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Abstract

We determine the restriction of Weil representations of unitary groups to maximal tori.
In the local case, we show that the Weil representation contains a pair of compatible
characters if and only if a root number condition holds. In the global case, we show
that a torus period corresponding to a maximal anisotropic torus of the global theta lift
of a character does not vanish if and only if the local condition is satisfied everywhere
and a central value of an L-function does not vanish. Our proof makes use of the
seesaw argument and of the well-known theta lifting results from U(1) to U(1). Our
results are used in [1, 2] to construct Arthur packets for G5.
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1 Introduction

Branching problems are a fascinating topic in representation theory and in the theory of
automorphic representations. The most famous examples are the Gan—Gross—Prasad
conjectures [9-11] and their refinements [16, 18, 33], extending the original conjec-
tures of Gross—Prasad [13, 14].

In this paper, we study the restriction of Weil representations of unitary groups to
maximal tori. Our results are both local and global, and they are similar in nature to
the Gan—Gross—Prasad conjectures. Let us describe the problems we concern.

Let F be a field with characteristic different than 2 and let K /F be a quadratic
étale algebra with involution x +— x¢, whose set of fixed points is F'. Let V be a non-
degenerate n-dimensional hermitian space over K, and let W be a non-degenerate
one-dimensional skew-hermitian space over K.

When F is a local field, we consider the following branching problem: given a
maximal torus T of U(V) and characters «: T — C* and 8: UW) — C*, we
would like to investigate whether the restriction of the Weil representation of the
metaplectic group Mp,, (V, W) to T x U(W) contains the representation « X f as a
sub-quotient. Reformulating this using the theta correspondence, this is equivalent to
asking whether the space Homr (® (8) , @) is non-zero, where ® (B) is the big theta
lift of B from U(W) to U(V).

Suppose that F' = F is a number field and that K/F is a quadratic field extension.
For an algebraic group G, we write [G] = G (F) \G (Ar). We consider the following
branching problem: given a maximal torus T of U(V) and automorphic characters
a: [T] - C* and B: [UW)] — C*, we would like to investigate whether the
a-period of the global theta lift ® (8) of 8 from U(W) (Ar) to U(V) (AF) is non-zero.

) Birkhauser
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That is, we are asking whether the assignment
Pra(h = [ fwa
[T]

is identically zero on the space ©® (). In order to avoid convergence issues, we will
assume that the torus T is anisotropic in the global setting, so that the integrals in
question converge absolutely.

Notice that when V is one-dimensional, the theta lift of § is either zero or a character,
and our problems reduce to determining whether ® (8) equals « or not. This problem,
of determining the theta lift from U(1) to U(1), is well understood. It dates back to
Moen [24], Rogawski [28], and Harris—Kudla—Sweet [15] in the non-archimedean
local field case, to Paul [25] in the archimedean local field case, to Minguez [22],
Fang—Sun—Xue [5] and Gan [7] in the split local case, and to Rogawski [28], Yang
[36] and Yamana [35] in the global case. See also Section 9 of [8] and the last paragraph
of Section 7 of [8].

Our technique for solving these problems in the general case, where dimV is
arbitrary, involves a seesaw identity that reduces the problems to the well-known case
discussed above. This idea has been used before by Gan and his collaborators, see for
example [6, Sections 9 and 10], [7, Section 5] and [8, Section 10].

In order to state our results, we need a classification of maximal tori in U(V). In
Section 2, we recall the classification given in [27]. Each maximal torus T C U(V)
corresponds to an étale algebra E of degree n over F and an element A € E*,
such that the space (VE) a () )\) is isomorphic to V as hermitian spaces, where
Vi, = Res,/k LEg, equipped with the hermitian product {x, y); = trp ./ (Axy©),
where Lg = K ®r E. In this case, the maximal torus Tg ; is isomorphic to the norm
one torus of L, that is,

Ly ={xeResgp L} |x-x“=1}.
For some of our results, we would like to iterate over the different embeddings
L 2 < U(V), modulo U(V)-conjugation. However, there are too many of these.
To tackle this obstacle, we follow an idea presented in [8, Section 3] and define the
notion of an admissible embedding i : L }5 — U(V) (Section 2.4). We show that the
set of admissible embeddings of L}5 forms a stable conjugacy class in U(V). More-

over, we construct a natural bijection between certain classes in E* /N /g (LE) and
admissible embeddings i : L}E — U(V), up to U(V)-conjugation (Theorem 2.8):

Theorem 1.1 There exists a natural bijection between the sets
{k € E*/Niy/E (LE) | Vg5 is isomorphic to V as hermitian spaces}
and

YXEvV = {i: L}E — UV) |iis admissible} / U(V)-conjugation.

) Birkhauser
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We now move to describe our main results. In order to make the results look
cleaner, we will no longer mention the one-dimensional skew-hermitian space W in
the introduction, but instead use a trace zero element § that encodes the discriminant
of such space.

Suppose that F is alocal field. By choosing a trace zero element § € K *, acharacter
p: K* — C* suchthat u ., = wk/F is the quadratic character given by local class
field theory, and a non-trivial character ¢ : F — C*, we can lift characters of LlF
to representations of U(V). Suppose that E is an étale algebra of degree n over F.
LetB: L 11, — C*,and a: L}E — C* be characters. We give the following answer
(Theorem 5.1) to the local problem discussed above.

Theorem 1.2 Leti: L}E — U(V) be an admissible embedding that corresponds to
the element A € E* under Theorem 1.1. Then the space

Homi(LlE) <®5,Vslt,¢ (ﬂ),aoi_l) (1)

is non-zero if and only if the following conditions hold:

(1) Character compatibility: B = O”L},'

(2) Root number condition: wp /g (A) = €Lg/E (aLE . pc_l oNrg/k> Vs 8) .
Moreover, in this case, this Hom-space is one-dimensional.

Here, ©3,v, 4,y (B) is the big theta lift of 8 to U(V) with respect to the data (8, i, V),
see Section 3.1.2. It is either zero or irreducible in our case (since 8 is supercuspidal),
and therefore equals the small theta lift 05y ,,  (8). We refer the reader to Sections
2.2.2 and 3.3 for the definition of the vector of quadratic characters wy /g (1), the vec-
tor of root numbers &/ /g (aLE . pfl oNLg/k, ¥, 8), and other notation appearing
in the theorem.

We also show that for characters « and g satisfying the compatibility condition, there
exists a unique non-degenerate hermitian space H of dimension 7, up to isomorphism,
and a unique admissible embedding i : L}E — U(H), up to conjugation, such that the
space (1) attached to i is non-zero. More precisely, we show the following theorem
(Corollary 5.4).

Theorem 1.3 For every choice of E, a, and B as above, we have

1 = ’
Z Z dim¢ Homi(LlE) (@8,1{’“’1/] B),a oiil) _ { B OthlF

HeHer, i€SE n 0 otherwise.
Here, H runs over representatives of classes of
Her,, = {H is a non-degenerate hermitian space | dimH = n} /isomorphism,
and i runs over representatives of classes of X H.

) Birkhauser
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These two local theorems are similar to the local Gan—Gross—Prasad conjectures, in
the sense that for compatible « and 8, there exists a unique non-degenerate hermitian
space H of dimension n (up to isomorphism), a unique admissible embedding (up to
U(H)-conjugation) i : L}E — U(H), such that the space attached to i is not zero, and
we pinpoint the tuple (H, 7) in terms of the vector of root numbers attached to the data
defining i. In our case, the set

Ve B = |J {(@smuy B).a0i™") i€ Suuf,

HeHer),

is analogous to the local Vogan L-packet appearing in the Gan—Gross—Prasad conjec-
tures, consisting of irreducible representations of the group and of its pure inner forms.
Here, Vs g consists of tuples whose first component is an irreducible representation
of a pure inner form of U(V), and whose second component is a character of a torus
(of the aforementioned pure inner form) isomorphic to L 119

We move to explain our global result. Let ' = F be a number field and let K = K
be a quadratic field extension of F.

By choosing a trace zero element § € K*, an automorphic character 1 of A%, such
that u | AX= K/F is the quadratic character given by global class field theory, and a

non-trivial character ¥ : F\A — C*, we can lift automorphic characters of L;_ (Af)
to automorphic representations of U(V) (Ar). Suppose that E is an n-dimensional
étale algebra over F, such that there exists 1 € E* satisfying that Vg ; is isomorphic
to V as hermitian spaces, and such that Lllz is anisotropic (equivalently, there is no
embedding of F-algebras K < E). Let : [LH — C* and «: [Llla] — C* be
automorphic characters. Our global result (Theorem 5.6) classifies when the «-period
is identically zero on the space of the global theta lift ©5 v ..y (8) of B to U(V) (Af).
As before, and as in the global Gan—Gross—Prasad conjectures, this classification is
expressed in terms of root numbers and central values of L-functions.

Theorem 1.4 Leti: LllE — U(V) be an admissible embedding corresponding to A €
E*. The o o i ~-period Pi(Llla) -1 is non-zero on the global theta lift Os v ;, y (B),
that is,

,aol

f[ € () a (1)dt # 0 for some f € Os.vuy (B),

if and only if the following conditions hold:

(1) Character compatibility: f = X1y
F\AF
(2) Root number condition: for every place v,

-1
OLg@pF, /EQpF, (A) = €Ly ®pF,/EQFF, <%,LE®FFU “Hy © NLy@pF,/K&FF,> Yv, 5) .

(3) Central L-function value condition: the following value is non-zero
L (O‘LE®FAF : :u_l ° NLE/K> # 0.

) Birkhauser
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We refer the reader to Section 4.3 for the definition of the central L-function value
L (ctzgopap - ™" o Nig/k) and other notation appearing in the theorem.

Notice that the first two conditions in Theorem 1.4 are equivalent to requiring that
for every place v, the conditions in Theorem 1.2 hold. It is clear that the condition
of the Hom-space not vanishing for every v is a necessary condition for the global
period to not vanish. Moreover, the root number condition implies that the global root
number equals one, i.e.,

-1
[ Tetearr. mapr, (av,LmFFu "My © NLg@pF,/KepF,: Vv, 3) =1,
v

and therefore the third condition regarding the central L-value ll(oz LE®FAF ° wlo
NLE/K) can be satisfied.

Similarly to the local case, we show in Corollary 5.8 that for characters « and
satisfying the compatibility condition and such that the central L-function value in
question does not vanish, there exists a unique non-degenerate hermitian space H of
dimension 7 and a unique class i € X gy, such that the period 7)1‘( LL).aoi-! does not

identically vanish on Os u, .y (B).

Theorem 1.5 For every choice of E, «, and B, as above, there exists a non-degenerate

hermitian space H of dimension n and an admissible embedding i : LIIE — U(H), such

that ’Pi(Lé),otoi’l is not identically zero on Oy .y (B), if and only if the following

conditions hold:

(1) Character compatibility: f = X1y
F\AF

(2) Central L-function value condition: the following value is non-zero

L (aLE®FAF ulo NLE/K> # 0.

Moreover, in this case, the class of such H and the class of i : Llli — UH) in X is
unique.

Once again, these results are similar to the global Gan—Gross—Prasad conjectures, in
the sense that for o and g satisfying the compatibility condition, the non-vanishing
of the period Pi( LL).coi~! is determined by a central L-function value, and in this
case there exists a unique non-degenerate hermitian space H of dimension n (up to
isomorphism) and a unique (up to U(H)-conjugacy) admissible embedding, for which
this period does not vanish. As in the local case, the set

Ve ® = |J {(@sy B aoi™) i€ Sen},

HeHer),
serves as a substitute for the global Vogan packet appearing in the global Gan—Gross-

Prasad conjectures, consisting of automorphic representations of the group and its
pure inner forms.

) Birkhauser
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The results of this paper, combined with the exceptional theta correspondence of
Baki¢ and Savin [3] for (PU3 % Z/27) x G, are used in order to construct local and
global Arthur packets for the exceptional group Go, see [1] and [2].

The paper is organized as follows. In Section 2, we recall the notion of e-hermitian
spaces and the invariants attached to them. Then we discuss the classification of max-
imal tori in unitary groups associated to e-hermitian spaces, and discuss the notion of
an admissible embedding. In Section 3, we recall the theta correspondence for unitary
groups over local fields. We use it to define the notion of the big theta lift for characters
of unitary groups of one-dimensional e-hermitian spaces over an étale algebra. We
then explain a seesaw identity for this theta lift. This is a key ingredient needed for
our main results. We then discuss the well-known results of theta lifting from U(1)
to U(1), and use them to obtain similar results for theta lifting from U(1) to U(1) for
a one-dimensional e-hermitian space over an étale algebra. In Section 4 we discuss
the global analogs of the statements in Section 3. In Section 5, we state and prove our
main theorems regarding toric periods of Weil representations of unitary groups. In
the appendix, we prove statements regarding two embeddings of a maximal torus that
are conjugate.

2 Maximal tori in unitary groups

In this section we describe how one can classify maximal tori in unitary groups,
following the results of [27]. Moreover, we introduce the notion of an admissible
embedding, which will be of importance in Section 5.

2.1 e-hermitian spaces and their corresponding unitary groups

Let F be a field. We will always assume that F' has characteristic # 2. Let K/F be
a quadratic étale algebra with an involution, denoted x — x¢, whose fixed points are
F. That is, K is either a quadratic field extension of F', in which case the involution
is the nontrivial Galois action on K, or K = F x F, in which case the involution is
given by (x, y) > (y, x) for x, y € F. The latter case is known as the split case, and
the unitary groups for hermitian spaces over these two quadratic étale algebras will be
treated separately.

For € € {*1}, a finite dimensional €-hermitian space is a finite dimensional vector
space V over K, equipped with an e-hermitian form, i.e., there exists a function
() : VXV — K, suchthat forall w,x,y € V,and o € K:

() {x,y) =€y, x)",
@) (w+x,y)=(w, y)+ (x,y),
) (ax,y) =a(x,y).

If e = 1, we call V hermitian, and if € = —1, we call V skew-hermitian. If § € K*
is a trace zero element, that is, trg,r (§) = 0, consider the space (WP, (., dws) =
(V, (-, -}%) equipped with the form defined by (x, y)* = & (x, y). We have that the
space W? is a —e-hermitian space. Throughout the text, hermitian spaces will always

) Birkhauser
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be denoted using the symbol V or H, and skew-hermitian spaces will always be denoted
using the symbol W.

We say that the space V is non-degenerate if for every 0 # x € V, there exists
y € V, such that (x, y) # 0. In this case, if T: V — V is a linear map, then there
exists a unique linear map 7*: V — V, such that

(Tx,y) = (x, T*y),

for every x, y € V. We call T* the adjoint of T. The assignment EndV — End V
mapping T + T* is an involution, such that for any 7', S € End (V) and any ¢ € K,

(@T)* =a‘T*,
(ToS)* =80T

If V is a non-degenerate finite dimensional e-hermitian space, we define its unitary
group to be

U(V) = {g € Resg;r GLg (V) | (gx,gy) = (x,),Vx,y € V}.

Note that if W° is given as above, then U(V) = UW?).
If V is a non-degenerate one-dimensional e-hermitian space over K, we have that
U(V) is isomorphic to the group

Klz{xeKX|xx":l}

by the map sending x € K'! to the multiplication by x map m, : V — V. We refer to
the inverse of this map as the obvious isomorphism U(V) — K.

2.1.1 Invariants of e-hermitian spaces

Let V be a non-degenerate e-hermitian space such that dimg V = n. The space V has
a natural invariant known as the discriminant, which we explain below.

Lete = {e;}!_, be abasis of V. Then the determinant of the e-hermitian form (-, -)
with respect to the basis {e;}7_, is defined to be

det ((-,-)), = det ((ei. e;)),; -

If V is hermitian, then det ({-,))e € F* and it is well-known that the class of
det((:, -))e in F*/Ng,r(K™) is independent of the chosen basis e. Hence, we may
omit e from the notation and denote det V = det((-, -))e € F*/Ng,r (K*). Note that
in the split case where K = F x F, we have that F* = Nk /F (K X), and therefore
the invariant det V is always trivial.

We define the discriminant of V as

discV := (=)= D/2 det v.

) Birkhauser
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For a non-degenerate finite dimensional skew-hermitian space W and a trace zero
element § € K*, we have that the space Vo, (., vs) = (W, (-, o)‘s) equipped with
the form

(r,y)" =8 (x.y)
is a hermitian space and we define
disc W = 8§~ 9™ W disc (V) € 7 9mWV . F*/Ng p(K ™).

Suppose now that F is a local field (we allow both archimedean and non-
archimedean local fields) and that K/F is a quadratic field extension. Using the
non-trivial quadratic character wg,r of F */Ng JF(K *) associated to the quadratic
extension K /F by local class field theory, we can encode the discriminant as a sign.
For a hermitian space V as above we define

€(V) = wg/r(disc V).
Similarly, for a skew-hermitian space W as above we define
€& (W) =€ (V?) = wk r (adimw disc w) .
Note that the invariant €5 (W) depends on the choice of §.

2.2 One-dimensional hermitian spaces with respect to an étale algebra

Let L be an étale algebra of degree n over K. We say that (L, o) is an étale algebra with
involution if o : L — L is an involution, such that for any @ € K, o (a) = a“. Given
such an étale algebra with involution, we may define the notion of an L-hermitian (or
L-skew-hermitian) space as in Section 2.1 by replacing K with L and the involution
x > x¢ with the involution o in the definitions.

It is well-known that any étale algebra with involution is of the form L = Lg =
K ®r E, where E is an étale algebra of degree n over F and o : Lg — L is defined
on pure tensors by

ok®h)=k°Q®h,
for k € K and h € E. Henceforth we will often write o (x) = x“ forx € Lg.

Let E be an étale algebra as above. Forany L € E*,let Lg ) = (Lg, (-, Vrg,) be
the one-dimensional L g-hermitian space equipped with the following form:

(X, )Ly, = Axy©.

As before, given a trace zero element § € L7, we may define a one-dimensional L g-

skew-hermitian space W%J = (Lg, (-, -)Wsm) by setting (x, y)wi__k =8, YLy,

) Birkhauser
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Consider the unitary group U(L g »), consisting of all L g-linear maps that preserve
the L g-hermitian structure on Lg ;. It is naturally isomorphic to the group of norm
one elements of Lg:

Ly ={x €Resg/p L | xx° =1}.
The isomorphism is given by the map sending x € L}5 to the multiplication by x
map my: Lg ; — Lg . We refer to the inverse of this isomorphism as the obvious
isomorphism U(LE ;) — LlE. Similarly, the unitary group U(WBE, ;) is also naturally

isomorphic to LIE, and we define the notion of the obvious isomorphism U(W% ) —>

L}E. The group L }5 will be fundamental for defining maximal tori in unitary groups in
the next sections.
If £ = ]_[7;1 F;, where for every j, F;/F is a field extension, and A =

Ay.eoyshm) € ]—[’};1 F/.X, then we have that U(Lg ;) = ]_[;;1 U(LF;.»;), which
is naturally isomorphic to ]_[;fl=1 L},,j . We also have a similar statement for the unitary

group U(W‘SE, ,) of the skew-hermitian L g-space W%’ e

2.2.1 The discriminant of an étale algebra

Let E be an étale algebra of degree n over F. Let e = {¢;}_, be a basis of E over F.
The determinant of the étale algebra E/F with respect to the basis e is defined to be

det (trE/F('))e =det (trE/p (eiej))i,j

It turns out that the class of det (trE/F (-))e in F*/ (F><)2 does not depend on the
choice of the basis e, and hence we can define

dety (E) = det (tI'E/F (eiej))l.j € FX/ (F><)2 .
The discriminant of the étale algebra E/F is defined as
discy (E) = (—1)"®~D/2 dety (E) € F*/ (F*)*.

Although these elements are classes of F*/ (F X)2, we will always regard them as
classes of F* /N /r (K*) using the quotient map F*/ (FX)2 — F*/Ngr (K*)
(recall that (F*)* = Ngr (F*) C Nir (K¥)).

2.2.2 Invariants of one-dimensional hermitian spaces over an étale algebra
Let & € E*. We define the discriminant of the space L ; as
discLg,=x€ E*/Np, e (L}).
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We define the discriminant of the space WSE’ 5 as
disc W), ; =81 € SE* /N, e (Ly).

Suppose that F is a local field. We may encode each of these invariants as a tuple
of signs. If E = ]_['/": | Fj as before, we define a homomorphism

OLE/E" EX/NLE/E (LE) — {1}

as follows. For A = (Aq, ..., A;) € ]—[;'.;1 ij let

wrp/E (X)) = (CULFI/FI A1), ..., @Lg, /F, ()»m)) ,

where wp ./ F; is the non-trivial quadratic character if ij is a field, and wp ./ F; is
J
the trivial character otherwise. We define

€ (Les) = wrg/e (1) and Ga(W%,x) =wLg/E (A).

2.3 Restriction of scalars of one-dimensional hermitian spaces over Lg

Let F be afield and let K / F be a quadratic field extension equipped with an involution
x +— x°. Let E be an étale algebra of degree n over F. For any A € E*, consider the
following hermitian space over K

Ve = (Resp,/k LE, (-, 9)3)
equipped with the following hermitian form
(X, ) =trg/k (X, ¥)p,, =WLg/K (Axy©),

where x,y € Lg.

Proposition 2.1 We have the equalities

det Vg | = detp (E)
and

disc Vg1 = discr (E)
in F*/Nk,r (KX).
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Proof Choose an F-basis e = {¢;}?_, for E. Then 1 ® r e = {1 ® ¢;}7_, is a K-basis
for V1. We have that o (1 ® ¢;) = 1 ® e;, and therefore

(fei ej)l)ij = (treg/x (1® eie/))ij = (tre/F (eie./'))ij'
Taking the determinant, we get that

det ({e;. ej)l)i,j = det (trg/F (eiej))i @

j )

which implies that the classes of these elements in F* /N (K X) are the same. The
class of the left hand side of (2) is det V g 1, while the class of the right hand side of (2)

is the image of detr (E) under the quotient map (FX) / (F><)2 — F*/Ng/F (KX)
O

Combining Proposition 2.1 with [4, Corollary 1.2.2], we have the following relation
between the determinants and discriminants of Vg , and E.

Lemma 2.2 Let A € E*. Then we have
det Vg n = Ng/p(A) - detp (E)
and
disc Vg ) = Ng/rp(X) - discr (E) .
2.3.1 Classification of maximal tori of unitary groups

In this section, we utilize the space Vg, and the unitary group U(Lg ;) in order
to classify the maximal tori of U(V) where V is a non-degenerate n-dimensional
hermitian space.

For any x € Lg, we may consider the K-linear map my : L — L defined by
my (y) = xy. Forany A € E* and any x € L}E, we have that the map m, preserves
the hermitian form (-, -}, . Let

T= {mx |x € L}E] C U(VEL).

Consider the central simple algebra End (V E. ;\) with involution S +— S*. It con-
tains the n-dimensional étale K-subalgebra L realized by the embedding Ly —
End (VE,)L) given by x — m,. Notice that

T =Resr,/r (GL1) NU(VE ;).
By [27, Proposition 2.3] we have that T is a maximal torus in U(Vg ;).
If V is a non-degenerate n-dimensional hermitian space, all maximal tori of U(V)

can be described in a similar way. First,ifr: Vg ; — Visanisomorphism of hermitian
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spaces, then the map U(Vg ;) — U(V) givenby g > rogor™!

and therefore

is an isomorphism,

Te, = {romxor_1 | x GL}S}

is a maximal torus in U(V).

For the other direction, by [27, Proposition 2.3]if T C U(V) is amaximal torus, then
there exists an n-dimensional étale algebra E and an embedding i’: Lg — End (V),
such that T =i’ (Resz, /7 (GL1)) NU(V), or equivalently T = i’ (LL). Finally, by [4,
Proposition 1.4.1], if E is an n-dimensional étale algebra over F, then there exists an
embedding i’: Lg — End (V) if and only if there exists A € E* and an isomorphism
of hermitian spaces r: Vg ; — V. By the proof of [4, Proposition 1.4.1], in this case
we have i’ (x) = r om, o r—! for any x € Lg. We summarize these results in the
following theorem.

Theorem 2.3 For any étale algebra E of degree n over F, an element ). € E* and an
isomorphism of hermitian spaces r: Vg — V, we have that

Te, = {romxor_1 | x GL}S}

is a maximal torus in U(V). Conversely, any maximal torus T in U(V) can be realized
in this form.

We remark that this theorem is also true in the split case K = F x F from easier
considerations. In this case, the unitary group U(V) is isomorphic to GL, (F). We
also have in this case that Ly = E x E and that

L}Ez [(x,x_1> | x eEX} = E*,

Hence, the statement in the split case is equivalent to the well-known fact that maximal
tori in GL,, (F) are in bijection with subgroups of the form {[mx]BE | x € EX } for
some étale algebra E of degree n over F' and some F-basis Bg of E, where [m, ],
is the matrix representing m, with respect to the basis Bg. See for example [29,
Proposition 3.2.29] or [31, Section 6.1].

2.4 Admissible embeddings

Let V be a non-degenerate n-dimensional hermitian space over K. Let E be an étale
algebra of rank n over F. In this section, we define the notion of an admissible
embedding i : L}Y — U(V). We classify the set of admissible embeddings modulo
conjugation by elements of U(V). These results are needed for Section 5.

We say that an embedding i : L}E — U(V) is admissible if there exists A € E* and
an isomorphism of hermitian spaces r: Vg ; — V, such that for any x € L1,

i(x)or =romy.
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This definition is inspired by [8, Section 3].

Remark 2.4 [Uniqueness of A and r] Suppose thatri: Vg ; — Vandry: Vg — V
are isomorphisms of hermitian spaces, where A, A’ € E*. Then we have that

rlomxorl_l=r20mxor2_l 3)

for every x € L., if and only if there exists y € L, such that A = Np,g/e (y) A/ and
r1 = r omy.

Indeed, if A = A - Npg/e(y) fory € LE and r; = rp om,, it is easy to check
that (3) holds. On the other hand if (3) holds, we have from Proposition 2.5 below that
ry Lo r1: Lg — LEg is an isomorphism of L g-algebras, and therefore there exists
y € Lg such that rz_l ory = m,. Since }’2_1 ori: Vg, — Vg is an isomorphism
of hermitian spaces, we must have that for every x1, x, € Lg,

(x1, x2); = (myx;, myxs),, = X2 ng o s

which implies that A = Ny /g (y) .

We say that two embeddings i1, i>: L}E — U(V) are conjugate if there exists
h € U(V), such that for any x € L},

hoiy(x)oh™ =ir (x).

The proof of the following property is technical and will be postponed to the
appendix (Proposition A.1).

Proposition 2.5 For j = 1,2, let ij: L}E — U(V) be an admissible embedding
corresponding to the data v : VEJj — V, where Lj € E*. Let i}: Lg — End (V)
be the map

-/ . -1
zj(x)_rJomxorj .

Suppose that there exists g € GL (V), such that for any x € L},

i1 (x) =goir(x)og .

Then for any x € LEg,

it(x)=goib(x)og™.

The following lemma serves as a key for our classification of admissible embeddings
modulo conjugacy.

Lemma2.6 Leti, A € E*, suchthatVg andV gy, areisomorphicto'V as hermitian
spaces. Let i : L}? — U(V) be an admissible embedding corresponding to the data
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r: Vg, — V. Letr': Vg, — V be an isometry. Denote by i L}E — U(V) the
admissible embedding

i (x) = (r o r/il)_1 oi(x)o (I’ o r/il) ,

with respect to the data r': Vg o — V. Then i, is conjugate to i if and only if there
exists y € LE, such that

AT = Nig e ().
Proof By Proposition 2.5, the embeddings i and i,- are conjugate if and only the maps
i',i/,: Lg — End (V), given by i’ (x) = r om, o r~!and il, (x) =r omy or' 7!
are conjugate. This happens if and only if there exists # € U(V), such that
r_l ohor/: LE — LE
is an L g-linear map.
Suppose that there exists 7 € U(V) such that ¥ ! o h o r’ is an Lg-linear map.
Thenhor' =ro m,, for some y € LE. For any x1, x, € Lg, we have
(nr'x1, hr'xo)y, = (Fxr, r'xa)y = (1 x2)
and
(rmyxi, rmyxs), = (myxi, myxy), = (X1, X2) N, p(n -
Hence, we have for every x1, x, € Lg,
(rns xa)p = (e X2y e s
which implies that .’ = N, /r (y) A, and therefore

AW = Nige (),

as required.
We move to prove the other direction. Suppose that A" = N, g (y) A, where

y € L. Defineh =romyo ¥ Thenr—'ohor = m, is an L g-linear map. We
check that the element 2 we have constructed lies in the unitary group U(V). Repeating
similar steps to before, we have

(hr/xl ’ hr’xz)v = <rmyx1 s rmyx2>v = (x1 , xz)NLE/E(y))t .
Since Nr /e (y) 2 = 2/, we get

(r'xi, hr'xa)y, = (x1, x2)0 = (r'x1, F'xa)y, -
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Therefore, we get that 1 € U(V), as required. 0

Remark2.7 1f iy, iy: L}s — U(V) are embeddings, we say that i; and i are stably
conjugate if there exists g € U(V) (F), such that for any x € L1,

goit(x)og t=ir(x).

Here, F is an algebraic closure of F, and we refer to Section 2.5 for the definition of
Uv) (F ) We have that the set of admissible embeddings i : L }5 — U(V) is a stable
conjugacy class. We will show this only in the case where K /F is a quadratic field
extension, as the other case is simpler. In this case, we choose F to be an algebraic
closure of K. We have that U(V) (F) is naturally isomorphic to GLz (V ® F), the
group of invertible F-linear maps V®x F — V @ F.If ij and i> are admissible
embeddings corresponding to the data ri: Vg ;, — Vand rn: Vg, — V with
A, A2 € E*, then for any x € L., we have goir(x)o g_l = ip (x), where
g=rnror 'eGL kx (V) (where GLg (V) is the group of invertible K-linear maps
V — V). Hence, i1 and i, are stably conjugate.

On the other hand, if iy : L}E — U(V) is an admissible embedding, corresponding
to the data A € EX and r: Vg, — V, and iy: L}E — U(V) is an embedding,
such that i1 and i, are stably conjugate, then there exists an invertible F-linear map
g:V®k F — V®g F such that g o (i1 (x) ®idp) og l=ib(x)® idz for any
X € L}E. Since i (L}E) is a maximal torus in U(V), there exists an étale algebra E’ of
rank n over F,aA’ € (E/) ¥ and an isomorphism of hermitian spaces r’: Vs v — V,

such that the image of the map L}, — U(V) givenby x > r’om, o (_r’)f1 isis (L}E_)
Consider the map T = (r_1 ®idF) o g_1 o (r/ ®idﬁ) :Lp ®x F — Lp Qg F.
Since we have for any x € L, T o (my ®idz) = (mr(x) ®idz) o T for some
T(x) € L}s/’ by Proposition A.2 for any x € Lg, there exists a unique 7 (x) € Lg/,
such that 7 o (mf(x) ® idﬁ) = (Inx ® idlj-) oT.Itfollows that t: Ly — L is an
isomorphism of étale algebras over K, that is, it is an isomorphism of rings that fixes
K. We have that for any x € L1,

i () ®idj = (7 @idg) o T~ o (my ®@idf) o T o () @idy)

= (r/ 0 Mg (x) O (r/)_l) ®idz.

This implies that i is an admissible embedding with respect to the data ! ()J) € EX
and r": Vg -1 — V, given by r” (y) = r' (t (y)), as required.

It is clear that if A, A" € E* are such that A = Nz, /g (y) - A/, forsome y € L,
then the hermitian spaces Vg ; and Vg are isomorphic by the map Vg, — Vg
given by x — m,x. The following theorem establishes a bijection between admissible
embeddings of L }5 modulo conjugation and certain classes A € E* /N ./ (LE)
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Theorem 2.8 There exists a natural bijection between the set
{A S EX/NLE/E (LE) | Vi, =V as hermitian spaces}
and the set

SEv = [i: LY — UV) | iis admissible} J U(V)-conjugation .

This bijection is given as follows. For any . € E™ such that V = Vg ;, choose an
isomorphism of hermitian spaces r: Vg 5 — V and define an admissible embedding
ir: L}E — U(V) by the formula

ir(x)=romyor !,
where x € L}E. The bijection sends the class [L] € E*/Np,/E (LE) to the conjugacy
class c; = [i;] € Zgv of ir.

Proof We claim that the conjugacy class of i, does not depend on the choice of r.
Indeed, if 72: Vg 3 — V is another isomorphism, then for any x € L}E

—1
i (x) = <r or;‘) oiy (X)oror !

and we have that r o 5~ € U(V) as a composition of two isometries.

We show that A — ¢, is a bijection as in the theorem.

The map is injective: given A, € E*, and isomorphisms r: Vg, — V and
r': Vg — V, we have for any x € L1,

—1 _
i,/(x)z(ror/_l> oiy(x)oror '

It follows from Lemma 2.6 that the embeddings i, and i, are conjugate if and only if
—1
(W) 2 e Nege (Lg)-
The map is surjective: leti : L}E — U(V) be an admissible embedding correspond-
ing to the datar: Vg, — V. We have that for any x € Ly,

i(x)=romyor L.

Therefore, c, is the conjugacy class of i, as required. O

Remark 2.9 When F is a non-archimedean local field and K /F is a quadratic field
extension, there exist exactly two isomorphism classes of non-degenerate hermitian
spaces of dimension n over K. The isomorphism class of such hermitian space is
determined by its discriminant. Using Lemma 2.2, we can rewrite the first set in the
proposition as

{* € EX/Np, /e (L) | discV = Ng/p (M) discr (E)}.
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Remark 2.10 Let A, A’ € E*.If F is a non-archimedean local field then, as in the
previous remark, we have that the hermitian spaces Vg ; and Vg, are isomorphic if
and only if Ng/p (k‘lk’) € Ng/r (KX)

If F is an archimedean local field, then the hermitian spaces Vg ; and Vg ;/ are
isomorphic if and only if the number of non-trivial components of A and )" as elements
of EX/Np,/E (L) is the same.

2.5 Functoriality for admissible embeddings

In this section, we explain how an admissible embedding of a torus i : L}s - TC
U(V), gives rise to a family of embeddings i (R) : L}E (R) — U(V)(R) for any
F-algebra R.

Let R be a commutative F-algebra, and consider the ring Lg = K ® ¢ R, equipped
with the involution o : Lr — Ly defined on pure tensors by

ock®@h)=k‘Qh,

where k € K and i € R. Henceforth, we will write x¢ instead of o (x) for x € Lg.
As before, one can define the notion of an e-hermitian space over L g, as in Section
2.1 by replacing K with L in the definitions.
Let (V, (-, -)y) be an e-hermitian space over K. Then the space (V (R), {-, )y (r))
is an e-hermitian space over Lg, where V (R) = V ®f R and (-, -}y (g is defined on
pure tensors by

(v ® h1,v2 @ ha)y(r) = (v1, v2)v ® (hiho),

where vy, v2 € V and hy, h, € R. We denote by U(V) (R) the group consisting of
invertible L g-linear maps that preserve the form (-, -)yg). Suppose that E is an étale
algebra over F of degree n = dim V, and thati : LL. — U(V) is an admissible embed-
ding correspondingtothedatal € E* andr: Vg ; — V.Sincer isanisomorphism of
e-hermitian spaces over K, we have thatthe map r (R) = r®idg: Vg, (R) = V(R)
is an isomorphism of e-hermitian spaces over L.

We may define an embedding i (R) : Resg/r L}5 (R) = U(V) (R), corresponding
to the data A € E* andr (R) : Vg1 (R) — V (R), by the formula

i(R)(x)=r(Ryomyor(R)™",
where
Resg/p Ly (R) = {x € (Lg ®F R)* | x -x° =1},
and forx € (Lg ®F R)*,themapm,: Lg ® r R — Lg ®p R is the multiplication
by x map. Here, as usual, x — x€ is the involution on Lz ®r R, defined on pure
tensors by

()’®h)c=yc®h,
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where y € L and h € R.

Notethatifk € K, wealwayshavethati (R) (k ® 1) = my®idg, wheremy: V —
V is the map mpv = kv, i.e., the multiplication by the scalar kK map. In the special
case where V is one-dimensional, and hence E = F, we get thati (R) : L }E (R) —>
U(V) (R) is an isomorphism for every R.

In the sequel, given an admissible embedding i : L}s — U(V), we will often write
i fori (R), especially when F' = F is a number field and R = Ay is its ring of adeles.

3 Local theory

In this section, we recall the local theta correspondence. We use it to define a theta
correspondence for 1-dimensional L g-hermitian spaces. We then discuss a seesaw
identity satisfied by the theta lift we defined and the usual theta lift. Finally, we recall
the definition of local root numbers, and the classical results regarding theta lifting
from U(1) to U(1) in terms of them. We use these results to determine when our theta
lift for 1-dimensional L g-hermitian spaces does not vanish. These results are needed
for Section 5.

3.1 The local theta correspondence

Let F be alocal field of characteristic # 2 and let K / F be a quadratic étale algebra. Let
V and W be non-degenerate finite-dimensional hermitian and skew-hermitian spaces
over K, respectively.

Consider the tensor product Resg/r(V ®x W). We equip this space with a sym-
plectic form defined on pure tensors by

(v@w, vV ®@uw)) =trg/r ((v v’)v . <w, u/)w) ,

where v, v’ € Vand w, w’ € W.

For any non-trivial character ¥ : F — C*, we have a unique (up to isomor-
phism) irreducible (smooth) representation wy, r of the Heisenberg group associated
with Resg,r(V ®k W), such that the central character of wy r is ¥. The repre-
sentation wy, f gives rise to an Sl-metaplectic cover Mp,, (Resg/r (V ®k W)) of
Sp (Resk /7 (V ®k W)), where S! € C* is the unit circle. We denote this group
by Mp,, (V, W) for short. The representation wy,  above gives rise to an irreducible
representation of the metaplectic group Mp,, (V, W), which we also denote by wy, .
We call wy, r the Weil representation associated with .

We have an embedding ¢: U(V) x U(W) — Sp(Resk,r(V ®x W)), where for
gv € U(V) and gw € U(W), the map ¢ (gv, gw) is defined on pure tensors by

t(gv, gw) (V® w) = gvv ® gww,
where v € Vand w € W.
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When referring to representations of U(V) (or U(W)), we will always mean
smooth admissible representations. Let us denote by Irr U(V) and Irr U(W) the set
of equivalence classes of irreducible (smooth) representations of U(V) and of U(W),
respectively.

The theta correspondence allows us to transfer irreducible representations of U(V)
to irreducible representations of U(W), and vice versa. In order to describe it, we need
a lifting of ¢ to the metaplectic group

t: UV) x U(W) — Mp,, (V,W).

The existence of such liftings, usually called splittings, is due to Kudla [19]. We
postpone the discussion regarding this splitting to the next subsection. Given such a
splitting 7, we may pullback wy, r to a representation Qv w7y of U(V) x U(W).

We proceed by describing the theta correspondence. Let 7 be an irreducible repre-
sentation of U(V). The big theta lift ® (;7) is defined as follows. Consider the maximal
7 -isotypic quotient of Qv w7 y:

(QV’WJJ//)T[’U(V) = QV,W,Z,W/ ﬂker .f’
f

where the intersection is over all

f € Homyw)x1 (Qv,wip. 7).

By construction, we have that (QVvW’Z’W)n,U(V) is of the form 7 ® o, where o is a
representation of U(W). We write ®y w 7y () for o and call this representation the
big theta lift of w. The big theta lift Oy w ;y (7r) satisfies the following functorial
property: for any irreducible representation t of U(W) we have that

Homyw)xuw) (2v,w iy, 7 ® 1) = Homyw) (Ov,w iy (7). 7).

More generally, for any subgroup H < U(W) and any irreducible representation t
of H, we have that

Homywv)x# (Qv,wiy. 7 ®1) = Homy (Ovwiy () 4, 7). 4)

We move to discuss the small theta lift. Howe and Kudla proved that if the big theta
lift defined above is non-zero, then it is of finite length. It follows that ®y v ; y ()
has a maximal semisimple quotient, which we denote by 6y w ;y () and call the
small theta lift of .

The following two theorems were proved by Howe in the archimedean case [17],
by Waldspurger in the non-archimedean case for fields with residue field of odd char-
acteristic [32], and by Gan-Takeda in the non-archimedean case in general [12].

Theorem 3.1 If the big theta lift Oy w .y (77) is not zero, then it has a unique irre-
ducible quotient.
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Therefore, it follows that if ®v w 7y () is not zero, then Oy w 7y () is the unique
irreducible quotient of Oy w 7y (7).

Moreover, if 7 and 7/ are irreducible representations of U(V) with the same non-
zero small theta lift, then 7w and 7" are isomorphic. These results combined yield the
following statement, which is known as Howe duality.

Theorem 3.2 We have a map Irr U(V) — Trr UW)U{0}, given by m +— Oy w1y (7).
The restriction of this map to the set of representations with non-zero theta lift is an
injective map.

We remark that we started with an irreducible representation w of U(V) and
constructed its big and small theta lifts. Similarly, we can start with an irreducible
representation o of U(W) and construct its big and small theta lifts. We have analo-
gous results by exchanging the roles of V and W, and of 7 and o, respectively. The
above results yield the following multiplicity one theorem:

Theorem 3.3 Forany m € Irr U(V) and o € Irr U(W) we have
dim HomU(V)XU(w) (Qvﬁw’[’w, TR O') <1.

Let us mention a useful fact relating the big theta lift and the small theta lift in a spe-
cial case. By [23, Page 69, Theoreme principal], if 7w is supercuspidal and ®y vy 7 y ()
is not zero, then ®y w ; y () is irreducible, and we have that it equals Oy w7y (7).
In particular, if V is one-dimensional, then 7 is a character and hence ®y v 7 y ()
coincides with 6y w 7 4 (7).

3.1.1 Splitting of the embedding ¢

In this subsection, we discuss the details regarding the splitting provided by Kudla’s
work [19]. We will explain the data needed in order to define a splitting

i: U(V) x UMW) — Mp,, (V, W)
for the embedding
2 U(V) x U(W) — Sp (Resg/r (V®F W))

described above.
The splitting 7 depends on a choice of two characters yy, yw of K> such that

AW} = ofJF"  and XV x = o
For example, we can choose a character : K* — C* such that K} px = OKJF
and define xyv = pnd™VY and yw = pdimW.
Given such xv, Kudla constructs an embedding iy, ,,: UMW) — Mp,, (V, W).
Similarly, given xw, Kudla constructs an embedding Ty, yy : U(V) — Mp,, (V, W).
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It turns out that the images of Ty, and of iy ,, commute. It also turns out that
the images of these embeddings have mutual center. Hence, we get a splitting { =
Ty yoow - UV) x UW) — Mp,, (V. W), as desired.

3.1.2 Notation for theta lifts of characters of K’

We introduce another notation for lifting of characters of K! that uses a trace zero
element § instead of a skew-hermitian space W.

Let§ € K* be a trace zero element, and let ;u: K* — C* be a character such that
Wt ox = i /F- Suppose that V is a hermitian space over K and that A K!' - C*is
a character. We denote

and

. i/
O, v,y (B) 1= GWL}‘,I’V'ZM"// (ﬂ ° lep_])

where i{Va : U(W‘SF’ D— K 1is the obvious isomorphism and where 1, is the splitting

F,1
associated to the characters (/,L, ud‘m V).

3.1.3 Theta lifting for unitary groups of 1-dimensional spaces over étale algebras

Let E be an étale algebra of rank n over F. Choose a trace zero element § € K*. Let
rMA € L;- and consider the L g-hermitian space Lg ; and the L g-skew-hermitian
space W%’ ,-- In this section, we describe the theta correspondence for the groups
U(Lg ;) and U(WSE’N).

As before, we write E = ]_[’]’»1=1 F;, where for every j, F;/F is a field extension.

Then for A = (A1, ..., An) € EXand A" = (A], ..., A],) € E*, we have that

m m
ULes) =[] U(Lr ) and UWS,) = nU(W‘;j’A;).
j=1 '

j=1
. s
For every 1 < j < m, we denote V; = ij,,\j and W; = WF]-,)J/.' Then every
character : U(Lg ) — C* is equivalent to a tuple (a1, ..., o), Where for every

J,themap oj: U(V;) — C* is a character. Therefore, we may use the usual local
theta correspondence to define a local theta correspondence for the groups U(LE ;)
and U(W‘SE ,)- Let us describe this correspondence.

Let 1,5, xws - LE — C* be multiplicative characters, such that
’ E.

= Xw? = WLE/E-

L
XLE) | px EX ]
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Wehave that x; ,, and xys correspondtotuples (xv,. ..., xv,,) and (xwy. - - ., XW,.):
! E\

respectively, where for every 1 < j <m, xv i XW; e L}X,, — C* are characters, such
K J
that

XVip e = XWip o = @OLE;/Fj

J £j
Therefore, we get a splitting
Ij: U(V)) x UW;) — Mpy, (V;, W,),

where ¥7; = ¥ o e /F. We write T = (11, ..., In).
We define the big theta lift of « as above by the formula

®LE.X’W(SE )\/’ZJ// (a) = ®V1,W1,Zl,1//1 (al) Q- ® ®Vmawmazm!1/fm (am) :

It is a representation of U(Wi" ;) (might be the zero representation).
m m .
Letwy,r = @ @y, F; and QLE,AvWSE,)L/JJ/f = @'Z1 Qv; W, .i;.y;- Once again,
consider the maximal a-isotypic quotient of 2 Lps Wi, oyt

Q - ) =Q - ker f,
(LE,A,wi.vy‘z,w g eaWy, i/ O f

where the intersection is over all f € Homy, ,)x1 (QL“ We iy a) . Then,
’ Ao Wp b
similarly to before, we have that

<QLE,A.W;_A,,L¢) Sa®0L,, w gy (@)

a,U(LE,2)

As before, for any subgroup H C U(W%’ ,») and any irreducible representation T of
H, we have that

Homu (L ,)xH (QLE,»W‘SEJ/JJ//’ a® r) = Hompy (G)LE,A,W‘;.A/.MO (o) TH, ‘L’) .

(&)

We make the following remark which will be useful later. Suppose that A’ = 1. We
have the following decomposition of symplectic spaces

m
Resg/F (VE,A (3¢ Wi‘l) = @RGSLFJ./F (Vj ®LF_[ Wj) .
j=1
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Hence, we get a natural map (see [26, Remark 2.7])

m
[ IMpy, (Vis W) = Mpy, (Ve Wk ).
j=1

This map is not injective, but its restriction to Mp,,,j (V W j) is injective for every j.
Therefore, we may regard 7 as a map

T U(LE;) x UMW ) — Mpy, (Ve WS ).

Furthermore, since the restriction of the Weil representation wy, g to Mpwi (V W j) is

wy;, F;, we have that the restriction of Qy, we oy UV xUW)) SQv, w1y,
This compatibility is important for the local seesaw identity, which we will describe
in the next section.

Remark 3.4 By [23, Pages 36-37, Remarque (6)], the kernel of the map ]_[';':1
Mpwj (Vj, Wj) — Mp,, (VE,;L, W‘} 1) is given by all tuples (g1, ..., gn) such that

for every j the projection of g; to Sp (ResL #;/Fj (V i ®L K W 1>) is the identity, and
such that if #; is the projection of g; to S! then ]_["11: 1t =1

3.2 Alocal seesaw identity
3.2.1 Splitting set up

Suppose we are in the setup of Section 3.1.3 with A’ = 1. We will consider the
following seesaw diagram:

UW ) U(VE L)
UWS ) U(LEg.3).

Here U(W‘},l) is realized as a subgroup of U(W%’l) diagonally, that is, an element
x e Kl = U(W‘;’l) acts on W%’l by the multiplication by x map m,, given by
m,w = xw, forw € W%ﬁl.

In order to write down a seesaw identity, we need to fix compatible splittings. We
explain this now.

Given characters xr, ,, xwi, | : LE — C*, such that

XLp; 1Ex= Xws | [Ex= OLy/E,
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we constructed a map
it U(Lg;) x UWE ) — Mpy, (VEa, WE ).
By Kudla’s construction, this splitting is of the form i = was X Ty Ly, » Where
E 1 ’

D+ ULES) = Mpy, (Vea, Wiy) and Ty, UWE ) — Mpy (Ves, W)

On the other hand, given characters xv, , xws, | K* — C*, such that

XV —cudimKVE'.A and  xys = WK /F
EX| o K/F WF-‘FFX /F>

we have a splitting

7: UVEL) x UWE ) — Mpy, (Ve Wi ).

Once again, by Kudla’s construction, this embedding is of the form 7’ = Z;( s X Z;WE p
WF.] s
where
Tt k U(Ve,) = Mpy, (Ve W) and Do, UW% ) = Mpy, (Ve W)

F,

We say that these splitting ¢ and " are compatible if they agree on the subgroup
U(LE.)) X U(W?,,l). This is equivalent to requiring the following equalities between
the characters involved:

Xwi | = Xws | © Nrg/xk and  xpp, [kx= Xvg,-
We refer to the discussion in [15, Section 1] for more details.
3.2.2 The local seesaw identity
Leta: U(Lg,;) — C* and 8: U(W%yl) — C* be characters.
Choose compatible splittings 7 and 7’ as above. Let ® (B) be the big theta lift of

B to U(Vg,,) with respect to the splitting . By (4), we have the following equality,
where we take H = U(Lg ,):

HomU(LE.;L)xU(W‘},l) (QVE‘,\,w@.l,?,w’ a® :3> = Homuy(z ;) (® B) Tuwe,) “) .

Similarly, Let ® («) be the big theta lift of « to U(W%’ 1)» with respect to the splitting
T. Similarly to before, by (5), we have the following equality, where this time we take
H =UW} )

Homy (o yuws. ) (QVE,A,W‘}J,LW x® ﬂ) = Homyws (® @) Tyws ) ﬂ) :
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Since the splittings I’ and 7 are compatible, they agree on the subgroup U(Lg ;) X
U(W‘},l). Hence, we get the following identity, which is called the local seesaw
identity:

Homu(z,) (© (B) Tuize: @) = Homyays |, (0@ Tyt 1 B) . (©)
This identity will serve as a key ingredient in the proof of our main result.

3.3 Theta lifting for unitary groups of one-dimensional spaces

In this section, we recall results regarding theta lifting of characters of U(W) to U(V),
where W and V are one-dimensional. These results are stated in terms of a relation
between the root number of a character and the discriminants of V and W. We begin
with recalling the definition of the root number of a character of K> and defining a
similar notion for a conjugate-dual character of L7, where E/F is an étale algebra.
We then state results of [15] and [25] regarding the non-vanishing of a theta lift of a
character of U(W). We finish with using our definition for root numbers of characters
of L% in order to deduce a similar statement for theta lifts of characters of unitary
groups of one-dimensional L g-skew-hermitian spaces.

3.3.1 Vector of root numbers of characters of L}

Let v: F — C* be a non-trivial character. For any trace zero element § € K*
we define ¢5: K — C* by the formula ¥ (x) = ¢ (trK / F((Sx)). Note that for any
x € K*, we have s (x°) = v ' (x).

For any character x: Ly — C* such that x (x°) = x (x_l), we will define a
vector of root numbers € (x, ¥, §).

Assume first that E is a field extension of F. The étale algebra L = E Q@ K is
either a field or is isomorphic to E x E. Let x: Ly — C* be a character as above.
If Lg is a field, we set

eLg/E (X, ¥, 0) = 8?26 (%7 X ¥sotrr, k),

where for a complex number s, the factor 8{‘2‘6 (s, X, Wsotrp,y K) is the epsilon factor

defined by Tate [20, 30]. If Lg = E x E, then we define e7 /g (x, ¥, ) = 1.
We move to the general case. Let E be a finite-dimensional étale algebra. As before,
we may write £ = ]_[';': | Fj, where F;/F is a field extension. Given a character

x: Ly — C*, we may regard it as a tuple (x1, ..., xm), where x;: L;/ — C*
is a character satisfying x; (x¢) = X;I (x) for every j and x € L féj. We define
eLg/E (X, ¥, 8) as the following tuple:

eLg/E (X, ¥, 08) = (8LF1/F1 (X1, ¥,8) .- eLg, /Fy (Xm> Vs 3)) .
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Recall that for any x € Ly we have that x (x¢) = x " '(x) and ¥5(x€) = wé_l(x).
This implies that 7 /g (x, ¥, 8) is a tuple of signs.

3.3.2 Base change for characters of L,‘:.

We have an isomorphism jg: Ly /E* — L}E given by jr (x) = .
Given a character §: L}E — C*, we define a character . : L, — C* by the
formula

B, (x) = (Bojr)(x) = (xi) ,

Notice that B (x€) = ,BL_; (x). Therefore, if yx : Lz- — C* is a character such
— X
that x rNLE/E(LE)_ 1, then for any x € L,

(X_lﬂLE) (x_1> = (X_lﬂLE> (x9).

and the vector of root numbers e, /¢ (x ' - Br,, ¥, §) is defined.

3.3.3 Non-vanishing of theta lifts

Suppose that K / F is aquadratic field extension, and let§ € K * be atrace zero element.
Let V and W be non-degenerate one-dimensional hermitian and skew hermitian spaces
over K, respectively.

The non-vanishing of a theta lift of a character of U(V) is treated separately for
the archimedean case and the non-archimedean case. When F is non-archimedean,
the statement is given by [15, Theorem 6.1]. There are subtle differences between the
versions of this result presented in [ 15] and the version we state below. Such differences
are explained in [8, Section 9]. When F = R, the result is given by [25, Theorem
6.1]. Once again, it is written in a different language, and we refer to [34, Section
3.2] for the translation!. Let i{,: U(V) — K' and iy, : U(W) — K! be the obvious
isomorphisms. Let o : K' — C* be a character. The following result determines the
theta lift @V’W,[yw (Dl o l{,)

Theorem 3.5 (Epsilon Dichotomy) The theta lift Oy w7,y (oz o l{,) with respect to the
splitting T associated to the characters (xv, xw) is non-zero if and only if

e (w' - ax .8) =€ (V) & (W),

Moreover, in this case

®V,W,Z,1// (Ol [} l{/) = ((X\;,l . Xv) o j;l . Ol) o l{V

! We warn the reader that the characters xv and xy- in [34] are xw and yv, respectively, in our notation.
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We remark that this theorem is also true in the split case, i.e., it is true when
K = F x F.In this case, the characters yw and xv, are trivial, and all the invariants
specified in the theorem are also trivial. Hence, the condition is always satisfied. By
[5, 7, 22], we have in this case that Oy w7y ((x o z{,) = « o iy, which is the same
statement as in the theorem, since the characters yy and xw are trivial.

3.3.4 Non-vanishing of theta lifts for one-dimensional spaces over an étale algebra

Let E be an étale algebra of degree n over F. Let A € E* and let § € K> be a trace
zero element. Consider the same setup as in Section 3.2. Theorem 3.5 has an obvious
extension for the spaces W‘SE’1 and Vg, which will be useful for the proof of our
main result.

Letiy: U(Lgy) — L}; and iy : U(W%’l) — L}5 be the obvious isomorphisms.
Letoa: L}E — C* be a character.

Theorem 3.6 The theta lift ® (a o t{,) =0, LW Ty (a o l{,) is non-zero if and
only if ‘

€Ly /E <XV_V§ oMLk oL Y, 8) =e(Vea) & (Wi,) = oL e (),
F,

and in this case

@(O( oi{,) = ((XW}FI oNLg/K - XLE,A) ojgl ~a> 0 iyy.

4 Global theory

We now consider the global analogs of the previous section. We introduce the global
theta correspondence and a global seesaw identity that we will need in Section 5.
Finally, we recall a result of Yamana regarding the non-vanishing of the global theta
lift.

4.1 The global theta correspondence

Let F be a number field and let K/F be a quadratic field extension with involution
x — x¢, whose set of fixed points is F.

Let V and W be non-degenerate finite dimensional hermitian and skew-hermitian
spaces over K, respectively. As in the local case, we consider the tensor product
RCSK/F (V®r W).LetSp(V,W) (F) =Sp (RCSK/F (V ®k W))

Let Af be the adeles of F. For an algebraic group G defined over F, denote by
[G] = G (F) \G (Ay) its automorphic quotient. Let ¢ : F\Ar — C* be a non-trivial
character. Write ¥ = &), . For every place v of F, we denote V, = V ®¢ F, and
W, = W ®p F,. We also denote K, = K ® F,.
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For almost all v, the covering

I ——S!' ——Mp,, (Vy, Wy) — Sp (Resk,/F, (Vo ®k, Wy)) — 1

splits uniquely over the maximal hyperspecial subgroup /C,, of Sp (ResKU /¥, (Vv ®K, Wv)) .
Let

Sp (V. W) (Ap) = [ | Sp (Resk,/r, (Vo ®k, W,))

be the restricted product with respect to K, C Sp (Resk, /r, (Vo ®k, Wy)). Consider
the restricted product I—[:} Mpwv (Vy, Wy) with respect to K,y C Mpl/,u (Vy, Wy). We
denote by Mp,, (V, W) (Ap) the quotient of the latter restricted product by the central
subgroup

Z= {(zv)v ePs' ][]z = 1}.

Then Mp,, (V, W) (Ap) fits into the following exact sequence
1 ——=S!'——Mp, (V. W) (Ap) —= Sp (V. W) (Ap) — L.

We have that Mp,/, (V, W) (Ar) splits canonically over Sp (V, W) (F). Thus, we may
regard Sp (V, W) (F) as a subgroup of Mpw (V, W) (Af) and define

[Mpy, (V. W)] = Sp(V, W) (F) \Mp,, (V. W) (Ap).

Let Resg/r (VK W) = X @ Y be a polarization, and for every v let X, =
X®rF,and Y, = Y ®yF,. For every v, we realize the Weil representation wy,, g, of
Mp% (Vy, Wy) via its Schrodinger model, acting on the space S (Y,) consisting of
Schwartz functions on Y,,. We denote by S (Y, Ap) = ®; S (Y,) the restricted tensor
product and by wy s, = @), wy, F, the global Weil representation of Mp,, (V, W).

For a function ¢ € S (Y, Ar), we consider its theta series, defined for g €
Mp,, (V. W) (Af) by

0(9) (@)=Y (wp.ar (@) 9) ).

yeY
Then it is well-known that 6 (¢) is an automorphic form of [Mp,, (V, W)].
The embedding ¢: U(V) x UMW) — Sp (V, W) discussed in Section 3.1 has a
global analog
¢ UV) (Ap) x U(W) (Ap) — Sp (V, W) (Ap) .
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As in the local case, in order to describe the theta correspondence, we need a lifting
of ¢ to the metaplectic group

£ UV) (Ap) x UW) (Ap) — Mpy, (V, W) (Ay),

such that the image of U(V) (F) x U(W) (F) under ¢ lies in Sp (V, W) (F). Such a
lifting exists, and we postpone the discussion regarding the data needed in order to
construct it to the next subsection.

For a cuspidal automorphic form f : [U(V)] — C, a Schwartz function ¢ €
S (Y, Ar), and an element gw € U(W) (Af) , we denote

6 (0. f) (gw) = / 6 (@) (i (gv. gw)) T (@v)dav.
[UW)]

Itis well-known that 6; (¢, f) is an automorphic form of [U(W)]. Given an irreducible
cuspidal automorphic representation 7 of U(V), we denote

Ov,w,iy () = Spanc {6; (¢, /) | ¢ € S(Y, Ap), f € 7},

and call Oy w7y () the global theta lift of 7.
By [21, Corollary 7.3] if Oy w7y () lies in the space of square-integrable auto-
morphic forms, then Oy w7y (1) = &), Ov, W, 7,1, (T0)-

4.1.1 Splitting of the embedding ¢

The goal of this subsection is to describe the data needed in order to construct a splitting
: UV) (Ap) x UW) (Ap) — Mp,, (V. W) (Ap) of 1. Let Ak be the adeles of K,
and let wi /p be the quadratic character attached to the field extension K/F by global
class field theory.

Similarly to Section 3.1.1, in order to construct a splitting, we need to choose
automorphic characters xv = @, xv, and xw = &, xw, of K*\Ag, such that

dim W dim V

AW, = OKJF and XV[A? = wg§ -

1
By choosing such characters, for any place v we get an embedding ty, yy, : U(Vy) —
Mpy,, (Vy, Wy) and an embedding Ty, yy, : UWy) — Mp,, (Vy, Wy). We obtain
the desired embedding © = Ty, ,y, v Dy forming the tensor products iy .y =
@y T, A0 Ty = @y Ty, gy, A0 SCHNG Ty g sy = Tyrw X gy

4.1.2 Notation for theta lifts of automorphic characters of [L} |

We introduce the global counterpart of the notation in Section 3.1.2.
Let § € K* be a trace zero element, and let 1 : K*\Ag — C* be an automorphic

character such that Kl x = @K/F- Suppose that V is a hermitian space over K and
F

that 8 : [L{T] — C* is an automorphic character (see Section 2.5). We denote
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-/
where i/,
WF, 1

the splitting associated to the characters (/L, "

: U(W%gl) (Ap) — LlF (Ay) is the obvious isomorphism and where 7, is
dim V).

4.1.3 Theta lifting for unitary groups of 1-dimensional spaces over étale algebras

Similarly to Section 3.1.3, we define a theta correspondence for unitary groups of
one-dimensional spaces over an étale algebra.

We use the definitions in Section 2.2 with F = F and K = K. Let § € K* be a
trace zero element.

If E/F is a finite field extension, then Ag = E ®p Ar. Recall that in this case, if
A € EX and if R is aring over F, then

U(LE) (R) = L (R) = {x € (Respyp L) (R) | x - x“ =1} .

In particular, we have that the F-adelic points of the unitary group U(LEg ;) are the
same as the E-adelic points of the unitary group of Lg ; defined over E, which we
denote Ug(LE ), i.e.,

U(Lg,:) (Ap) = UE(LE,) (Ap) = {x € (LE ®g AR)™ | x - x“ =1}.

This relation will allow us to make use of statements about theta lifts of characters of
Ug(LE,) (Ag).

Let E/F be an étale algebra of rank n over F. As before, we write E = ]_[T=1 F;,
where for every j, F;/F is a finite field extension. We will assume that LllE is
anisotropic, i.e., we will assume that Ly; is a field for every j. This is equivalent
to the assumption that there is no embedding of F-algebras K «— E.

As in Section 3.1.3, for A = (A1, ..., Ay) € EXand A" = (1], ..., A,) € EX, we
have that

m m

U(LE,3) (Ap) = ,E[] U(Lp; ;) (Ap) and  U(Wg ;) (Ap) = ,1:[1 U(W%jwj_) (Ap) .
8
Fj
phic character « : [U(LE, x)] — C* is equivalent to a choice (a1, ..., a;), where
aj: [U(V j)] — C* is an automorphic character for 1 < j < m. We will use
the usual global theta correspondence to define a theta correspondence for the adelic
groups U(LE ;) (Ag) and U(W}, ;) (A).

Let XL ; waz . : LE\ (Lg ®f Ap)* — C* be automorphic characters such that

Forevery 1 < j < m,letV; = LFM;‘ and W; = W Every automor-

XL, TAE = Xw¢

Bty — ClE/E
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By this we mean that xz,, and xys correspond to tuples (xv,, ..., xv,) and
’ E.\/

(XW1s - - -+ Xw,, ), Tespectively, where XV AW, Ll?j\ (LFJ, ®F, AFj)X O are
automorphic characters satisfying

XVl

Aﬁfj = XW./ rA;/_ = (’ULF]'/F_['

As in the local case, for every j, we get a splitting
7j: Up; (V) (Ar;) x Up;(W;) (Af,) — Mp,,. (Vj, W;) (Ar;) -
Here ¢/;: Fj\Ap;, — C* is the character y; = Yotrg,/F, where trg; jp: F; @pAp —

Ay is the trace map. Denote I = (1, ..., ;).
We define the global theta lift of @ as above by the formula

G)LE.)wa;_)L/j»lp (@) = Oy, w, 191 (@) ® - ®Ov,, W, 70 ©@m) -
Suppose that A" = 1. For every j, let
Resp, /F (Vj ®Ly, Wj) =X;0Y;
be a polarization. Let X = P’/_; X; and Y = §_; Y;. Then

Resk/r (VE.». ®k W%,l) =XoY
is a polarization. As explained in the local case, we have a natural map
m
H Mpy, (V;. W;) (AF;) = Mpy, (VE. Wi ) (Ar) .
j=1

which is not injective, but its restriction to Mpwj (V W j) (AF j), for every j, is
injective. Hence, we may regard ¢ as a map

i: U(Lg) (Ap) x UWg ) (Ap) > Mpy, (Ve Wi ) (Ap).

Remark 4.1 Similarly to Remark 3.4, we have that the kernel of the map ]_[';’:1
Mp,,. (V;, W) (AFJ.) — Mp,, (VE,;L, W%,l) (AF) consists of tuples (g1, ..., gm)
such that for every j, the projection of g; to Sp (ResLFj /F; (V i ® Ly, W j)) is the

identity and such that if ¢; is the projection of g; to S! then [Tt =1
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Let ¢ € S (Y, Af) be a decomposable Schwartz function, that is, ¢ = ®;’»1=1 ®j,
where ¢; € S (Y}, AFJ.). Denote for i € U(W%’l) (Ap),

O (@, o) (h) = / 0 (¢) ([ (g, h) x (g)dg.

[ULE]

Then6; (¢, a) € QLE)”W% i (o). Analogously to the local case, forany (g1, k1), . . .,
(gm, hm) such that (gj, hj) € U(V)) (Ap) x U(W;) (Af), we have

oy ap T8 -y 8m) s (h1, .. hp))) @
= wl/fl,Apl (Zl (&1, hy)) R -® Wy, Ay, (tm (8m» hm)) ©Dm -

This implies that for &y, ..., hy,, where h; € U(W;) (Af), we have that
9?(‘%01) (hl""vhm) :971 ((pl’al) (hl) """ %m ((pmv am) (hm) (7)

This compatibility will be important for the seesaw identity which we will discuss in
the next section.

4.2 A global seesaw identity

The goal of this section is to introduce a global seesaw identity, analogous to the local
one we described in Section 3.2. This identity will be a key ingredient for the proof
of our main global theorem.

4.2.1 Splitting setup

Similarly to Section 3.2.1, we first need set up our splittings in a way that they are
compatible. Let us be in the setup of Section 4.1.3 with A’ = 1. We consider the
following seesaw diagram:

U(WE, ) (Ar) U(VE) (Ap)
U(Wi ) (AF) U(Lg, 1) (AF) -

Given automorphic characters x Lo XWS, | . (Lg @ Ap)* — C*, such that
XLE,3 FA; = Xwi, rAé = WLg/E:
we constructed a map
it U(Lg) (Ap) x UWg ) (Ap) > Mpy, (Ve Wi ) (Ap).
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Similarly, given automorphic characters Xwi > XVE; Afé — C*, such that

dimg Vg,

Xwgy,rA; =ok/F and  xvg, Ly = “K/F ’

we constructed a map
7: U(VE.) (Ap) x UW3 ) (Ap) = Mpy, (Ve Wi ) (Ap).
We say that the splittings 7 and 7’ are compatible if their restrictions to the subgroup

U(LE.») (Af) x U(W% 1) (Ap) coincide. As in Section 3.2.1, this is equivalent to
requiring the following relations between the characters defining the splittings:

Xws | = Xws, oNpg/k and  xpg, [Alx(z XV s
where Npg/k: (Le ®F AF)* — (K ®r Ap)™ = Ag is the norm map.

4.2.2 The global seesaw identity

We are ready to state our global seesaw identity. Choose compatible splittings i and 7’ as
above. Let 8: [U(W% 1)] — C* be an automorphic character, andletp € S (Y, Af).

Consider the element 67 (¢, B) in the global theta lift of 8 from U(W% ) (Ap) to

U(VE..) (Af). Given an automorphic character o : [U(LE, A)] — C*, we consider
the a-period of 6y (¢, B):

/ or (¢, B) (g) @ (g)dg
[ULg ]

/ / 0(@) (7' (5. ) @ @B ()dhdsg. ®
[ULgn] U(W

The latter integral converges absolutely because the automorphic quotients [U(LE, ;L)]
and [U (W%, | )] are compact (the former due to our assumption that Llli is anisotropic).

By exchanging the order of integration and using the fact that 7 and 7’ are compatible,
we get that (8) is equal to

f s f 0 (¢) (A (g, M) e () (h)dgdh = f 0; (. o) (h) B ()dh.
[uws p] uen [uws ]

Hence, we obtained the global seesaw identity

/ br (¢, B) (g) a (g)dg = / b (@, @) (h) B (h)dh.
[U(Lew)]

ot )]
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If ¢ is decomposable, i.e., p = ®]”.’=1 @j, where p; € S (Yj, Apj), we may use (7)
to decompose further and get the identity

Or (@, B) (g)a(g)dg=/ 1 () @) () dh.
/[U(Lm)] [uow | ] 1:[ !

4.3 Global theta lifts for unitary groups of one-dimensional spaces
4.3.1 Central L-function values of automorphic characters of (Lg ®¢ Af)*
In this section, we discuss the definition of the central value of an L-function associated
with an automorphic character of (Lg ®p Af) ™.

Assume first that E/F is a field extension. Then Lg = E ®r K is a field extension
(as we assume that Lllz is anisotropic). We have that Lg @ A = Ar, and therefore

an automorphic character of (Lg ®p Ap)* is the same as an automorphic character
of AZE. For an automorphic character x : Ly \AZE — C*, we define

LGO=L(3.x)
Next, suppose that E is an étale algebra of degree n over F, such that LllE is
anisotropic. As before, write E = ]_[;”=1 F;. Let x: Lg\ (LE ®F Ap)* — C* be

an automorphic character. As before, x corresponds to a tuple (xi, ..., xm), Where
for every j, x;: F;\ (LFj F AF) X 5 CXisan automorphic character. We define

oo =T1200).

4.3.2 Base change for characters of Resg r L,’_: (Af)

Let us write

(Le ®F AR =[] (Le ®F F,)*

v

Recall the definition of Resg,/p LI{: (Ap) from Section 2.5. We have that
!/ !/
Resg/r Ly (Ap) = [ | Resgsr L (Fy) = [ [ (Le @ F))' .
v v
By Section 3.3.2, for every v we have an isomorphism

JjEapF,: (LE ®F F,)* / (E®F F,)* — (Lg ®F F,)!
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given by jEggF, (x) = Zz. Hence, the map

JEspap: (LE ®F Ap)* / (E ®p Ap)* — (Lg ®F Ap)! = Resg/p Lﬁ (Ar)

given by jEgpay (X) = 7e decomposes as jegrar = &), jEyF, and therefore is an
isomorphism.

Analogously to Section 3.3.2, given an automorphic character [Lllz] — C*, we
define an automorphic character S gpay LE\ (Lg ®f Ap)* — C* by the formula

4.3.3 Non-vanishing of global theta lifts

In this section, we recall a result regarding the non-vanishing of the global theta lift.
This result serves as an analog of Theorem 3.5. It is established using the Rallis inner
product formula. Since we do not need the generality of the Rallis inner product
formula, we will just state the non-vanishing result in the generality we need.

Let V and W be non-degenerate one-dimensional hermitian and skew-hermitian
spaces over K, respectively. Let iy, : U(W) — L} and iy;: U(V) — L}, be the obvi-
ous isomorphisms. Let a: [L}] — C* be an automorphic character. The following
theorem due to Yamana follows from [35, Lemma 10.2]2.

Theorem 4.2 The global theta lift Oy w7y (a o l{,) with respect to the splitting ©
associated to the characters (xv, xw) is non-zero if and only if the following two
conditions are satisfied.

(1) Forevery place v, the big theta lift Oy, w, 7, v, (oev o i{’,v) does not vanish.
(2) The central L-function value L ( XV_\,I K@ AF) is non-zero.

If the global theta lift is not zero, we may use the compatibility with the local theta
lift to describe it.

Proposition 4.3 [f the global theta lift Oy w7y (oz o l{,) is not zero, then it is given
by

Ov.w.iy (@oiy) = ((Xv_vl : XV) o jA;Fl ~a> oigy.

4.3.4 Non-vanishing of global theta lifts for one-dimensional spaces over an étale
algebra

Let E be an étale algebra of degree n over F, such that LI{: is anisotropic, and let . € E*.
Choose a trace zero element § € K*. Consider the same setup as in Section 4.2. The
non-vanishing result described in Section 4.3.3 has a straightforward extension that

2 We warn the reader that in [35], G = U(W) and H = U(V) in our notation.
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allows us to determine whether the global theta lift of an automorphic character of
U(W%,l) (Ar) to U(VE.») (AF) is non-zero. This extension will be important for our
main result.

Leti,: U(VEy) — LI{: and iy : U(W%’l) — LI{: be the obvious isomorphisms.
Leto: [Lf] — C* be an automorphic character.

Theorem 4.4 The global theta lift © (@ o iy;) = © WS Ty (a0 i) is non-zero if
and only if the following two conditions hold: '

e For every place v, the big theta lift

./
®LE,}».va%11.v’zuﬂ/JU (av ° leU)
does not vanish.

e The central L-function value

-1
£ (Xwg o Nig/K - aLE®FAF>

is non-zero.

Moreover, in this case, we have that
./ —1 .—1 ./
e (Ol °© ZV) = <<XW%1 o Nrg/K - XLE,A) °© JE@pAr | a) Oly-

5 Toric periods of Weil representations

In this section we prove our main results on toric periods of Weil representations.

5.1 Local problem

Let F be a local field (either archimedean or non-archimedean of characteristic # 2)
andlet K / F be aquadratic étale algebra. Let V be a non-degenerate n-dimensional her-
mitian space over K, and let W be a non-degenerate one-dimensional skew-hermitian
space over K. Let iyy: UW) — K ! be the obvious isomorphism. Fix a character
B: K' — C*,andlet ® (B oify) = Ow. v 1y (Boily) be the big theta lift of B oiyy, to
U(V), where 7 is the splitting associated with the characters (xw, xv). Recall that in
this case © (B o i{y) coincides with the small theta lift 6 (8 o i{y) = 6w, v.iy (B 0 ify)
because B o iy is supercuspidal.

Given a maximal torus T C U(V) and a character «’: T — C*, we would like to
investigate whether the space Homr (@ (/3 o l{V) o ) is non-zero.

By Theorem 2.3, we have that if T C U(V) is a maximal torus, then there exists
an n-dimensional étale algebra E over F, an element A € E*, and an isomorphism
r: Vg — V of hermitian spaces, such that
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T:TE’,:{i(x):romxor_l|xeL}5}.

We formulate an answer to our question in the following theorem.

Theorem 5.1 Let E be an étale algebra of degree n over F, «: LIE — C* be a
character, and leti: L 2 — U(V) be an admissible embedding, corresponding to the
datar € E* andr: Vg ) — V. Then Homi(LlE) (@ (,B o 1{7\,) , 0 i_l) is non-zero if
and only if

B= (" xv)oip oy

and

wrpE (V) = erpE@L, - Xw' © NLg/k, ¥, 8),

where § € K* is a trace zero element, such that § = disc W (modNK/F (KX)).
Moreover, in the case that the space Homi(LlE) (@ (,3 o l{N) , Q0 i_l) is non-zero, it
is one-dimensional.

Proof By the choice of §, we have that W = W‘},l, as hermitian spaces, where we
recall that W‘}J = (K, (, '>W‘fr ,1) is the one-dimensional space equipped with the
skew-hermitian form

_ c
(x, y)szu'1 =dxy°“.

Henceforth, we will identify W with W?V,r
Let us be in the setup of Section 3.2. We will use the following seesaw diagram:

UWS ) Uuv)

>

UW) U(LE3)s

where U(W) is embedded in U(W‘SE’ 1) diagonally, i.e., U(W) acts on elements of W%’l

by scalar multiplication via the obvious isomorphism ig, : UW) — K L
By the local seesaw identity (6), we have that

Hom, ;1) <® (B oiy) AL i‘> = Homyw) (@ (a o r‘) .Bo i@) :

fuw)

where © (« 0i™!) is the theta lift of o 0 i ! from U(LE 3) to U(W%’l). By Theorem
3.6, we have that © (a 0 i ') is non-zero if and only if

ELp/E (Xv_vl oNLy/K " OLg, ¥, 3) =wryE @),
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and in this case

1 1 1 .
@(aoz )=<(XW ONLE/K'XLE,A>O‘]E ~a>ol{V5El, 9)
where i{Vﬁ : UWS, ) — LL is the obvious isomorphism. Since i{Vs is the obvious
E,1 ’ E,1
isomorphism, we have that i{Vﬁ agrees with ig.
ElTyw)

Since the theta lift ©® (a ol _1) is a character, given that it is not zero, we
.1 ./ . . .
have that the space Homyw) (@ (aoi )FU(W) ,Bo ’w) is non-zero if and only if

O (e 0i ™) Tyew is the same as B o ify. By (9), this is equivalent to

((Xv_vl oNLg/k - XLE,A) ° Jfl 'Ol) = B.

Mgl

Since xr, Pex — XV» Weget that this condition is equivalent to

B=(xw"xv)oir -ap,.

as required.
Finally, if Homyw) (© (v 0i™") Juew). B o ify) is non-zero, it has to be one-
dimensional, since all the representations involved are characters. O

Remark 5.2 By substituting W = W‘}’l and (xw, xv) = (i, u'*) as in Section 3.1.2,
we obtain Theorem 1.2.

Remark 5.3 If F is non-archimedean and K /F is a quadratic field extension, then
there exist exactly two isomorphism classes of non-degenerate hermitian spaces over
K of dimension n. The isomorphism class of such hermitian space is determined by its
discriminant. We may use this to determine when there exists an admissible embedding
i: L }5 — U(V) with non-zero Hom-space, where E is an arbitrary étale algebra of
degree n over F.

Leto: L}E — C* be a character and let L € E* be such that

wrg/E (M) =¢eLg/e(arg - X\;l oNLg/k,V, ).
(By Theorem 5.1, this is the only possible class & € E* /Ny, /g (L), such that there
exists an admissible embedding corresponding to A with non-vanishing Hom-space).
Then there exists an admissible embedding i : L}g — U(V) corresponding to an
isomorphism r: Vg, — V if and only if

discV = Ng/r (A) - discr (E) . (10)

In this case,
Hom, .y (© (B oify) . a0i™") #0, (11)
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if and only if

B=(xw"xv)oir' ap,, (12)

Here we used Lemma 2.2 and Theorem 5.1.

If F = Rand K = C, then (10) is only a necessary condition for the existence
of an isomorphism r: Vg 3 — V. Given that such isomorphism exists, we have by
Theorem 5.1 that (11) holds if and only (12) holds.

Corollary 5.4 Let E be an étale algebra of degree n over F, and let o : LlE — C* be
a character. Then we have that

ZZdimHomi(Ll)(®W,H(:3°i{V)[_ 1 ,Otoi1>
H g i(Lg)

i = 0w av) e e
0 otherwise,

where the sum over H is over a set of representatives of isomorphism classes of
non-degenerate hermitian spaces of degree n, and the sum over i is over a set of
representatives for X g y. Here, Ow 1 (/3 o l{,v) is the big theta lift from U(W) to
U(H), with respect to a splitting corresponding to a prescribed choice of characters
(Xws xv)-

Proof By Theorem 2.8, for a fixed non-degenerate hermitian space H of dimension n,
the set X g y isinbijection withA € E* /Ny, /g (Lg), such that Vg , = H. Therefore,
we have that

Z Z dimHomi(LlE) (@w,H (Bo i{"’)f-(Ll ) Lo i—l)

H iEEE,H

. . 1
= ZdlmHomiq(LlE) (@W’HA (Boiw). aoir ) ,
x

where the summation is over a set of representatives A € E* for E* /Ny, (LE)
where H) is the representative for the class of the hermitian space Vg , and where
ip, LlE — Tg,, C U(H,) is an arbitrary admissible embedding corresponding to
the data r: Vg, — H,. Given such A, we have by Theorem 5.1 that the space
Hom, (1) (©w.H, (Boify).aoi.") canbe non-zero only when 8 = (xy" - xv) o
j;l -a [g1,andin this case the space is non-zero only for one classin E* /Ny /g (LE)
and for that class it is one-dimensional. Therefore, we get the result. O

Remark 5.5 By substituting the same data as in Remark 5.2, we get Theorem 1.3.
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5.2 Global problem

Let F be a number field, and let K/F be a quadratic field extension. Let V be a non-
degenerate n-dimensional hermitian space over K, and let W be a non-degenerate
one-dimensional skew-hermitian space over K. Let i{N : UW) —> Li, be the obvious
isomorphism. Fix an automorphic character 8: [Ly] — C* and let © (B oify) =
Ow v iy (B o ify) be the global thetalift of Boify, to U(V) (Af), where  is the splitting
associated with the characters (xw, xv).

Given a maximal anisotropic torus T C U(V) and an automorphic character
a: [T] — C*, we would like to investigate whether the «-period of T is identically
zero on ® (ﬂ o i\’N), that is, we would like to check whether the integral

Pra(f) = / F(a®di
[T]

is zero for every f € © (B o ify).

As before, given such T, by Theorem 2.3, we may find an étale algebra E of degree
nover F, an element A € E*, and an isomorphism r: Vg, — V of hermitian spaces
over K, such that

T= [romxor_1 |x€L]1£].
Analogously to the local case, we formulate an answer to this problem in the

following theorem.

Theorem 5.6 Let E be an étale algebra of degree n over F, such that Lllz is anisotropic,
o: [LIIL] — C* be an automorphic character, and let i : LII5 — U(V) be an admissi-
ble embedding corresponding to the data’ € E* andr: Vg ; — V.ThenP; (LL)

Jooi 1

is not identically zero on ® (ﬁ ) t{,\,) if and only the three following conditions are sat-

isfied:

= —n . i—1 .
(1) B=(xw" - xv) ©jny Mot apy
(2) For every place v,

WLg@§F, /EQFF, () = ELy@pF, /EQFF, (Olv,LEQaFFv Xw'y © NLg@pF, /K, Yo, 3) .
(3) The following central L-function value does not vanish:
£ (X\?«l © Nig/K - aLE@FA]:) # 0.

Here, § € K* is a trace zero element, such that § = disc W (modNK/F (KX)).

Remark 5.7 1f Pi LL).aoi~! is non-zero then for every v, we must have that

Hom; (g)(F,) (O (Boiw), avo if) # 0. (13)
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Ifte (ﬂ o z{;\,) lies in the space of square-integrable automorphic forms, then by Theo-
rem 5.1 and the compatibility between the global and local theta lifts, (13) is equivalent
to the first two conditions of the theorem. We mention that if dimV # 2, then
(O] (ﬂ o z{V) is square-integrable. When V is one-dimensional this follows from the
fact that the groups are anisotropic, and when dim V > 3, this follows from [35,
Corollary 10.1 part (4)] (in the notations of [35], p, = 1, dimV = m > 3 and
0<r=<[%]som—r=>1=p,).

Proof We will use the global seesaw identity. By our choice of §, we have that W =
W% | as hermitian spaces. Henceforth, we will identify W with W%,l . Let us be in the
setup of Section 4.2. Consider the following seesaw diagram:

U(Wg 1) (AF) U(V) (Ap)
UW) (Ar) U(LE,;) (AF).

As in Section 3.2.1, U(W) is realized as a subgroup of U(W% 1) diagonally.
By the results of Section 4.2, we have that

Piih) aei-t (0 (9 B0 %) =f 0 (9.0 0i ™) ) B (1% M), (14)

o )]

where ¢ € S (Y, Af). Hence, the period 73,.( LL).coi~1 is non-zero if and only if the

global theta lift ®; (o 0i™") from U(Lg,.) (AF) to U(W‘SE’I) (Af) is non-zero, and
the integral (14) is non-zero. By Theorems 4.4 and 3.6, the global theta lift ®; («) is
non-zero if and only if conditions (2) and (3) hold. In this case, we have that

) 1\ _ —1 ) —1 o
O; (a ol ) = ((Xw o Npg/K XLE,A> ° JEgpAs a) MW%,.’

where i{V‘S 1 : U(W%’l) — L}E is the obvious isomorphism. Hence, by choosing ¢

E,
such that 6; (¢, o) # 0, we get from the fact that two different characters of a group
are orthogonal, that if ®; (oz ol ’]) is not zero, then Pl.( LL).aoi~! is not identically zero
if and only if

,aol

./ —1 -—1 i/
Boiw = ((Xw °Nrg/K - XLE_A> © JE@pAp '“) °twi
owd iae)

Since i{, and i{w are the obvious isomorphisms, we have that they agree on
E.1

U(W% 1) (Ar), and therefore the condition is equivalent to

1 .—1
B = ((XW oNrg/K - XLEJ\) © JE@pAf -0{)
TL{T(AF)
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Using the relations ja, = JjE@pAp [Lé (Ap)» XLk, rA;é: xv, and the fact that
Nig/k (x) = x" for x € (K ®p Ap)™, we get this condition is equivalent to

_ —n =1
B = (Xw XV) © Jap CWL%(AF),

which is condition (1). Hence, we proved the theorem. O

If two admissible embeddings i1, i2: L}E — U(V) are conjugate, then there exists
h € U(V) such that iy (x) = h~lir (x) h for every x € L}IE. For an automorphic
form f: [U(V)] - C we have that f (h_lg) = f(g), for any g € U(V) (Ap),
and hence we have the relation Pl-l(LIlz)’aoi]—l fH = 771-2([‘112)7&01.2—1 (p (h) ), where
p (h) represents right translation by h. Therefore, the non-vanishing of the period
P, (LL).ccoi ! does not depend on the representative i of a class of X v. The following
corollary describes when there exists a class in g, v with non-vanishing period, and
shows that if this class exists, it is unique.

Corollary 5.8 Let E be an étale algebra of degree n over ¥, such that L]13 is anisotropic,
and let o: [Llli] — C* be an automorphic character. Then there exists a non-
degenerate hermitian space H of degree n, and an admissible embedding i : LllE —
U(H), such that the period Pi(LlE) 1 is not identically zero on Ow y (ﬂ ) i{,v), if
and only if the following two conditions hold

,aol

— —n . ._1 .
(1) Bp= (Xw XV) © JAp arLI':(AF)'

(2) The following central L-function value does not vanish:

L (X\;,l oNpg/K - O‘LE®FAF) # 0.

Moreover, when these conditions hold, the isomorphism class of H as a hermitian
space, and the class [i] € g y are unique.

Here, Ow g (,3 o t{N) is the global theta lift of Boiy from U(W) (Ar) to U(H) (Af),
taken with respect to the splitting defined by a prescribed choice of characters
xw» xv)-

Proof By Theorem 5.6, the conditions in the theorem are necessary. Assuming these
conditions, we will show the existence and uniqueness of a non-degenerate hermitian
space H of dimension n and class [i] € Xg u, such that the period Pi( LL).aoi~! is not
identically zero.

Let us begin with uniqueness. By Theorem 2.8, for every H, a choice of a class [i]
corresponds to anelement A € E* /Ny . /E (LE ) such that there exists an isomorphism
of K-hermitian spaces ry: Vg, — H. If A1, A2 € E* are such that there exist
isomorphisms of hermitian spaces r;,: Vg, — Hand r),: Vg ;, — H, such that
the corresponding admissible embeddings i), and i3, admit a non-zero period, then
by condition (2) of Theorem 5.1, we must have that for every place v,

,aol

WL RpF, /EQFF, (A1) = OLy@pF,/EQpF, (A2)
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This implies that for every v,
oLk, Eark, (A7) = 1.

and therefore for every place v, we have that Agkl_l € NLy@yF,/EQFF, ((LE Qr Fp)* )
By the Hasse norm principle for quadratic extensions, this implies that )»2){1 €
NLg/E (LE) Hence, i;, and i, are conjugate.

Suppose that H and H' are both non-degenerate hermitian space of dimension n, and
suppose that there exist A, A" € E* and isomorphisms of hermitian spacesr; : Vg, —
H and ryy: Vg — H/, such that the corresponding admissible embeddings i, and
i, admit a non-zero period. Then, as above, we get that A’A~! € N Lg/E (LE) This
implies that Vg ; is isomorphic to Vg ;, and therefore H is isomorphic to H'.

We move to show the existence of a non-degenerate hermitian space H of dimension
nandaclass [i] € Xg p with non-zero period P, (LL).aoi~1" We need to find an element

A € E* such that for every place v, condition (2) of Theorem 5.6 holds. By writing
E= ]_[’J": | Fj, where F; /F is a finite field extension, the problem is reduced to the case
where E/F is a field extension, and that Lg /E is a quadratic field extension. Consider
the diagonal map Ag: E*/Nig/E (LE) — (E®r Ar)™ /Nrg/E ((LE QF AF)X).
This map has co-kernel
((E®F Ap)* /NigE (LE ®F Ap)*)) / (EX/Nig/E (Ly))
= (E®r Ap)* /EX) / (Ng/e (LE ® AR)* /Lg)).,

which by global class field theory is isomorphic to the Galois group Gal (Lg/E) =

{£1}. It follows that the image of Ag is the kernel of the quadratic character w; /g,
that is,

ImAg = {(xnv e [T €@ F)* /Nige ((Ls @ F)) | [ orm () = 1} :

Since the central L-function value £ ( XVT/I 0 Nrg/K * ALp®p AF) is non-zero, we must

have that the global root number [ [, €7 ;@xF, /E@pF, (otv, Le®pF, " X\X,IUON LE®FFy/Kys Vs 5)
is equal to 1. Hence, the sequence

—1
(ELE®FFU/E®FFU (Olv,LE@nFFu “Xw,v © NLg@pF, /K, s Yo, 5))U

lies in the image of Ag, and we can find A € E* as desired.
O

Remark 5.9 Similarly to Remark 5.2, by substituting W = Wi‘,l and (xw, xv) =
(u, u'™) as in Section 4.1.2, we get Theorem 1.5.
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Appendix A. Morphisms of norm one tori

In this appendix, we prove some technical statements regarding extensions of mor-
phisms of L}5 toLg.

Let F be an infinite field with characteristic different than 2, and let K/F be a
quadratic étale algebra, equipped with an involution x — x¢ whose set of fixed points
is F.Let 0 # § € K be a trace zero element. Any element x € K can be written
in the form x = a + b§, where a,b € F. We have that §¢ = —§, and therefore
Nk /r(a+b8) =a*> —b*$* € F.

Consider the map jg,r: K* — K'! given by

. X
JF(x) = pra
Denote for b € F with 552 # 1 (thatis, Ng ¢ (1 + b8) # 0),

JF (1 +D38) — jr (1 —bd)
JE(4+b8) + jr(1 —bs) +2°

qr (b) = (15)

Then a simple computation yields gr (b) = bé.
Let V be an n-dimensional non-degenerate hermitian space over K. We are ready
to prove our results.

Proposition A.1 Let E be an étale algebra of degree n over F, and let A € E* be
such that Vg and V are isomorphic as hermitian spaces. Let r1,r2: Vg, — V be
isomorphisms of hermitian spaces. For j = 1,2, leti ; : Ly — End (V) be the map

i} (x) =rjomy orj_l.
Suppose that there exists g € GL (V) such that for any x € L},
if(x)=goiy(x)og . (16)

Then (16) holds for any x € LE.

Proof Write E = ]_[7’:1 Fj,where F;/F is afield extension. Suppose first thatm = 1.
Then E/F is a finite field extension and Lg/E is a quadratic étale algebra, and
Lg=E®ES Leta,b € E, and choose ¢ € F*, such that (ac)2 L2, (bc)2 #= 5§72
(if Lg/E is a field extension, any ¢ € F* satisfies this). Then

qE (ac) L 9E (bC)'

a+bs =
qE (¢) c

(17)
We have that
i} (@+b8) =rjomyyps o r;]
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and

-1
Mg4ps = Mgp(ac) © My, =1 T € Mg (he)-

Therefore,
i} (@ +b8) = i (qr @) o} (a5 @) + ¢ 7] (a5 (bo)),
and it suffices to explain why for any b € F with §2b% # 1, we have the equality

i (qe (b)) = g oib(qr () og™ . (18)

Using the deﬁnition of gg, and the fact that the assignment £ — End (V) given
by X l (x) is an isomorphism for j = 1,2, we get, similarly to above, that is

z (qE (b)) is given by the formula
—1
(# Gie (b8 = G (L= b8)) o (i G (1 4+ b8) + i (i (1 = b)) +2idy )

The equality (18) now follows from the fact that jg (1 &£ b$) lies in L., and from the
assumption that (16) holds for elements in L}E.

If m > 1, then by restricting to LFj, we get from the proof above that (16) holds
forevery x € Lf;, forevery 1 < j < m. Using linearity, this implies that (16) holds
forevery x € Lg. O

Proposition A.2 Let E and E’ be étale algebras of degree n over F. Suppose that
there exists an invertible F-linear mapT: Lg Qr F — LgEQF F, such that for any
x € L}E there exists T (x) € LE,, such that

To(myy ®idg) o T~ =m, ®idz. (19)

Then for any x € L there exists T (x) € L, such that (19) holds. Moreover, such
T (x) is unique.

Proof Uniqueness follows from writing m; ) ® pidz = T lo (mx QF idﬁ) oT and
applying both sidesto 1 ® 1 € Ly QF F.

To show existence, first write £ = ]_[;-"=1 Fj, where F;/F is a field extension.
Define for b € F; with §2b* # 1,

© (jr, (14 b8) = 7 (jr, (1 = b))

7 (qr; (b)) = 7 (r, (L +b8)) + 7 (jr, (1 —b&)) + 2

The fact that (19) holds for x = gF; (b), follows from (15), from the fact thatgr; (b) =
bé, and from the fact that (19) holds for elements in L1 For any a, b € F}, choose

¢ € F*, such that (ac)?, ¢2, (bc)? # 872, Define
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7 (qr; (ac)) LT (gF; (b0))

T (a+bé) = . (QFj (c)) :

It follows from (17) that (19) holds for x = a + bé. Finally, extend t to a general
element of Lg = [_; Lr; by linearity. a
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