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Abstract

Multi-axis graphical modelling techniques al-
low us to perform network inference without
making independence assumptions. This is
done by replacing the independence assump-
tion with a weaker assumption about the in-
teraction between the axes; there are sev-
eral choices for which assumption to use. In
single-cell RNA sequencing data, genes may
interact differently depending on whether
they are expressed in the same cell, or in dif-
ferent cells. Unfortunately, current methods
are not able to make this distinction. In this
paper, we address this problem by introduc-
ing the strong product model for Gaussian
graphical modelling.

1 INTRODUCTION

It is often the case that one wishes to learn a network
(‘graph’) from their data. A common example is learn-
ing a gene regulatory network from a single-cell RNA-
sequencing (scRNA-seq) dataset. This type of dataset
takes the form of a matrix whose rows represent cells
and whose columns represent genes, and whose en-
tries quantify how much a given gene is expressed in a
given cell. There are numerous methods that perform
network inference across a range of scenarios, such as
the Graphical Lasso (‘glasso’, Friedman et al., 2008),
neighborhood selection (Meinshausen & Biithlmann,
2006), and SIMoNe (Ambroise et al., [2009).

However, such methods make an independence as-
sumption: learning the gene regulatory network re-
quires assuming that the cells in your body do not
interact! This assumption is clearly faulty. There
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are two fundamentally different types of dependen-
cies existing in our dataset - the dependencies between
genes, and the dependencies between cells. More gen-
erally, matrix-variate datasets have row-dependencies
and column-dependencies.

We can replace the independence assumption with a
weaker assumption about how these two types of de-
pendencies interact. We can imagine a larger graph of
dependencies between matrix elements, which is some
product graph of the row-dependencies and column-
dependencies - for example, by using the Cartesian
product. We will make this more formal in Section
In scRNA-seq data, the larger graph corresponds to
connections between (cell, gene) pairs.

There are many choices of graph product to use, but
none of them make the distinction between within-row
and between-row interactions. A gene X might up-
regulate another gene Y when both are present in the
same cell, but not have any affect on the expression of
Y in some other cell (due to the gene transcript never
leaving the cell membrane). Likewise, gene X may
only affect the expression of gene Y in different cells;
perhaps gene X encodes a surface protein or causes an
enzyme to be secreted which affects the behavior of
nearby cells.

By taking the differences between within-row and
between-row interactions into account, we can arrive
at more biologically meaningful results. In this pa-
per, we develop a model, inspired by the ‘strong prod-
uct’ graph product, that successfully differentiates and
learns these types of dependencies.

2 BACKGROUND

One of the most popular methods of network infer-
ence is the Graphical Lasso (Friedman et al., [2008]).
The general idea is to perform regularized maximum
likelihood estimation for the inverse covariance ma-
trix (the ‘precision matrix’) of a Gaussian distribution.
Accordingly, the method assumes your data is Gaus-
sianly distributed, but this can be replaced with the
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Decomposition ‘ Definition Justification Rule
Kronecker Product | Wrows @ Peols Both row[z] ~ row[y] A collz] ~ col[y]
Kronecker Sum Woows D Peols Graph Product either row[z] ~ row[y] A collz] = col[y] or
row[z] = row[y] A collz] ~ col[y]
Sylvester Product | (¥ ows ® \Ilcols)Q Generative Process N/A

Table 1: A comparison of the three decompositions in common use. The Kronecker product has a long history of
use, but its use in graphical modelling comes from Tsiligkaridis et al. (2012)); the other two are from Kalaitzis et
al. (2013]) and Wang et al. (2020)), respectively. The ‘rule’ column represents the procedure by which to derive the
connections between matrix elements x and y in the full graph €2; ~ is used as a shorthand for ‘is connected to’.
The Sylvester Product can also be expressed as a graph product, but one needs to use second-order connections
of the axis graphs to do so; its primary motivation is the generative process that yields it.

weaker ‘Gaussian copula’ assumption through prepro-
cessing tools such as the nonparanormal skeptic (Liu
et al., [2012). Intuitively, the nonparanormal skeptic
allows these techniques to be used on data with arbi-
trary marginals, as long as relationships between the
datapoints ‘behave Gaussianly’.

argmin log |®| — tr [\I’XXT] + 0¥ ||1,0d
o
(Graphical Lasso)

The choice to model the data as a Gaussian is not just
for computational convenience; it has the convenient
theoretical property that ¥ encodes the graph of con-
ditional dependencies. Let x,y be two variables from
a dataset D (D\,\y = D — {z,y}), then we have the
following relation for Gaussian data:

P (2,y[D\a\y) =P (2[D\ary) P (y|Dyay) <= Tuy =0

Conditional dependencies encode the concept of inde-
pendence after conditioning out the rest of the dataset.
Intuitively, it captures the direct relation of two vari-
ables on each other - this is in contrast to correlation,
which captures indirect relations as well. The clas-
sic example is the correlation between shark attacks
and ice cream sales due to the confounding factor of
it being summer; conditioning out the season, the two
variables become independent.

Graphs of conditional dependencies should typically be
sparse, by nature of their capturing the direct effect.
This forms part of the justification for the use of reg-
ularization penalties, but penalties are also necessary
since in the small-sample scenario the unregularized
maximum likelihood estimate will typically not exist.

A drawback of the Graphical Lasso is that it assumes
independence of the samples. In reality, there may be
dependencies between rows W,.ys and dependencies

between columns W .. To solve this, we can ‘vector-
ize’ our data and consider the graph of (row, column)
pairs (i.e. the graph connecting all matrix elements).

The vectorization of a dy X dy matrix X, denoted
vec [X], is the ‘flattening’ of the matrix into a length
dids vector. Whether this flattening is done in a rows-
first or columns-first manner does not matter as long
as it is done consistently. We can view our data as
being a set of d; length-ds samples x; or alternatively
as a dy X do matrix X.

X; ~ J\/(O, ‘I’fl) (independence assumption)

iid cols

vec [X] ~ N (0,271) (no assumption)
The first model considers each row to be a separate
sample, and each column corresponds to an element
of this vector. The second model considers our entire
dataset to be a single sample, and each element of our
dataset is a (row, column) pair. We can then discuss
the dependencies of such pairs, €2, rather than being
limited to column-column dependencies.

While this removes the independence assumption, it
comes with its own drawbacks. In the independence
scenario, we have d; samples of dy features, but in the
non-independence scenario we have 1 sample of dyds
features! € has O(d?d3) parameters to learn, and we
must do so with a single sample. Not only is this
intractable from a computational complexity perspec-
tive, but also from a statistical perspective; how could
we hope to have any degree of confidence in our re-
sults?

To resolve the problem, we can impose some struc-
ture on €2, such as it being composed out of the axis-
wise graphs: Q = ((Prows; Peols). Several choices
for ( exist, which we describe in Table They can
broadly be separated into two categories; those based
on graph products and those based on generative pro-
cesses. They all use the Kronecker product ® as a
building block, and some further use the Kronecker
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sum @: A®B = A®I+I®B. Our work exists within
the framework of Kronecker-separable modelling; for
an overview, see the review by Wang et al. (2022]).

Of the decompositions in prior work, two admit
a straightforward interpretation as an operation on
graphs: the Kronecker product corresponds to the ten-
sor product of graphs, while the Kronecker sum cor-
responds to the Cartesian product. The Kronecker
product only takes into account between-row connec-
tions, i.e. to determine if two genes interact, we only
consider the relationship of their expressions in differ-
ent cells. The Kronecker sum only takes into account
within-row connections: to determine if two genes in-
teract, we only consider the relationship of their ex-
pressions in the same cell. Ideally, we would be able
to capture both types of relationships.

The Sylvester product, when forced into the frame-
work of graph products, does capture both types of
relationships - but only through ‘second-order’ con-
nections in the graph (by ‘second order’, we mean that
x ~ y ~ z implies z and z have a second-order connec-
tion, where ~ is notation for ‘is connected to’). This
is difficult to interpret through the lens of conditional
dependency, where we are after the direct connections.

3 OUR CONTRIBUTIONS

In this paper, we introduce a new graph decomposi-
tion framework for conditional dependency estimation
(Section . It is based on the ‘strong product’ from
graph theory, and hence we call our model the ‘strong
product model’. We show that it captures and distin-
guishes between both the within-row and between-row
dependencies, which is particularly beneficial in use
cases such as scRNA-seq. We demonstrate that one
can perform inference with this model efficiently (Sec-
tion , and prove that there exists a unique solution
to the problem (Section . Finally, we demonstrate
practical utility on real-world datasets (Sections
and . These results hold even in the single-sample

case.

4 METHODOLOGY

This section will focus on the derivation of the strong
product model. We will first introduce our notation in
Section [} Then, we will motivate the structure of
our model in Section Next, we will derive an effi-
cient maximum likelihood estimator (MLE) in Section
and finally in Sections [£.6] and [£.7] we will prove
key properties of our algorithm to guarantee that its
solutions are reasonable and well-founded.

4.1 Notation

In this paper, lower-case letters a represent scalars,
lower-case bold v represent vectors, and upper-case
bold M represent matrices. I, represents an a X a
identity matrix, although we will frequently omit the
subscript as the shape will be clear from context. d;
will represent the number of rows in the dataset, and
do will represent the number of columns.

We will denote the precision matrix of the rows as
W,. The precision matrix of the columns will be split
into two parts, those that focus on the within-row de-
pendencies ¥, ,, and the between-row dependencies
Wy . It will often be convenient to consider the ma-
trix @ = Wy, + 1. We will let € represent the whole
precision matrix, which we are assuming can be fac-
torized as W1 @ ¥y, + W1 ® Py,

We also define the empirical gram matrices Sp,Ss,
which will represent sufficient statistics for our model.
These are defined as S = XX7 and S; = XTX,
where X is the data matrix. Finally, we define the
stridewise trace tr®t and the blockwise trace trg,,
which show up frequently when working with deriva-
tives involving log-determinants of Kronecker products
(below, J¥ is the matrix of zeros except for a 1 at

(4,7))-
=tr[A (I®JY)]
=tr[A (JY ®1)]

trh [A]ij
tra, [A] ij

)

4.2 The Strong Product Model

As mentioned in Section[2] the Kronecker sum ¥;®W,
and Kronecker product ¥; ® ¥, only take into ac-
count the within-row dependencies (Kronecker sum)
and between-row dependencies (Kronecker product),
rather than both simultaneously. It is tempting to
add these together: Wy, @& ¥y + ¥, ® ¥y, and the
instinct turns out to be correct. This corresponds
to the strong product from graph theory. If we split
W, into separate matrices, each measuring either the
within- or between- row dependencies, then we ar-
rive at ¥ © Wy, + ¥ ® Wy, It will turn out to
be more convenient to parameterize this in terms of
O=U,,+Lie as ;O +1® ¥y,

vec [X] ~ N (0, (T, 20 +1® \IrQ’w)*l)
(Strong product model)

1
NLL = —510g|‘1’1 ®®+I®‘I’2’w|

1 1
+5tr [Ws.,S2] + Str (¥, xX0x"] (1)
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We will restrict all ¥ to be positive definite. This is a
common, but not universal, restriction. Precision ma-
trices must be positive definite (so ¥1 @ @ +1® ¥y,
must be), but in theory we do not have to enforce pos-
itive definiteness of the factor matrices. The difference
can have theoretical implications - not everything that
is representable as a composition of non-pos.-def. ma-
trices is representable as a composition of pos. def.
matrices (Song & Hero, 2023)). We enforce positive
definiteness as it leads to better interpretability (the
matrices correspond to real precision matrices).

Positive-definiteness of the factor matrices comes at a
price. Any sparsifying regularizer (whether it be Lasso
or a non-convex regularizer such as SCAD (Fan & Li,
2001) or MCP (Zhang, 2010))) have proximal operators
that output indefinite matrices for positive definite in-
puts - both in theory (Guillot & Rajaratnam, 2015)
and in practice (Xue et al., [2012). Furthermore, the
unregularized model is not convex, but it is geodesi-
cally conver (see Section for details), whereas the
Lasso penalty is convex, but not geodesically convex
(Duembgen & Tyler, 2016). This mismatch makes
establishing useful properties such as existence and
uniqueness harder. Here, we do not consider sparsi-
fying regularizers.

In this paper, we follow Deng and Tsui (2013) by im-
posing a Frobenius norm penalty |[log T'||%. on the log-
arithms of our parameters. This penalty corresponds
to the geodesic distance between our parameter and
the identity matrix (Moakher (2005), Eq. 2.9); it has
the effect of normalizing our matrix towards assuming
independence, and thus is a natural penalty to impose.

4.3 Derivation of the Method

To minimize the NLL, we will use Riemannian gra-
dient descent. The problem is not convex, but it is
geodesically convex. See Algorithm [I] for pseudocode.
We chose to parameterize our problem in terms of O,
as it consistently led to simpler expressions.

Without any simplification, these gradients require
computing the inverse of the strong product. The com-
putation of such a matrix is prohibitively expensive
(O(d3d3) runtime and O(d?d3) space). For Kronecker-
sum methods, this is often circumvented by eigende-
composing the inputs (Greenewald et al., 2019; Li et
al., [2022). The eigenvectors can be extracted from the
Kronecker sum, reducing the problem to the compu-
tation of the inverse of a (large) diagonal matrix.

The strong product is not amenable to the same trick.
For other models, there has always been only a single
parameter for each axis. In our case, the columns have
two parameters, ¥, ,, and ®. They must be simulta-
neously diagonalized. Diagonalization by orthonormal

vectors is only possible for commuting matrices, which
rarely holds. However, for any pair of positive definite
matrices, they can be simultaneously diagonalized via
congruence, i.e. ® = PPT and ¥, ,, = PDPT.

PT 4 P~!, unlike in the case of eigendecomposition.
Regardless, they can still be factored out of the strong
product. In fact, by Lemma 2 in Dahl et al. (2013),
we can even factor P and V (where ¥; = VAVT) out
of the stridewise-blockwise trace. This yields the fol-
lowing gradients, in which the portion corresponding
to the regularizer is shaded grey.

d -1
% NLL = -Vt [ A®D } v7
d‘I’l Td, ( 2] )
+XOXT +2)W og W, (gradl)
d ~
NLL = —P~ Tty [ A®D 1} p-!
d%s., ™ [(A® D)
+ 82 +2p%; ! log ¥, (grad2)
%NLL = P Trh [(A oD) ' (A® I)} |

+XT0, X +2)0 'log®  (grad3)

4.4 (Geodesic Convexity

Our optimization problem is not convex, due to the
inclusion of a Kronecker product of two parameters.
However, it is geodesically convex, or g-convexr. In
brief, geodesic convexity is the analogous concept to
standard convexity when optimization takes place on
a manifold (such as the set of positive-definite ma-
trices), and many useful properties are preserved - in
particular, the fact that sums of g-convex functions are
g-convex and that all local minima are global.

The field of geodesic convexity is too broad to overview
here, so we refer the reader to the relevant literature
(Absil et al., 2009; Vishnoi, 2018|). There are multiple
metrics one could apply to the set of positive definite
matrices (see (Han et al.,|2021)) for a comparison), but
by far the most common is the one Wifh geodesic dis-
—1 —1

tance 7(21, y) = 7 (=7 =37 ) 27, We'll de-
note it S; 1, and denote the geometry of tuples of pos-
itive definite matrices (each equipped with the same
geodesic along the relevant coordinates) as S? 4+ These
geometries have several key properties:

1. Traces tr [¥X] are g-convex (S;4)
2. Log determinants — log |X| are g-convex (Sy4)

3. Orthogonal invariance and convexity in log 3 im-
plies g-convexity (Si4) (Yi & Tyler, |2020))
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4. |[log B||% is strictly g-convex (Siy) (Yi & Tyler,
2020)

5. Log determinants of sums —log|) . 3;| are g-
convex (S%,) (Wiesel, 2012a)

6. If f(Q) is g-convex (S;y), then ¢g(31,3s5) =
f(21 ® 3») is g-convex (ST, ) (Wiesel, 2012b)

Let us parameterize our problem as ¥1 @ @ +T'®@ Wq 4y,
where T is constrained to be the identity matrix. (such
a constraint is g-convex). Then, the negative log-
likelihood is a sum of traces (g-convex), terms of the
form ||log 3|2 (strictly g-convex), and a log determi-
nant of a sum of Kronecker products (g-convex). Thus,
our problem is g-convex.

In fact, the problem is strongly g-convex, as ||log X%
is strongly g-convex (See Equation 18 of Darmwal and
Rajawat (2023)). Accordingly, we can expect fast (lin-
ear) convergence from gradient descent. This can be
seen in Figure [I}

Convergence rate
of the strong product model
(500 nodes)

10°
103
10*
. 107t
210
Eo
107°
1077

107°

0 5 10 15 20 25 30
Iteration

Figure 1: Rate of decrease in error using Algorithm
Ran on synthetic data, see Section for generation
details.

4.5 Riemannian Gradient Descent

Rather than using traditional gradient descent, the
geodesic convexity motivates the use of Riemannian
gradient descent. This is analogous to traditional gra-
dient descent, but follows the direction of steepest de-
scent under the definition of ‘steepest’ intrinsic to the
manifold (in this case, the set of positive semi-definite
matrices). We refer the reader to several papers which
we found beneficial for understanding how to utilize
the method in practice, in particular the following:
Hosseini and Sra (2015]), Duembgen and Tyler (2016),
Jeuris et al. (2012), and Darmwal and Rajawat (2023)).

Here, we will only state the changes that need to
be made to gradient descent to fit the Riemannian
context. Rather than using the ‘Euclidean’ gradi-

ent of f at a point X, grad])E(f = dixf(Y)|Y:X,

Algorithm 1 Strong Product Model MLE

Require: Initial guesses \Ilgo), CION \II(QEU, data X
Require: Regularization parameters py,, pg, Py. .,
Require: Line search parameters nit, 8, T
while not converged do
#Riemannian Gradient Descent
P+ {‘I’l, @, ‘I’g,w}
for parameter I" € P do
G «+ gradient at T'® (grad1))/(grad2)/(grad3)
Gr «+ TGr®
() () —mT G Gr
end for
#Riemannian Armijo Line Search
Ne < Minit
while f (PtHY) > f(PW) -3 . n,B||Gr||% do
N < TNt _
e+  p)—mT, G
end while
end while

the correct gradient is gradi};r+ f=X (grad;E( f) X.
The second required concept is the ‘retraction’ at
X, Ri** & = XeX € Tt maps steps in a direction
(typically the gradient) to a position on the relevant
geodesic. See Sra and Hosseini (2015) for details.

One step of Riemannian gradient descent with stepsize
7 can be expressed as X117 = Rit* (—77 gradf{f f)
To determine an effective step size, we use backtrack-
ing line search with Armijo’s rule (Armijo,|1966)). Line
search is more expensive in the Riemannian case, due
to the need to repeatedly compute the retraction,
which involves matrix exponentiation; modifications
can be made to mitigate this (Yamakawa et al., 2023),
but for pedagological reasons we shall stick with the
most basic form.

4.6 Identifiability

Kronecker models often are not identifiable. For our
penalized problem, this is not an issue; we will see in
Section[4.7]that the minimum is unique. However, this
is due to the strict g-convexity of our penalty function;
it is still of interest to understand the extent to which
our original problem is identifiable. Below, we list the
non-identifiabilities of common Kronecker decomposi-
tions, where ¢ is any constant.

1

U, QWy=-P; cPy (Kronecker Product)
c

\I/l D \I’Q = (\I/l + CI) D (‘I’Q — CI)
(Kronecker Sum)
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(1 ®2)° = (%1 +cI) (¥ — D))’
(Sylvester Sum)

It is not immediately obvious what the non-
identifiabilities of our model are. We summarize them
with the following proposition:

Proposition 1. Let (¥, ¥, ,,,0) and (¥1, ¥s,,, O)
be two different parameterizations. Then, they have
the same strong product if and only if one of the fol-
lowing conditions hold for some c1, ca:

1. ¥y =11, 61 =cI, 1© + 111271” = 02§+$2,w

2. ‘I’l = ClI+ Cgﬁl, @Z CQ@, @271” = ‘1’2711, +01@

Case 1 tells us that we cannot identify differences be-
tween within-row and between-row column dependen-
cies when the rows are independent (when ¥y  I).
This is to be expected; it doesn’t make sense to talk of
between-row dependencies when the rows are indepen-
dent. Additionally, when the rows are independent,
algorithms that assume independence, such as glasso,
should be preferred.

On the surface, case 2 seems much more complicated;
it is capturing the mixing of Kronecker product and
Kronecker sum non-identifiabilities. Consider that,
when ¢; = 0, this reduces to Kronecker product non-
identifiability. When ¢y = 1, it’s not quite the Kro-
necker sum non-identifiability but is analogous to it.

Case 2 also has an intuitive interpretation: as the
variance of our rows decreases (c; is negative), our
within-row graph looks more like our between-row
graph (since approximately ¥, < © for large neg-
ative ¢1). This makes sense intuitively: if there were
no row-variance (i.e. the columns are all identical),
then there is no difference between between-row and
within-row relationships; the value in a cell in a given
column is the same regardless of which row it is in.

Proof.

‘I’1®®+I®\I’27w :Wl ®6+I®¢2,w
= 1 e0=000+1 (T, — ¥,,)

Note that the left hand side of the equation is a rank-1
Kronecker decomposition and the right hand side is a
rank-2 Kronecker decomposition (i.e. it is a sum of
two Kronecker products). This can only hold if either
the left terms {¥y, ¥y, I}, or alternatively if the right
terms {©, O, (Wg,w — ‘I’Q’w)}, form a rank-1 linearly
dependent set. Let’s assume the first set is linearly
dependent. Then, they must all be multiples of the
identity matrix:

lI® O =l RO +1I® ($2,w - ‘I’2,w)
<— 10 + l:[12,11; = CQ6 + ¢2,w

This yields case 1. Now let’s consider what happens
when the right terms are linearly dependent, i.e. if
Wy w— Wy =10, © = 0. Then we must have:

‘I’l = Czﬁl + ClI
O

These non-identifiabilities could be fixed with a trace
constraint tr [I'] = 7 for some chosen constant 7 for
every factor matrix I'. Furthermore, the support of ¥y
and O is preserved; they always represents the same
graph. Since we are penalizing our model by a strictly
g-convex function, it is not affected by these non-
identifiabilities.

4.7 Existence and Uniqueness

Theorem 1. There exists a unique solution to the
penalized optimization problem given by Equation
equipped with the penalty p||T||% in each of its param-
eters.

Proof. Uniqueness follows from the strict g-convexity
of our objective. Existence follows from the fact that
our function is g-coercive. G-coercitivity guarantees
for g-convex functions that there exists a compact set
of minimizers (Duembgen & Tyler, 2016; Sra & Hos-
seini, [2015), and in fact for any g-convex function
f(2), f(Z)+]log X||% is g-coercive (see Lemma 4.7 of
Duembgen and Tyler (2016)). Existence and unique-
ness holds both coordinate-wise and jointly. O

5 EXPERIMENTAL RESULTS

We will now validate our methodology on synthetic
and real-world datasets. In Section[5.1] we will demon-
strate the performance of our algorithm on within-
distribution synthetic data. Next, in Section we
will validate our model on a real-world dataset for
which the results are easily interpretable without spe-
cialized domain knowledge. Finally, in Section [5.3]
we will validate our model on a real-world scRNA-seq
dataset. For real-world datasets D, we used as input
to the models D — dlszlTDlv to lessen the impact
of the zero-mean assumption. Code is available on
GitHub  (https://github.com/Bailey Andrew /Strong-
Product-Model).
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All experiments were run on a 2020 M1 Macbook Pro
with 8GB of RAM. We implemented our algorithm us-
ing Python 3.9.18, NumPy 1.25.2, (Harris et al., 2020)
and SciPy 1.12.0 (Virtanen et al., 2020). Our line
search parameters were 7n; = 0.1, § = %, and 7 = %,
except in cases where we used a large regularization
parameter, in which case we found we needed 5 = 0 to
prevent early convergence (it is likely that a smaller,
nonzero value would suffice). We always initialized our
parameters to the identity matrix. p = 0.1, except for
the COIL-20 experiment (Section [5.2)), in which we

found a slight improvement using p = 10°.

For precision-recall (PR) curves, error bars indicate
max/min performance over 10 trials. For other curves,
they indicate standard deviation. As we are the first to
introduce the strong product model, there is no direct
prior work to compare against. We compared against
GmGM, as it performs similarly to other multi-axis
models (Andrew et al., |2024]) and is by far the fastest,
allowing us to run many high-dimensional trials. It is
a Kronecker-sum structured model. PR curves were
generated by varying the amount of thresholding ap-
plied to the outputs.

Since our model reduces (up to a constant shift in the
diagonals) to both the Kronecker product and Kro-
necker sum models when ¥y, = I and ¥y, = I,
respectively, we also used these restricted models for
comparison.

5.1 Synthetic Data

For our synthetic data, we generated our ground truth
graphs to have the form yA ® 2B + yA ® 1C, where
A, B, C are Barabasi-Albert random graphs with 500
nodes each. Barabasi-Albert is a power-law distribu-
tion; many real world datasets (approximately) follow
power-law distributions, and hence we felt it was an
adequate test case.

Results reported in the Figure |2[ assume y = 1. We
found that the ratio of strength of between-row and
within-row column factors, x, had a large effect on
performance. In Figure|3] we show how the area under
PR curves (AUPR) changes as x varies.

In Figure [2, we report the PR curves on our perfor-
mance on synthetic data, where x = 1 and = 2.5 to
both validate our model and demonstrate this effect.
Note that we do not demonstrate any loss in perfor-
mance compared to other models, and are the only
model that estimates all three relevant graphs. Other
models only estimate one type of column graph, and
assume that the other does not exist.

We ran several other tests, but defer these to the
supplementary material due to space concerns. The

PR Curves for Barabasi-Albert graph (500 nodes)
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Figure 2: Precision-recall curves on random graphs
with structure A ® B + A & %C. ‘Strong Product’
refers to our model; ‘Kronecker Sum’ and ‘Kronecker
Product’ refer to our model with the relevant factor
(B or C) constrained to an identity matrix. GmGM
and ‘Kronecker Sum’ do not estimate the between-row
graph, and ‘Kronecker Product’ does not estimate the
within-row graph; they have been ommitted from the
relevant sub-plots. (Top) z = 1. (Bottom) x = 2.5

supplementary material contains a demonstration that
performance improves as the number of nodes in-
creases, an analysis of the effects of changing y, and
a demonstration that our algorithm still performs well
when run on data that does not follow a strong prod-
uct structure. We also show that the regularization
parameter has minimal effect on the results; its pur-
pose is primarily to ensure existence of solutions.

The results presented here and in the supplementary
material show that our model performs well on all
graphical models considered by prior work, and is the
only option that learns both types of column graph.
There is nothing to be gained from assuming a more
restricted structure, such as the Kronecker sum or Kro-
necker product. Of course, our results also show that
models developed for such structures also perform well
when applied to data generated from our proposed
structure, except that they are unable to estimate ei-
ther the between-row column graph (Kronecker sum)
or the within-row column graph (Kronecker product).

5.2 COIL Dataset

The first real-world dataset we test on is the COIL-20
video dataset (Nene et al., [1996). This is somewhat
of a ‘classic’ dataset for Kronecker-structured models,
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Figure 3: How AUPR varies as the ratio = varies, for
data generated following the structure outlined in Sec-
tion (Top) 100-node graphs, 50 trials. (Bottom)
500-node graphs, 25 trials. Note that the deviations
are much smaller for larger graphs.

Algorithm Precision  1-off Precision Recall
Strong Product 38% 65% 78%
GmGM 33% 59% 67%
TeraLasso 36% 64% 69%

Within-Row 49% 85% 100%

Between-Row 49% 94% 100%

Table 2: Metrics for the COIL dataset experiment.
1-off precision refers to frames connected to adjacent
frames and frames with one intermediate frame be-
tween them. As we chose to keep twice as many edges
as exist, the highest possible value for precision is 50%.

with several prior algorithms also demonstrating re-
sults on it. Its convenience comes from the fact that
there is a very clear ‘natural graph’ we should expect
in the data: a frame in the video should be connected
only to the frames immediately before and immedi-
ately after itself. The video is that of a rotating duck,
and hence we would expect the first and last frames to
connect as well.

The video is a 72 x 128 x 128 tensor; we down-sampled
the pixels to 72x16 x 16, and then flattened to 72 x 256.
We compared our performance against GmGM and
TeraLasso (Greenewald et al., 2019). TeraLasso is a
Kronecker-sum-structure algorithm that performs sim-
ilarly to GmGM. Its main differences are that it does
not enforce positive-definite factor graphs and uses
glasso regularization. Due to its similarity and com-
paratively slow runtime, we did not compare against
it for our other, more computationally expensive tests.

We chose thresholding/regularization parameters so
that all models output roughly 144 edges (exactly 144
was not always possible). Figure |4| displays a graphi-

Strong Product TeralLasso

F“uu“u*‘u»%ﬂ

Strong Product
(within rows)

Strong Product
(between rows)

Figure 4: The learned connections between the video
frames for various algorithms. Black connections in-
dicate connections between adjacent frames, blue in-
dicate non-adjacent frames. A larger version of this
figure is available in the supplementary material. For
the bottom row, we transposed the data and investi-
gated the two different returned graphs.

Assortativity of
strong product cell graph
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Figure 5: Assortativity as we vary thresholding, for
the scRNA-seq dataset.

cal interpretation of our results - an enlarged version
of this figure is available in the supplementary mate-
rial, and Table [2] contains the corresponding numeric
metrics. We found that our model performed simi-
larly to prior work. However, when we considered the
frames to be the column dimension, the performance
was much better than prior work.

5.3 scRNA-seq Dataset

While informative, the COIL dataset is somewhat of
a toy example. To get a better understanding of how
our algorithm will perform on real data, we will use a
mouse embryo stem cell scRNA-seq dataset from Buet-
tner et al. (2015)), limited to only mitosis-related genes
as in Li et al. (2022). The dataset consists of 288 cells
and 167 genes, in which each cell has been labelled ac-
cording to its stage in the cell cycle - either G1, S, or
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G2M.

To understand performance, we can use assortativity -
this measures the tendency of nodes in the same class
(cell cycle stage) to connect to each other in a graph,
and ranges from -1 (tend not to connect) to 0 (no
tendency) to 1 (tend to connect). We should expect
there to be some positive assortativity, as there should
be similarities between the mitotic gene expressions of
cells in the same stage.

Interestingly, we found that our algorithm found as-
sortativities very similar to prior work (GmGM), but
on much sparser graphs. GmGM only had high assor-
tativity when we only slightly thresholded the output
graph; for sparse graphs, the assortativity was 0. In
contrast, our model had high assortativity on strongly
thesholded graphs, but had an assortativity of zero
otherwise. This can be seen in Figure |5 The sparser
regime is the more relevant regime here, as most real-
world interaction networks tend to be sparse.

6 CONCLUSION

We have shown that our model is able to per-
form well on synthetic data generated from both the
strong product model, the Kronecker sum model,
and the Kronecker product model. Our model, like
other Kronecker-structured models, improves in per-
formance as the number of rows and columns increases,
even if we only have one sample matrix. On real data,
we still get reasonable results, and outperform prior
work in some cases.

We are very interested in the performance of our model
as the between-row/within-row column ratio changes,
and the extent to which this ratio is identifiable in real
data. In future work, we intend to prove statistical
recovery rates, parameterized by this ratio. Addition-
ally, graphically-focused Kronecker-structured models
do not seem to have adopted the geodesic convexity
framework for optimization. The fast convergence we
experience is encouraging; we would like to incorporate
sparsity-inducing regularizers into this framework.
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The Strong Product Model for Network Inference without Independence Assumptions

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Yes/No/Not Applicable]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes/No/Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes/No/Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes/No/Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Yes/No/Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes/No/Not
Applicable]

(d) Information about consent from data
providers/curators. [Yes/No/Not Applica-
ble]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Yes/No/Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partic-
ipants and screenshots. [Yes/No/Not Ap-
plicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Yes/No/Not
Applicable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Yes/No/Not Applica-
ble]
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Figure 1: The learned connections between the video frames for various algorithms. Black connections indicate
connections between adjacent frames, blue indicate non-adjacent frames. This is an enlarged version of Figure 4
in the main paper.
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Figure 2: The value of p does not significantly affect the results. Experiment performed on 100-node graphs with
the standard 1:1 z ratio for data generated from the strong product model, with Barabasi-Albert factor graphs.

1 ADDITIONAL EXPERIMENTS

In this section, we briefly recount the additional experiments we ran. All data is generated identically to that in
the main paper, except for the differences we note. Figure 3 demonstrates that we do not experience a degradation
in performance when we run our algorithm on Kronecker-sum-structured and Kronecker-product-structured data;
we still perform comparably to prior work.

In Figure 4, we demonstrate that performance improves as our factor graphs get larger. We analyze the AUPR
as y varies for 100-node and 500-node factor graphs in Figure 5. This latter experiment takes significantly longer
to run than other experiments in this paper, so we do not repeat it for 1000-node graphs. Figure 2 shows that
performance is not affected by the value of p.

2 DERIVATION OF GRADIENTS

In this section, we will derive the gradients of our negative log-likelihood, with respect to our three parameter
matrices. The negative log-likelihood is given below, for reference, with irrelevant additive and multiplicative
constants removed.

NLL = — 10g |‘I/1 EB \112711) + ‘Ill ® ‘1]2,b| + tr [\Illsl] + tr [\11271,}82] —|— tr [‘I’lx\IJQ,bXT]
=—log|¥; ® © +1I® Uy ,,|+tr[¥s,,Ss] + tr [¥; XOX"]

To derive the gradients, we will need to take derivatives with respect to matrices. Standard relations that we
will use are provided below, for reference.

dlog |M| = tr [M~'dM]
d
dM@N)=dM®N+M® dN

d(M @ N) = dM @ dN

The @ relation follows directly from the ® relation. Using these equations, the derivative of he negative log
likelihood is straightforward; we just need an expression for the derivative of the strong product.

AW, @Ws + ¥, @Wsy) =d¥ ®d¥s,, +d¥ @ ¥y, + ¥ @ d¥y,



PR Curves for Barabasi-Albert graph (500 nodes)
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PR Curves for Barabasi-Albert graph (500 nodes)
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Figure 3: Performance of algorithms when data is generated from the Kronecker sum or Kronecker product
structures.

Rather than differentiating with respect to entire matrices, we will differentiate with respect to a single element.

We will let J¥ be the matrix of zeros except for a 1 at position (i, j), i.e. ﬁX =Ju,
ij

d
dipy ij

(‘I’l D ‘1127111 +¥® ‘I’2,b) = Jij ® 0+ JU ® ‘1’2717

=JIRI+J70®,,
=J"©0
=1I®0)J7eI)

From the definition of the stridewise-blockwise trace, and letting sp abbreviate the strong product, we have that:

d _
v, log |sp| = tra, [sp™" (1 ©)]

= trg, [ (01 @ ¥5,0") ]

Thus, our derivative with respect to ¥, is just:
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Figure 4: The effect of different graph sizes on performance.

d i\ -1
ag NUL = —tre, [(xpl & ,,,07") } +xOex’

The gradient with respect to ¥, ,, is fairly easy to compute.

d -
- (\I/l SY) ‘1127/,1; + ¥ ® ‘1/275) =I1xJY
de,w;ij
d _
NLL = —tr% [(¥, 9 © + 1 ¥, ) 1} +S,
d‘I’Q w ?

We now have a choice to consider our method as a function of ¥y 5 or ©; so far, parameterizing in terms of ©
has simplified our equations, so we will continue to do so.

d )
70 (T1004+1I0%¥,,)="¥ JY
ij
d _
S NLL = —ti [(\111 2O +10W,,) " (T, ® 1)} + X7, X

= —tr® [(I RO+¥'® ‘I’Q,w)_l:| + X7, X
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Figure 5: Variance of AUPR as y changes for 100-node (top) and 500-node (bottom) graphs. Error bars represent
standard deviations, computed over 50 trials (top) and 25 trials (bottom).

2.1 Efficient Gradients

Earlier, we derived the following gradients:

d _1y—1
g NUL = —tre, (010 9,,07") "] + XOX”

d
d\IlQ,w

NLL = —tr® [(\111 2O +1® %,w)*l] +S,

d _ —1
TSNLL =~ (10 0+ 97" 0 ¥,,) | + XT¥1X

These derivatives, while valid, have little practical utility; they require inverting a dids X dids matrix, which is
an O(d3d3) operation that in practice requires O(d3d3) space.

Because all parameters are positive definite, we know two key facts:

1. They each have an eigendecomposition

2. Every pair can be simultaneously diagonalized
In particular, we can express our parameters as follows:
¥, = VAVT

v, , = PDPT
e =PPT
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V is orthonormal, and A and D are diagonal. Importantly, P is not orthonormal. Furthermore, note that
¥, ,07! = PDP~!. Computing these decompositions takes O(d} + d3) time and O(d + d3) space. Thanks to
a lemma by Dahl et al. (2013), we have a convenient way of accessing this diagonal core:

trg, (M ®T) A (N ®I)] = Mtrg, [A]N Lemma 2 (Dahl et al., 2013)
trg, (I@ M)A (I®N)] = trg, (IQ NM)A] (Cyclic Property)

The latter fact follows directly from the definition of the stridewise-blockwise trace. Analogous formulas hold for
tr?t, as long as the order of the Kronecker products is reversed. Using these, we can re-express our gradients.

d _iy—1
ag NUL = —tre, {(\pl ®¥,,,07) } +xXOex’
= ~trg, [ (VAVT 21+ 1@ PDP!) | + XOX”
= —trg, (VO P) (A2 V'V+P'PaD) ' (VaP) |+ XOX”
= ~Vtrg, [(A RI+1® D)‘l} v7T + Xex”

= —Virg, [(A ® D)‘l} v7 + XexT

d‘I’dZw NLL = —tr® [(\Ill 2O +1I® ‘1’2710)_1] +S,
——t" (1o P T)(AT+IeD) ' (1eP)] +S,
- P Tuh [(Ae D)‘l} P48,
%NLL S— {(I 20+ ® \Ilg,w)‘l} +X7®, X
=P Tt [(Iel+ A7 @D) | P+ X7 X
= P Ttuh [A®T+I0D) " (A ®I)} P+ XT¥, X

= P T [(AoD) ' (A® I)] P!+ X7, X

Computing the stridewise-blockwise trace can now be done much more efficiently, as its input is a diagonal
matrix. It can be done in O(d1dz) space. As a sanity check, we can observe that when ® =1 (i.e. ¥y, = 0),
the gradients become those of the Kronecker-sum model (note that P can in that case be chosen to be the
eigenvectors of Wy ,,), and when W; = I then the other gradients become identical. Both of these should be
expected from the structure of the strong product.

2.2 Addition of Frobenius Norm of Logarithm

Since - |log M|z = 2M~!log M, we have that our gradients are:

d _
—-NLL = ~Viry, [(A & D) 1} VT 4+ XOXT + 2907 log ¥,
1
d\; NLL = —P~Ttx® [(A ® D)‘l} P48, +2p%,,, log ¥y
2,w
d

“SNLL = —P T [(A »D) ' (A I)} P14 XT¥, X + 200 log ©



2.3 Riemannian Gradients

Recall from the main paper the definition of the Riemannian gradient and retraction.

gradijf’ f=M (grad]l%/l f) M (gradient)
Rir &) = MeM ¢ (retraction)
M1 = Ri}f (—77t gfadgﬁf f) (update)

There is ample opportunity for simplification. Note that:
M, 1 = M, e(—meradis, f)M:
M 'logM = (logM)M~*
The second statement follows from simultaneous diagonalizability. What happens when we right-multiply our

Euclidean gradients by M?

d _
<d\I’NLL> T, = —Virg, {(A @ D) 1} AVT + XOXTW, + 2plog ¥,
1

d _
(d\p NLL) v,, =P Turh [(A @ D) 1} DP” +S,%, ,, + 2plog ¥a ,,
2w

d

<d®NLL) 0 =-P Ttyh [(A D) ' (A® I)] PT + XT®,X0O + 2plog ®

Note that this is actually (slightly) cheaper to compute than the unmodified gradient, since diagonal matrix
multiplications are cheap, we removed many matrix multiplications, and most of the few matrix multiplications
we did add are duplicates.

3 EFFICIENT EVALUATION OF LOG-LIKELIHOOD

Recall that the negative log likelihood is as follows, ignoring irrelevant constants.

NLL = —log |[¥; ® © + I1® Wy, | + tr [¥2,,So] + tr [¥; XOX]

For calculating our gradients, we already used certain decompositions, which we can re-use in the evaluation of
our NLL. Evaluating the NLL is useful for convergence checking and line searching.

NLL = —log I® P|[A®I+I® D[ I PT| + tr[¥,,Ss] + tr [T XOXT]
= —log|[A®I+1®D| 0" +tr[¥,,Ss] + tr [¥;XOXT]
= —log|A @& D| — dy log |®| + tr [¥5,So] + tr [¥; XOX]

The two trace terms require taking traces of matrices already computed for the gradients, so could be re-used. The
log determinant of a Kronecker sum of diagonal matrices is easy to compute (sum of the logs of the diagonals);
thus, the cost reduces to creating the decompositions and finding the determinant of @, both of which are
expensive operations but are comparable to the cost of gradient evaluation. In fact, the Cholesky factors of &
are computed during simultaneous diagonalization, making determinant computation easy.
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