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Abstract

Multiscale mathematical models of hepatitis C infection have been instrumental in our understanding of direct acting antivirals.
These models include the mechanisms driving intracellular viral production and explicitly model the intracellular concentration
of viral RNA. Incorporating proliferation of infected hepatocytes in these models can be subtle, as infected daughter cells inherit
viral RNA from the proliferating mother cell. In this note, we show how to incorporate this inheritance within a multiscale model
of HCV infection. As in typical multiscale models of HCV infection, we show that this model is mathematically equivalent
to a system of ordinary differential equations and perform bifurcation analysis of the resulting ODE that demonstrates that
proliferation of infected hepatocytes can lead to infection persistence even if the basic repoductive number is less than one.



1 Introduction

Mathematical modeling has been instrumental in our understanding of viral kinetics during hepatitis C virus (HCV) infection.
For example, viral dynamic modeling has directly linked observed viral kinetics during antiviral treatment with mechanistic
insights into the HCV viral lifecycle [36, 37, 39, 48]. These viral dynamics models have also identified the specific antiviral
effects of direct acting antivirals against HCV and determined the minimum treatment duration to drive cure of HCV infection
[11, 12,23, 25, 36, 50]. Recent work has coupled the standard viral dynamics model with essential portions of the intracellular
viral life cycle in multiscale viral dynamics models [3, 21, 42]. These multiscale models typically consist of one or more
coupled structured partial differential equations (PDEs) that explicitly model the production of virus within infected hepatocytes
with a system of integro-differential equations describing the dynamics of uninfected hepatocytes, infected hepatocytes, and
circulating virus.

These multiscale models can be mathematically complex to analyse and computationally demanding to simulate [22, 32, 42,
46,47, 52]. Accordingly, Kitagawa et al. [29] established the mathematical equivalence between the coupled system of integro-
differential equations, for the case in which the model parameters are constants, and a system of ordinary differential equations
(ODEs) using techniques similar to the linear chain trick. This equivalence greatly facilitates the use of these multiscale models
when analysing clinical data, as the equivalent ODE formulation can be used to estimate model parameters, and has been
extensively utilized both in the context of HCV and other viral infections [18, 26, 27]. Alternative modeling frameworks,
either in the form of highly detailed ODE models of intracellular viral components [1, 13, 22, 56] or multiscale models that
utilize the intracellular concentration of viral RNA as an independent variable in the resulting PDE [54, 55] have also been
used to understand the dynamics of HCV infection. However, to our knowledge, no existing models capture the inheritance of
intracellular viral material upon proliferation of HCV infected hepatocytes, which is particularly relevant for HCV, as it is a
completely cytoplasmic virus.

The HCV viral life cycle begins with virus entry and release of the positive strand viral RNA (vVRNA) within the cytoplasm of
infected hepatocytes. This vRNA is translated and replicated into a negative sense RNA intermediary that permits replication
of positive strand vRNA [31, 42]. This positive strand vRNA is then assembled into enveloped viral particles that are released
into the circulation. Importantly, each stage of the HCV viral replication cycle occurs in the cytoplasm of infected hepatocytes.
Consequently, the intracellular VRNA within the cytoplasm is divided during proliferation of infected cells, with daughter
cells inheriting intracellular viral material. Including infected cell proliferation in mathematical models that do not capture
the dynamics of the intracellular viral life cycle is straightforward, as the daughter cells are treated as being identical to the
proliferating mother cell [9, 10, 11, 12, 44, 50]. Conversely, in the multiscale models that have elucidated the effect of direct
acting antivirals, accurately capturing infected cell proliferation is delicate, as these models must explicitly track the inheritance
of intracellular virus from mother to daughter cells.

In recent work, Elkaranshawy and Ezzat [17] adapted the standard multiscale model of HCV infection introduced by Gued;
et al. [21] to include the proliferation of infected cells. However, Elkaranshawy and Ezzat [17] worked directly with the
equivalent ODE system derived by Kitagawa et al. [29] rather than considering the underlying multiscale coupled system of
PDEs and integro-differential equations. We show in Appendix F that this direct adaptation of the ODE model results in the
spontaneous generation of intracellular VRNA during proliferation of infected cells thus invalidating the model. Here, we adapt
the standard multiscale model of HCV infection[21] Guedj et al. [21] to include infected cell proliferation beginning from
the PDE formulation that distinguishes between intracellular and extracellular dynamics. Then, as in the multiscale modeling
framework analysed by Kitagawa et al. [29], we demonstrate that the resulting multiscale PDE model is equivalent to a system
of ODEs under the assumption that all intracellular model parameters are constant functions of infection age. Consequently,
we develop a modeling framework that captures both the intracellular viral life cycle and the inheritance of intracellular virus
during proliferation.

In developing this multiscale model, we initially only distinguish between newly infected cells and those that arise from pro-
liferation of an infected mother cell. However, infected hepatocytes arising from proliferation will, on average, inherit half
the VRNA from the mother cell before producing VRNA throughout their lifetime. Consequently, intracellular VRNA may
accumulate within later generations of infected hepatocytes. We therefore develop a model to track the inheritance of VRNA
across generations of infected hepatocytes. The resulting model is an infinite system of coupled partial differential equations
that captures generational inheritance of VRNA in a similar manner to Belluccini et al. [2]. We show that the dynamics of this
generational model are identical to those of the simpler modeling framework that only distinguishes between newly infected
cells and those arising from proliferation.

Finally, we study the qualitative dynamics of the multiscale model with proliferation and vRNA inheritance. We calculate the
basic reproduction number Z of this multiscale model and give sufficient conditions to ensure that the uninfected equilibrium
undergoes the standard forward transcritical bifurcation at % = 1. We also demonstrate the existence of proliferation-driven



bistability between the uninfected equilibrium and a total-infection equilibrium that is driven by a backwards bifurcation of
the uninfected equilibrium. This bifurcation analysis extends earlier work by Reluga et al. [44], who identified a backwards
bifurcation in the standard viral dynamics model with proliferation of infected cells under quasi-steady state assumptions. We
then study the boundary between these forward and backward bifurcations of the uninfected equilibrium by demonstrating the
existence of a saddle-node transcritical bifurcation. To our knowledge, this is the first saddle-node transcritical bifurcation
identified in a relatively simple model of viral dynamics with only quadratic non-linearities. We illustrate our analytical results
using numerical bifurcation analysis in Matcont [14].

2 Multiscale model of the HCYV viral life cycle

We begin with the standard viral dynamics model that captures the extracellular dynamics in our multiscale model of HCV
infection. The standard viral dynamics model tracks the dynamics of uninfected hepatocytes, 7 (¢), infected hepatocytes, 1(t),
and free virus, V(¢) [36, 40]. Typically, uninfected hepatocytes are produced at a constant rate A, have a per capita death rate
dr, and are infected at a constant rate 8 by free virus. Infected hepatocytes die at per capita rate 6 and produce free virus with
a per capita production rate p. The free virus is then cleared at a per capita rate c, leading to the standard viral dynamics model

%T(r) =A—drT(1)=BV(O)T (1),
8110 = pviyr) - 510), W

%V(r) — pI(t) -V (1),

This model has been instrumental in our understanding of many viral infections, including HIV-1 and HCV [36, 37, 38, 39, 40],
and forms the backbone of the interactions at the extracellular scale in our multiscale model.

2.1 Multiscale model of HCYV infection without infected cell proliferation

The standard viral dynamics model Eq. (1) does not account for the intracellular processes leading to the production of virus.
Thus, Guedj et al. [21] introduced a multiscale model to capture the production of VRNA within infected hepatocytes. This
model accounts for the infection age, or time since infection of an infected hepatocyte. Then, with i(¢,a) denoting the density
of infected cells with infection age a at time ¢, the total concentration of infected cells is

() = /0 " i(t,a)da.

Infected cells are lost at an infection age independent rate 5. We denote the amount of VRNA per infected hepatocyte with
infection age a at time ¢ by r(¢,a), and assume that vRNA is produced by infected hepatocytes at a constant rate . Intracellular
vRNA degrades at a per capita rate y or is assembled into viral particles and exported into the circulation at a per capita rate p.
Thus, the rate at which vVRNA is secretedas virions by infected hepatocytes into the circulation is given by pR(t), where R(¢) is
the total concentration of intracellular vRNA within infected hepatocytes defined by

R(t) = /0 " Ht,a)i(t,a)da.

The dynamics of uninfected hepatocytes and circulating virus are unchanged from the standard viral dynamics model, so the
multiscale model of HCV infection is given by

ST(0) =2~ drT(0) ~ BV (T (1),
(9 +a)i(t,a) = —3i(t,a), (2)
(9, + da)r(t,a) = a— (+p)r(t,a)

Sy ()= [ prisaitsadda—cv ).

The boundary conditions of Eq. (2) correspond to newly infected cells, which are infected hepatocytes with infection age a =0



and { copies of intracellular vVRNA
i(¢,0) = BV (¢)T(¢) and r(¢,0) = £.

Guedj et al. [21] assumed that { = 1 vRNA/cell, although Kitagawa et al. [29] considered multiple infection events and allowed
¢ > 1. Then, Eq. (2) has initial conditions

V(0) = Vo, T(0) =To, i(0,a) = fi(a), and r(0,a) = f,(a).

The initial age distributions f; and f, are typically taken to be integrable, non-negative functions. We note that, along the
characteristics of Eq. (2), the concentration of infected hepatocytes decays exponentially so we do not impose a maximal
lifespan for these cells. A similar argument shows that the density of vVRNA within infected hepatocytes, r(¢,a), is bounded as
a function of a. Consequently, the integral defining R(¢) is well-defined. We give a schematic representation of the multiscale
model Eq. (2) in Fig. 1A and B.

Then, under the assumption that the rates 0, i, &, and p are independent of infection age, Kitagawa et al. [29] used the PDE (2)
and the definitions of I(¢) and R(¢) to show that Eq. (2) is mathematically equivalent to

%T(t) =A—drT(t)=BV()T(1).

dﬂl(t) — BV()T (1) — 81(t),

dt (3)
GRO=CBVOT () +al(t) — (p+ 1+ E)R().

3V (0 =pR() =V ().

Here, the initial conditions for 7 and R arise naturally from the initial densities of the multiscale model Eq. (2) and are given by

oo

I(O):/Owi(o,a)da:/owﬁ(a)da and R(O):./O r(o,a)i(o,a)daz/:f,(a)f,-(a)da.

Often, models such as Eq. (3) are used to describe the viral kinetics in chronically infected participants in clinical trials of novel
antivirals that, for example, reduce the rate of vVRNA replication, «, or the rate of viral production p [21, 30]. We show how
the assumption of chronic infection naturally defines the initial densities f;(a) and f,(a) in Appendix B and discuss how to
incorporate the antiviral effects of direct acting antivirals in Appendix E.

3 Infected cell proliferation in a multiscale model of the HCYV life cycle

We now incorporate cellular proliferation in the multiscale model Eq. (2). Rather than including the constant production of
uninfected hepatocytes with rate A and the death of uninfected hepatocytes with per capita rate dr as in Eq. (3), we assume that
uninfected hepatocytes proliferate with net growth rate b() as the immigration of new hepatocytes from precursors is typically
slow [20, 44]. This net growth rate b(t) is often chosen to capture logistic growth [9, 11, 13, 17, 19, 20], although other choices
are possible. The resulting ODE for uninfected hepatocytes is therefore

d
&T(t) =b(t)T(t)—BV ()T (1).

Next, we consider the proliferation of infected hepatocytes within the multiscale modeling framework before demonstrating
how to model cellular inheritance of intracellular vVRNA. Here, with the exception of infected cell proliferation, the intra- and
extracellular processes leading to VRNA production are unchanged from Eq. (2) and represented in Fig. 1.

Now, let H(¢,a) be the rate at which infected hepatocytes with infection age a proliferate at time ¢. We assume H (¢,a) can be
written as the product of the net growth rate of infected cells, denoted by b(¢), and the likelihood that a cell with infection age a
proliferates, denoted by h(a), so H(t,a) = h(a)b(t). There is in vitro evidence that infected hepatocytes may proliferate slower
than uninfected cells [53]. In our multiscale modeling framework, the function i(a) captures this difference in proliferation
rates between uninfected and infected hepatocytes, as taking i(a) < 1 implies that infected hepatocytes proliferate slower
than uninfected cells. Some existing ODE models of HCV infection also sometimes include different proliferation rates for
uninfected and infected hepatocytes [9, 13, 44].
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Figure 1: Schematic of the multiscale model of HCV infection. A) The intracellular HCV life cycle, which begins
with infection of a hepatocyte and the release of positive strand VRNA, shown in blue and denoted vRNA(+), into
the cell cytoplasm following the uncoating of the HCV viral capsid. This vRNA is translated into viral proteins,
such as the RNA-dependent RNA polymerase and other proteins that first copy the positive strand vRNA into its
complementary negative strand, shown in orange and denoted vRNA(-), and then form a replication complex, or
replication machine, that generates new positive stand VRNA at rate o¢. This positive strand VRNA can be degraded
at rate U, or assembled into HCV particles and exported into the circulation at rate p. B) The HCV extracellular
dynamics, where uninfected hepatocytes (T') are produced due to net proliferation at rate b(¢), and become infected
cells (I), following infection by virus (V) at rate 3. Infected cells are lost at per capita rate § and secrete VRNA
containing particles as virus (V) into the circulation. The circulating virus is cleared at per capita rate c. C) The
progression of a cohort of infected hepatocytes with chronological time and infection age on the horizontal and
vertical axes, respectively. Upon infection, infected hepatocytes have infection age a = 0 and progress through time-
age space along the solid lines, which are the characteristic curves of the multiscale PDE. Infected cells are removed
from the cohort due to death, which occurs at a constant per capita rate 8, or when proliferating at rate b(¢)h(a). An
infected hepatocyte with four blue intracellular vVRNA molecules proliferates to produce two daughter cells, each
with two intracellular VRNA molecules, which appear at the boundary with infection age a = 0.



Here, we assume that the probability of a cell with infection age a undergoing proliferation is given by a random variable A.
Then, h(a) is the hazard rate defined by A [5]. Proliferation results in the removal of the mother cell with infection age a > 0
and the production of two daughter cells with infection age a = 0 for a population net increase of one cell per mitotic event [7].
We illustrate the proliferation of infected hepatocytes within this time-since-infection framework in Fig. 1C.

We distinguish between newly infected cells, denoted by io(7,a), and infected cells that arise as the result of proliferation of an
infected cell, denoted by i,(t,a). We assume that the dynamics of these two populations of cells are otherwise identical and
satisfy

() + da)io(t,a) = —[8 + b(r)h(a))io(t, a) and (3, + da)ip(t,a) = —[8 +b(t)h(a)]iy(t.a),

where we recall that § is the infection age independent per capita death rate of infected cells. The total number of infected
hepatocytes undergoing proliferation at time ¢ is given by

/ b(t)h(a)ip(t,a da+/ b(t)h(a)i,(t,a)da.

As proliferation of infected hepatocytes results in daughter cells with infection age a = 0, these proliferating cells appear in the
boundary conditions of the PDEs

i0(1,0)= BV(OT(1) and i,(t,0) 2/ bt lotada+2/ h(a)iy(t,a)da.

We now turn to the dynamics of intracellular VRNA within proliferating infected hepatocytes. We once again distinguish
between the VRNA within newly infected cells, ry(¢,a), and the vVRNA within infected cells that arose from proliferation,
rp(t,a). As before, we assume that intracellular VRNA is assembled into viral particles and exported into the circulation at per
capita rate p and degrades intracellularly at rate . When an infected hepatocyte proliferates, the mother cell is removed from
the infected cell density with age a > 0. However, in the same way that death of infected cells does not decrease the amount of
vRNA within the remaining infected cells, this proliferation does not result in a corresponding decrease in the amount of VRNA
within the remaining cells of age a. Consequently, the PDEs describing ro(z,a) and r,(¢,a) are given by

(3 +du)ro(t.a) = & — [u+plro(t,a) and (3 +3,)ry(t,a) = o[+ plry(t.a).

The boundary condition for ry(#,a) corresponds to VRNA arising from infection with ro(#,0) = {. Now, the total concentration
of VRNA within proliferating infected cells that have not previously proliferated, i.e. the cells denoted by iy(¢,a) that are
proliferating, is given by

/ooo ro(t,a)b(t)h(a)io (1, a) da,

while the total concentration of VRNA within proliferating infected cells that have previously proliferated, i.e. infected cells
ip(t,a) that are proliferating, is given by

./: rp(t,a)b(t)h(a)i,(t,a) da.

Upon mitosis, the daughter cells inherit, on average, half the intracellular VRNA of the mother cell prior to division. The
average intracellular vVRNA is given by the total concentration of vRNA within proliferating infected cells divided by the total
number of proliferating cells, so

rp(1,0) = ~ {f(;o ro(t,a)b(t)h(a)io(t,a) da+ [; rp(t,a)b(t)h(a)iy(t,a) da
2 I3 bO)h(@)io(t,a) da+ 57 b(1)h(a)ip(t,a) da

The assumption that each daughter cell inherits half the average vRNA within proliferating cells may appear to over-simplify the
potential accumulation of VRNA within infected hepatocytes. Consequently, in Section 3.2, we extend this model to explicitly
track the generational accumulation of VRNA within infected hepatocytes. We then show that the population-level dynamics of
the model that tracks generation inheritance are precisely the same as assuming that each daughter cell inherits half the average
vRNA within proliferating cells.

Finally, we assume that virus is produced from infected cells, io(f,a) and i, (t,a), by assembly and secretion of their VRNA,
ro(t,a) and rp(t,a), as virus particles with dynamics that are unchanged from the multiscale model without proliferation in



Eq. (2). We obtain

ST(0) = b))~ BV(T(0)
(0 +da)io(t,a) = —[0 +b(t)h(a)lio(t,a),
3+ 0Jiplt,) = ~18+blo)h(ali(r.a), "
(0 +da)ro(t,a) = a—[u+plro(t,a),
(O +da)rp(t,a) = o — [+ plry(t,a),
d V() :/ plro(t,a)iolt, @) + rp(t, @iy (t,a)] da— ¢V (1),
with boundary conditions
io(t,0) = BV (t)T (1),
in(1.0) =2 [ b()h(@)in(r.a)da+2 /O b(t)h(a)iy(t,a)da,
rolt,0) = ¢, ©®)
ro(1,0) = & {j(')” ro(t,a)b(t)h(a)io(t,a) da+ [y rp(t,a)b(t)h(a)iy(t,a) da
P 2 Jo b(t)h(a)io(t,a) da+ [y b(t)h(a)iy(t,a) da

As in the model without proliferation, the initial conditions of Eq. (4) are given by
V(0)=W, T(0)=To, i(0,a)=fi(a), ip(0,a)=fi,(a),
ro(0,a) = fy,(a), and r,(0,a) :f,p(a).

Once again, we assume that the initial densities fj,, fi,, fy, and f,, are non-negative, integrable functions. In the setting of
chronic infection, these initial densities can immediately be determined by projecting the characteristics of Eq. (4) backwards
in time as described earlier. Finally, within this framework, the total concentration of infected cells is given by

() = /0 " io(t,a) +ip(t,a) da, ©)

while the total amount of intracellular vRNA is given by
RO = [ ro(t.a)io(t,a) + rp(t.a)ip(t.a) da. %)
0

These integrals are well-defined, as both iy(¢,a) and i, (¢,a) decay exponentially in infection age while the intracellular VRNA
concentrations are both bounded above.

3.1 The multiscale model including infected cell proliferation admits an equivalent system of ODEs

We now demonstrate that the multiscale model Eq. (4) is mathematically equivalent to a system of ODEs under the assumption
that the rates J, i, and p are all independent of infection age. At this point, we have not made any assumptions on h(a). We
begin by deriving an ODE for the total amount of VRNA within infected cells, given by R(¢) in Eq. (7). We make the change of
variables u =t —a to find

! !
R(t) = / io(t,t —u)ro(t,t —u)du + / ip(t,t —u)ry(t,t —u)du.
Using Leibniz’s rule to differentiate the integral and recalling that the integrands is a product of exponentially decaying and

bounded functions which vanishes at infinity [7, 41], we obtain

d

R0 = io(t,0)ro(1,0) +/0°°r0(z,a) € +aa)i0(z,a)da+/0°°i0(t,a) (3 +0u) rol(t,a)da

iy (1,0)r (1,0 + ./O‘w ro(t,a) (8, + 9) it a)da + (/Ow i (1,a) (3 +u) ry(1,a)da



Using the PDEs for ig(f,a), i,(t,a), ro(t,a), and r,(t,a) in Eq. (4), gives

%R(r) — io(t,0)70(1,0) + &l (r) — (8 + 1 + P)R(?)

/ b(0)h(a) [ro(t,a)io(t, @) + rp(t, )iy (t,a)] da-+ip(,0)r,(t,0).
Then, the boundary conditions in Eq. (5) give

io(t,0)ro(2,0) = EV ()T (),
ip(t,0)r,(2,0) :/0 b(t)h(a) [ro(t,a)io(t,a) +rp(t,a)iy(t,a)]da.

We therefore obtain

d

SR = CBV(T(1) + (1) — (8 + .+ p)R(D).

We note that this differential equation is precisely the same as what was found by Kitagawa et al. [28] in the multiscale model
that does not include proliferation of infected cells. This is unsurprising, as proliferation of infected hepatocytes does not
change the total amount of intracellular vRNA since the VRNA within a proliferating mother cell is conserved as it is divided
between the two daughter cells.

We use the same approach for I(¢) defined by Eq. (6) to obtain

%1( 1) = i0(t,0) + iy (1,0) / b(1)h(a) [io(t,a) + i (1,a)] da.

Inserting the boundary conditions in Eq. (5) gives

d 00

I I(t) =BV ()T(t) +b(t)/0 h(a)[io(t,a) +ip(t,a)]da— 81(t).

Now, we have not yet specified #(a). Assuming the likelihood that an infected cell proliferates is independent of infection age,
the hazard rate is a constant function of infection age. Thus, 2(a) = 1 > 0, which implies that the probability of an infected cell
proliferating is exponentially distributed. Importantly, if 1 = 1, then infected and uninfected hepatocytes are equally likely to
proliferate, while taking 1 € (0, 1) would account for a proliferative fitness cost related to HCV infection, as has been observed
experimentally [53], and 17 > 1 would model a proliferative fitness advantage. We stress that other assumptions on A(a) are
possible that would also admit equivalent ODEs via the linear chain technique [4, 5, 15].

Then, assuming i(a) = 1 and recalling the definition of I(¢) in Eq. (6) gives

d

3/0) =BV (OT (1) +nb(t)I(r) - 8I(r). ®

We thus obtain the equivalent ODE system to the multiscale model with proliferation in Eq. (4), which is given by

ST =b)T(0) = BV (OT(),

1) = BV(T() + Mb(0)I (1) - 8101,

fj“ ©)
SR() = EBVOT () + o (1) — (p+ i+ BR(),

SV = RO~V (1)

Here, the initial conditions for / and R once again arise naturally from the initial densities of the multiscale model Eq. (4).
Now, if b(t) is chosen so that hepatocytes undergo logistic growth with a carrying capacity T,,, and growth rate ¥, as in



[11, 12,25, 44], we obtain

10 =r(1-T0) 70 - pvyr)

d T(r)+1(z)

0 =pvoro-ny(1- ") 1) -1, o
SRU) = CBV(WT(0) +al(e) — (p+ i+ BR()

&V(I) =pR(t) —cV(t).

We compare Eq. (10) against the Elkaranshawy and Ezzat [17] model in the Appendix and show that the Elkaranshawy and
Ezzat [17] model predicts non-realistic production of intracellular vRNA due to infected cell proliferation.

3.2 Generation tracking of infected hepatocytes

In the development of Eq. (4), we distinguished between cells that arise from new infections, iy(7,a), and cells that arise
from infected cell proliferation, i,(¢,a). In this setting, the boundary condition that defines the amount of intracellular VRNA
inherited by newly proliferated daughter cells corresponds to the average amount of VRNA within all proliferating infected
cells. However, the amount of vVRNA at proliferation of the mother cell determines the amount of intracellular vRNA inherited
by the resulting daughter cells. As we expect intracellular VRNA to be produced by infected cells, and thus accumulate from
birth until mitosis, the daughter cells in generation n will have more intracellular VRNA upon mitosis than daughter cells in
generation n — 1.

However, the resulting generational accumulation of intracellular VRNA is not reflected in the boundary conditions of Eq. (4),
where all daughter cells inherit half the average amount of vVRNA of all proliferating mother cells, regardless of their generation.
‘We now show how to account for these generational dynamics via an infinite system of PDEs that tracks the dynamics of each
generation of infected hepatocytes. In what follows, the dynamics of newly infected cells, iy, are unchanged from Eq. (4).

Infinite systems of differential equations to model generational inheritance

We begin by developing a mathematical model for each generation of infected hepatocyte. For n > 1, let i,(f,a) denote the
concentration of infected hepatocytes in the n—th generation, and let /(¢) denote the total concentration of infected hepatocytes.
As before, the proliferation rate » may depend on the concentration of uninfected and infected hepatocytes, T'(¢) and I(¢). Then,
using the same reasoning as for Eq. (4), i,(z,a) satisfies

(3 + Au)in(t,@) = —[8 + b(t,1(2), T (1)) (a))in(t, a).

In what follows, we assume that the per capita death rate 8, and likelihood of proliferation £, are independent of generation,
s0 0, = 6 and hy,(a) = h(a). For notational simplicity, we suppress the explicit dependence of b on the total concentration of
hepatocytes and instead write b(¢,1(¢),T(¢t)) = b(¢). The boundary condition of i, (¢,a) corresponds to proliferation of cells in
the preceding generation, so the production of infected hepatocytes in generation 7 is given by

2(2,0) Z/b a)in—1(t,a)da.

In this framework, a represents the time-since infection for iy(f,a) and the time since mitosis for i,(t,a) with n = 1,2,....
Similarly, let r,(¢,a) denote the amount of intracellular vVRNA within infected cells of age a in generation n. Once again
assuming that the dynamics of intracelluar VRNA are independent of generation and using the same reasoning as in Eq. (4), we
obtain

(9 +0a)ra(t,0) = & — [+ plra(t,a).

Then, the boundary condition of r,(¢,a) corresponds to the amount of vVRNA inherited by infected cells in generation n following
mitosis of the mother cell in generation n — 1. The total amount of VRNA within these proliferating cells is given by

/ b(t)h(a)iy—i(t,a)r,—i(t,a) da,
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and this vVRNA is equally divided among the resulting daughter cells, now in the n-th generation, which determines the boundary
condition i,(z,0). Consequently, each infected cell in generation 7 inherits

_J5b(OR(@)in-1(t,a)ra—1(t,a) da
ra(£,0) = 22 o

)

copies of VRNA. As we are not a priori imposing an upper limit on the number of generations, n, the resulting model is a
coupled infinite system of PDEs for the generational dynamics of i,(¢,a) and r,(¢,a) with n = 1,2,3,.... As in Section 3, the
total concentration of infected cells in the n—th generation is given by

L) = / in(t,a)da.
0
Then, using the same approach as for Eq. (9), we calculate

%In(t) —2b(1) /O " h(@)in_1 (1, a)da— 8I(t) — b(t) /0 " h(@)in(t,a)da.

Under the assumption that i(a) = 1, this differential equation for I,(¢) becomes

d

dt
where we clearly see the distinction between the loss of cells in generation n due to mitosis and the appearance of cells in this
generation due to proliferation of cells in generation n — 1. In this way, we obtain an infinite system of ODEs for {I,(t)};_,.
Assuming that 1,,,(0) > 0 for all m, it is simple to show by induction and using Gronwall’s lemma that £,,(z) > 0 for all m [43].
Returning to the intracellular vRNA concentration, the total amount of VRNA within each generation is given by

Iy(8) = 2b()n 1,1 (1) = 81,(1) = b(1)N14 (1),

Rult) = / in(t,a)ra(t, a)da,
Jo
and using the same approach as in Section 3, we calculate

%Rn(t) =oly(t)— (0 +u+p)Ry(t).

As with the concentration of infected hepatocytes in the n-th generation, assuming that R, (0) > 0 for all m implies that
Ry (t) = 0. We thus obtain the infinite system of ODEs

ST =T ()~ BTV (),
Slo(t) = BTV (1)~ nb(a)io(r) — S1o(0),
d

aI,,(t) =2nb(t),—1(t) = b(t),(t) — 81, (), forn > 1,
(1D

S Rol0) = LBT(V (1) + ath(t) — (84 i+ p)Ro(r),
%Rn(t) — ol (1) — (5 + f + p)R(t), forn>1,
%V(r) —p Y Ru(t) — eV (1),

n=0

Tracking generational dynamics does not influence infection dynamics

We now show that the dynamics of the infinite system of ODEs in Eq. (11) are precisely the same as those of the multiscale
model with proliferation that did not track the generational inheritance. To do so, we remark that, if we could interchange

infinite summation and differentiation, so that
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then the resulting infinite series would telescope to exactly the ODE for I(¢) in Eq. (10). In Appendix A, we utilize the results
on infinite systems of differential equations from McClure and Wong [33], where they considered the generic infinite system of
ODEs

d o
ay,~(t)=Z"a,;,(t)y,(z)+f,~(y(r)), for i=1,2,..., (12)
=1

with 5 = (y1(2),y2(2),...), to show that we can exchange differentiation and summation. McClure and Wong [33] demonstrated
that a unique solution of Eq. (12) exists and is a strongly continuous function.

Definition 3.1 (Strongly continuous function). The sequence §(t) = (y1(t),y2(t),...) is a strongly continuous function on the
domain % C R if each y;(t) is continuous and

150 = Zl )|

is uniformly convergent on compact subsets of .% .

In Appendix A, we prove

Proposition 3.2. Assume that the parameters in Eq. (11) are strictly positive, the proliferation function b(t) is continuous and
bounded, and that the initial conditions are non-negative. Then, the infinite system of ODEs Eq. (11) has a strongly continuous
solution.

Now, let I(¢) = (I (t),L(t),...) and R(t) = (Ry(¢),Rx(t), ...), be the strongly continuous solution of Eq. (11) and define

In(t)=1(t)+ i I,(t) and Py(t)=Ro(t)+ i R,(2).

n=1 n=1

Proposition 3.2 ensures that Jy and Py converge uniformly, so it is natural to define the total concentration of infected cells,
I(t), and intracellular vVRNA, R(), as

I(t)= lim Jy(t) and R(r) = lim Py(r).

N—oo N—yoo
Then, by adding and subtracting the term nb(¢)Iy(¢) in the ODE for Jy, we calculate

S IN(E) = BV (0T(0) + mb(a) (1) — Sn(1) ~20b(0) ().
SBy(1) = EBV(OT (1) + an(e) — (8-+ i+ p)Pu().

Since Jy and Py converge uniformly and Iy — 0 as N — oo, the sequences J}, and P}, converge uniformly, so after interchanging
differentiation and summation, we find
d
—I
dt
d

RO =EBV(OT (1) +al(r) - (p+ 1+ 8)R(),

(t)=BV()T(t)+nb(t)I(t) — 61(t), and

which are precisely what we obtained in Eq. (9). Consequently, the dynamics of the total concentration of infected hepatocytes
and intracellular vVRNA in the infinite ODE that tracks generation inheritance Eq. (11) are exactly those of Eq. (9), where we
only considered infected hepatocytes arising from new infections or from proliferation of infected mother cells. We therefore
do not need to account for the generational dynamics of intracellular vRNA, as the inheritance balances over all generations.
Further, for non-negative parameters, the existence, uniqueness, and non-negativity of solutions to Eq. (11) is immediate.

4 Bifurcation analysis of the multiscale model with logistic proliferation

While other choices for the proliferation function b are possible, the majority of models that consider hepatocyte proliferation
utilize a logistic growth term [9, 12, 44]. We therefore now analyse the bifurcation structure the multiscale model with logistic
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proliferation in Eq. (10). We give necessary and sufficient conditions for the existence and local stability of the uninfected
equilibrium, a total infection equilibrium, where the infected cell population is self-sustaining in the absence of uninfected
hepatocytes, and an infected equilibrium. We illustrate these results using Matcont [14] in Fig. 2.

Uninfected equilibrium

We begin by establishing the local stability of the uninfected equilibrium. As would be expected from the biological interpre-
tation of Eq. (10), the uninfected equilibria is given by

(T*,.I",R*,V*) = (T)yax,0,0,0).

The Jacobian of Eq. (10) evaluated at the uninfected equilibrium is given by

. — 0 *ﬁTmax
_ 0 76 0 ﬁTmax
.](TmlUC707O;O) = 0 o —(p —|—[.L+5) BTax 1
0 o0 P —¢

The Jacobian matrix J(7}u,y,0,0,0) has an eigenvalue Ay = —¥, so after expanding J(T},4x,0,0,0) along the first column, the
remaining three eigenvalues are the roots of

CPy(A) = [BPTmax— (P + 1+ 8 +A)(c+A)|(8+A) + BTnarctp.

This is precisely the characteristic polynomial found by Elkaranshawy and Ezzat [17] in their analysis of the uninfected equilib-
rium in their similar model of HCV infection under the assumption that 7* = T,,,,,. By utilizing the Routh-Hurwitz conditions
and adapting the analysis of Elkaranshawy and Ezzat [17], we conclude that the uninfected equilibria is locally asymptotically
stable if and only if the basic reproductive number % satisifies

_ BTuu(a+38)p

T Sc(5+utp) (19

Total infection equilibria of the multiscale model

We now turn to persistently infected equilibrium of Eq. (10) with non-zero equilibrium concentrations of infected hepatocytes
I*. From the differential equation for target cells in Eq. (10), T'(¢), we find

T*+I*>

Tmax

BWV*’W*O (15)

Now, we typically discard the equilibrium solution corresponding to 7* = 0. However, when we consider proliferation of
infected hepatocytes, there may be an infected equilibrium corresponding to a population of infected hepatocyte that is self-
sustaining without new infections. We denote this total infection equilibrium by (0,77, R, V). At this equilibrium, we imme-

diately obtain from Eq. (10)
) r
1-— ) - I"=o,
m {( 777) Tmax]

with corresponding equilibrium concentration I™ = (1 — %,)Tmax This equilibrium is only biologically relevant if 7y > &, and
we calculate the remaining equilibrium concentrations

R% _ a(n'y_S)];nax and VT — POC(UV—5)Tmax.
ny(p +u+9) nyc(p+u+96)
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The Jacobian of Eq. (10) evaluated at (0,17, R", V') is given by

%—ﬁvT 0 0 0

J O,IT,RT7VT — ﬁVT+777—5 -ny 0 0
( ) {pvT o —(p+p+d) O
0 0 p —c

This matrix is lower triangular with eigenvalues
é il
A= n —BV', h=-n7, Ab=-(p+p+d), A=-c

It is clear that the final three eigenvalues are strictly negative, so the total infection equilibrium (0,77, RT, V") is locally asymp-
totically stable if and only if A; < 0. This condition is equivalent to % > %", where Z is the basic reproduction number in
Eq. (14), and

%1- _ P ﬁ Tnax

o (Y c(p+u+3) “"”’”)' 1o

Infected equilibria of the multiscale model with logistic proliferation

Now, we consider equilibria of Eq. (9) with biologically feasible uninfected hepatocyte concentrations, 7* € (0, T,4¢). The
differential equation for circulating virus implies that, at equilibrium, cV* = pR*. Then, using Eq. (15) and this equality in the
ODE for the total amount of intracellular vVRNA, R(¢), in Eq. (9) implies

LT (1 = TT:I) —(p+u+d) (;) (g) (1— T;ﬂ:f) +al* =0.

We note that the above expression is linear in /¥, so regrouping terms gives

G [Pl ) ) [

T;nax Tmax

Now, setting

Tmtlx
M(T*)={pBT*—(p+p+8)c and B= %7

we find

' (1=T"/Tpa)M(T*)
Tax M(T*)—B ’

a7

Now, we turn to the ODE for infected hepatocytes, and once again using Eq. (15), we find

T +1TI*
51*:y<1_ T* >(T*+n1*).

max

(1 - TrTn> <<M<FT£T—)B>2> -0

which clearly has a solution corresponding to the uninfected equilibrium 7* = T,,,, and where

The equality in Eq. (17) yields

F(T*) =yBT*(M(T*) —B) + vBN Typax(1 — T ) Ty YM(T™) 4+ 8 TaxM (T ) (M(T*) — B),
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is a quadratic function of T*. Then, the uninfected hepatocyte concentration, 7%, at an infected equilibrium must satisfy
F(T*) =0, while

Tmax

F(Tax) = Scp+pu+9d)

(2 1] (PBTnax(§ — ) — (p+ 1+ 8)c). (18)

We immediately see that % = 1 implies F (T;nqx) = 0 so the uninfected equilibrium undergoes a transcritical bifurcation at % = 1
leading to the existence of a positive infected equilibrium. In Appendix C, we show that this infected equilibrium coalesces
with the total infection equilibrium in a transcritical bifurcation when % = 2" . Furthermore, we show that the two roots of F
collide in a saddle-node bifurcation if 2 = %' and

9 aBpTnax

=142 PP Tmar 19
M= o 8 (19)

The first condition, Z = %", is precisely the necessary condition for the total infection equilibrium to undergo a transcritical
bifurcation. Indeed, if both Eq. (19) and % = %" hold, then there is a saddle-node transcritical (SNTC) bifurcation of the total-
infection equilibrium [16]. This SNTC bifurcation is a co-dimension two bifurcation where a saddle-node bifurcation collides
with a transcritical bifurcation. These bifurcations have been observed in ecological models with highly nonlinear terms [51],
but, to our knowledge, not in a system with only quadratic nonlinearities. We illustrate this codimension-two bifurcation in
Fig. 2C-E.

Infection induced fitness cost

We next consider the case where HCV infection results in a proliferative fitness cost for infected hepatocytes, as has been
observed experimentally, which corresponds to 1 < 1 [53]. In Appendix D, we characterise the existence of the biologically
relevant infected equilibrium under this assumption and prove

Lemma 4.1. Let the model parameters be positive. Further, assume that
nelo,1], <1, and a>{max [1,1—n—|— (1—n)2+45] .

Eq. (10) has an uninfected equilibrium (Tyay,0,0,0) and the totally infected equilibrium (0,17, R,V"). Further, Eq. (10) has a
unique infected equilibrium if and only if | < % < %".

Infection induced fitness advantage

We next turn to the case where HCV infection imparts a proliferative fitness advantage, denoted by n > 1, which may occur if
HCYV infection leads to hepatocellular carcinoma. Typical estimates for 7,4y, B, and ¢ from fitting clinical data satisfy BT,q < ¢
[45, 47]. It follows that

apBTmax
U 3o ruto) “n
_ _PBTnax
c(p+u+6)

1< implies 2" < 1.

Consequently, the local stability analysis suggests that there is a possible region of bistability of the uninfected and the total
infection equilibrium for % € (%", 1). This is only possible if the uninfected equilibrium undergoes a backwards bifurcation at
Z = 1.

This backwards bifurcation is not typical in viral dynamics models but was observed by Reluga et al. [44] in a variant of the
standard model of viral dynamics that includes proliferation of HCV infected hepatocytes. There, Reluga et al. [44] noted
that the viral dynamics are relatively fast compared to the dynamics of infected hepatocytes. Thus, they assumed that these
two concentrations were in quasi-steady state so the standard viral dynamics model reduces to a system of two differential
equations. Then, Reluga et al. [44] show that bistability between the uninfected and total infected equilibria can only occur if
infected hepatocytes have a proliferative fitness advantage compared to uninfected hepatocytes, which precisely corresponds to
the condition 17 > 1. We illustrate this backwards bifurcation in Fig. 2.
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Summary and numerical bifurcation analysis

We utilize Matcont, a numerical continuation software package commonly used in mathematical biology [14, 49], to illustrate
these analytical results. We take % as the bifurcation parameter and calculate the corresponding infection rate 3 by re-writing
Eq. (14)

:%5c(5+u+l))

p Tnax(0t+8)p

We use previously estimated model parameters [17, 29, 46, 47] given in Table 1 in this numerical bifurcation analysis. However,
we consider logistic growth, rather than constant production, of uninfected hepatocytes. Consequently, there are fewer unin-
fected hepatocytes produced without the constant production rate A. Therefore, more virus must be produced by each infected
cell to allow for persistent infection. Thus, we increase the production rate of intracellular vVRNA over previously published
estimates [17, 29, 46] to o = 300 virions/cell/day to ensure that the predicted dynamics of V (¢) are consistent with clinically
observed viral loads. Finally, we set the hepatocyte reproduction rate Y = 0.2/day throughout, although our qualitative results
are robust to differences in these parameters.

Parameter Value
p (/day) 8.18
u (/day) 1
c (/day) 22.3
Tax (cells/mL) 1.35x10’
£ (copies/cell) 1
Y (/day) 0.20
« (copies/cell/day) 300
0 (/day) 0.05

Table 1: The viral dynamics parameter values utilized in the numerical bifurcation analysis. The model
parameters were taken from previously published estimates [17, 29, 46, 47] except for &, which was chosen to
ensure that the predicted viral loads are consistent with clinically observed data. Further, 7 was varied to illustrate
the possible bifurcation diagrams. As we assumed logistic proliferation of uninfected hepatocytes, we did not
consider their proliferation or per capita death rate and set A = 0 and dr = 0 throughout.

We have shown that the reproduction number % in Eq. (14) determines the local stability of equilibrium solutions of Eq. (10).
In Fig. 2A, we show the bifurcation diagram for 1 = 1, where %' > 1. Here, Eq. (10) has the forward bifurcation structure
typically found in viral dynamics models. Specifically, we find that if Z < 1, then the uninfected equilibrium is locally stable.
There is a transcritical bifurcation of the uninfected equilibrium at % = 1. Then, the resulting infected equilibrium is locally
stable for 1 < % < Z". Finally, this infected equilibrium undergoes a further transcritical bifurcation at % = %' where the
total infection equilibrium becomes locally stable.

In Fig. 2B, we consider the case where § = 3.5 and %" < 1. Unlike the standard viral dynamics model, we observe a backwards
bifurcation at Z = 1, where the unstable unique infected equilibrium acts as a separatrix between the uninfected and the total
infection equilibria, which are both stable. There is consequently a regime of bistability in Eq. (10) that corresponds to a
population of infected hepatocytes that is self-sustaining due to proliferation. This total infected equilibrium is then locally
stable for Z > 7.

Finally, we utilize two parameter continuation of the model parameters &% and 7 to illustrate the unfolding of the SNTC
bifurcation of the total-infection equilibrium. The total infection equilibrium is biologically relevant for n > 6/r = 0.25 and
the SNTC bifurcation occurs at 1 = 1.2501 and # = 1.0000. In Fig. 2C and D, we show an unfolding of the SNTC bifurcation
with 1 = 1.26 and n = 1.24. Here, we see the near vertical infection equilibrium following the transcritical bifurcation of the
uninfected equilibrium, with a backwards bifurcation occurring at 17 = 1.26 and a forward bifurcation occurring at n = 1.24;
these curves coalesce into a cusp at the SNTC bifurcation point. Further, Fig. 2E shows the continuation of the transcritical
bifurcation between the infected and the total infection equilibria. We note that, as infected cells have an increased fitness
advantage with 1 > 1, the fraction I7/T,,,, approaches unity despite the expected number of secondary infections, %, tending
to 0.
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Figure 2: Numerical bifurcation analysis of Eq. (10) All panels show the fraction of infected hepatocytes at
equilibria, I* /T, with parameters given in Table 1. In Panels A-D, solid lines denote locally stable equilibria,
dashed lines denote unstable equilibria, and transcritical bifurcations are denoted by red circles. (A) For n = 1, the
uninfected equilibrium undergoes a forward transcritical bifurcation at #Z = 1. The resulting infected equilibrium
coalesces with the total-infection equilibrium and undergoes a second transcritical bifurcation at Z = #7. B) For
n =3.5and Z' < 1, the infection-free equilibrium undergoes a backwards bifurcation at % = 1, leading to the exis-
tence of an unstable infected equilibrium, and bistability between the uninfected and the total-infection equilibrium
for #7 < % < 1. C) Unfolding the SNTC bifurcation for = 1.26, where the uninfected equilibrium undergoes a
backwards transcritical bifurcation at % = 1. D) Unfolding the SNTC bifurcation for n = 1.26, where the uninfected
equilibrium undergoes a backwards transcritical bifurcation at Z = 1. In both C and D, the inset diagrams show
the forwards and backwards bifurcations, respectively. E) Two parameter continuation of the transcritical bifurca-
tion of the total-infection equilibrium as a function of the model parameters % and 1. The solid line denotes the
value of I* /T, as both parameters vary. The saddle-node transcritical bifurcation is denoted by the yellow circle at
n = 1.2501 and Z = 1.0000.
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5 Discussion

The standard multiscale model of HCV infection is a coupled system of integro-partial differential equations that has been
instrumental in our understanding of HCV viral dynamics. While the standard multiscale model includes a detailed description
of the intracellular HCV life cycle, it does not include infected cell proliferation. However, infected cell proliferation, which
may occur at a different rate than for uninfected hepatocytes, may be an important driver of HCV persistence. There is a need
for modeling approaches that capture both the intracellular viral life cycle and proliferation of infected hepatocytes. However,
including cell proliferation within these coupled PDE and integrodifferential equations is complicated by the inheritance of
intracellular viral material to both daughter cells. Appropriately accounting for this generational inheritance is non-trivial in
structured models [34] and it is tempting to immediately adapt equivalent ODE formulations of the multiscale model to include
the proliferation of infected hepatocytes without first considering the underlying structured PDE. As we showed in Appendix F,
direct adaptations of the ODE model without considering the underlying multiscale PDE may lead to non-biological production
of intracellular vRNA during proliferation.

Here, we developed a multiscale model of HCV infection that includes proliferation of infected hepatocytes and the corre-
sponding inheritance of intracellular virus. We included proliferation of infected hepatocytes through the boundary conditions
of the time-since-infection structured PDE. In our modeling framework, we distinguished between newly infected hepatocytes
and infected hepatocytes arising via proliferation of infected cells. Consequently, the boundary conditions of our structured
PDE accurately represent the distinct mechanisms by which infected cells with age @ = 0 may arise. This distinction is crucial
when modeling the inheritance of intracellular viral material, as the initial concentration of VRNA can be drastically different
between newly infected cells and those that arise from proliferation. After developing our multiscale model of inheritance,
we show that the model is mathematically equivalent to a system of ODEs under the assumption that the rate constants for
intracellular production and degradation of VRNA and the per capita death rate of infected cells are independent of infection
age. We also show that this modeling approach that only differentiates between newly infected hepatocytes and those that arise
from proliferation is precisely equivalent to a model that explicitly tracks the generational dynamics of infected hepatocytes
using techniques from infinite systems of differential equations.

We calculated the basic reproduction number and performed a detailed bifurcation analysis of the resulting model using both
analytical and numerical continuation methods. We identified a region of bistability where both the uninfected and total-
infection equilibrium are stable. This region of bistability results from the proliferation of infected hepatocytes occurring
more rapidly than proliferation of uninfected cells, which might occur in cases where HCV infection leads to hepatocellular
carcinoma. If the fitness advantage of infected cells is large enough, then the bistability would persist even in the case of
extremely effective antiviral treatment that drives the expected number of secondary infections, Z, to zero. Furthermore, while
Eq. (10) is relatively simple, with only quadratic nonlinearities, we also demonstrated the existence of a saddle-node transcritical
bifurcation. This bifurcation separates parameter regimes where the uninfected equilibrium undergoes a forward or backward
transcritical bifurcation. While these saddle-node transcritical bifurcations have been observed in highly nonlinear ecological
models, to our knowledge, this is the first example in a viral dynamics model with only quadratic nonlinearities.

It is important to note that our analysis relies on the assumption that the rate constants describing intracellular VRNA production,
degradation, and the per capita death rate of infected hepatocytes are constant. However, these rate constants will likely depend
on the cell’s infected age, and possibly, on their infected generation. Consequently, future work may include extending our
modeling framework to the more biologically relevant case of age dependent parameters as in [24, 35]. In recent work along
these lines, Wang et al. [52] analysed a similar multiscale model without proliferation and demonstrated the existence of a
forward bifurcation of the uninfected equilibrium without assuming that the production rate of intracellular vRNA is constant.

All told, we have developed a multiscale modeling framework that captures both the intracellular dynamics of HCV infection
as well as cellular proliferation and inheritance. This modeling framework could be extended to other persistent viral infections
or to understand inheritance of intracellulars factors in other therapeutic settings.
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A Generational tracking of infected hepatocytes

Here, we prove that the infinite system of ODEs in Eq. (11) has a strongly continuous solution by using the results of McClure
and Wong [33], who considered the generic infinite system of ODEs

q -
0 =Y a0y +fF0), for i=123,... (20)
j=1

By converting the infinite ODE (20) to the equivalent system of integral equations, McClure and Wong [33] prove that

Theorem A.1 (Theorem 4.2 of [33]). Assume that the linear portion of the right-hand side of Eq. (20) satisfies

Al) Each linear coefficient a; j(t) is continuous
A2) The function w(t) = sup{Re(a;;(t)} is locally bounded

A3) For each j, the sum Z |la; j(t)| converges uniformly on compact subsets of R.
i#j

Furthermore, assume that the nonlinear portion of Eq. (20) satisfies

F1) Each function f; is continuous

F2) The sum ||f]| = Z |fi(3)| converges uniformly on bounded subsets of ¢,
i=1

F3) There exists a continuous function g(t) such that |f(3)| < g(t)|9||¢, for all time.

Then, the infinite system of ODEs Eq. (20) has a strongly continuous solution.

We now return to the infinite system of ODEs in Eq. (11), where the nonlinear portion of the infinite system of ODEs arises from
the proliferation of infected hepatocytes. In developing the model of generational inheritance for infected cells, we explicitly
distinguished between the proliferation of cells in generation n — 1 to produce cells in generation n, and the loss of these cells
in generation n due to proliferation

d

aln(t) =2nb(t)L,—1(t) — nb(t)I,(¢) — 8L, (¢). (1)
However, we can rewrite this equation to emphasize the net growth rate, ¢ (¢t) = nb(¢t) — 8, of infected cells. By adding and
subtracting Nb(t)I,, Eq. (21) becomes

d
S(0)=2mb(0) (1 (0) = 1(0) + O () (), for n=1,23,.... 22)
The differential equation in Eq. (22) is a transit compartment equation that models inflow and outflow from n-th generation at
the nonconstant, but bounded, proliferation rate 2b(¢), and captures the net growth of the population via the net growth rate

¢ (7). Similar transit compartment ODEs occur frequently in applications of the linear chain technique [4, 5, 8].

Now, recall that newly infected hepatocytes must pass through the intervening n generations before reaching the n—th gener-
ation. Progression through these generations is controlled by the proliferation rate, so the transit rate between generations is
given by 2nb(t). Then, the concatenation of these n generations, or stages, corresponds to an Erlang distribution with shape
parameter n for the time-lag from new infection to reaching generation n. These infected hepatocytes will undergo growth (or
decay) depending on the net growth rate ¢(¢). Thus, the concentration of infected hepatocytes in generation n at the present is
entirely determined by the concentration of newly infected hepatocytes in the past, and the net growth of these cells over the
intervening time interval. Indeed, Cassidy et al. [5] prove that the solution of Eq. (22) must be given by

t

() = /0 " onb(t — $)lo(t — s)exp [ /t;(p(c)dc} g ( I_San(G)dc) ds, 23)

where
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is the probability density function of the Erlang distribution with shape parameter n and rate parameter a. The crux of this result
is the relationship

d ,

3, %a(s) = —ga(s) and Lons) = algl ™ ()= gh(s)] for n>2,

ds

as using this equality and Leibniz’s rule establishes Eq. (23). Consequently, both our biological intuition and Eq. (23) link
the concentration of infected cells in the n-th generation with newly infected cells in the past. This additional structure on the
possible solutions of Eq. (22) allows us to prove

Lemma A.2. Assume that proliferation rate b(t) is bounded and the ODE Eq. (11) has a solution with I(t) = (I (t),(t), ...).
Then, the infinite series

17(0)]) = il 1(0)

converges uniformly on compact time intervals.

Proof. We use the explicit expression for [,,(¢) in Eq. (23) to explicitly calculate
!

t—s

0= X, [ 2npte-sinte-sexn | [ o(orao) e (

n=1

2b(6)dc> ds.
The integrand is strictly positive, so interchanging integration and summation using the Tonelli-Fubini theorem, we find

1) | = /OOOZT]b(t—s)IQ(t—s)exp [/I'tsgb(o)do] wl g';( ’ 2b(c)d6) ds.

— t—s
Now, the definition of g”(s) implies

) oo anflsnfl
neey — _ 7
ng’lga(s)—aexp( GS),Z'] CEIR

Of course, the latter series converges uniformly to ¢** and we find
) gals) =a.
n=1

It follows that the infinite series for ||| converges uniformly to

|f(t)||:/Ow2nb(t—s)lo(t—s)exp{ ’ ¢(G)d6} ds.

t—s

O

In Lemma A.2, we assumed that the solution (¢) existed. However, we have not yet shown that a solution to Eq. (11) exists.
To do so, we need to show that Eq. (11) satisfies the assumptions of Theorem A.1.

Now, Theorem A.1 considers closed and bounded subsets z C ¢; x R. However, we have shown in Lemma A.2 that the infinite
series defined by any solution 7 of the infinite ODE must be uniformly convergent. The space of sequences & € /; that is closed,
bounded, and where ||| converges uniformly are precisely compact subsets K C ¢;. Even when considering compact subsets
K, establishing the uniform convergence in assumption F2 can be delicate. We thus recall

Theorem A.3 (Dini’s theorem). Let K be a compact metric space and assume that f : K — R is a continuous function. Further,
assume that f, : K — R is a sequence of continuous functions with f,_1(x) < fu(x) for all x € K and n € N. If f,(x) converges
to f(x) pointwise at each x € K, then the convergence is uniform.

Furthermore, for initial conditions satisfying ||7(0)|| > 0, Gronwall’s inequality shows that we need only consider solutions
with I,() > 0.
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Proposition A.4. Assume that the parameters in Eq. (11) are strictly positive, the proliferation function b(t) is continuous and
bounded, and the initial conditions I(t) = (I;(0),1,(0),...) are non-negative and belong to a compact subset K C {. Then, the
infinite system of ODEs Eq. (11) has a strongly continuous solution.

Proof. We need only to show that Eq. (11) satisfies the assumptions of Theorem A.1 in the set K x I C ¢; x R. In what follows,
we consider the biologically relevant sequences X € K C ¢, where K is the compact set of all sequences with x; > 0 for all i.
Since K is compact, the series ||%|| converges uniformly.

Now, the linear coefficients a; ; are constant in time, so A1) and A2) are immediately satisfied. Furthermore, for each j, the
generational structure of Eq. (11) implies that only a;_; j and a; ; are non-zero. Therefore, ||a; ;|| is a sum of only two non-zero
terms and converges uniformly in any compact time interval.

We now turn to the conditions on the non-linear portion of Eq. (11). Consider a bounded subset Z x I C £} x R with ||%]| < Ty
and take X € Z. The nonlinear portion of Eq. (11) is given by

f(%) =nb(t,%) <i(,)xn(f)> :

where we emphasize the dependence of the proliferation rate b on the .

We now use Dini’s theorem to show that the series defining f(¥) converges uniformly on a compact subset K x I C ¢; x R. We
define

fM(i) = nb(tvf)xia

o

Il
=

1

where we explicitly write the possible dependence of b on X. Now, since ¥ € K, the sum in the definition of fj, (%) is well-
defined. Then, it is straightforward to see that the sequence of functions {f (x)} is increasing at any x. Furthermore, fy
converges pointwise to f(%).

We now show that f() is continuous. Consider %, 7 € K such that ||X — J|| < h, so we find

[f () = F(F) = Y (b, %)xi —b(t,5)yi)] -

gk

Regrouping terms and using the triangle inequality gives

|f (%) = fFOD)] < Nbmaxllx =Yl

where b4 is the maximum of b(¢,%). We immediately conclude that f is continuous. A similar argument shows that each
fu is continuous. Then, fjs is an increasing sequence of continuous functions that converges pointwise to the continuous
function f. As we are only considering compact subspaces of ¢1, Dini’s theorem then implies that fj; converges to f uniformly.
Consequently, F2 holds.

Finally, setting g(¢) = byqx 17| immediately implies that F3 is satisfied. Consequently, Theorem A.1 applies to Eq. (11) and this
system has a strongly continuous solution. O

B Initial age distributions during chronic infection

Often, models such as Eq. (2) are used to understand viral kinetics in chronically infected participants in clinical trials of novel
antivirals [21, 46]. We show how the assumption of chronic infection naturally defines the initial densities f;(a) and f,(a).
These functions describe the density of infected hepatocytes with infection age a* > 0 at time + = 0. These cells must have
been infected at time t = —a*, so we can project the characteristics of Eq. (2) backwards and link the initial densities f, and f
to infections that occurred in the past [6, 7].

Mathematically, we assume that the system is in equilibrium prior to the beginning of therapy and therefore search for the stable
age distributions of the PDEs describing the intracellular dynamics [7, 46, 47]. These distributions are constant in time and are
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given by the solution of

d. . o
@z(a)f 6i(a),
d
—r(a) = o~ (u+p)r(a).
‘We thus obtain
i(a) = ige ™%, (24)
and
[0 a
rla) = + _ e~ (ut+pa 25)
(@) u-+p (C H+P> (

Thus, r(a) is precisely the stable age distribution calculated by Rong and Perelson [47] and is the natural definition for f;(a).
Translating these stable age distributions to appropriate initial conditions for the system of ODEs obtained from multiscale
PDE models can be delicate. However, we recall that the differential equation for the concentration of target cells does not
arise from an underlying PDE model, so we can simply set 7 (0) = Ty and V(0) = V. However, the variables I(z) and R(¢) are
defined via densities obtained from the corresponding age-structured PDE in Eq. (2) along the characteristic lines. Therefore,
their initial values are intrinsically linked to the initial age distribution of the intracellular variables. For example, it follows
from the definition of /(¢) that /(0) must be given by

Io— /Ow (0, a)da = /Omf,-(a)da <o,

We note that infected cells with age a* > 0 at time = 0 must have been infected at time t = —a* and that a fraction of these
infected cells would die in the interim. Projecting the characteristics of (2) backwards from time ¢ = 0 [6], the number of cells
infected at time r = —a* must be given by

i(0—a*,0) =i(0,a*)e® = fi(a*)e®®,
or alternatively, the number of infected cells that have died between infection and time 0 is
i(—a*,0) —i(0,a%) = i(—a",0) (1 _ e—aw) ,

which corresponds precisely to the exponentially distributed lifespan assumed for infected cells. Now, we have assumed that
the system is in a steady-state corresponding to chronic infection with viral load V; and the corresponding concentrations of
uninfected hepatocytes, Tp. The number of new infections at time ¢ = —a* must therefore be i(—a*,0) = BV*T*. As a* was
arbitrary, the initial age distribution of infected cells is given by

fi(a) = i(—a,0)e % = BV T*e~%,
Thus, the initial number of infected cells is given by

1(0) = /wai(a)da _ ﬁV;T*.

Next, in chronic infection, we assume that the intracellular concentrations of vVRNA have reached the stable age distribution
given in Eq. (25), so

=) ) ooaﬁv*T* _5 o0 o _ 5
RO:/ d:/i “d +/ V*T*< > (Wtp+d)a
(0)= J, rol@io(@)da= | = ——=e"dat | - p ey

- (;ﬁ—p) T <BV*T* (C_u:x—p» <u+tl>+5)'
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B.1 Generational distribution of infected hepatocytes in chronic infection

In the preceding analysis, we showed how to calculate the initial density of infected hepatocytes, f;(a), using the stable age
distribution of infected hepatocytes during chronic infection. This initial condition gives the total concentration of infected
hepatocytes at time ¢ = 0 without considering the generational structure of the infected cell population. We now show how the
initial concentration of infected hepatocytes immediately defines the initial generational distribution of infected cells, 7,(0), in
Eq. (11).

We once again consider logistic proliferation and assume the initial concentration of uninfected and infected hepatocytes,
T(0) =T* and 1(0) = I'*, are known. Now, we must have 7/(0) +1(0) < T,u4x and the proliferation rate during chronic infection

is
T +1*
b =y(1- .
Y( T )

Now, we impose that the system is in equilibrium during chronic infection. Eq. (21) yields

. 2nb* Iz
n*nb*_’_S n—1>

o (20 N\
n\npr+s) "
Consequently, if we can calculate the initial concentration of infected cells in generation 0, we can obtain the initial concentra-
tion of infected hepatocytes for all later generations.

*

which implies that

Now, the total concentration of infected hepatocytes at time # = 0 is given by

. v [ 206 "
1 _102<nb*+6> : (26)

n=0

We immediately see that the initial concentration of infected hepatocytes is finite if and only if 2nb* < 8 + nb*, which is
equivalent to 0 <  — nb*. From this, we calculate
. nb*+68
I" =1
0(5—nw>’

which immediately yields Iy (and thus 1,(0)) as T* and I*, and thus b*, are known.

C Saddle-node and transcritical bifurcations of the infected equilibria

In the main text, we showed that, at any infected equilibria that is not the total infection equilibria, i.e. with T* € (0, T4y ), the
concentration of uninfected hepatocytes must satisfy F(7T*) = 0 where

F(T*) = yBT* (M(T*) — B) + VBN Tyu(1 = T/ T M(T*) & 8T M (1) (M(T*) — B),
is a quadratic function of T*. Here, we study the possible solutions of F(7*) = 0. We re-write F(T*) as
F(T*) = (T +¢1T" +co, (27)
where, after using the definitions of B, %", and adding and subtracting 81 p 8T}, from the constant term, we find
c2 = Cp*B* Tar( (1~ 1) + 80),
1= T pBlp-+ -+ 8)cbn (7~ 4"~ 1) =+ 1+ O)erB(1 ~m) 18

co=[(p+1+8)c) 8T (%"~ %).
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First, we see that, if Z = %7, then ¢ = 0 and thus F (0) = 0. This root corresponds to the infected equilibrium coalesces with
the total infection equilibrium (0,77, R", V) in a transcritical bifurcation at #Z = %" .

Now, as F(T*) is a quadratic function of T*, it has exactly two roots. However, the equilibria defined by these roots may not
be biologically relevant. The two roots of F(T*) are real-valued if and only if c% —4cocp > 0, and these roots collide in a
saddle-node bifurcation when c% —4cocr = 0.

‘We use the definition of B to calculate

2

)

2 cz ot _ _M
1 [pﬁTmax(p+“+6) ] C6Tl (‘% ‘@) (06(1 n)+6C) y(p+u+5)c

and
dcocy = 4[pBTax (p + 1+ 8) > {81 (1 — 1)+ 60) (%~ &)

Now, for notational simplicity, we denote

0B Tynax
ki=¢8n(#—-%"), k=a(l-n)+8(, and k3= R I
Then, imposing c% = 4cgc, and cancelling common terms gives
(ki — ko — k3)* = dkiko.
We can re-arrange and factor the resulting expression to find
I} — 2k (3ka +k3) + (ka +k3)* = 0.
Therefore, we have c% —4cocy =0, and thus a saddle-node bifurcation if both k; = 0 and kp = —kj3 are satisfied. The definitions

of ki implies that k; = O if and only if % = %", which gives the first condition in the main text. Conversely, the condition
ky = —ks3 implies

6 aPpTa
= 1 e _—
n +(x+ﬂp+u+&d

which is the second condition in the main text. We note that a saddle-node bifurcation can only occur if > 1, which corre-
sponds to infected hepatocytes having a fitness advantage over uninfected hepatocytes.

(28)

D Infected equilibria if HCV infection induces a fitness cost

In the preceeding analysis, we showed that a saddle-node bifurcation giving rise to two infected equilibria can only occur if
infected hepatocytes have a fitness advantage over uninfected hepatocytes. Here, we show that if 11 < 1, then it is not possible
to have two infected equilibria, and thus rule out the co-existence of infected equilibria if infected hepatocytes do not have
a fitness advantage over uninfected hepatocytes. In short, we prove Lemma 4.1 in the main text. As before, we utilize the
definition of F(T*) in Eq. (27), with the coefficients ¢; given in Eq. (28).

Lemma D.1. Let the model parameters be positive. Further, assume that

neo,1], <1, and 05>Cmax[1,1—n+\/(1—n)2+45].

Eq. (10) has an uninfected equilibrium (Tyax,0,0,0) and the totally infected equilibrium (0,17, R,V"). In addition, Eq. (10) has
a unique infected equilibrium if and only if | < % < %#".

Proof. The condition on 1 implies that ¢; > 0 and %7 > 1, while the condition on « implies that

a?>28(a(1—m)+E86).
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We distinguish between three cases.

Case 1) Assume that 1 < Z < %". It follows that cg,c> > 0 and hence F(0) > 0 while ¢; < 0. Now, we return to Eq. (18)
and note that sign(F (T uay)) = sign(1 — %), since { < o.. Consequently, as % > 1, we see that F(Tu.) < 0. Recalling that
F is a quadratic function with positive leading co-efficient, the intermediate value theorem implies that F' has a unique root
T)" € [0, T4 that corresponds to an infected equilibrium.

Case 2) Assume that 1 < Z7 < Z. It follows that F(0) < 0. Since F has a positive leading coefficient, F has a unique positive
root T;'. However, % > 1, so Eq. (18) implies that F(T},..) < 0. Therefore, we must have 7, > T4, and this equilibrium
defined by this root is not biologically feasible.

Case 3) Assume that Z < 1 < #7. It follows that both ¢g > 0 and ¢, > 0. Then, Descartes’ Rule of Signs indicates that F has
either two or zero positive roots. Since F(0) > 0 and F(7T,,4,) > 0, F must have either O or two roots in the interval (0, Tnqy).
‘We now show that these two positive roots, if they exist, do not define biologically feasible infected equilibria.

From the quadratic formula, the largest root 7 satisfies

i _ TnacbpBlp tut8)ctn (7 + & =)+ (p+p+ 8)eyB(1 ) + 78
70 20p* B> Tonax (1~ 1) +80) '

Utilizing the condition Z < ' and the definition of B, we find

(P+u+6)cod oa(p+u+6)c(l1—mn) o

T > +Tmax—5§~
20(1-m+3)

+7 2pBlall-n)+88) ' 2LpBlall—1)+5C)

Recall that 1, ¢ € [0,1] and o > 2(1 + g) by the assumptions of the Lemma. Then T > T4, so we conclude that F(7*) has
no roots in the interval (0, 7;,,,) in the case Z < 1 < Z%". O

E Including direct acting antiviral treatment in the multiscale model

Guedj et al. [21] incorporated the direct acting antiviral effects of NS5A inhibitor treatment in Eq. (2). There, Guedj et al.
[21] included three distinct antiviral effects of NS5A inhibitor treatment, namely decreasing the production rate of intracellular
VRNA by a factor 1 — g4, where &4 € [0, 1] is the drug effect on the production of intracellular VRNA, increasing the degradation
rate of intracellular vVRNA by a factor k¥ > 1, or decreasing the viral assembly and secretion rate by a factor 1 — &, where
& € [0,1]. For simplicity, the antiviral effects of the NS5A inhibitor were assumed to be constant during treatment [21, 46]. We
give a schematic representation of the intracellular effect of NS5A inhibitor treatment in Fig. 3. Under these assumptions, the
multiscale model incorporating treatment is given by

g L) =2 —drT(t)=BV()T(1),
(0 + 9,)i(t,a) = —6i(t,a), 29)
(3 + Au)r(t,a) = (1 — £a) — (kpt +p(1 - &))r(t,a),
%V(t) :/0 (1= &)r(t,a)i(t,a)da—cV (7).
Then, Kitagawa et al. [29] showed that this system of PDEs is equivalent to the ODE
ST == drT(0) - BV (T (),
1) = pvi)T ()~ 810,
& (30)
SR = CBVOT(1) + a1 ea)I(1) = (p(1 ~ &) + Kit + H)R(1),
%V(r) =pR(t) —cV(1).

It is straightforward to include these antiviral effects in the models we developed throughout the main text.
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Figure 3: Schematic of the multiscale model of HCV infection with direct acting antiviral treatment. Panel A
shows the intracellular HCV life cycle, which begins with infection of a hepatocyte and the release of positive strand
vRNA, shown in blue and denoted vRNA (+), into the cell cytoplasm following the uncoating of the HCV viral capsid.
This vRNA is translated into viral proteins, such as the RNA-dependent RNA polymerase and other proteins that
first copy the positive strand VRNA into its complementary negative strand, shown in orange and denoted VRNA(-),
and then form a replication complex or replication machine that generates new positive stand vRNA at rate ¢, which
can be degraded at rate u, or assembled into HCV particles and exported into the circulation at rate p. Treatment
with a direct acting antiviral, such as daclatasvir, that interacts with the HCV NS5A protein, inhibits the production
of VRNA with an effectiveness of &y, inhibits the secretion of mature virus with effectiveness & and increases the
degradation of virus complexes by a factor k. Panel B shows the HCV extracellular dynamics, where uninfected
hepatocytes (7') are produced due to proliferation at rate b(¢), and become infected cells (I), following infection by
virus (V) at rate . Infected cells are lost at per capita rate d and secrete VRNA containing particles as virus (V) into
the circulation. The circulating virus is cleared at per capita rate c.

F Spontaneous generation of vRNA during proliferation in a multiscale model of
HCYV infection with proliferation

As previously mentioned, Elkaranshawy and Ezzat [17] recently adapted the multiscale model of HCV infection to include
proliferation of infected hepatocytes. There, they directly worked with the equivalent ODE formulation found by Kitagawa
et al. [29] rather than the multiscale model capturing the intracellular viral life cycle as in Eq. (4). After including the effects of
antiviral NS5A treatment as in Guedj et al. [21], Elkaranshawy and Ezzat [17] obtained

T(t)+1(r)

Tmax

10 =a+1(1 )10 -arT )~ BV (T

O 1010,

T(t)‘H(I)) 1(;)) + o1 —€q)I(1)

Tmax

d
0=V -y (1-
d

dt

R() = (ﬁV(r)T(z) +y(1 - Gh

—(p(1—&)+xu+0)R(),

(t) =pR() —cV(2).

d Vv
dt

The model in Eq. (31) differs only from our model Eq. (10) by the inclusion of the logistic growth term in the differential
equation for the total amount of intracellular vVRNA within infected hepatocytes. We recall that { represents the amount of
intracellular VRNA within newly infected hepatocytes due to infection. Consequently, this term models an increase in the
intracellular vRNA within daughter cells of an infected hepatocyte. Thus, the second term in the ODE for R(¢) in Eq. (31)
corresponds to the generation of intracellular vVRNA due to cellular proliferation. However, as we have already discussed,
proliferation of an infected hepatocyte should, at most, conserve the total amount of intracellular vVRNA, rather than generating
new VRNA. Finally, we note that this spontaneous generation of VRNA upon proliferation would arise in our PDE model if we
did nor distinguish between the different biological processes that lead to newly infected hepatocytes, io(#,a), and those that



lead to the production of infected hepatocytes arising from infected cell proliferation, i, (t,a).
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