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Future gravitational wave observatories open a unique avenue to study the environments surround-
ing black holes. Intermediate or extreme mass ratio inspirals will spend thousands to millions of
cycles in the sensitivity range of detectors, allowing subtle environmental effects to accumulate in
the gravitational waveform. Working in Lorenz gauge and considering equatorial circular orbits,
we present the Ąrst self-consistent, fully relativistic calculation of a perturbation to a black hole
environment due to an inspiraling secondary in the Kerr geometry. As an example case, we consider
the environment to be that of a superradiantly grown scalar cloud, though our framework is gen-
eralizable to other scenarios. We demonstrate that the scalar Ąeld develops a rich wake structure
induced by the secondary and compute scalar Ćuxes emitted to inĄnity and through the horizon.
Relative differences in the Ćuxes compared to Schwarzschild are tens of percent on large intervals of
parameter space, underscoring the importance of modeling in Kerr.

Introduction. Gravitational wave (GW) astronomy
has progressed rapidly since the Ąrst detection of a bi-
nary black hole (BH) merger in 2015 [1], with over 100
events published to date [2Ű4]. Upcoming next-generation
ground-based detectors, such as the Einstein Telescope [5]
and Cosmic Explorer [6], promise to dramatically in-
crease this number [7, 8]. Additionally, with the advent
of space-based detectors, such as the recently adopted
Laser Interferometer Space Antenna (LISA) [9] or Tian-
Qin [10, 11] and Taiji [12], the exploration of GWs in
the milliHertz regime, will unlock a new class of sources.
Among the most exciting sources for fundamental physics,
astrophysics and cosmology are intermediate and extreme
mass ratio inspirals (I/EMRIs) [13Ű15]. These systems
consist of a (super)massive BH (≳ 104M⊙) orbited by a
smaller, typically stellar-mass object. Due to the dispar-
ity of masses, the smaller body can spend years in the
sensitivity band of detectors, tracing out a complex orbit
that requires precise waveform models [16Ű21]. This slow
inspiral allows the smaller object to interact dynamically
with any matter conĄguration surrounding the primary,
encoding these interactions into the emitted GWs. As
such, I/EMRIs offer a unique opportunity to probe the
environments surrounding BHs [9, 15].

Supermassive BHs are expected to reside at the center of
most galaxies, where the existence of environments is ubiq-
uitous. Studies on accretion disks [22Ű44], active galactic
nuclei [45Ű49], and dark matter structures [29, 35, 50Ű
65]Ůpotentially consisting of ultralight particles [66Ű76]
or bosonic clouds [35, 43, 77Ű90]Ůsuggest that GW as-
tronomy is affected by these environments and could even
inform us on the speciĄcs of the matter distribution. In
this way, GWs can provide insights into the nature of dark
matter or the existence of new fundamental Ąelds. Further-
more, incorporating environmental effects into waveform

modeling could not only be essential to actually detect a
signal, but also avoid biases in parameter estimation or
systematics in tests of general relativity [35, 43, 91, 92].
Most previous studies employ Newtonian approximations,
even though I/EMRIs probe the strong-Ąeld regime of
gravity. While some relativistic studies exist, they re-
strict to spherical symmetry [43, 86, 87] or linear mo-
tion [67, 69, 73, 74, 76, 93]Ůapproaches that are not
sufficiently accurate given the precision of future detec-
tors.

In this work, we present the Ąrst self-consistent, fully
relativistic calculation of the perturbation on a BH envi-
ronment induced by an inspiralling secondary in the Kerr
geometry. Our formalism is general and can be applied
to any non-vacuum spacetime where the primary BH ge-
ometry dominates. As a proof of concept, we consider
bosonic clouds formed via superradiance, and study the
response of the scalar Ąeld due to the perturbation of the
secondary. We Ąnd that the perturbed scalar Ąeld devel-
ops a distinct spiraling wake trailing behind the secondary.
Moreover, the Ćuxes emitted to inĄnity and through the
horizon show signiĄcant deviationsŮwith relative differ-
ences of tens of percent compared to the Schwarzschild
case, even at relatively large binary separations. These
Ąndings emphasize the need to not only model environ-
ments relativistically, but also to relax the assumption
of spherical symmetry and use the Kerr geometry as a
background. Failing to do so could result in serious biases
in data analysis with future detectors.

Throughout this work, we use natural units G = c =
ℏ = 1, unless otherwise stated and we work with a mostly
plus metric signature.

Field Equations with Environments. We focus on
astrophysical systems whose geometry is dominated by
the Kerr spacetime, with perturbations arising from the
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(small) binary companion and surrounding matter. We
will Ąrst outline our perturbation scheme for generic mat-
ter Ąelds.

The action for generic matter Ąelds minimally coupled
to gravity in the presence of a perturber with mass mp is
given by

S=

∫

d4x
√−g



R

16πG
+ Lenv[Ψ]



−mp

∫

dτ
√

−gµνuµuν ,

(1)
where Lenv is the Lagrangian of the minimally coupled
matter Ąeld Ψ and the action of the point particle en-
codes the curvature of the secondary BH using the Şskele-
tonizedŤ source approach [94, 95]. Here uµ denotes the
four-velocity of the secondary on some effective, regular-
ized metric. Bold quantities denote full nonlinear terms.

By varying the action with respect to the matter Ąeld
and metric, we obtain the Ąeld equations:

Q[Ψ,g] = 0 , (2)

Gµν [g] = T env
µν [Ψ,g] + T p

µν [γ] , (3)

where γ is the world-line of the secondary and Q is a
generic nonlinear operator involving Ψ and g.

At leading order, the surrounding matter (henceforth,
Şthe environmentŤ) is treated as a stationary solution on
top of the Kerr geometry and is characterized by a total
mass M env and typical length Lenv. The stress-energy
tensor of the matter Ąeld scales with the energy density
as

T env
µν ∼ ρenv

0 ∼ M env

(Lenv)3
. (4)

The natural expansion for the matter Ąeld then follows
the characteristic density ratio, i.e.,

ϵn =
ρenv

0

ρBH
0

=
M env

(Lenv)3

L3

M
= η



L

Lenv

3

, (5)

where M and L denote the mass and length scale of
the primary (Kerr) BH, respectively, and η ≡ M env/M .
The exponent n corresponds to the leading-order power
of Ψ in the matter Lagrangian. For instance, Lenv =
♣∂Ψ♣2♣Ψ♣2 + ♣Ψ♣6 implies n = 4. When ϵ ≪ 1, the matter
Ąeld is then naturally expanded as Ψ = ϵψ + · · · where
ψ satisĄes the matter Ąeld equations on Kerr (2).

We deĄne the mass ratio between the primary and sec-
ondary BH as q ≡ mp/M . Finally, besides q ≪ 1 and
ϵ ≪ 1, we do not require any scaling relation between
q and ϵ: they act as independent perturbative parame-
ters. To track this dual expansion, we label quantities of
some perturbative order S(n,m) as being associated with
a perturbative coefficient ∼ O(ϵnqm).

In this framework, the gravitational and matter Ąelds
are expanded as follows:

gµν = gµν + ϵnh(n,0)
µν + qh(0,1)

µν + ϵnqh(n,1)
µν (6)

+ ϵnq2h(n,2)
µν + q2h(0,2)

µν + · · · ,
Ψ = ϵψ(1,0) + ϵqψ(1,1) + ϵq2ψ(1,2) + · · · , (7)

where h
(0,1)
µν is the metric perturbation arising from a

vacuum point-particle source. From the equations of
motion, we can then generically expand the nonlinear
operators as

Gab[gµν + hµν ] = Gab[gµν ] + δGab[hµν ]

+ δ2Gab[hµν , hµν ] + . . . ,
(8)

where we deĄned:

δmGab[hµν ] =
1

m!

dm

dλm
G[gµν + λhµν ]♣λ=0 . (9)

Similarly, we expand Q as

Q[ψ + ψ̃, gµν + hµν ] = Q[ψ, gµν ] + δ(1,0)Q[ψ̃, gµν ]

+ δ(1,1)Q[ψ̃, hµν ] + δ(2,1)Q[ψ̃, ψ̃, hµν ]

+ δ(1,2)Q[ψ̃, hµν , hµν ] + . . . ,

(10)

where

δ(n,m)Q[ψ̃, hµν ] =
1

n!m!

dn+m

dκndλm
{

Q[ψ + κψ̃, gµν + λhµν ]
}

♣λ=0,κ=0 .

(11)

Substituting the perturbed Ąelds (6)Ű(7) into the ex-
pansions of Eqs. (2)Ű(3), the O(ϵq) perturbation to the
environment is found to satisfy:

δ(1,0)Q[ψ(1,1), gµν ] = −δ(1,1)Q[ψ(1,0), h(0,1)
µν ] , (12)

which represents the leading-order dynamical perturba-
tion from the secondary BH to the environment.
Scalar Fields. The framework outlined above is general
and can be applied to any non-vacuum spacetime with a
stress-energy tensor T env

µν satisfying known equations of
motion, as long as the perturbations to the environment
remain in the linear regime. We will now apply it to the
scenario of a massive scalar Ąeld around a Kerr BH.

Through the process of superradiance [96Ű99], mas-
sive bosonic Ąelds can extract rotational energy from
BHs, forming dense, macroscopic structures known as
boson clouds. This process is most efficient when the
Compton wavelength of the Ąeld is comparable to the
gravitational radius of the BH, i.e., when the Şgravi-
tational couplingŤ α ≡ µM ∼ O(0.1) (with µ the bo-
son mass). These clouds can grow on astrophysical
timescales [100, 101], reaching a quasi-stationary state
known as the superradiance threshold, where the cloud
has a characteristic frequency ωc and the BH spin param-
eter is a/M ≈ 4mbα/(m

2
b + 4α2) [102, 103]. Here, mb

is the azimuthal angular momentum of the scalar Ąeld.
Throughout this work, we assume the cloud to be at this
threshold, while residing in its dominant, dipolar ground
state ♣nbℓbmb⟩ = ♣211⟩.

The cloud-BH system, or gravitational atom, has gained
signiĄcant attention as a target for future GW detec-
tors. The reason is threefold: (i) the superradiance
process is purely gravitational and does not require a
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pre-existing abundance of the scalar Ąeld; (ii) for astro-
physical BHs, clouds form for bosons in the mass range
O(10−20 − 10−10) eV/c2. Such ultralight particles are
proposed solutions to the strong CP problem [104Ű106]
and are plausible dark matter candidates [107Ű110]; (iii)
studies on the Newtonian level have revealed a rich phe-
nomenology when gravitational atoms are part of a binary
system [35, 77Ű81, 83, 85, 88Ű90], making them inter-
esting candidates for testing fundamental physics with
GWs. We consider a gravitational atom perturbed by a
point-particle on an equatorial, circular orbit in the Kerr
geometry. The matter Lagrangian for a massive scalar is
given by

Lenv[Φ] = ∇νΦ∇νΦ∗ − µ2♣Φ♣2 , (13)

yielding n = 2 and the equation of motion (2):

Q[Φ,gµν ] =
1√−g

∂µ(
√−g∂µΦ) − µ2Φ . (14)

Following the previous section, we expand the scalar Ąeld
as

Φ = ϵϕ(1,0) + ϵqϕ(1,1) + ϵq2ϕ(1,2) + · · · . (15)

We take the background solution ϵϕ(1,0) to be that of a
superradiant cloud, whose normalization is set such that
its total mass is given by Mc. The characteristic length
scale of the cloud is given by its Bohr radius Lenv =
(µα)−1 = α−2M , yielding, ϵ = α3

√

Mc/M (5) and Ąxing
our perturbative parameter. The expansions of the scalar
equation of motion at leading dynamical order ∼ O(ϵq)
then leads to the expressions:

δ(1,0)Q[ϕ(1,1), gµν ] =
1√−g ∂µ(

√−g∂µϕ(1,1)) − µ2ϕ(1,1)

=
(

□ − µ2
)

ϕ(1,1) , (16)

δ(1,1)Q[ϕ(1,0), h(0,1)
µν ] = −hµν

(0,1)∇µ∇νϕ
(1,0) (17)

− h(0,1)

2
δ(1,0)Q[ϕ(1,0), gµν ] −



∇µh̄
µν
(0,1)

 

∇νϕ
(1,0)



.

Here, h̄µν is the trace-reversed metric perturbation and
from now on, all covariant derivatives and dŠAlembertian
operators are deĄned with respect to the background
metric. As ϕ(1,0) is a test-Ąeld solution on Kerr, the
second term on the right-hand side of Eq. (17) vanishes.
Moreover, as we solve for the O(q) metric perturbation
in Lorenz gauge, i.e., ∇µh̄

µν
(0,1) = 0 (see [111, 112] and the

Supplemental Material (SM)), the Ąnal term in Eq. (17)
also vanishes, resulting in the expression:

δ(1,1)Q[ϕ(1,0), h(0,1)
µν ] = −hµν

(0,1)∇µ∇νϕ
(1,0) . (18)

Thus, from Eqs. (12), (16) and (18), the leading-order
dynamical perturbation from the secondary to the scalar
Ąeld is governed by

(

□ − µ2
)

ϕ(1,1) = hµν
(0,1)∇µ∇νϕ

(1,0) . (19)

FIG. 1. We show the absolute value of the perturbed scalar
Ąeld |ϕ(1,1)| for ℓ ≥ 2, taking α = 0.3, a = 0.88M and rp =

3.5M . In the top panel, we show an equatorial slice of the
Ąeld solution, in which the ẐŰaxis is aligned with the BH spin.
In the bottom panel, we show an azimuthal slice of the Ąeld,
where the secondary moves Şinto the plane.Ť

The specialization to Lorenz gauge results in a source that
diverges as 1/♣r⃗− r⃗p♣ at the position of the secondary. At
the level of spheroidal harmonics, this leads to a source
that is C0 continuous, which makes it particularly well-
suited for producing extended solutions across the entire
domain.
Scalar Ąeld wake. Figure 1 shows the wake proĄle of
the matter Ąeld due to a secondary perturber on a pro-
grade equatorial circular orbit. The system parameters
are chosen deep in the relativistic regime, with orbital
radius rp = 3.5M , a = 0.88M and α = 0.3 (correspond-
ing to a cloud whose density peaks at r ∼ 20M). We
solve Eq. (19) by decomposing in a spheroidal harmonic
basis and Ąnd a full solution that constitutes a rich wake
structure in the azimuthal and equatorial planes. As the
secondary scatters matter through the transfer of angular
momentum, a low-density trail is formed and a spiraling
outwash causes matter Ćux to inĄnity.

We also analyze conĄgurations at larger separations
(see SM), where certain modes transition from radiative to
bound conĄgurations. At these radii, we observe complex
changes in the cloud morphology, including conĄgurations
where a low-density region forms in front of the secondary,
with a high-density region in its wake. As we always stay
in a regime where Ωp < ωc, this contrasts the picture
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presented in studies on linear motion of BHs in homoge-
neous media [67, 69, 73, 74, 76, 93, 113], where a trail of
over-density is predicted to form in front of the secondary
due to its relative velocity with respect to the background.
Consequently, applying results from such studies to the
binary case would yield incorrect conclusions.
Radiative Energy Loss. As the secondary orbits the
central BH, its perturbation induces a transfer of energy
and angular momentum to the scalar Ąeld and into GWs[].
It is clear from Eqs. (6)Ű(7) that many dissipative and
conservative effects will drive this change in orbital energy.
For small mass ratios q, the secondary evolves adiabati-
cally, meaning that the energy dissipated over one orbit is
much smaller than the total orbital energy. Consequently,
the evolution of the secondary can be constructed with
a sequence of geodesics [17Ű21]. As a Ąrst step towards
determining how the secondary moves from one geodesic
to the next, we can consider the leading-order Ćux balance
of the system:

Ėorb + Ṁc = −ĖGW,∞ − ĖGW,H − ĖΦ, ∞ − ĖΦ,H . (20)

DeĄning the Şscalar Ćux,Ť of the environment as

F s,∞/H ≡ ϵ−2q−2


ĖΦ, ∞/H + Ṁ
∞/H
c



, we can then cal-

culate its emission to inĄnity and through the horizon,
and apply Eq. (20) to Ąnd Ėorb. Importantly, this equa-
tion ignores conservative contributions from h(2,0) and
h(2,1), which arise at the same order and should be calcu-
lated in future work. In Fig. 2, we show the scalar Ćuxes
for α = 0.2 and α = 0.3, corresponding to highly spinning
BHs with a = 0.69M and a = 0.88M , respectively. For
comparison, we also include the Ćuxes obtained in the
Newtonian case [81, 83, 85]; further details can be found
in SM. The main features are:

(i) as the orbital separation between the binary compo-
nents grows, effects related to spin of the primary become
small for the inĄnity Ćux, and Schwarzschild and Kerr
become similar. Similarly, the green line, belonging to the
Newtonian regime, converges toward the relativistic cases
at large radii. We Ąnd the relative differences between
Kerr and Schwarzschild is tens of percent, reaching 50%
near the ISCO (see SM).

(ii) the horizon Ćux exceeds the inĄnity Ćux across
most of the shown radial domain. It is dominated by
the (ℓ,m) = (0, 0) mode and always negative, indicating
that the binaryŠs orbit gains energy. This is due to a
resonance between bound states of the cloud: the initial
♣211⟩ state resonates with ♣100⟩, which has lower energy
and angular momentum. This surplus is fed back into
the orbit, potentially giving rise to a Ćoating orbit [80, 88,
89], where the binaryŠs evolution is slowed down or even
stalled for a period of time. For α = 0.3, the (ℓ,m) =
(2, 2) mode becomes signiĄcant around rp ∼ 50M , nearly
overtaking the (0, 0) contribution. Unlike the (0, 0) mode,
it produces a positive horizon Ćux, inducing a sinking
orbit: a period of accelerated inspiral. Such resonances
are key observables for probing the cloudŠs properties, yet
they are also efficient at depleting the cloud itself [88, 89].

(iii) the right panel reveals a sharp feature in the Ćux
to inĄnity, consistent with earlier studies [81, 83, 85, 86].
These arise when a new mode starts contributing to the
Ćux, speciĄcally, occurring when

r∗,m
p =



m−mb

µ− Re[ωc]
− a

2/3

M . (21)

Using Eq. (21) and calculating ωc with LeaverŠs
method [114, 115], we Ąnd that for α = 0.3, r∗,2

p /M =
41.01, 41.66, 44.44 in the Schwarzschild, Kerr and Newto-
nian case, respectively, in precise agreement with Fig. 2
(vertical dashed lines). Notably, sharp features are ab-
sent in the α = 0.2 case as they occur at larger radii
(e.g. r∗,2

p ∼ 100M). The physical origin of these features
lies in the long-range nature of the gravitational potential,
as detailed in App. D of [81]. Finally, close to r∗,m

p , the
wavelength of the modes becomes extremely large, which
requires the Ćux to be extracted far out. The small dip in
the Ćux preceding the feature is thus merely a numerical
artifact.

(iv) consistent with previous studies [81, 83, 86, 87],
we observe that scalar Ćuxes tend to dominate over grav-
itational Ćuxes during the early inspiral stage. As the
gravitational and scalar Ćuxes rely on independent pertur-
bative parameters, a general comparison with the results
in Fig. 2 should not be made. However, an example case
for a given q and ϵ is provided in the SM.

Our results for the scalar Ćux in Schwarzschild are not
in full agreement with previous work [86], which used a
different gauge. We Ąnd a discrepancy of up to ∼ 10% (see
SM). A plausible source of this discrepancy lies in the na-
ture of the background solution in Schwarzchild, which in-
cludes an exponentially decaying term ∼ e−Im[ωc]t, where
Im[ωcM ] is ∼ 1 − 10% the value of the unnormalized Ćux.
This decaying behavior makes the background ill-suited as
a stationary state to perturb around in frequency domain.
To address this, we follow [86] and set Im[ωcM ] = 0 by
hand, which means the background solution is not an ex-
act solution of the homogeneous Klein-Gordon equation.
This approximation introduces gauge dependence in the
asymptotic values of the perturbed scalar Ąeld and vio-
lates the conservation laws underpinning Eq. (20). This
issue does not arise in Kerr where a stationary background
solution can be found.
Discussion. In this Letter, we develop a framework
to study how generic BH environments are perturbed
in EMRIs. As an example case, we apply it to boson
clouds and, for the Ąrst time, self-consistently compute
the perturbation of an EMRI to the environment in the
Kerr geometry. We have demonstrated the importance
of performing these calculations in Kerr, by comparing
them with Ćuxes in Schwarzschild. For less relativistic en-
vironments (α = 0.2), where the density peaks at ∼ 50M ,
we Ąnd relative differences of around 10%, increasing to
50% near the ISCO. In more relativistic environments
(α = 0.3), these differences are even more signiĄcant, at-
taining 30 − 100% throughout the region where EMRIs
are expected to enter the LISA band.
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FIG. 2. We show the total Ćux to inĄnity (solid lines) and through the horizon (dotted lines) considering a prograde orbit
and α = 0.2 (left panel) or α = 0.3 (right panel). Note that the horizon Ćuxes are negative on the entire radial domain. The
sharp features in the inĄnity Ćux in the right panel, computed using Eq. (21), are marked by vertical dashed lines. Note the
Schwarzschild results stop at the innermost stable circular orbit (ISCO) (rp = 6M). We sum up to ℓ = 6 (5) for the inĄnity
(horizon) Ćuxes.

Additionally, we solved for the Ąeld perturbations across
the entire domain, revealing a rich wake structure in-
duced by the secondary. Our results demonstrate how
the morphology of the environment changes with the po-
sition of the secondary, emphasizing the intricate and
rich dynamics of these systems, which are linked to
striking observational signatures with future GW detec-
tors [35, 43, 78, 80, 81, 83, 85Ű90]. These results raise
important questions about existing studies that use linear
motion of BHs in a homogeneous medium as a proxy
for dynamical friction in a binary inspiral (e.g. [56, 116]),
showing that such approximations, or using Schwarzschild
as a background is inadequate and will lead to signiĄ-
cant errors. Instead, the correct approach in perturbation
theory is to use the framework we have developed.

We expect this work to serve as the starting point for
self-consistent modeling of EMRIs and environments in
Kerr. There are several directions that warrant further
exploration in the future. For instance, applying our
framework to the Navier-Stokes system would provide
a crucial step toward understanding EMRI dynamics in
accretion disks in the fully relativistic regime. Another
key challenge still lies in understanding the connection
between the conservative and dissipative effects of all Ąeld
perturbations and the evolution of the binaryŠs orbital

parameters. Finally, we have yet to explore the slow-time
contributions inherent to these systems. A two-timescale
analysis will be necessary to understand all contributions
to the evolution of the binariesŠ orbital parameters to
order O(ϵ2q2).
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SUPPLEMENTAL MATERIAL

S.1. Lorenz Gauge Metric Perturbations.

Diffeomorphism invariance of General Relativity be-
comes gauge freedom in perturbation theory. Under a
change of coordinates xµ → xµ + εXµ(x), the linear per-
turbation of a tensor T transforms as δT → δT − £XT ,
where £XT is the Lie derivative of T on the background;
consequently, the linear metric perturbation transforms
as hµν → hµν − 2∇(µXν).

For many calculations, it is convenient to exploit gauge
freedom to work in Lorenz gauge, deĄned by

∇µh̄(n,m)
µν = 0 , (22)

where h̄µν = hµν − 1
2gµνh is the trace-reversed metric

perturbation, and h = gµνhµν is the trace (indices (n,m)
omitted for clarity). The covariant derivative ∇µ is de-
Ąned on the background spacetime gµν . Then the per-
turbed Einstein equations become a system of hyperbolic
equations,

□h̄(n,m)
µν + 2Rα β

µ ν h̄
(n,m)
αβ = S(n,m)

µν , (23)

where the source term S
(n,m)
µν depends on metric and Ąeld

perturbations of lower orders.

Recent work [111, 112, 117] has developed a prescription
for constructing the Lorenz-gauge metric perturbation on
the Kerr background from scalar variables that satisfy
decoupled, separable equations; more speciĄcally, sourced
Teukolsky equations of spin-2, spin-1 and spin-0 types
[118]. In this paper we make use the implementation
in Ref. [111] to compute the metric perturbation of a
pointlike body on a circular equatorial orbit of a rotating
BH in Lorenz gauge.

S.2. Fluxes

In addition to GWs, the secondary will induce emission
of scalar waves, both to inĄnity and through the horizon
of the primary. These will in turn determine how the
secondary evolves. Here, we derive the explicit form of the
Ćux formulae in the case of boson clouds, and compare our
results with previous work in Schwarzschild [86]. In this
section, we suppress much of the perturbative indexing
in the interest of readability. However, the order of most
quantities should be clear from context.

1. Flux formulae

The (orbit-averaged) energy Ćuxes of the perturbed
Ąeld to inĄnity and through the horizon can be calculated,
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respectively, as [118, 119]

ĖΦ,∞ = − lim
r→+∞

r2

∫

dΩTΦ
µrξ

µ
(t) ,

ĖΦ,H = lim
r→r+

2Mr+

∫

dΩTΦ
µνξ

µ
(t)l

ν ,

(24)

where

TΦ
µν = ∇(µΦ∇ν)Φ

∗ − gµν

2
(∇δΦ∇δΦ∗ + µ2♣Φ♣2) , (25)

and dΩ is the area element of the 2Űsphere, lµ =
∂/∂t + ΩH∂/∂φ is a null vector normal to the horizon,
with ΩH = a/(2Mr+) and ξµ

(t) ≡ ∂/∂t, ξµ
(φ) ≡ ∂/∂φ are

the Killing vectors of the Kerr metric. Analogous ex-
pressions for angular momentum Ćuxes are obtained by
swapping ξµ

(t) → ξµ
(φ) in Eq. (24). We deĄne the mass of

the background boson cloud to be given by the volume
integral on a spacelike slice of the time component of the
stress-energy tensor. In particular, we deĄne

Mc =

∫ ∞

rH

∫

S2

T t
t [ϕ(1,0), gKerr]r2dr dΩ . (26)

We decompose ϕ(1,1) in a spheroidal harmonics basis,

ϕ(1,1) =
∑

ℓ,m

ϕ
(1,1)
ℓm (r)Sℓm(θ, φ, γmg

)e−i(Ωmg +ωc)t , (27)

where γmg
= a

√

(Ωmg
+ ωc)2 − µ2 and for circular orbits

Ωmg
= (m − mb)Ωp ≡ mgΩp. The above equations

lead to the following expressions for the energy Ćuxes of
individual modes:

ĖΦ,∞
ℓm = lim

r→+∞
r2

{

2 ♣ωc + Ωmg
♣

× Re



√

(

Ωmg
+ ωc

)2 − µ2



♣ϕ(1,1)
ℓm ♣2

}

,

ĖΦ,H
ℓm = lim

r→r+

2Mr+

{

2
(

ωc + Ωmg

)

×
(

ωc + Ωmg
−mΩH

)

♣ϕ(1,1)
ℓm ♣2

}

.

(28)

Here, we have set the frequency at the superradiant thresh-
old, i.e., ω = ωc and we remind the reader that at leading-

order ϕ
(1,1)
ℓm ∝ 1/r when r → ∞.

Similarly, the angular momentum Ćuxes are given by

L̇Φ,∞
ℓm = lim

r→+∞
r2

{

2msmg

× Re



√

(

Ωmg
+ ωc

)2 − µ2



♣ϕ(1,1)
ℓm ♣2

}

,

L̇Φ,H
ℓm = lim

r→r+

2Mr+

{

2m
(

ωc + Ωmg
−mΩH

)

♣ϕ(1,1)
ℓm ♣2

}

,

(29)
where smg

≡ sgn
(

ωc + Ωmg

)

. While ĖΦ, ∞/H can be truly
associated as a Şscalar Ćux,Ť the scalar perturbations also
affect the cloud, which in turn impacts the evolution
of the secondary. Assuming an adiabatic evolution and

conservation of energy and angular momentum, we thus
have:

Ėorb + Ṁc = −ĖGW,∞ − ĖGW,H − ĖΦ, ∞ − ĖΦ,H ,

L̇orb + Ṡc = −L̇GW,∞ − L̇GW,H − L̇Φ,∞ − L̇Φ,H ,
(30)

where Sc is the spin of the cloud. This balance equation
thus allows one to evolve orbital parameters due to energy
emission from the secondary and/or environment. Impor-
tantly, this formula excludes the effects of conservative
energy transfer between the orbit and bound states of
the cloud. As such, it should be used with some caution
until all contributions up to order O(ϵ2q2) (e.g., h(2,1))
are fully understood. Nevertheless, in the absence of a
complete understanding, this equation can be used as a
Ąrst step towards producing time-domain evolutions and
generating relativistic waveforms for EMRIs with environ-
ments in Kerr. Some insights into how such conservative
transfer might occur in a relativistic setting have been
studied in [120].

To compute the rate at which the mass and spin of the
cloud changes, we make use of the global U(1) symmetry
of the (complex) scalar Ąeld, whose conserved current
implies the existence of a conserved Noether charge Q:

Q =

∫

Σ

d3x
√−g j0

Φ , (31)

where Σ is a space-like hypersurface and

jΦ
µ = −i (Φ∗∂µΦ − Φ∂µΦ∗) . (32)

The mass and spin of the cloud are then related to the
cloudŠs Noether charge, i.e., Mc = ωcQ, Sc = mbQ,
respectively. The rate of change of the scalar charge is

Q̇Φ,∞ = − lim
r→+∞

r2

∫

dΩ jΦ
r ,

Q̇Φ,H = lim
r→r+

2Mr+

∫

dΩ jΦ
µ l

µ ,

(33)

leading to:

Q̇Φ,∞
ℓm = − lim

r→+∞
r2

{

2 smg

× Re



√

(

Ωmg
+ ωc

)2 − µ2



♣ϕ(1,1)
ℓm ♣2

}

,

Q̇Φ,H
ℓm = − lim

r→r+

2Mr+

{

2
(

ωc + Ωmg
−mΩH

)

♣ϕ(1,1)
ℓm ♣2

}

.

(34)
Through the Noether charge, we can then deĄne the

scalar energy and angular momentum ŞpowerŤ as

Ės,∞/H = ĖΦ,∞/H + ωcQ̇
Φ,∞/H ,

L̇s,∞/H = L̇Φ,∞/H +mbQ̇
Φ,∞/H .

(35)

Plugging in Eqs. (28), (29) and (34) in the balance equa-
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tion (30), we then Ąnd the explicit terms shown in Fig. 2:

Ės,∞
ℓm = lim

r→+∞
r2

{

2 Ωmg
smg

× Re



√

(

Ωmg
+ ωc

)2 − µ2



♣ϕ(1,1)
ℓm ♣2

}

,

Ės,H
ℓm = lim

r→r+

2Mr+

{

2Ωmg

(

ωc + Ωmg
−mΩH

)

♣ϕ(1,1)
ℓm ♣2

}

.

(36)
Finally, for the angular momentum, we have

L̇s,∞
ℓm = lim

r→+∞
r2

{

2mgsmg

× Re



√

(

Ωmg
+ ωc

)2 − µ2



♣ϕ(1,1)
ℓm ♣2

}

,

L̇s,H
ℓm = lim

r→r+

2Mr+

{

2mg

(

ωc + Ωmg
−mΩH

)

♣ϕ(1,1)
ℓm ♣2

}

,

(37)
which satisfy

Ės,∞/H = ΩpL̇
s,∞/H . (38)

Consequently, the backreaction from the leading-order
scalar Ćuxes onto the secondary evolves circular orbits into
circular orbits, justifying the quasi-circular limit studied
in this work. Because of this relation (38), it is also
sufficient to look at the energy Ćuxes only, as is done in
the main text.

2. Comparisons

We shortly detail the derivation of the Newtonian
Ćuxes [81, 83, 85] shown in the main text (Fig. 2) and
compare the Ćuxes between Kerr and Schwarzschild, as
well as between our Schwarzschild results and those from
an earlier work [86].

The study of dynamical friction in gravitational atoms
in the Newtonian regime has been referred to as ioniza-
tion [81], due to analogy with atomic physics (see [85] for
a thorough comparison between ŞclassicŤ dynamical fric-
tion and ionization). Below, we summarize the ionization
process and refer to [81] for details.

In the language of quantum mechanics, ionization de-
scribes the transfer of the cloud from its bound state
♣nbℓbmb⟩, to any unbound state ♣kℓm⟩, where k repre-
sents the wavenumber. This process is governed by the
coupling strength between these states, deĄned by the
matrix element:

η = ⟨kℓm♣V ♣nbℓbmb⟩ , (39)

where V is the gravitational perturbation of the secondary,
which is expressed as a multipole expansion of the New-
tonian potential.

The Şionization powerŤ is then found by summing over
all the unbound states. On circular, equatorial orbits, it
is given by

Pion =
Mc

µ

∑

ℓ,m

Ωmg
♣η(k∗)♣2Θ(k2

∗) , (40)

where k∗ = −µα2/(2n2
b) ± Ωmg

and Θ is the Heaviside
step function. This quantity is equivalent to the energy
Ćux to inĄnity, Pion ≡ Ės,∞.

In Schwarzschild, massive scalar Ąelds still settle on
quasi-bound states, even though spin is essential for su-
perradiance to occur. However, these states are decaying
(M Im[ωc] < 0) due to absorption at the horizon, prevent-
ing the cloud from achieving a stationary conĄguration.
In the Schwarzschild case, following [86], we explicitly
ignore this, setting M Im[ωc] = 0.

In the main text (Fig. 2), we compare Ćuxes in the New-
tonian, Schwarzschild and Kerr regimes. Here, we focus on
comparing in detail two cases: Kerr versus Schwarzschild,
and ŞourŤ Schwarzschild results versus those from an ear-
lier work [86] which used a different method and gauge.
The relative differences in the Ćuxes at inĄnity and at
the horizon are shown in Fig. 3, using our Schwarzschild
results as the reference.

As expected, at large radii, the Schwarzschild and Kerr
Ćux become similar, with relative differences dropping
to a few percent at rp = 50M . Closer to the ISCO, the
differences become larger, emphasizing the necessity of
performing calculations in Kerr and not in Schwarzschild.
When comparing our Schwarzschild results to those in [86],
we Ąnd relative differences up to 20%, due to gauge ambi-
guities, as discussed in the main text. In addition, mode-
by-mode comparisons reveal notable differences between
our results and [86], particularly in the quadrupole.

In the relativistic case, we sum up to ℓ = 6, ensuring
that the Ćux increment remains below 1% across the
considered radial domain. In the Newtonian case instead,
the computational cost is much lower, allowing us to easily
sum up to ℓ = 10, which pushes the Ćux increment below
0.01%. At larger radii than we are showing in this work,
more modes might be required to obtain accurate results,
which poses a computational challenge in the relativistic
regime. Therefore, to compute the total Ćux across a large
radial domain, e.g., for waveform modeling in packages
like FEW [19Ű21], a smooth interpolation between both
approaches might be required.

Importantly, the scalar Ćux we calculate does not de-
scribe the complete Ćux at O(ϵ2q2). This is due to the
fact that there are two additional gravitational contri-
butions to the energy Ćuxes which we do not consider.
One is due to the expansion of the Einstein operator,
δ2G[h(2,1), h(0,1)] which arises as an additional term in

the integrand of F s,∞/H
(2,2) , which we do not calculate. Addi-

tionally, there is a term coming from the O(ϵ2) correction

to the orbital frequency (Ω
(2,0)
p ) from the background

matter Ąeld. Thus, to calculate the full gauge invariant
Ćux at O(ϵ2q2) one requires the full expression:

F∞/H
(2,2) ≡ F s,∞/H

(2,2) +
dFGW,∞/H

(0,2)

dΩKerr
p

Ω(2,0)
p , (41)

where F s,∞/H
(2,2) should be corrected to include the term

arising from the expansion of the Einstein operator and
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FIG. 3. We show the relative error ∆F in the total Ćux to inĄnity (solid lines) and through the horizon (dotted lines), taking
our Schwarzschild data as a reference. We consider a prograde orbit and α = 0.2 (left panel) or α = 0.3 (right panel). The
comparison is between our Kerr and Schwarzschild (red lines) and between our Schwarzschild and the Schwarzschild from an
earlier work [86] (purple line), which used a different gauge. In the inset, we show the actual Ćux F s,∞ in Schwarzschild/Kerr
from our data (blue/orange solid) compared to the one from [86] (black dashed). The horizontal axis is the same as in the main
plot.
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FIG. 4. We show the Ćuxes to inĄnity and the horizon for the
scalar and gravitational case, including the correct perturba-
tive prefactors, considering q = 10

−6, ϵ2
= 0.1α3, α = 0.3. In

the inset, we show the ratio between the two, i.e., Fs/FGW.
The horizontal axis is the same as in the main plot.

FGW,∞/H
(0,2) is the Ąrst order vacuum Ćux due to the sec-

ondary. Moreover, ΩKerr
p is the frequency in Kerr for a

given orbital radius. The calculation of the h(2,0) and
h(2,1) metric perturbations is necessary to calculate these
additional terms and is still an open problem.

S.3. Scalar vs GW Ćux

Previous works have shown that scalar Ćuxes can dom-
inate over gravitational Ćuxes at large radii. While we

cannot directly compare the two quantities, as they come
in at different perturbative orders, i.e., q and ϵ are inde-
pendent, we can consider an example system. Since both
quantities scale as q2, this factor cancels out in their ratio.
In Fig. 4, we show a case for which the cloud has obtained
a maximum mass η = Mc/M = 0.1 [102, 103, 121], with
a typical EMRI mass ratio q = 10−6 and α = 0.3. The
results show that scalar horizon Ćuxes quickly dominate
over the gravitational horizon Ćuxes, while the Ćuxes to
inĄnity will probably overtake at larger radii.

Finally, we note that the horizon Ćux is less relevant
in spherically symmetric structures that were studied
before [86, 87]. A possible reason is that for spherical
structures the (ℓ,m) = (0, 0) mode does not contribute to
Ės,H, unlike for dipolar clouds. Since there is no angular
barrier for (ℓ,m) = (0, 0) modes, those are more ŞeasilyŤ
absorbed at the horizon.

S.4. Field Resonances

As discussed in the main text, the scalar Ćuxes to in-
Ąnity exhibit sharp features (21), as certain modes start
contributing to the Ćux. SpeciĄcally, Eq. (21) predicts a
sharp feature in the Ćux at r∗,2

p = 41.66M for α = 0.3. In
Fig. 5, we show an equatorial slice of the Ąeld solution just
before (top panel) and after (bottom panel) this orbital
radius. Indeed, we Ąnd the morphology of the cloud to
change completely Şin a short time.Ť The reason being
that (ℓ,m) = (2, 2) mode of the Ąeld solution transitions
from a radiative conĄgurationŮwith ∼ 1/r decayŮto
a bound conĄguration that decays exponentially. This
sharp transition in the Ąeld proĄle arises due to the single
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FIG. 5. We show the absolute value of the perturbed scalar
Ąeld |ϕ(1,1)| for ℓ ≥ 2, taking α = 0.3, a = 0.88M . In the
top panel, we show an equatorial slice of the Ąeld solution
at rp = 41.6M , in which the ẐŰaxis is aligned with the BH
spin. In the bottom panel, we show an equatorial slice at
rp = 41.8M .

harmonic state conĄguration of the boson cloud back-
ground and will not be as prominent in environments
with a more general harmonic dependence.

S.5. Numerical Procedure and Validation

To solve Eq. (19), we proceed as follows.

Metric data. To construct the metric perturbation h
(0,1)
µν

in Lorenz gauge, we adapt the Mathematica notebook
developed in [111, 112, 117] to a modular Mathematica

package suitable for exploring large parameter spaces.
The package outputs spin-weighted spherical harmonic
data on a tortoise coordinate grid. The data is then
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FIG. 6. We show the contribution from different ℓ-modes to
the Ćux to inĄnity in Kerr for α = 0.3 with the secondary on
a prograde orbit at rp = 20M . Due to selection rules, modes
with opposite parity are zero, i.e., when ℓ is odd and m is
even or vice versa. Additionally, all m = 0, 1 modes do not
contribute to the Ćux to inĄnity. The different sized diamonds
thus show the contribution from the modes that are not zero,
where the higher the m, the higher contribution. For example,
for ℓ = 8, we show m = 8, 6, 4, 2. Fluxes through the horizon
follow a similar trend.

summed over ℓŰmodes up to ℓmax = 18, constructing mŰ
mode data on a two-dimensional (r∗, θ) grid. This step
is essential for generating the source term in Eq. (12),
as it circumvents the problem of inĄnite mode couplings,
which would otherwise require a solution such as outlined
in [122].

To check our results, the two-dimensional mŰmode com-

ponents of h
(0,1)
µν are numerically reprojected onto spin-

weighted spherical harmonics in the Schwarzschild limit.
The resulting data is then compared against the Ąrst-order
Schwarzschild Lorenz-gauge data used by the Multiscale
Self-Force collaboration [18, 123]. We Ąnd agreement at
the level of machine precision across all modes and radii,
with one exception: the (ℓ,m) = (1, 0) mode. This dis-
crepancy is well-understood and originates from different
completion choices between the two approaches. The cor-
rection term, given by Eqs. (D3a)Ű(D3b) in [124], resolves
this discrepancy, achieving machine precision for all mŰ
modes. Importantly, the difference in the (ℓ,m) = (1, 0)
mode only affects the m = 1 modes of the perturbed
scalar Ąeld. As the background Ąeld is in a single-state
conĄguration with (ℓb,mb) = (1, 1), this mode cannot
contribute to the Ćuxes at inĄnity.

Background Ąeld. The background scalar Ąeld ϕ(1,0) is
constructed using LeaverŠs method [114, 115]. For a given
value of the boson mass µ, we construct the radial proĄle
at the threshold frequency ωc of a pure (ℓb,mb) = (1, 1)
harmonic state. We then build the Ąeld proĄle on the
same (r∗, θ) grid as the mŰmode h(0,1) data.

Derivatives. To calculate the derivatives of the scalar
Ąeld, i.e., ∇µ∇νϕ

(1,0), we build a two-dimensional covari-
ant derivative operator using the method of splines. As
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a consistency check, we contract this quantity with the
background metric and conĄrm that gµν

Kerr∇µ∇νϕ
(1,0) =

µ2ϕ(1,0) within machine precision.

In the Schwarzchild case, the absence of a stationary
threshold conĄguration of the cloud leads to oscillatory
behaviour at the horizon, where the Ąeld oscillates as
e−iωr∗ . This contrasts the Kerr case, where the Ąeld goes
to a constant at the horizon (as ω → ΩH). To ensure the
robustness of our Schwarzschild results, we recompute all
quantities in ingoing Eddington-Finkelstein coordinates,
which do give regular derivatives at the horizon. We Ąnd
that our results remain unchanged.

Source construction. With the mŰmode tensors hµν
(0,1)

and ∇µ∇νϕ
(1,0) validated, we contract them to form the

mŰmode source term for Eq. (19). This source term is
projected onto spheroidal harmonics (or spherical harmon-
ics in the Schwarzschild case) using the same projection
routines applied earlier.

Finding solutions. Using the radial source functions, we
solve the radial Klein-Gordon equation using a variation
of parameters approach. We Ąrst build the ŞInŤ and ŞUpŤ
solution numerically as those which solve the homogenous
Klein-Gordon equation with boundary conditions given
by

lim
r→rH

RIn = e−i(Ωmg +ωc−mΩH)r∗

,

lim
r→∞

RUp =
eikmg r∗

r
iµ2

kmg

√
a2 + r2

,

(42)

where kmg
=

√

(Ωmg
+ ωc)2 − µ2. Taking the spheroidal

projection of the source, S
(1,1)
ℓm , we directly solve for the

scalar Ąeld perturbations as,

ϕ
(1,1)
ℓm (r) = CUp

ℓm(r)RUp
ℓm(r) + CIn

ℓm(r)RIn
ℓm(r) , (43)

where

CUp

ℓm(r) =

∫ r

rH

RIn
ℓmS

(1,1)
ℓm

W0
dr′ ,

CIn
ℓm(r) =

∫ ∞

r

RUp
ℓmS

(1,1)
ℓm

W0
dr′ ,

(44)

and W0 is the constant Wronskian coefficient given by

W0

∆
= RIn

ℓm

dRUp
ℓm

dr
−RUp

ℓm

dRIn
ℓm

dr
. (45)

Here, ∆ = r2 − 2Mr + a2 is the standard Kerr quantity.
We explicitly verify that the behavior of the solution at
both boundaries aligns with the boundary conditions of
the homogeneous In and Up solutions. To cross-check
our code, we insert our source data in a solver from
an independent implementation [86], Ąnding consistent
results.

The solution of the Klein-Gordon equation (19) then

gives ϕ
(1,1)
ℓm , which we sum over ℓ and m to reconstruct

the Ąeld proĄle, which is shown in e.g., Fig. 1. The
asymptotes of these extended solutions are then extracted
to obtain the input of the Ćux formulae (36), generating
the results shown in Fig. 2.

The amplitude of the Ćuxes mode-by-mode, follow the
expected trend. As shown in Fig. 6, the ŞmainŤ ℓ =
m contribution decays exponentially with increasing ℓ.
Interestingly, Fig. 6 also shows that Şsub-leadingŤ modes
with ℓ ̸= m can have a non-negligible contributions. For
example, the (ℓ,m) = (4, 2) mode is larger than the
(ℓ,m) = (8, 8) mode.

DeĄning ϕ
(1,1)
ℓ =

∑ℓ
m=−ℓ ϕ

(1,1)
ℓm , we show a similar plot

in Fig. 7, now extracting the Ąeld at the position of the
secondary (the point at which the Ąeld is most irregular).
We Ąnd that the Ąeld perturbation is Ąnite and continuous
at the particle with the ℓŰmodes of the perturbation
constituting a convergent sequence decaying as ℓ−2.
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FIG. 7. We show the contribution from different ℓ-modes of
the scalar Ąeld perturbation evaluated on the orbital radius of
the secondary (rp = 20M). They fall off as with the expected
rate, ℓ−2, indicated by the black dashed line.
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