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Abstract— Learning from data plays a major role in
understanding complex natural and engineered systems. System
identification (SysID), as a data-driven modelling technique,
provides a powerful tool for building dynamical system models.
Building models from noisy small data is a challenging research
question in many practical problems. This paper is concerned
with parsimonious and transparent modelling of dynamical
systems which are of high interest in many real applications.
Sparse Bayesian learning (SBL), due to its ability to use prior
information to generate sparse predictive models, is employed in
this study to estimate models from small data. The performance
of the proposed sparse Bayesian learning approach is tested
using real-life data. Experimental results show that the SBL
approach shows strong performance for solving small data
modelling problems.

Index Terms—dynamical system, interpretable modelling,
nonlinear system, small sample size, small data, sparse Bayesian
learning, system identification.

I. INTRODUCTION

System identification (SysID) is a methodology that is widely
used for building mathematical models of dynamical systems
from measured input and output data [1]. SysID and machine
learning (ML) share many common aspects in their
implementation procedures including data acquisition and
processing; model structure selection; model training,
parameter estimation; and model verification, validation and
refinement [2],[3]. SysID was initially invented in the field of
control engineering [1], but gradually it has been widely used
in many other fields. Traditionally, the most important
primary roles or tasks of SysID is to construct models that
enable physical interpretability or mechanistic understanding
of black-box systems of interest, so as to facilitate system
design [4]-[6], system analysis and operation [7], forecasting
and predictive analysis and so on [8]-[11]. To meet these
requirements, many linear and nonlinear parametric models
have been developed, including the commonly used ARX
(AutoRegressive with eXogenous inputs) and ARMAX
(AutoRegressive Moving Average with eXogenous inputs) [2],
and NARX (Nonlinear ARX) and NARMAX (Nonlinear
ARMAX) [3]. These models have several attractive
advantages, for example, they are transparent, interpretable,
and simulatable; allow analysis in both the time and frequency

domains; and can well represent and approximate a wide
range of linear and nonlinear dynamical systems in real world
problems. Other types of models, e.g., neural networks [12]
and deep learning [13],[14] have also been introduced and
adapted for system identification where the primary objective
is usually to make predictions, with less or little attention
being paid to model explanation and interpretation.

In many real applications, SysID is concerned with
constructing transparent and interpretable models. For many
real problems, especially those relating to complex nonlinear
black-box systems, the initially specified full models can be
very complex and highly redundant due to the inclusion of
many irrelevant model terms (or regresors). This is
particularly true for problems involving a great number of
input and output variables. Model selection plays a crucial
role for achieving best parsimonious models [3]. Many
efficient sparse learning methods have been developed over
the past years or decades, including greedy search methods
such as orthogonal least squares (OLS) [15],[16] and
orthogonal matching pursuit (OMP) [17],[18], least absolute
shrinkage and selection operator (LASSO) [19],[20], Lo-
regularisation [21],[22], sparse Bayesian learning (SBL) [23]-
[26], and randomised methods [27]-[29]. Each of these
methods has its own strengths and limitations [30]-[31].

Building models with small data is an important and
challenging issue in many practical applications, e.g. in
seasonal weather and crop yield forecasting [32]. When the
data are obtained under non-persistent excitation conditions
(e.g., system inputs are not persistently exciting) [33], or the
system to be modelled is highly nonlinear and has many
inputs [8],[9], it is even more difficult and challenging to
develop reliable models.

This paper endeavours to build transparent, interpretable,
parsimonious and simulatable (TIPS) models [11] from small
data wusing sparse Bayesian learning techniques. The
originality and contributions of the work are as follows: 1) it
endeavours to tackle the challenge of small data modelling
problem by introducing an SBL approach; 2) it incorporates
two model selection schemes, i.e., the Bayesian Information
Criterion (BIC) and a penalized error-to-signal ratio (PESR)
metric, into the associated modelling procedure to reduce the



model redundancy so as to refine the model and control the
model complexity; and 3) the ability of the SBL model
performance is benchmarked through solving a small data
modelling problem in climate relating to annual iceberg
prediction in the Northwest Atlantic.

The remaining of the paper is organised as follows.
Section 2 introduces SysID and NARX models. Section 3
presents the theory of the SBL framework for NARX model
identification. Section 4 provides a case study to demonstrate
the SBL efficacy for sparse model identification of a system
driven by multiple inputs. A summary and suggestions for
future work are provided in Section 5.

II. IDENTIFICATION OF NONLINEAR DYNAMICAL SYSTEMS
USING PARAMETRIC MODELS

For a black-box system whose internal structure is completely
unknown but whose inputs and outputs can be measured, we
would usually have a variety of choices of models and
modelling approaches to approximate the system input-output
behaviour to some extent. In practice, the ultimate goal of
SysID is to find a model or a set of models that can
characterise the system input-output relationship as accurate
as possible. Moreover, in many cases, model interpretability
may be highly desirable or crucial [34]. Keeping these in
mind and emphasizing the Occam’s razor from a means-ends
perspective [35],[36], the focus of the paper is on transparent
modelling to be achieved through sparse Bayesian learning.

NARX models, which include many linear and nonlinear
models as special cases, are among the most commonly used
representations for nonlinear dynamical identification [3]. For
a general multiple-input, single-output (MISO) system, the
NARX model can be represented as:

y(0) = flyt=1), y(t=2)..., y(t—n,),
u,(t=7),u,(t—7=1),...,u,(t—n,),..., (1)
u (t—7)u (t—7+1),.,u (t—n)l+e(t)
where u1(?), ux(?), ..., u{t) are r input signals, y(?) is the output
signal, and e(k) is noise signal; n, and n, are the associated
maximum time lags; 7 is the time delay between the response
and the inputs, and usually 7 = 0 or 7 = 1; f[*] is an unknown
function to be built from data. Note that e() is unobservable
and can only be estimated based on an identified model; it is
usually estimated using model prediction as e(f) = y(t) — y(t)

where () represents a model predicted value. Eq. (1) can be

easily extended to multi-input, multi-output (MIMO) cases in
a straightforward way (see e.g. [3],[37],[38]).

Define

x(@®) =[x,(1),....x,(1)]
= (9= D)ooy Y= Yoty (= T),sty (=),
u, (t=1),...,u,(t—n,)] 2

Eq. (1) can then be rearranged to a linear-in-the-parameters
(LIP) and nonlinear-in-the-variables (NIV) form as follows:

YO =6+ 0,0, 1) +e() 3)

m=1

where n = ny+ vn,, meaning that the values of the regressors
@, (m=12, ..., M) are completely determined by the lagged

variables defined in (2). Model (3) is usually referred to as an
initial candidate full polynomial NARAX model, which is
often represented in matrix format as:

y=®0+e )
where @ =[@,,9,,....9,, ] . with (|)0=[1,1,...,1]T :

0, =lg,D,...o,®O] m=1,..,N), 0=[6,,...0,]is a
vector of unknown parameters. Egs. (3) and (4) are referred to
as Nonlinear Lagged Inputs and Outputs (NLIO) model [38],
which is represented in a LIP-NIV form.

The main objective of SysID is to find a sparse solution,
amounting to finding the best subset model consisting of s
elements (model terms/regressors) selected from the M
candidates, such that the s elements can well characterise the
response y. In many cases, the problems to be solved in
nonlinear SysID are ill-conditioned as the number of
regressors is far larger than the number of samples (s << M).
Therefore, efficient methods for sparse model identification
are very important and useful. The following section presents
such a method.

ITI. SPARSE BAYESIAN LEARNING FOR NARX IDENTIFICATION

The central task of sparse model identification to significantly
reduce the initial full models (3) and (4) through estimating
and optimising the model parameters 8,, (m=0, 1, ..., M). To
emphasise this, the LIP-NIV model (4) can also be written as
y=f(x; )= 0O + e. In recent years, SBL methods have been
employed to solve the model as well as multiple regression
[39]-[42]. In the following, the theory of the SBL method
proposed in [23]-[26] is briefly introduced.

A. Multiple Regression from a Bayesian Perspective

Assume the values of the noise sequence e(k) in (4)
independent and follow a Gaussian distribution with mean
zero and limited variance ¢, ie., e(f)~N(0,0%). Thus, the
distribution of the noise over the complete data is
ple) :HtN:lN(e(t)|0,o-2) [24], [26]. In practice, the true

value of the variance ¢2is not known; it can and needs to be
estimated from data. With this error model, the likelihood of
the complete data of interest can be formulated as:

py10.0) =[], p(y®)]0.5%)

.o 2
11" L exp| 2O ()Z(t)’e) |
“2rc’ 20
—Po|P
=2rc?) " exp (_—lly 29 I j 5)
20
To effectively estimate the M+1 model parameters, a prior

function involving M+1 independent hyperparameters is
proposed in [24] which takes the form:

p@|a) =) PN ol exp[—

m-m

L eZJ ©)
2



where a=[q,,a,,...,, ]T , each element individually

controls the strength of the prior over its associated model
parameter. This function plays a major role in achieving
sparse models by eliminating unimportant regressors.

Following the Bayes’ rule, the posterior distribution over
all the unknowns can be desired as follows:

p®,a,0” |y)=p@|y,a,c°)p(a,c’ |y) 7

where p(9|y,a,0'2) is the posterior distribution of the

regression coefficients. Given @, this posterior distribution is
tractable as follows [23]:

p(y|0.0°)p(0|a)
p(y|a,c?)

— (27[)—(M+l)/2 | Z |—1/2 exp{ _% (e _ u)T Z_l (e _ H)J (8)

p@|y,a,c%)=

where
L=(0c"®'®+A)", n=c"Z®y ©

with A =diag(e,,,,....,,) -

To facilitate Bayesian inference for sparsity determination
and model parameter estimation, a most probable point (MPP)
approach was proposed in [24],[25] using a type-II maximum
likelihood procedure, through which sparse Bayesian learning
is achieved by maximising (locally), with respect to o, the
following logarithm-form marginal likelihood:

L@)=log p(y|a,0”) = [ p(y|8,67)p(0] 0)d0
= —%[Nlog(27r)+log |C|+y'Cy] (10)

where C=o"I+®A'®" . Denote by o™ a solution
obtained via the most probable point method. A point estimate
pM? = o2 sMPP@’y can then be obtained as, leading to a

final approximator f (x;p™") = ®pu™" of y.

The values of the M +1 hyperparameters can be updated
using gradient-based approach. The update formulas can be

obtained by differentiating log p(y | a,0°) with respect to
a, (m=0,1,....M) and o’ By setting the derivatives to zero

and rearranging, we obtain the following updated as [26]:

o =Ln (11
/l'lm
(o)™ = ||y—<1:4u||2 (12)
N_Zm:() j/’n
where ¥ =1-¢ X . with y €[0,1] being a measure of

defining the characteristic of the automatic relevance
determination (ARD) prior and evaluating how well the
parameter 6,, is determined for the data.

B. The Computational Procedure of SBL

The procedure of the sparse Bayesian inference algorithm for
NARX model identification is summarised below:

Determine the regression matrix @ defined in (4).
Estimate the variance o of the target signal y.

Initialise the parameter vector ¢, (m=0,1, ..., M).
Compute the posterior statistics 2 and p using (9).
Compute y, =1-¢ X  (m=0,1,...,M).

Update ¢, and o? using (11).

Go to step 4 and repeat steps 4-6 until convergence.
Remove the corresponding regressiors from the model

described by (4) if the computed optimal a,, = oo as
this implies u,, = 0 from (9).

C. Model Identification Procedure with SBL

In SBL, the importance or relevance of an individual
regressors of the model is determined by the weight assigned
to them: regressors with higher weights which are not
penalised to zero are considered more important than those
with relatively smaller weights. SBL determines the
importance by maximising the marginal likelihood function
with respect to all the hyperparameters a,, (m=0,1, ..., M).

PN A W

Our empirical experience shows that more than occasional
SBL may include redundant regressors in the final determined
models. To reduce the irrelevant regressors, we introduce two
model selection schemes, i.e., the Bayesian Information
Criterion (BIC) and a penalized error-to-signal ratio (PESR)
metrics [43], into the associate modelling procedure to reduce
the redundancy of the model produced by SBL. The
procedure is as follows:

1. Perform SBL.
. Rank the regressors based on their importance.
3. Use BIC and a penalized ESR (PESR) [] to control
the model complexity (model length):

BIC,, = Nlog(MSE, )+ mlog(N) (13)
2 2

PESRmz[ N J”S'"HZ (14)
N—am) |yl

where y is an observation vector on a dataset of interest, &n
and MSE,, are the model residual vector and mean square
error related to the m-term model produced by the proposed
sparse modelling approach. 1 is an adjustable parameter; it is
chosen to be 1 in this study. The metric PESR in (14) is a var-
iant of the metrics defined in [44], [45].

IV. NUMERICAL EXPERIMENTS

This section provides an example to illustrate how SBL
approach works for model identification of nonlinear
dynamical with small data of the annual icebergs in the
Northwest Atlantic. The dataset used in this work contains 40
annual measurements of the period 1982 — 2021. The
descriptions of the response (Iceberg counts) and the nine
potential drivers are shown in Table I, and more details can be
found in [46]. This is a very typical small sample size data
modelling problem, for which most complicated machine
learning methods may not work (see e.g. [32]).

A. Experimental Settings

The initial full NARX model includes 220 terms, composed
of all the lagged variables, e.g. Winter NAO(t-1),



Air_Temp(t-1), and all their quadratic and cubic cross-product
terms e.g. [Winter_ NAO(t-1)]X[Sea_Ice(t-1)]x[Sea_Ice(t-1)].

The 40 samples were separated to two parts: the first 30
(1982-2011) were used for model training and validate, and
the remaining 10 (2012-2021) were used for model testing. A
leave-one-out (LOO) cross-validation was performed for
model validation.

TABLE L
DESCRIPTIONS OF THE RESPONSE AND POTENTIAL DRIVERS [46].

Icebergs and | Descriptions

potential drivers

Iceberg count Normalized anomalies of the number of icebergs
crossing 48degN on the Grand Banks.

Winter NAO Average North Atlantic Oscillation over the months
of December to March.

Air Temp Mean normalized anomalies of annual air
temperature.

Sea Ice Mean normalized anomalies of Sea ice maximum area
and season duration for Northern Labrador, Southern
Labrador and Newfoundland shelves.

SST Mean normalized anomalies of Sea Surface
Temperature over NAFO divisions 2HI3KLNOP.

S27 Temp Normalized anomalies of the vertically-averaged
temperature at Station 27.

S27 Sal Normalized anomalies of the vertically-averaged
salinity at Station 27.

S27 CIL Normalized anomalies of the summer (June-August)
cold intermediate layer core temperature at Station 27.

CIL area Mean normalized anomalies of the summer cold
intermediate layer area over hydrographic sections
Seal Island, Bonavista and Flemish Cap on the
Newfoundland and Labrador shelf.

Bottom Temp Mean normalized anomalies of the bottom
temperature during spring (NAFO divisions 3LNOPs)
and fall (NAFO divisions 2HJ3KLNO).

B. Results

The results produced by SBL are shown in Table II. For
comparison purposes, the elastic-net LASSO method [20] was
also performed to the same data, with the same model
experimental settings. The results given by elastic-net are
shown in Table III. The values of MSE and R? (coefficient of
determination) of the models clearly show that SBL
significantly outperforms elastic-net for the problem here. For
graphical illustration purposes, a comparison between model
predictions (based on Table I) and the corresponding
measurements, on the training period (1982-2011) and the
testing period (2012-2021), are shown in Fig. 1.

It is worth mentioning that traditional Bayesian learning
(TBL) does work for the data modelling problem here. For
example, while a TBL algorithm performs perfect on the
training data (1982-2011) with R* =0.9876, it does not show
any prediction skill on the testing data (2012-2021) where

R? =-0.1520.

V. CONCLUSION

In this study an SBL approach was presented for model
identification of nonlinear dynamical systems with small data;
the efficacy of the approach was tested on a real-life problem
predicting annual icebergs in the Northwest Atlantic. The
performance of SBL was analysed and compared with that of
elastic-net LASSO and traditional non-sparse Bayesian

learning. SBL showed promising performance for solving the
small data modelling problem. However, SBL has some
drawbacks, for example, our previous experience showed that
it was less effective when data are contaminated by non-
Gaussian noise; the computational load of SBL could be very
high when dealing with data modelling problems in high-
dimensional space, e.g. when the number of variables and
model training samples are large.

This study has its limitation, e.g., the experiments are far
from comprehensive; more work needs to be done to further
test and exploit the potentials of SBL.

TABLE IL.

THE MODEL PRODUCED WITH SBL.

Model Term Coefficient
1 Air_Temp(t-1) 0.9266
2 Winter_NAO(t-1) x Sea_Ice(t-1) x Sea_Ice(t-1) 0.3139
3 S27_CIL(t-1) -0.4385
4 S27_Temp(t-1) x S27_Temp(t-1) 0.4318
5 Winter NAO(t-1) x Sea_Ice(t-1) 0.0045
6 | Winter_NAO(t-1)x Winter_NAO (t-1)x Winter_NAO -0.2196
7 Winter NAO(t-1)x S27_CIL(t-1) -0.3274

MSE = 0.3505 on training data; MSE = 0.5343 on testing data;
R?=0.7098 on training data; R?=0.4033 on testing data.

TABLE IIL.

THE MODEL PRODUCED WITH LASSO.

Model Term Coefficient
1 Air_Temp(t-1) 0.3910
2 Winter NAO(t-1)x Sea_Ice(t-1) -0.2246
3 Winter_NAO(t-1) x Sea_Ice(t-1) x Sea_Ice(t-1) 0.2164
4 Sea_lIce(t-1) x S27_Sal x S27_Sal -0.0274
5 S27_Sal(t-1) x CIL area(t-1) x Bottom Temp(t-1) 0.1779

MSE = 0.5169 on training data; MSE = 0.7477 on testing data;
R?*=10.6350 on training data; R?=0.0549 on testing data.

Normalised Iceberg

[195% prediction interval
~e-Measurement
-2-Model prediction
—Lower boundary
—Upper boundary

_1980 1985 1990 1995 2000 2005 2010 2015 2020 2025
Year

Fig 1. A comparison between model predictions (based on Table IT)
and measurements.
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