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ABSTRACT

Kramers’s rate theory forms a cornerstone for thermally activated barrier crossing. However, its reliance on equilibrium quantities excludes
the analysis of nonequilibrium dynamics at early times. Most studies have thus focused on obtaining rates and transition time and path
distributions in equilibrium. Instead, here we consider early-time nonequilibrium dynamics in a model system of a particle with overdamped
dynamics hopping over the barrier in a double-well potential, using the Smoluchowski equation (SE) and stochastic path integral (SPI)
mapping of the Langevin equation. We identify several key timescales relevant to nonequilibrium dynamics and quantify them using the
SE and SPI approaches. The shortest timescale corresponds to equilibration in a well at time ¢ << 7, where 73 is the Brownian diffusion
time. The second important timescale is when an inflexion point appears in the effective potential constructed from the density at ¢ S 7.
Shortly after, the existence of a second potential well can be inferred from sufficient sampling of the dynamics. Interestingly, this timescale
decreases with increasing barrier height. We find significant deviations from the equilibrium limit unless ¢ > 7. We further calculate the
current at the barrier for bistable and asymmetric potentials and find that it crosses over to that from equilibrium rate theory at a time that
does not appear to depend on the barrier height. Our results have important implications for controlling activated processes at finite times
and demonstrate the importance of reaching long enough times to faithfully construct potential landscapes from experimental or simulation
data.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0270608

I. INTRODUCTION

Thermally activated processes and classical barrier crossing, in
particular, are fundamental and ubiquitous processes whose equi-
librium limit can, in many cases, be understood by rate theories,

relates the escape rate r. to the exponential Arrhenius form for the
normalized barrier height, e AF/ (k“T), where AF is the (free) energy
barrier, T is the temperature, and kg is the Boltzmann constant.

In most cases of interest to date, the focus on barrier-crossing
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such as that by Kramers. Examples include diffusion in periodic
potentials,l‘l escape from a metastable well or a local minimum,’
particles hopping in a bistable potential well,” ° particles in electro-
magnetic traps,”” chemical reactions,” protein folding,'’ and buck-
ling transition in graphene.'' At temperatures that are low compared
to the barrier height, the timescale for a transition to occur becomes
much longer than the relaxation time around the minimum. For
such rare events, it is often a good approximation to use quasi-
equilibrium or linear response arguments to derive explicit formulas
for the relevant physical quantities. Kramers’s escape rate formula

transitions has been in finding the rates and analyzing the transition
paths (TPs). In stochastic dynamics, TPs in an effective free-energy
landscape or in an external (adiabatic) potential are defined as paths
that connect the initial state of the system to the final state in the
reaction coordinate space.'” In particular, the TP time distributions
can be used to obtain information about the barriers, Kramers’s
rates, and even non-Markovian effects in systems with memory
correlations.’

With enough experimental or simulation spatial trajectory
statistics, it is possible to use these data to reconstruct the
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effective free-energy landscape Fe(X) from the probability density
distribution function of the particle position p(¥) as' "

Fet(X) = —kpT In p(f) (1)

This has been shown to work for symmetric bistable potentials in
many different systems. However, a necessary condition for obtain-
ing the true F(X) is that the probability density corresponds to the
true asymptotic equilibrium Boltzmann density pg (x). Furthermore,
it has recently been theoretically shown that TP time distributions
cannot correctly capture barriers and rates from hopping in spatially
anisotropic potentials."”

Most recently, rare event theory has been extended to nonequi-
librium processes with a focus on transitions between metastable
nonequilibrium states.'”'” However, even when dealing with near-
equilibrium transitions, which are bound by principles such as
detailed balance, there are nontrivial features in the dynamics during
times less than the average transition time ¢ < 7. = 1/re. For sys-
tems where the TP corresponds to a rare event, the system spends
most of its time stochastically sampling the reactively unproductive
regions of the configuration space. In higher-dimensional spaces,
the system may explore saddle points and local minima that are not
along the TPs. This has some potentially important implications for
finite-time dynamics (i.e., dynamics sampled over a specified short
time, such as in Ref. 18) and, in particular, for controlling chem-
ical reactions and other activated processes before equilibration to
the final state. An important example of this is extraction and con-
trol of intermediates from slow chemical reactions. In many cases,
biochemical and biophysical reactions involve intermediate steps,
where desirable reaction products appear and could be characterized
and harvested. To facilitate this, it is necessary to understand and
optimize reaction paths at finite times to achieve desired concen-
trations of intermediates.'™'” A second example where early-time
dynamics is important is protein folding, where the system explores
the phase space before eventually finding its TP.'

The purpose of the present work is to theoretically study finite-
time transition dynamics in a simple one-dimensional model of an
overdamped particle in an external double-well potential. To this
end, we pursue a two-pronged approach based on (i) solving the
Smoluchowski equation (SE) for the time evolution of the prob-
ability density of the particle, from which we can reconstruct the
external potential landscape at finite times. We complement this
with (ii) stochastic path integral (SPI) methods to determine the
time taken after initiating the particle in one well, for the probability
density to start building in the other well.

Our solutions of the SE show that while the density asymptot-
ically approaches the expected Boltzmann distribution, we find that
even at moderately low temperatures, there are still notable devia-
tions at finite times from the equilibrium limit ¢ > 7, where 73 is
the diffusive Brownian timescale. This has important implications
for reconstructing the free energy landscape from the probability
density p(x, t). Significant deviations from the true energy landscape
occur up to times t » 7 and beyond. We show how such deviations
can be used as a resource to explore an unknown potential landscape.
To this end, we identify several relevant timescales in the problem
that play an important role in the dynamics. The shortest is the equi-
libration time in a well at t << g, which can be estimated from the
SE. The second timescale is when the effective potential constructed
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from p(x,t) shows an inflexion point at a point x in the vicinity
of the second well, at time ¢ < 3. We compute this time numeri-
cally from the SE and show how it can be analytically obtained from
the SPI. The importance of this time is that it reveals the existence
of another well for an unknown potential energy landscape. Inter-
estingly, this timescale decreases with increasing potential barrier.
Furthermore, we calculate the particle current at the barrier from
the SE and derive an analytic expression for the dependence of the
current on the hopping rates for a bistable and asymmetric double-
well potential. We find that it crosses over to that predicted by the
equilibrium rate theory at a time that does not depend on the barrier
height or asymmetry.

This paper is structured as follows: we start in Sec. [I with a brief
introduction to the equations of motion of our system and the theo-
ries used in this study, SPI methods and the SE, which is the partial
differential equation for the time evolution of the particle probability
density p(x, ). In Sec. we present our results. We start by showing
in Sec. III A some typical results for p(x,t), and then, in Sec. we
explain and illustrate how these results lead directly to the effective
potential that one would infer from particle trajectories sampled at
time t. We also calculate the elapsed time #4 for a point of inflex-
ion to appear in the effective potential after having been initiated
in the left hand well, and we show how t4 depends on the size of
the potential barrier. Then, in Sec. III C, we present an alternative
analytic approach based on SPI for analytically calculating this time.
In Sec. I11 D, we present the results for the net particle current at the
barrier over time, comparing the results from solving the SE with the
results from a simple master equation together with the rates from
equilibrium rate theory. Finally, in Sec. we make a few concluding
remarks.

Il. THEORY
A. Equation of motion

An overdamped noise-driven system in one dimension can be
modeled by the Langevin equation,””’

yi(t) = =V'(x) + &(1), )

where x(t) is the coordinate, V(x) is the external potential
(V' =dV/dx), y is the friction coefficient, and £ is a Gaussian white
noise of strength yk, T. Note that, for higher-dimensional systems,
the coordinate x is the reaction coordinate (slow variable) and all
other variables have been integrated out. In such cases, V is actually
the coarse-grained free energy Feg in Eq. (1). The noise in Eq. (2) has
the correlation function

(§(DE()) = 2ks Tyo (1~ 1'). 3)

The fluctuation-dissipation theorem sets the diffusion coefficient to
D= kB T/ Y-

The external potential that we consider here has the general
form of a double-well potential,

V(x) =€(xT+l)2(xT—l)z_a§. (4)
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When the tilt parameter a = 0, this potential exhibits two minima
at x = £/, with a local maximum (the barrier) at x = 0, with bar-
rier height AV = [V(0) - V(=I)] = ¢. When a # 0, the locations of
the minima and the barrier maximum are slightly shifted. Thus, we
henceforth denote the location of the left hand minimum as xt, the
location of the right hand minimum as xg, and the location of the
barrier maximum as xg. In addition, we use the length scale /in V(x)
to scale all lengths and all times are given in units of the Brownian
timescale 73 = I*/D.

B. Stochastic path integral formalism

A powerful approach to stochastic processes, such as those
described by the overdamped Langevin equation (2), is given by
the path integral. The noise & in Eq. (2) has a Gaussian probability

distribution functional,
1 2
dt . 5
oy J&; ) 5)

PLEH)] o exp (

Substituting Eq. (2) into this gives

Plx(t)] o< exp (—ﬁ f(yx + V’)2 dt), (6)

for the weight attached to a system trajectory, and the transition
probability can be written as an integral over such trajectories
satisfying x(to) = x0; x(t1) = x1,7 ~

1 R N2
P(x1,ti|x0,t0) = / D. - +V)dt). (7
(x1, f1]x0, to) x J[x] exp( 4kpTy (yx ) ) @)
J is a Jacobian arising from changing variables in the functional
integral from noise realizations & to system trajectories x (a path-
independent constant is absorbed in the measure). It is given by (see,

e.g., Refs. 22-24 and the Appendix)

ty
J[x] = exp (if V" (x(1)) dt). (8
2y Jy,
Thus, the transition probability can be written as
P(x1,t1|x0, t0) = fDx exp (— 4}2;})} ), 9)

where the stochastic (Onsager-Machlup) action S'is

S[x] = /tt' [(yx + V') - ZkBTV"] dr
12

=2p[V(x1) = V(x0)] + y‘/tt1 (yjcz + VT - 2DV") dt. (10)

The action splits into a path-independent part 2yAV, where
AV =[V(x1) = V(x0)] and a time-reversal-invariant dissipative
remainder. Aslong as the barrier height >k T, the integral in Eq. (9)
can be evaluated in the saddle-point approximation, retaining only
paths close to action-minimizing trajectories. These extremal tra-
jectories satisfy §S/8x =0 and correspond to the Hamiltonian
mechanics of a particle of mass 2y* moving in the potential

) V'(x)2

W(x) = +2DV" (x), (11)
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which we refer to as the “action potential.” The smooth Hamil-
tonian trajectories correspond to the centerlines of tubes linking
the initial and final points (xo,%0) and (x1,¢1). These tubes (which
get narrower as the noise weakens®”) contain the most probable
(non-smooth) stochastic trajectories that realize the transition.

For the double-well potential (4) considered here, we display in
Fig. 1 both the potential V(x) and the corresponding action poten-
tial W(x). Note that, in Fig. 1, we plot the dimensionless potentials
BV(x) and W (x)/y, where § = (kpT)™". The effective Hamiltonian
mechanics has a conserved quantity H, given by

H =y’ + W(x). (12)

This is the energy of the effective dynamics but has the dimensions
of power. H/4D can be identified with the Laplace parameter of
the Laplace-transformed dynamics.”® Inserting this into S gives the
action evaluated along the extremal [Hamilton’s principal function,
S(o1, %0, t1 = t0)],

S:ZyAV—yH(t1—to)+2y/;\/y(H—W) ds, (13)

where the integral is evaluated along the path T. In one dimen-
sion, ds=+dx. We also use the result from Eq. (12) that
yds=+/y(H-W)dt. An equation for H can be derived by
integrating Eq. (12) (or equivalently by setting S/OH = 0), to obtain

h—ty= (14)

ds
ﬂfr VH-W'
This gives the time associated with the path I'. We use this result
below in Sec. III C to estimate the time for the particle probability
density to start building up in one well, with the particle having been
initiated at time #o = 0 in the other well.

C. Dynamics of the probability density

A complementary approach for understanding the dynamics
of a particle with the stochastic equation of motion (2) is via the

15 — . 80
0l BV(x) 4 60
BWix)ly ——

4 40

ST 4 20
- =
= =
g o 0o &
a g

12

_5 - 0

1 a0

.10 L
4 -60
15 | | 1 1 | | 1 -80
2 15 41 05 0 05 1 15 2

x/1

FIG. 1. Potential V(x) for the case when the barrier height e = 4 and there is
no tilt, a = 0 (left axis scale). We also display (right axis scale) the action potential
W (x) for the Hamiltonian dynamics in Eq. (11).
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time evolution of the probability density p(x, t). This is given by the
following Smoluchowski (overdamped Fokker-Planck) equation:*’

Op 10 Op BV)
— =—— ks T— . 15
ot yBx(B 8x+P8x (15)
This dynamical equation has the form of the continuity equation
Op 0j
o __9, 16
ot Ox (16)
where the current
) Op pov
t)=-D— - T —. 17
i 0 Ox yOx (17)

We solve the SE (15) numerically using the finite difference algo-
rithm described in Ref. 27, with spatial grid spacing Ax/I = 0.015
and time step At/7p = 107°. If we consider starting the particle in
the left hand well at x = x at time ¢ = 0, then the initial profile
is p(x,t =0) = §(x — x1), where §(x) is the Dirac § distribution.
Putting this as the initial condition into a finite-difference numer-
ical solver is of course not possible. Therefore, we assume that the
analytic free-diffusion (i.e., V = 0) solution

e—(x—xL)2/4Dt
\V4nDt

applies at very early times, and we use Eq. (18) at the time
t; = 0.0057g as our initial condition.

po(x,t) = (18)

lll. RESULTS
A. Solution of the Smoluchowski equation

In Fig. 2, we present some typical results from solving the
SE for the probability density p(x, t), corresponding to the case when

4

th=0.005 ——

35 | t/1,=0.2 —_—_]
’ t?‘cB=1

3l /=10 |

t/tg=50 ——

25 |- g T powdntial — :

< 2 Be=4 7

1.5 - 0 L i
\ -1 0 1

1 Y ]

0.5 ]
0 L i I

. 0 05 1 15

x/1

FIG. 2. Probability density p(x, t) at various times (given in the key), corresponding
to a particle starting at t = 0 at the minimum x = x, = —/ of the left hand well of the
potential V(x) displayed in the inset. The height of the potential barrier fe = 4,
and in this case, there is no tilt to the potential, a = 0. We see that the density
initially spreads throughout the left-hand well, and then over time, the likelihood of
the particle having moved to the right-hand well increases. By the time t = 5073,
the probability of the particle being in either of the two wells is equally likely.
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a =0 (no tilt) and barrier height e = 4. We see that over a short
time ~0.27g, the probability density in the interval —1.6 < x/I < —0.3
around the left-hand minimum is far from zero, corresponding to
the particle exploring all of the left-hand potential well. By the time
t ~ 1, the beginning of a probability density peak in the right hand
well is noticeable, indicating that the chance of the particle hav-
ing crossed the barrier in this time is non-negligible. In the long
time limit, the equilibrium probability density distribution is the
Boltzmann distribution,

pe(x,t > 00) = peqe_ﬂv(x), (19)

where the constant p,. is determined by the normalization

= pe(x,t > 00) dx = 1. When a = 0, this distribution is an even
function, with 50% of the probability to the left of the barrier at
x3 = 0 and the remaining 50% to the right. Figure 2 shows that, by
the time ¢ ~ 507g, the distribution p(x, t) is almost indistinguishable
by visual inspection from the equilibrium profile of Eq. (19). Notice
too that even after the relatively long time t = 1073, the system is
far from equilibrated. This illustrates the fact that it is unlikely but
possible to observe a transition over the barrier at fairly early times
after placing the particle at x in the left hand well, but equilibra-
tion takes a much longer time. Reaction rates are obtained in the
long-time limit, so this illustrates the fact that one should be cautious
about estimating rates from data gathered after a period less than the
equilibration time. Of course, it is desirable to simulate for shorter
periods, and many computational techniques have been developed
to this end.”® In Sec. I1I D below we show how to determine this equi-
libration time. However, before doing that, we consider how results
(e.g., from experiments) for p(x, t) can be used to infer the shape of
the potential V(x).

B. Inferring the potential from nonequilibrium data

Suppose that we sample the trajectory of a Brownian parti-
cle (e.g., the experimental data presented in Ref. 6), and we wish
to determine the potential V(x) in which the particle is moving.
Rearranging Eq. (19), we can write the potential in terms of the
t — oo equilibrium density distribution as V(x) = —ksTIn(p/p,, ).
The obvious question of practical importance is as follows: what
finite time is sufficient for this result to be used and still be
accurate? To address this question, in Fig. 3, we display plots of
the time-dependent effective potential BV ¢ (x, 1) = —In(p(x,1)/p,,)
over time ¢ for the same situation as the results presented in Fig. 2.
As already foreshadowed in our discussion of Fig. 2, to reconstruct
the true potential V(x), we see from Fig. 3 that one needs to wait
until times ¢ ~ 507 or later. This highlights the importance of hav-
ing to reach the long-time limit ¢ > 7 to properly reconstruct the
potential landscape.

A particularly interesting feature in Vg is the appearance of an
inflexion point at the time t4 = 0.23373 in the effective potential near
xr. The significance of this time #4 is that if one samples the density
distribution and the effective potential before this time, there is no
indication of a second minimum in the potential. However, if one
samples after this time, then there is a second minimum in the effec-
tive potential Vg, or equivalently a second maximum in the density
distribution p(x,t). That there is a point x ~ xp to the right of the
starting point x;, where the density is lower than a point even further
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FIG. 3. Plot of the scaled effective potential BV, (X, t) = —In(p(X,t)/p,,) over

time. In the limit { — oo, this gives the true external potential BV (x) [cf. Eq. (19)]
for the case when the barrier height Se = 4 and tilt a = 0. We see that, at the time
t/7s ~ 0.23, a point of inflexion appears in the profile near x ~ xg and that, for
times greater than this, there is then a second minimum in V.

to the right at x ~ xg is enough to infer that there is indeed a second
minimum to the potential. Of course, this time is not long enough
to determine the depth of the second minimum, but the short time
t > tq is long enough to infer its existence. In Fig. 4, we show a plot
of the value of 4 as a function of the barrier height e for situations
similar to that in Fig. 3, where a = 0. These values of t4 are calculated
by solving the SE and identifying the time when a point of inflexion

appears in Vg(x) near the point xg.

0.4 T T

0.35 - I8 *
fS/TB
03 | tapprox/TB 1

t|e/TB

0.25 -

t/TB

0.2 |
0.15 -

0.05 |-

| | |
10 12 14 16
Be

FIG. 4. Plot of some of the relevant times as a function of the barrier height, fe.
The time t4 is the time taken for the second minimum at x ~ xg to appear in the
effective potential Ve (x,t). The results for t; are obtained from the numerical
solution of the SE. We also plot the time ts, which is our estimate for this time
obtained using the stochastic path integral formalism, together with the very simple
analytic approximation tapprox in Eq. (22) for these times. The very different time
also plotted, ti, is the time taken for a particle to locally equilibrate in the left well.
This time is much shorter than the other (barrier crossing) timescales, except in
the limit e — 0 (not considered here).

18 20
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C. Timescale from the stochastic path integral

We now go back to the SPI formalism outlined in Sec. II B and
show how this theory can be used to obtain a timescale t; that has
a very similar value to tg4, the time for a point of inflexion to appear
in Vg(x) near xr. For a second peak to appear in the well near xg,
Ver must have a local minimum there. This means that the action is
a decreasing function of x for some interval ending at xg and hence
that the Hamiltonian trajectory approaches its end point from the
right. In other words, the particle must leave its initial point at xr,
pass through its eventual end point, then turn around, and return.
This is only possible for values of H less than the maximum of W
near xg, since trajectories with higher energies would surmount the
maximum of W and continue to higher values of x. The limiting
case, corresponding to the emergence of the inflexion point in Ve,
is when the particle leaves xi with zero kinetic energy and comes to
rest at xr. This trajectory will have a finite time since the maxima of
W are offset from xi, and xgr, the minima of V (see Fig. 1).

The integral in Eq. (14) gives the time corresponding to the
extremal path with power H. We now use this result to calculate the
time associated with a path starting in the left hand well at xo = xi.
at time o = 0. We assume that the initial kinetic energy is zero, and
therefore, Eq. (12) gives the value of the power H for this path to be

Hs = W(x) =2DV"(x1), (20)

where we have used Eq. (11) and the fact that our starting point is
a local minimum in V, to obtain the second expression above for
H = H;. Taking this path to terminate in the right-hand well at xg,
and then putting these limits and specific value of H into Eq. (14),
we obtain

ts = (21)

xR dx
i, Nl

with W (x) given in Eq. (11). The value of H = Hj is the largest value
of H for which the path turns around in the Hamiltonian dynamics,
because the kinetic energy cannot overcome the potential barrier.
The results for t; from evaluating the integral in Eq. (21) for a range
of different values of the barrier height € are displayed in Fig. 4. This
figure shows that 4 ~ t, i.e., these timescales are very similar. They
are not exactly the same, but given that many of the other relevant
timescales in the problem, such as the overall equilibration time (see
below), are much longer times compared to the timescales t;, and ¢;,
we conclude that these two times are related to the same event, i.e.,
when barrier crossing becomes statistically noticeable. A very simple
estimate fapprox ® fs can be obtained by setting W =0 in Eq. (21).
This gives

i (22)

tapprox =2l H,

A plot of this time as a function of e is also displayed in Fig. 4, which
shows that the three timescales t4, ts, and tapprox are similar. That
said, there are some small differences between the dependences on
the barrier height of these three times. On a double logarithmic plot
of these times as a function of e (not displayed), only fapprox Shows
exactly straight-line behavior. This is easy to see from Egs. (20) and
(22), which together yield that tupprox ~ € /. Even over the range of
Be values for which we have calculated the times #4 and t;, both of
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these times show deviations from this power-law behavior (which
can also be inferred from Fig. 4).

In Fig. 4, we also display a plot of the local equilibration time
tie> which is the time it takes for a particle to locally equilibrate in
the left hand well. This time # is substantially shorter than the three
timescales discussed above, which are all related to crossing the bar-
rier. The time #). can be estimated for sufficiently high barriers (or
low temperatures) as follows: this local equilibrium corresponds to
a narrow density distribution centered on xi that spreads only a
relatively short distance from the initial §-distribution. This can be
approximately quantified with an Ornstein-Uhlenbeck approxima-
tion for the density in the left well. The exact SE solution for the
single-well potential V' (x) = ux’/2 (starting at x = 0 when = 0) is”’

2

/ i px
xt)=, | ———————F— exp| -——————] (23
plx1) 27Dy(1 — e 2117 P ( 2Dy(1 - e_z’”/y)) @)

The time taken to equilibrate is controlled by the term (1 — e 2*"7),

which depends only on the ratio p/y. Using this to estimate the local

equilibration time in the left well of the double-well potential (4), this

translates to u = V''(~I) = 8¢/I2. Taking local equilibration as being

when e 27 < 0.01 (i.e., “1% away from equilibrium”) gives the time
ay

He = =77 > 24
1 ZV"(XL) ( )

where a=-In(1%) ~4.6. For example, for the case when
Be = 4, the above gives tj ~ 0.077g, which is shorter than all of the
timescales discussed so far. Since V"' (x1) ~ ¢, Eq. (24) shows that
the local equilibration timescales as fj ~ e~ !, which is very different
from the behavior of #q and t; % tapprox ~ € /> discussed previously.
This estimate breaks down when either the barrier is too small
(too much density crosses the barrier before local equilibration,
i.e,, the timescales are insufficiently separated) or the quadratic
approximation to the well is not accurate (e.g., for a flat-bottomed
well).

D. Current at the barrier and the long-time limit

Having considered in Subsection III C the time it takes for a
particle to locally equilibrate in the left well #,. and also the time t4
at which barrier crossing can first be identified, we now consider the
time it takes the system to fully equilibrate. This occurs when the
forward and backward rates for the transitions across the barrier are
equal, or equivalently when the net flux (probability current) across
the barrier is zero. We calculate this via numerical solution to the
SE, as described in Sec. II C. The maximum of the barrier, where
V'(x) = 0, is at x = xp. At this point, the current (17) is

jle=xp) = —D% (25)
Integrating Eq. (16) with respect to x gives
and from this, we obtain
o [T = =), @
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where Py (t) = [™ p(x,t) dx is the probability of finding the par-
ticle in the left hand well. Due to the conservation of probability,
the probability of being in the right hand well is Pr(t) = | :° pdx
=1- PL(t).

The dynamics of the probability function can also be described
by the master equation’

oP
= rL-rPL — rRLPR

ot
= TL_,RPL—TR—>L(1 —PL); (28)

where r g and rr- are the rates for hopping from the left well to
the right well and the reverse, respectively.

If we assume that the rates r._r and rr_1 are constants, then
Eq. (28) can be integrated to obtain

P(t) = [PL(0) = PL(00)]e” "=r¥ =) 4 Py (00).  (29)

Inserting the above result into Eq. (27), we obtain the following
expression for the current at the barrier:

j(x=xg,t) =[1—Pr(o0)](rL-r + rR_,L)e_UL*RHR*L)t, (30)

where we have used our initial condition that the particle starts in
the left well, i.e., PL(0) = 1.

In the long-time limit, the above rates r— r and rr_ 1 corre-
spond to the reciprocals of the mean first passage times, which can
be calculated by integrating the SE (15), assuming a steady-state with
boundary conditions corresponding to inserting probability density
in the left well at the same rate as removing it from the right well, to
obtain®’

’ -1
r{LR:[;/BeﬂV("')f eBV(x)dxdx':I . (31)
X1, —oo

We note that this formula can often be approximated by the Kramers
rate equation as

kK VIV )V (x| prviem)-vin)]
LR = T@ .

(32)
The above expressions assume that the system is in a steady-state
equilibrium, which is strictly valid only in the limit t — oo, due to
the way we initialize the system. In what follows, we use Eq. (31) to
calculate the rates r;_.r and rr-r, in Eq. (30), in order to compare
with the results from the numerical solution of the SE.

1. Equilibration in the zero tilt a = 0 case

We consider first the case of the spatially symmetric potential
where there is no tilt, a = 0. We start the particle at t =0 in the
left well at x; = —I, with the probability of being in the left hand
well P.(¢t = 0) = 1. Since a = 0, in the long time limit ¢ — oo, Py (o0)
= Pr(o0) = 1/2. Moreover, the two rates are equal, r.r = rR-1 = 7
Equation (29) then gives PL(t) = (¢”" +1)/2. Inserting this into
Eq. (27), we observe that the current at the barrier is a very simple
expression, j(x = xp, t) = re">",

In Fig. 5, we present the results for the current at the barrier
j(x = xp, t) for three different values of the barrier height, obtained
from numerically integrating the SE (15), as described above in
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1e+00 T rrrrn T o LA} L g
Ba=0, fe=2 —— ]
01 L Ba=0, pe=4 — |
le-01 | Ba=0, Be=8
Eq. (30)
1e-02 F Eq. (30) ---- 4
e .(30) - - - -
2 1e-03 | ~_
2 \
T 1e-04 | \
1e-05 | 4
1e-06 S TS R R A (E—————
0.01 0.1 1 10 100 1000

[/TB

FIG. 5. Current at the barrier as a function of time for the a = 0 case (no tilt), in
a double log plot. For three different values of the barrier height e (given in the
key), we display both the results from solving the exact SE (solid lines) and the
asymptotic results in Eq. (30) (dashed lines). We see that for times t > 75, these
are in good agreement.

Sec. II C. The data show a rapid increase in the flux at early times
t < 1 corresponding to the initial spreading of the density. This
is followed by a rapid crossover to exponential decay, as given by
Eq. (30). In Fig. 5, we also plot the result in Eq. (30) using the mean
first passage rates rx.,; and 71",z obtained from Eq. (31), using the
dashed lines. The exponential decay law is well satisfied at late times.
Interestingly, we observe that the crossover time ¢, from the initial
rise to the exponential decay does not seem to depend on the barrier
height (at least, not in an obvious way), with a typical value being
roughly t. » 0.273, based on the data in Fig. 5. For times ¢ > t., we see
the exponential barrier-crossing law (30). Note that this crossover
time f. is significantly larger than the time for local equilibration in
the left well to occur, tj. in Eq. (24); also see Fig. 4.

The expression for the flux at the barrier in Eq. (30), valid for
t > tc, can also be used to obtain an estimate for the time feq that
the system takes to equilibrate, i.e., for the net current at the barrier
to become ~0. When a = 0, this is the time it takes for the system
to have roughly equal probability density in each well. The equi-
libration time feq can be defined as the time when the current has
decreased to a small fraction (here, chosen to be 1%) of its value at
time ¢ = 78 > .. This gives

](X = Xp,t = i’eq) B [1 - PL(OO)](TLQR + TRQL)e_(rL”RHR”L)th
j(x=xp,t=7T8) [1-Pp(00)](rLon + rrop)e (tortire)m

e—(rLAR-FrRHL)teq

— =19
= s~ 1% (33)
This can then be rearranged to give
foq=Tp+— o (34)

-
LR + "R—L

where again a = —In(1%) ~ 4.6. For the three cases in Fig. 5, where
the barrier heights considered are e = 2, 4, and 8, Eq. (34) gives the
times feq ~ 1275, 407p, and 10087, respectively. As Fig. 5 shows,
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the results from the simple formula (34) predict remarkably well
the equilibration time. When the barrier becomes high (larger fe),
the equilibration time (34) can be combined with the Kramers
approximation for the rate (32), which together with Eq. (4) yields

o
feq a/3e exp (fe). (35)

This time is much greater than all three of the times ., t4, and t.
and cannot be displayed in Fig. 4, without significantly changing the
vertical timescale.

2. Equilibration in the tilted a + 0 potential

Having considered the equilibration process for cases when
there is no tilt to the potential V(x), we now move on to briefly dis-
cuss cases where the tilt parameter a # 0. Figure 6 shows the results

1400 p———rrr

1e-01 F .

1e-02 [

1e-03 | \ .

J(x=xg,1)tg

1e-04 | N

1e-05 | Z -

100

!

1000

1e-06 Lol oo
0.01 0.1 1
tltg

FIG. 6. Current at the barrier as a function of time in a double log plot for various
barrier heights Se, similar to Fig. 5, except that here we display the results for the
tilted potential, with fa = 1. The solid lines are the results from solving the SE, and
the dashed lines are the asymptotic results in Eq. (30).

1e+00 F—————1————1
teOt /T
te-02 b/ /.
<
D 1e-03 |
L Pa=-2, Pe=d ——
= Ba=-1, pe=4 ——
1e-04 Ba=0, e=4
Ba=1, Pe=4
1e-05 Pa=2, Be=4 ——
1e-06 . '

0.01 0.1 1 10
[/TB

FIG. 7. Current at the barrier as a function of time for varying values of the potential
tilt parameter a (given in the key), for the fixed barrier height e = 4, in a double
log plot. The solid lines are the results from solving the SE, and the dashed lines
are the corresponding asymptotic results in Eq. (30).
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for Ba = 1, which are very similar to the results in Fig. 5 (which are
for a = 0), except that the final equilibration occurs slightly faster.
The equilibration time in a tilted potential is not greatly different
from that in the potential with no tilt because the equilibration time
teq in Eq. (34) depends on the sum of the forward and backward
rates, (rL—Rr + rrR—r). This means that, when the potential V(x) is
tilted, the equilibration rate is the same whether the particle is started
in the left well or in the right well. This can be seen even more
clearly in Fig. 7, where we show the current at the barrier j(x = xg, t)
for fixed e = 4 and varying tilt parameters, fa = +2, fa = +1, and
Pa =0, for comparison. Figure 7 is a double logarithmic plot, so
small differences in the decay as t — oo are highlighted. That said,
even on this scale, the final equilibration times are all rather similar.

IV. SUMMARY AND CONCLUSIONS

In the present work, we have studied the ubiquitous activated
barrier crossing problem from a point of view mostly neglected in
the past, namely focusing on the early- and finite-time nonequilib-
rium dynamics of the particle probability density. To this end, we
have used the Smoluchowski equation and stochastic path integral
mapping of the overdamped Langevin equation as analytical and
numerical tools. Our system here is a one-dimensional double-well
potential, where thermally activated hopping occurs starting from
one of the wells. As our main result, we find that there are multiple
relevant timescales in the problem before approaching the equi-
librium limit ¢ > 7p, where 7p is the diffusive Brownian time. In
particular, we have identified and discussed four relevant timescales:
tie> tq (equivalently t), tc, and teq. The shortest of these times, te, is
the time taken for the particle to reach local equilibrium in the left
well of the potential. This time scales as tj./7p ~ e~ !, where the para-
meter € both determines the curvature of the potential at the minima
and also determines the barrier height. The next shortest time is ¢4
(equivalently ), which both (roughly) scale as tq/7p ~ € /. This is
the time it takes for it to be possible to identify barrier crossing in the
statistics of the particle density distribution p(x,t). The third time
identified t. is the time it takes for the current at the barrier to cross
over to that predicted by equilibrium rate theory. This time scales as
t./Ts ~ O(1) and does not seem to depend on the barrier height.
Finally, the longest timescale in the problem is the global equili-
bration time f.q, which is given very accurately by Eq. (34) and the
equilibrium rate theory. Using Kramers’s theory for the rate (32), we
find that teq ~ exp(fe€)/e; see Eq. (35). This timescale is well under-
stood,” as is the manner in which this time grows with increasing
barrier height €. The interesting thing to come out of our study is
that the time t4 in contrast gets shorter as the barrier gets higher.
This shows that, in the statistics of rare events, the existence of a
transition over a barrier can, with enough data, be identified after
only sampling for a relatively short time. However, if the height of
the barrier and the depth of the potential in the target state (the right
well in our model) are to be inferred, then a much longer sample
time f ~ feq is required.

Despite the simplicity of our one-dimensional model, the work
presented here should be useful to experimentalists and computer
simulators who use time-sequence data for Brownian particles mov-
ing in an unknown potential in order to reconstruct the potential
(free energy landscape) via Eq. (1)—see, e.g., Ref. 13 and also Ref. 29,
where an approach to bias transitions is discussed. Our results are

ARTICLE pubs.aip.org/aipl/jcp

also relevant to transition path sampling,'**""" giving useful guide-
lines to the timescales needed for accurate path sampling, which
should ideally extend to times much longer than the Brownian
timescale. Our results show that if data are recorded over a time less
than teq in Eq. (34), then the effective potential that is reconstructed
is unreliable. This is clearly illustrated in Fig. 3, where the effective
potential obtained after a seemingly long time ¢ = 1073 is visibly dif-
ferent from the true potential V(x). This long time is significantly
greater than the corresponding t4 = 0.2873, the time associated with
observing barrier crossings in the particle density distribution. This
shows that observing multiple barrier crossings is not an indicator
that the system has equilibrated and that the influence/bias from
how the system is initiated takes a remarkably long time to drop out
of the particle position statistics.
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APPENDIX: STOCHASTIC PATH INTEGRAL JACOBIAN

The most straightforward way to calculate the functional Jaco-
bian in Eq. (8) (see, e.g., 24) is to discretize the Langevin equation (2)
over N time steps of length At, and note that

6§

4
ox dx;’

J

im det (A1)

=1
N—oo

J =
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A discretization of Eq. (2) is

y(xi = xi1) = =(A0:V(xi) + (1 = A)0xV (xi1) )AL + & = &iy.

(A2)
The parameter A controls the discretization protocol: A = 0 corre-
sponds to It6 calculus and A = 1/2 is Stratonovich.** If we take A = 0,
it is clear that the diagonal entries of y~'d¢,/dx; are unit, and J = y,
but the time integrals in the action would need to be interpreted
in the Ito sense. Setting A = 1/2, we can use the Stratonovich cal-
culus with the usual interpretation of the integrals, at the cost of
introducing a non-unit Jacobian. This gives

1+ g8,%V(x,-), j=i
1 d§ 2At
- p— 2 ) .. A3
y d; 1+ —zyaxV(xH), j=i-1, (A3)

0, otherwise.

This is an upper-triangular matrix, and its determinant is the
product of its diagonal entries,

1| d¢ _ AV Aty
Y’dxf _(HZYV (XO))(HZYV (xl))
(1 " %tv”(xN)) + 0(AP)
Aty
— exp Z z—yV (xi) as At—0. (A4)

Thus, in the limit, we obtain

Jlx] =y exp (z—lyftotl V" (x(1)) dt)‘ (A5)

Recall the path-independent term in Eq. (10) and the following
action:

t X1
f 29V'% dtzzyf V' dx=2p(V(x1) - V(x0)).  (A6)
ty X0
The above instead becomes

X t
Zy/ "Vodx = 29(V(n) - Vixo)) + 4ny V(D) dt,

X £

0 0 (A7)
if we interpret the integral in the Itd sense. This corresponds to
J/y =1, so the combined exponent is the same for both It6 and
Stratonovich interpretations, as it should be for an additive white
noise process. The procedure is analogous to evaluating an ordinary
integral using Laplace’s method,

[1rem(-59) ac- fosp (501110 00

(A8)
The stationary points of g differ only slightly from those of g(x)
— Mlog f(x) as M — 0, but in the functional case, this results in
qualitatively different extremal paths.
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