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A new perspective on Bayesian operational modal analysis

Brandon J. O’Connell ®** Max D. Champneys ®* Timothy J. Rogers ®*

*Dynamics Research Group, Department of Mechanical Engineering, The University of Sheffield, Mappin Street,
Sheffield, S1 3JD, UK

Abstract

The quantification of uncertainty is of particular interest to the dynamics community, which increas-
ingly desires a measure of uncertainty for greater insight, allowing for more informed and confident
decision-making. In the field of operational modal analysis (OMA), obtained modal information is
frequently used to assess the current state of aerospace, mechanical, offshore and civil structures.
However, the stochasticity of operational systems and the lack of forcing information can lead to
inconsistent results. Quantifying the uncertainty of the recovered modal parameters through OMA
is therefore of significant value. In this article, a new perspective on Bayesian OMA is proposed
— a Bayesian stochastic subspace identification (SSI) algorithm. Distinct from existing approaches
to Bayesian OMA, a hierarchical probabilistic model is embedded at the core of canonical variate-
weighted, covariance-driven SSI. Through substitution of canonical correlation analysis with its
Bayesian equivalent, posterior distributions over the modal characteristics are obtained. Two in-
ference schemes are presented for the proposed Bayesian formulation: Markov Chain Monte Carlo
and variational Bayes. Two case studies are then explored. The first is benchmark study using
data from a simulated, multi degree-of-freedom, linear system. Following application of Bayesian
SSI using both forms of inference, it is shown that the same posterior is targeted and recovered by
both schemes, with good agreement between the mean of the posterior and the conventional SSI
result. The second study applies the variational form of Bayesian SSI to data obtained from an
in-service structure — the 724 bridge. The 724 is chosen given its familiarity in the fields of OMA
and structural health monitoring. The results of this study are first presented at a single model
order, and then at multiple model orders using a stabilisation diagram. In both cases, the recovered
posterior uncertainty is included and compared to the conventional SSI result. It is observed that
the posterior distributions with mean values coinciding with the natural frequencies exhibit much
lower variance than posteriors situated away from the natural frequencies.

Keywords: Bayesian, Operational Modal Analysis, System Identification, Stochastic Subspace,
Uncertainty Quantification
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1. Introduction

The characterisation of dynamical systems in the absence of measured input information continues to
be of significant importance in modern engineering practice. This problem is of particular interest to
the structural dynamics community, who routinely encounter such scenarios when conducting modal
analysis. Operational modal analysis (OMA) is the subset of modal analysis methods concerned with
the recovery of modal characteristics in the absence of measured input information; often the case
when testing a structure in-situ (operationally) [1]. By the very nature of OMA, response data is
typically obtained at very low amplitudes lending itself to low signal-to-noise ratios. This tends to
make the task of system identification more challenging. Nevertheless, various approaches to OMA
exist in the literature and work well in practice [1]. These include methodologies such as frequency-
domain decomposition (FDD) [2] and stochastic subspace identification (SSI) [3, 4], now industry
standards for performing frequency-domain and time-domain OMA. OMA as a methodology has
gained increased popularity in recent years. This is predominantly due to its high economic value
and convenience in many engineering applications. This is especially the case for high-value large-
scale assets [1].

With increasing amounts of data being measured and growing demand for improved data-based
models, there is now a desire in the engineering community to obtain some measure of the uncer-
tainty. Access to uncertainty can allow the practitioner to better assess the precision of a chosen
methodology and evaluate the risk of different outcomes. The inclusion and application of uncer-
tainty through probabilistic machine learning and Bayesian methodologies has already been observed
in the closely related fields of structural health monitoring (SHM) [5-9], digital-twins [10-13| and
risk-based decision-making [14|. From the perspective of OMA, understanding and assessing the
uncertainty of the recovered modal characteristics, i.e. the natural frequencies, damping ratios and
mode shapes, is of particular value. Multiple sources of uncertainty can result in variability in the
recovered modal parameters. Understanding this variability is important in SHM for example, where
modal information is often used to assess the health state of a structure. The impacts of aleatory
and epistemic uncertainties on operationally obtained modal identification has been studied in [15],
whilst a comprehensive list of the associated uncertainties for SSI are described in [16]. Fundamen-
tally, being able to quantify the uncertainty over the modal properties can provide the practitioner
with greater insight and additional information, allowing for more-informed and confident decision-
making. Furthermore, the authors believe probabilistic system identification tools and the inclusion
of uncertainty may provide a framework for addressing many of the current research challenges in

OMA.

Across different methodologies, the definition of ‘uncertainty’ can vary, taking many forms: bounds,
confidence intervals, fiducial intervals, variance estimates, and distributions. There is no explicit
definition for the correct type of uncertainty in any case, however the overall objective of uncertainty
quantification (UQ) is the same: To obtain a measure of the uncertainty to better understand the
variability of a given result. The authors’ preference is to operate within a Bayesian framework
where the recovery of posterior distributions is desired, hence the focus of this paper.

1.1. Uncertainty quantification for OMA

In the literature, UQ for OMA is approached and handled in a variety of ways. Several methodologies
for quantifying the uncertainty from output-only testing have been presented over the last 30 years,
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taking a variety of approaches including autoregressive techniques [17, 18|, Bayesian methods [19-23],
sensitivity analysis and perturbation theory [16, 24-29].

Several developments in UQ for OMA have centred around subspace methods. Since the 1990’s,
several works explored the asymptotic normality of estimates from subspace algorithms [30-33] and
demonstrated their ability to converge to the expected value under the central limit theorem. The
theoretical basis shown in these works has led to a number of subsequent methods for UQ, exploiting
these results.

In 2007, Pintelon et al. [34] derived expressions for the uncertainty bounds on the estimated modal
parameters using a combination of first-order sensitivity and perturbation techniques. This method
was then shown specifically for reference-based SSI by Reynders et al. in [16] where covariances on
the identified system matrices were recovered. Later this method was efficiently optimised through
rederivation by Dohler [26] and also extended for multiple-setup measurements in [27]. Further
advancements in SSI-based UQ methods have also been presented since by Reynders [24, 25, 35],
Doéhler [26] and Grés |28, 29).

Other notable works include: El-Kafafy et al. [36], who presented a fast maximum-likelihood identi-
fication method for obtaining modal parameters with uncertainty intervals, and Mellinger et al. [37]
who employ sensitivity analysis of the auto- and cross-covariance matrices to obtain variances over
the modal parameters.

Following the development of UQ techniques for OMA, researchers have also begun to explore the
use of uncertainty to address key research problems in OMA. Challenges such as automated modal
identification [38, 39] and model order selection [40]. Despite many advancements in UQ for SSI,
the authors are currently unaware of a Bayesian formulation of SSI in the literature. In contrast
to existing methods, such as perturbation-based approaches, a Bayesian SSI methodology would
provide a framework for incorporating prior knowledge or permitting hierarchical structures whilst
also recovering a global picture of the uncertainty as posterior distributions. This article seeks to
address this shortcoming.

1.2. Bayesian uncertainty quantification for OMA

This section introduces the current landscape of Bayesian approaches to OMA, highlighting asso-
ciated merits and limitations of existing methods. The major waypoints here include the popular
frequency-domain method BAYOMA [41] and more recent alternative approaches. These include
Gibbs sampling and variational schemes in the time domain using subspace methods, and a Gibbs
sampling approach based in the frequency domain.

Bayesian approaches to output-only system identification have been developed since the late 1990s
but the topic continues to be of significant interest to the engineering community. Bayesian ap-
proaches to OMA are more recent, with the earliest works appearing in late 2000s. The most cited
Bayesian approach to OMA follows from the work of Au, whose development of a fast Bayesian Fast
Fourier transform algorithm (fast-BFFTA) for modal identification [20, 21] removed the computa-
tional limitations of the original Bayesian fast Fourier transform algorithm [42, 43] and subsequently
led to a body of work known as Bayesian OMA or ‘BAYOMA’ [41, 44-47]. BAYOMA can be per-
ceived as the coupling of the fast-BFFTA with a frequency-domain modal analysis technique, such
as FDD |2]. This coupling can be used to recover modal estimates in the form of a most-probable



85

90

95

100

105

110

115

120

value and a representation of the uncertainty known as the coefficient of variation. These estimates
originate from Laplacian approximations to the uncertainty which are used to obtain Gaussian dis-
tributions. Since the initial definition of BAYOMA, several extensions have emerged in the literature
providing a more general framework to use this methodology, including work on the identification
of closely-spaced modes [48-51].

BAYOMA appears to divide some of the research community in its Bayesian definition. In the
construction of the algorithm, a flat improper prior is used. Under this assumption, some argue (see
[24]) the problem fundamentally reduces to a maximum likelihood approach, removing the benefits
of a Bayesian formulation. Nevertheless, others adopt BAYOMA as their preferred method of choice
[52-55]. Undoubtedly, BAYOMA provides a computationally effective way to perform one form of
UQ on structures of interest but is limited in its approximation of the posterior and improper priors.

In search of Bayesian approaches that empower the user to use proper (and informative) prior
information, a few alternative Bayesian OMA approaches have been published in recent years. Li
and Der Kiureghian [56] proposed a variational methodology for OMA and stochastic state space
models, where the joint distributions over the state-transition and observation matrices, and the
process noise and measurement error, are calculated analytically. These analytical solutions are
then coupled with a first-order Taylor series expansion to recover Gaussian approximations to the
distributions over the modal properties. This is necessary given the intractability of the posteriors
over the modal properties because of the eigenvalue decomposition involved in their recovery [56].

Another Bayesian approach was also presented by Li et al. [57]. The contribution focused on a
new form of Bayesian OMA for civil structures under small or moderate seismic excitation. A
probabilistic model is first defined, taking advantage of the state space representation of the equations
of motion, with some unmeasured base motion included in the model as a stochastic process. Proper
and broadly uninformative priors are then introduced into the model, with the Bayesian inference
problem solved using a Gibbs sampling procedure to obtain approximate distributions over the
modal properties. The two aforementioned recent methodologies differ from those described later
in this article, in that they are constructed directly using stochastic state space models and not the
SSI-Cov algorithm.

Lastly, a fast-collapsed Gibbs sampling approach to OMA was introduced by Dollon et al. [58],
as a new frequency domain approach. This alternative proposal performs inference on the modal
properties using established sampling techniques and the FFT of a system with well-separated
modes. The analysis results in sampled posterior distributions that are characterised by a mean and
covariance, rather than a most-probable value and coefficient of variation like BAYOMA.

It is clear that there is considerable interest in developing Bayesian methodologies for performing
UQ in OMA. Specifically, methods that can incorporate proper and informative prior structures,
permit hierarchical structures, and that ultimately recover posteriors over the modal properties as
distributional estimates with a global picture of the uncertainty. As such, the authors of this paper
seek to provide a new approach to Bayesian OMA that meets these requirements.

1.8. Contribution

This article presents a new perspective on Bayesian OMA, viewed through the lens of the time-
domain modal analysis method covariance-driven SSI (SSI-Cov). Following on from previous work
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by the authors on a robust probabilistic approach to SSI [59], the proposed approach is implemented
in a similar way using latent projections in a Bayesian framework, where canonical correlation
analysis (CCA) [60] — a fundamental statistical tool at the core of the canonical-variate weighted
SSI-Cov algorithm — is replaced with its hierarchical Bayesian formulation [61, 62]. This now
Bayesian SSI algorithm is capable of recovering posterior distributions over the observability and
controllability matrices and, by extension, posteriors over the modal properties.

Two inference schemes for the proposed Bayesian formulation of SSI are provided. The first ap-
proach is a Gibbs sampling scheme that recovers an empirical representation of the posterior, which
asymptotically trends towards the true posterior with an increasing number of samples. The sec-
ond approach is a variational scheme that provides a computationally efficient alternative to Gibbs
sampling but instead recovers surrogate posteriors that approximate the true posterior.

The remainder of this article is structured as follows. In Section 2 the underlying theory of CCA
is explored (Section 2.1) and relevant prerequisite topics are outlined, including probabilistic CCA
(Section 2.2) and probabilistic SST (Section 2.3). Section 3 introduces the proposed Bayesian SSI
algorithm. The theory of Bayesian CCA is first described, before the Bayesian interpretation of SSI
is established. Methods for the recovery of the posterior distributions over the modal properties
are then discussed, considering a Gibbs sampling scheme and a variational Bayes approach. A
concise stepwise summary of the proposed Bayesian SSI methodology is provided in Section 3.3.
Section 4 presents the results of a numerical case study. Simulated data were generated and then
analysed using the Bayesian SSI algorithm. Following a description of the priors, results from both
inference schemes are shown and compared, with an exploration of the influence of data length on
the recovered variance. In Section 5, results from the application of the Bayesian SSI algorithm
to data from the Z24 bridge are presented. This includes results at single model orders, and in the
form of a stabilisation diagram. Finally, conclusions and future work are discussed in Section 6.

2. Theory

2.1. Canonical correlation analysis

It is beneficial to briefly review the theory of canonical correlations. CCA is a well established
statistical tool developed by Hotelling [60] which forms the mathematical basis of canonical variate-
weighted SSI-Cov [4]. The theory of canonical variate-weighted SSI-Cov is shown in Appendix A.
For the purpose of this paper, the acronym SSI-Cov will refer to the canonical variate-weighted
form. The task of CCA is to analyse the mutual dependency between two multivariate sets of data,
which can be evaluated by finding an appropriate set of orthogonal basis vectors, a and b, such
that the correlations of the projected variables a'x and b'y, are maximally correlated. One then
seeks several pairs of vectors that meet the above condition, subject to the constraint that the pairs
of transformed variables are uncorrelated from one another. This can be achieved by the following
maximisation,

(1)

T3,,b
(a’,b’) = argmax corr(a'x,b'y) = argmax 2 “ay
a,b a,b \/aszabT Zybe

where ¥, is defined as the cross covariance between = and y, with ¥, = ng, and X, and X,
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are the auto covariances. This maximisation can be computed by solving the following generalised

eigenvalue problem,
0 Xy a\ ez O a
(. 560205 =) 6) g

where a and b are the eigenvectors and \ is the eigenvalue or canonical correlation. In practice, the

set of eigenvalues and eigenvectors are computed using the following singular value decomposition
(SVD),

Y 20y By = VIAV]. (3)

1 I
2

where V1 and Vg are left and right singular vectors respectively and A is the matrix of singular
values.

2.2. Probabilistic CCA

In 2005, Bach and Jordan [63] presented an alternative probabilistic formulation of CCA (PCCA),

constructed using latent projections. At the heart of PCCA lies two observed variables xﬁf) € RP
(2)

and x,,” € RP2 which are believed to be conditioned on a lower-dimensional latent space, described
by the variable z, € R? for n = 1,....,N observations'. It was proposed that the two sets of
observed variables can be modelled by an independent linear mapping W™ € RPm*d of the shared
latent variable to the relevant data spaces, plus some mean offset u(m) € RPm and with covariance
2 ¢ RPmxDm  for m = 1,2. This model is illustrated as the directed probabilistic graphical

model [64] in Figure 1 and described mathematically by Equations (4) - (6).

( A

(=)

- J

Figure 1: Graphical model for the probabilistic, latent variable interpretation of CCA (PCCA)

!Note a distinction between the notation used here for the data and hidden variables, and that in Appendix A
surrounding the output data and internal states. This is purposeful, to make the definition of the statistical method
of probabilistic and Bayesian CCA clearer to the reader.
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N(0,T) (4)
™z, ~ N(WMz, + p™ 50m) (5)
N(Wz, + p, %) (6)

Zy, o~
Xp|Zn ~

where N (-, ) corresponds to a Gaussian distribution, x,, = [x&”,xﬁf)], W = [W(l);W(z)], n =
[p(l); u(2)] and X is a block-diagonal covariance matrix with =M and =2 along the diagonal. The
isotropic noise model of the latent space enforces the necessary independence of the variables whilst
imposing a maximum correlation condition.

Using this model, the maximum likelihood estimates (MLE) of the model parameters can be ob-
tained. In the case of the linear transformations W, the MLE solution conveniently relates to the
components of the SVD (see Equation (3)), such that,

wh = mIPv, A2 (7)
w® = 1/2 SAL/? (8)

2.83. Probabilistic SST

In previous work by the authors [59], it was shown how SSI-Cov could be reimagined as problem in
probabilistic inference, using the theory of probabilistic projections (i.e. PCCA) to replace classical

CCA in the traditional SSI-Cov algorithm. When the two datasets, XM = [Xgl), 5}’] and
X = [Xg2), e ,xg)], are the Hankel matrices of the future Yy and past Y, respectlvely, the MLE

of the weights WO and W® are equivalent to the extended observability matrix and controllability
matrix transposed respectively, with some arbitrary rotational ambiguity R, such that,

W o= SVIAPR = 0 (9)
W7 = BEVLAVPR = (T (10)

The assimilation of PCCA and SSI in this way is an important revelation. This now probabilistic SSI
algorithm allows for familiar hierarchical modelling techniques and permits the use of an arbitrary
prior structure, similar to other probabilistic models. The potential of this model was demonstrated
by the authors in [59], where a statistically robust noise model was employed to address the problem
of misidentification in OMA, brought on by atypical observations (outliers) in measured responses.

3. Bayesian SSI

Given the potential to admit an arbitrary prior structure, naturally a Bayesian formulation of SSI
is possible. It is perhaps worth considering what a Bayesian SSI algorithm might look like. The
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most desirable output from a Bayesian OMA algorithm would constitute posterior distributions
over the modal properties, given suitably chosen priors that originate from reasonable assumptions
given our knowledge of the classical SSI algorithm. Conveniently, such a model can be achieved
by incorporating a Bayesian approach to CCA. This section presents the details of a Bayesian
formulation of SSI.

Following the introduction of PCCA, Wang [61| and Klami and Kaski [62] presented the natural
hierarchical extension to the PCCA model and introduced Bayesian CCA. Their model incorporated
priors over the model parameters 8 = {W, 3, u} and introduced a sparsity inducing prior over the
columns of the transformation matrix. This model was later extended for inter-battery factor analysis
to include local and global latent variables in [65] and for a mixture of robust CCA models in [66].
The sparsity inducing prior present in these works is not included in the Bayesian CCA model
described in this paper, nor is it included in later derivations. This alternative model, coupled with
the desire for a generalisation of the prior structure (not present in the original works [61, 62]),
motivated the need to redefine the model of CCA in this work. Figure 2 presents the Bayesian CCA
graphical model, whilst Equations (11) - (14) detail the chosen priors over the model parameters.

@\ o
oTR e

- J

Figure 2: Graphical model for the Bayesian interpretation of CCA

Wi o~ N(“wivzwi) (11)
d

W~ [Lpw) (12)
=1

e~ N(“wzu) (13)

Y ~ IW(K(),V()) (14)

where w; denotes an individual column of W where, following on from earlier notation, w; =
[wgl); wl@)]. The notation p(-) refers to the probability density function in vector or matrix form
dependent on the parameters, and IW (K, v) corresponds to an inverse Wishart distribution with
scale K and v degrees of freedom. The precision ¥ can also be defined as the Wishart distribution

T =¥ ~W(EK ).
Considering the model above, the joint can be expressed as,

p(X, z, W, X, /J’) = p(X|Z, W. %, u)p(z)p(z)p(u)p(W) (15)
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Accounting for the independent columns of W, such that p(w;) describes each column, Equation

(15) becomes,
d

p(X, z, W, X, /J‘) - p(X’Z, W. %, N)p(Z)P(E)P(N) Hp(wl) (16)

i=1

Given the commonality between the desired weights in PCCA and the desired weights in Bayesian
CCA, based on their ability to transform data to the relevant subspace, the posterior distributions
over the weights correspond to posterior distributions over the observability and controllability
matrices in the context of SSI,

wh = 0 (17)
w® = T (18)

Unlike the previous definition in Equations (9) - (10), here the observability and controllability
matrices are now distributional quantities, giving rise to posterior distributions over the modal
parameters of interest.

3.1. Priors

It is useful to consider the meaning behind the priors on g, 3 and W with a view to later selecting
these in the context of Bayesian SSI. The value p refers to the mean offset of the lagged vectors
of each output channel in the Hankel matrix. For a stationary signal, the mean of the output E [y]
should be constant as N — co. Unlike traditional SSI, which requires the data to first be zero mean,
the proposed Bayesian approach is capable of learning this mean.

The block covariance of the data, X, describes ones prior belief about the measurement noise on the
different columns of the Hankel matrix. One typically expects this to be small in many engineering
settings. Access to this prior also allows the practitioner to consider known coloured noise or
correlated noise between the sensor channels or in the absence of better information, an isotropic
white noise assumption, which matches that seen in regular (maximum likelihood equivalent) SSI.

Finally, the prior over the columns of the weight matrix describes ones belief about the correlation
between the parameters in the projection matrix W = [W(I); W(Q)]. In this case, setting a diagonal
covariance structure over the columns of W is effectively an Lo regularisation on the parameters,
i.e. it penalises very large values and variance in each column of W. This prior would also imply
that our initial belief is that all columns of W have a very similar scale of values. In practice
one could use a variety of options for choosing this prior, including a normal zero mean prior with
identity covariance or an empirical prior based on the observability and controllability obtained
from finite element analysis, models or traditional SSI. The authors would note that while the prior
chosen in this paper coincides with that from standard (maximum likelihood) SSI, exploring a more
informative prior structure going forward is an interesting avenue of research.
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3.2. Inference schemes

The key aspect of a Bayesian methodology is the recovery of posterior distributions over the quanti-
ties of interest, in this case the modal properties of the structural system. However, as is commonly
the case, these distributions are not available in closed form given the form of the model presented
above. This intractability of the model arises from inability to compute the integral which defines
the normalising constant of the posterior — the marginal likelihood. Therefore, to solve Bayesian
inference problems one must turn to approximate or sampling inferential schemes.

Two potential solutions commonly arise. The first is to approximate the posterior distribution
in a Monte Carlo sense with a number of samples which form an empirical representation of the
posterior. These samples can be generated sequentially by means of a Markov Chain, leading to the
family of methods known as Markov Chain Monte Carlo (MCMC). Alternatively, the posterior is
approximated by a parametric distribution which is defined by the user and described in terms of a set
of free parameters. These parameters are then optimised such that the parametric approximation
is as close as possible to the true posterior. When a Kullback-Liebler (KL) divergence from the
approximate distribution to the true posterior is used, this forms the family of variational inference
(VI) methods and the intractable inference problem is transformed into a simpler optimisation
problem.

Within each of these families, a range of approaches exist. In this work, one example from each will
be shown and compared. For the MCMC problem, a Gibbs sampling approach is adopted given the
direct access to the full conditionals. Gibbs sampling also has a relatively high efficiency in terms
of its formulation, whereby every sample proposed is a valid sample from the posterior. For the
VI scheme, a coordinate-ascent approach is adopted since the optimisation problem can be solved
efficiently in a manner similar to the expectation maximisation (EM) algorithm [67].

Both inferential schemes have their own set of advantages and disadvantages. Gibbs sampling
has the very useful property of converging to the true posterior in the limit of increasing number
of samples. However, the computational expense of sampling techniques can be significant when
considering large and complex joint distributions, making it unsuitable for some tasks. Alternatively,
variational methods only provide an approximation to the posterior but demonstrate considerably
better computational performance. Hence, both inference approaches are shown in this paper with
the results of the inference compared.

3.2.1. Gibbs sampling

Gibbs sampling is a common method of MCMC that can be used to obtain posterior samples
of multiple parameters of interest. The resulting distribution of these samples can then be used to
approximate the posterior. The premise of Gibbs sampling is that, given a multivariate target distri-
bution, it is much simpler to sample exactly from conditional distributions rather than marginalising
(by integration) over the full joint distribution. For more on Gibbs sampling see e.g. [67] or [68].

Adopting a Gibbs sampling approach, the parameter sampling equations are derived and are provided
in Equations (19) - (22), with the overall algorithm summarised in Algorithm 1. For the interested
reader, the full derivation of these updates is provided in Appendix B, with the omission of the
sparsity inducing prior present in [62] and with the addition of generic mean and covariance priors.
The required Gibbs sampling updates for the parameters of the model described in Figure 2, are

10
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given below. The updated parameters below are written in block formation following previously
defined notation. This allows both sets of parameters to be updated in one step. The superscript
-neW refers to the updated sample of each parameter given the updated distribution parameters,

where -°'4 would refer to the current parameters. To improve clarity, -°/ is omitted here.
3 update
EneWNIW(Ko—l-K,I/(]—I—N) (19)
where,
N
K= Z(Xn — 1 —Wz,)(x, — pp — WZH)T
n=1
p update
unew ~N (ﬂ# , 2#) (20)
where,
B _ _1y—1
3, = (N + 3
and,
N
B, =3, <E_1 Z(Xn - Wz,) + E;lu#>
n=1
w; update
WiV A (gwi , zw) (21)
where,
N —1
Sw, = (Z 27,57 + z:v—vl>
n=1
and,
N
fry, = S, (57 2i0%0 + Syl iy,
n=1
given,

such that w_; corresponds to all columns except the ith column of interest and z ;,, corresponds
to all rows of z, except the ith row.

11



310

315

320

325

330

z update

2~ N (i, 3) (22)

where,
3, = (WS 'w4+1)~!

and, R
f, =3,W'x1x,

Algorithm 1 Bayesian CCA - Gibbs Sampling (MCMC)

initialise: X, u, W, z using the priors given appropriately chosen hyperparameters
for N, number of samples do
Sample X"V using Equation (19)

Sample p"®V using Equation (20)
fori=1...,ddo
Sample wl*" using Equation (21)
end for
Sample z)°" using Equation (22)
end for

return Samples of 3, u, W,z

Following application of Algorithm 1 for a desired number of samples, the resulting samples of w
(i.e. the observability matrix) can be propagated to obtain samples of the state transition matrix
and subsequently propagated further onto the modal properties in the usual way for a linear dynamic
system [4], obtaining sampled posterior distributions.

Despite the useful property of MCMC techniques — guaranteed convergence to the true posterior in
the limit of the number of samples — such techniques can be inherently slow and computationally
inefficient, especially if the posteriors are highly correlated in Gibbs samplers.

3.2.2. Variational Bayes

VI is a well-known form of Bayesian inference and common alternative to MCMC, used to approx-
imate intractable posterior distributions with analytical approximations (see e.g. [67], [68]). The
general premise of VI is to select a suitable approximation (surrogate) from a tractable family of dis-
tributions and try to make the approximation as close to the true (intractable) posterior as possible.
This is achieved by minimising the KL divergence KL(g||p) from the surrogate distribution g to the
true posterior distribution p. The minimisation of the KL divergence is equivalent to maximising
the evidence lower bound (ELBO), which is equal to the negative KL divergence up to an additive
constant. The ELBO can also be defined as the sum of the expected log of the joint distribution,
and the entropy of the variational distribution.

Assuming the surrogate posterior is determined by some free parameters, then the problem of VI
reduces to a more familiar optimisation problem [67]. Which, for certain cases, can be solved using
coordinate-ascent and conducted efficiently in a manner similar to the expectation maximisation
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(EM) algorithm [67]. When latent variables z,, and the parameters of the model @ are desired, as is
the case in Bayesian CCA, then the method is known as variational Bayes (VB).

An important step in VB is defining the form of the surrogate posterior. Here the mean-field approx-
imation [69] is chosen, where the posterior can be fully factorised in the form ¢(z) = ¢() H;.le q;(z5).
Adopting a mean field approximation, the surrogate posterior for Bayesian CCA takes the following
factorised form,

q(z, 1, ¥, W) = ¢(2) ﬁQ(Wz)Q(M)Q(‘I’) (23)
where a
a(z) ~ N (zalit, . 3) (24)
() ~ W(eK ) (25)
awi) ~ N (wility, . Sw,) (26)
aw) ~ N (it S @27

Following the VB methodology, the update equations for the model parameters were derived and
are given in Equations (28)-(31). The complete algorithm is summarised in Algorithm 2, whilst the
full derivation of these updates is also provided in Appendix C, with the omission of the sparsity
inducing prior present in [61] and with generic mean and covariance priors.

The variational update equations for the parameters of the model described in Figure 2, are given
below. In all equations, (-) represents the expected value E [-] of that variable, or a combination
of variables, with respect to the other parameters. Here ¢*(-) refers to the updated surrogate
distribution, with the associated equations for the statistical moments stated in each case.

z,, update
0" () ~ N (fi 55 (28)
where _
3, = <<WT\IIW> +11>
and
1, = 3 (W) T(¥) (xn — ()
w; update
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where
N -1
iwi = <Z<Zi,nzi,n> (T) + 2w11->
and

N
P, = B, ( Z (Zin) + By, “m)

given

Xn = Xpn — (B) —(W_i)(Z_in)
such that w ; corresponds to all columns except the ith column of interest and z ;, corresponds
to all rows of z,, except the ith row.

¥ update
* -1
7 (T) ~ W (K ,y> (30)
where 2
N
K=Kg+ Z <(xn —pu—Wz,)(x, — p — Wzn)T>
n=1
and
U= vy + N
u update
. .
¢ (1) ~ N (i1, 50 (31)
where
= (N(@) + 3,07
and

N
= 5, ( 3 >>+z,;mu)

n=1

2Note the need to expand the following expectation in implementation to include additional terms arising from
the total law of variance.
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Algorithm 2 Bayesian CCA - Coordinate Ascent Variational Inference (CAVI)

initialise: Variational factors ¢(z, p, ¥, W)

while the ELBO has not converged do
Update local variational parameters:
Update ¢*(z,) using Equation (28)

Update global variational parameters:
fori=1,...,ddo

Update ¢*(w;) using Equation (29)
end for
Update ¢*(¥) using Equation (30)
Update ¢*(p) using Equation (31)

Compute ELBO(q) = E [lnp(x,z,0)] + E [Inq(z, 0)]
end while
return Surrogate posterior distributions of 3, u, W,z

3.8. Qwerall methodology

Having explored two different forms of inference for the recovery of the posteriors in Bayesian CCA,
it is perhaps useful to summarise the general procedure in the context of Bayesian SSI. The following
summary gives an overview of the steps needed to conduct Bayesian SSI to a desired dataset.

Given response data, y € RN with [ sensors and N’ datapoints:

Step 1. Construct Block Hankel matrices of the future, Y € RY*N “and the past, Y, € RIXN
where 27 is the number of block row lags in the Hankel matrix construction and N = N’ — 25 + 1.

Step 2. Apply Algorithm 1 or Algorithm 2 with the inputs x(!) = Y and x(2) = Y,, given
appropriately chosen priors and convergence criteria® to obtain the posteriors over the model pa-
rameters.

Step 3. If Algorithm 1 has been applied, remove a proportion of the initial samples (as burn in)
and continue to Step 4. If Algorithm 2 has been applied, draw Monte Carlo samples from the
posterior distributions over the columns of the weight matrix and reconstruct the full weight matrix
to provide a sample of the observability, i.e. wo,

Step 4. Using the samples of the observability matrix, calculate the state transition matrix? A, the

3The convergence criteria, or desired number of samples, in both algorithms must be selected. The choice and
specification of these in optimisation tasks constitutes its own research field and are therefore not explored in depth.

“There are multiple approaches used to do this step. The authors adopt the balanced truncation algorithm, see
Chapter 8 in Katayama [4]
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output matrix C, and the modal properties in the usual way for state space models (e.g. Section
3.3 in [16]), for each sample. Considering all the samples, this provides an approximate posterior
distribution over each modal property.

4. Simulated case study

4.1. Benchmarking the proposed algorithm

The performance of the proposed Bayesian SSI algorithm, outlined in Section 3.3, will be bench-
marked here by application to simulated data obtained using a numerical model of the four degree-of-
freedom shear frame illustrated in Figure 3. This structure is identical to that described by Reynders
in [25], although a new simulation is used. Using a mass-spring-damper model to represent the dy-
namics of the system, the mass m, assigned to each floor is 2 kg and the stiffness k, applied to the
individual columns (springs) on each floor is 2500 N/m, where a = 1,2,3,4. The damping in each
column is proportional to the associated stiffness, such that ¢, = k,/1000. Horizontal forces are
assumed to apply to each floor as the inputs u,(t), whilst the horizontal acceleration of each floor
are the corresponding outputs y,(t).

The equations of motion of the shear frame in continuous time can be defined as the ordinary
differential equation
M]x + [Clx + [K]x = f (32)

In OMA, the input is unknown and often assumed to be Gaussian white noise. In this example,
the forcing f is assumed to be represented by a white noise process in continuous time acting
on each floor, formally the derivative of a Brownian motion. This definition results in a linear
stochastic differential equation which can be discretised exactly using Van Loan discretisation [70].
The forcing white noise process is chosen with a spectral density of 5 x 107° (m s72)2 Hz~! whilst
some Gaussian measurement noise is added to each channel output y,(t), sampling from a zero-
mean normal distribution with a standard deviation of 0.05 m s~2. Data are then simulated using
a sampling frequency of 50 Hz with length N = 216,
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Figure 3: Four-story shear building model used to simulate responses given a white noise input on each floor

Based on the model described in Figure 3, the matrix coefficients of Equation (32) are

m; O 0 0 k1 + ko —ko 0 0
o 0 mo O 0 . —ko ko + k3 —k3 0 .
M= 0 0 ms O , K=2 0 —k3 ks +ky —kal|’ C = K/1000
0 0 0 my 0 0 —ky k4
4.1.1. Priors

Before carrying out any inference, attention must first be paid towards establishing priors for the
model. Given the general model presented in Section 4.1, the following prior structure was chosen,

wi™ o~ N(0,02 1) (33)
p™ o~ N(0,02]) (34)
®m ~ W (Ko, 1) (35)

where the independent columns w; share the same prior definition. Although it has been shown
in the literature that the columns of the observability matrix (the singular vectors) are not strictly
independent [71] a posteriori, independent priors on the columns does not necessarily restrict the
columns of the posterior to be independent. The remaining hyperparameters, o, = ow, = 1,
Ko =1 x 10%, vy = D + 2, were chosen to be weakly informative and proper, to provide sufficient
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flexibility to the model. Samples from the chosen prior over the weight matrices were then used to
generate samples of the observability matrix and subsequently propagated through an eigenvalue
decomposition to obtain estimates for the posterior distributions over the modal properties. The
prior distributions over the modal properties are presented in Figure 4.

It is useful to briefly discuss the general shape of the priors on the modal parameters. Despite Gaus-
sian assumptions in the model, specifically on the weight prior, the propagated uncertainty result
in distributions that appear to be non-Gaussian or even multimodal in nature. The authors believe
this is likely caused by the size of the prior variance coupled with the non-linear transformation in
the eigenvalue decomposition, which is most evident when considering larger variances.
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Figure 4: Prior distributions over the natural frequencies (a), damping ratios (b) and mode shapes (c), obtained using
propagated Monte Carlo samples of the priors as defined by Equations 11 - 14.
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4.1.2. Posteriors

Assuming the correct number of modes (4 modes — corresponding to a state space dimension of 8),
and 40 time lags in the construction of the Hankel matrix, the Gibbs sampling implementation of
Bayesian SSI (Algorithm 1) was used to recover posterior distributions over the modal properties of
the simulated structure. 5000 samples were drawn, with the first 20% removed as ‘burn in’ to remove
transients in the Markov chain [67]. The posteriors over the modal properties are shown in Figure
5. Similar to the Gibbs sampling case, assuming the correct number of modes, data were analysed
using the VI implementation of Bayesian SSI (Algorithm 2). After the recovery of the closed form
posterior over the observability, 4000 samples were drawn and propagated. The resulting posteriors
over the modal properties are also presented in Figure 5.

On interpreting Figure 5, one can conclude that the surrogate posteriors over the modal parameters
obtained using VB closely align with the true posteriors obtained through Gibbs sampling. This
closeness is evident from the aligned expected values and the shape of the posteriors, which cor-
respond well. Furthermore, the posterior estimates of both schemes converge towards the SSI-Cov
result. This convergence is largely expected as, given the use of weakly informative priors and enough
data, the maximum-a-posteriori (MAP) will be close to the MLE, i.e. SSI-Cov. Some minor differ-
ences can be seen. The first is in the mean estimates of first and second damping ratios compared
to the SSI-Cov result. This misalignment is a consequence of the priors, which cause slight bias in
the posterior, more so than the damping ratio estimates for the third and fourth modes. The second
difference can be seen in the variance of the third mode shape in Figure 5¢c. A non-Gaussian pos-
terior recovered from the Gibbs scheme explains this difference. This phenomenon originates from
application of the eigenvalue decomposition to obtain the mode shapes. However, this difference is
more likely a result of an underprediction of the variance using VI. Under or overprediction of the
variance is a common characteristic of VI schemes which can occur when some conditional distribu-
tions are factorised out of the model during its construction [67]. The omission of these conditionals
is a result of the independence assumptions in the surrogate posterior definition. Possible misalign-
ment of the variance is one of several trade-offs that needs to be considered when prioritising the
computational efficiency of variational methods over convergence to the true posterior guaranteed
by MCMC sampling.

20



mode 1 mode 2 mode 3 mode 4
1 : H 1 . 1 H
4009 | P sod | |
1 1 1 1
i i i i
300 ! 100 4 ! 604 ! 404 !
i i i |
1 1 1 1
200 i i 401 i i
1 1 1 1
| 01 | | 21 |
100 1 | i 20 1 i i
1 1 1 1
1 1 1 1
o0 ; i i if
7 —= T T = L T 1 T 0 T == T
2.7625 2.7650 2.7675 7.94 7.95 7.96 12.18 12.20 14.94 14.96 14.98
Frequency [Hz| Frequency [Hz| Frequency [Hz| Frequency [Hz|
CAVI MCMC --=-- Truth - SSI-Cov
(a)
mode 1 mode 2 mode 3 <00 mode 4
1 : | 1 : H 1 1 H
1000{ | R ! !
| | 800, | |
1 750 1 1 600 4 1
750 4 i i ) i i
! ! o001 | !
1 1 5001 1 1 400 4 1
500 I I 400 ; ]
1 1 1 1
1 1 1 1
250 i 2501 | 2001 i 200 !
i i i i
g i ; P [
S T T ! — T T —l T 0 T L . T
0.009 0.010 0.011 0.025 0.026 0.027 0.037  0.038 0.039 0.046 0.048 0.050
Damping ratio [-] Damping ratio [-] Damping ratio [-] Damping ratio [-]
CAVI MCMC -=-=- Truth == SSI-Cov
(b)
mode 1 mode 2 mode 3 mode 4
44 ! 4 s\\ 41 "l 4
H \\ /
i N\ /
3 N 7
& N, i
£ AN 7
v *” . J
31 § 31 3 31 i 3 p
¢ N - -
3 % 1 y
£ '\, 1 P 4
& 1 7
3 1 L
— 3 —_ ¥V — [} — Ve
o 13 i \ s [} i 7
. 3 . N\, B 1 | #
S £ S % S [ S V4
=9 & a9 ] N IR |‘ g 9] &
= + P I = \ P N
8 / 5 W |8 \ 5 .
2 ¢ < B \ < ~
2 9 f 8 |~ \ e S
\ N
’ 1 3 Q
V3 ) ~
? 1 1 .
/ 1 \ Ny
14 / 14 / 11 i 14 Y
/ / ! /
/ / J /
/ / / /
4 / /] /
/ / I} /
/ V4 / /
/ ; / /
/ / /
4 / ! /
/ / ! /
047 04 7/ 04 ’ 0 4
0 1 2 3 - 0 1 2 0 2 10 1

Normalised displacement -]

Normalised displacement [-]

MCMC

CAVI

Normalised displacement [-]

(c)

SSI-Cov

==== "Truth

Normalised displacement -]

Figure 5: Identified posterior distributions over the recovered natural frequencies (a), damping ratios (b) and mode
shapes (c), obtained using the Gibbs sampling and VB implementations of Bayesian SSI to response data simulated
from a 4DOF linear dynamic system (see Figure 3).

21



4.2. Influence of data length on variance

The influence of data length on the variance of the modal posteriors was also investigated. Using
the same system parameters and priors described in Section 4.1.1, the data length was varied from
217 — 212 in decreasing powers of two, with the range selected solely for demonstrative purposes.

as5 The results for the natural frequencies and the damping ratios are displayed in Figures 6a and 6b,
respectively. As is perhaps expected, the variance of the posterior estimates of both frequency and
damping ratio reduce given increasing amounts of data, meanwhile the means of the distributions
also converge towards the true values from the model. The influence of data length and perhaps
other factors (lags in the Hankel matrix) on the recovered uncertainty has interesting implications

a0 and could be used to reduce the amount of data collection and storage required in OMA, for a
desired level of confidence. This poses an interesting question on choosing the right amount of data
for a given decision-making task, which will be considered in future work.
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Figure 6: Identified posterior distributions over the natural frequencies (a) and damping ratio (b) estimates for each
mode, obtained using Bayesian SSI with varying data length N. The true values are represented by - -
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4.83. Posterior variance vs sample variance

In this section, the posterior variance over the natural frequencies recovered using Bayesian SSI
on a single dataset is compared to the variance from multiple SSI estimates across the same data.
Multiple subsets of the larger dataset in the form of a sliding window, were analysed with SSI to
provide some indication as to the variance in the data. Using an original dataset of length N = 214,
5000 smaller datasets were generated using a sliding window, moving one timestep at a time, such
that each smaller dataset were N = 2' — 5000 in length. The number of lags was chosen to be 40
with all other hyperparameters reflecting those shown in Section 4.1.1. Figure 7 shows the Bayesian
posterior from Bayesian SSI, and the sample distribution of the 5000 SSI tests, over the normalised
natural frequencies for all four modes.
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Figure 7: Plot of the posterior distribution obtained using Bayesian SSI on a single dataset, presented as a histogram of
samples and the SSI result for the same dataset. Also plotted is the sample distribution of results obtained by applying
SSI to 5000 subsets of the data, obtained by applying a one timestep sliding window. The resulting distribution is
also represented by a histogram of the samples.

The results shown in Figure 7 suggest that the variance found through multiple SSI analyses is
broadly similar to that of the Bayesian posterior although not identical, displaying slightly inflated
variances. This is largely expected due to the fundamentally different assumptions about the uncer-
tainty. Furthermore, the mean of the posteriors align with the SSI estimates obtained from the full
available data.
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4.4. Variability study

In this section, the posterior means of the natural frequencies recovered using Bayesian SSI are
compared to estimates recovered using SSI for multiple data generated with different realisations of
the noise to study the variability of each algorithm. Each dataset was chosen to have length N = 214
and similarly, the number of lags was chosen to be 40 with all other hyperparameters reflecting those
in Section 4.1.1, with the exception of O'?Ni = 10%. Figure 8 shows the posterior means obtained on
500 datasets using Bayesian SSI, and the equivalent estimates from SSI, for the normalised natural
frequencies at all four modes.
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Figure 8: Scatter plot of the posterior means obtained using Bayesian SSI, and the corresponding SSI estimates, for
500 datasets with different realisations of the noise. Also plotted are the sample means from both cases.

Inspecting the results in Figure 8, it appears that the performance of Bayesian SSI (under weakly
informative priors) is very close to that of classic SSI under sufficient data, with the mean from
multiple realisations of the noise averaging the truth, and with comparable sample variances in each
case. In the case of low data regimes or lower prior variance, however, one may expect the mean of
the estimates to align closer to the prior, as is the case in Bayesian methods.

24



495

500

505

510

515

520

525

5. Case Study: Z24 bridge

To demonstrate applicability to real world systems, the proposed Bayesian SSI algorithm is used to
analyse vibration data obtained from the Z24, a now decommissioned bridge once located between
Bern and Zurich, Switzerland. The Z24-Bridge has become a standard benchmark when demonstrat-
ing vibration-based damage diagnosis methods, new system identification and OMA techniques, and
UQ tasks in structural dynamics, making it a sensible choice for this study. For more information
on the testing of the Z24, a full description, initial analysis and subsequent testing, the reader is
directed towards (bwk.kuleuven.be/bwm/z24) |72, 73|.

This purpose of this study was to evaluate the behaviour of the new Bayesian SSI algorithm when
confronted with measured data. Analysis is only conducted using the variational approach, since
the high computation time of Gibbs sampler was deemed impractical. Results at two different single
model orders are shown, followed by a stabilisation diagram to assess the convergence of the modal
properties at different model orders.

Data, corresponding to acceleration measurements obtained on the 24th December 1997, were used
for processing. This dataset comes from the long-term continuous monitoring test set, and in this
case comprises data from seven accelerometers corresponding to one side of the Z24 bridge. The first
segment of the data (8192 data points at fs = 100 Hz) was formulated into a Hankel matrix with
40 lags (corresponding to 20 past lags and 20 future lags). The priors of the Bayesian SSI model
were left unchanged from those used in the previous numerical simulation (see Section 4.1.1) except
for the precision hyperparameter Ky, which was changed to the identity providing some additional
flexibility to the model.

5.1. Single model order

Conducting analysis at model orders of 10 and 30, chosen solely for demonstrative purposes, the
posterior distributions of the modal characteristics were obtained using the variational implementa-
tion of Bayesian SSI. The posteriors over the natural frequencies, represented by histograms of the
samples and overlaid over the sum of the singular valued spectrum spectra from each channel, are
shown in Figures 9 and 10.

It is evident from both Figure 9a and Figure 10a that histograms with means centred around the
apparent natural frequencies (peaks in the spectrum) demonstrate significantly lower variance than
histograms corresponding to frequencies likely more spurious in nature. This lower variance can be
seen more clearly in the enhanced Figures 9b, 9¢, 10b and 10c and is most noticeable around 4 Hz,
5 Hz, 10-11 Hz. In contrast, larger variances are observed in regions where there is typically less
evidence of a natural frequency. Focusing specifically on the case where the model order is 30, larger
variances can be seen at 4.5 Hz, 9.8 Hz and 11.8 Hz. This obvious variability in the variance for
each identified frequency suggests that there is a higher probability or belief in some frequencies to
describe the data over others.
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Figure 9: The first singular spectrum of the Z24 data overlaid with the posteriors of the natural frequencies, represented
by histograms of the natural frequency samples recovered using Bayesian SSI at a model order of 10 is given in (a).
Regions of interest are shown in (b) and (c), with axes limits chosen to highlight the differences in the mean and
variance of the histograms in different regions.

5.2. Stabilisation diagram

As the true number of modes is unknown, it is standard practice in OMA to construct a stabilisation
diagram. Stabilisation diagrams are a tool used by the practitioner to determine the “physical” poles
of a system, helping to decide the nature of the identified complex eigenvalues i.e. spurious or real in
a physical context. The decision of which is often governed by some heuristic criteria on the stability
or consistency of the modal parameters across a range of model orders.

After conducting Bayesian SSI at multiple model orders, the resulting stabilisation diagram for the
724 is shown in Figure 11. The samples are plotted with transparency such that darker regions

26



540

1076 60
1077 50
10°° 40
: £
£ 107 302
E R
g £
< ~
10710 20
1071 10
10-12 H 1 H : HH H H 0
0.0 2.5 5.0 7.5 10.0 12.5 17.5 20.0
Frequency [Hz]
Singular Valued Spectra Posterior Samples -+ SSI-Cov
(a)
-6 .
10 S : 00 107 — ; 60
-7 ] g : : L : i :
10 50 10-74 L 50
ST 40 T s 0T
3 5 : : Z o 10 AN : 407
Z 109 = = : i : =
= 1074 305 £ 107 P : F30 2
& < & P : ]
21071 20 £ 10710 120 £
1071 10 10-11 | @ L10
10712 ‘ ‘ . ; ‘ 0 10712 . ¢ : ; 0
3.5 4.0 4.5 5.0 5.5 6.0 10 11 12
Frequency [Hz| Frequency [Hz]
(b) (c)

Figure 10: The first singular spectrum of the Z24 data overlaid with the posteriors of the natural frequencies, repre-
sented by histograms of the natural frequency samples recovered by Bayesian SSI at a model order of 30, is given in
(a). Regions of interest are shown in (b) and (c), with axes limits chosen to highlight the differences in the mean and
variance of the histograms in different regions.

indicate areas with a higher density of samples. A second stabilisation diagram is also provided in
Figure 12, using kernel density estimation (KDE) fits over the samples to visualise the uncertainty.
This provides a plot similar to the histogram representations of the posteriors in Figures 9 and
10, but at multiple model orders. The inclusion of uncertainty in stabilisation diagrams is not an
entirely new concept having already been presented, and proven beneficial in assisting model order
selection [39], although no agreed form has been defined. In this plot, non-conjugate poles have
been removed, however no stability metrics have been applied, purely to observe the raw form of
the stabilisation diagram.

27



545

10774

108 4

1079 4

Amplitude [-]
-
9
s

10~13 4

1014 4 —

Model Order [-]

- F10

——— Singular Valued Spectra
Natural Frequency Samples
T 0

Frequency [Hz]

20 25

Figure 11: Stabilisation diagram of the Z24 bridge, constructed using the natural frequency samples obtained using
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Figure 12: Stabilisation diagram of the Z24 bridge, constructed using the natural frequency samples obtained using
Bayesian SSI at a range of model orders. The kernel density estimation (KDE) of the samples is shown, where each
KDE is fitted using samples for that model order and order of identified mode.

Considering the distributions of the posteriors in Figure 12, one can clearly see that peaks in the
Welch spectrum, typically indicative of a natural frequency, coincide with the posterior means and
are consistent across multiple model orders. This is true for multiple peaks, most distinctly around
4 Hz, 5 Hz and 10 - 11 Hz. The variance of the distributions in these areas is also low across a broad
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range of model orders, especially when compared to more spurious frequency estimates away from
natural frequencies. Thus indicating a higher level of confidence in the ability of certain frequencies
to describe the dynamics. Another conspicuous observation is the general increase in variance at
higher model orders, particularly in the more spurious estimates, as moving to higher model orders
grant greater flexibility with numerous ways for the model to explain the data.

6. Conclusion

In this work, a new Bayesian perspective on OMA has been presented. Using the probabilistic
interpretation of SSI-Cov, it has been shown that prior knowledge can be incorporated over the
model parameters to form a Bayesian SSI algorithm capable of recovering posterior distributions
over modal characteristics of interest. This new approach was presented with two possible methods
of inference: Markov chain Monte Carlo and variational Bayes. These two forms of Bayesian SSI were
then benchmarked using a simulated case study. The prior distributions over the modal parameters
were shown, followed by the recovered posteriors; which demonstrated good agreement with one
another and convergence of the posterior mean towards the conventional SSI result. The effects of
data length on the recovered posteriors was also briefly explored. It was shown that, with increasing
data length, the posterior mean trends towards the truth whilst the variance decreases as expected.
Finally, the practicality and applicability of the algorithm was then illustrated using data obtained
from an in-service structure, the Z24 bridge. Recovery of the modal parameters and associated
posterior uncertainty was shown at single model orders and in a stabilisation diagram using the
natural frequencies estimates. The results showed that posteriors with means centred around the
apparent natural frequencies display much lower variance when compared to more spurious frequency
estimates, further away from the natural frequencies.

As is typical with Bayesian UQ), the choice and appropriate specification of the priors is an important
task. In the case of Bayesian SSI, prior distributions are not placed over the modal properties but
instead over the columns of the weight matrices (the observability and controllability). This choice
of prior setting remains unchanged from the initial definition of Bayesian CCA [61, 62| but may not
be the most suitable for this chosen application. It is interesting to imagine if priors over the modal
properties could be chosen and embedded, such that estimates are constrained to be physically
meaningful. This possible prior specification is to be explored in future work.

It is believed that the methods introduced in this work will enable researchers to tackle existing
OMA research challenges and explore the many capabilities of this now Bayesian SSI algorithm.
The availability of a Bayesian form and access to the posterior uncertainty may assist in the solution
of other important research challenges in OMA, such as model order selection, automatic OMA
and sensor placement. In SHM frameworks, one could foresee the inclusion of modal posterior
uncertainties as a valuable addition to damage assessment and decision-making; providing new
information for decision-theoretic problems. Going forward, the authors would promote the Bayesian
SSI technique presented in this work as a powerful building block for use in uncertainty-driven modal
analysis and beyond.
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Appendix A. Canonical-variate weighted, covariance-driven stochastic subspace iden-
tification

For the reader’s benefit, a concise description of canonical-variate weighted SSI-Cov algorithm for
an output-only case is given here. This derivation follows descriptions for the balanced (canonical-
variate weighted) algorithm given in Katayama [4] and Van Overschee and De Moor [3]. The reader
is directed towards the aforementioned texts for a complete exposition.

Consider an 7" order discrete state space model of a linear dynamic system, equivalent to a me-

chanical system with ngor degrees of freedom, such that r = 2n4.¢, in the form,

X1 = Axp + wy w Q S
E||Y [w! ol = Sqs Al
Vi = Cxp + vy H”q] [ws ]} {ST R] ! ( )

where y,;, € R! is the output vector at discrete time step k, x5 € RP is the internal state vector,
A € RP*P is the discrete state matrix such that A = expm (A At) where A. is the continuous state
matrix, At is the sampling time and C is the output matrix. The terms wy € RP and v;, € R are
samples of the process noise and measurement noise respectively, E[-] denotes the expectation and
dq4s is the Kronecker delta for any two samples in time ¢ and s. The process and measurement noise
are both assumed to be stationary, white noise Gaussian with zero mean and some covariance given
by the second part of Eq.(A.1).

Given output measurements from this stationary process, based on | measurement channels, the
data can be arranged into a block Hankel matrix # € R29*N to form,

_ o | Yoy | _ | Y
H=Yopj-1 = [Yﬂj—J B {Yf (8.2)
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with 25 block rows and N columns, with a block consisting of | rows and where j > 0 and N is
sufficiently large (i.e. much larger than 2[j) and where j > r and the number of columns of block
matrices is N. The resultant cross-covariance matrix of the future Yy with the past Y, is therefore
given by,

) 1Y N>
¥ = = f"] Y Y]] = [ PP pf] A3
N [Yf Y, Y] Spp By (4.3)

where X,; and Xy, are block cross-covariance matrices, and X, X, are block auto-covariance
matrices respectively. The canonical correlations A = diag(A1,- -+, A,) between the future and past
are the singular values [4], obtained through the SVD of the following matrix,

— _ PRIV §
328,52 = VIAV] = VAV, (A.4)

where 2%022%2 = Xy, such that,

oo T
Sy 2 B VAV, B2 (A.5)

where V1 and V5 are the left and right singular vectors, respectively and A neglects sufficiently small
singular values (or canonical correlations) in A such that the resultant state vector has the dimension
d= dim(]&). The cross-covariance matrix, 3, can be decomposed into the corresponding extended
observability (O) and controllability (C) matrices using X, = OC such that,

v

o = =2viA" | ¢ = APvyElpe (A.6)

with rank(O) = rank(C) = d. Note in the context of output only SSI, the controllability has little
meaning. The extended observability and controllability matrices can then be used to recover the
state A and output C matrices, and consequently the modal properties, in the usual manner for
operational modal analysis (see Section 3.3 in [16] and also [74]). The method described here for
recovering the system matrices is one of many. See stochastic balanced realisation algorithm B,
Chapter 8 in Katayama [4].
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Appendix B. Bayesian CCA - Gibbs Sampler Derivation

This appendix provides a full derivation for the update equations provided in Algorithm 1, aligning
with the Bayesian CCA formulation presented in Klami and Kaski [62] but without the sparsity
635 prior and with the inclusion of generic priors.

Given the model defined in Figure 2, the joint can be written as,

J =p(x,2,W, X, p) = p(x|z, W, 2, u)p(2)p(Z)p(n)p(W) (B.1)
Assuming independent columns of W, the joint can also be defined as,

d

J = p(x|z, W, =, w)p(2)p(Z)p(p) [ [ p(w:) (B.2)
=1

Taking the natural log of the joint, the individual components of the log joint are given by,

N
N 1 -
I Ty (xia, w2 X —5 10 [B) = 5 D (% = (Wzn + ) TS (xn0 — (Wazp + ) +const (B.3)
n=1
N e 1
In Jp(z) o 5 In|I| — 5 Z(zn —0)"I Yz, —0) = ) Z 2, 7, + const (B.4)
n=1 n=1
D D+1 1
In T o 2 In[Ko| — 2= 1n(2) —In (T () ) - %mm — ST (Ko=) + const (B.5)
1 1
In Jpp) X —3 In|3,| - B Z(u - uM)TEljl(u — p,,) + const (B.6)
n=1
1 1
In Ty (w,) o ~5 In|Ew,| — 5 Z(Wz — uwi)TZ‘;i (Wi — My, ) + const (B.7)
n=1

where,

d d
[[p(wi) = exp {Z hlp(Wz')} (B.8)

i=1 =1

e40 Using the standard theory of Gibbs MCMC sampling the update equations for the model parameters
can be constructed. The premise of Gibbs sampling is to sample each variable in turn, conditioned

32



645

650

655

on the values of the other variables in the joint distribution to obtain a sample from the conditional
distribution that is sought. This can be achieved by considering the log of the joint with respect to
the parameter of interest, establishing the new conditional distribution, and evaluating that function
given the current estimates for all the necessary model parameters.

The following subsections summarise the derivation of the individual updates. Even though a spec-
ified order is given in Algorithm 1, the nature of Gibbs sampling means that sampling from the
conditionals can be conducted in any order. As such, the equations here are written without speci-
fying which parameters are current or previous estimates, to simplify notation for clarity.

Appendiz B.1. Sample 3

Collecting the terms of the log joint pertaining to 3

N
N 1 _
Inp(E"Y) 5 In|X| — 5 g (xp — (Wz,, + )" 27 (%, — (Wz, + )
n=1

v+D+1

1
5 In|X| - 5Tr (Kox™') (B.9)

Using x' Ax = trace(Axx"),

N
N 1
Inp(E"Y) 5 In|¥| - §Tr (E_l Z(Xn —p—Wz,)(x, — pt — Wzn)T>
n=1
D+1 1
. %m B - 5T (Ko=) (B.10)

Combining terms, the familiar inverse Wishart form can be obtained.

N
N+D+1 1
Inp(E"Y) Sl i W \E[—§Tr ((Ko + Z(Xn —p—Wz)(x, — p — WZn)T> 21)
n=1

2
(B.11)
Therefore, a new sample of 3 can be drawn from the found conditional distribution,
ZneWNIW(Ko—l-K,l/(]—I—N) (B12)
where,
N
K= Z(xn — =Wz, (x, — pp — Wz,)T (B.13)
n=1
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Appendiz B.2. Sample u

Collecting the terms of the log joint pertaining to p, one obtains,

N
() oc —3 3" { G — (W ) T8 00— (W +40)) ) = 2 (= 1) 557 01— )
n=1

(B.14)

Expanding and ignoring terms not containing p gives,

N
Inp(p"") < — {MTZ_IN —p' 2 Y%, — Wz,) — (x, — Wzn)TE_lu}

n=1

DN =

1 1o B .
— WS ey B - TS ) (B5)

setting ﬁ];l =NZ 14 2;1, and in the knowledge that I = ﬁ];lﬁ)#, the log form of a Gaussian can
60 be reached:

N
new 1 o1 s—le — —
Inp(p"™") -3 {,uTEM m— ,uTEM 3,3 ! Z(X” - Wz,) + Euluu)
n=1
N
- (Z(xn ~Wz,)Ts1 + uuz;) ,ﬁ} (B.16)
n=1

Therefore, a new sample of g can be drawn from the conditional distribution defined by,

ur ~ N (,au , 2u> (B.17)
where,
Y, =Ny h7! (B.18)
and,
N
fr, =357 (%0 - Wz,) + 3, ,) (B.19)
n=1

Appendiz B.3. Sample w;

665 Collecting the terms of the log joint pertaining to W
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N
1) o =3 S { 6w = (W + ) TS — (W + 1))}

1 d

32 { — )T (Wi = )b (B.20)

As the intention is to update only one column of W at a time, i.e. the independent column w;, the
above equation can be separated as follows,

where the negative indices notation, - ;, refers to every column/row of except the one specified.
Although one column is updated at a %ime, as per the prior construction, all columns are used in
670 the calculation of the likelihood. Therefore, correlation between the columns may be seen in the
posteriors if there is sufficient evidence in the data for this. Letting X,, = x, —p —w ;2 ;,, this
equation can be simplified to, -

new

N
1~ 1 _
In p(w; Z { —wizin) B (Xn — Wizi,n)} — 5(wi— fw,) S (Wi — i) (B.22)

l\D\»—l

and expanded to give,

N
1 T ~ 1~ T _
Inp(wj®") o —3 g {XZZ %0 — (wizi’n)TE 1%, — XIE 1wizi7n + (Wizm)TE 1WiZi,n}
n=1
= (Wi B Wi = W B, — g D Wi iy, B py,) (B-23)

As z;, is a scalar, it can be manipulated as such, rearranging to give,
K

1 N N N
Ty-1 Ty-1 Ty—1s “Ty—1
In p(wj") —5 g {Zinzin}w; X7 w; — w; B w; — E ZinW; 5 Xp — E ZinX, N W

Wl B, -l Bt (B.24)
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75 setting 2\;1 = ZnNzl{anzi,n}E*l — 3!, and in the knowledge that I = f];,j 3w, the following log
normal form can be reached:

N
1 o1 e 1~ _
lnp(W?ew) X _5 {W;rzwz - W;rzwi Yiw, (E Zi,nz lxn + szl-“wi>

N
- _ _ ~ ~ —1
- (Z zi X5 4 uIViEW}) zwizwiwi} (B.25)

n=1

Therefore, a new sample of w; can be drawn from the conditional distribution defined by,

WY A (p,wi 2W> (B.26)
where,
N -1
Sw, = (Z{zi,nzm}z—l - zv—vi) (B.27)
n=1
and,
N
fr, = Bw, (BT zinFn + Tl fhyy,) (B.28)
n=1

es0 Since each column of W is sampled independently, two methods of sampling can be used. Either:
new columns are used in the following column updates, or the columns of the weight matrix are all
sampled using the previous value for W before finally updating the full matrix.

Appendiz B.4. Sample z

Collecting the terms of the log joint pertaining to z,

N N
new 1 Ty -1 1 T
Inp(z;™") o —3 nz:l {(xn —(Wz, +p)) X7 (x5, — (Wz,, + ,u))} ~3 nz:lznzn (B.29)
ess  which can also be written as,
1 N
Inp(z)°") —3 Z {(xn —p—Wz,) S Y (x, — p— Wz,) + zlﬂzn} (B.30)
n=1

Expanding and ignoring any terms not containing z, gives,
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N
new 1

Inp(z;™") —3 Z {—XZE_1WZR +u' 2 Wz, 2] WIS %, + 2] WISy

n=1

2T WS Wz, + zIHzn} (B.31)

Letting 2;1 = (WTE"'W +1), and in the knowledge that I = 2;12% the log form of a Gaussian
can be reached:

Inp(z™) oc —

N |

N
Z {zlf]zzn — (xp — M)TZ_IWEJZﬁ);lzn — Z;IL—ZA]
n=1

Therefore, a new sample of z can be drawn from the conditional distribution defined by,

Zo ~ N (fg %) (B.33)
where, R
3, =Wz 'w4+1)~! (B.34)
and, R
f, =3,WT'E 1x, (B.35)
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Appendix C. Bayesian CCA - Variational Bayes Derivation

This appendix provides a full derivation for the update equations provided in Algorithm 2. These
update equations differ with those presented by Wang [61] in that these equations assume indepen-
dent columns of W, matching the definition in [62], rather than independent rows. Either definition
(row or column) is suitable but one common approach was chosen here. Unlike [61], this derivation
also includes generic priors on the model parameters.

Given the model defined in Figure 2, the joint of the Bayesian CCA model can be defined as,

p(X, z, W, X, ”’) = p(X‘Z, W. %, M)p(Z)p(E)p(u)p(W) (Cl)

Assuming independent columns of W, as stated in the model, and using precision ¥, the joint can

be written as:
d

p(x|z, W, ¥, u)p(2)p()p(p) [ [ p(w:) (C.2)
=1

with the log of the joint having the same components as those shown in Section Appendix B.

The general premise of VI is to select a suitable approximation from a tractable family of distributions
and try to make the approximation as close to the true (intractable) posterior as possible, usually
by minimising the KL divergence. Assuming the surrogate posterior is determined by some free
parameters, this problem reduces the inference to an optimisation problem.

The following subsections summarise the derivation of the individual parameter updates needed to
perform this optimisation. Even though a specified order is given in Algorithm 2, the VI scheme
means updating the parameters can be conducted in any order, as long as the order remains fixed.

Using a mean field approximation, the surrogate posterior is assumed to take the following factorised
form

d
4(z, W, ¥, 1) = q(2)q(®)q(p) [ | a(wi) (C.3)

=1

where,

Q(Zn) ~ N(Zn’ﬁzviz> (C4)
g(T) ~ W \If|f<*1,ﬂ) (C.5)
a(w;) ~ N(wi\ﬁwi,i)v‘,z) (C.6)
aw) ~ N (it 5) (©7)

Given this factorised form, coordinate ascent VI (CAVI) [67] updates for the parameters of the model
can be found using,
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7" (¢r) = Ey_[p(x,2,0)] (C.8)

where ¢ = {z,0}, 6 = {¥,u, W}, ¢ denotes all elements of ¢ except the kth element being
updated and ¢*(¢y) refers to the updated surrogate posterior.

Working with the log of the joint, this can also be expressed as,

Ing*(¢r) =Ey [Inp(x,2,0)] + const (C.9)

Appendiz C.1. Update z

Collecting the terms of the log joint pertaining to z and substituting into Equation (C.9),

N N
Ing*(zn) x By [—; Z {(xn — (Wz, + ) ¥ (x, — (Wz, + ,u))} - % Z zlzn] (C.10)
n=1 n=1

The expectation E; [e] is rewritten using (e) s » such that,

1 N

In ¢*(zy) <—2 Z {(xn — (Wz, + )" ®(x, — (Wz, + 1)) + zlzn}> (C.11)
W, u, ¥

n=1

The subscript notation for the expectation is written once at the start of each update derivation
with the relevant parameters and then omitted for clarity.

Expanding and ignoring terms not containing z,, similar to the Gibbs sampling derivation, this
reduces to,

In ¢*(zy,) o <—; ﬁf: {z;r (WT\IJW + ]I) Zp — (Xp — p) "Wz, — 2] WTP(x, — u,)}> (C.12)

n=1

Setting Eu);l = (WT\IJW> + I, and given I = Zu];lilz, the log form of a Gaussian can be reached,

N
1 v v 1 C 1.
Ing*(20) o =5 > {21 a2 — (00 — () (R} (W) 2,5, 2, — 2] 5, 5, (W) () (x, — () }
n=1
(C.13)
Exponentiating, the surrogate posterior of z therefore has the following Gaussian form:
0" (20) ~ N (i1, 55 (C.14)
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735

where,

. -1

3, = <<WTq:W> +H> (C.15)
and,

i, = B (W) T(T) (x5 — () (C.16)

Update ¥

Collecting the terms of the log joint pertaining to ¥ and substituting into Equation (C.9),

In ¢*( <
n=1

N
S () + (= (W + ) W (x — (W + ) }

—D+1 1
T Ak ST T tr(\IlK0)> (C.17)
2 W, i, zn

I\D\H

Simplifying and rearranging terms, the log Wishart form can be reached such that,

N
Ing*(¥) —%tr <\I' (Ko + Z <(X - (Wz, +pn))(x — (Wz, + u))T>>>

n=1
—D+1+N
70 ;r TN (as)
Exponentiating, the surrogate posterior of W is then defined by,
7 (T) ~ W (f{‘l ,p) (C.19)
where,
N
K =Kg+ Z <(xn —pu—Wz,)(x, — pp — Wzn)T> (C.20)
n=1
and,
r=v9g+ N (C.21)
Update p

Collecting the terms of the log joint pertaining to p and substituting into Equation (C.9),
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Ing*(p) o <—; > {(X — (Wz, + ) ¥ (x — (Wz, + u))} - %MTE,:lM

n=1
1 Ty—1 1 Ty -1
—5uu2“ B SH 3 By
W, z,, ¥
Simplifying,
N
Ing*(p) < —5 {uT(N () + 2, — 1"y () (x0 — (W) (z,))
n=1

N
= (kn = (W) (2)) T (W) o+ ), 3, e+ MTE,IluH}

n=1

letting i;l = N (¥) + 2;1, and given I = igliu,

N
g () o —2 4 T8 = 075,830 (W) (k0 — (W) () + 2, 1
2
n=1
(S = (W) 2
=1

>

T Ty-1| v vw!
7L>) <‘I’>+H’p,zp,)2#2u “}

Exponentiating, the surrogate posterior of g thus has the following form:

q*(lj’) ~ N <p‘p, 9 i,u)
where, y
= (N(E) + 207
740 and,
N
ﬁu =3, <<‘I’> Z(Xn —(W)(zn)) + 2;111“)
n=1
Update w;

Collecting the terms of the log joint pertaining to w; and substituting into Equation (C.9),
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In g*(w;) o <—; Z {(X — (Wz, 4+ ) ¥ (x — (Wz, + y,))} - %WZTE;&Wz‘

To construct the update for a single column, the full weight matrix must be separated into the
column of interest and the remaining columns. This is achieved by defining,

Xn =Xn — M —W iZ in (C.29)

75 where w_; corresponds to all columns except the ith column of interest and z_;,, corresponds to all
rows of z, except the ith row. Using this definition, Equation (C.28) becomes,

1 _ 1 _

As z;,, is scalar, it can be manipulated as one. Rearranging and combining terms, this gives,

n=1

N
— (Z X Wz, + ujvizw}> wi> (C.31)

n=1

N N
1 _ - _
In ¢* (w;) —3 <W;r (Ewi + E zi’nzim\Il) w; — wiT ( E z; n ¥Xp + Ewi,uwi>
n=1

Considering the expectations,

1 N N
In ¢*(w;) ~3 {W;r (Zwi + Z (ZinZin) (‘Il>> w; — wiT (Z (Zim) (V) Xy, + Ewll,,uwi>

n=1 n=1
N
- (Z X5 (®) (zip) + uIV,.Ew}) wi} (C.32)
n=1
el (el N _ ¥
letting 3, = (Ewi +> e (ZinZin) (‘I’}), and as [ = X3 Yy,
¢ (Wi) ~ N (i, S, (C.33)
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where,
N

izwi = (Z<Zi,nzi,n> (P) + E;vll-)_l

n=1

and,

N
P, = Bw, ((‘I’> > Rl )) + E&iﬂwi)
n=1
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