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Path Integral Spin Dynamics for Quantum Paramagnets

Thomas Nussle, Pascal Thibaudeau,* and Stam Nicolis

A path integral method, combined with atomistic spin dynamics simulations,
is developed to calculate thermal quantum expectation values using a
classical approach. In this study, it is shown how to treat Hamiltonians with
non-linear terms, that are relevant for describing uniaxial anisotropies and
mechanical constraints. These interactions can be expressed solely through
quadratic terms of the spin operator along one axis, that can be identified with
the quantization axis.

1. Introduction

Existing numerical methods for describing the properties of mag-
netic materials, like first-principles approaches and spin models,
have limited applicability, when certain constraints must be taken
into account. In particular, spin models for magnetic materials
generally can be treated quantitatively only by imposing quite se-
vere approximations, whose range of validity is not always easy to
identify. This is particularly the case for understanding how clas-
sical behavior emerges from the microscopic quantum dynamics.
This is becoming relevant, as magnetic devices become so small
that this crossover has practical implications. “Small” here refers
to scale, not, necessarily, to the number of degrees of freedom.

On the one hand, quantum models provide precise descrip-
tions of both thermodynamics and dynamics, including quantum
effects like entanglement[1] and fluctuations.[2] However, they are
limited to studying “small” systems (tens or hundreds of spins)
due to high computational costs of current algorithms. Quan-
tum Monte Carlo (QMC) can handle large quantum spin systems
(hundreds of thousands of spins) accurately but cannot access
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dynamical quantities since it is a ther-
modynamic description, which describes
equilibrium properties and cannot take
into account real time evolution.[3] Other
quantum methods that do describe real-
time dynamics, however, cannot handle
such “large” systems.[4]

On the other hand, classical spin mod-
els are commonly used to study the dy-
namics and thermodynamics of mag-
netic materials, especially at “higher”

temperatures, where quantum effects, like entanglement can be
ignored.[5] These models have (relatively) low computational cost,
are easy to parallelize, and can simulate dynamics for hundreds
of thousands or even millions of interacting spins.[6] Although
they do provide a good qualitative description of magnetic dy-
namics, they may struggle at “lower” temperatures, when clas-
sical Boltzmann statistics is no longer valid and the quantum na-
ture of magnetism becomes relevant. When the magnon Debye
temperature is “high,” or comparable to the magnetic ordering
temperature, the “low-temperature” quantum regime may in fact
encompass most of the magnetic ordering temperature range.
This means that it becomes inappropriate to use classical statis-
tics in such cases.[7] The focus for taking into account quantum
effects in atomistic spin dynamics is thus centered on discover-
ing analytical expressions and providing a physical explanation
for the power–law rescaling that occurs between quantum and
classical fluctuations.[8]

In this paper, we present a multiscale modeling strategy that
relates these two approaches, aiming to fill (some of) the existing
gaps. Our objective is to set up a framework for studying both
thermodynamic equilibrium and nonequilibrium properties of
magnetic materials across length scales reaching up to microm-
eters, starting from fundamental principles. To effectively design
and manage the magnetism of such quantum devices, it becomes
essential to understand how the junction’s structural and chem-
ical environment impacts the spin center. To this end, a com-
prehensive and quantum thermodynamically consistent theory
has been developed to describe the quantum dynamics of spins
in magnetic materials, including non-Markovian damping, col-
ored noise and quantum zero-point fluctuations, in a manner
analogous to macroscopic quantum electrodynamics, which suc-
cessfully describes quantum electromagnetism in dielectric ma-
terials, without necessarily requiring more detailed microscopic
models.[9] Unfortunately, this theory was exemplified only on a
single quantum spin in interaction with various bosonic baths.
When the focus is on molecular magnets and single spin centers
that can be individually controlled when connected to contacts
that form an electrical junction, previous efforts were devoted to
the simplest nontrivial spin center: a single spin under an ex-
ternal magnetic field, described by the Zeeman Hamiltonian.[10]

The objective of this study is to investigate the thermodynamic
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properties of these centers when exposed to more complex exter-
nal environments.

2. The Paramagnetic Hamiltonian

We consider a single spin, described by a (vector) quantum op-
erator Ŝ, that is subject to linear and quadratic local interactions.
The energy of such a spin is described by a quantum Hamilto-
nian operator ̂ that contains a Zeeman interaction with a con-
stant magnetic field H, a uniaxial anisotropy interaction with an
easy axis n and intensity K, and a magneto-elastic interaction with
a stress tensor 𝜎 of rank 2, a coupling tensor B and mechanical
constants tensor C, each of rank 4.[11] The symmetries that dic-
tate the form of the Hamiltonian are rotation invariance, which
implies that the most general expression is given by the form

̂ = −g𝜇B𝜇0H ⋅ Ŝ − K
(
n ⋅ Ŝ

)2
− BIJKLC−1

IJMN𝜎MNŜKŜL (1)

where g is the Landé g-factor for the spin and μB the Bohr’s mag-
neton. Computing the thermal quantum expectation values of
functions, f (Ŝ), of the spin operator(s),

⟨f (Ŝ)⟩ ≡ Tr f (Ŝ) e−𝛽̂

Tr e−𝛽̂
(2)

in closed form, in the general case, is (a) tedious and (b) not par-
ticularly illuminating. The fundamental reason is that the spin
operators do not commute, since they define a curved target
space. This noncommutativity is purely geometric and does not
have anything to do with quantum effects.

However there exists a subclass of interactions, bkmqueryAU:
Please check equation and align have been correctly type-
set.where this noncommutativity is absent and the calculation
becomes tractable: This occurs when only one component of the
spin operator is present and its direction can be identified with
the quantisation z-axis; the simplest example, when only the Zee-
man interaction was present, was studied in ref. [10].

Keeping the all the terms of Equation (1) in this approximation,
one finds

̂ = −g𝜇B𝜇0HŜz − KŜ2
z − 𝜆(𝟙 − Ŝ2

z)𝜎

= −
2∑

q=0

Aq(Ŝz)q
(3)

where A0 ≡ 𝜆𝜎, A1 ≡ gμBμ0H and A2 ≡ K − 𝜆𝜎. The partition
function in the Spin-Coherent States basis |z⟩ is given by

 = ∫ d𝜇(z) ⟨z| e−𝛽̂ |z⟩ (4)

where the measure dμ(z) is introduced to ensure the resolution
of unity and 𝛽 = 1

kBT
. Here kB is Boltzmann’s constant and T is

the temperature in Kelvin and z ∈ ℂ. A spin coherent state |z⟩
can be introduced for any principal quantum number s, from a
reference state |0⟩, as{|p⟩ ≡ |s, ms = s − p⟩|0⟩ ≡ |s, ms = s⟩ (5)

where |s, ms⟩ is the standard spin basis, using the ladder operator
Ŝ− that lowers the eigenstate ms, such that

|z⟩ ≡ (1 + |z|2)−s exp
(
zŜ−

) |0⟩ = (1 + |z|2)−s
2s∑

p=0

(
2s
p

) 1
2

zp |p⟩
(6)

It is noteworthy that one can define spin coherent states in a simi-
lar fashion with either raising, lowering operators or a linear com-
bination of both.[12]

The action of the spin operators Ŝz and Ŝ
2

on the eigenstates|p⟩ are given by{
Ŝz |p⟩ = (s − p) |p⟩
Ŝ2 |p⟩ = s(s + 1) |p⟩ (7)

To rewrite the partition function, it is useful to remember that the
spin states constitute a complete set of basis vectors, in which the
identity operator can be resolved as follows:

𝟙 =
2s∑

p=0

|p⟩ ⟨p| (8)

Upon introducing this expression in Equation (4) one gets

 = ∫ d𝜇(z)
2s∑

p=0

⟨z| e−𝛽̂ |p⟩ ⟨p|z⟩ (9)

Taking advantage of the fact that the |p⟩ states are eigenstates of
the Hamiltonian given by Equation (3) one deduces that

 = ∫ d𝜇(z)
2s∑

p=0

| ⟨z|p⟩ |2 exp

(
𝛽

2∑
q=0

Aq(s − p)q

)
(10)

Now, rewriting the expression for the Spin–Coherent State given
by Equation (6)

 = ∫
d𝜇(z)

(1 + |z|2)2s

2s∑
p=0

(|z|2)p
(

2s
p

)
exp

(
𝛽

2∑
q=0

Aq(s − p)q

)
(11)

one can factorize the partition function as follows:

 = exp

(
𝛽

2∑
q=0

Aqsq

)
∫

d𝜇(z)
(1 + |z|2)2s

L(2s, 𝛽, |z|2) (12)

where L(2s, 𝛽, |z|2) is a polynomial in |z|2:

L(2s, 𝛽, |z|2) ≡
2s∑

p=0

(
2s
p

)(|z|2)p
exp

(
𝛽A2p2) exp

(
−𝛽

(
2sA2 + A1

)
p
)

(13)

A closed expression for L(2s, 𝛽, |z|2), for any value of s and z,
would, certainly, be desirable. However, the term exp (𝛽A2p2)
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complicates matters and prevents the use of the binomial for-
mula

2s∑
p=0

(
2s
p

)
12s−p

(|z|2 exp
(
𝛽Q(s)

))p = (1 + |z|2 exp
(
𝛽Q(s)

)
)2s (14)

for values of any function Q(s).
Therefore, there is no clear method to compute such a closed

form explicitly. It is possible, however, to compute the expression
L(2s, 𝛽, |z|2) for any value of s and selected expressions are given
in Appendix A.

It is noteworthy that, when all the mechanical energy along
the z axis is opposite to the energy along the easy axis, i.e., K =
𝜆𝜎, then A2 = 0. In this case, L(2s, |z|2) can be expressed in closed
form-this represents the behavior of a pure Zeeman paramagnet,
and this indeed, can be mapped to the case studied in ref. [10].

Following the path of this previous work of ours, our aim is
now to obtain an effective Hamiltonian for performing classical
simulations. To this end, one needs to express the integrand of
Equation (12) in exponential form.

We start by writing

L(2s, |z|2)

(1 + |z|2)2s
≡ exp

(
−𝛽eff(𝛽, 2s, |z|2)

)
(15)

This expression defines the effective Hamiltonian, as it yields

eff(𝛽, 2s, |z|2) = −1
𝛽

ln
(

L(2s, |z|2)

(1 + |z|2)2s

)
(16)

In order to obtain the dominant terms that govern the behavior
of the system at “high-temperatures,” one can perform a Taylor
expansion of the effective Hamiltonianeff(𝛽, 2s, |z|2) in the limit
𝛽 → 0.

high-T
eff (𝛽, 2s, |z|2, N) ≡

N∑
j=0

𝛽 j

j!
𝜕jeff(𝛽, 2s, |z|2)

𝜕𝛽 j

|||||𝛽=0

(17)

where N is the order of the Taylor expansion. This allows us to de-
rive polynomial expressions in terms of increasing powers of 𝛽,
that provide insight into the properties of the paramagnetic sys-
tem at temperatures greater than ⟨eff(0, 2s, |z|2)∕kb⟩. In fact, this
expansion remains meaningful, as long as eff(0, 2s, |z|2)𝛽 ≪

1. For example, if the dominant term of Equation (3) is the
anisotropy, then Ks𝛽 ≪ 1 must be satisfied. For convenience, the
terms in Equation (17) are relabeled as

high-T
eff (𝛽, 2s, |z|2, N) ≡

N∑
j=0

𝛽 j(j)
eff(2s, |z|2) (18)

hence we have

(j)
eff(2s, |z|2) = 1

j!
𝜕jeff(𝛽, 2s, |z|2)

𝜕𝛽 j

|||||𝛽=0

(19)

and expressions for (j)
eff(2s, |z|2) are derived explicitly for sev-

eral values of s and for small j in Appendix A. The numerical
compendium[13] includes a Python software package that can be

used for calculating the effective Hamiltonian in Equation (18)
for any given values of s and N.

Now, using the mapping, z : ℂ → S2, from the complex plane
z ∈ ℂ to the unit sphere, u ∈ S2;[14] the component uz of the unit
vector is related to |z| by

|z|2 = 1 − uz

1 + uz
(20)

To perform spin dynamics, one needs to calculate the effective
field, which is simply the functional derivative of the effective
Hamiltonian (for the high temperature Taylor series approach,
the relevant effective Hamiltonian will be high-T

eff )[5] along a par-
ticular direction u on the 2-sphere

− 1
g𝜇Bs

𝜕eff

𝜕u
= Beff (21)

Here, this leads to an effective field along the z-direction only.
Because of Equation (18), the effective field can, also, be use-

fully expanded in powers of the inverse of the temperature as

Bz
eff(𝛽, uz, N) =

N∑
j=0

𝛽 jB(j)
eff(uz) (22)

and we provide sample expressions in Appendix A. The provided
numerical compendium also enables the computation of this ef-
fective field.

Having computed the effective field, we will now introduce it
in a standard atomistic spin dynamics simulation, but first, some
analytical expressions to compare our results to are required.
Thus we will now derive exact expressions from the partition
function in the quantum case.

3. Exact Quantum Cumulants

For a single spin in thermal equilibrium, where the quantum
Hamiltonian given by Equation (3) is a function of Ŝz only, one
can compute cumulants directly from the partition function in
the standard spin states basis |s, m⟩, which is given by

 =
s∑

ms=−s

⟨s, ms| e−𝛽̂ |s, ms⟩
=

s∑
ms=−s

exp
(
𝛽
(
A0 + A1ms + A2m2

s

)) (23)

Consequently, the expression for the first-order cumulant for the
z-component of the spin operator, which is equivalent to the first
order moment ⟨Ŝz⟩, that can be compared directly to the projec-
tion along this axis of the magnetization of non-interacting spins,
is computed as

⟨⟨Ŝz⟩⟩ = 1


s∑
ms=−s

⟨s, ms| Ŝze−𝛽̂ |s, ms⟩
= 1


s∑

ms=−s

ms exp
(
𝛽
(
A0 + A1ms + A2m2

s

)) (24)
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Fluctuations about this average value (in our case both thermal
and quantum) can be evaluated by computing the higher order
moments; the first example thereof is the second-order cumulant

⟨⟨Ŝ2
z⟩⟩ = ⟨Ŝ2

z⟩ − ⟨⟨Ŝz⟩⟩2

= 1


s∑
ms=−s

m2
s exp

(
𝛽
(
A0 + A1ms + A2m2

s

))
− ⟨⟨Ŝz⟩⟩2

(25)

When ⟨Ŝz⟩ does not vanish, the relevant quantity that is useful
for probing the thermal scaling of these fluctuations[15] is then

given by

√⟨⟨Ŝ2
z⟩⟩⟨Ŝz⟩ . This represents a benchmark for the domain of

temperatures where quantum fluctuations become relevant, for
any “quantum-corrected” Hamiltonian. This will be the subject
of future work.

These expressions can be compared to successive approxima-
tions in the high-temperature limit, by providing the correspond-
ing effective field computed by Equation (22) to classical atom-
istic spin dynamics simulations, once the system reaches equi-
librium. This is the subject of the next section.

4. Results from Atomistic Simulations

When performing atomistic spin dynamics simulations, the
main object of interest is the real-time dynamics of a magnetic
moment m in a given effective magnetic field Beff. The evolution
of such a dynamics is given by a dampened precession equation,
a.k.a. the Landau–Lifshitz–Gilbert equation[5]

ṁ = − 𝛾

1 + 𝛼2

(
m × Beff + 𝛼m ×

(
m × Beff

))
(26)

where 𝛾 = g𝜇B

ℏ
is the gyromagnetic ratio in rad s−1 T−1 and 𝛼 is the

dimensionless Gilbert damping parameter. The effective field is
assumed to be defined from an effective Hamiltonian eff, which
encodes the interactions of the system at hand

Beff = − 1
𝜇s

𝜕eff

𝜕m
(27)

where μs = gμBs is the length of the spin magnetic moment.
To include temperature in this formalism, one supplements

the effective magnetic field by a stochastic noise 𝜼

Beff → Beff + 𝜼 (28)

such as Equation (26) becomes a stochastic differential equa-
tion with a multiplicative noise that satisfies the Fluctuation–
Dissipation theorem.[16] The stochastic noise is defined by its mo-
ments which in the classical case define a white noise

⎧⎪⎨⎪⎩
⟨𝜂i(t)⟩ = 0

⟨𝜂i(t)𝜂j(t
′)⟩ = 2𝛼

𝛽𝜇s𝛾
𝛿ij𝛿(t − t′)

(29)

where i and j are cartesian coordinates components. All the cu-
mulants higher and equal to three are taken to be zero. It is note-

worthy that, at this point, in Equation (29) any colored-noise ex-
pression can be considered to fully describe the physical nature
of the (external) bath. What we want to do is identify the average
values of the magnetization, computed by solving the Landau–
Lifshitz–Gilbert equation, in presence of the noise field 𝜼, with
the quantum cumulants computed in Section (3). To this end,
one must check for ergodicity, upon integrating Equation (26)
numerically using a symplectic integration scheme[17] for Ns re-
alizations (hence independent trajectories) of the noise. In this
approach, therefore, the average magnetization, which is to be
compared to Equation (24) is given by the expression

⟨mz⟩ = 1
Ns

1
Nt

Ns∑
i=1

Nt∑
j=1

m(i)
z (tj) (30)

with Nt is the number of time samples. The computation of any
expectation values are performed after an initial equilibration pe-
riod of 5 ns (in the units used) in order to let the system relax
to a well defined thermalized state, as the system requires a few
nanoseconds to equilibrate. This can be monitored by computing
the instantaneous microcanonical spin-temperature[18] to ensure
that convergence to equilibrium is achieved.

The time we take for the average itself is as long as 15 ns for a
constant integration timestep of 5.10−5 ns. We repeat this proce-
dure over Ns = 20 realizations of the noise. The initial condition
for the orientation of the magnetic moment in the atomistic sim-
ulations is

m0 = 1√
3

⎛⎜⎜⎝
1
1
−1

⎞⎟⎟⎠ (31)

which indeed satisfies ||m0|| = 1. We use the effective fields de-
rived in Section 2 in order to compute approximate thermal ex-
pectation of the quantum system described by Hamiltonian in
Equation (3) from this effective classical method. Here we iden-
tify the unit vector u which appeared in the stereographic pro-
jection mapping in Equation (20) from our derivation, with the
unit vector for the magnetization, m. Results for several values
of s are given in Figure 1. In this case, the effective Hamiltonian
is given by Equation (18). The classical limit is equivalent to tak-
ing N = 0, the first quantum correction to N = 1, and the exact
quantum solution is computed analytically using Equations (23)
and (24).

One can see here that the threshold temperature for accurate
simulation increases with increasing value of s, which agrees with
the condition where, looking at the effective field provided in
Equation (A3) one can see that see that the relevant scaling is
s(2s−1)

2
K
kB

≪ T ⇔ T ≫ s(2s − 1)1.34K. For spin s = 1/2 and s = 1

it is remarkable that, not only does the effective model correctly
describe even very low temperatures of the thermal expectation
values, but it also captures the different features of half integer
versus integer spin behavior with the initial maximal value for
half integer spins, and minimal value for integer spins. However,
for higher spins, as the low temperature range is not correctly ap-
proximated, these features are lost.

To implement a model that is valid for the whole tempera-
ture range, an obvious idea is to skip the high-temperature Tay-
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Figure 1. Expectation value for z-component of spin as a function of temperature with μ0Hz = 1T, K = −2gμBμ0Hz and 𝜆𝜎 = 0 for s = {1/2, 1, 3/2,
2}. Analytical quantum result using Equation (24) (red solid-line), classical limit (black dashed-line) and first quantum correction using quantum ASD
(orange dashed-line).

lor expansion from Equation (18) and simply take as our effective
Hamiltonian, the following expression

eff(𝛽, 2s, |z|2) ≡ − 1
𝛽

ln
(

L(2s, |z2|)
(1 + |z|2)2s

)
(32)

Indeed, technically, nothing prevents us from taking the deriva-
tive of this Hamiltonian in order to compute an effective field
for our atomistic simulations (a selection of detailed expressions
are given in Appendix B). In doing so, we obtain results valid
over the whole temperature range as seen in Figure 2. These are
the results labeled as exact quantum correction on Figure 2. The
price paid for this, however, is that the Hamiltonian and the ef-
fective field, are completely different expressions from what the
classical limit would be, and often contain numerically more ex-
pensive functions, instead of simple polynomials. Moreover, this
effective field contains a denominator that is potentially singu-
lar, as a function of the spin components. In practice, however,
these potential singularities are never reached in the numerical
methods and hence are straightforward to deal with.

It is interesting to notice that this method is indeed able to cor-
rectly reproduce the different characteristic behavior as a func-
tion of the strength and sign of the anisotropy constant K (pos-
itive means easy axis, negative hard axis) as shown in Figure 3.
Indeed at first, the easy axis (K = 10gμBμ0Hz) simply makes the
alignment along the field easier and thermally more stable than
only with the Zeeman term (K = 0). Once the sign changes, the
maximum alignment with the field is reduced (K = −gμBμ0Hz)
before it finally becomes energetically more favorable to be per-
pendicular to the hard axis at low temperatures (K = −2gμBμ0Hz
in Figure 2). After this point, increasing the strength of the

anisotropy (K = −10gμBμ0Hz) compresses the overall expectation
value closer to 0 and moves the minimal thermal fluctuations
to overcome the anisotropy higher. This behavior is well known
from an exact quantum mechanical perspective, but is here repro-
duced by means of a classical simulation in terms of a magnetic
moment, which is our ultimate goal.

5. Conclusion

In this work we have presented a method for computing quan-
tum thermal expectation values of spin systems using an effec-
tive classical atomistic spin dynamics simulation where the effec-
tive field is computed from the quantum partition function in the
spin coherent states basis. This work generalizes the approach of
the paper[10] by supplementing the Zeeman Hamiltonian by an
external strain and an uniaxial anisotropy along the quantization
z −axis. Using this method, we have been able to produce ther-
mal expectation values following two slightly different approxi-
mation schemes, namely a high temperature approach where the
Hamiltonian is expanded in powers or 𝛽, and a method which
computes the effective atomistic magnetic field directly from the
Hamiltonian, hence providing an accurate description over the
whole range of temperatures.

The quantum system is exactly solvable, and serves as a proof
of concept for a method that can also be implemented in much
larger –potentially interacting– spin systems, as will be the fo-
cus of future work. This allows a multiscale approach in the
sense that it relies upon first deriving the effective field within
a fully quantum mechanical framework and then introducing
this effective field in a large-scale atomistic simulation, where the
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Figure 2. Expectation value for z-component of spin as a function of temperature with μ0Hz = 1T, K = −2gμBμ0Hz and 𝜆𝜎 = 0 for s = {1/2, 1, 3/2, 2}.
Analytical quantum result using Equation (24) (red solid-line), quantum correction using quantum ASD (blue dashed-line) with the exact Hamiltonian
provided in Equation (32).

Figure 3. Expectation value for the z-component of spin as a function of temperature with the values μ0Hz = 1T, s = 1 and 𝜆𝜎 = 0 for K = {10, 0, −1,
−10}gμBμ0Hz. Analytical quantum result using Equation (24) (red solid-line), quantum correction using quantum ASD (blue dashed-line) with the exact
Hamiltonian given by Equation (32).
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fluctuations about the average value are described through the ef-
fects of the noise fields.

In the high temperature approximation, we have demon-
strated that the essential characteristics of thermal expectation
values can be accurately represented even for relatively low s val-
ues. This is due to the dominant term of the Hamiltonian scaling
with the principal quantum number in our given example. Fur-
thermore, we have provided evidence that even without a straight-
forward polynomial expression for the Hamiltonian, it is feasible
to calculate an effective field for our atomistic simulations. This
allows us to probe the entire temperature range and even repro-
duce the significant differences between half-integer and integer
spin values. What is remarkable is that all this can be achieved
while maintaining an effective classical approach.

Appendix A: Explicit Expressions for Selected
Values, High-Temperature

In this section, we compute the values of the expressions L(2s, |z|2),
Heff(2s, uz) and Bz

eff
(𝛽, 2s, uz) given in Section 2, for s ∈ [ 1

2
, 1, 3

2
, 2]

By increasing s by 1/2 increments, the first three values of L are

L(1, |z|2) = |z|2e−A1𝛽 + 1

L(2, |z|2) = |z|4e−2A1𝛽 + 2|z|2e−A1𝛽−A2𝛽 + 1

L(3, |z|2) = |z|6e−3A1𝛽 + 3|z|4e−2A1𝛽−2A2𝛽 + 3|z|2e−A1𝛽−2A2𝛽 + 1

L(4, |z|2) = |z|8e−4A1𝛽 + 4|z|6e−3A1𝛽−3A2𝛽 + 6|z|4e−2A1𝛽−4A2𝛽 + 4|z|2e−A1𝛽−3A2𝛽 + 1
(A1)

The leading terms of the effective Hamiltonian, considered not as a func-
tion of the temperature, are given by

s = 1
2

(0)
eff

(|z|2) =
A1|z|2|z|2 + 1

s = 1 (0)
eff

(|z|2) =
2|z|2(A1|z|2 + A1 + A2

)
|z|4 + 2|z|2 + 1

s = 3
2

(0)
eff

(|z|2) =
3|z|2(A1|z|2 + A1 + 2A2

)
|z|4 + 2|z|2 + 1

s = 2 (0)
eff

(|z|2) =
4|z|2(A1|z|2 + A1 + 3A2

)
|z|4 + 2|z|2 + 1

(A2)

Here are the expressions of Equation (A2) as functions of uz,

∀s (0)
eff

(uz) = A1s(1 − uz) + A2
s(2s − 1)

2
(1 − u2

z ) (A3)

Here are the leading terms of Equation (21) as functions of uz,

∀s B(0)
eff

(uz) =
A1 + (2s − 1)A2uz

g𝜇B
(A4)

These terms all correspond to the classical limit of the Hamiltonian given
in Equation (3). If one wants to take quantum corrections, one requires
to go to the first order of non-vanishing 𝛽. We shall take the example of
spin 1 (as A2 contributions vanish for spin 1/2), but any spin to any ap-
proximation order (given enough time and computational power), can be
computed using the python package.

s = 1 (1)
eff

(|z|2)

=
|z|2(−A2

1|z|4 − 2A2
1|z|2 − A2

1 + 2A1A2|z|4 − 2A1A2 − A2
2|z|4 − A2

2

)
|z|8 + 4|z|6 + 6|z|4 + 4|z|2 + 1

(A5)

This expression can again be remapped onto the unit sphere

s = 1 (1)
eff

(uz) =

(
2A2

1u2
z − 2A2

1 + 4A1A2u3
z − 4A1A2uz + A2

2u4
z − A2

2

)
8

(A6)

Finally yielding the following expression for the effective field

s = 1 B(1)
eff

(uz) =

(
−A2

1uz − 3A1A2u2
z + A1A2 − A2

2u3
z

)
2g𝜇B

(A7)

To build the corresponding effective field (recalling that only the z-
component is non vanishing in our case) for the atomistic simulations,
one simply needs to identify u with the magnetic moment m and build

Beff(𝛽, uz, N) =

(
N∑

j=0

𝛽 jB(j)
eff

(uz)

)
ez (A8)

where ez is a unit vector along the z-direction.

Appendix B: Explicit Expressions for the s=1 Exact
Hamiltonian

Instead of performing a high temperature Taylor expansion to obtain the
Hamiltonian, if one takes the Equation (32) then

s = 1 ̃eff(|z|2, 𝛽) = 2A1 + A2 +
1
𝛽

log

( (|z|2 + 1
)2

|z|4eA2𝛽 + 2|z|2eA1𝛽 + e𝛽(2A1+A2)

)

̃eff(uz, 𝛽) = 2A1 + A2 +
1
𝛽

log

(
4

(uz − 1)2eA2𝛽 − 2(uz − 1)(uz + 1)eA1𝛽 + (uz + 1)2e𝛽(2A1+A2)

) (B1)

once remapped onto the unit sphere and following the usual procedure
given in Equation (21) one can deduce the corresponding effective field
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s = 1 B̃eff(uz, 𝛽) =
2
(
(1 − uz)eA1𝛽 + (uz − 1)eA2𝛽 − (uz + 1)eA1𝛽 + (uz + 1)e𝛽(2A1+A2))

𝜇B𝛽g
(

(uz − 1)2eA2𝛽 − 2(uz − 1)(uz + 1)eA1𝛽 + (uz + 1)2e𝛽(2A1+A2)
) ez (B2)

Data Access

Python code and output data to reproduce all results and
figures reported in this paper are openly available from the Zen-
odo repository: Sources for: Path integral spin dynamics for quan-
tum paramagnets. https://doi.org/10.5281/zenodo.11072984.[13]

The repository contains:

1) Python code to generate analytic equations derived herein.
2) Python code to perform enhanced atomistic spin dynamics

calculations with the quantum effective fields.
3) Python scripts to reproduce all figures.

The software and data are available under the terms of the
MIT License.
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