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ABSTRACT: Unlike a classical charged bosonic field, a classical charged fermion field on a
static charged black hole does not exhibit superradiant scattering. We demonstrate that
the quantum analogue of this classical process is however present. We construct a vacuum
state for the fermion field which has no incoming particles from past null infinity, but which
contains, at future null infinity, a nonthermal flux of particles. This state describes both the
discharge and energy loss of the black hole, and we analyze how the interpretation of this

phenomenon depends on the ambiguities inherent in defining the quantum vacuum.
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1 Introduction

Superradiance [1] is a classical phenomenon whereby a field wave is amplified during a
scattering process. In black hole physics, superradiance arises when low-frequency bosonic
field waves are scattered on a rotating black hole [2-5]. For bosonic fields, superradiance is a
consequence of the area theorem and first law of black hole mechanics [6], the former holding
for matter fields satisfying the weak energy condition. Superradiance does not occur for
classical fermion fields on rotating black hole backgrounds [7—9] because they do not satisfy
the weak energy condition, and so the area law no longer holds [7].

Both bosonic and fermionic fields do however exhibit the quantum analogue of classical
superradiance [10-13]. Particles are spontaneously emitted in low-frequency field modes, in
precisely those frequencies which correspond to classically superradiant modes for bosonic
fields. The radiation is nonthermal in nature and is in addition to the usual Hawking
radiation [14] emitted by the black hole.

(Classical superradiance also occurs on static, nonrotating black holes when both the black
hole and the scattered field have a nonzero charge (‘charge superradiance’) [6, 15-18]. As
with the classical superradiance of neutral fields on rotating black holes, charge superradiance
only exists for bosonic and not fermionic fields [19]. A natural question is whether there is a
quantum analogue of this classical charge superradiance. For a massless charged scalar field,
this process was studied many years ago [20] and revisited more recently [21]. In [21], ‘in’
and ‘out’ vacuum states are constructed for the charged quantum scalar field on a Reissner-
Nordstrom (RN) black hole. The ‘in’ state is devoid of particles at past null infinity, but



contains an outgoing flux of particles at future null infinity. This flux is present only in those
modes which exhibit classical charge superradiance.

Our purpose in this paper is to investigate whether the quantum analogue of charge
superradiance also occurs for a massless charged fermion field. We construct analogues of the
‘in” and ‘out’ states defined for a charged scalar field in [21]. These quantum vacua describe
the discharge and energy loss of the charged black hole, leading to a dissipative phenomenon
that is significantly more intense than in the scalar case.

However, we show that quantum superradiance is not exhibited by all fermionic quantum
states that can be defined in RN black holes. In particular, we construct a candidate
‘Boulware’ state — originally introduced for scalar fields on Schwarzschild black holes [22]—
which exhibits no particle flux at either past or future null infinity. This marks a significant
distinction from scalar fields on RN black holes, where, due to additional restrictions in the
canonical quantization process, a direct analogue of the ‘Boulware’ state does not exist [23].

We introduce the set-up in section 2 and we review the separable solutions of the charged
Dirac equation on RN in section 3. In section 4 we discuss the ambiguities in the definition of
quantum vacuum, and we construct the ‘in’ and ‘out’ states that describe the phenomenon of
quantum superradiance. In section 5 we examine this effect, calculating the number density
of created particles as well as the black hole discharge and energy loss. Section 6 contains
further discussion and our conclusions.

2 Classical charged fermion field on a charged black hole

We consider a massless charged fermion field propagating on a background charged Reissner-
Nordstrom (RN) black hole. The spacetime is described by the line element

ds® = = f(r)de® + [f(r)] 7" dr? + 72d6? + r? sin® 6. d”, (2.1)

where the metric function f(r) is given by

(2.2)

with M being the mass and @ the electric charge of the black hole. We restrict attention
to the situation where M? > @Q?, in which case the metric function f(r) has two zeros
at r = ry, where

YN TR 23)

The larger root ry is the location of the black hole event horizon and r_ is the location
of the inner horizon. We will be interested only in the region of spacetime exterior to
the event horizon.

A massless fermionic field ¥ with charge ¢ propagating on the RN black hole satisfies
the Dirac equation

YV (Y, +iqA,) T = 0. (2.4)



This equation involves the spinor covariant derivative V, and the electromagnetic gauge
potential A,, where (with an appropriate choice of gauge)

Ay = (—?,0,0,0) . (2.5)

The suitable basis chosen for the +* matrices, as well as the complete expression for V#
in terms of the spinor connection matrices, is provided in appendix A. The resulting form
for the Dirac equation (2.4) is then given by
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For any two solutions ¥; and ¥q of the Dirac equation (2.4), we can define the positive-
definite inner product

(\I’l,\pg) :/2 @17“71“\112 dE, (27)
t

where U = 300 (with Ut denoting the Hermitian conjugate of ¥) and ny, is the unit outwards-
pointing normal to ;. This inner product is independent of the constant ¢ hypersurface
>4 on which it is evaluated, thereby endowing the space of Dirac solutions with a Hilbert
space structure. This is different from the case of a charged scalar field propagating on a RN
background [23]. The space of Klein-Gordon solutions lacks a naturally defined inner product,
instead having an antisymmetric symplectic form that is not positive definite [23]. In other
words, charged scalar field modes can have positive or negative norm, while charged fermionic
modes can only have positive norm. This difference will influence canonical quantization,
providing greater flexibility in the fermionic case compared to the scalar case.

3 Solutions of the Dirac equation and classical superradiance

We search for a separable orthonormal basis of solutions {¢)4 } of the Dirac equation (2.6)
with respect to the inner product (2.7). Massless fermion solutions can be classified according
to the equation [7, 24]

(1-1°)w =0, (3.1)

where ~° is the chirality matrix (see appendix A). Spinors with L = 1 are called ‘left-handed’
and those with L = —1, ‘right-handed’. For a given chirality L, we propose the ansatz [7, 11, 25]

_ (\/8?)_1 —iwt _im nA(Ta 0)
Ya(t,r, 0, p) = 7}—(7’, ) e Wretme <LnA(7’, 9)) , (3.2)
where

F(r,0) = r[f(r) sin? 6]"/4, (3.3)



for each mode labelled by a set of quantum indices A = {w,l, m}. Each component of the
two-spinors 7, (r, ) is separable into radial and angular functions:

[ Ria(r)S1a(0)
m(r.6) = (R;A(T)S;A(e)> ' (34)

Introducing this ansatz into the Dirac equation (2.6), we find two linearly independent
equations for the angular functions:

[;0 _ s,::e} SiA(0) = <l + ;) Sa.A(8),
[;0 n sge} Syn(0) = — <z + ;) S1.A(6), (3.5)

as well as for the radial functions:

b D= ()
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ry/ f(r) [dr + 70 (w+ " )} Ry A(7) ( + 2) Ry A(7) (3.6)
These functions have a discrete spectrum, with [ = %, %, coqandm=—-,—l+1,...;1— 1,1

We take the angular functions to be real. They are related to the well-known spin-weighted
spherical harmonics [26, 27|, and we give some of their properties in appendix B.
Writing the radial equations (3.6) in terms of the tortoise coordinate r,, defined by

dr, 1

= —, (3.7)
dr f(r)

one can verify that the radial functions behave as plane waves asymptotically far from the

black hole (r, — o0):

eiLwr*

Ry A(ry) o , Ry A (rs) o e s (3.8)

This is as expected, since the RN spacetime is asymptotically flat. At the event horizon r,
(r. — —o0), these functions also behave as plane waves,

Ry A(ry) o eiLar*, Ro A(rs) o e*"LaT*, (3.9)
but now with a shifted frequency
W=w+ ﬁ (3.10)
T+

For positive chirality L = 1, the plane waves of Ry 5(7«) are outgoing at both future null
infinity #* and the past event horizon . ~, while those of Ry z(r.) are ingoing at both
past null infinity .# ~ and the future event horizon .#*. For negative chirality L = —1, the
roles of Ry A(rs) and Ry a(7) are reversed. Therefore, in what follows, we will restrict our
attention to the case of positive chirality, L = 1.



We now define two well-known orthonormal bases of solutions to the Dirac equation.
Elements of the bases will be of the form given by (3.2), with certain choices of the radial
functions.

The so-called ‘in-up’ basis is determined by imposing initial conditions for the radial
functions on the past hypersurface £~ U.#~.! The ‘in’ modes represent unit flux of incoming
plane waves from .#~, with no contribution coming from 5 ~. These ingoing plane waves
are partly transmitted to the future horizon T and, since this is a scattering problem,
partly reflected back to #*. According to (3.8), (3.9), this translates into the asymptotic
behaviour of the radial functions given by

( i i )~ (O,ti}\“e_i"”*), Ty — —00,

1A 12 A (3.11)

(ryer= e ) ry = 4o00.

The factors til{l and T’XI are called the transmission and reflection coefficients, respectively.
On the other hand, the ‘up’ modes correspond to unit flux of outgoing plane waves at 7,
with no contribution from .#~. Part of this outgoing flux is transmitted to .# T while the
other part is reflected back down JZ7*, that is,

(ezwr*’rxpefzwr*)y Ty — —00,

, (3.12)
(t\ e, 0), Ty — 400.

up up
(Rl,A7 R2,A) ~

The second basis is the so-called ‘out-down’ basis. In particular, the ‘out’ and ‘down’
solutions are the time reversals of the ‘in’ and ‘out’ modes, respectively, so that

RN = (A7) = () (8.15)

In this case, the chosen hypersurface on which we impose the initial behaviour is formed by
future null infinity and the future event horizon, s U #*. The ‘out’ solutions are outgoing
plane waves at .# T, vanishing at 2", such that when they are evolved to the past, part
of the wave emanates from 7~ and part is incoming from & :

(1T, 0), re = =00,

(ezwr* , 7,‘Xut

(R, RS) ~ (3.14)

e ) re = F00.

Analogously, the ‘down’ modes are ingoing solutions near 7", vanishing at .# ", such that in
the past, part of the flux is incoming from .# ~ and the other part is outgoing from ¢~ that is,

down ,iwrs ,—iwrs
(Rdown Rdown) ~ (TA “Me € )7 T — —00, (3 15)
LA 2 7R2,A down , —iwrs ’
(0,t°""e ), Ty — 4-00.
out/down out/down . .. .
The constants ¢, and 7, are, respectively, the transmission and reflection co-

efficients for the ‘out’ and ‘down’ modes.

1Strictly speaking, we are choosing a Cauchy surface close to J#~ U % .



To determine whether classical superradiance exists for charged fermions on RN, it is
useful to find relations between the transmission and reflection coeflicients of the different
modes. We define

Wia = RiaRyn — RopRyA, Wan = Ri \Rip — RS \Roa, (3.16)

for any two pairs of solutions (R A, R2 ) and (}~21 As éz, A). It is straightforward to verify
that these quantities do not depend on 7, and as a consequence,

PR = 1= 1R = 3o,
=t = (13)" = (™),
P2 0 = 1. (3.17)

From (3.17), we deduce that all reflection coefficients satisfy the condition |rp| < 1, which
confirms the absence of classical superradiance for Dirac fields [19], similarly to the case
of fermions on Kerr black holes [5]. Nonetheless, as we will demonstrate below, due to
the frequency shift (3.10) experienced by an observer near the event horizon, quantum
superradiance will occur for fermions in RN backgrounds.

4 Ambiguities in the notion of quantum vacuum

We now proceed with the canonical quantization of a fermionic field ¥ on a classical RN
background. First, we need to choose an orthonormal basis of solutions {¢4 } to the Dirac
equation (2.4) with respect to the inner product (2.7). In the last section, we reviewed
two well-known possibilities: the ‘in-up’ and the ‘out-down’ bases. Second, we need to
split our chosen basis into two subsets: one, {T,Z)X}, will generate the one-particle Hilbert
space (the space of solutions that we will call particles after quantization), and the other,
{1}, the one-antiparticle Hilbert space (the modes that we will later call antiparticles).
Although this procedure is full of ambiguities, it is usual to define the solutions wj{ and
Y, as ‘positive’ and ‘negative’ frequency modes, respectively, with respect to a particular
time-like coordinate. Since RN has a globally time-like Killing vector d;, this provides a
natural definition of positive/negative frequency. However, we will see that even this criterion
leaves some freedom in the quantization.

We expand the classical fermionic field ¥ in terms of the particular chosen basis. To define
the quantum field operator \i/, we promote the coefficients defining the linear combination
to operators on the Fock space:

b =3 (arvf + By ) . (4.1)
A

where a, and by are the annihilation operators of the particle and antiparticle sectors,
respectively; and their adjoint versions are the associated creation operators. We impose
the usual anticommutation relations

{&Av &1/.\’} = {BAa BTA/} = 5/\,/\’7 (42>



and all the other anticommutators between creation and annihilation operators vanish. The
quantum vacuum state |0) is defined as the state annihilated by all the annihilation operators,

aal0) = bal0) = 0; (4.3)

that is, the state devoid of particles or antiparticles. Different choices of basis determine differ-
ent linear coeflicients in the expansion of the Dirac field ¥, leading to different annihilation and
creation operators according to (4.1). Consequently, this can result in different quantization
schemes, each with its own notion of quantum vacuum, particles and antiparticles.

Our first choice of basis is the ‘in-up’ basis. We can define the positive and negative
frequency ‘in’ modes with respect to the proper time ¢ for a static observer asymptotically
far from the black hole (at .# ) with constant azimuthal coordinate ¢, whose frequency is
given by i0;¢%|, = wi. We then define wxin as the modes with positive frequency, w > 0,
and szin as those with negative frequency, w < 0. On the other hand, it is also natural to
define the frequency of the ‘up’ modes with respect to the sign of the frequency measured by a
static observer close to the past event horizon .7°~. According to (3.9), the relevant frequency
for this observer is not w but the shifted frequency @ (3.10). As a consequence, we define wXuP
as those modes with @ > 0, and ¥, """ as having @ < 0. Finally, following the canonical
quantization procedure described above, the expansion (4.1) translates in this case into

~ [e%) l 0o . ' 0 . B
Wiy :Z Z [/0 dw ayy’ +[wdw bAwA

l:%mzfl
00 0 .
[Tamaper e [ oam bt (4.4)
0 —0o0

These annihilation and creation coefficients satisfy the anticommutation relations (4.2), and
define the ‘in’ quantum vacuum, denoted here as |in). This state, by construction, has no
incoming flux of particles in the asymptotic past: either coming from J#~ or ..
Following similar criteria, we can construct a quantization scheme for the ‘out-down’
basis. We choose modes wxout with positive frequency with respect to a static observer at
future null infinity #* (so that w > 0), and ¢j{down to have positive energy with respect
to a static observer near the future event horizon J#* (giving @ > 0). Negative frequency

modes wxout and wxdown are defined analogously. These choices define the ‘out’ and ‘down
annihilation and creation operators via the field expansion

. [eS) l 0o 0 R
\I/|out> = Z Z |:/O dw d?\utw;\&-out + /_OO dw bj)\utTwXOut

l:% m=-—1
<~ ~down, ; +down 0 ~ 72downt ; —down
+ dw ay”™"™py + dw b,y , (4.5)
0 —00

which in turn determine the ‘out’ quantum vacuum |out). In this vacuum there are no
particles in the asymptotic future, either outgoing to .#* or going down into #.

In the case of a charged scalar field, the splitting criterion employed here for both the
‘in-up’ and ‘out-down’ bases is not optional but mandatory [23]. This requirement arises from
the necessity for modes defined to have positive frequency to also have positive Klein-Gordon



norm (and negative frequency modes to have negative Klein-Gordon norm) in order to obtain
the standard bosonic commutation relations for the creation and annihilation operators.
Consequently, a ‘Boulware’ state — characterized by the absence of particle flux at both
4~ and T — cannot be defined [23]. In contrast, for fermionic fields, a natural notion
of inner product (2.7) exists without requiring any additional constraints and all modes
have positive norm. This provides greater flexibility in the choice of mode splitting and,
in particular, allows for the definition of a candidate ‘Boulware’ state, as is the case for
fermions on rotating black holes [28].

For instance, we can define the splitting of the ‘up’ modes according to a static observer
at £ (instead of with respect to a static observer close to # ). In this case, the positive

frequency modes @/}XUP would be those with w > 0 (instead of @ > 0), while the negative

frequency condition would be w < 0 (and not @ < 0). By keeping the splitting of the ‘in’
modes with respect to the static observer at .# ~, this new definition of positive frequency leads
to a different quantum vacuum, a ‘Boulware’ state |B), which has no particles at either .#~
or .#T. Similarly, we can apply this approach to the ‘out-down’ basis, such that positive
frequency ‘out’ and ‘down’ modes are those with w > 0, and negative frequency modes are

those with w < 0. This results in another, possibly distinct, ‘Boulware’-like state |B’).

5 Quantum superradiance

In this section, we will show that while the ‘out’ state |out) is empty at future null infinity .#*
and the future event horizon 7, the ‘in’ state |in) contains an outgoing flux of particles
at £ and an ingoing flux transmitted down 5. This particle production phenomenon is
known as quantum superradiance. We will quantify the number of particles per unit time
created during this process, as well as the expectation values of the charge current flux J" and
the stress-energy tensor component T}f, which corresponds to the energy flux. We will see that
this particle creation effect results in both the discharge and the energy loss of the black hole.

5.1 Particle production

To compare the various notions of quantum vacuum defined in section 4, we will briefly review
the Bogoliubov formalism for fermions in a generic curved spacetime.

Consider two different orthonormal bases of field modes, {¥¥} and {13 }, which define
different quantum vacua |0) and |0), respectively. As they are both orthonormal bases of the
same Hilbert space of solutions of the Dirac equation, we can write one in terms of the other:

VR =D (@XAWX/ + BXM!)X/) . U= (%,w; + a;A,w;/) : (5.1)
N A
The constant coefficients from these linear expansions are the Bogoliubov coefficients. The

orthonormality of the bases and the properties of the Dirac inner product (2.7) lead us to
deduce that the inverse Bogoliubov coefficients are related to those in (5.1) according to

~+ _ (. £\ ot _ *

Qprp = (%\A/) o Pan = (BZJ\FA’) - (5.2)
Using these relations and taking into account that the expansion of the classical Dirac field ¥
in terms of both {¢¥} and {¢)F} is the same, the relations between the annihilation and



creation operators of the two quantization schemes are
=3 [(af) an+ (850) 8], Ba— 3 (Bra) e + (o) 8] 63)

The B-Bogoliubov coefficients mix the positive and negative frequency modes in the two
quantization schemes, and thus, their concepts of particle and antiparticle. For example,
while E'A annihilates one particle in the ‘tilde’ quantization, in the other this might lead
to B}L\/ creating antiparticles. Only if all these S-coefficients vanish, do these notions, as well
as the corresponding quantum vacua, coincide. This translates to the fact that, relative
to the vacuum state |0), the state |0) may contain excitations. The total number of these
excitations is given by

2t 2
N = 32 (0fahaa +babalo) = 3= (18507 + 183w l?) (5.4)

A AN

’

where the last equality is a consequence of (5.3) and the anticommutation relations (4.2).
We see that coeflicients ﬁj{A, and (3, ,, provide the number density per mode of fermions
and antifermions, respectively.

Returning to the case of a fermionic field on a RN background, the total number of created
particles per unit time in the ‘out’ state with respect to the ‘in’ state (and vice versa) is

Nin) _ Z<1n|AoutTAout +a Adovvn]L (/1\own g?\utTl;(I)xut + l;(/i‘ownTlA)?l\own‘in>‘ (55)
A
Note that, if these two quantum states were the same, we would have N, iy = 0. Let us
demonstrate that this is not the case.
From the asymptotic behaviours of the radial functions given in (3.11)—(3.15), and from
the relations between the transmission and reflection coefficients in (3.17), we obtain

R;),IXD _ ToutRlnA + toutR] it Rdown dowann + T’dOWHR;I?\, (56)
for j = 1,2. Then, the ‘in-up’ basis is related to the ‘out-down’ basis by the linear combinations

w?\ut _ T?\uthl + t([)\ut XP’ w?\own — t([i\ownwkl + rjd\ownwxp_ (57>

According to (3.10), when ¢@ > 0, modes with w > 0 also have @ > 0, thus (5.7) is actually
a relation between positive frequency solutions for these modes. In other words, all the ‘out’
and ‘down’ positive frequency modes are expanded only in terms of positive frequency ‘in’ and
‘up’ modes. Consequently, (5.1) implies that the -coefficients vanish for w > 0. For modes
with @ < 0, which also satisfy w < —¢Q /74, we reach similar conclusions, but with negative
frequency solutions. However, this does not hold for modes in the range —¢Q/r4 < w < 0,
for which @ > 0 and we have

¢out— o Outwm_ toutw/u\p-i- 7 wdown—i— tdown¢1n— id\ownq/}}ip-‘r ) (5.8)

For this specific frequency interval, there is a mixing of positive and negative frequency modes.
By comparison with (5.1), we have nonvanishing (-coefficients, which can be identified with



the corresponding transmission coefficients. Furthermore, due to the equality between the
‘out” and ‘down’ transmission coefficients (3.17), particles and antiparticles are created in
equal proportions. This is consistent with the fact that particle production is fundamentally
a pair creation process, ensuring that the total charge of the produced fermions remains
neutral. Similarly, for the case where ¢ < 0, analogous conclusions are drawn, with
the only non-vanishing contributions now coming from modes with frequencies within the
interval 0 < w < —¢Q@/r+. In summary, the total particle production per unit time is

1 = max{fg,O} out |2
Ny = 5 22D [ >
== 7‘+’

The factor of 2/ + 1 arises from the summation over m, as the transmission coefficients are
independent of this quantum number, given that the radial functions are also independent
of m (3.6). Additionally, we have included a prefactor of 1/1673, which arises from the
normalization of the modes. Although we previously saw that classical superradiance does
not occur for fermions on a RN background, this result shows that quantum superradiance
is indeed present. From henceforth, we will call modes with ww < 0 ‘superradiant’ modes,
since these modes give rise to quantum superradiance.

To numerically compute the transmission coefficients tq*, we solved the system of radial
equations (3.6) with the asymptotic boundary conditions

R () TR0 gt RS () 0. (5.10)

By then calculating the constant W 5 in (3.16) for the ‘out’ and ‘down’ radial functions,
it follows that
(= lim R (ry)e - (5.11)

In figure 1, we illustrate the dependence of the particle number density on the frequency w
for fixed [ = 1/2, when ¢@Q > 0. Modes with w = 0 lack the energy required to cross the
transmission barrier, resulting in the reflection of all fermions. Consequently, no particle
production occurs at vanishing frequencies. As the frequency increases in absolute value,
the modes gain enough energy to be partially transmitted down the event horizon. The
particle production peaks at the threshold frequency w = —¢Q/r+. Beyond this point, the
quantum superradiance effect ceases, as described by (5.9). Our analysis shows that, across
all values of ¢ and @ studied, the particle density contribution decreases by several orders of
magnitude with each increasing value of I. For instance, at the threshold w = —¢Q /7y, where
particle production is most significant, the contribution of modes with [ > 7/2 is more than
ten orders of magnitude smaller than that of the dominant [ = 1/2 mode. Finally, increasing
the fermion charge g broadens the spectrum, leading to an overall enhancement in particle
production. This will be discussed further in section 5.3.

In contrast, consider the ‘Boulware’-type states | B) and |B’), defined in section 4 according
to the criterion that all positive frequency modes have w > 0 and all negative frequency
modes have w < 0. From (5.7), it is clear that positive and negative frequencies are not
mixed. This results in vanishing S-coefficients across the entire spectrum, meaning that these

,10,
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Figure 1. Number of created particles per mode, (21 4 1)[t3"%|?, as a function of the frequency w,
for modes with | = 1/2 and various positive fermion charges g. The black hole charge is fixed at
Q@ = 0.8M. Outside the depicted interval [—¢Q/r4,0], no particle production occurs, and the particle
number drops to zero.

two states, initially defined using two different bases of field modes, represent the same exact
quantization: one that is empty at both .#~ and #*. Therefore, no quantum superradiance
occurs with respect to these vacua. In the remainder of this paper, we therefore focus on
the study of the ‘in’ and ‘out’ quantum vacua.

5.2 Black hole discharge

For a Dirac spinor ¥, we define the classical charge current as
JH = —qUy". (5.12)

This quantity is conserved, V,J# = 0. To define a charge current quantum operator that takes
into account both contributions coming from the flux of particles and antiparticles, we need to
introduce a commutator. However, in order to preserve the spinorial structure of products of
the form —qiy*1), this commutator can only act on the annihilation and creation operators
and not on the Dirac spinors. The quantum charge current operator is thus defined as

q =

Jh = -5 [@ w\i/] . (5.13)

Given a quantization scheme with positive and negative frequency modes wx and v, , the
expectation value of JH is given by

(P =S5 (-0t i =~k (5.14)
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The expressions for the components of the current ji = —gipp7#1p, in terms of the functions
appearing in the mode ansatz (3.2) are

Jh = m <|Rl,A|2SiA + ’RQ,A|2S§,A) ;

JA = #Lsme (|R1,A|QS%,A - \R2,A|2522,A) ;

jh = M]\/LW% (RT,ARz,A) S1,A52,75

Jx = 271_273(]\/11811129$ (RT,ARZA) S1.A52., (5.15)

where R denotes the real part and & the imaginary part of complex quantities.

From the properties of the angular functions in appendix B, when performing the finite
sum over m to compute the expectation values (5.14) we obtain a vanishing contribution
from the angular components, so that

(JO = (J*) =0, (5.16)

independently of the quantum state under consideration. This is expected from the spherical
symmetry of the configuration.

Since we want to quantify quantum superradiance, we are particularly interested in the
components of the charge current leading to different expectation values for ‘in’ and ‘out’
states. Using that the ‘out-down’ basis is the time reverse of the ‘in-out’ basis (see (3.13))
and the symmetries of the angular functions under the transformation m — —m given in
appendix B (the radial functions are independent of m), we arrive at the results

(in].J*|in) = (out|J*|out), (in|.J"|in) = —(out|J" |out). (5.17)

Thus, we will now focus on the computation of the expectation value of the radial component
of the charge current.

From the semiclassical Maxwell equation V ,FH* = (J¥), where F' = gl AV — 9 AF is
the antisymmetric electromagnetic tensor, we deduce that the expectation value of the current
density operator is conserved for all quantum vacua: V#<j“> = 0. Taking into account the
vanishing angular components (5.16) and the fact that the quantum states considered here
are static, integrating this conservation equation leads to

(Jr) = —:,%, (5.18)

where I is an integration constant independent of r. From (5.14), the sign of K matches
that of the contribution to the charge current from the positive frequency modes, jj{” .
Consequently, I represents the net charge flux emitted by the black hole, defined as the
charge flux of particles minus that of antiparticles.

To compute K for the ‘in’ vacuum we only need to evaluate <j7"> at r. — +00. Using
the asymptotics of the radial functions (3.11)—(3.12), this results in

+o0 0
q ou
Kin) = 15,3 221 +1) [ o e 1P (5.19)
=1

2 "+

— 12 —



Note that when ¢@Q < 0, the lower limit of the integral is larger than the upper limit,
introducing a negative sign when the order is reversed. Only the superradiant modes
contribute to the charge flux, with the absolute value of K,y given by the total particle
number per unit time in (5.9) multiplied by the charge of the fermionic field g. This result is
independent of the chirality L due to the invariance of °, j% (5.15) under the transformation
Ry < Rop-

The contribution of particles to the total charge current is equal in magnitude but opposite
in sign to that of antiparticles; in other words 3", ji" = — 3 7" In addition, from (5.19), we
observe that the sign of the charge flux ;) matches the sign of the black hole charge Q. This
implies that when the black hole is positively (negatively) charged, positive (negative) charges
are emitted outwards while an equal number of negative (positive) charges are absorbed,
resulting in the discharge of the black hole due to quantum superradiance.

Finally, the expression for K in (5.19) is only valid for the ‘in’ state (for ‘out’ state,
according to (5.17), we have Kiouty = —IC|m)), and each quantum vacuum has its own value
of K. For the ‘Boulware’-type quantum state |B), we find that K,py = 0 and there is no
charge current in the radial direction.

5.3 Black hole energy loss

The classical stress-energy momentum tensor for a Dirac field ¥ in background gravitational
and electromagnetic fields is

i _ R
T = 5 [T Vi)t = (v(u\p) Yoy + 2ig A, Ty, \I/] , (5.20)

where parentheses are used to denote symmetrization of indices. With the same caveat as for
the current, namely that commutators act only on the annihilation and creation operators
and not the Dirac spinors, the associated quantum operator is

A A

T = {[@, 7(#Vy)\i’} — {V(u@, 'yl,)\ii} + 2iqA, {\Il,yy)\il} } . (5.21)

PPN

Fixing a particular quantization scheme having positive and negative frequency modes 1/17{
and 7, , we find the expectation value of TW to be

) 1
() =53 (tror = Hn) - (5.22)
A

where tfy A are the classical stress-energy momentum tensor components (5.20) for the
modes wf Their expressions (omitting A and the £ signs for simplicity in the notation)
in terms of the radial and angular functions and mode contributions to the charge cur-
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rent (5.15) are

i 1 . x
e ==y (04 ZE) 2o S (i) 52+ 3 (13 53],

q  8m2r2sind

o

gLl L0 ()4 4G, )
by = 47727“2Lfs1n€ { (RIR,) ST — S (R3Ry) 52}
o = gy 19 (RIFS) + 9 (R5RY)) $152
tro = S+ TR o [R(RIR) R (R5RY) S152

L
_ = * ! _ !
t99 = 47r27“\/78in9\s (RlRQ) (5152 5152) s
m]@ L *
top = T ST R (RiR2) (5152 — $153)

top = mj—“". (5.23)

Taking into account the properties of the angular functions in appendix B, substituting
the modes (3.2) in the stress-energy momentum tensor components in (5.23), and performing
the finite sum over m, all components of the stress-energy momentum tensor expectation
value vanish except for (Ty), (T},) and (T}.). However, while the first two coincide for the
‘in’ and ‘out’ states, this is not the case for the tr-component, which satisfies

(in| T} |in) = —(out|T},|out). (5.24)

In order to quantify the quantum superradiance phenomenon we focus now on calculating
this radial energy flux expectation value.

Due to the electromagnetic background, the expectation value of the stress-energy
momentum tensor is not conserved: V#( W> = 47rFW<J“). Taking into account the fact
that all the expectation values are time-independent, we integrate the equation for v = ¢,
resulting in

(dy) = -5+ T8
T
where £ does not depend on r, but does depend on the particular quantum state considered.
Physically £ is the flux of energy from the black hole. To evaluate <TtT) for the ‘in” vacuum
at r, — 400, we use the asymptotic behaviour of the radial functions (3.11)-(3.12), as
well as the properties of the angular functions given in appendix B. Identifying this result
with (5.25), we obtain

(5.25)

r3

1 +OO ou
Ly = 1o~ 32 20 +1) / dw |13 2. (5.26)
+
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Figure 2. Expected energy density flux dissipated by the black hole, r%in\fﬂin), as a function
of the radial coordinate, for gM = 0.6 and @@ = 0.8M. Far from the black hole, it approaches a
horizontal asymptote at —Lj;,y. The total number of particles created per time, N, in), and the charge
flux constant, Kji,y, are also shown.

When ¢@Q < 0, we again need to reverse the order of the integral limits and introduce a
negative sign. Each superradiant mode contributes to the energy flux in the radial direction
with an energy proportional to its particle number, (20 + 1)[t3"¢|?, and its frequency w. Due
to the invariance of 3°\ #; A under the exchange of Ry z and Ry A (5.23), the energy flux Ly,
is the same for positive and negative chiralities.

In particular, L) is always positive, and due to the black hole discharge studied above,
we have ;)@ > 0. As a result, there is a spherical surface with radius

rg = — % (5.27)

where the expectation value in (5.25) vanishes. Inside this sphere, there is an ingoing flux
of energy into the black hole, while outside, there is a net energy loss. This can be seen in
figure 2, which shows how the energy flux 72(in|77 |in) decreases as one moves away from
the black hole, and asymptotically approaches the constant —Lj;,). We also show the total
particle number per unit time N, (5.9), and the charge flux constant K,y (5.19). The
behaviour of 72 (in|T} |in) resembles that observed in the case of a charged scalar field on
RN [21], where an ‘effective ergosphere’ indicates a sign change in this component of the
stress-energy momentum tensor outside the event horizon [16, 29, 30].

In figure 3 we explore how 72(in|T7|in) changes as we vary the fermion charge ¢. As the
charge ¢ increases, the ingoing energy flux inside the effective ergosphere grows, enabling a
greater extraction of energy from the black hole, which is expelled outside the ergosphere.
This results in a net energy gain at the expense of drawing energy from the black hole.
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Figure 3. Expected energy density flux dissipated by the black hole, r2<in|Ttr\in>, as a function of
the radial coordinate, for Q = 0.8M and various fermion charges q.
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Figure 4. Effective ergosphere radius 7o, where the expectation value r2(in|T7|in) vanishes, as a
function of the fermion field charge ¢, with Q = 0.8M.

Figure 4 shows how the boundary 7o (5.27) of the effective ergosphere shifts with ¢, revealing
a slight expansion of the ergosphere as ¢ increases. This expansion enhances quantum charge
superradiance. Indeed, in figure 5 we observe that particle creation N, in)> charge flux ;)
and energy flux L)y, all increase with larger ¢, as the electromagnetic interaction between
the RN black hole and the charged field intensifies.

Although these results are similar to the scalar case, charge quantum superradiance is
considerably more intense for fermions. Notably, the effective ergosphere is one order of
magnitude larger for fermions than for charged scalars, for which g ~ 2ry [21]. This leads
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Figure 5. Enhancement of quantum superradiance when increasing the fermion charge ¢, for a black
hole charge @ = 0.8M. We show the quantities ./\/'m>7 Kjiny and L) as functions of q.

to charge and energy fluxes that are two orders of magnitude higher than in the scalar case.

We close our analysis of quantum superradiance for charged fermions by considering
how the quantities N, in)> Kjiny and L}j,) depend on the signs of the fermion charge ¢ and
the black hole charge @). In figure 5 we consider ¢ > 0 and @ > 0. Under the transforma-
tion ¢@Q — —¢Q, both the total number of particles (per unit time) Min> and the energy
flux L) remain invariant. In contrast, the charge flux K, changes sign when @ — —@Q
but remains invariant when ¢ — —¢q. This behaviour follows from the transformation of
the radial differential equation (3.6) under the mapping ¢@ — —q@, leading to the trans-

formation RS\ — (RS )*. Consequently, as implied by (5.11), the transmission

jv(fwal’m)

ot my = (€%, 1.m))" - Therefore the behaviour for different signs of ¢

and @ can be deduced from that depicted in figure 5 by making an appropriate transformation.

coefficient transforms as ¢

6 Conclusions

In this paper we have studied a massless, charged fermion field propagating on a static,
charged RN black hole background. Classically, the charged fermion field does not exhibit
superradiance [19], but we have shown that the quantum analogue of charge superradiance
can occur, depending on the quantum state of the field. We define an ‘in’ vacuum state which
is empty at both the past horizon and past null infinity. In this state, quantum superradiance
is present: charged fermions are spontaneously emitted into those field modes whose frequency
lies in the range for which a bosonic field would exhibit classical superradiance. As a result,
the black hole discharges and also loses energy.

However, there is an inherent ambiguity in how the vacuum state is defined; the ‘in’
vacuum is not the only possibility. For example, we can construct the time-reverse of the
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‘in’ state, namely the ‘out’ vacuum, which is as empty as possible at both the future event
horizon and future null infinity. Both these states can be defined analogously for a quantum
charged scalar field on RN [21]. For a quantum charged fermion as considered here, there is a
third possibility. We can define a state which is as empty as possible at both past and future
null infinity. Such as state can only be defined for fermions; there is no analogue for a charged
scalar field [23]. In this ‘Boulware’-like state, there is no spontaneous emission of charged
fermions, and accordingly this state is that which most closely resembles the ‘Boulware’
state [22] for a neutral scalar or fermion field on a static Schwarzschild or RN black hole.

The situation for charge superradiance on charged black holes, as studied in this paper,
is somewhat analogous to that for rotational superradiance on rotating Kerr black holes. In
both scenarios, classical superradiance is present for scalars but not for fermions; however
both scalars and fermions can exhibit quantum superradiance. Furthermore, for scalar fields
in both set-ups, it is not possible to define a ‘Boulware’-like state which is as empty as possible
at both past and future null infinity [23, 31]. Considering neutral fermions on a rotating Kerr
black hole, as is the case here for charged fermions on a charged black hole, a ‘Boulware’-like
state can be defined [28]. However, while this state on Kerr is a vacuum state asymptotically
far from the black hole, it diverges on the stationary limit surface (the boundary of the
ergosphere) [28]. It would be interesting to investigate whether the ‘Boulware’-like state we
have defined here in this paper is regular everywhere outside the event horizon. This would
require a study of all the components of the charge current and stress-energy momentum
tensor, which is beyond the scope of our present work.

A Dirac formalism on RN background

The Dirac matrices v* satisfy the anticommutation relations {y*,~7"} = 2¢g*”, where g"” is
the inverse metric. A suitable basis of v# matrices for the RN metric (2.1) is given by [11]

1 1 1
t_ ~0 T ~3 0 _ ~~1 P _ ~2 Al
¥ f(r)’y s AT =Ny = (A.1)

where the selected representation for the flat-space matrices ¥¢ is

o _ (il 0 L 0 oy A
- = 2
7 (0 —7;12>’ 7 (—wj R (A-2)

with I the 2 x 2 identity matrix and o; the usual Pauli matrices

01:(?(1)>, 02:<?_0i>, 03:<(1)_01>. (A.3)

The chirality matrix in (3.1) is

012 0 I
v =777 = 2. (A4)
I, 0

In the above, Latin indices a represent Minkowski coordinates, while Greek indices p denote
the coordinates used in (2.1) to describe the RN black hole.
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The spinor covariant derivatives V, in the Dirac equation (2.4) are defined accord-

ing to [11]
0
where I, are the spinor connection matrices, given in the RN background by
Ldf .3
Iy=-—
t 4d7’7 o
= 07
_ 1 ~123
Lo = =5\ F(r)777,
1
Ty =—3 [,/ f(r)sin 07253 + cos 727! | . (A.6)

This leads to the expression for the Dirac equation in (2.6). The spinor covariant derivative
of the conjugate spinor, defined as ¥ = U130, with U' being the hermitian conjugate of ¥, is

v, 0 = 9, + UT,. (A7)

B Properties of the angular functions

The angular functions Sj 5 (#) and Sy A(6) are related to the well-known spin-weighted
spherical harmonics Y;™(6,¢) [26, 27]:

S1.4(8) = VEin 8, Y, (0, 9)e™,
So.a() = Vsin 9_%Yl_m(0, ©)e™m?. (B.1)

They are normalized according to

/ﬂ Sy A(6) db = /ﬂ Sy (0) d6 = 1 (B.2)
0 0

and satisfy the following addition relations, which can easily be deduced from those for the
spin-weighted spherical harmonics [32]:

l !
2 1
> Sa02= Y a0 = L sino,
m=—1 m=—I
Zl: S1.a(0)° Zl: S0 (0)* = 2 in g cosh
mo1,A =- mda A = sin @ cos 8,
m=—I m=—1 ™
! !
> Sial0)S2(0) = 37 mS1A(0)S24(0) = 0,
m=-1 m=—1
: d
>- Sial6)35Ska(8) =0, (B3)

m=—1

for j,k = 1,2. Another useful property concerns the symmetries of the angular functions
under the transformation m — —m. From their governing equations (3.5) we have

Sl,(fm,l,w) = iSZ,(m,l,o.)% SZ,(fm,l,w) = :FSL(m,l,w)' (B4>
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