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Abstract

Multiscale mathematical models of hepatitis C infection have been instrumental in our understanding of direct acting antivirals.

These models include the mechanisms driving intracellular viral production and explicitly model the intracellular concentration

of viral RNA. Incorporating proliferation of infected hepatocytes in these models can be subtle, as infected daughter cells inherit

viral RNA from the proliferating mother cell. In this note, we show how to incorporate this inheritance within a multiscale model

of HCV infection. As in typical multiscale models of HCV infection, we show that this model is mathematically equivalent

to a system of ordinary differential equations and perform bifurcation analysis of the resulting ODE that demonstrates that

proliferation of infected hepatocytes can lead to infection persistence even if the basic repoductive number is less than one.
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1 Introduction

Mathematical modeling has been instrumental in our understanding of viral kinetics during hepatitis C virus (HCV) infection.

For example, viral dynamic modeling has directly linked observed viral kinetics during antiviral treatment with mechanistic

insights into the HCV viral lifecycle [36, 37, 39, 48]. These viral dynamics models have also identified the specific antiviral

effects of direct acting antivirals against HCV and determined the minimum treatment duration to drive cure of HCV infection

[11, 12, 23, 25, 36, 50]. Recent work has coupled the standard viral dynamics model with essential portions of the intracellular

viral life cycle in multiscale viral dynamics models [3, 21, 42]. These multiscale models typically consist of one or more

coupled structured partial differential equations (PDEs) that explicitly model the production of virus within infected hepatocytes

with a system of integro-differential equations describing the dynamics of uninfected hepatocytes, infected hepatocytes, and

circulating virus.

These multiscale models can be mathematically complex to analyse and computationally demanding to simulate [22, 32, 42,

46, 47, 52]. Accordingly, Kitagawa et al. [29] established the mathematical equivalence between the coupled system of integro-

differential equations, for the case in which the model parameters are constants, and a system of ordinary differential equations

(ODEs) using techniques similar to the linear chain trick. This equivalence greatly facilitates the use of these multiscale models

when analysing clinical data, as the equivalent ODE formulation can be used to estimate model parameters, and has been

extensively utilized both in the context of HCV and other viral infections [18, 26, 27]. Alternative modeling frameworks,

either in the form of highly detailed ODE models of intracellular viral components [1, 13, 22, 56] or multiscale models that

utilize the intracellular concentration of viral RNA as an independent variable in the resulting PDE [54, 55] have also been

used to understand the dynamics of HCV infection. However, to our knowledge, no existing models capture the inheritance of

intracellular viral material upon proliferation of HCV infected hepatocytes, which is particularly relevant for HCV, as it is a

completely cytoplasmic virus.

The HCV viral life cycle begins with virus entry and release of the positive strand viral RNA (vRNA) within the cytoplasm of

infected hepatocytes. This vRNA is translated and replicated into a negative sense RNA intermediary that permits replication

of positive strand vRNA [31, 42]. This positive strand vRNA is then assembled into enveloped viral particles that are released

into the circulation. Importantly, each stage of the HCV viral replication cycle occurs in the cytoplasm of infected hepatocytes.

Consequently, the intracellular vRNA within the cytoplasm is divided during proliferation of infected cells, with daughter

cells inheriting intracellular viral material. Including infected cell proliferation in mathematical models that do not capture

the dynamics of the intracellular viral life cycle is straightforward, as the daughter cells are treated as being identical to the

proliferating mother cell [9, 10, 11, 12, 44, 50]. Conversely, in the multiscale models that have elucidated the effect of direct

acting antivirals, accurately capturing infected cell proliferation is delicate, as these models must explicitly track the inheritance

of intracellular virus from mother to daughter cells.

In recent work, Elkaranshawy and Ezzat [17] adapted the standard multiscale model of HCV infection introduced by Guedj

et al. [21] to include the proliferation of infected cells. However, Elkaranshawy and Ezzat [17] worked directly with the

equivalent ODE system derived by Kitagawa et al. [29] rather than considering the underlying multiscale coupled system of

PDEs and integro-differential equations. We show in Appendix F that this direct adaptation of the ODE model results in the

spontaneous generation of intracellular vRNA during proliferation of infected cells thus invalidating the model. Here, we adapt

the standard multiscale model of HCV infection[21] Guedj et al. [21] to include infected cell proliferation beginning from

the PDE formulation that distinguishes between intracellular and extracellular dynamics. Then, as in the multiscale modeling

framework analysed by Kitagawa et al. [29], we demonstrate that the resulting multiscale PDE model is equivalent to a system

of ODEs under the assumption that all intracellular model parameters are constant functions of infection age. Consequently,

we develop a modeling framework that captures both the intracellular viral life cycle and the inheritance of intracellular virus

during proliferation.

In developing this multiscale model, we initially only distinguish between newly infected cells and those that arise from pro-

liferation of an infected mother cell. However, infected hepatocytes arising from proliferation will, on average, inherit half

the vRNA from the mother cell before producing vRNA throughout their lifetime. Consequently, intracellular vRNA may

accumulate within later generations of infected hepatocytes. We therefore develop a model to track the inheritance of vRNA

across generations of infected hepatocytes. The resulting model is an infinite system of coupled partial differential equations

that captures generational inheritance of vRNA in a similar manner to Belluccini et al. [2]. We show that the dynamics of this

generational model are identical to those of the simpler modeling framework that only distinguishes between newly infected

cells and those arising from proliferation.

Finally, we study the qualitative dynamics of the multiscale model with proliferation and vRNA inheritance. We calculate the

basic reproduction number R of this multiscale model and give sufficient conditions to ensure that the uninfected equilibrium

undergoes the standard forward transcritical bifurcation at R = 1. We also demonstrate the existence of proliferation-driven
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bistability between the uninfected equilibrium and a total-infection equilibrium that is driven by a backwards bifurcation of

the uninfected equilibrium. This bifurcation analysis extends earlier work by Reluga et al. [44], who identified a backwards

bifurcation in the standard viral dynamics model with proliferation of infected cells under quasi-steady state assumptions. We

then study the boundary between these forward and backward bifurcations of the uninfected equilibrium by demonstrating the

existence of a saddle-node transcritical bifurcation. To our knowledge, this is the first saddle-node transcritical bifurcation

identified in a relatively simple model of viral dynamics with only quadratic non-linearities. We illustrate our analytical results

using numerical bifurcation analysis in Matcont [14].

2 Multiscale model of the HCV viral life cycle

We begin with the standard viral dynamics model that captures the extracellular dynamics in our multiscale model of HCV

infection. The standard viral dynamics model tracks the dynamics of uninfected hepatocytes, T (t), infected hepatocytes, I(t),
and free virus, V (t) [36, 40]. Typically, uninfected hepatocytes are produced at a constant rate λ , have a per capita death rate

dT , and are infected at a constant rate β by free virus. Infected hepatocytes die at per capita rate δ and produce free virus with

a per capita production rate p. The free virus is then cleared at a per capita rate c, leading to the standard viral dynamics model



























d

dt
T (t) = λ −dT T (t)−βV (t)T (t),

d

dt
I(t) = βV (t)T (t)−δ I(t),

d

dt
V (t) = pI(t)− cV (t).

(1)

This model has been instrumental in our understanding of many viral infections, including HIV-1 and HCV [36, 37, 38, 39, 40],

and forms the backbone of the interactions at the extracellular scale in our multiscale model.

2.1 Multiscale model of HCV infection without infected cell proliferation

The standard viral dynamics model Eq. (1) does not account for the intracellular processes leading to the production of virus.

Thus, Guedj et al. [21] introduced a multiscale model to capture the production of vRNA within infected hepatocytes. This

model accounts for the infection age, or time since infection of an infected hepatocyte. Then, with i(t,a) denoting the density

of infected cells with infection age a at time t, the total concentration of infected cells is

I(t) =
∫ ∞

0
i(t,a)da.

Infected cells are lost at an infection age independent rate δ . We denote the amount of vRNA per infected hepatocyte with

infection age a at time t by r(t,a), and assume that vRNA is produced by infected hepatocytes at a constant rate α. Intracellular

vRNA degrades at a per capita rate µ or is assembled into viral particles and exported into the circulation at a per capita rate ρ .

Thus, the rate at which vRNA is secretedas virions by infected hepatocytes into the circulation is given by ρR(t), where R(t) is

the total concentration of intracellular vRNA within infected hepatocytes defined by

R(t) =
∫ ∞

0
r(t,a)i(t,a)da.

The dynamics of uninfected hepatocytes and circulating virus are unchanged from the standard viral dynamics model, so the

multiscale model of HCV infection is given by



































d

dt
T (t) = λ −dT T (t)−βV (t)T (t),

(∂t +∂a)i(t,a) =−δ i(t,a),

(∂t +∂a)r(t,a) = α − (µ +ρ)r(t,a),

d

dt
V (t) =

∫ ∞

0
ρr(t,a)i(t,a)da− cV (t).

(2)

The boundary conditions of Eq. (2) correspond to newly infected cells, which are infected hepatocytes with infection age a = 0
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and ζ copies of intracellular vRNA

i(t,0) = βV (t)T (t) and r(t,0) = ζ .

Guedj et al. [21] assumed that ζ = 1 vRNA/cell, although Kitagawa et al. [29] considered multiple infection events and allowed

ζ ⩾ 1. Then, Eq. (2) has initial conditions

V (0) =V0, T (0) = T0, i(0,a) = fi(a), and r(0,a) = fr(a).

The initial age distributions fi and fr are typically taken to be integrable, non-negative functions. We note that, along the

characteristics of Eq. (2), the concentration of infected hepatocytes decays exponentially so we do not impose a maximal

lifespan for these cells. A similar argument shows that the density of vRNA within infected hepatocytes, r(t,a), is bounded as

a function of a. Consequently, the integral defining R(t) is well-defined. We give a schematic representation of the multiscale

model Eq. (2) in Fig. 1A and B.

Then, under the assumption that the rates δ ,µ,α, and ρ are independent of infection age, Kitagawa et al. [29] used the PDE (2)

and the definitions of I(t) and R(t) to show that Eq. (2) is mathematically equivalent to











































d

dt
T (t) = λ −dT T (t)−βV (t)T (t),

d

dt
I(t) = βV (t)T (t)−δ I(t),

d

dt
R(t) = ζ βV (t)T (t)+αI(t)− (ρ +µ +δ )R(t),

d

dt
V (t) = ρR(t)− cV (t).

(3)

Here, the initial conditions for I and R arise naturally from the initial densities of the multiscale model Eq. (2) and are given by

I(0) =
∫ ∞

0
i(0,a)da =

∫ ∞

0
fi(a)da and R(0) =

∫ ∞

0
r(0,a)i(0,a)da =

∫ ∞

0
fr(a) fi(a)da.

Often, models such as Eq. (3) are used to describe the viral kinetics in chronically infected participants in clinical trials of novel

antivirals that, for example, reduce the rate of vRNA replication, α , or the rate of viral production ρ [21, 30]. We show how

the assumption of chronic infection naturally defines the initial densities fi(a) and fr(a) in Appendix B and discuss how to

incorporate the antiviral effects of direct acting antivirals in Appendix E.

3 Infected cell proliferation in a multiscale model of the HCV life cycle

We now incorporate cellular proliferation in the multiscale model Eq. (2). Rather than including the constant production of

uninfected hepatocytes with rate λ and the death of uninfected hepatocytes with per capita rate dT as in Eq. (3), we assume that

uninfected hepatocytes proliferate with net growth rate b(t) as the immigration of new hepatocytes from precursors is typically

slow [20, 44]. This net growth rate b(t) is often chosen to capture logistic growth [9, 11, 13, 17, 19, 20], although other choices

are possible. The resulting ODE for uninfected hepatocytes is therefore

d

dt
T (t) = b(t)T (t)−βV (t)T (t).

Next, we consider the proliferation of infected hepatocytes within the multiscale modeling framework before demonstrating

how to model cellular inheritance of intracellular vRNA. Here, with the exception of infected cell proliferation, the intra- and

extracellular processes leading to vRNA production are unchanged from Eq. (2) and represented in Fig. 1.

Now, let H(t,a) be the rate at which infected hepatocytes with infection age a proliferate at time t. We assume H(t,a) can be

written as the product of the net growth rate of infected cells, denoted by b(t), and the likelihood that a cell with infection age a

proliferates, denoted by h(a), so H(t,a) = h(a)b(t). There is in vitro evidence that infected hepatocytes may proliferate slower

than uninfected cells [53]. In our multiscale modeling framework, the function h(a) captures this difference in proliferation

rates between uninfected and infected hepatocytes, as taking h(a) < 1 implies that infected hepatocytes proliferate slower

than uninfected cells. Some existing ODE models of HCV infection also sometimes include different proliferation rates for

uninfected and infected hepatocytes [9, 13, 44].
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Figure 1: Schematic of the multiscale model of HCV infection. A) The intracellular HCV life cycle, which begins

with infection of a hepatocyte and the release of positive strand vRNA, shown in blue and denoted vRNA(+), into

the cell cytoplasm following the uncoating of the HCV viral capsid. This vRNA is translated into viral proteins,

such as the RNA-dependent RNA polymerase and other proteins that first copy the positive strand vRNA into its

complementary negative strand, shown in orange and denoted vRNA(-), and then form a replication complex, or

replication machine, that generates new positive stand vRNA at rate α . This positive strand vRNA can be degraded

at rate µ , or assembled into HCV particles and exported into the circulation at rate ρ . B) The HCV extracellular

dynamics, where uninfected hepatocytes (T ) are produced due to net proliferation at rate b(t), and become infected

cells (I), following infection by virus (V ) at rate β . Infected cells are lost at per capita rate δ and secrete vRNA

containing particles as virus (V ) into the circulation. The circulating virus is cleared at per capita rate c. C) The

progression of a cohort of infected hepatocytes with chronological time and infection age on the horizontal and

vertical axes, respectively. Upon infection, infected hepatocytes have infection age a = 0 and progress through time-

age space along the solid lines, which are the characteristic curves of the multiscale PDE. Infected cells are removed

from the cohort due to death, which occurs at a constant per capita rate δ , or when proliferating at rate b(t)h(a). An

infected hepatocyte with four blue intracellular vRNA molecules proliferates to produce two daughter cells, each

with two intracellular vRNA molecules, which appear at the boundary with infection age a = 0.
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Here, we assume that the probability of a cell with infection age a undergoing proliferation is given by a random variable A.

Then, h(a) is the hazard rate defined by A [5]. Proliferation results in the removal of the mother cell with infection age a > 0

and the production of two daughter cells with infection age a = 0 for a population net increase of one cell per mitotic event [7].

We illustrate the proliferation of infected hepatocytes within this time-since-infection framework in Fig. 1C.

We distinguish between newly infected cells, denoted by i0(t,a), and infected cells that arise as the result of proliferation of an

infected cell, denoted by ip(t,a). We assume that the dynamics of these two populations of cells are otherwise identical and

satisfy

(∂t +∂a)i0(t,a) =−[δ +b(t)h(a)]i0(t,a) and (∂t +∂a)ip(t,a) =−[δ +b(t)h(a)]ip(t,a),

where we recall that δ is the infection age independent per capita death rate of infected cells. The total number of infected

hepatocytes undergoing proliferation at time t is given by

∫ ∞

0
b(t)h(a)i0(t,a)da+

∫ ∞

0
b(t)h(a)ip(t,a)da.

As proliferation of infected hepatocytes results in daughter cells with infection age a = 0, these proliferating cells appear in the

boundary conditions of the PDEs

i0(t,0) = βV (t)T (t) and ip(t,0) = 2

∫ ∞

0
b(t)h(a)i0(t,a)da+2

∫ ∞

0
b(t)h(a)ip(t,a)da.

We now turn to the dynamics of intracellular vRNA within proliferating infected hepatocytes. We once again distinguish

between the vRNA within newly infected cells, r0(t,a), and the vRNA within infected cells that arose from proliferation,

rp(t,a). As before, we assume that intracellular vRNA is assembled into viral particles and exported into the circulation at per

capita rate ρ and degrades intracellularly at rate µ . When an infected hepatocyte proliferates, the mother cell is removed from

the infected cell density with age a > 0. However, in the same way that death of infected cells does not decrease the amount of

vRNA within the remaining infected cells, this proliferation does not result in a corresponding decrease in the amount of vRNA

within the remaining cells of age a. Consequently, the PDEs describing r0(t,a) and rp(t,a) are given by

(∂t +∂a)r0(t,a) = α − [µ +ρ]r0(t,a) and (∂t +∂a)rp(t,a) = α − [µ +ρ]rp(t,a).

The boundary condition for r0(t,a) corresponds to vRNA arising from infection with r0(t,0) = ζ . Now, the total concentration

of vRNA within proliferating infected cells that have not previously proliferated, i.e. the cells denoted by i0(t,a) that are

proliferating, is given by

∫ ∞

0
r0(t,a)b(t)h(a)i0(t,a) da,

while the total concentration of vRNA within proliferating infected cells that have previously proliferated, i.e. infected cells

ip(t,a) that are proliferating, is given by

∫ ∞

0
rp(t,a)b(t)h(a)ip(t,a) da.

Upon mitosis, the daughter cells inherit, on average, half the intracellular vRNA of the mother cell prior to division. The

average intracellular vRNA is given by the total concentration of vRNA within proliferating infected cells divided by the total

number of proliferating cells, so

rp(t,0) =
1

2

[∫ ∞
0 r0(t,a)b(t)h(a)i0(t,a) da+

∫ ∞
0 rp(t,a)b(t)h(a)ip(t,a) da

∫ ∞
0 b(t)h(a)i0(t,a) da+

∫ ∞
0 b(t)h(a)ip(t,a) da

]

.

The assumption that each daughter cell inherits half the average vRNA within proliferating cells may appear to over-simplify the

potential accumulation of vRNA within infected hepatocytes. Consequently, in Section 3.2, we extend this model to explicitly

track the generational accumulation of vRNA within infected hepatocytes. We then show that the population-level dynamics of

the model that tracks generation inheritance are precisely the same as assuming that each daughter cell inherits half the average

vRNA within proliferating cells.

Finally, we assume that virus is produced from infected cells, i0(t,a) and ip(t,a), by assembly and secretion of their vRNA,

r0(t,a) and rp(t,a), as virus particles with dynamics that are unchanged from the multiscale model without proliferation in
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Eq. (2). We obtain






















































d

dt
T (t) = b(t)T (t)−βV (t)T (t),

(∂t +∂a)i0(t,a) =−[δ +b(t)h(a)]i0(t,a),

(∂t +∂a)ip(t,a) =−[δ +b(t)h(a)]ip(t,a),

(∂t +∂a)r0(t,a) = α − [µ +ρ]r0(t,a),

(∂t +∂a)rp(t,a) = α − [µ +ρ]rp(t,a),

d

dt
V (t) =

∫ ∞

0
ρ [r0(t,a)i0(t,a)+ rp(t,a)ip(t,a)]da− cV (t),

(4)

with boundary conditions



































i0(t,0) = βV (t)T (t),

ip(t,0) = 2

∫ ∞

0
b(t)h(a)i0(t,a)da+2

∫ ∞

0
b(t)h(a)ip(t,a)da,

r0(t,0) = ζ ,

rp(t,0) =
1

2

[∫ ∞
0 r0(t,a)b(t)h(a)i0(t,a) da+

∫ ∞
0 rp(t,a)b(t)h(a)ip(t,a) da

∫ ∞
0 b(t)h(a)i0(t,a) da+

∫ ∞
0 b(t)h(a)ip(t,a) da

]

.

(5)

As in the model without proliferation, the initial conditions of Eq. (4) are given by

V (0) =V0, T (0) = T0, i0(0,a) = fi0(a), ip(0,a) = fip(a),

r0(0,a) = fr0
(a), and rp(0,a) = frp(a).

Once again, we assume that the initial densities fi0 , fip , fr0
, and frp are non-negative, integrable functions. In the setting of

chronic infection, these initial densities can immediately be determined by projecting the characteristics of Eq. (4) backwards

in time as described earlier. Finally, within this framework, the total concentration of infected cells is given by

I(t) =
∫ ∞

0
i0(t,a)+ ip(t,a) da, (6)

while the total amount of intracellular vRNA is given by

R(t) =
∫ ∞

0
r0(t,a)i0(t,a)+ rp(t,a)ip(t,a) da. (7)

These integrals are well-defined, as both i0(t,a) and ip(t,a) decay exponentially in infection age while the intracellular vRNA

concentrations are both bounded above.

3.1 The multiscale model including infected cell proliferation admits an equivalent system of ODEs

We now demonstrate that the multiscale model Eq. (4) is mathematically equivalent to a system of ODEs under the assumption

that the rates δ ,µ , and ρ are all independent of infection age. At this point, we have not made any assumptions on h(a). We

begin by deriving an ODE for the total amount of vRNA within infected cells, given by R(t) in Eq. (7). We make the change of

variables u = t −a to find

R(t) =
∫ t

−∞
i0(t, t −u)r0(t, t −u)du+

∫ t

−∞
ip(t, t −u)rp(t, t −u)du.

Using Leibniz’s rule to differentiate the integral and recalling that the integrands is a product of exponentially decaying and

bounded functions which vanishes at infinity [7, 41], we obtain

d

dt
R(t) = i0(t,0)r0(t,0)+

∫ ∞

0
r0(t,a)(∂t +∂a) i0(t,a)da+

∫ ∞

0
i0(t,a)(∂t +∂a)r0(t,a)da

+ ip(t,0)rp(t,0)+
∫ ∞

0
rp(t,a)(∂t +∂a) ip(t,a)da+

∫ ∞

0
ip(t,a)(∂t +∂a)rp(t,a)da.
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Using the PDEs for i0(t,a), ip(t,a), r0(t,a), and rp(t,a) in Eq. (4), gives

d

dt
R(t) = i0(t,0)r0(t,0)+αI(t)− (δ +µ +ρ)R(t)

−
∫ ∞

0
b(t)h(a) [r0(t,a)i0(t,a)+ rp(t,a)ip(t,a)] da+ ip(t,0)rp(t,0).

Then, the boundary conditions in Eq. (5) give

i0(t,0)r0(t,0) = ζ βV (t)T (t),

ip(t,0)rp(t,0) =
∫ ∞

0
b(t)h(a) [r0(t,a)i0(t,a)+ rp(t,a)ip(t,a)]da.

We therefore obtain

d

dt
R(t) = ζ βV (t)T (t)+αI(t)− (δ +µ +ρ)R(t).

We note that this differential equation is precisely the same as what was found by Kitagawa et al. [28] in the multiscale model

that does not include proliferation of infected cells. This is unsurprising, as proliferation of infected hepatocytes does not

change the total amount of intracellular vRNA since the vRNA within a proliferating mother cell is conserved as it is divided

between the two daughter cells.

We use the same approach for I(t) defined by Eq. (6) to obtain

d

dt
I(t) = i0(t,0)+ ip(t,0)−δ I(t)−

∫ ∞

0
b(t)h(a) [i0(t,a)+ ip(t,a)] da.

Inserting the boundary conditions in Eq. (5) gives

d

dt
I(t) = βV (t)T (t)+b(t)

∫ ∞

0
h(a) [i0(t,a)+ ip(t,a)]da−δ I(t).

Now, we have not yet specified h(a). Assuming the likelihood that an infected cell proliferates is independent of infection age,

the hazard rate is a constant function of infection age. Thus, h(a) = η > 0, which implies that the probability of an infected cell

proliferating is exponentially distributed. Importantly, if η = 1, then infected and uninfected hepatocytes are equally likely to

proliferate, while taking η ∈ (0,1) would account for a proliferative fitness cost related to HCV infection, as has been observed

experimentally [53], and η > 1 would model a proliferative fitness advantage. We stress that other assumptions on h(a) are

possible that would also admit equivalent ODEs via the linear chain technique [4, 5, 15].

Then, assuming h(a) = η and recalling the definition of I(t) in Eq. (6) gives

d

dt
I(t) = βV (t)T (t)+ηb(t)I(t)−δ I(t). (8)

We thus obtain the equivalent ODE system to the multiscale model with proliferation in Eq. (4), which is given by











































d

dt
T (t) = b(t)T (t)−βV (t)T (t),

d

dt
I(t) = βV (t)T (t)+ηb(t)I(t)−δ I(t),

d

dt
R(t) = ζ βV (t)T (t)+αI(t)− (ρ +µ +δ )R(t),

d

dt
V (t) = ρR(t)− cV (t).

(9)

Here, the initial conditions for I and R once again arise naturally from the initial densities of the multiscale model Eq. (4).

Now, if b(t) is chosen so that hepatocytes undergo logistic growth with a carrying capacity Tmax and growth rate γ , as in
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[11, 12, 25, 44], we obtain














































d

dt
T (t) = γ

(

1−
T (t)+ I(t)

Tmax

)

T (t)−βV (t)T (t),

d

dt
I(t) = βV (t)T (t)+ηγ

(

1−
T (t)+ I(t)

Tmax

)

I(t)−δ I(t),

d

dt
R(t) = ζ βV (t)T (t)+αI(t)− (ρ +µ +δ )R(t),

d

dt
V (t) = ρR(t)− cV (t).

(10)

We compare Eq. (10) against the Elkaranshawy and Ezzat [17] model in the Appendix and show that the Elkaranshawy and

Ezzat [17] model predicts non-realistic production of intracellular vRNA due to infected cell proliferation.

3.2 Generation tracking of infected hepatocytes

In the development of Eq. (4), we distinguished between cells that arise from new infections, i0(t,a), and cells that arise

from infected cell proliferation, ip(t,a). In this setting, the boundary condition that defines the amount of intracellular vRNA

inherited by newly proliferated daughter cells corresponds to the average amount of vRNA within all proliferating infected

cells. However, the amount of vRNA at proliferation of the mother cell determines the amount of intracellular vRNA inherited

by the resulting daughter cells. As we expect intracellular vRNA to be produced by infected cells, and thus accumulate from

birth until mitosis, the daughter cells in generation n will have more intracellular vRNA upon mitosis than daughter cells in

generation n−1.

However, the resulting generational accumulation of intracellular vRNA is not reflected in the boundary conditions of Eq. (4),

where all daughter cells inherit half the average amount of vRNA of all proliferating mother cells, regardless of their generation.

We now show how to account for these generational dynamics via an infinite system of PDEs that tracks the dynamics of each

generation of infected hepatocytes. In what follows, the dynamics of newly infected cells, i0, are unchanged from Eq. (4).

Infinite systems of differential equations to model generational inheritance

We begin by developing a mathematical model for each generation of infected hepatocyte. For n ⩾ 1, let in(t,a) denote the

concentration of infected hepatocytes in the n−th generation, and let I(t) denote the total concentration of infected hepatocytes.

As before, the proliferation rate b may depend on the concentration of uninfected and infected hepatocytes, T (t) and I(t). Then,

using the same reasoning as for Eq. (4), in(t,a) satisfies

(∂t +∂a)in(t,a) =−[δn +b(t, I(t),T (t))hn(a)]in(t,a).

In what follows, we assume that the per capita death rate δn and likelihood of proliferation hn are independent of generation,

so δn = δ and hn(a) = h(a). For notational simplicity, we suppress the explicit dependence of b on the total concentration of

hepatocytes and instead write b(t, I(t),T (t)) = b(t). The boundary condition of in(t,a) corresponds to proliferation of cells in

the preceding generation, so the production of infected hepatocytes in generation n is given by

in(t,0) = 2

∫ ∞

0
b(t)h(a)in−1(t,a)da.

In this framework, a represents the time-since infection for i0(t,a) and the time since mitosis for in(t,a) with n = 1,2, ....
Similarly, let rn(t,a) denote the amount of intracellular vRNA within infected cells of age a in generation n. Once again

assuming that the dynamics of intracelluar vRNA are independent of generation and using the same reasoning as in Eq. (4), we

obtain

(∂t +∂a)rn(t,a) = α − [µ +ρ]rn(t,a).

Then, the boundary condition of rn(t,a) corresponds to the amount of vRNA inherited by infected cells in generation n following

mitosis of the mother cell in generation n−1. The total amount of vRNA within these proliferating cells is given by

∫ ∞

0
b(t)h(a)in−1(t,a)rn−1(t,a) da,
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and this vRNA is equally divided among the resulting daughter cells, now in the n-th generation, which determines the boundary

condition in(t,0). Consequently, each infected cell in generation n inherits

rn(t,0) =

∫ ∞
0 b(t)h(a)in−1(t,a)rn−1(t,a) da

2
∫ ∞

0 b(t)h(a)in−1(t,a) da
,

copies of vRNA. As we are not a priori imposing an upper limit on the number of generations, n, the resulting model is a

coupled infinite system of PDEs for the generational dynamics of in(t,a) and rn(t,a) with n = 1,2,3, .... As in Section 3, the

total concentration of infected cells in the n−th generation is given by

In(t) =
∫ ∞

0
in(t,a)da.

Then, using the same approach as for Eq. (9), we calculate

d

dt
In(t) = 2b(t)

∫ ∞

0
h(a)in−1(t,a)da−δ In(t)−b(t)

∫ ∞

0
h(a)in(t,a)da.

Under the assumption that h(a) = η , this differential equation for In(t) becomes

d

dt
In(t) = 2b(t)ηIn−1(t)−δ In(t)−b(t)ηIn(t),

where we clearly see the distinction between the loss of cells in generation n due to mitosis and the appearance of cells in this

generation due to proliferation of cells in generation n− 1. In this way, we obtain an infinite system of ODEs for {In(t)}
∞
n=1.

Assuming that Im(0)⩾ 0 for all m, it is simple to show by induction and using Gronwall’s lemma that Im(t)⩾ 0 for all m [43].

Returning to the intracellular vRNA concentration, the total amount of vRNA within each generation is given by

Rn(t) =
∫ ∞

0
in(t,a)rn(t,a)da,

and using the same approach as in Section 3, we calculate

d

dt
Rn(t) = αIn(t)− (δ +µ +ρ)Rn(t).

As with the concentration of infected hepatocytes in the n-th generation, assuming that Rm(0) ⩾ 0 for all m implies that

Rm(t)⩾ 0. We thus obtain the infinite system of ODEs















































































d

dt
T (t) = b(t)T (t)−βT (t)V (t),

d

dt
I0(t) = βT (t)V (t)−ηb(t)I0(t)−δ I0(t),

d

dt
In(t) = 2ηb(t)In−1(t)−ηb(t)In(t)−δ In(t), for n ⩾ 1,

d

dt
R0(t) = ζ βT (t)V (t)+αI0(t)− (δ +µ +ρ)R0(t),

d

dt
Rn(t) = αIn(t)− (δ +µ +ρ)Rn(t), for n ⩾ 1,

d

dt
V (t) = ρ

∞

∑
n=0

Rn(t)− cV (t).

(11)

Tracking generational dynamics does not influence infection dynamics

We now show that the dynamics of the infinite system of ODEs in Eq. (11) are precisely the same as those of the multiscale

model with proliferation that did not track the generational inheritance. To do so, we remark that, if we could interchange

infinite summation and differentiation, so that

d

dt

∞

∑
n=0

In(t) =
∞

∑
n=0

d

dt
In(t),
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then the resulting infinite series would telescope to exactly the ODE for I(t) in Eq. (10). In Appendix A, we utilize the results

on infinite systems of differential equations from McClure and Wong [33], where they considered the generic infinite system of

ODEs

d

dt
yi(t) =

∞

∑
j=1

ai, j(t)y j(t)+ f j(ỹ(t)), for i = 1,2, ..., (12)

with ỹ = (y1(t),y2(t), ...), to show that we can exchange differentiation and summation. McClure and Wong [33] demonstrated

that a unique solution of Eq. (12) exists and is a strongly continuous function.

Definition 3.1 (Strongly continuous function). The sequence ỹ(t) = (y1(t),y2(t), ...) is a strongly continuous function on the

domain I ⊂ R if each yi(t) is continuous and

∥ỹ(t)∥=
∞

∑
i=1

|yi(t)|

is uniformly convergent on compact subsets of I .

In Appendix A, we prove

Proposition 3.2. Assume that the parameters in Eq. (11) are strictly positive, the proliferation function b(t) is continuous and

bounded, and that the initial conditions are non-negative. Then, the infinite system of ODEs Eq. (11) has a strongly continuous

solution.

Now, let Ĩ(t) = (I1(t), I2(t), ...) and R̃(t) = (R1(t),R2(t), ...), be the strongly continuous solution of Eq. (11) and define

JN(t) = I0(t)+
N

∑
n=1

In(t) and PN(t) = R0(t)+
N

∑
n=1

Rn(t).

Proposition 3.2 ensures that JN and PN converge uniformly, so it is natural to define the total concentration of infected cells,

I(t), and intracellular vRNA, R(t), as

I(t) = lim
N→∞

JN(t) and R(t) = lim
N→∞

PN(t).

Then, by adding and subtracting the term ηb(t)IN(t) in the ODE for JN , we calculate

d

dt
JN(t) = βV (t)T (t)+ηb(t)JN(t)−δJN(t)−2ηb(t)IN(t),

d

dt
PN(t) = ζ βV (t)T (t)+αJN(t)− (δ +µ +ρ)PN(t).

Since JN and PN converge uniformly and IN → 0 as N → ∞, the sequences J′N and P′
N converge uniformly, so after interchanging

differentiation and summation, we find

d

dt
I(t) = βV (t)T (t)+ηb(t)I(t)−δ I(t), and

d

dt
R(t) = ζ βV (t)T (t)+αI(t)− (ρ +µ +δ )R(t),

which are precisely what we obtained in Eq. (9). Consequently, the dynamics of the total concentration of infected hepatocytes

and intracellular vRNA in the infinite ODE that tracks generation inheritance Eq. (11) are exactly those of Eq. (9), where we

only considered infected hepatocytes arising from new infections or from proliferation of infected mother cells. We therefore

do not need to account for the generational dynamics of intracellular vRNA, as the inheritance balances over all generations.

Further, for non-negative parameters, the existence, uniqueness, and non-negativity of solutions to Eq. (11) is immediate.

4 Bifurcation analysis of the multiscale model with logistic proliferation

While other choices for the proliferation function b are possible, the majority of models that consider hepatocyte proliferation

utilize a logistic growth term [9, 12, 44]. We therefore now analyse the bifurcation structure the multiscale model with logistic
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proliferation in Eq. (10). We give necessary and sufficient conditions for the existence and local stability of the uninfected

equilibrium, a total infection equilibrium, where the infected cell population is self-sustaining in the absence of uninfected

hepatocytes, and an infected equilibrium. We illustrate these results using Matcont [14] in Fig. 2.

Uninfected equilibrium

We begin by establishing the local stability of the uninfected equilibrium. As would be expected from the biological interpre-

tation of Eq. (10), the uninfected equilibria is given by

(T ∗, I∗,R∗,V ∗) = (Tmax,0,0,0).

The Jacobian of Eq. (10) evaluated at the uninfected equilibrium is given by

J(Tmax,0,0,0) =









−γ −γ 0 −βTmax

0 −δ 0 βTmax

0 α −(ρ +µ +δ ) βTmax

0 0 ρ −c









. (13)

The Jacobian matrix J(Tmax,0,0,0) has an eigenvalue λ0 = −γ , so after expanding J(Tmax,0,0,0) along the first column, the

remaining three eigenvalues are the roots of

CPM(λ ) = [βρTmax − (ρ +µ +δ +λ )(c+λ )](δ +λ )+βTmaxαρ.

This is precisely the characteristic polynomial found by Elkaranshawy and Ezzat [17] in their analysis of the uninfected equilib-

rium in their similar model of HCV infection under the assumption that T ∗ = Tmax. By utilizing the Routh-Hurwitz conditions

and adapting the analysis of Elkaranshawy and Ezzat [17], we conclude that the uninfected equilibria is locally asymptotically

stable if and only if the basic reproductive number R satisifies

R =
βTmax(α +δ )ρ

δc(δ +µ +ρ)
< 1. (14)

Total infection equilibria of the multiscale model

We now turn to persistently infected equilibrium of Eq. (10) with non-zero equilibrium concentrations of infected hepatocytes

I∗. From the differential equation for target cells in Eq. (10), T (t), we find

βT ∗V ∗ = γT ∗

(

1−
T ∗+ I∗

Tmax

)

. (15)

Now, we typically discard the equilibrium solution corresponding to T ∗ = 0. However, when we consider proliferation of

infected hepatocytes, there may be an infected equilibrium corresponding to a population of infected hepatocyte that is self-

sustaining without new infections. We denote this total infection equilibrium by (0, I†,R†,V †). At this equilibrium, we imme-

diately obtain from Eq. (10)

ηγ

[(

1−
δ

ηγ

)

−
I†

Tmax

]

I† = 0,

with corresponding equilibrium concentration I† = (1− δ
ηγ )Tmax. This equilibrium is only biologically relevant if ηγ > δ , and

we calculate the remaining equilibrium concentrations

R† =
α(ηγ −δ )Tmax

ηγ(ρ +µ +δ )
and V † =

ρα(ηγ −δ )Tmax

ηγc(ρ +µ +δ )
.
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The Jacobian of Eq. (10) evaluated at (0, I†,R†,V †) is given by

J(0, I†,R†,V †) =









δ
η −βV † 0 0 0

βV † +ηγ −δ −ηγ 0 0

ζ βV † α −(ρ +µ +δ ) 0

0 0 ρ −c









.

This matrix is lower triangular with eigenvalues

λ1 =
δ

η
−βV †, λ2 =−ηγ, λ3 =−(ρ +µ +δ ), λ4 =−c.

It is clear that the final three eigenvalues are strictly negative, so the total infection equilibrium (0, I†,R†,V †) is locally asymp-

totically stable if and only if λ1 < 0. This condition is equivalent to R > R†, where R is the basic reproduction number in

Eq. (14), and

R
† =

1

γη

(

γ +
ρβTmax

c(ρ +µ +δ )
(α + γη)

)

. (16)

Infected equilibria of the multiscale model with logistic proliferation

Now, we consider equilibria of Eq. (9) with biologically feasible uninfected hepatocyte concentrations, T ∗ ∈ (0,Tmax). The

differential equation for circulating virus implies that, at equilibrium, cV ∗ = ρR∗. Then, using Eq. (15) and this equality in the

ODE for the total amount of intracellular vRNA, R(t), in Eq. (9) implies

ζ γT ∗

(

1−
T ∗+ I∗

Tmax

)

− (ρ +µ +δ )

(

c

ρ

)(

γ

β

)(

1−
T ∗+ I∗

Tmax

)

+αI∗ = 0.

We note that the above expression is linear in I∗, so regrouping terms gives

I∗
(

r

Tmax

[

ζ ρβT ∗− (ρ +µ +δ )c

ρβ

]

−α

)

= γ

(

1−
T ∗

Tmax

)[

ζ ρβT ∗− (ρ +µ +δ )c

ρβ

]

.

Now, setting

M(T ∗) = ζ ρβT ∗− (ρ +µ +δ )c and B =
αρβTmax

γ
,

we find

I∗

Tmax

=
(1−T ∗/Tmax)M(T ∗)

M(T ∗)−B
. (17)

Now, we turn to the ODE for infected hepatocytes, and once again using Eq. (15), we find

δ I∗ = γ

(

1−
T ∗+ I∗

Tmax

)

(T ∗+ηI∗).

The equality in Eq. (17) yields

(

1−
T ∗

Tmax

)(

F(T ∗)

(M(T ∗)−B)2

)

= 0,

which clearly has a solution corresponding to the uninfected equilibrium T ∗ = Tmax and where

F(T ∗) = γBT ∗(M(T ∗)−B)+ γBηTmax(1−T ∗/Tmax)M(T ∗)+δTmaxM(T ∗)(M(T ∗)−B),
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is a quadratic function of T ∗. Then, the uninfected hepatocyte concentration, T ∗, at an infected equilibrium must satisfy

F(T ∗) = 0, while

F(Tmax) =
Tmax

δc(ρ +µ +δ )
[R−1] (ρβTmax(ζ −α)− (ρ +µ +δ )c) . (18)

We immediately see that R = 1 implies F(Tmax) = 0 so the uninfected equilibrium undergoes a transcritical bifurcation at R = 1

leading to the existence of a positive infected equilibrium. In Appendix C, we show that this infected equilibrium coalesces

with the total infection equilibrium in a transcritical bifurcation when R = R†. Furthermore, we show that the two roots of F

collide in a saddle-node bifurcation if R = R† and

η = 1+
δζ

α
+

αβρTmax

γ(ρ +µ +δ )c
. (19)

The first condition, R = R†, is precisely the necessary condition for the total infection equilibrium to undergo a transcritical

bifurcation. Indeed, if both Eq. (19) and R =R† hold, then there is a saddle-node transcritical (SNTC) bifurcation of the total-

infection equilibrium [16]. This SNTC bifurcation is a co-dimension two bifurcation where a saddle-node bifurcation collides

with a transcritical bifurcation. These bifurcations have been observed in ecological models with highly nonlinear terms [51],

but, to our knowledge, not in a system with only quadratic nonlinearities. We illustrate this codimension-two bifurcation in

Fig. 2C-E.

Infection induced fitness cost

We next consider the case where HCV infection results in a proliferative fitness cost for infected hepatocytes, as has been

observed experimentally, which corresponds to η ⩽ 1 [53]. In Appendix D, we characterise the existence of the biologically

relevant infected equilibrium under this assumption and prove

Lemma 4.1. Let the model parameters be positive. Further, assume that

η ∈ [0,1], ζ ⩽ 1, and α > ζ max

[

1,1−η +
√

(1−η)2 +4δ

]

.

Eq. (10) has an uninfected equilibrium (Tmax,0,0,0) and the totally infected equilibrium (0, I†,R,V †). Further, Eq. (10) has a

unique infected equilibrium if and only if 1 < R < R†.

Infection induced fitness advantage

We next turn to the case where HCV infection imparts a proliferative fitness advantage, denoted by η > 1, which may occur if

HCV infection leads to hepatocellular carcinoma. Typical estimates for Tmax,β , and c from fitting clinical data satisfy βTmax < c

[45, 47]. It follows that

1 <
1+ αρβTmax

γc(ρ+µ+δ )

1− ρβTmax

c(ρ+µ+δ )

< η implies R
† < 1.

Consequently, the local stability analysis suggests that there is a possible region of bistability of the uninfected and the total

infection equilibrium for R ∈ (R†,1). This is only possible if the uninfected equilibrium undergoes a backwards bifurcation at

R = 1.

This backwards bifurcation is not typical in viral dynamics models but was observed by Reluga et al. [44] in a variant of the

standard model of viral dynamics that includes proliferation of HCV infected hepatocytes. There, Reluga et al. [44] noted

that the viral dynamics are relatively fast compared to the dynamics of infected hepatocytes. Thus, they assumed that these

two concentrations were in quasi-steady state so the standard viral dynamics model reduces to a system of two differential

equations. Then, Reluga et al. [44] show that bistability between the uninfected and total infected equilibria can only occur if

infected hepatocytes have a proliferative fitness advantage compared to uninfected hepatocytes, which precisely corresponds to

the condition η > 1. We illustrate this backwards bifurcation in Fig. 2.
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Summary and numerical bifurcation analysis

We utilize Matcont, a numerical continuation software package commonly used in mathematical biology [14, 49], to illustrate

these analytical results. We take R as the bifurcation parameter and calculate the corresponding infection rate β by re-writing

Eq. (14)

β = R
δc(δ +µ +ρ)

Tmax(α +δ )ρ
.

We use previously estimated model parameters [17, 29, 46, 47] given in Table 1 in this numerical bifurcation analysis. However,

we consider logistic growth, rather than constant production, of uninfected hepatocytes. Consequently, there are fewer unin-

fected hepatocytes produced without the constant production rate λ . Therefore, more virus must be produced by each infected

cell to allow for persistent infection. Thus, we increase the production rate of intracellular vRNA over previously published

estimates [17, 29, 46] to α = 300 virions/cell/day to ensure that the predicted dynamics of V (t) are consistent with clinically

observed viral loads. Finally, we set the hepatocyte reproduction rate γ = 0.2/day throughout, although our qualitative results

are robust to differences in these parameters.

Parameter Value

ρ (/day) 8.18

µ (/day) 1

c (/day) 22.3

Tmax (cells/mL) 1.35×107

ζ (copies/cell) 1

γ (/day) 0.20

α (copies/cell/day) 300

δ (/day) 0.05

Table 1: The viral dynamics parameter values utilized in the numerical bifurcation analysis. The model

parameters were taken from previously published estimates [17, 29, 46, 47] except for α , which was chosen to

ensure that the predicted viral loads are consistent with clinically observed data. Further, η was varied to illustrate

the possible bifurcation diagrams. As we assumed logistic proliferation of uninfected hepatocytes, we did not

consider their proliferation or per capita death rate and set λ = 0 and dT = 0 throughout.

We have shown that the reproduction number R in Eq. (14) determines the local stability of equilibrium solutions of Eq. (10).

In Fig. 2A, we show the bifurcation diagram for η = 1, where R† > 1. Here, Eq. (10) has the forward bifurcation structure

typically found in viral dynamics models. Specifically, we find that if R < 1, then the uninfected equilibrium is locally stable.

There is a transcritical bifurcation of the uninfected equilibrium at R = 1. Then, the resulting infected equilibrium is locally

stable for 1 < R < R†. Finally, this infected equilibrium undergoes a further transcritical bifurcation at R = R† where the

total infection equilibrium becomes locally stable.

In Fig. 2B, we consider the case where η = 3.5 and R† < 1. Unlike the standard viral dynamics model, we observe a backwards

bifurcation at R = 1, where the unstable unique infected equilibrium acts as a separatrix between the uninfected and the total

infection equilibria, which are both stable. There is consequently a regime of bistability in Eq. (10) that corresponds to a

population of infected hepatocytes that is self-sustaining due to proliferation. This total infected equilibrium is then locally

stable for R > R†.

Finally, we utilize two parameter continuation of the model parameters R and η to illustrate the unfolding of the SNTC

bifurcation of the total-infection equilibrium. The total infection equilibrium is biologically relevant for η > δ/r = 0.25 and

the SNTC bifurcation occurs at η = 1.2501 and R = 1.0000. In Fig. 2C and D, we show an unfolding of the SNTC bifurcation

with η = 1.26 and η = 1.24. Here, we see the near vertical infection equilibrium following the transcritical bifurcation of the

uninfected equilibrium, with a backwards bifurcation occurring at η = 1.26 and a forward bifurcation occurring at η = 1.24;

these curves coalesce into a cusp at the SNTC bifurcation point. Further, Fig. 2E shows the continuation of the transcritical

bifurcation between the infected and the total infection equilibria. We note that, as infected cells have an increased fitness

advantage with η > 1, the fraction I†/Tmax approaches unity despite the expected number of secondary infections, R, tending

to 0.
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Figure 2: Numerical bifurcation analysis of Eq. (10) All panels show the fraction of infected hepatocytes at

equilibria, I∗/Tmax with parameters given in Table 1. In Panels A-D, solid lines denote locally stable equilibria,

dashed lines denote unstable equilibria, and transcritical bifurcations are denoted by red circles. (A) For η = 1, the

uninfected equilibrium undergoes a forward transcritical bifurcation at R = 1. The resulting infected equilibrium

coalesces with the total-infection equilibrium and undergoes a second transcritical bifurcation at R = R†. B) For

η = 3.5 and R† < 1, the infection-free equilibrium undergoes a backwards bifurcation at R = 1, leading to the exis-

tence of an unstable infected equilibrium, and bistability between the uninfected and the total-infection equilibrium

for R† < R < 1. C) Unfolding the SNTC bifurcation for η = 1.26, where the uninfected equilibrium undergoes a

backwards transcritical bifurcation at R = 1. D) Unfolding the SNTC bifurcation for η = 1.26, where the uninfected

equilibrium undergoes a backwards transcritical bifurcation at R = 1. In both C and D, the inset diagrams show

the forwards and backwards bifurcations, respectively. E) Two parameter continuation of the transcritical bifurca-

tion of the total-infection equilibrium as a function of the model parameters R and η . The solid line denotes the

value of I∗/Tmax as both parameters vary. The saddle-node transcritical bifurcation is denoted by the yellow circle at

η = 1.2501 and R = 1.0000.



17

5 Discussion

The standard multiscale model of HCV infection is a coupled system of integro-partial differential equations that has been

instrumental in our understanding of HCV viral dynamics. While the standard multiscale model includes a detailed description

of the intracellular HCV life cycle, it does not include infected cell proliferation. However, infected cell proliferation, which

may occur at a different rate than for uninfected hepatocytes, may be an important driver of HCV persistence. There is a need

for modeling approaches that capture both the intracellular viral life cycle and proliferation of infected hepatocytes. However,

including cell proliferation within these coupled PDE and integrodifferential equations is complicated by the inheritance of

intracellular viral material to both daughter cells. Appropriately accounting for this generational inheritance is non-trivial in

structured models [34] and it is tempting to immediately adapt equivalent ODE formulations of the multiscale model to include

the proliferation of infected hepatocytes without first considering the underlying structured PDE. As we showed in Appendix F,

direct adaptations of the ODE model without considering the underlying multiscale PDE may lead to non-biological production

of intracellular vRNA during proliferation.

Here, we developed a multiscale model of HCV infection that includes proliferation of infected hepatocytes and the corre-

sponding inheritance of intracellular virus. We included proliferation of infected hepatocytes through the boundary conditions

of the time-since-infection structured PDE. In our modeling framework, we distinguished between newly infected hepatocytes

and infected hepatocytes arising via proliferation of infected cells. Consequently, the boundary conditions of our structured

PDE accurately represent the distinct mechanisms by which infected cells with age a = 0 may arise. This distinction is crucial

when modeling the inheritance of intracellular viral material, as the initial concentration of vRNA can be drastically different

between newly infected cells and those that arise from proliferation. After developing our multiscale model of inheritance,

we show that the model is mathematically equivalent to a system of ODEs under the assumption that the rate constants for

intracellular production and degradation of vRNA and the per capita death rate of infected cells are independent of infection

age. We also show that this modeling approach that only differentiates between newly infected hepatocytes and those that arise

from proliferation is precisely equivalent to a model that explicitly tracks the generational dynamics of infected hepatocytes

using techniques from infinite systems of differential equations.

We calculated the basic reproduction number and performed a detailed bifurcation analysis of the resulting model using both

analytical and numerical continuation methods. We identified a region of bistability where both the uninfected and total-

infection equilibrium are stable. This region of bistability results from the proliferation of infected hepatocytes occurring

more rapidly than proliferation of uninfected cells, which might occur in cases where HCV infection leads to hepatocellular

carcinoma. If the fitness advantage of infected cells is large enough, then the bistability would persist even in the case of

extremely effective antiviral treatment that drives the expected number of secondary infections, R, to zero. Furthermore, while

Eq. (10) is relatively simple, with only quadratic nonlinearities, we also demonstrated the existence of a saddle-node transcritical

bifurcation. This bifurcation separates parameter regimes where the uninfected equilibrium undergoes a forward or backward

transcritical bifurcation. While these saddle-node transcritical bifurcations have been observed in highly nonlinear ecological

models, to our knowledge, this is the first example in a viral dynamics model with only quadratic nonlinearities.

It is important to note that our analysis relies on the assumption that the rate constants describing intracellular vRNA production,

degradation, and the per capita death rate of infected hepatocytes are constant. However, these rate constants will likely depend

on the cell’s infected age, and possibly, on their infected generation. Consequently, future work may include extending our

modeling framework to the more biologically relevant case of age dependent parameters as in [24, 35]. In recent work along

these lines, Wang et al. [52] analysed a similar multiscale model without proliferation and demonstrated the existence of a

forward bifurcation of the uninfected equilibrium without assuming that the production rate of intracellular vRNA is constant.

All told, we have developed a multiscale modeling framework that captures both the intracellular dynamics of HCV infection

as well as cellular proliferation and inheritance. This modeling framework could be extended to other persistent viral infections

or to understand inheritance of intracellulars factors in other therapeutic settings.

Acknowledgements

Portions of this work were done under the auspices of the U.S. Department of Energy under contract 89233218CNA000001

and supported by NIH grants R01-AI078881, R01-OD011095 (ASP), and R01-AI116868 (RMR). TC was supported by the

Engineering and Physical Sciences Research Council [grant number 32061].



18

References

[1] Aunins, T. R., Marsh, K. A., Subramanya, G., Uprichard, S. L., Perelson, A. S., and Chatterjee, A. (2018). Intracellular

Hepatitis C Virus Modeling Predicts Infection Dynamics and Viral Protein Mechanisms. J. Virol., 92:1–21.

[2] Belluccini, G., López-García, M., Lythe, G., and Molina-París, C. (2022). Counting generations in birth and death processes

with competing Erlang and exponential waiting times. Sci. Rep., 12:11289.

[3] Cardozo, E. F., Ji, D., Lau, G., Schinazi, R. F., Chen, G., Ribeiro, R. M., and Perelson, A. S. (2020). Disentangling the

lifespans of hepatitis C virus–infected cells and intracellular vRNA replication–complexes during direct–acting anti–viral

therapy. J. Viral Hepat., 27:261–269.

[4] Cassidy, T. (2021). Distributed Delay Differential Equation Representations of Cyclic Differential Equations. SIAM J.

Appl. Math., 81:1742–1766.

[5] Cassidy, T., Craig, M., and Humphries, A. R. (2019). Equivalences between age structured models and state dependent

distributed delay differential equations. Math. Biosci. Eng., 16:5419–5450.

[6] Cassidy, T., Humphries, A. R., Craig, M., and Mackey, M. C. (2020). Characterizing Chemotherapy-Induced Neutropenia

and Monocytopenia Through Mathematical Modelling. Bull. Math. Biol., 82:104.

[7] Cassidy, T., Nichol, D., Robertson-Tessi, M., Craig, M., and Anderson, A. R. A. (2021). The role of memory in non-genetic

inheritance and its impact on cancer treatment resistance. PLOS Comput. Biol., 17:e1009348.

[8] Champredon, D., Dushoff, J., and Earn, D. J. D.. (2018) Equivalence of the Erlang-Distributed SEIR Epidemic Model and

the Renewal Equation. SIAM J. Appl. Math., 78, pp. 3258–3278.

[9] Dahari, H., Layden-Almer, J. E., Kallwitz, E., Ribeiro, R. M., Cotler, S. J., Layden, T. J., and Perelson, A. S. (2009). A

Mathematical Model of Hepatitis C Virus Dynamics in Patients With High Baseline Viral Loads or Advanced Liver Disease.

Gastroenterology, 136:1402–1409.

[10] Dahari, H., Major, M., Zhang, X., Mihalik, K., Rice, C. M., Perelson, A. S., Feinstone, S. M., and Neumann, A. U. (2005).

Mathematical modeling of primary hepatitis C infection: Noncytolytic clearance and early blockage of virion production.

Gastroenterology, 128:1056–1066.

[11] Dahari, H., Lo, A., Ribeiro, R. M., and Perelson, A. S. (2007a). Modeling hepatitis C virus dynamics: Liver regeneration

and critical drug efficacy. J. Theor. Biol., 247:371–381.

[12] Dahari, H., Ribeiro, R. M., and Perelson, A. S. (2007b). Triphasic decline of hepatitis C virus RNA during antiviral

therapy. Hepatology, 46:16–21.

[13] Dahari, H., Ribeiro, R. M., Rice, C. M., and Perelson, A. S. (2007c). Mathematical Modeling of Subgenomic Hepatitis C

Virus Replication in Huh-7 Cells. J. Virol., 81:750–760.

[14] Dhooge, A., Govaerts, W., Kuznetsov, Y. A., Meijer, H. G., and Sautois, B. (2008). New features of the software MatCont

for bifurcation analysis of dynamical systems. Math. Comput. Model. Dyn. Syst., 14:147–175.

[15] Diekmann, O., Gyllenberg, M., and Metz, J. A. J. (2018). Finite dimensional state representation of linear and nonlinear

delay systems. J. Dyn. Differ. Equations, 30:1439–1467.

[16] Donohue, J. G. and Piiroinen, P. T. (2020). Normal-form analysis of the cusp-transcritical interaction: applications in

population dynamics. Nonlinear Dyn., 100:1741–1753.

[17] Elkaranshawy, H. A. and Ezzat, H. M. (2024). An ODEs multiscale model with cell proliferation for hepatitis C virus

infection treated with direct acting antiviral agents. J. Biol. Dyn., 18:1–29.

[18] Gonçalves, A., Lemenuel-Diot, A., Cosson, V., Jin, Y., Feng, S., Bo, Q., and Guedj, J. (2021). What drives the dynamics

of HBV RNA during treatment? J. Viral Hepat., 28:383–392.

[19] Goyal, A., Liao, L. E., and Perelson, A. S. (2019). Within-host mathematical models of hepatitis B virus infection: Past,

present, and future. Curr. Opin. Syst. Biol., 18:27–35.



19

[20] Goyal, A., Ribeiro, R., and Perelson, A. (2017). The Role of Infected Cell Proliferation in the Clearance of Acute HBV

Infection in Humans. Viruses, 9:350.

[21] Guedj, J., Dahari, H., Rong, L., Sansone, N. D., Nettles, R. E., Cotler, S. J., Layden, T. J., Uprichard, S. L., and Perelson,

A. S. (2013). Modeling shows that the NS5A inhibitor daclatasvir has two modes of action and yields a shorter estimate of

the hepatitis C virus half-life. Proc. Natl. Acad. Sci. U.S.A, 110:3991–3996.

[22] Guedj, J. and Neumann, A. (2010). Understanding hepatitis C viral dynamics with direct-acting antiviral agents due to

the interplay between intracellular replication and cellular infection dynamics. J. Theor. Biol., 267:330–340.

[23] Guedj, J. and Perelson, A. S. (2011). Second-phase hepatitis C virus RNA decline during telaprevir-based therapy in-

creases with drug effectiveness: Implications for treatment duration. Hepatology, 53:1801–1808.

[24] Hailegiorgis, A., Ishida, Y., Collier, N., Imamura, M., Shi, Z., Reinharz, V., Tsuge, M., Barash, D., Hiraga, N., Yokomichi,

H., Tateno, C., Ozik, J., Uprichard, S. L., Chayama, K., and Dahari, H. (2023). Modeling suggests that virion produc-

tion cycles within individual cells is key to understanding acute hepatitis B virus infection kinetics. PLOS Comput. Biol.,

19:e1011309.

[25] Iwanami, S., Kitagawa, K., Ohashi, H., Asai, Y., Shionoya, K., Saso, W., Nishioka, K., Inaba, H., Nakaoka, S., Wakita,

T., Diekmann, O., Iwami, S., and Watashi, K. (2020). Should a viral genome stay in the host cell or leave? A quantitative

dynamics study of how hepatitis C virus deals with this dilemma. PLOS Biol., 18:e3000562..

[26] Iyaniwura, S. A., Cassidy, T., Ribeiro, R. M., and Perelson, A. S. (2025). A multiscale model of the action of a capsid

assembly modulator for the treatment of chronic hepatitis B. PLOS Comput. Biol.,21: e1012322

[27] Kitagawa, K., Kim, K. S., Iwamoto, M., Hayashi, S., Park, H., Nishiyama, T., Nakamura, N., Fujita, Y., Nakaoka, S.,

Aihara, K., Perelson, A. S., Allweiss, L., Dandri, M., Watashi, K., Tanaka, Y., and Iwami, S. (2024). Multiscale modeling

of HBV infection integrating intra- and intercellular viral propagation to analyze extracellular viral markers. PLOS Comput.

Biol., 20:e1011238.

[28] Kitagawa, K., Kuniya, T., Nakaoka, S., Asai, Y., Watashi, K., and Iwami, S. (2019). Mathematical Analysis of a Trans-

formed ODE from a PDE Multiscale Model of Hepatitis C Virus Infection. Bull. Math. Biol., 81:1427–1441.

[29] Kitagawa, K., Nakaoka, S., Asai, Y., Watashi, K., and Iwami, S. (2018). A PDE multiscale model of hepatitis C virus

infection can be transformed to a system of ODEs. J. Theor. Biol., 448:80–85.

[30] Lau, G., Benhamou, Y., Chen, G., Li, J., Shao, Q., Ji, D., Li, F., Li, B., Liu, J., Hou, J., Sun, J., Wang, C., Chen, J., Wu,

V., Wong, A., Wong, C. L. P., Tsang, S. T. Y., Wang, Y., Bassit, L., Tao, S., Jiang, Y., Hsiao, H., Ke, R., Perelson, A. S.

and Schinazi, R. F. (2016). Efficacy and safety of 3-week response-guided triple direct-acting antiviral therapy for chronic

hepatitis C infection: a phase 2, open-label, proof-of-concept study. Lancet Gastroenterol Hepatol, 1:97–104.

[31] Li, YY., Yamane, D., Masaki, T., and Lemon, S. M. (2015). The yin and yang of hepatitis C: synthesis and decay of

hepatitis C virus RNA. Nat. Rev. Microbiol, 13:544–558.

[32] Magal, P., McCluskey, C. C., and Webb, G. F. (2010). Lyapunov functional and global asymptotic stability for an infection-

age model. Appl. Anal., 89:1109–1140.

[33] McClure, J. and Wong, R. (1976). Infinite systems of differential equations. Can. J. Math., 28:1132–1145.

[34] Metz, J. and Diekmann, O. (1986). The Dynamics of Physiologically Structured Populations. 68:1–528.

[35] Nelson, P. W., Gilchrist, M. A., Coombs, D., Hyman, J. M., and Perelson, A. S. (2004). An Age-Structured Model of HIV

Infection that Allows for Variations in the Production Rate of Viral Particles and the Death Rate of Productively Infected

Cells. Math. Biosci. Eng., 1:267–288.

[36] Neumann, A. U., Lam, N. P., Dahari, H., Gretch, D. R., Wiley, T. E., Layden, T. J., and Perelson, A. S. (1998). Hepatitis

C Viral Dynamics in Vivo and the Antiviral Efficacy of Interferon-α Therapy. Science, 282:103–107.

[37] Perelson, A. S. (2002). Modelling viral and immune system dynamics. Nat. Rev. Immunol., 2:28–36.

[38] Perelson, A. S., Essunger, P., Cao, Y., Vesanen, M., Hurley, A., Saksela, K., Markowitz, M., and Ho, D. D. (1997). Decay

characteristics of HIV-1-infected compartments during combination therapy. Nature, 387:188–191.



20

[39] Perelson, A. S. and Guedj, J. (2015). Modelling hepatitis C therapy–predicting effects of treatment. Nat. Rev. Gastroen-

terol. Hepatol., 12:437–445.

[40] Perelson, A. S., Neumann, A. U., Markowitz, M., Leonard, J. M., and Ho, D. D. (1996). HIV-1 dynamics in vivo: Virion

clearance rate, infected cell life-span, and viral generation time. Science, 271:1582–1586.

[41] Perthame, B. (2007). Transport Equations in Biology. Birkhäuser, Basel, Switzerland, doi:10.1007/978-3-7643-7842-4

[42] Quintela, B. d. M., Conway, J. M., Hyman, J. M., Guedj, J., dos Santos, R. W., Lobosco, M., and Perelson, A. S. (2018). A

New Age-Structured Multiscale Model of the Hepatitis C Virus Life-Cycle During Infection and Therapy With Direct-Acting

Antiviral Agents. Front. Microbiol., 9:1–11.

[43] Reid, W. T. (1930). Properties of Solutions of an Infinite System of Ordinary Linear Differential Equations of the First

Order with Auxiliary Boundary Conditions. Trans. Am. Math. Soc., 32:284–318.

[44] Reluga, T. C., Dahari, H., and Perelson, A. S. (2009). Analysis of Hepatitis C Virus Infection Models with Hepatocyte

Homeostasis. SIAM J. Appl. Math., 69:999–1023.

[45] Rong, L., Dahari, H., Ribeiro, R. M., and Perelson, A. S. (2010). Rapid Emergence of Protease Inhibitor Resistance in

Hepatitis C Virus. Sci Transl Med., 2:1-7.

[46] Rong, L., Guedj, J., Dahari, H., Coffield, D. J., Levi, M., Smith, P., and Perelson, A. S. (2013). Analysis of Hepatitis

C Virus Decline during Treatment with the Protease Inhibitor Danoprevir Using a Multiscale Model. PLOS Comput. Biol.,

9:e1002959.

[47] Rong, L. and Perelson, A. S. (2013). Mathematical analysis of multiscale models for hepatitis C virus dynamics under

therapy with direct-acting antiviral agents. Math. Biosci., 245:22–30.

[48] Sachithanandham, J., Balagopal, A., Leep-Lazar, J., Quinn, J., Bowden, K., Ward, K., Ribeiro, R. M., and Sulkowski,

M. S. (2023). Second-Phase Hepatitis C Plasma Viral Kinetics Directly Reflects Reduced Intrahepatic Burden of Hepatitis

C Virus. J. Infect. Dis., 228:311–320.

[49] Sanche, S., Cassidy, T., Chu, P., Perelson, A. S., Ribeiro, R. M., and Ke, R. (2022). A simple model of COVID-19 explains

disease severity and the effect of treatments. Sci. Rep., 12:14210.

[50] Snoeck, E., Chanu, P., Lavielle, M., Jacqmin, P., Jonsson, E. N., Jorga, K., Goggin, T., Grippo, J., Jumbe, N. L., and Frey,

N. (2010). A Comprehensive Hepatitis C Viral Kinetic Model Explaining Cure. Clin. Pharmacol. Ther., 87:706–713.

[51] Touboul, J. D., Staver, A. C., and Levin, S. A. (2018). On the complex dynamics of savanna landscapes. Proc. Natl. Acad.

Sci. U.S.A, 115:E1336–E1345.

[52] Wang, X., Ge, Q., Zhao, H., and Rong, L. (2024). Mathematical analysis of a multiscale hepatitis C virus infection model

with two viral strains. Appl. Math. Model., 125:241–260.

[53] Webster, B., Wissing, S., Herker, E., Ott, M., and Greene, W. C. (2013). Rapid Intracellular Competition between Hepatitis

C Viral Genomes as a Result of Mitosis. J. Virol., 87:581–596.

[54] Woot de Trixhe, X., Krzyzanski, W.,De Ridder, F., and Vermeulen, A. (2015). vRNA structured population model for

Hepatitis C Virus dynamics. J. Theor. Biol., 378:1–11.

[55] Woot de Trixhe, X., Krzyzanski, W., Vermeulen, A., and Perez-Ruixo, J. J. (2021). Multiscale model of hepatitis C virus

dynamics in plasma and liver following combination therapy. CPT Pharmacometrics Syst. Pharmacol., 10:826–838.

[56] Zitzmann, C., Kaderali, L., and Perelson, A. S. (2020). Mathematical modeling of hepatitis C RNA replication, exosome

secretion and virus release. PLOS Comput. Biol., 16:e1008421.



21

A Generational tracking of infected hepatocytes

Here, we prove that the infinite system of ODEs in Eq. (11) has a strongly continuous solution by using the results of McClure

and Wong [33], who considered the generic infinite system of ODEs

d

dt
yi(t) =

∞

∑
j=1

ai, j(t)y j(t)+ f j(ỹ(t)), for i = 1,2,3, .... (20)

By converting the infinite ODE (20) to the equivalent system of integral equations, McClure and Wong [33] prove that

Theorem A.1 (Theorem 4.2 of [33]). Assume that the linear portion of the right-hand side of Eq. (20) satisfies

A1) Each linear coefficient ai, j(t) is continuous

A2) The function w(t) = sup{Re(ai j(t)} is locally bounded

A3) For each j, the sum ∑
i ̸= j

|ai, j(t)| converges uniformly on compact subsets of R.

Furthermore, assume that the nonlinear portion of Eq. (20) satisfies

F1) Each function fi is continuous

F2) The sum ∥ f∥=
∞

∑
i=1

| fi(ỹ)| converges uniformly on bounded subsets of ℓ1

F3) There exists a continuous function g(t) such that | f (ỹ)|⩽ g(t)∥ỹ∥ℓ1
for all time.

Then, the infinite system of ODEs Eq. (20) has a strongly continuous solution.

We now return to the infinite system of ODEs in Eq. (11), where the nonlinear portion of the infinite system of ODEs arises from

the proliferation of infected hepatocytes. In developing the model of generational inheritance for infected cells, we explicitly

distinguished between the proliferation of cells in generation n−1 to produce cells in generation n, and the loss of these cells

in generation n due to proliferation

d

dt
In(t) = 2ηb(t)In−1(t)−ηb(t)In(t)−δ In(t). (21)

However, we can rewrite this equation to emphasize the net growth rate, φ(t) = ηb(t)− δ , of infected cells. By adding and

subtracting ηb(t)In, Eq. (21) becomes

d

dt
In(t) = 2ηb(t)(In−1(t)− In(t))+φ(t)In(t), for n = 1,2,3, .... (22)

The differential equation in Eq. (22) is a transit compartment equation that models inflow and outflow from n-th generation at

the nonconstant, but bounded, proliferation rate 2b(t), and captures the net growth of the population via the net growth rate

φ(t). Similar transit compartment ODEs occur frequently in applications of the linear chain technique [4, 5, 8].

Now, recall that newly infected hepatocytes must pass through the intervening n generations before reaching the n−th gener-

ation. Progression through these generations is controlled by the proliferation rate, so the transit rate between generations is

given by 2ηb(t). Then, the concatenation of these n generations, or stages, corresponds to an Erlang distribution with shape

parameter n for the time-lag from new infection to reaching generation n. These infected hepatocytes will undergo growth (or

decay) depending on the net growth rate φ(t). Thus, the concentration of infected hepatocytes in generation n at the present is

entirely determined by the concentration of newly infected hepatocytes in the past, and the net growth of these cells over the

intervening time interval. Indeed, Cassidy et al. [5] prove that the solution of Eq. (22) must be given by

In(t) =
∫ ∞

0
2ηb(t − s)I0(t − s)exp

[

∫ t

t−s
φ(σ)dσ

]

gn
1

(

∫ t

t−s
2ηb(σ)dσ

)

ds, (23)

where

gn
a(s) =

an

(n−1)!
sn−1 exp(−as)
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is the probability density function of the Erlang distribution with shape parameter n and rate parameter a. The crux of this result

is the relationship

d

ds
g1

a(s) =−g1
a(s) and

d

ds
gn

a(s) = a[gn−1
a (s)−gn

a(s)] for n ⩾ 2,

as using this equality and Leibniz’s rule establishes Eq. (23). Consequently, both our biological intuition and Eq. (23) link

the concentration of infected cells in the n-th generation with newly infected cells in the past. This additional structure on the

possible solutions of Eq. (22) allows us to prove

Lemma A.2. Assume that proliferation rate b(t) is bounded and the ODE Eq. (11) has a solution with Ĩ(t) = (I1(t), I2(t), ...).
Then, the infinite series

∥Ĩ(t)∥=
∞

∑
n=1

In(t)

converges uniformly on compact time intervals.

Proof. We use the explicit expression for In(t) in Eq. (23) to explicitly calculate

∥Ĩ(t)∥=
∞

∑
n=1

∫ ∞

0
2ηb(t − s)I0(t − s)exp

[

∫ t

t−s
φ(σ)dσ

]

gn
1

(

∫ t

t−s
2b(σ)dσ

)

ds.

The integrand is strictly positive, so interchanging integration and summation using the Tonelli-Fubini theorem, we find

∥Ĩ(t) |=
∫ ∞

0
2ηb(t − s)I0(t − s)exp

[

∫ t

t−s
φ(σ)dσ

]

∞

∑
n=1

gn
1

(

∫ t

t−s
2b(σ)dσ

)

ds.

Now, the definition of gn
a(s) implies

∞

∑
n=1

gn
a(s) = aexp(−as)

∞

∑
n=1

an−1sn−1

(n−1)!
.

Of course, the latter series converges uniformly to eas and we find

∞

∑
n=1

gn
a(s) = a.

It follows that the infinite series for ∥Ĩ∥ converges uniformly to

∥Ĩ(t)∥=
∫ ∞

0
2ηb(t − s)I0(t − s)exp

[

∫ t

t−s
φ(σ)dσ

]

ds.

In Lemma A.2, we assumed that the solution Ĩ(t) existed. However, we have not yet shown that a solution to Eq. (11) exists.

To do so, we need to show that Eq. (11) satisfies the assumptions of Theorem A.1.

Now, Theorem A.1 considers closed and bounded subsets z ⊂ ℓ1 ×R. However, we have shown in Lemma A.2 that the infinite

series defined by any solution Ĩ of the infinite ODE must be uniformly convergent. The space of sequences x̃ ∈ ℓ1 that is closed,

bounded, and where ∥x̃∥ converges uniformly are precisely compact subsets K ⊂ ℓ1. Even when considering compact subsets

K, establishing the uniform convergence in assumption F2 can be delicate. We thus recall

Theorem A.3 (Dini’s theorem). Let K be a compact metric space and assume that f : K →R is a continuous function. Further,

assume that fn : K → R is a sequence of continuous functions with fn−1(x)⩽ fn(x) for all x ∈ K and n ∈ N. If fn(x) converges

to f (x) pointwise at each x ∈ K, then the convergence is uniform.

Furthermore, for initial conditions satisfying ∥Ĩ(0)∥ > 0, Gronwall’s inequality shows that we need only consider solutions

with In(t)⩾ 0 .
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Proposition A.4. Assume that the parameters in Eq. (11) are strictly positive, the proliferation function b(t) is continuous and

bounded, and the initial conditions Ĩ(t) = (I1(0), I2(0), ...) are non-negative and belong to a compact subset K ⊂ ℓ1. Then, the

infinite system of ODEs Eq. (11) has a strongly continuous solution.

Proof. We need only to show that Eq. (11) satisfies the assumptions of Theorem A.1 in the set K× I ⊂ ℓ1×R. In what follows,

we consider the biologically relevant sequences x̃ ∈ K ⊂ ℓ1, where K is the compact set of all sequences with xi ⩾ 0 for all i.

Since K is compact, the series ∥x̃∥ converges uniformly.

Now, the linear coefficients ai, j are constant in time, so A1) and A2) are immediately satisfied. Furthermore, for each j, the

generational structure of Eq. (11) implies that only a j−1, j and a j, j are non-zero. Therefore, ∥ai, j∥ is a sum of only two non-zero

terms and converges uniformly in any compact time interval.

We now turn to the conditions on the non-linear portion of Eq. (11). Consider a bounded subset Z× I ⊂ ℓ1 ×R with ∥x̃∥< Tmax

and take x̃ ∈ Z. The nonlinear portion of Eq. (11) is given by

f (x̃) = ηb(t, x̃)

(

∞

∑
n=0

xn(t)

)

,

where we emphasize the dependence of the proliferation rate b on the x̃.

We now use Dini’s theorem to show that the series defining f (x̃) converges uniformly on a compact subset K × I ⊂ ℓ1 ×R. We

define

fM(x̃) =
M

∑
i=1

ηb(t, x̃)xi,

where we explicitly write the possible dependence of b on x̃. Now, since x̃ ∈ K, the sum in the definition of fM(x̃) is well-

defined. Then, it is straightforward to see that the sequence of functions { fM(x)} is increasing at any x. Furthermore, fM

converges pointwise to f (x̃).

We now show that f (x̃) is continuous. Consider x̃, ỹ ∈ K such that ∥x̃− ỹ∥< h, so we find

| f (x̃)− f (ỹ)|=

∣

∣

∣

∣

∣

η
∞

∑
i=1

(b(t, x̃)xi −b(t, ỹ)yi)

∣

∣

∣

∣

∣

.

Regrouping terms and using the triangle inequality gives

| f (x̃)− f (ỹ)|⩽ ηbmax∥x− y∥,

where bmax is the maximum of b(t, x̃). We immediately conclude that f is continuous. A similar argument shows that each

fM is continuous. Then, fM is an increasing sequence of continuous functions that converges pointwise to the continuous

function f . As we are only considering compact subspaces of ℓ1, Dini’s theorem then implies that fM converges to f uniformly.

Consequently, F2 holds.

Finally, setting g(t) = bmax η∥ immediately implies that F3 is satisfied. Consequently, Theorem A.1 applies to Eq. (11) and this

system has a strongly continuous solution.

B Initial age distributions during chronic infection

Often, models such as Eq. (2) are used to understand viral kinetics in chronically infected participants in clinical trials of novel

antivirals [21, 46]. We show how the assumption of chronic infection naturally defines the initial densities fi(a) and fr(a).
These functions describe the density of infected hepatocytes with infection age a∗ > 0 at time t = 0. These cells must have

been infected at time t =−a∗, so we can project the characteristics of Eq. (2) backwards and link the initial densities fa and fr

to infections that occurred in the past [6, 7].

Mathematically, we assume that the system is in equilibrium prior to the beginning of therapy and therefore search for the stable

age distributions of the PDEs describing the intracellular dynamics [7, 46, 47]. These distributions are constant in time and are
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given by the solution of

d

da
i(a) =−δ i(a),

d

da
r(a) = α − (µ +ρ)r(a).

We thus obtain

i(a) = i0e−δa, (24)

and

r(a) =
α

µ +ρ
+

(

ζ −
α

µ +ρ

)

e−(µ+ρ)a. (25)

Thus, r(a) is precisely the stable age distribution calculated by Rong and Perelson [47] and is the natural definition for fr(a).
Translating these stable age distributions to appropriate initial conditions for the system of ODEs obtained from multiscale

PDE models can be delicate. However, we recall that the differential equation for the concentration of target cells does not

arise from an underlying PDE model, so we can simply set T (0) = T0 and V (0) =V0. However, the variables I(t) and R(t) are

defined via densities obtained from the corresponding age-structured PDE in Eq. (2) along the characteristic lines. Therefore,

their initial values are intrinsically linked to the initial age distribution of the intracellular variables. For example, it follows

from the definition of I(t) that I(0) must be given by

I0 =
∫ ∞

0
i(0,a)da =

∫ ∞

0
fi(a)da < ∞.

We note that infected cells with age a∗ > 0 at time t = 0 must have been infected at time t = −a∗ and that a fraction of these

infected cells would die in the interim. Projecting the characteristics of (2) backwards from time t = 0 [6], the number of cells

infected at time t =−a∗ must be given by

i(0−a∗,0) = i(0,a∗)eδa∗ = fi(a
∗)eδa∗ ,

or alternatively, the number of infected cells that have died between infection and time 0 is

i(−a∗,0)− i(0,a∗) = i(−a∗,0)
(

1− e−δa∗
)

,

which corresponds precisely to the exponentially distributed lifespan assumed for infected cells. Now, we have assumed that

the system is in a steady-state corresponding to chronic infection with viral load V0 and the corresponding concentrations of

uninfected hepatocytes, T0. The number of new infections at time t = −a∗ must therefore be i(−a∗,0) = βV ∗T ∗. As a∗ was

arbitrary, the initial age distribution of infected cells is given by

fi(a) = i(−a,0)e−δa = βV ∗T ∗e−δa.

Thus, the initial number of infected cells is given by

I(0) =
∫ ∞

0
fi(a)da =

βV ∗T ∗

δ
.

Next, in chronic infection, we assume that the intracellular concentrations of vRNA have reached the stable age distribution

given in Eq. (25), so

R(0) =
∫ ∞

0
r0(a)i0(a)da =

∫ ∞

0

αβV ∗T ∗

µ +ρ
e−δada+

∫ ∞

0
βV ∗T ∗

(

ζ −
α

µ +ρ

)

e−(µ+ρ+δ )a,

=

(

α

µ +ρ

)

βV ∗T ∗

δ
+

(

βV ∗T ∗

(

ζ −
α

µ +ρ

))(

1

µ +ρ +δ

)

.
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B.1 Generational distribution of infected hepatocytes in chronic infection

In the preceding analysis, we showed how to calculate the initial density of infected hepatocytes, fi(a), using the stable age

distribution of infected hepatocytes during chronic infection. This initial condition gives the total concentration of infected

hepatocytes at time t = 0 without considering the generational structure of the infected cell population. We now show how the

initial concentration of infected hepatocytes immediately defines the initial generational distribution of infected cells, In(0), in

Eq. (11).

We once again consider logistic proliferation and assume the initial concentration of uninfected and infected hepatocytes,

T (0) = T ∗ and I(0) = I∗, are known. Now, we must have T (0)+ I(0)⩽ Tmax and the proliferation rate during chronic infection

is

b∗ = γ

(

1−
T ∗+ I∗

Tmax

)

.

Now, we impose that the system is in equilibrium during chronic infection. Eq. (21) yields

I∗n =
2ηb∗

ηb∗+δ
I∗n−1,

which implies that

I∗n =

(

2ηb∗

ηb∗+δ

)n

I∗0 .

Consequently, if we can calculate the initial concentration of infected cells in generation 0, we can obtain the initial concentra-

tion of infected hepatocytes for all later generations.

Now, the total concentration of infected hepatocytes at time t = 0 is given by

I∗ = I∗0

∞

∑
n=0

(

2ηb∗

ηb∗+δ

)n

. (26)

We immediately see that the initial concentration of infected hepatocytes is finite if and only if 2ηb∗ < δ +ηb∗, which is

equivalent to 0 < δ −ηb∗. From this, we calculate

I∗ = I0

(

ηb∗+δ

δ −ηb∗

)

,

which immediately yields I0 (and thus In(0)) as T ∗ and I∗, and thus b∗, are known.

C Saddle-node and transcritical bifurcations of the infected equilibria

In the main text, we showed that, at any infected equilibria that is not the total infection equilibria, i.e. with T ∗ ∈ (0,Tmax), the

concentration of uninfected hepatocytes must satisfy F(T ∗) = 0 where

F(T ∗) = γBT ∗(M(T ∗)−B)+ γBηTmax(1−T ∗/Tmax)M(T ∗)+δTmaxM(T ∗)(M(T ∗)−B),

is a quadratic function of T ∗. Here, we study the possible solutions of F(T ∗) = 0. We re-write F(T ∗) as

F(T ∗) = c2(T
∗)2 + c1T ∗+ c0, (27)

where, after using the definitions of B, R†, and adding and subtracting δηρβTmax from the constant term, we find



















c2 = ζ ρ2β 2Tmax(α(1−η)+δζ ),

c1 = Tmaxζ ρβ (ρ +µ +δ )cδη

(

R−R
† −

1

η

)

− (ρ +µ +δ )cγB(1−η)− γB2,

c0 = [(ρ +µ +δ )c]2 δTmaxη
(

R
† −R

)

.
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First, we see that, if R = R†, then c0 = 0 and thus F(0) = 0. This root corresponds to the infected equilibrium coalesces with

the total infection equilibrium (0, I†,R†,V †) in a transcritical bifurcation at R = R†.

Now, as F(T ∗) is a quadratic function of T ∗, it has exactly two roots. However, the equilibria defined by these roots may not

be biologically relevant. The two roots of F(T ∗) are real-valued if and only if c2
1 − 4c0c2 > 0, and these roots collide in a

saddle-node bifurcation when c2
1 −4c0c2 = 0.

We use the definition of B to calculate

c2
1 = [ρβTmax (ρ +µ +δ )c]2

[

ζ δη
(

R−R
†
)

− (α(1−η)+δζ )−
α2βρTmax

γ(ρ +µ +δ )c

]2

,

and

4c0c2 = 4 [ρβTmax (ρ +µ +δ )c]2 ζ δη (α(1−η)+δζ )
(

R−R
†
)

.

Now, for notational simplicity, we denote

k1 = ζ δη
(

R−R
†
)

, k2 = α(1−η)+δζ , and k3 =
α2βρTmax

γ(ρ +µ +δ )c
.

Then, imposing c2
1 = 4c0c2 and cancelling common terms gives

(k1 − k2 − k3)
2 = 4k1k2.

We can re-arrange and factor the resulting expression to find

k2
1 −2k1(3k2 + k3)+(k2 + k3)

2 = 0.

Therefore, we have c2
1−4c0c2 = 0, and thus a saddle-node bifurcation if both k1 = 0 and k2 =−k3 are satisfied. The definitions

of k1 implies that k1 = 0 if and only if R = R†, which gives the first condition in the main text. Conversely, the condition

k2 =−k3 implies

η = 1+
δζ

α
+

αβρTmax

γ(ρ +µ +δ )c
, (28)

which is the second condition in the main text. We note that a saddle-node bifurcation can only occur if η > 1, which corre-

sponds to infected hepatocytes having a fitness advantage over uninfected hepatocytes.

D Infected equilibria if HCV infection induces a fitness cost

In the preceeding analysis, we showed that a saddle-node bifurcation giving rise to two infected equilibria can only occur if

infected hepatocytes have a fitness advantage over uninfected hepatocytes. Here, we show that if η ⩽ 1, then it is not possible

to have two infected equilibria, and thus rule out the co-existence of infected equilibria if infected hepatocytes do not have

a fitness advantage over uninfected hepatocytes. In short, we prove Lemma 4.1 in the main text. As before, we utilize the

definition of F(T ∗) in Eq. (27), with the coefficients ci given in Eq. (28).

Lemma D.1. Let the model parameters be positive. Further, assume that

η ∈ [0,1], ζ ⩽ 1, and α > ζ max

[

1,1−η +
√

(1−η)2 +4δ

]

.

Eq. (10) has an uninfected equilibrium (Tmax,0,0,0) and the totally infected equilibrium (0, I†,R,V †). In addition, Eq. (10) has

a unique infected equilibrium if and only if 1 < R < R†.

Proof. The condition on η implies that c2 > 0 and R† > 1, while the condition on α implies that

α2 > 2ζ (α(1−η)+ζ δ ).
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We distinguish between three cases.

Case 1) Assume that 1 < R < R†. It follows that c0,c2 > 0 and hence F(0) > 0 while c1 < 0. Now, we return to Eq. (18)

and note that sign(F(Tmax)) = sign(1−R), since ζ < α. Consequently, as R > 1, we see that F(Tmax) < 0. Recalling that

F is a quadratic function with positive leading co-efficient, the intermediate value theorem implies that F has a unique root

T ∗
1 ∈ [0,Tmax] that corresponds to an infected equilibrium.

Case 2) Assume that 1 < R† < R. It follows that F(0)< 0. Since F has a positive leading coefficient, F has a unique positive

root T ∗
2 . However, R > 1, so Eq. (18) implies that F(Tmax) < 0. Therefore, we must have T ∗

2 > Tmax and this equilibrium

defined by this root is not biologically feasible.

Case 3) Assume that R < 1 < R†. It follows that both c0 > 0 and c2 > 0. Then, Descartes’ Rule of Signs indicates that F has

either two or zero positive roots. Since F(0) > 0 and F(Tmax) > 0, F must have either 0 or two roots in the interval (0,Tmax).
We now show that these two positive roots, if they exist, do not define biologically feasible infected equilibria.

From the quadratic formula, the largest root T ∗
+ satisfies

T ∗
+ ⩾

−c1

2c2
=

Tmaxζ ρβ (ρ +µ +δ )cδη
(

R† + 1
η −R

)

+(ρ +µ +δ )cγB(1−η)+ γB2

2ζ ρ2β 2Tmax(α(1−η)+δζ )
.

Utilizing the condition R < R† and the definition of B, we find

T ∗
+ >

(ρ +µ +δ )cδ

2ρβ (α(1−η)+δζ )
+

α(ρ +µ +δ )c(1−η)

2ζ ρβ (α(1−η)+δζ )
+Tmax

α

2ζ (1−η + δζ
α )

.

Recall that η ,ζ ∈ [0,1] and α > 2(1+ δ
α ) by the assumptions of the Lemma. Then T+ > Tmax, so we conclude that F(T ∗) has

no roots in the interval (0,Tmax) in the case R < 1 < R†.

E Including direct acting antiviral treatment in the multiscale model

Guedj et al. [21] incorporated the direct acting antiviral effects of NS5A inhibitor treatment in Eq. (2). There, Guedj et al.

[21] included three distinct antiviral effects of NS5A inhibitor treatment, namely decreasing the production rate of intracellular

vRNA by a factor 1−εα , where εα ∈ [0,1] is the drug effect on the production of intracellular vRNA, increasing the degradation

rate of intracellular vRNA by a factor κ ⩾ 1, or decreasing the viral assembly and secretion rate by a factor 1− εs, where

εs ∈ [0,1]. For simplicity, the antiviral effects of the NS5A inhibitor were assumed to be constant during treatment [21, 46]. We

give a schematic representation of the intracellular effect of NS5A inhibitor treatment in Fig. 3. Under these assumptions, the

multiscale model incorporating treatment is given by



































d

dt
T (t) = λ −dT T (t)−βV (t)T (t),

(∂t +∂a)i(t,a) =−δ i(t,a),

(∂t +∂a)r(t,a) = α(1− εα)− (κµ +ρ(1− εs))r(t,a),

d

dt
V (t) =

∫ ∞

0
ρ(1− εs)r(t,a)i(t,a)da− cV (t).

(29)

Then, Kitagawa et al. [29] showed that this system of PDEs is equivalent to the ODE











































d

dt
T (t) = λ −dT T (t)−βV (t)T (t),

d

dt
I(t) = βV (t)T (t)−δ I(t),

d

dt
R(t) = ζ βV (t)T (t)+α(1− εα)I(t)− (ρ(1− εs)+κµ +δ )R(t),

d

dt
V (t) = ρR(t)− cV (t).

(30)

It is straightforward to include these antiviral effects in the models we developed throughout the main text.
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Figure 3: Schematic of the multiscale model of HCV infection with direct acting antiviral treatment. Panel A

shows the intracellular HCV life cycle, which begins with infection of a hepatocyte and the release of positive strand

vRNA, shown in blue and denoted vRNA(+), into the cell cytoplasm following the uncoating of the HCV viral capsid.

This vRNA is translated into viral proteins, such as the RNA-dependent RNA polymerase and other proteins that

first copy the positive strand vRNA into its complementary negative strand, shown in orange and denoted vRNA(-),

and then form a replication complex or replication machine that generates new positive stand vRNA at rate α , which

can be degraded at rate µ , or assembled into HCV particles and exported into the circulation at rate ρ . Treatment

with a direct acting antiviral, such as daclatasvir, that interacts with the HCV NS5A protein, inhibits the production

of vRNA with an effectiveness of εα , inhibits the secretion of mature virus with effectiveness εs and increases the

degradation of virus complexes by a factor κ . Panel B shows the HCV extracellular dynamics, where uninfected

hepatocytes (T ) are produced due to proliferation at rate b(t), and become infected cells (I), following infection by

virus (V ) at rate β . Infected cells are lost at per capita rate δ and secrete vRNA containing particles as virus (V ) into

the circulation. The circulating virus is cleared at per capita rate c.

F Spontaneous generation of vRNA during proliferation in a multiscale model of

HCV infection with proliferation

As previously mentioned, Elkaranshawy and Ezzat [17] recently adapted the multiscale model of HCV infection to include

proliferation of infected hepatocytes. There, they directly worked with the equivalent ODE formulation found by Kitagawa

et al. [29] rather than the multiscale model capturing the intracellular viral life cycle as in Eq. (4). After including the effects of

antiviral NS5A treatment as in Guedj et al. [21], Elkaranshawy and Ezzat [17] obtained































































d

dt
T (t) = λ + γ

(

1−
T (t)+ I(t)

Tmax

)

T (t)−dT T (t)−βV (t)T (t),

d

dt
I(t) = βV (t)T (t)+ γ

(

1−
T (t)+ I(t)

Tmax

)

I(t)−δ I(t),

d

dt
R(t) = ζ

(

βV (t)T (t)+ γ

(

1−
T (t)+ I(t)

Tmax

)

I(t)

)

+α(1− εα)I(t)

− (ρ(1− εs)+κµ +δ )R(t),

d

dt
V (t) = ρR(t)− cV (t).

(31)

The model in Eq. (31) differs only from our model Eq. (10) by the inclusion of the logistic growth term in the differential

equation for the total amount of intracellular vRNA within infected hepatocytes. We recall that ζ represents the amount of

intracellular vRNA within newly infected hepatocytes due to infection. Consequently, this term models an increase in the

intracellular vRNA within daughter cells of an infected hepatocyte. Thus, the second term in the ODE for R(t) in Eq. (31)

corresponds to the generation of intracellular vRNA due to cellular proliferation. However, as we have already discussed,

proliferation of an infected hepatocyte should, at most, conserve the total amount of intracellular vRNA, rather than generating

new vRNA. Finally, we note that this spontaneous generation of vRNA upon proliferation would arise in our PDE model if we

did not distinguish between the different biological processes that lead to newly infected hepatocytes, i0(t,a), and those that
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lead to the production of infected hepatocytes arising from infected cell proliferation, ip(t,a).


