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Abstract: In this paper we find an integer 2 = h(n) such that the minimum number of
variables of a first order sentence that distinguishes between two independent uniformly
distributed random graphs of size n with the asymptotically largest possible probability
% —o(1) belongs to {h,h+1,h+2,h+3}. We also prove that the minimum (random) k
such that two independent random graphs are distinguishable by a first order sentence with k
variables belongs to {h,h+ 1,h+ 2} with probability 1 —o(1).
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1 Introduction

We say that Gy, G, are k-distinguishable, if there exists a first order (FO) sentence ¢ with k variables
such that G| = @ while G, [~ ¢. In this paper we address the following question. Let G., G2 be chosen
uniformly at random and independently from the set of all graphs on [n] := {1,...,n}. What is the
minimum k such that they are k-distinguishable?

The classical FO 0-1 law [6, 8] says that, for every fixed sentence, its truth value on the random
graph on n vertices approaches either 0 or 1 as n — co. Therefore, fixed FO sentences do not distinguish
between random graphs with high probability. However, if we allow the number of variables to grow
with 7, then this is not true. In this paper, we find the minimum number of variables of a FO sentence that
distinguishes between two independent random graphs (up to a constant additive term bounded by 4).

Note that the number of variables is an important measure of complexity of a FO sentence. In
particular, the problem of deciding whether a graph on 7 vertices satisfies a FO sentence with k variables
can be solved in time O(n¥) (see [13, Proposition 6.6]).
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ITAT BENJAMINI AND MAKSIM ZHUKOVSKII

If we fix a sequence of sentences ¢ = @(n) in advance, then due to independence, P(G, |= ¢, G> [~
) < Alf. However, if we choose ¢ depending on the graphs (i.e. ¢ is random), then it may happen that the
graphs are distinguishable with probability close to 1. Below we give very sharp answers to the following
questions.

1. What is the minimum (not random) number of variables of a FO sentence ¢ such that P(G! |=
®,G? [~ ¢) is bounded away from O (or even equals 1/4 —o(1))?

2. What is the minimum (random) & such that G\, G2 are k-distinguishable?

To get a naive lower bound in both questions (that turns out to be very sharp), let us recall that
the graphs satisfying k-extension axioms (that we define below) are not (k + 1)-distinguishable. The
extension axiom ¢y is the FO sentence with k + 1 variables saying that, for every k-set and its partition
A LB, there exists a vertex x outside the set adjacent to all vertices in A and no vertex from B. Due to the
following claim (see [13, Lemma 12.7]), in order to prove that whp G, G2 are not k-distinguishable, it
is sufficient to prove that with probability 1 —o(1) (with high probability or briefly whp) the uniformly
sampled random graph G, on [n] satisfies @y_;.

Claim 1.1. If Gy, G; satisfy @y, then there is no sentence with k+ 1 variables distinguishing between
G1,Gs.

By the union bound

"
P(Gn [~F o) < (Z>2k<1_2k> = ™), W

where
fe’“(k) =klnn —klnk+k+kln2—n2_k+0(lnk).

Note that f**'(k) > k(1+o(1)) if k > log, n and, for all k,
Y k41) — fYk) = Inn+n2751 — O(Ink).
Therefore, there is a unique k € [1,n] such that £ (k) = 0:
k =1log,n—2log, Inn+1log,In2 +o(1).
Clearly, /™ (k) < 1 4 o(1) and /MR- = o(1). From this, we immediately get that whp G, G2 are

not U%J -distinguishable. It turns out that the lower bound is sharp up to a constant additive term.

Theorem 1.1. Let k € [1,n] be the unique root of the equation f(k) = 0.

1. The minimum k such that there exists a FO sentence @ with k variables satisfying P(G} = ¢, G2
@) =+ —o(1) belongs to {|k) +1,..., k] +4}.

2. The minimum k such that G\, and G? are k-distinguishable belongs to {|k| +1, k] +2,|k| + 3}
whp.

DISCRETE ANALYSIS, 2025:6, 17pp. 2
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Remark 1.1. We actually prove a stronger version of Theorem 1.1 since quantifier depths of sentences
that we use to prove upper bounds, coincide with their numbers of variables. Thus, the minimum
quantifier depth of a deterministic FO sentence that distinguishes between G! and G2 with probability
1 —o(1) belongs to {|k] +1,..., [k| +4}; 2) the minimum quantifier depth of a random FO sentence

that distinguishes between G and G whp belongs to {|k| + 1, |k| +2, | k| + 3}, as well.

The lower bound in both parts of Theorem 1.1 is already proven. Note that a weaker but asymptotically
sharp upper bound log, n(1+0(1)) — it differs from the lower bound by ®(Inlnn) — in both parts of
Theorem 1.1 follows from the upper bound for the minimum quantifier depth of a FO sentence that
defines a random graph whp [12]. Moreover, from [12, Theorem 12], the bound k < k+ O(1) for both
quantities from Theorem 1.1 follows for infinitely many n. The reason of why the random graph whp
can be defined by a FO sentence with quantifier depth O(logn) is that whp every two vertices have
non-isomorphic neighborhoods, and so the upper bound is obtained by recursion, where for every vertex
we write a sentence describing its neighborhood. Our proof strategy is absolutely different. We prove the
first part of Theorem 1.1 in Section 2. In Section 3 we show that the same approach as in the proof in
Section 2 can be used to prove part 2 of Theorem 1.1.

2 Proof of Theorem 1.1 part 1

The desired sentence that distinguishes between two random graphs says that there exists a set S that
induces a specific subgraph with some additional restrictions on adjacencies between this set and all
the other vertices. Let us first note that we are forced to make this property monotone (for the reason
explained further). For that, we make the restrictions on subgraphs that are induced by S to be downward
closed. In other words, we construct a sequence of families of graphs Fy C F; C ... on the vertex set [k]
such that F; is downward closed and also closed under isomorphism. It can be easily done by adding at
each step a full single isomorphism class such that its number of edges is the same as on the previous
step if possible, and has one more edge otherwise (the initial family is just a singleton consisting of an
empty graph). For the random variable X (i) that counts the number of sets S that induce a graph from
F; and satisfy the conditions on the edges between S and [n] \ S, we will prove that for some specific
choice of i, EX (i) =In2+0(1). Note that typically (since whp the random graph on [k] is asymmetric),
|Fi| — |Fi—1| = k! (and this is the maximum possible value of the difference), so we should care about
the jumps of expectation when switching from i — 1 to i (not to skip the desired asymptotics). After we
prove that such an i exists, we also prove that the second factorial moment of X (i) equals (In2)? +o(1),
that together with some ¢@-mixing condition implies that P(X = 0) — % (see Section 2.2). Note that the
monotonicity is used to prove that the mixing condition is satisfied. Clearly, this immediately implies
the desired probability bound. We will define our constructions in three different ways depending on the
value of n in Section 2.1.

2.1 Expectation

Let k be large and let F be a family of graphs on [k] closed under isomorphism. Consider a uniformly
distributed random graph G, on [n], and let X{ be the total number of k-sets S C [n] such that G,[S]
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(subgraph of G, induced on ) is isomorphic to a graph from J, and there is no vertex x outside §
adjacent to all vertices in S. Note that for convenience and in order to making the considered events
monotone, here we weaken the ‘extendibility’ condition in the extension axioms (we consider only the
partition § = AU B, where A = §, and B = (). Luckily it does not affect significantly the upper bound.

We get
n—k
g (M\IT (AN e
=X _<k>2(’5) (1 2 O

k(k—1)
2

g5(k) =klnn—klnk+k+1n|F;| — n2—n2 "+ 0O(Ink).
k) =kl kInk+k+In|F In2— 2%+ 0(Ink

Let ks € R be such that f5(ks) = 0.

Let F be a graph on [k] with a trivial automorphism group (it is easy to see that such a graph exists
for large enough k — in particular, the random graph has no symmetries whp [5]) and F; contains
all isomorphic copies of F, i.e. |F;| =k!. Let F? C F} C ... be a sequence of graph families on [k]
considered in the beginning of the proof, i.e.

. ffg is a singleton set containing only an empty graph,

« forevery i, Fi \ 3’,’;‘1 is a set of all isomorphic copies of a single graph F; on [k],

* for every i, &"}; is downward closed (i.e., if H; C H; are graphs on [k], and H, € Fi then H; € ?,i
as well).

Note that, for every i, |Ft| — |Fi~!| < k! implying that EX{" = Ex "< EX]". If we can prove that, for
some specific k, EX,?O — 0 while, for large enough i, Ekaf ' — oo, then we may hope that there exists i
such that EXJ" — In2. To show this, it is sufficient to prove that EX]" — 0.
Now we let J; = J} and k = kg-. Recall that EX[J,:J <1 and EX[C’,Z] > 1. Let A:=k— |k|. Then
f5(6)— £ (1)) = T2 (2 = 140(1)).
In order to be certain that EX f,z | 0, we need 22 — 1 to be bounded away from 0. Moreover, in order to

have EX 5{] — oo for some i, we need 2* — 1 not to be very large. The sufficient restriction 0.05 < A < 0.55
is considered in the next section. For other values of A, we might slightly modify the sentence (and this is
the reason why we get concentration in 4 points instead of 2).

211 0.05<A<0.55
If A > 0.05, then EXL(J,:J = o(1). If, at the same time, A < 0.55, then 2 — 1 < % Therefore,

2(%)

F k
o EXiy > efrd) =1 2)
implying that EX LFk | — oo, where Fy is the set of all graphs on [k]. Let us recall that, for every i,

3:1'71 31-0 g:i :}*ifl F

DISCRETE ANALYSIS, 2025:6, 17pp. 4
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Note also that EXLSZ] = %EX&] implying that EX f;] = 0(1). Due to (2), we get that there exists u = (k)
such that
n
EX[J,ZJ =In2+o0(1)

as needed. Note that {X L?k‘JL = 0} is expressed by a FO sentence with

k] 4+1=[k—0.05]+1< k] +2

variables. The latter inequality follows from the fact that f5o (lAc + 1.05) — oo implying that k < k+1.05.
We compute the second moment of X [J,?j in Section 2.2.2.

2.1.2 055<A<0.95

If 0.55 < A <0.95, then our goal is to modify the definition of X in a way such that the factor (1 — %)"71{
3

becomes (1 — _z—k)n_k. Having that, we will get that k5 becomes roughly ks 4+ log, 3, and A becomes
roughly A+log,3 —2 <log,3 —1.05 < 0.55.

Let ¥ be the total number of tuples (vi,v,S), where vi # v, € [n], § € ("M1*2}) such that G,[S] is
equal to a graph from F, and there are no vertices x outside S {v;,v,} adjacent to all vertices from §
and at least 1 vertex among v;,v,. We have

n—k—2
g (n\[(n—-2 |Frl B 3 _ er(®
= <2)( K )2«;) ) =

k(k—1)

g7(k) = (k+2)Inn—kInk+k+1In |F| — In2 —3n27% 2+ O(Ink).

Let kI € R be such that g5 (ki) = 0. Note that
, 3
kg:kg+log21+o(1) =ky+log,3—2+o(1).

As above, letting F = F and k' = kI, we get that
/ / / 3 3
A=k —|k'| =A+log, > +o(1)— |A+log, 3 +o(1)| €(0.1,0.55)
since 0.55 < A < 0.95. Then EY[J,;,J =0(1) and

g5 (k) — g5(|K']) = (K)2In2 <2A’ 1+ 0(1)) < (K)?1n2(0.47 + o(1))

implying that v
k/
2( 2 ) F (K
TEYU(/J > ng‘( ) =1.
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As above, we get that there exists u’ = p’(k) and 3",’; l containing all isomorphic copies of i’ non-
isomorphic graphs on [k] such that

EYL% =In2+o(1).
There exists a FO sentence describing {Yf’,;f]/ =0} with

K] +3<k+0.6]4+3< k] +4
variables. The inequalities follow from the fact that g (IAc +0.6) — co. We compute the second moment
of Y}, in Section 2.2.3.
213 A<0.050rA>0095

Finally, let either A < 0.05 or A > 0.95 and Z] be the total number of tuples (vi,v2,v3,S), where

vi,Vv2,v3 € [n] are distinct, S € (["]\{V],g"z’”}) such that G,[S] is equal to a graph from F, and there are no
vertices x outside SLI {v,v2,v3} adjacent to all vertices from S and either to v3 or to both v;,v,. We have

_3\ |9 5 \nk-3
ez (") (" R T
¢ 3(3)( k >2<s>< 2k+3> <

k(k—1)

hy(k) = (k+3)Inn—klnk+k+In|F;| — In2 — 5127573 4 O(Ink).

As above, letting £/} € R be such that f3(k}) =0, F = F;, k" = ki., A" := k" — |k"], we get that
n " " 5 5
A=K — k"] :A—i—logzz—ko(l) - A+log21+0(1) €(0.25,0.4)

implying
o) .
EZfI;NJ - 0(1), WEZ&//J > ehT(k ) = 1

and the existence of u” = u” (k) and ’ containing all isomorphic copies of i’ non-isomorphic graphs
on [k] such that

"

EZfo,J =1In2+o0(1).
There exists a FO sentence describing {Z[f ‘,‘/Ij =0} with
K| +4=K'—025] +4 < [k—0.09] +4 < |k] +4

variables. The inequalities follow from the fact that A+ (k 4 0.16) — 0. We compute the second moment

/

of Zﬁ’f,j in Section 2.2.4.

DISCRETE ANALYSIS, 2025:6, 17pp. 6
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2.2 The second moment and ¢@-mixing

Let us recall that the mth factorial moment of a random variable & is EE(") = EE(E —1)...(E —m+1)
and that, for & ~ Pois(A), EE(™ = A™. It is well known that convergences of moments imply the
convergence in distribution (in particular, in the case of the convergence to a Poisson random variable),
see, e.g., [2, Theorem 30.2]. Therefore, in order to prove the first part of Theorem 1.1, it is sufficient to
show that the mth factorial moments of all the random variables that we considered in the previous section
converge to (In2)™. It turns out that it is easy to prove that the second factorial moment approaches
(In2)? while computing mth moments for m > 3 is not so evident. So, instead of computing all moments,
we bound the probability of non-existence from below and above using [10, Lemmas 4.1, 4.2]. Let us
recall these bounds.

LetAy,...,Ay be arbitrary events, and X = Zf-il I]A;] count the number of events that occur. Consider
an arbitrary directed graph D on the vertex set [N], and define

N

N
vi=) )Y P@ANA), wx=Y )Y PA)PA4)),

i=1(j,i)eD:j<i i=1(ji)eD:j<i

¢ = max IP(Ujiygm:j<iAjlAi) — P(Ugjingm:j<id))]-

In [10], it is proven that if w1, ¥, @ = o(1), then P(X = 0) = [T¥, (1 — P(A;)) +o(1).

Let X := Xﬁ(’j’ Y = Yﬁf]/, 7= ZEZ’L’J' Note that X = ZiE[(Z)] X;, where X; = I[AX] is Bernoulli random

variable equals to 1 if the event AX holds;

Af( = {ith k-set S; induces a copy of a graph from F* in G,,
and there are no vertices outside S; adjacent to all vertices of S;}.
In the same way, we define Y = ZIG[G) (n;Z)] Y, Z= Zle[(g) (n;}):l Z;, where Y; = [[Aﬂ, Z; = I[Aiz];
AY = {ith tuple (v}, v5,S;) is such that S; induces a graph from F* in G,,, and

there are no u ¢ S; LI {v},v5} adjacent to all vertices of S; and at least 1 vertex among v}, v }.

AZ = {(v ¥, V4, S;) is such that S; induces a graph from F*" in G,,, and

no u ¢ S; L {vi,v5,v} is adjacent to all vertices of S; and either to v} or to both v}, v5}.

We define DX, DY, D? in the most naive way: (i,j) € E(D")), if the ith and jth tuples are distinct
and overlap. For these tuples of events we define (yf, vy, 0%), (y!, v oY), (v, yZ, ¢?) as sug-
gested above. If we show that all these parameters approach 0, then we immediately get P(X = 0) =
e BX(+o(1)) — I +0(1), and the same holds for Y and Z. Let us first show that ¢¥, ¢¥, ¢ = o(1).

DISCRETE ANALYSIS, 2025:6, 17pp. 7
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2.2.1 ¢-mixing

Note that P (U( Ji)@DX: j<l-A§ |AX ) -P (U( Ji)EDX:j<iA ) is bounded from above by the probability that
there exists a set S; such that

« (j.i) ¢ DX, j<i,
* §; induces a copy of a graph from J*,
* there are no vertices outside S; US; adjacent to all vertices of S,
e and there is a vertex from S; that is adjacent to all vertices from S;.
Therefore,
P (Uiygmx <A AT ) = P (U pgnr.jeid] ) S EX(1—(1=275)(1+0(1)) = 0. A3)

On the other hand,

X
P (Uiygnxj<id] IAT) = (b Ul)ig(;i;)AJﬂA )

By construction, the events U
inequality [11, Theorem 2.12],

J.i)EDX: j<iA;( and A¥ are monotone decreasing. Therefore, by FKG

P ([Ugjagor:j<idf ] NAT) = P (U p¢pr AT ) P(AT)

implying that
P (Ugjaygnn.j<idy A7) = P (Uggpr.j<idy) - )
Combining (3) with (4) we get that X = o(1) as needed.
The bounds for ¢ and ¢Z are the same: the lower bound is immediate since AY,AZ are decreasing
events. The upper bounds are similar to (3). Indeed, P ( (jsi) DY - j<iA [|AY ) —-P ( (j7i)¢9x:j<,~A}/) is
bounded from above by the probability that there exists a tuple (v v ,S;) such that

* () ¢DV.j<i,
* §; induces a copy of a graph from e,

* there are no Vertlces outside {v iV ],vl ,Vi } LJIS; LUS; adjacent to all vertices of S; and at least 1
2
vertex among V! Vi
« there is a vertex from S; LI {v},v?} that is adjacent to all vertices from S; and at least 1 vertex among
1.2
Vi Ve
Vi

DISCRETE ANALYSIS, 2025:6, 17pp. 8
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Then
YipY Y —k—2 LA
P (U ignrj<iAT AT ) =P (U( pgnr.j<iA}) <EY (1— (1—3-2 ) (1+o0(1)) — 0.

The proof of the upper bound

k+3
P (Uggnzj<iATIAT) = P (Ugj gz j<id]) < EZ (1 - (1 -5 2*"*3) > (1+0o(1)) =0

is identical.

2.2.2 The second moment of X

We here compute the second moment of X := X, [FTI?JI or, more precisely, show that yf = o(1) and y§ = o(1).

We have
n—2k+s
n—k\ |FLP 11 1\?
< -
v Z( >< >< s) 20-0\' 2 T
U2 k—1 g5 1,8 n—2k+s
L5
k 22() — ls’ nS 2k 22k—s
— ) n
< (EX)*( Z (2 2 ) exp [%} .

There is 5o = k(1 —o(1)) such that 5 = o(1) for all s < sp. If 5o < s <k—1, then 5= < 557 =
’CZ}THZ(I—FO(I))- Therefore,

b < o (L (£27)
+:§1ﬂexp [(—slnn—i—ian) (1+0o(1))+ kzinz(l +o(1))]>

S0 2 s k—1 2 n 2 n
<% (5i) + X ew|~(+00) 2+ S0 =l

W= (0 () () (4
1

Moreover,

Note that, since A¥ are monotone decreasing, by FKG inequality, we have that P(A} NAY) >
P(AX )P(A;( ) for all i, j. Therefore, ¢5° < ¢, and the same holds for ¥ and Z. Therefore, we are actually
not obliged to compute ¢, — it is sufficient to prove that ¢; = o(1). In the next two sections, we show
that ¢ = o(1) , ¢ = o(1), and this finishes the proof of the first part of Theorem 1.1.

DISCRETE ANALYSIS, 2025:6, 17pp. 9
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2.2.3 The second moment of Y

Let F be the family of graphs on [k + 2] that is obtained from 3",‘: / by transforming each F € EF]lj "into all
possible 2!*2% graphs on [k + 2] containing F as a subgraph.

We separately count contributions to Y} of pairs of overlapping tuples that have at most k vertices
in common, and pairs of tuples that have k + 1 vertices in common. For any two tuples (v},v?,S;) and

iV

(V],VJ,S ) that share s < k vertices and a vertex z ¢ {v! sz ,vj,v]} US;US;, the probability thzat z is

adJacent to all vertices of S;US, at least 1 vertex among vl Vi
most 5y 2 —. Moreover, if s = k + 1, then this probability can be bounded by W since its maximum is

2 and at least 1 Vertex among v} 1s at

l’l

achieved when S; = S; J, v2 = v% and v1 # v1 In this case, there are exactly 5 ways to draw edges from z
to (v}, v, ;) and {v}, v} v j,vz} uS;uUs; that satisfies the mentioned restrictions.

IRRSR)

Therefore, we get

%y<£<n><k+2)<n—k—2><k+2)2 1F? (_2 3.9 )”‘2’“‘4“
e k+2) s J\kr2—s) 2 ) 2(59)-0) 242 T Q2kra—s

n

+

2>(k+2)(n—k_2)<k—£2>222(k§]?)"\2(w)< 223+2+2k5+3>n_k_3

ko (k+2\ (n—k=2
< ((EY)2+0(1))<SZI (S()k(LfZ)ZS)Z( exp {22"“ ]
(k+2)n k— 2) (HI)CX 5711
(.5) p[2k+3D

< ((EY)? +0(1)) (i (Wﬂ)sexp [2%9;1&} N (kl-kz).z("z‘)exp {;st ,

There is so = k(1 —o(1)) such that

n

oA o(1) for all s < sg.

If 5o < s <k, then

9n 3 3n  3k*In2
22k+4fs§1'2k+2: 3 (1+o(1)).

In the same way,

5n  5k*In2

DISCRETE ANALYSIS, 2025:6, 17pp. 10
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Therefore,

Y 50 /o 2 s
(Ell;)z <(1+o(1)Y ((";;2)2>

s=1

+exp K—klnn—i—kjan) (1+o0(1))+ 5k112n2(1 +o(1))]

+ f exp [(—slnn—l—s;an) (14+0(1))+ 3k281n2(1 +o(1))]

§(1+0(1))§<2]§2>s+ Y e [—(1—1—0(1))[(2::2]

2 n
+exp [—(1+o(1))k1122} —o(1).

2.2.4 The second moment of Z

Let J be the family of graphs on [k + 3] that is obtained from 3’",‘: ’ by transforming each F € J° ,f " into all
possible 23+3* graphs on [k + 3] containing F as a subgraph.

For any two tuples (v},v?,v3.S;) and (v],vj,vj,S ) that share s < k vertices and a vertex z ¢

vz vl j} US; US;, the probability that z is adjacent to all vertices of S; US;, either to v , or to

IRRAA R J’
both v,,vl,and either tov or to both vj,vf,

can be bounded by

is at most 22k 25 Moreover, if s = k+ 1, then this probability

s since its maximum is achieved when §; = S, v = v , and v}, 3 ,v;,vf are all

distinct. Finally, if s = k + 2, then this probability can be bounded by 52 e since its maximum is achieved

whenS,-:Sj,vi3 :vi,vz—v andv 7év
We have

<Zk:9 o\ (k3 (n=k=3\ (k+3\*_ 9P (. L2 n-2k—6+s
T &= \k+3 s k+3—s 3 22(@3)_(;) 2k+% 22k+6—s
no\ (k+3\ (n—k=3\ (k+3\? |F] 17
+9 ey (1 ZTHJr 5
k+3)\k+1 2 3 22(2)—(2) 2
k—

n k+3\*  |FP 5 nk—4
oo{i )t (7)o (2

Zkl () ()

2k+
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< ((E2)* +o(1)) (f (Wﬁ)Sexp i

n kT3 k1 CXP | Sk+a

As above we find 5o = k(1 —o(1)) such that 3575 = o(1) for all s < 9. Then

s <o) B (L) enp | (—kmn+ S m2+ 2002 (14011

s—1 sn

K2 17k%1n2
+exp [(—klnn+ln2+ & ) (1 +0(1))}

2 40
k 2 2
k 5k21n2
y exp[(—klnn—i—an—i— 1 >(1+0(1))]
1 2 16

S=S0+

N
g(1+o(1))szo<2k/2> +exp[ 1+o kzzlgz]:o(l).

3 Proof of Theorem 1.1 part 2

The proof strategy is very similar. The difference is that, instead of finding a monotone isomorphism-
closed family of graphs such that the respective expected number is asymptotically a constant, we find a
set S in one of the random graphs (say, G) that is ‘non-extendible’ in some sense, and show that in the
other random graph whp any set S, that induces a subgraph isomorphic to G;[S] is extendible.

Consider a uniformly distributed random graph G, on [n], and let X; be the total number of k-sets
S C [n] such that there is no vertex x outside S adjacent to all vertices in S. Then

1 n—k
EX; = <Z> <1 - 2,() =e/®  where f(k)=klnn—klnk+k—n2"%+0(nk).

Let k € R be such that f(k) = 0. Note that EX|;| < 1 and EX[;) > 1. Let A := [k]| — k. Then

FIK]) = fk) =2 (1-2"2+0(1)).

Note that we need EX[z) — oo in order to find in the first random graph a non-extendible [k|-set S. Also,

we need [k| '2< )EX rk] — 0 in order to show that in the second random graph there is no non-extendible
[k]-set that induces a graph isomorphic to the graph induced by S in the first random graph.
In order to be certain that EX[;) — oo, we need 1 — 274 to be bounded away from 0. Moreover,

in order to have [k] !2(7@) EX[x1 — 0, we need 1 — 274 not to be very large. Let us first consider the
sufficient restriction 0.05 < A < 0.95. For other values of A, we will slightly modify the sentence in the
same way as it was done in Section 2.1.2.

Since 1 —2~* is bounded away both from 0 and 1/2, we get that EXy — oo and [k (4 EX[x — 0.
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On the one hand, it means that P(Xm > 0) — 1. Indeed, to show this, it is sufficient (by Chebyshev’s
inequality) to prove that EXpq (X, — 1) = (140(1))(EX[47)?. Note that this second factorial moment
equals to the summation over all choices of pairs of distinct [k]-set S;,S; of the probability F; ; that each
of the sets does not have a vertex outside adjacent to all vertices inside. In Section 2.2.2, we showed that
the contribution of intersecting pairs is o( (EX[y )2). The contribution of non-intersection pairs is at most

2 n—2[k]
n 2
() (-am)  ~owr
as needed.

On the other hand, for a given graph F on [k], by the union bound, the probability that there is a set S
in G(n, p) that induces a subgraph isomorphic to F such that every vertex outside S is not adjacent to at

least 1 vertex of S is at most "
n (k]! 1 \"
(m)ﬂ%(“ﬁm> -0

Note that k = k + o(1) (recall that k is defined in Section 1 as the unique root of the equation
F4 (k) = 0) implying (since A > 0.05) that [k]| = [k]| = | k| + 1. The sentence requires [k| +1 < |k| +2
variables.

Finally, let either A < 0.05, or A > 0.95. Let Y be the total number of tuples (vi,v,,S), where
vi#w€eln],Se (["]\{Z"VZ}), such that there are no vertices x outside S1J{v,v,} adjacent to all vertices
from § and at least 1 vertex among v, v,. We have

n\ (n—2 3 \"k2
_ _ — 8k
=) (") (1-g) e

g(k) = (k+2)Inn —kInk+k—3n2"*2 + O(Ink).
Let kK € R be such that g(k') = 0. Note that X' = k+1og,3 —2+0(1) and

3 3
A=K —|K] :A+10g2§+o(1)— {A—i—logzz—&—o(l)J € (0.5,0.65).

Then EY};r) — o and (K] !2(7(2]( ) EYr1 — 0 as needed. In the same way as above, applying the bounds

from Section 2.2.3 and Chebyshev’s inequality, we get that P(Y > 0) — 1. Also, for a given graph F on
[[k]], by the union bound, the probability that there are a set S and a pair of distinct vertices vy, v, outside
S in G(n, p) such that S induces a subgraph isomorphic to F and every common neighbor u ¢ {vy,v,} of
S is not adjacent to any of vy, v, is at most

<z> (n(;}Z) 2[51}‘) (1 B 2%3+ . >nm2 0.

This finishes the proof of part 2 of Theorem 1.1 since the number of variables we need is [k'] +3 =
[k+1og,3—24o0(1)]+3=T[k|+2< |k]+3.
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4 Other logics and models of random graphs

Let us note that our results are immediately extended to infinitary FO logic with finitely many variables [13,
Section 11.1] since two graphs that satisfy the extension axiom ¢ are not distinguishable in the fragment
of this logic with k+ 1 variables as well [13, Proposition 11.8]. On the other hand, there are monadic
second order sentences such that their truth probability does not converge on G, to O or 1. Actually, 1
existential monadic quantifier and 2 FO variables is enough [15] to distinguish between two independent
uniformly distributed random graph on [n] at least for some sequences of n (note that in the cited paper it is
proven that there exist a sentence ¢ and two sequences n;,m; such that P(G,, = @) — 0 and P(G,, = ¢)
is bounded away from O; however, it is easy to see that the same method can be applied to show that there
exists a sequence n; such that P(G,, |= @) is bounded away both from 0 and 1 for the same sentence @).
It would be interesting to know if the same number of variables is sufficient for all large enough n to
distinguish between two independent random graphs on [n].

It would be also of interest to study distinguishability of random graphs with other probability
distributions. In particular, the classical 0-1 law [6, 8] can be generalized to the binomial random graph
G(n, p) for a wide range of edge probabilities p (note that p = 1/2 corresponds to the considered in the
paper uniform distribution): if np®* — o for all a > 0, then G(n, p) obeys FO 0-1 law [19]. Our results
can be also generalized to the same range of p = p(n). In particular, for every constant p € (0,1), we will
also get concentration of the minimum number of variables required to distinguish between two random
graphs in a set of constantly many numbers. Note that, in [12], it is proven that, for p = 1/2, there exists
a sequence {n; };cn such that whp the minimum quantifier depth (and, therefore, the number of variables)
of a FO sentence defining G(n;, 1/2) is concentrated in a set of 5 consecutive numbers. However, it is
not clear if there is a constant-size concentration interval for the whole sequence of n and also for other
constant p € (0,1).

The case p = n~% is different. When « is rational and belongs to (0,1] or & = 1+ L for some
m € N, then G(n, p) does not obey FO 0-1 law [18] since, for any such a, there exists a constant size
strictly balanced graph with density 1/ [16], and the number of isomorphic copies of such a graph in
G(n,n~%) converges in distribution to a Poisson random variable (see [1 1, Theorem 3.19]). Therefore,
with probability bounded away from 0, two independent copies of G(n, p) can be distinguished by a FO
sentence with constant number of variables (equal to the number of vertices in the mentioned strictly
balanced graph). It is also not hard to see that, for every € > 0, there exists a constant k = k(€) such
that two independent random graphs are k-distinguishable with probability at least 1 — €, since the joint
distribution of the numbers of copies of different strictly balanced graphs with the same density 1/o
converges to a vector of independent Poisson random variables (see [11, Remark 3.20]). It is not so
clear how to construct a fixed sentence with constantly many variables that distinguishes between two
independent random graphs with probability arbitrarily close to i. However, we believe that this is
possible and boils down to constructing strictly balanced graphs with fixed densities and linearly (in the
number of vertices) growing number of automorphisms.

If ¢ > 1 and @ # 1+ L for any m € N, then whp G(n, p =n~%) is a forest such that every tree with at
most |+ — 1] vertices appears as a component in G(n, p) at least n° times (for sufficiently small constant
€ > 0), and there are not trees of size (é —1] (see, e.g., [11, Theorems 3.4, 3.29]). Moreover, the number
of components isomorphic to a fixed small tree satisfies the central limit theorem [17]. From this, it is not
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hard to derive that n® variables is needed to distinguish between two independent copies of G(n, p), and
that this number is not concentrated in any bounded interval whp.

The most intriguing case is when o € (0,1) is irrational. Then the random graph G(n,p = n~%)
obeys FO 0-1 law [18]. So, any fixed sentence does not distinguish between two independent random
graphs whp. In the same way as in the case of rational &, one may consider an infinite sequence of strictly
balanced graphs H;, i € N, such that the density p(H;) = }ggzzg}
order to make the expected number of H; to be asymptotically a constant, we need |V (H;)| = Q(Inn).
Nevertheless, we conjecture that for every € > 0 and every £ < p < n~¢, the minimum number of
variables of a FO sentence that distinguishes between two independent copies of G(n, p) is o(Inn).

Finally, let us mention other random graph models, in particular random d-regular graphs G, 4.
Note that, in the dense case (say, d = $n(1+0(1))), FO 0-1 law holds [9]. However, our results
can not be immediately translated using, say, sandwiching techniques [7] since we need the coupling
G(n,p1) C Gna C G(n,py) with py, ps very close to d in order to translate the results, but this is not
likely to be true. However, we believe that an analogue of Theorem 1.1 holds true for G, 4 as well. Let us
also mention the sparse case of constant degree d: two random d-regular graphs can be distinguished with
constantly many variables since there is no FO 0-1 law due to the convergence to Poisson distribution of
the number of constant size cycles [21]. On the other hand, for sufficiently small € > 0, it is possible
to construct 3-regular non-isomorphic graphs on n vertices that can not be distinguished by at most €n
variables in the first order logic with counting quantifiers (that is even stronger) [4]. It is natural to ask the
same question about Cayley graphs. Do there exist 3-regular non-isomorphic Cayley graphs on n vertices
that can not be distinguished by at most €n variables in the first order logic with counting quantifiers?
Note that whp 4 variables is enough to distinguish between two independent uniformly distributed random
graphs by a FO sentence with counting [1]. It is also worth noting that distinguishing Cayley graphs
in FO logic with counting was studied: for example, in [14, 20], this question is addressed in circulant
graphs; see also [3], where the effectiveness of FO logic with counting for distinguishing finite groups is
investigated.

approaches é as [ — oo, However, in
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