate of consumption (g, ;), such that the average price of
all other goods purchased in the economy prior to the EEU (pg) is given by

o o
p; _ leg,[oqg,l ) (216)
Zi qg,i
Then, the expenditure rate of other purchases in the economy can be given as
& = pli @)
before the EEU and
C, = heds (218)

after the substitution effect, for example.

We assume that any microeconomic effects (emplacement, substitution, or income) for a
single device are not so large that they cause a measurable change in prices of other goods.
Thus,

O:

Pg p; =pPg =Pg = Pg = Dg - (219)

In the partial equilibrium analysis, any two other goods prices can be equated across any
rebound effect to obtain (for the example of the original conditions (o) and the post-
substitution state (A\))

E >
Se = e (220)
e g
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Thus, a ratio of other goods expenditure rates is always equal to a ratio of other goods
consumption rates.

F. Energy Price Rebound

Energy price rebound (Re,,) is caused by a reduction in energy price (pg) that can occur
when widespread implementation of an energy efficiency upgrade (EEU) leads to an
economy-wide reduction in energy demand. Reduced demand leads to the lower energy price
(pg). Conceptually, the demand schedule for energy, which associates each level of economy-
wide energy demand with a price, shifts to the left. Consumers demand less energy at any
given price of energy, as consumers can meet their needs with less energy than before thanks
to the EEU. Then adjustment takes place along the unchanged energy supply schedule.
Hence, the price elasticity of energy supply can be used to derive the new energy price. As a
result, the device owner spends less on energy purchases to operate the upgraded device and
all other devices that use the same energy type. For simplicity, we assume the device owner’s
additional freed cash is spent on other goods and services with energy implications at the
energy intensity of the economy (/).

This appendix derives an expression for an energy price rebound (equation (36)) shown in
Section 3.2. This derivation and our assessment of the magnitude of energy price rebound in
Heun et al. (2025) illustrate the flexibility and extensibility of the framework presented in
these papers.

_ The derivation begins with an equation for the new economy-wide demand for energy
(QE) after the EEU:

- . , E,
Op = Op — feruNaeES (1 - —O> , (221)

where Oy is the rate of economy-wide demand for energy in MJ/year, fzzy is the fraction of
devices upgraded across the economy (i.e., the penetration of the EEU), N, is the number
of devices in service, and £ is the rate of energy consumption by a single device in MJ/device

- year. The decorations “o0” and “—” have the usual meanings provided in Figure 1, namely
that “o” indicates the original, pre-EEU device and “—" indicates conditions for the device
owner after emplacement, substitution, and income adjustments. The ratio between new (Q)
and pre-EEU (Qg) energy demand is given by

éE _ QZ‘ _fEEUNdevEg(l _%)

=E : (222)
O O

Simplifying gives
0 Nawk2 [ E
9 _, - -2, (223)
QE QE Es

Note that the group N““ NaoES is the original (pre-EEU) fraction of all energy production (of the

kind used by the deV1ce) consumed by all such devices throughout the economy.
The relationship between energy price (pg) and economy-wide energy supply (Qr) can be
given by an elasticity relationship
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gf _ 69 “0p.pi ’ (204)
E

where €0, pr is the energy price (p.) elasticity of economy-wide energy supply (Qf) and is

expected to be positive. To assess the effect on price (py > pg) of demand reduction due to
widespread adoption of the EEU (Qj; > QE), we solve fori—{f to obtain
E

1
1_7_13 — % SQE’pE. (225)
PE Oz
Substituting equation (223) gives
p NyoEE° E\ | %0
L I i =i F I | B (226)
PE QE Es

The energy price reduction (py > pg) leads to additional freed cash (GPE) for the device
owner at a rate of

Goe = B = (B2 E,) | (05 — pe) (227)

where £° is the rate at which the device owner consumes the final energy carrier that supplies
the energy service (gasoline for a car and electricity for an electric lamp) prior to the EEU in

all devices (the upgraded device and others), (E;’ — ES) reduces £° by the energy savings after
the income adjustment such that £° — (Ef — ES) is the total rate of energy consumption by

all of the consumer’s devices after the income effect and the energy price adjustment, and
(pg — [)E) is the energy price reduction caused by reduced demand for energy across the
whole economy estimated by equation (226).

Rearrangement of terms gives

G = [~ (&2 B.)] (1)t (229

E

into which equation (226) can be substituted easily.

The energy implications of spending the additional freed cash (GPE) on other goods and
services 1s GPEIE, another energy takeback rate. By equation (3), rebound associated with this
energy price effect takeback can be written as

Re,, = — , (36)

as shown in Section 3.2, thus completing the derivation.
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