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ABSTRACT: We consider the canonical quantisation of spherically symmetric spacetimes
within unimodular gravity, leaving sign choices in the metric general enough to include both
the interior and exterior Schwarzschild-(Anti-)de Sitter spacetime. In unimodular gravity the
cosmological constant appears as an integration constant analogous to a total energy, and the
quantum Wheeler-DeWitt equation takes the form of a Schrédinger equation in unimodular
time. We discuss self-adjoint extensions of the Schrédinger-like Hamiltonian arising from the
requirement of unitarity in unimodular time, and identify a physically motivated one-parameter
family of extensions. For semiclassical states we are able to derive analytical expressions for
expectation values of the metric, representing a quantum-corrected, nonsingular extension of
the classical Schwarzschild-(A)dS geometry which describes a quantum transition between
asymptotic black hole and white hole states. The sign of the self-adjoint extension parameter
corresponds to the allowed sign of the black hole/white hole mass, and so it can be chosen to
ensure that this mass is always positive. We also discuss tunnelling states which allow for
a change in the sign of the mass, but which are not semiclassical in high-curvature regions.
Our mechanism for singularity resolution and the explicit form of the quantum-corrected
metric can be compared to other proposals for black holes in quantum gravity, and in the
asymptotically AdS case can be contrasted with holographic arguments.
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1 Introduction

Black holes are among the most fascinating predictions of classical general relativity, and their
observational study is a current topic of major interest [1, 2]. They are also expected to serve
as windows into what might lie beyond general relativity, whether some modified gravitational
theory [3] or a theory of quantum gravity [4]. Their semiclassical description leads us to
questions such as what happens at the classical singularity or whether the singularity should
be resolved by quantum effects, or what is the final state of Hawking evaporation. Indeed, the
black hole information paradox arising from Hawking’s original calculations [5] has led to a
particularly strong debate into what quantum gravity could do to restore standard principles
of quantum mechanics or whether a modification of quantum mechanics is needed [6-9]. It
is often believed that these issues are connected and explaining or resolving the black hole
singularity will help to resolve the question of information loss.

In this article we ask how quantum mechanics on its own can resolve the classical
singularity inside a black hole. This is an old question, and many proposals for how to answer
it have been made. Given the complications of full quantum gravity, most studies are based
on relatively simple models, in particular the spherically symmetric Schwarzschild-(Anti-)de
Sitter spacetime. For this model, the interior of the black hole is a spatially homogeneous
Kantowski-Sachs solution [10], which can be quantised as a minisuperspace model; this is
also the setup we will work in here. In the exterior, time evolution is replaced by “radial



evolution” in a spacelike direction. The fate of the classical singularity then depends on how
exactly the quantum theory is defined, and what criteria are applied for deciding that a
singularity is resolved. Those criteria implicitly use a particular interpretation of quantum
mechanics in the context of gravity, and hence are open to debate [11-13]. In symmetric
cosmological or black hole models, curvature singularities are typically associated to zeros or
divergences in metric components, which appear as boundaries of the configuration space of
geometries (minisuperspace). This means that in the quantum theory boundary conditions
are required, as already discussed by DeWitt [14]. DeWitt’s proposal was to demand that
the wavefunction vanishes on such singular boundaries, which was interpreted as a vanishing
probability of encountering a singularity, leading to a nonsingular theory. Without a concrete
Hilbert space and probability interpretation, it is not clear how such an interpretation is
justified (see, e.g., [15]). In the case of a black hole the singularity is to the future of any
observer, hence the boundary condition could be seen as a final rather than initial condition.

Recently, a number of different proposals have been made to connect this issue of
boundary conditions to the black hole information paradox [16-19]. In [16] Horowitz and
Maldacena suggested a “totally reflecting” final state of the black hole interior, scattering the
state of the infalling Hawking radiation in such a way that the total evolution of collapsing
matter into Hawking radiation is unitary (for further discussion of this proposal see, e.g., [20]).
In the proposal of [17], if the wavefunction is assumed to remain bounded there is no freedom
to choose a boundary condition at the singularity but a semiclassical state is interpreted
as including two opposite arrows of time, leading to “annihilation” of singular geometries.
Finally, the recent papers [18, 19] build on the Horowitz-Maldacena final state proposal using
arguments about the wavefunction similar to DeWitt’s together with a specific inner product
(which is not positive definite) to advocate a probabilistic interpretation indicating that the
singularity may be resolved. Again, all these works are based on some assumptions of how
quantum mechanics should be interpreted in the context of gravity.

Many interpretational issues of canonical quantum gravity, regarding evolution, observ-
ables and possible relation with measurement outcomes, are connected to the problem of
time [21-23]. The Wheeler-DeWitt equation, derived from the Hamiltonian constraint of
general relativity, does not contain a Schrodinger-like background time. One can take the
view, as we will do here, that dynamical statements can only be formulated in relational terms,
i.e., as the evolution of observables with respect to a particular “clock”. Then statements
about probabilities of certain outcomes are also, in general, relational and depend on the clock.
This relational viewpoint was recently studied by Hartnoll [24] in the context of different
clock choices for semiclassical quantum states describing planar black holes. It was found
that for these clocks the semiclassical approximation holds all the way to the singularity,
hence there is no strong departure from classical evolution and no singularity resolution. The

analysis was extended to charged planar black holes in [25].

The formalism we will use in the following is similar to Hartnoll’s, but our conclusions
will be different because we use a different type of clock: as discussed by Gotay and
Demaret [26, 27], whether or not a singularity is resolved by quantum effects depends on
whether the theory is expected to be unitary with respect to a “slow” clock or with respect to
a “fast” clock. Slow clocks reach the singularity in finite time, and it is here that unitarity (the



requirement of well-defined evolution for all times) clashes with the idea that a solution should
terminate in a singularity. More specifically, as we will see, unitarity in such a clock leads
to a new proposal for a (non-unique) boundary condition at the singularity, rather different
from the previous ones based on probability arguments. This proposal is then explicitly
clock-dependent [26-30], and so in a way we have moved the question of finding boundary
conditions to that of finding the clock variable with respect to which we require unitarity.

We will be working in unimodular gravity, a theory that is classically equivalent to general
relativity but promotes the cosmological constant to a global degree of freedom arising as an
integration constant from the trace-free Einstein equations. Many formulations of unimodular
gravity exist [31-35] but they tend to reduce to the same theory in minisuperspace. The key
feature in our context is that these theories introduce a specific notion of preferred time [36],
which we will utilise to define our clock. It is then with respect to this clock that we require
unitarity. The interior of a planar black hole has recently been studied imposing unitarity
with respect to unimodular time and it was found that the singularity is resolved [37]. In this
paper we will not restrict ourselves to the interior of the black hole and our conclusions will
be somewhat different, since we will study the full Schwarzschild-(Anti-)de Sitter solution
rather than the simpler planar version. In our case, we will show that applying our procedure
only to the interior of the black hole, or equivalently to Kantowski-Sachs cosmology, creates
an additional boundary condition at the horizon, which makes the theory harder to analyse,
which is why we will include the exterior in our work.

After quantising Schwarzschild-(Anti-)de Sitter spacetime using the Wheeler-DeWitt
approach and imposing unitary unimodular time evolution, we arrive at a theory in which all
classical singularities have been replaced by nonsingular quantum evolution past the classical
singularity. Hence, requiring unitarity in a suitable clock can serve as a mechanism for resolving
singularities, as already seen in other contexts previously [26-30, 37]. This mechanism can
be compared with ideas for resolving black hole singularities in other approaches to quantum
gravity such as asymptotic safety [38, 39], loop quantum gravity [40—42], or spin foam
models [43] as well as more phenomenological models of singularity-free black holes [44-46].
In the context of asymptotically Anti-de Sitter black holes, our findings can be contrasted
with arguments using holography which state that black hole singularities should not be
resolved; see in particular the conjecture of [47]. The arguments supporting this conjecture
rely on the fact that the quantum theory can be dually described by a boundary conformal
field theory (CFT). In our approach, no such dual description exists since the quantum
theory contains information not present in the asymptotic limit, in particular the non-unique
choice of boundary condition at the singularity. Our requirement of unitarity in unimodular
time also has no obvious analogue in holography. Hence, these seem to be fundamentally
different pictures of what quantum gravity says about singularities. We will return to this
point in the conclusions.

Our second key result is that the theory permits the existence of semiclassical states
consisting exclusively of either positive-mass black /white holes or negative-mass black/white
holes, where the same state describes a spacetime transitioning from black to white hole of the
same mass, and the sign of the mass depends on the choice of self-adjoint extension or boundary
condition at the singularity. Hence, the non-uniqueness of the boundary condition translates



into qualitatively different definitions of the quantum theory, even in the semiclassical limit.
If the self-adjoint extension is chosen so that only positive mass solutions exist, this resolves
the issue that would otherwise occur when both positive and negative mass black hole
states coexist in a theory without singularities. In the absence of singularities, the cosmic
censorship conjecture does not preclude the existence of negative-mass black holes, and it
seems that such objects could be formed from the vacuum which would be unstable [48]. A
new explanation would be required for why such objects have not been observed. Going away
from the semiclassical theory, we also find states describing the tunnelling from a black hole
spacetime to a white hole, with the mass switching sign; one should take this result with a
grain of salt, as a more complete theory of quantum gravity might change the calculation
substantially in the highly quantum regime.

This paper is structured into five sections. After this introduction we will begin by
introducing the classical theory in section 2, presenting our minisuperspace variables and
briefly reviewing unimodular gravity. In section 3 we will quantise the theory, impose unitarity
and study the possible self-adjoint extensions of the Hamiltonian. Here we will see that some
self-adjoint extensions correspond to a theory with positive mass semiclassical solutions and
others correspond to a theory with negative mass semiclassical solutions. Afterwards we will
calculate expectation values and their variance in section 4 to confirm the semi-classical nature
of the state and compare it to a tunnelling state. In section 5 we will summarise our results
and discuss our findings. In this paper we will work in natural units with A =c=8rG =1,
unless explicitly said otherwise.

2 Classical theory

We will be working in a minisuperspace approach, reducing degrees of freedom of our metric
by making symmetry assumptions prior to quantising. In the interior of the Schwarzschild-
(Anti-)de Sitter black hole the spacetime is homogeneous and spherically symmetric, but
not isotropic, and we can write our line element as

nON@W? | )
O

Here dQ? is the standard metric on $? and the coordinate z parametrises the real line. The

ds? = —

dz? + n(t)2d0?. (2.1)

g1t and g., components of the metric are chosen in this way to simplify future equations. We
see that if £ changes sign the metric is still Lorentzian but the role of the timelike coordinate
switches from ¢ to z, corresponding to crossing a horizon in Schwarzschild-(Anti-)de Sitter
solutions that involve regions of positive and negative £. In contrast, as we will see below,
1n — 0 corresponds to a curvature singularity where 2-spheres shrink to a point, and we will
always assume that 1 > 0. g cannot change sign independently of g.. since N(¢)? > 0. This
metric parametrisation is similar to what was done for isotropic cosmology in [49], except
that a sign change of £ here does not change the sign convention of the metric.

Another way of interpreting this form of metric is to view it as a homogeneous but
anisotropic cosmology. From this point of view we are studying Kantwoski-Sachs cosmology
if N2, ¢ and n are strictly positive. Quantisation of Kantowski-Sachs cosmology has been
studied for example in [50, 51], and [50] uses the same parametrisation in terms of 7 and ¢&.



Both papers solve the Wheeler-DeWitt equation for Kantowski-Sachs cosmology in vacuum or,
e.g., including pressureless dust. They discuss several choices of boundary condition such as
the Hartle-Hawking “no boundary” condition [52], the Vilenkin “outgoing flux” proposal [53]
and the symmetric initial condition [54, 55]. We will recover the classical and some of the
quantum solutions discussed in these papers but we will interpret them differently.

We will now calculate the Hamiltonian constraint for this form of metric in the context
of unimodular gravity, and analyse the classical solutions. Expressing the system in the
Hamilton-Jacobi formalism connects closely to the process of canonical quantisation discussed
in section 3.

2.1 Hamiltonian formulation

To derive the Hamiltonian, we begin by considering the action. There are several ways of
defining a unimodular version of general relativity; here we will work with the Henneaux-
Teitelboim version [34] which includes an extra field that can be interpreted as time. This
is in contrast with other formulations [31, 32] that use a fixed volume form which breaks
the diffeomorphism invariance of the action to a subgroup of transverse diffeomorphisms,
the ones that do not alter the determinant of the metric. In unimodular gravity d la
Henneaux-Teitelboim general diffeomorphism invariance is preserved, the action has the form

Srlgus A, TH) = % / e[y =gR — 2A(V=g — 8,T")] . (2.2)

Here R denotes the Ricci scalar and g is the determinant of the metric. The cosmological
constant is promoted to a field A(z*). The new variables T* act as Lagrange multipliers
ensuring that A is a constant. The vector density T is only well defined up to a divergenceless
vector density, since T# — TH + J# with 0,J" = 0 is a local gauge symmetry of the action.
Thus T* only has one degree of freedom that is not gauge. The first two terms give the
FEinstein-Hilbert action with A appearing as a field. Variation with respect to A gives the
following equation of motion, also called the unimodular condition:

V=g =0,T". (2.3)

This constraint on the metric determinant is the analogue of fixing a volume form in other
approaches to unimodular gravity, with the difference is that T* is a dynamical field. The
introduction of this new degree of freedom avoids fixing the metric determinant by hand.

A particular feature of this theory is that it includes a preferred notion of time which we
call unimodular time. Let {3(t)}; be a foliation of spacetime into spacelike hypersurfaces
and let n, be the future-directed covector normal to the hypersurface, unimodular time
can then be defined as

Ty (t) = /Z . 43z n, T (2.4)

The change in unimodular time has a very nice interpretation as the spacetime volume between
two hypersurfaces. If U is a submanifold of spacetime with boundary oU = X(¢;) LU X(ty)



we can define the spacetime volume of U as follows:
V(U) ::/ dlz/—g = / d*x 9, T" (2.5)
U U

= / Pz n,TH — / d*xn, T (2.6)
=(ty) ()
=Ta(ty) — Ta(ts) . (2.7)

In the first line we have used the unimodular condition. It should be noted that the notion
of unimodular time fully characterises time only when accompanied by a fixed foliation as,
in general, two distinct hypersurfaces may agree on the “time” T (t) assigned to them [56]
(contributions from the four-volume between these hypersurfaces can come with positive and
negative signs, and add up to zero). A foliation effectively selects one representative from
each equivalence class of hypersurfaces. Since we are working in minisuperspace we have
already chosen a specific foliation. A nice introduction to Henneaux-Teitelboim theory and
the notion of unimodular time can be found in the MSc thesis [57]. This “objective” notion
of time in unimodular gravity motivates us to use T, as our clock.

Using our minisuperspace metric (2.1) the action simplifies. We also assume that the
fields T and A are only function of ¢, so that spatial derivative terms 0;7¢ vanish. After
adding suitable (Gibbons-Hawking-York) boundary terms to remove the dependence on
second time derivatives, the action then becomes

. ) 1. )
SurlN,&né i AT) =V [ at [N = i NAg 4 AT (2.9

where we write T instead of 7. Since the minisuperspace variables do not depend on the
spatial coordinates, we have performed the integrals over all coordinates but ¢, and the
3-dimensional coordinate volume is denoted by V. This assumes that the z dimension has
been compactified in some way, e.g., either by restricting the range of z to some finite interval
or by assuming it is periodic. We can absorb V into a variable redefinition

VN =N, VI=T, V¢ (2.9)
so that now T = T denotes the unimodular time as defined above, and find an action
Syr = /dt {N — %fﬁ — NAp> + AT . (2.10)
We can introduce conjugate momenta

§ me=-—, mr=A (2.11)

As stated above the cosmological constant is conjugate to T'. Recall from (2.1) that depending
on the sign of £, the coordinate ¢ can be either timelike or spacelike. In the spacelike case, the
notion of conjugate momenta introduced here is a generalisation of the usual notion, since we
treat quantities like 5 as velocities even though they correspond to derivatives in a radial
direction. This generalisation of Hamiltonian methods to spacelike “evolution” is discussed,
e.g., in [58] in the context of AdS/CFT, where the generalised momenta are interpreted as



variations of the action. While the physical interpretation of the resulting quantities may
be subtle, the mathematical framework for spacelike evolution is always well-defined in our
effectively one-dimensional symmetry-reduced setup.

The Hamiltonian is given by

H=—N |myme +1—nA| . (2.12)

The action does not depend on the time derivative of the lapse meaning its conjugate
momentum 7y is constrained to vanish. For consistency, its time derivative 7y, given by
the derivative of the Hamiltonian with respect to the lapse, also has to vanish:

orr
ON

We obtain the Hamiltonian constraint C. The Hamiltonian can be written as H = —NC and

O0=7n=— =mme+1—n*A=:C. (2.13)

therefore also has to vanish. The Hamiltonian is now the starting point for calculating the

classical solutions as well as quantising the minisuperspace theory.

2.2 Classical solutions

In order to calculate the classical solutions we will initially take the lapse IV to be a positive
constant Ny. Then the Lagrangian equations of motion are

0= ]\%éﬁ +1— A2, (2.14)
=0, (2.15)
£ =2NZAn, (2.16)
T = Non?, (2.17)
A= (2.18)

The last equation states that A has to be a constant and we will treat it as such in the
following. The first one is simply the Hamiltonian constraint. There are two classes of
classical solutions depending on whether 7 vanishes or not.

Let us start with the case 77 # 0. In that case eq. (2.15) dictates that

n(t) =no + Nokt, k#0. (2.19)
The solution for £ can then be found by integrating the Hamiltonian constraint (2.14):

Ak 3.3 02, [ 1
§(8) = 5 Not” + Ao NGt + { 22A — | Not + o (2.20)

A simple integration of eq. (2.17) gives the expression for the unimodular time,

k.2
T(t) = §N§t3 + nok NGt + g Not + Tp - (2.21)

Since T* is only defined up to a divergenceless vector we can add any constant to it and
set Ty = 0. By shifting ¢ we can set 19 = 0. The solutions then become

n() = kNot, E(t) = 2

2
_g —-

i N3 (2.22)

1
ENGt® — —Not + &,  T(t) 3

k



By our previous assumption that 1 > 0, the solution is only defined for ¢t > 0 if £ > 0, and
only defined for ¢t < 0 if k£ < 0. Hence, depending on the sign of k£ the curvature singularity
at t = 0 is either in the future or past, if we take t to indicate the arrow of time. While
t is a coordinate time, eq. (2.22) shows that its sign matches that of T, our unimodular
time used to define a global time. We will take T to define the arrow of time and hence
the solution describes a white hole for k¥ > 0 and a black hole for k¥ < 0. The metric also
becomes singular for £ = 0, however we will show that this does not correspond to a curvature
singularity, but is a relic of our choice of foliation. The vanishing of £ indicates a horizon,
either an event horizon or a cosmological horizon.

This spacetime structure is illustrated in figure 1 for the positive A case, i.e., for the
Schwarzschild-de Sitter solution. There are analytical continuations of the spacetime to the
left and the right of the picture, so we identify the left and right boundary to avoid infinite
successions of black and white holes. The regions of negative £ correspond to the exterior of
the black and white hole inside of cosmological horizons. The regions with £ > 0 are either
inside an event horizon or outside of the cosmological horizon. The squiggly line at the top is
the singularity of the black hole, the one at the bottom is the singularity of the white hole.
It should be noted that our choice of coordinates does not cover all of Schwarzschild-de Sitter
spacetime, as it is not defined at the horizons. In the case k < 0, our solution describes a
black hole spacetime and covers the region VI outside of the cosmological horizon, exterior
region I and the black hole interior III. Further discussion of the conformal diagram can be
found in [59]. For the cases A < 0, the global structure of the spacetime is simpler since
there are no cosmological horizons. The global structure of the Schwarzschild-Anti-de Sitter
spacetime is discussed in [60, 61], for example. In these cases future/past spacelike infinity
(n = o0) is replaced by timelike infinity (A < 0) or null infinity (A = 0).

The solutions in eq. (2.22) depend on three parameters k, & and Np, but Ny is arbitrary
and we can use the remaining gauge freedom of rescaling the coordinates ¢ and z to understand
the significance of k£ and &;. A constant rescaling of the time coordinate ¢ — at corresponds
to a rescaling of the lapse Ny — Ny/a, and a rescaling z — [z corresponds to rescaling
& — &/B and Ny — /BNy in eq. (2.1). Ny can always be chosen at will. Starting with the
expression for £(t), we can now try to eliminate the dependence on k:

A 1 No=ry Asgn(k k
§(6) = SENGE® = -Not +& — £(1) = Sf;;( )i ngg b+ & (2.23)
K £(t) = %sgn(k‘) t3 — sgn(k)t + k%& . (2.24)

The rescaling performed in the second step is not obviously allowed in our minisuperspace
model, but as it corresponds to a rescaling of a spatial coordinate in the metric, it maps
between minisuperspace solutions that describe the same metric and hence the same solution
of the full theory. After applying these transformations, we have 7(t) = sgn(k) ¢ and given
that the metric only includes the ratio £/, it will no longer depend separately on k and
& but only on the combination k%sgn(k)&;. The dependence on sgn(k) can further be
eliminated by sending { — —t¢ in the case k < 0 to ensure that the ¢ coordinate always
takes positive values. As discussed above this amounts to mapping a black hole solution
to the corresponding white hole solution by reversing the arrow of time. We then have



Figure 1. Conformal diagram of Schwarzschild-de Sitter spacetime. The sign of ¢ is indicated in each
region. 7 is positive everywhere and vanishes at the singularities. The left and right boundary are
identified. The chosen coordinates do not cover all of the spacetime, in particular they are restricted
to the shaded regions indicating z € [Zmin, Zmax], @8 we have compactified this dimension. For k > 0
parts of the regions IV, I and V with zpi, < 2z < zZmax are covered, for k < 0 parts of the regions VI, 1
and III with 2z < 2 < Zmax-

n(t) = t, and the line element is given by

A k26,1
d32:—[ 214+ &)] dt® +

A, k2¢
- -0 |
3 t *

3 t

] dz? + t2d0?, (2.25)

which is the usual Schwarzschild-(Anti-)de Sitter line element inside the horizon. One can see
that the parameters k and & are related to the black/white hole mass M via k?¢y = M /4,
and they do not have independent physical significance. On the other hand, we see that
the innocuous integration constant &), whose presence is already expected from the fact
that the Hamiltonian does not depend explicitly on £, has physical significance: solutions
with different values of &, related by a simple constant translation in minisuperspace, are
interpreted as having different mass.

So far we have expressed our classical solutions as functions of a particular time coordinate
t, but these solutions £(t), n(t) and T'(t) are gauge-dependent and not well-defined observables
in our quantum theory. To construct observables we have to consider relational quantities such
as (T = T™), which tells us the value of £ conditioned on a unimodular time 7' = T*. This
is what we mean when saying we will use unimodular time T as our clock. Since the relation
between T and ¢ is easily invertible we can write down the classical expressions n(T") and &(7T'):

n(T) = V3ET, &(T)= %T -1 % +&. (2.26)



(a) £(T) for A =1 and (b) &(T) for A= —1 and
05<k<T. 0.5<k<T.

Figure 2. Visualisation of £(T) for different choices of A and k and positive white hole mass
M = 4nk2&y, with & = 1. For positive A there are solutions with two horizons as well as cosmological
solutions. For negative A all solution have an event horizon, the location of which depends on the
mass.

These expressions are visualised for several choices of k and A in figure 2 for £, = 1. The
behaviour of {(T) depends on the sign of the cosmological constant A. For A > 0 there are
solutions that stay positive for all times (to be interpreted as anisotropic cosmologies) as well as
solutions that have two horizons, an event horizon and a cosmological horizon. The condition
for a solution to have horizons and therefore describe a black or white hole spacetime is

2
2 —_
k%€ < 3\/K . (2.27)

2_ the cosmological and event horizon coincide and &€ = 0 at

3vVA’
exactly one time T. On the other hand if A < 0, then all solutions have an event horizon.

In the case of equality k?&) =

This behaviour of the Schwarzschild-(Anti-)de Sitter metric is well-known. Since the clock
variable T is simply a power of coordinate time t the qualitative behaviour of the solutions
is independent of whether one considers them a function of coordinate or unimodular time.
Notably 1(0) = 0 for all solutions and £(0) = &. Going back to the definition of £, eq. (2.1),
this means that g,, has to diverge at T' = 0. In the case of a spacetime with horizons, this
behaviour describes the singularity at the centre of the black/white hole. To show that this
is not a feature of the coordinates chosen one can calculate curvature invariants such as
the Kretschmann scalar K = R*P?R,,,,,,, where R,,,, is the Riemann tensor, and show
that these diverge as well. Using the formula given in [62], the Kretschmann scalar for the
Schwarzschild-(Anti-)de Sitter metric can be calculated to be
12k%¢2  8A%  3M?  8A?
K = 77650 Ty T es s (2.28)
We have used the relation k2¢y = M /47 to the black/white hole mass to write the scalar in a
more familiar way. Clearly this diverges at T = 0 and nowhere else.

The second class of solutions is characterised by 77 = 0. Looking at eq. (2.11) one sees
that this implies m¢ = 0. In this case eq. (2.14) gives

=5 (2.29)

,10,



Such solutions only exist for A > 0. The expressions for £ and T are then given by integrating
eq. (2.16) and eq. (2.17) respectively:

£(t) = VANGE + veNot + &o, (2.30)
T(t) = %t T, (2.31)

Using the shift symmetry of coordinate time ¢, the rescaling symmetry of the coordinates
z and t, the gauge freedom in unimodular time T as well as the residual gauge freedom
of the lapse Ny, we can fix all integration constants except A. There are then only three
physically distinct solutions:
1 1
W:ﬁ,Mﬁﬂ,M:mﬂfth&mu. (2.32)

By rescaling ¢t and z we can rewrite the resulting metric in the following way:

2 1 dt? 2

ds* = X —(e — t?)d2? —l— —5 +dQ (2.33)
This metric describes Nariai spacetime [63, 64], which can be described as the product
spacetime dSy x S? of two-dimensional de Sitter space with a 2-sphere of constant radius.
For e = 1 the de Sitter part describes the static patch of de Sitter space, € = 0 describes the
flat slicing of de Sitter and e = —1 the closed slicing. For € € {0, 1} the usual part of de Sitter
space covered by these coordinates is given either for t € (0,00) or t € (—00,0), whereas for
the closed slicing t covers the whole real line. As before the z dimension is compactified
and can therefore only take values in some interval I.

For this class of solutions the Kretschmann scalar is K = 4A2. Notably there are no
singularities in these solutions. In the quantum theory these solutions will not be normalisable,
since m¢ = 0 translates to the fact that the wavefunction has to independent of £ (see below).

Another way to arrive at the classical solutions is the Hamilton-Jacobi formalism, a
reformulation of classical mechanics that describes the motion of a system in terms of a
generating function. The Hamilton function is given by

H(TanagvﬂTaﬂ-naﬂ-E) = 7T777T£+ (1 _7TT772) =0. (234)
A function S that fulfils the property

08 S 0S
H(Tng,aTa (%) 0 (2.35)

is called a generating function. In our case one is given by [50]
1 /A
S =ké+ e (3173 - 77) + AT, (2.36)

as can be verified by a short computation. The equations of motion in the Hamilton-Jacobi
formalism can then be computed to be

oS os 1 oS
— 22 — (A =1 =—_—=A 2.
71-{ 85 ka 7T77 877 k( n )7 T 8T 5 ( 37)
o8 1 /A, _9s 1,
Qu=gp =613 (57°-1). Qr=Sri=o =T, (239)
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In the Hamilton-Jacobi formalism all the information about the dynamics is in the generating
function S. The resulting equations of motion are trivial, in the sense that Qr and Q4 are
constants. The constant Qx constitutes a shift in 7" which is a gauge transformation, therefore
we can set Qp = 0 without loss of generality. However, (0 is important for the interpretation
of the resulting solutions: by setting Q4 = 0 and Qp = &y we arrive at the same expressions
as in eq. (2.26), with the black or white hole mass again related to the combination k2&.
Again, notice that the integration constant &, acquires physical significance through this
interpretation. Solutions with the same momenta k and A but different &y have the same
generating function S and are hence indistinguishable in the Hamilton-Jacobi formalism.

The advantage of the Hamilton-Jacobi formalism is that it is easy to connect to the
quantum setting through the generating function and through the fact that the dynamical
equations are already expressed in relational form, without dependence on an arbitrary time
coordinate ¢ or gauge parameter V. Note that the m¢ = 0 solutions are not included here
as they correspond to k = 0 for which the generating function is not well-defined. This will
not bother us, as these solutions are not normalisable in the quantum theory.

3 Constructing the quantum theory

Our understanding of the classical solutions, developed in the previous section, will now help
us to construct a quantum theory for our minisuperspace model. The starting point for the
quantisation is the Hamiltonian given in eq. (2.12). We will rewrite it slightly:

~[1 1 e
H=-N [mﬂrg +1-— n2A] =—-N [27r,77r§ +— —A|=-NC. (3.1)
n n

We have redefined the lapse function and the constraint C in order to isolate A; since the
lapse is arbitrary this does not change the classical dynamics. We can now write the new
constraint in terms of a minisuperspace metric for the (n,£) subspace as

C=—(Hs+A) = g"'m,m, + A (3.2)
o1 (o1
g :2772<10>, T =Ty, T =T¢. (3.3)

When quantising, we need to represent the constraint Hg + A = 0 as a requirement for
physical states to be annihilated by the operator versions of Hg and A. We will think of
states as wavefunctions ¥ (n, &, T). In general the issue of operator ordering then introduces
some ambiguity. Here we will adopt the Laplace-Beltrami ordering and map g, m, to the
Laplace-Beltrami operator on the (n,£) part of minisuperspace:

B2 ) h2
\/jgaﬂ (g/ﬁ % _gal/) - _Waﬂaf' (3'4)

This operator ordering is uniquely determined by demanding invariance under coordinate

¢, o —hPA = —

transformations in the (1, ) coordinates, apart from a possible additive term involving the
Ricci scalar of the minisuperspace metric [49]. Since the metric (3.3) is flat this additive
term vanishes, and the operator ordering is unique under the assumption of covariance in
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the (n, &) subspace. The quantised form of the constraint, known as the Wheeler-DeWitt

equation, takes on the structure of a Schrédinger equation:

h? 1
—0,0c — — .
2 n%¢ 2

Here, the factors of A are explicitly included to emphasise the analogy with the Schrodinger

ihopy = Hgyp with Hg = (3.5)

equation. For simplicity, A will again be set to unity in subsequent discussions. This structure
arises because the cosmological constant A, conjugate to the unimodular time T, appears
linearly in the constraint. By imposing the constraint —A = Hg at the quantum level, we see
that the observable value of A corresponds to minus the expectation value of the Schrédinger
Hamiltonian Hg. Consequently, we require that Hg is an observable and therefore self-adjoint
within our framework. This requirement applies regardless of whether T is timelike or
spacelike. In the specific case of a black/white hole spacetime with positive mass, T is
timelike near the singularity. As we will see later, imposing unitarity in 7' can be interpreted
as enforcing a boundary condition at the singularity (n = 0). Thus, in such scenarios, the
requirement for self-adjointness of Hg has an additional motivation from the requirement
of ensuring unitary time evolution.

Since we know a generating function for the classical Hamilton-Jacobi equation it is
straightforward to find quantum solutions. An eigenbasis of the Schrédinger-type operator
Hyg can be indexed by the eigenvalues A and the degeneracy parameter k as

ba k(. 6, T) = eBSINH = ik i (Gt m)+AT] (3.6)

These solutions can be seen as semiclassical in the sense that their phase is given by the
generating function S[A, k| and the amplitude varies slowly (indeed is even constant). However
they are not approximate but exact solutions to the Wheeler-DeWitt equation, in the sense
of solutions to a differential equation. Boundary conditions will be discussed shortly. By our
comments below eq. (2.38), it should be clear that even for fixed k£ and A these solutions
do not have a unique classical interpretation in terms of a Schwarzschild-(Anti-)de Sitter
solution with given mass, since the integration constant &y is undetermined.
A general solution of eq. (3.5) can be decomposed in this basis as

vinem) = [~ [T SEaameTelertGat ool (3.7

These solutions exclude the m¢ = 0 case discussed in the previous section, which would
be given by

¥(n,T) = /,oo % [m % (et ()" (3.8)

Such a wavefunction does not depend on § and thus fulfils the property m¢ = 0; it also satisfies
eq. (3.5) as can be easily verified. We will however see shortly that such states can not be
normalised and are thus not included in the subsequent analysis.

!The resulting Schrédinger-like quantum theory can be interpreted in the framework of the Page-Wootters
formalism [65, 66] as describing the evolution of a “system” (the geometry parametrised by n and &) with
respect to a “clock” T'. This is a fully covariant treatment which agrees with other quantisation methods such
as Dirac quantisation [67].
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The next step is to restrict the space of solutions of the constraint to a subset on which
the Schrédinger-type Hamiltonian Hyg is self-adjoint and thus the evolution in T is unitary.
In order to define self-adjointness we first need to define an inner product. It is natural
to choose a Schrodinger-type scalar product,

Wy = [ dy [ dev/=gdi(n, €. Tba(n, €. T), (3.9)
0 x

where g = —4n* is the determinant of the minisuperspace metric. An interesting question
is how to choose the range of £, which is why we have kept the lower limit x of £ arbitrary
in the definition above. If we want to quantise Kantowski-Sachs spacetime we need to take
¢ € (0,00). However, from the classical solutions we know that most solutions have at
least one horizon. Therefore imposing unitarity will give us two boundary conditions at the
singularity and at the horizon, which are difficult to impose simultaneously. An alternative
option, which will turn out to be easier to implement, is to include the exterior region of
black /white hole solutions and allow & to take arbitrary real values, as we already did when
discussing general classical solutions.

Regardless of the choice of the lower bound for &, the states defined by eq. (3.8) cannot
be normalised as they are independent of & and delta distributions in 7. Hence these states
will not be part of our quantum theory.

We now need to find a domain D(fl 5) C H on which the Schrédinger-type Hamiltonian Hg
is self-adjoint, where H is the usual quantum-mechanical Hilbert space of square-integrable
wavefunctions (at some given time T') with respect to (3.9). For arbitrary ¢, ¢ € H we
would find

(6. s = (Hso.) = [ dn ((0,0(0,2))00. ) = dln, )0y, )

. i (3.10)
+ [ e ((0:0(0.)0(0,€) = 6(0,)060(0.))

To make the boundary terms vanish, we can take D(I:I 5) to be the subspace of square-
integrable functions that are twice weakly differentiable and fulfil the property (0,£) =0
and 9 (n,z) = 0. Note that the second property is automatically fulfilled if z = —oco. Then
Hyg is symmetric on its domain, i.e.,

(Hso,¥)) = (¢, Hep) V¢, v € D(Hg). (3.11)

However, Hg defined in this way is not self-adjoint.2 The adjoint ﬁ;, while formally corre-
sponding to the same differential operator ﬁ; = Z—;ﬁnﬁg — n%’ is defined on the larger domain

D(HZ) := {¢1 € H|Ipg € H, s.t. (Hstp, 1) = (1, ¢a) Vb € D(Hs)}, (3.12)

which in our case is dense in the Hilbert space H. We thus have the relation Hg C ﬁg, as
the domain of the adjoint is strictly larger than the domain of Hg. We now want to find
extensions of the Hamiltonian that are self-adjoint, i.e., operators A such that

Hsc A= A*C H}. (3.13)

2A basic introduction into the important distinction between symmetric and self-adjoint operators in
quantum mechanics can be found in [68].
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In other words, we need to relax the boundary condition in D(I:I s) to find a larger space of
allowed wavefunctions. In general there will be more than one self-adjoint extension and the
theories described by different extensions could behave very differently.

3.1 Restricting to black/white hole interiors

This case is very similar to the one discussed in [69], where it is demonstrated that self-
adjoint extensions of the operator exist based on von Neumann’s theorem, which provides a
non-constructive proof. Here we explicitly compute a class of self-adjoint extensions.

We will start by defining our Hamiltonian operator on the domain

We then change coordinates in eq. (3.10) to u = log(n) and v = log(€), and the limits of the
integrals become +o00. If ¢ and 1) are then functions with the symmetries (0, v) = (0, u —v)
and ¥ (u,0) = (v — u,0), their derivative will be odd with respect to these transformations,
and the integrals vanish from symmetry. Translating this symmetry back to the (n,¢)
coordinates we arrive at the domain in eq. (3.14), and we see that Hg is symmetric on this
domain. In order to prove that it is self-adjoint we have to calculate the domain of its adjoint
and show that it is equal to its domain defined above. From eq. (3.10), we have

(6. Hst) = (Fs6,0) + [ € ((069(0,)6(0,) = 5(0.)26:(0.6))

N ] ) (3.15)
+ [ dn (@,600,0)(0.0) = 60,000,110
0

The domain of the adjoint is given by all ¢ € H for which the two integrals vanish for all
¥ € D) (Hg). We can again set u = log(n) and v = log(£), and define the functions
d(v) = $(0,e?) and (v) = 1(0,e"). Focusing on the ¢ integral first, we are then looking
for ¢ such that

/ W 0)0(0) — 5] =0 Y € Dy (Fs) (3.16)
Now let us write ¢ and ¥ in terms of the Fourier transforms

~ o dk ; " ~ o dk ; w

s = [ SR, ) = [T S g, (317)

By defining the Fourier transformation in this way we ensure that g(k) = g(—k), as this
is the symmetry in Fourier space corresponding to the symmetry around p/2 of . We
thus have the requirement

0_/ dv/ dq/ % lk‘f )g(k)e i(k+q)(v—4) _ iqf(q)g(k)e i(k+q) (v “)} . (3.18)
o[ S kr(-Rg() = ~2i [ Ood foaa(R)g (k) (3.19)

The last step uses the fact that kg(k) is odd and therefore, if we split f = feven + fodd, the
contribution coming from feven vanishes. Eq. (3.19) has to hold for all g(k) that are even,
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in particular we can take g(k) = kfoqq(k), then we have the condition
Crdk,
0=2i [ TCgh)F = (k) =0 foaa(k) =0. (3.20)

Thus ¢ has to have the symmetry ¢(0,¢) = ¢(0, 1/§). An analogous calculation for the n
integral concludes the proof showing that ¢ € D(H’,,)(fl s) and therefore the self-adjointness
of the operator on this domain.

We have identified specific self-adjoint extensions of the operator when restricted to
the interior of the black/white hole, i.e., to positive £&. However, this class of extensions
does not necessarily include all possible self-adjoint extensions. To compute expectation
values in a quantum theory defined by a given self-adjoint extension, we need to determine
how the associated boundary conditions constrain the functions (A, k) in the wavefunction
expansion (3.7). As we were not able to explicitly translate the boundary conditions into
constraints on «(A, k), further analysis of this theory needs to be postponed to future work.

3.2 Including the exterior region

We saw that restricting ¢ € R is theoretically consistent with maintaining unitary time
evolution; however, the practical challenges of implementing this restriction make it unfeasible
for detailed analysis. It is also worth highlighting the conceptual difference between the
two approaches to the quantisation of a black or white hole spacetime. Restricting £ to be
positive amounts to placing a reflecting boundary at the horizon ensuring that the quantum
modes do not exit into the exterior. This would assume that the horizon exhibits quantum
effects (as in [37]). Generically the spacetime curvature at the horizon can be quite low for a
large black/white hole, so that one could argue that one still expects general relativity to
be a valid description and quantum effects to be negligible. This reasoning would suggest
that we should allow £ to become negative, so that we do not have any boundary at the
horizon. Of course we do not know what happens at the horizon of a black or white hole
and both approaches represent in principle different possibilities of what could happen in
quantum gravity. Nonetheless, choosing * = —oo precludes the application of our method
to quantising the cosmological Kantowski-Sachs spacetime.

We will thus take the lower limit of the range of £ to be x = —o0, and find that we
can construct all self-adjoint extensions, parametrised by a free function x (k). We will first
compute the self-adjoint extensions of the Hamiltonian Hg by a direct calculation. Then we
will use the method of deficiency indices to arrive at the same conclusion, with a little bit more
insight about how the operator fails to be self-adjoint prior to imposing boundary conditions.

Imposing unitarity with respect to 7' means the scalar product (i,19) should be
time-independent. For general wavefunctions (3.7), we can calculate the scalar product to be

<¢1,¢2>T=/Oood77/o:od§/

dp iT(As—A1) ~
2y on’e a1 (A1, kr)az (A2, k2)

y ei[(krkl)&(%f%)@*(%*ﬁ%} ' (3.21)

,16,



Here and in the following f 4 stands for the integration over A;/ and ky/,. We can
perform the integrals over & and either k; or ko:

(1, P2) T / d77/

. 3
eTA2=A) 5 (A1 k)aa(Ag, k)el(h2=A0)Ex (3.22)

_/ 1T (Ao2— Al)al(Ahk)az(A%k)ei(AzfAl)%
o (323)
1TA2 Al)al(Ah k)QZ(AZ’_k)ei(Ag—Al)ka
B 26T (A2 =A) i =AD K 15 (AL — k) vn (Ao, — K
/ e I,

+ @(n)(al(Al, k)OQ(AQ, k‘) — 6&1(A1, —/ﬂ)ag(AQ, —k‘))] .

The expression [ % denotes the integration over Ay /o and k = k1 = k. In the last expression
we see that the first term will result in a delta distribution d(A2 — A1) after integration over
7, whereas the second term will result in a Fourier transform of the Heaviside function © and
therefore not eliminate the time dependence. Thus we have the boundary condition

a1 (A1, k)ag(Ag, k) — ap (A1, —k)an(Ag, —k) =0 = oA, —k) = eXFa(A k) (3.25)

where x (k) is an arbitrary odd function of k. Different choices for x (k) correspond to different
3

self-adjoint extensions of the Hamiltonian. Using a substitution y = 37 we can now finish

calculating the scalar product under the assumption that the boundary condition is satisfied:

(11, ¥2)r =/ / 3’k\0<1 (A1, k)ag(Ag, k)elh2mADT itha =y (3.26)
_ L / —\k|a1 (A, k)az(A, k) . (3.27)

This shows that the boundary condition indeed defines a self-adjoint extension of the Hamil-
tonian. One can also immediately see that the norm of a state satisfying the boundary
condition is strictly positive:

wl = [T [ S kllatam > 0. (329

As mentioned above we can also use the method of deficiency indices to calculate the self-
adjoint extensions. The deficiency indices n+ of a closed, symmetric operator A are defined
to be the dimension of the space of eigenfunctions of the adjoint of A to the eigenvalues =i:

ny = dimker (A* —i1), (3.29)
n_ = dimker (A* +i1). (3.30)

Depending on the values of the deficiency indices there are three options [70]:

e n_ =ny = 0: in that case the operator is already self-adjoint.
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e n_ =n4 # 0: in that case the operator is not self-adjoint, but there are self-adjoint
extensions. Self—adjoint extensions are in one-to-one correspondence with unitary maps
from ker (A* — i1) to ker (A* +i1).

e n_ # ny: in that case there are no self-adjoint extensions.

In our case we know that a general eigenfunction to the eigenvalue +i is given by

62,8 = [ St il (3:31)

However, we need to make sure these functions actually belong to the Hilbert space defined
by the scalar product (3.9). A short calculation shows

<¢ﬂ:,¢ﬂ:>:/ —kw 12/ dxeﬂ—/o —k:| \/ dze* . (3.32)

Depending on the sign of the eigenvalue, either the first or the second term blows up.
Consequently for ¢4 to be in the Hilbert space one needs to require v(k) = 0V + k > 0.
Let H- be the space of functions (k) such that

o dk
| S ®)E < co. (3.33)
oo 2T
Then we have now seen:
ker (H% Fi1) = {¢p+|y € H,, (k) =0V £k > 0}. (3.34)

Unitary maps between the eigenspaces are then given by maps in H. that map functions of
positive k to functions of negative k without changing the absolute value, i.e.,

Yo (k) = XFy (<k), k>0, (3.35)

where x(k) can be any real function. We have seen in the direct calculation that this relation
gives exactly the self-adjoint extensions we defined in eq. (3.25). The method using deficiency
indices comes to the same conclusion (thankfully) and gives a little insight into why the
self-adjoint extensions have the form they do, and how the operator fails to be self-adjoint in
the first place. Pictorially speaking the boundary conditions given by unitary maps between
ker (f[; —41) and ker (FI; +41) ensure that the contributions of eigenfunctions to imaginary
eigenvalues A\ are cancelled out by contributions of the eigenfunctions to the conjugate
eigenvalue \. Interestingly negative/positive k correspond to modes with eigenvalues with
negative/positive imaginary part. In the classical theory & > 0 solutions corresponded to
white hole spacetimes and k < 0 solutions to black hole spacetimes. Our analysis here shows
that we need to combine both to ensure unitarity in the quantum theory.

There is an undetermined odd function y(k) that corresponds to different choices of self-
adjoint extension. Every extension defines a different quantum theory of our minisuperspace
model. While there is no reason to expect different extensions to give the same results, we
can use symmetry arguments to restrict ourselves to more specific, physically interesting
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quantum theories. Going back to the Wheeler-DeWitt equation (3.5), one can see that it
is invariant under the following transformation:

n—-n &(—B-& BeR. (3.36)

This is similar to a parity transformation in quantum mechanics, but with an additional
shift in €. In quantum mechanics it is very common to require wavefunctions to be invariant
under transformations such as parity reversal if the Hamiltonian has the same symmetry [68].
We will take the analogous step and require our wavefunctions to be invariant under the
transformation described in eq. (3.36). The wavefunction cannot be invariant under this
transformation for arbitrary 3, as that would imply independence from £. However, for a
fixed S, specifically 8 = 2, the transformation corresponds to time reversal of the classical
solutions (see eq. (2.26)). It may thus not be surprising that when looking at the expectation
values of £ we will see that the sign of S will correspond to the sign of the mass of the
black/white hole, analogous to &y is the classical theory. Requiring the wavefunction to
respect this symmetry ensures that time-reversed classical solutions, which relate black and
white hole solutions, are treated equivalently.

It is instructive to write the general state subject to eq. (3.25) slightly differently
than before:

Y= / m‘;ﬁ / b g—Aa(A, BT [ellterit (3] 4 ex®eifkeri (3 -n)]] - (3.37)
0 T )0 2T

Requiring that the solution for given A and k, i.e., the sum of the two terms inside the square
brackets, is invariant under (3.36) fixes the free function x(k) to x(k) = k3. After restricting
ourselves to this specific choice, an alternative way of writing the allowed states is as

V(n,&,T) = /OOO g /O:O % a(A, k)e™ cos <k (5 - g) - % (2773 - n)) : (3.38)

where a phase has been absorbed into &(A, k). This expression explicitly shows that the
general allowed solution for given A is built from generalised real combinations of the initially
independent solutions to the Wheeler-DeWitt equation. We can then also justify why we called
the condition on « given in (3.25) a boundary condition: on the boundary of configuration
space given by 7 = 0 we can see that (3.38) is a linear combination of functions cos(k(§ — g))
which are even under reflection about g We hence have 1(0,£,T) = ¢(0,8—¢&,T), and these
particular self-adjoint extensions are analogous to the ones we constructed in section 3.1 for
the theory restricted to black/white hole interiors, given that they also arise from symmetries
of the wavefunction on the boundary of configuration space.

Now that we have systematically derived all possible self-adjoint extensions for £ € R
and restricted them to a one-parameter family of physically motivated quantum theories, we
will analyse these theories in the next section by calculating semiclassical expectation values.
Importantly we will find that a quantum theory either only includes semiclassical states that
correspond to classical solutions with positive mass, only semiclassical states corresponding
to negative mass, or only semiclassical states corresponding to zero mass. In other words,
two semiclassical states of the same quantum theory always have the same sign for their
black/white hole mass. The zero mass quantum theory will be considered separately. We will

also look at states without a semiclassical interpretation and find tunnelling states.
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4 Analysing the quantum theory

In this section we define a semiclassical state and use it to compute the expectation values
of the operators 7 and f , which are the quantum analogues of components of the spacetime
metric as defined in eq. (2.1). Since expectation values alone do not fully capture the
characteristics of a quantum state, we also calculate the variance of é to verify that our state
remains semiclassical. Additionally, we will examine the self-adjoint extension with 8 = 0,
which after identification of 8 with the classical parameter £y corresponds to a spacetime
without a black or white hole. Finally, we will consider a class of highly quantum states
that describe a tunnelling spacetime.

Any state in our theory is characterised by a choice of a(A, k) in eq. (3.7). A seemingly
natural choice for a semiclassical state would be a Gaussian state

_(k—k0)? (A=A )?

ase(A k) =Ne ¥k e A (4.1)

peaked on some classical values k. and A., where N is a normalisation factor. However
it is clear that this does not satisfy the boundary condition in eq. (3.25). Thus we will
consider the following state:

_(k=k0)?  (A=Ag)?

asc(A,k):Ne_igke ¥ioe A (4.2)

For a given choice of 3, this « function defines a state in the quantum theory with self-adjoint
extension parameter 5. Notice that the Gaussian now has peaks at k& = +k., where we
choose k. > 0. We will show that this state is semiclassical in the next section by calculating
its variance, due to the absolute value of k£ in the Gaussian this is not obvious. Using the
norm (3.28), the normalisation factor N for this state can be computed as

| 0 dk 1 dA _(El=ke)? _ (A-A)?
1= (thse, oc) :NQ/ %/ o lhle e A (4.3)
—0oQ — 00
2
OA 0 dq —:i*
:N2ﬁ L 52((]4-1%)6 k (4.4)
2
o0n |0} % ko ke

=N Zk P erfe [ ——< 4.
o0/m | 2m" k+2\/7rerc< ak) (45)

so that

-1

2
20T |02~ ko k
N e o f(—c> : 4.6

oA o k—|—2ﬁerc ok (46)

Here erfc denotes the complementary error function. The semiclassical state is defined by
specifying A¢, k¢, oa, o and 5. We will now use this class of states to analyse the semiclassical
regime of quantum theories defined for different (.
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4.1 Semiclassical expectation values

First we will look at the expectation value of . The calculation given in appendix A.1l

shows that
/303040 (3 11
(Msc = (Yse, Mhse) = N2m1F1 (_6’ 9’ _UI2XT2>

7 21 k2 5\ k 13 k2
(=) |-2 2, —2¢ o (=) X Fy (-2, 2, —2¢
X[ (6)1 1( 3'9’ a,§>+ <3>0k1 1( 6’2 0,3)]

where 1 F] denotes the confluent hypergeometric function. One can immediately notice that
(1) se is independent of A, just as the classical solution n(T') = V/3kT (given in eq. (2.26))
is independent of A. (7))s. does however depend on the variance oy, which is expected as
the unimodular time T is conjugate to A and therefore larger variance in the cosmological
constant is expected to result in closer agreement with the classical solutions. The expectation
value is also independent of the self-adjoint extension parameter 5. Again this can already be
seen in the classical solution, which does not depend on &y. Before plotting this solution, one
can already see that the asymptotic behaviour of the expectation value at late or early times
agrees with the classical solution. The asymptotic expansion for the confluent hypergeometric
function is given by [71]

6Zza—b (_Z)—a
Fi(a,b,z) ~T'(b . 4.8

If we also assume a semiclassical state for which o}, < k., we can approximate N2 ~
27 /(kc.opoy) and using the asymptotic forms of the hypergeometric function yields

()se ~ /3ke|T|, |T| = oc. (4.9)

We thus see that for any o, the expectation value will asymptotically behave like a classical
solution with k = +k. as T" — 400, and like a classical solution with £ = —k. as T — —o0.
This result already indicates that our semiclassical state describes a transition from an
asymptotic black hole to an asymptotic white hole solution.

The expectation value of é can be calculated in a similar way, as is shown in appendix A.1.
The result is:

(€)se = (Wse: Ese) = ]2\: [j;CUkerfC (_l%) (\%e"?\T2 + JATerf(aAT)>

1_/2 7 11 k2
—=T (> V/3030% <3F <> 1Fy (—) 4.10
™ \3 A 6 3'2" o} (4.10)
2\ k 53 k2 11
(i Iy O [ F——2T2>
+ <3) O_kl 1 (6727 O']%))l 1< 6727 OA

Here erfc denotes the complementary error function and erf the error function. If we look

B
+5-

at the asymptotic behaviour of this expression for large |T'| and o < k., we again find
agreement with classical solutions:

53T B
'j J—
Bty

@mm~tm— IT] = oo (4.11)
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Again, we see that this solution interpolates between an asymptotic classical solution (2.26)
for k = —k. at large negative times and an asymptotic classical solution for k = +k. at large
positive times. Moreover, the self-adjoint extension parameter 3 acts as a constant shift in
(§> sc analogous to the constant shift & of the classical solution, with the precise relation
B = 2&y expected from the discussion below eq. (3.36). Furthermore, if we recall the classical
definition of the black/white hole mass as M = 47k2¢y, we see that the sign of 3 determines
the sign of the mass of the black/white hole in the classical limit. But £ is the self-adjoint
extension parameter, thus changing 5 means changing the quantum theory: a given quantum
theory (with fixed §) only has semiclassical black hole states with sgn(M) = sgn(5). By
choosing a quantum theory with positive § we can exclude negative mass black/white hole
states from our theory and thus do not run into the problem of a vacuum instability. Plots of
(M) sc and <é) sc are shown in figure 3. The functions are defined for negative as well as positive
time T', as the expectation value of 7 is positive everywhere. Since (7})s. remains finite at the
origin one sees that the singularity is resolved. The resulting spacetime starts as a classical
black hole spacetime at large negative times, undergoes a bounce, and evolves into a classical
white hole spacetime at late times, retaining the same mass as the initial black hole.

Another interesting expectation value to look at is that of the operator 5//77, as this
corresponds to the metric component g, given in eq. (2.1), which diverges classically at the
singularity. Before calculating this expectation value we can look at the ratio (€)se/(f)se of
the expectation values we have already calculated; if our assumption of semiclassicality of
the state is correct this should give similar results to the full quantum expectation value
(E/\m sc which we might see as the direct analogue of g,, in our quantum theory. As one
can see in figure 4 there are no singularities, which follows from the fact that (7)s. remains
bounded away from zero during the quantum evolution. Calculating <§//?]> sc shows that it
agrees very well with the approximation above. Details of the calculation can be seen in
appendix A.l, here we simply state the result:

— N2 | slojop 11 5 o\ (VT2 11 k2
&hilee =gz |PY 7510 (6’27“”1”) 22/3F<3> =g o

k
ke . (42 13 &k
+3—I'( = 1F1 —

O 3 62 o

1 11 k2 k 5 2 3 k2
(=)= = -2 2T () 2,2, -
X( (3)1 1(6’2’ ag>+ o (6)1 1<3’2’ a,3>>

0o 1 _ (kl=ke)? k2
7\/%0‘[&/ dkm e % —e .

The integral in the last line has to be integrated numerically. The function is plotted in
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(4.12)

figure 5 for the same parameter values previously chosen in figure 4. We see that the general
behaviour of the full expectation value <§//77> sc is very similar to that of the ratio (€)s/ () s,
and in particular a resolution of the classical singularity is also seen in <§//\77> sc. An explicit
comparison of the two in figure 5(c) shows quantitative differences especially near T' = 0
but very similar qualitative behaviour.
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(a) (N)se for op = 1, o, = 0.1 and various k.. (b) (§)s. for A, = 0.3, 040 =0.2, 04, =0.1, 5 =2
(The solution is indepedent of A..) and various k..

Ne
—_—2 — 1 — 0 —1 —2

A

(¢) {&)se for ke =20, 0, = 0.1, 05 = 0.1, 5 =2
and various A..

A

Figure 3. Visualisation of the expectation values (#)s. and (). for different values of k. and A..
The solid lines correspond to the quantum expectation values and the dashed lines of the same colour
correspond to the classical solutions with & = +k. and A = A.. Here § = 2. One can see that for large
T the classical and quantum solutions agree very well but that (f)s. does not vanish at the origin,
resolving the singularity.

To conclude this subsection let us stress again that (4.7) and (4.10) are analytical
expressions for what we might consider to be the quantum-corrected Schwarzschild-(Anti-)de
Sitter metric in our theory. That is, we could write down a semiclassical line element (now
expressed in unimodular time T')

ds? = — +

sc 22 " 9 9 ‘
AN | T T T cd? (4.13)

d7” (1)
U

which describes the nonsingular geometry obtained from incorporating quantum corrections
at high curvature. This result is exact within the minisuperspace framework we are using,
but the resulting expressions are rather unwieldy. Recall that our expectation values depend
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() (€)se/(M)se for Ac = 0.3, 05 = 0.2, 0% = 0.1,  (b) (E)se/(M)se for ke = 1, op = 0.5, 0 = 0.1,
B = 2 and various k.. B = 2 and various A..

Figure 4. The solid lines show (€)../(A)sc, while the dashed lines in the same colour correspond

A

to classical solutions with A = A, and k = +k.. For a semiclassical state, these plots of (£)sc/(f)sc
approximately describe the behaviour of ({/n)s. and therefore show that the singularity at the origin
is resolved in the quantum theory.

on the four free parameters in the state, namely A., k., oa, ok, and the self-adjoint extension
parameter 8. A useful approximation would be to assume that o < ke, i.e., the state is
sharply peaked in k, as we already did before eq. (4.9). This allows replacing some of the
hypergeometric functions with their asymptotic expressions and we have

() e~ = (3’“0)1/3 r(2)in (b d o). (414

VT \oa
1 11 22
; A ar A P(=5)1F (S50 —oRT?) 5

These provide excellent approximations to the full quantum solution and still show nonsingular
behaviour with an asymptotic transition between black and white hole.

4.2 Zero mass self-adjoint extension

An interesting special case is that of the self-adjoint extension § = 0, which would correspond
to the classical parameter {; = 0, i.e., an (Anti-)de Sitter spacetime without a black or white
hole. This case is interesting because here the classical theory does not have a curvature
singularity for T' = 0; instead there is a coordinate singularity similar to the one in polar
coordinates at the origin. The quantum theory cannot distinguish between coordinate and
curvature singularities (as also discussed in [30, 37, 72] in similar contexts) and thus we still
find “singularity resolution” in the sense of strong departures from the classical solution in
this case, as can be seen in figure 6. The meaning of the part of the solution parametrised
by negative T can be illustrated in a conformal diagram as shown in figure 7 for de Sitter
spacetime (A > 0). The left square describes a de Sitter spacetime of our classical theory.
The dark grey region is the static patch of de Sitter that is covered by the coordinates we
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(a) (5//77)5C for A = 0.3, oo = 0.2, 0, = 0.1, (b) (%)Sc fork,=1,00=05,0,=0.1 =2
[ = 2 and various k.. and various A..

ke
—1 —2 —3 —4 —5

(c) (§/n)sc vs. <€>sc/<ﬁ>sc for A, = 0.3, op = 0.2,
or = 0.1, f = 2 and various k..

Figure 5. The solid lines show (f//77)sc, while the dashed lines in figure 5(a) and figure 5(b) in the
same colour correspond to the classical solutions with A = A, and k& = k.. In figure 5(c) the dashed
lines correspond to (€)s./(A)se. The plots look very similar to each other indicating that the state
is indeed semiclassical. We can again see that there is no divergence of metric components in the
quantum theory, meaning that the singularity is resolved.

used. Since ¢ is not constrained to negative values, the cosmological horizon at the edge of
the static patch is not a boundary of our minisuperspace. In the case of negative k, £ > 0
covers the past triangle, region I'Va in the conformal diagram. If instead k > 0, the part of our
solution with & > 0 covers the future triangle, region ITa. The edge denoted with T" = 0 is the
end of de Sitter space. What we see in the quantum theory is that the solutions are extended
beyond de Sitter into a new de Sitter spacetime, the square on the right. Asymptotically for
large T' the solution again describes the static patch of a de Sitter universe, here the light
grey shaded region. The chequered region between the two de Sitter spacetimes illustrates
the quantum region, where a classical description of spacetime is not possible. The quantum
solutions shown in figure 6 (those with A. > 0) cover regions IVa, Ia, Ib and IIb.
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(a) (€/n)se for Ao = 0.3, 05 = 0.2, op = 0.1, (b) (§/n)se for ko =1, op = 0.5, o5 = 0.1, B =0
[ = 0 and various k.. and various A..

Figure 6. The solid lines show (5//77>SC, while the dashed lines in the same colour correspond to the
classical solutions with A = A, and k& = k.. One can see that the classical solutions do not diverge for
T =0, as there is no black or white hole.

< /
IIa Y IIb
\ \\\\ \Q’O | / _—
N
Ib

IIIa Ia I IIIb

Va \%, / Vb

eo / \ \

/

Figure 7. Conformal diagram of two de Sitter spacetimes connected by a “quantum region”. The
static patch of both spacetimes is shaded in grey. The purple shaded regions indicate the patches for
which z € I, where I is our compactification interval.

If one chooses a self-adjoint extension with 5 # 0 one ensures that the semiclassical
states correspond to black/white hole spacetimes and the singularities that are resolved are
curvature singularities, not just coordinate singularities. In this sense the 8 > 0 theories
seem to lead to physically more sensible notions of singularity resolution. The case of a
B < 0 self-adjoint extension would again resolve curvature singularities, but these are the
timelike naked singularities of classical relativity that we would perhaps rather not resolve,
as we discussed in the introduction.
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4.3 Semiclassicality and tunnelling states

Since we have reduced the system to two degrees of freedom using symmetry arguments before
quantisation, our results are primarily applicable at the semiclassical level; a minisuperspace
approach such as ours excludes a quantum-level relevance of inhomogeneous degrees of
freedom, an assumption we cannot rigorously justify. We anticipate that a full quantum
theory of gravity (defined outside of a formal canonical quantisation, which cannot be made
rigorous) could significantly alter our results in the highly quantum regime.

In a previous section we have seen that (€)s./(A)se and (€/7) s agree very well, which is
a good indication that the absolute value of the k parameter in the Gaussian of our state
defined in eq. (4.2) does not ruin the good semiclassicality properties of the state. Here we

will explicitly calculate the variance of €, Var(€) = 1/(£2) — (€)2, in the state 1y and see by
comparing it to the expectation value that the state is indeed semiclassical everywhere.
We will also consider a new state 14 defined by

(kl=ke)2  _ (A=Ag)?

Qaps (A, k) = Ne73WMle 278 ¢ 2% (4.16)

The important difference is that in 1, the parameter v can be varied freely without changing
the self-adjoint extension, it will always be a state in the theory x(k) = 0. If this state were
also a valid semiclassical state then our statement that in a given quantum theory the sign
of the mass of the black/white hole is fixed by the choice of self-adjoint extension would no
longer be true. However, by calculating the variance of ¢ we can show that this state does
not behave semiclassically near T' = 0. The reason we choose to calculate the variance of
¢ instead of n is that the latter is the same for ¢, and 4. The calculations are tedious
and the resulting expressions can be found in appendix A.2. It can be seen from figure 8
that 1s. exhibits semiclassical behaviour everywhere, as the variance can be tuned down
arbitrarily small by increasing o. This is also illustrated in figure 9. The same is not true
for vups since the variance at 1" = 0 never becomes less than 1, as can also be seen in figure 8.
Thus 45 does not behave semiclassically at the origin.

(4.16) is not a semiclassical state but corresponds to a tunnelling state that has two
asymptotic semiclassical regimes and a highly quantum regime in the middle. It corresponds
to the tunnelling of a black hole geometry to a white hole geometry with the sign of the
mass switched. To see this, we observe that the calculation of (7). is identical to the one
of (7))se. The calculation of (€)4 is similar to the calculation of (£)s. up to eq. (A.11). In
the former case this is slightly altered and becomes

I 3
E)aps = / / 377 arag e T 5 6]{:2 - %—l—lsgn(k‘) , (4.17)

i.e., the last term includes sgn(k). In this expression and in all the calculations in appendix A,
we have defined A= = Ay — Ay and AT = Ay + Aq; the integration (dgz)’g, now corresponds to
integration over A=, A* and k, and thus differs by a factor of 2 from the previous definition
below eq. (3.24). In the case of 1. this last term resulted in an additive constant §/2. This is
the only difference, as the product oy is identical to the expression for 1, as soon as k1 = ko
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(a) Varg.(§) for A. =1, 04 =0.1, 0, = 1. (b) Vars.(§) for A, =1, op = 0.1, k. = 40.
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(¢) Vargps(§) for Ac =1, 00 =0.1, 03, = 1. (d) Vargps(§) for Ac =1, op = 0.1, k. = 40.

Figure 8. Plots of Var(¢) in the states 1. (figure 8(a) and figure 8(b)) and s (figure 8(c) and
figure 8(d)). The self-adjoint extension parameter is taken to be 8 = 2 for ¥,.. For a5, we choose
v = —2. In the state ¥4, the variance can be made arbitrarily small everywhere by increasing o,
whereas in the state 14,5 the variance at the origin seems to never go below 1 for any value of 0. As

A,

(&)aps — 0 at the origin the state is not semiclassical close to T = 0.

is imposed, so the other terms will give the same result as for <f) sc- The new term gives

0 d3 .3
%/ dn/ @ 1;3772 arog et Tl g_ksgn(k:) (4.18)
0 i
o0 d3 ey
:%/_OO dx/ﬁ\kmlag e Tl Tson () (4.19)
N2 [ @3 _Ukzhe)? _a72_aFo2e?
:77/—(27T])93|k|e % e “hie o) e T)\L_ (4.20)
N2 oo dat oo dk _Ukl=ke)® (AT —2A0)?
= — T 2— 2—|k|erf(aAT)e oz (& 4012\ (421)
oo 2T J_oo 2m
= %erf(aAT) . (4.22)

The plot of the error function shown in figure 10 illustrates the meaning of this alteration to

— 928 —



@ @

ke Nc
5 =— 60 — 70 — 80 — 90 2 — -1 =0 —=1 —2

A A

(a) (€)sc for Ap = 1,00 =01, 0, =10, =2  (b) (§)sc for k. =70, op = 0.1, 0, = 10, § = 2
and various k.. and various A..

A

Figure 9. The solid lines show (£)s. and the partially translucent region around a line corresponds to
the values within one standard deviation away from the expectation value. One can see that especially
close to the origin the behaviour is semiclassical.

the expectation value of é . For early times T' < 0 the expectation values agree (é Vs A2 <5) abs
if ¥ = 8 is chosen. For very late times 7" > 0 the new term asymptotes to —y/2. In this
limit the state again shows semiclassical behaviour as can be seen in the calculation of the
variance. The classical solution it corresponds to now has mass —27vk? and is time-reversed.
This is visualised in figure 11. The state 145, with v = —2, could thus be seen as describing
the process of tunnelling from a state with negative black hole mass to one with positive
white hole mass with a nonsemiclassical regime in the middle. The highly quantum nature
of this tunnelling process is illustrated in figure 12. Of course the same calculation could
be done with positive v to give a similar state but with the expectation value converging
asymptotically to a classical solution with positive mass for large negative times and to a
solution with negative mass for large positive times.

This example demonstrates that the separation of negative and positive mass states into
distinct self-adjoint extensions, i.e., different quantum theories, does not persist beyond the
semiclassical limit. The full (minisuperspace) theory does contain states connecting negative
and positive mass asymptotic solutions. Given that the validity of our minisuperspace
approach outside of the semiclassical limit is uncertain, it does not seem clear whether we
should expect to see states like 1455 in full quantum gravity. They would certainly seem
troubling since they do not conserve energy as measured by the mass in the classical limit.

5 Discussion

We have shown that imposing unitarity in unimodular time is a mechanism for singularity
resolution in quantum Schwarzschild-(Anti-)de Sitter spacetime. Since a self-adjoint extension
of the Hamiltonian needs to be chosen, the resulting quantum theory is not unique; using
symmetry arguments we can reduce the freedom in this choice to a one-parameter family
of quantum theories, each of which correspond to a different boundary condition at the

— 29 —



Figure 10. Plot of erf(x).
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A

(a) (€)aps with A, = 0.3, op = 0.1, o), = 0.1, (b) (£)aps with k. = 20, op = 0.1, o} = 0.1,
v =-2. ¥ =-2.

A,

Figure 11. Plots of (€)aps in solid lines and classical solutions (T, A¢, ke, o = 1) in dashed lines
and &(T, Ac, —ke, & = —1) in dotted lines. One can see that for asymptotically large positive and
negative times the quantum expectation value agrees well with the respective classical solutions. One
could interpret the state as describing the process of tunnelling from a semiclassical solution with
negative black hole mass to a semiclassical positive mass white hole, where the masses have the same
magnitude but opposite signs.

singularity. All these theories resolve all classical singularities, but the sign of the parameter
B dictates the sign of the mass of semiclassical black/white hole quantum spacetimes. In
this sense, at least when restricting to semiclassical Gaussian states we can choose between
theories with only positive mass states, a theory with only zero mass states (corresponding to
(A)dS with a curious type of “resolution” of coordinate singularities), or theories with only
negative mass states. The first type of theories seem to be the physically most well-behaved
ones, and are hence of main interest in our study. Going away from semiclassicality we
have shown that there are tunnelling states mixing positive and negative mass spacetimes.
Remarkably, in all these cases we were able to derive analytical expressions for expectation
values of metric components, giving a concrete proposal for a quantum-corrected extension
of the classical Schwarzschild-(A)dS metric. It would be interesting to investigate detailed
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Figure 12. The solid lines show (£)4ss and the partially translucent region around a line corresponds
to the values within one standard deviation away from the expectation value. One can see that there
is a region around the origin where the behaviour of the state is highly quantum and the semiclassical
interpretation breaks down.

properties of this semiclassical quantum spacetime and to compare it with other proposals
for quantum-corrected effective black hole geometries.

The non-uniqueness of the boundary condition at the singularity is in contrast to what
happens in AdS/CFT, where all information of the theory is encoded in boundary data. A
quantity such as the sign of £, which determines the possible sign of the mass M, can be
inferred from boundary data. AdS/CFT alone does not impose a restriction on the sign of M.
In AdS spacetimes black holes with negative mass can in principle exist, however in AdS/CFT
they are generally not considered physical because they lead to naked singularities and
instability in the dual CFT [48, 73]. For a recent discussion of this see [74]. In contrast, our
theory with 8 > 0 inherently includes only positive masses, so that no other criteria have to
be imposed. Moreover, while the CFT in AdS/CFT is unitary, there is no direct holographic
analogue to imposing unitarity in unimodular time in the bulk theory. Additionally, our
model is not limited to negative cosmological constants, whereas AdS/CFT is traditionally
formulated in asymptotically AdS spaces. However, there has also been significant work
exploring holography in de Sitter space [75-78|.

Unlike other minisuperspace models that impose unitarity with respect to unimodular
time T [28, 30, 37|, evolution in 7" is not necessarily timelike in our case. Unitary radial
evolution in the context of a Schwarzschild black hole without a cosmological constant has
recently been studied in [79]. At least for § > 0, T' remains timelike near the singularity.
In general, imposing unitarity of T' evolution in our theory can not simply be justified by
the requirement of unitary time evolution. If we accept the classical generalisation of the
Hamiltonian framework to situations where the evolution is in a spacelike direction, then
self-adjointness of Hg can be justified from observing that we have the constraint Hg = —A
at the quantum level, and A should correspond to a self-adjoint observable; hence Hyg should
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also be represented as a self-adjoint operator. Another classically observable quantity in
our model is the black/white hole mass. We have not found an operator whose expectation
value corresponds to this observable mass, but it would be interesting to construct such
an operator and see if it is self-adjoint in our theory, or what a quantum theory where it
is self-adjoint would look like. Other operators that would be interesting to study in the
quantum theories constructed here are quantum versions of curvature invariants, such as the
Kretschmann scalar (2.28), which might be even better indicators of singularity resolution
than the metric coefficients we have focused on here.

In our minisuperspace approach, we have excluded inhomogeneous degrees of freedom
prior to quantisation, and solutions behaving highly nonclassically can presumably not be
trusted too much. It would be important to include such degrees of freedom into a more
complete quantisation that can also take perturbations of the simple spherically symmetric
spacetime into account. In most of our work we have restricted ourselves to semiclassical
states that let us be agnostic about what the full quantum gravity theory looks like, assuming
it leads to unitary evolution in unimodular time 7', at least in the semiclassical limit.

The Schwarzschild-(Anti-)de Sitter geometry studied here is the simplest black hole model
that includes a cosmological constant. It would be interesting to study more complicated
black hole spacetimes, including charge or angular momentum, to see whether imposing
unitarity in 7" is a more general mechanism for singularity resolution in black holes. In
particular, it would be interesting to investigate whether the presence of a Cauchy horizon
qualitatively alters the quantum behaviour of the spacetime, as recently suggested in [25]. In
their analysis, semiclassicality broke down near the singularity — at least for their choice
of clock — preventing a reliable probe of the near-singularity regime.

Another possible avenue of future study could be to include Hawking radiation to study
the implications of this model on the black hole information loss paradox. The resolution
of the singularity and extension of the spacetime by a white hole to the future of the black
hole would suggest that information could pass through the quantum region replacing the
classical singularity and be retrieved on the other side, although understanding this in detail
might still require a full quantum gravity treatment.
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A Technical details of calculations

A.1 Expectation values

In this part of the appendix we will give the details of the calculations of the expectation
values discussed in the main body of the text. First we will calculate the expectation value
of . For simplicity we will change the A coordinates to A= = Ay — Ay and AT = Ay + A
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so that the integration measure changes as

+ —
/dA1 dAs B / d\ d)\ . (Al)
27)2 T2

In this appendix we will use the shorthands

dip dley dky dA+ dA~ d3p dkcw -
/(27T)4:/ : (2271')4 ’ /(27r) / (A.2)

We will also write a; (with i =1 or i = 2) as short for ase(A;, ki) or ase(A;, k) with ase(A, k)
defined in eq. (4.2).

Using the inner product (3.9) and the definition of the state (3.7) with (4.2), the
expectation value of 7 can then be calculated as follows:

(= [ an [~ ac | (;14>4
L
/ / 3\77 Baape’ (71H) (A5)
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oo e (-2 5 (-

7
=

)] (A.3)

D ix~T (T—l—f’j)
: 7 @ e 3% (A4)

3 3|k]4|y]a1a2 AT MY (A.6)
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Going from the second to the third line in this calculation we have made use of the symmetry
a1 (k)ag(k) = ai1(—k)az(—k). In the next line we have deﬁned y = . The Fourier transform
of |y]% is the homogeneous distribution —I" (g) AT~ 3, which is deﬁned in a similar way
to the Cauchy principal value. For details on homogeneous distributions see [80]. For this
calculation the details are not important as in the last step the A~ integral is a Fourier
transform of a Gaussian times this homogeneous distribution and can therefore be calculated
by performing the Fourier transforms of the two elements separately and then calculating the
convolution. The expression 1 F denotes the confluent hypergeometric function.
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The expectation value of f can be calculated in a similar way:
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Here erfc denotes the complementary error function and erf the error function. We see that

the self-adjoint extension parameter § acts as a constant shift in (é) sc analogous to the

constant shift & of the classical solution, with the precise identification 8 = 2§, expected
from classical solutions.
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The expectation value <§//77> sc can be calculated as follows:
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The second line of the calculation includes two steps: the £ integration resulted in 27id’ (k1 —k2),
and then we integrated by parts so that either the k; or ko integral could be performed.
The partial integration results in terms of order 1/k?, which is not a distribution. To make
it well-defined, we have to again define it as a homogeneous distribution (again for details
see [80]). After the substitution y = % the divergences are in the Fourier transform of the
|y[§ term and in the 1/|k| term; these have to be understood as homogeneous distributions.
Concretely, the integral in the last line has to be understood as

_ (kl=ke)? kc> _ (k] 2kc>2 ,%
dhre 7 / k- T e i, (A.23)
/ || ||

so that the logarithmic divergence at k& = 0 has been removed.
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A.2 Variance

To calculate of the variance of é , we start with the expectation value of 52 in the state ¥g:
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In the last expression we have defined the following functions of k. and oy:
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K, is defined as in eq. (A.23).
The calculation of the variance of £ in the state 14 is very similar: we obtain
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and we see that the only difference is in the second to last term, i.e., the one linear in ~.
We will therefore now only calculate this term, as the rest is identical to the calculation
above (with f — 7 in the last term). We have
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The functions Ky and K2 are as defined above. Now that we have calculated the expectation
3

value of 52 in both states we can study the variance. It can be seen from figure 8 that .
exhibits semiclassical behaviour everywhere, as the variance can be tuned down arbitrarily
small by increasing o;. The same is not true for ¥, since the variance at T = 0 never
becomes less than 1. Thus ,,s does not behave semiclassically at the origin.
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