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Abstract

We compute the renormalized expectation value of the stress-energy tensor operator
for aquantum scalar field propagating on three-dimensional global anti-de Sitter space-
time. The scalar field has general mass and nonminimal coupling to the Ricci scalar
curvature, and is subject to Dirichlet, Neumann or Robin boundary conditions at
the space-time boundary. We consider both vacuum and thermal states, and explore
whether the weak and null energy conditions are satisfied by the quantum stress-
energy tensor. We uncover a rather complicated picture: compliance with these two
energy conditions depends strongly on the mass and coupling of the scalar field to the
curvature, and the boundary conditions applied.

Keywords Anti-de Sitter space-time - Renormalized stress-energy tensor - Quantum
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1 Introduction

In classical general relativity, the Einstein equations relate the curvature of the space-
time geometry to the matter content of the space-time:

1
Roy — ERgay + Agay = 877Tays (1.1

where Ry, is the Ricci tensor, R is the Ricci scalar, A is the cosmological constant,
8ay 1s the metric tensor, Ty, is the stress-energy tensor (SET) and we are using units
in which G = ¢ = i = kg = 1. In principle, given any SET, one could then solve
the Einstein equations (1.1) to find possible space-time geometries sourced by that
SET. Similarly, given any space-time, one can use (1.1) to give the corresponding
matter SET. In practice, the form of the SET 7y, is constrained by physical principles.
For example, in order to satisfy (1.1), it must be the case that the SET is conserved:
Vo T*Y = 0, where V,, is the usual covariant derivative. Energy conditions (see [1-3]
for reviews) play an important role in constraining the form of the matter SET. The
idea is that energy conditions encode the general behaviour of SETs for “physically
reasonable matter”, and that by insisting that the matter content of Einstein’s equations
(1.1) satisfies these energy conditions, one can rule out “unphysical” space-times such
as wormholes or those with closed time-like curves.

Of the pointwise energy conditions considered in the literature, in this paper we
focus on just two: the weak energy condition (WEC) and null energy condition
(NEC). The WEC stipulates that for any future-directed time-like vector V%, we have
Topy VEVY > 0. Put simply, this requires that for all observers, the energy density
measured by an observer is never negative. The NEC imposes a similar condition on
the SET, but for null vectors; in particular, the NEC requires that for a null vector k%,
we have Ty, k*k? > 0. If we assume that the SET takes the perfect fluid form

T = (E + P)UU” + Pg*", (1.2)

where E is the energy density, P the pressure density and U is the four-velocity of
the fluid, then the WEC is equivalent to £ > 0 and £ + P > 0, while the NEC is
equivalent to £ 4+ P > 0. Thus the WEC implies the NEC, but not the converse; the
NEC is a weaker condition than the WEC.

Let us consider the mathematically simplest type of classical matter field, a scalar
field @ having mass m and satisfying the wave equation

[v“va _ (m2 + sR)] ® =0, (1.3)

where & is a coupling constant. When & = 0, the scalar field is minimally coupled to
the space-time geometry, and both the WEC and NEC are satisfied [1]. On the other
hand, when & # 0 and the field is nonminimally coupled to the Ricci curvature scalar,
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both the WEC and NEC can be violated by classical configurations satisfying the
Einstein equations (see, for example, [1, 4-6]), where the SET of the classical scalar
field is given by [7]

1
Ty = (1= 26) (Va®) (V@) = 5 (1 = 46) 8oy [ (V2 @) (V*0) + (m? + £ R) @]

1
—2¢ [cbvavyeb + 5Rwop?]. (1.4)

It is possible, via a conformal transformation of the metric and a field redefinition
Say = QD) gy, D — F(D), (1.5)

where Q2 (®) is the conformal factor (which depends on the scalar field) and F(®) is
a function of the scalar field, to transform the classical theory with a nonminimally-
coupled scalar field (in what is termed the Jordan frame) to an alternative frame (the
Einstein frame) in which the transformed scalar field is minimally coupled to the
transformed space-time scalar curvature, but has a nonzero self-interaction potential.
While the NEC (and hence also the WEC) can be violated in the Jordan frame, the
NEC is satisfied in the Einstein frame (if the self-interaction potential is positive then
the WEC is also satisfied in the Einstein frame). One could therefore argue that it is
the Einstein frame which is the physically relevant one (see, for example, [8—10] for
discussion of this issue and further references on the subject).

If we consider a quantum rather than classical scalar field, the classical SET on
the right-hand-side of the Einstein equations (1.1) is replaced by a (renormalized)
expectation value of the quantum SET operator:

1 R
Ray = 5 Rguy + Agay = 87(Tuy). (1.6)

Within the framework of quantum field theory in curved space-time, the RSET (renor-
malized SET) (fay) is computed for a suitable state of the quantum field on a fixed,
background, classical space-time. The semiclassical Einstein equations (1.6) then
govern the backreaction of the quantum field on the space-time geometry. If we are
interested in a free quantum scalar field which is nonminimally coupled to the back-
ground geometry (that is, in the Jordan frame), we cannot simply make a conformal
transformation to the Einstein frame, because we have already fixed the space-time
background before computing the RSET. The question of whether the RSET for a
nonminimally-coupled quantum scalar field satisfies either the WEC or NEC must
therefore be addressed directly in the Jordan frame.

It is well-known that the RSET for a minimally-coupled quantum scalar field does
not always satisfy the NEC, even on Minkowski space-time [11]. The extent to which
the NEC is violated (if at all) depends on the quantum state of the field. For example,
in Minkowski space-time, a free quantum scalar field (whether minimally or nonmin-
imally coupled) in the global vacuum state has vanishing RSET (f‘ay) = 0 and hence
the NEC (and also the WEC) is trivially satisfied. The WEC (and hence also the NEC)
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is also satisfied when the scalar field is in a global thermal state in Minkowski space-
time. Our purpose in this paper is to explore whether this remains the case for vacuum
and thermal states on global anti-de Sitter (adS) space-time, for both minimally and
nonminimally-coupled scalar fields.

While adS space-time is maximally symmetric, which simplifies computations on
this background, the properties of the RSET for a quantum scalar field are nonetheless
rather nontrivial. As well as having constant negative curvature, adS space-time pos-
sesses a timelike boundary, on which boundary conditions must be imposed in order
to have a well-defined quantum field theory [12-27]. As a result, expectation values
of quantum operators possess rich properties, depending on the mass and coupling
of the scalar field, as well as the boundary conditions applied. While the vacuum
expectation value (v.e.v.) of the RSET when the field is subject to either Dirichlet or
Neumann boundary conditions retains the maximal symmetry of the underlying adS
space-time [28—-30] (and thus trivially satisfies the NEC, but not necessarily the WEC),
considering either Robin boundary conditions and/or nonzero temperature breaks the
maximal symmetry [22, 23, 25, 27, 29, 31, 32]. Our focus in this paper is studying
whether the NEC/WEC are satisfied by the RSET when the quantum scalar field is
in a nonmaximally-symmetric state. While the RSET for a massless, conformally-
coupled, scalar field in a thermal state on four-dimensional adS was computed many
years ago for Dirichlet and Neumann boundary conditions [29], and more recently also
for Robin boundary conditions [27], the corresponding computation for other masses
and couplings to the curvature has yet to be completed. Following [25], in this paper
we address this calculation in the simpler setting of three space-time dimensions.

The outline of the paper is as follows. We begin, in Sect. 2, by considering the effect
of the scalar field mass and coupling on the RSET (and thereby the energy conditions)
for thermal states with Dirichlet and Neumann boundary conditions. We then examine
the consequences of generalizing to Robin boundary conditions in Sect. 3, considering
both v.e.v.s and thermal expectation values (t.e.v.s) of the RSET. Our conclusions can
be found in Sect. 4.

2 RSET with Dirichlet and Neumann boundary conditions

We work in three-dimensional anti-de Sitter space-time (adS3) whose metric, in global
coordinates, is

ds> = L? sec? 0 [—dt2 + d,o2 + sin? pd02] , 2.1

where 0 < p < 7/2,0 <6 <27 and — <t < w with —7 and 7 identified. The
time coordinate ¢ is periodic with period 27, leading to closed time-like curves, but this
can be circumvented by considering the covering space of adS, where the time coor-
dinate is “unwrapped” to give —oo < t < 00. Henceforth we work on this covering
space. AdS3 is a maximally symmetric space-time with a constant negative curvature
where the cosmological constant, A, is related to the inverse radius of curvature, L,
by A = —1/L?.
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2
m
1.0
— =0
v=1/4
[ - = = v=1/2
-0.2
- = = v=3/4
— =1

Fig. 1 (&, mz)-plane of the parameters in the scalar field equation (1.3). Lines of constant v (2.2) are
diagonal lines. The shaded region corresponds to 0 < v < 1, in which there is a choice of boundary
conditions that can be applied to the scalar field. The dashed lines correspond to three particular values of
v which will form the focus of our study

We study a real, free scalar field, ®, with general mass, m, and coupling to the
background curvature, satisfying the wave equation (1.3), where R = —6/L? is the
Ricci scalar curvature. As in [25], to simplify the notation we define the parameter v
by

v= /14 (m?+&R) L. 2.2)

In three space-time dimensions, the scalar field is conformally coupled if £ = 1/8,
and thus a massless, conformally coupled scalar field has v = 1/2. The scalar field
equation (1.3) depends on the mass m and coupling & only through the combination v,
however the SET (1.4) depends on m and & separately. There is thus a degeneracy in
this set-up, with different values of m and £ yielding the same scalar field equation (1.3)
but different SETs (1.4). To make this explicit, in Fig. 1 we show the (&, mz)-plane
which parameterizes the scalar field theory. Lines of constant v (2.2) are diagonal lines
in this plane. In this paper we focus on values of v lying in the interval (0, 1), since
in this interval we have a choice of boundary conditions which can be applied to the
scalar field [15]. In Sect. 3 we will consider Robin boundary conditions, but we first
study the RSET when Dirichlet or Neumann boundary conditions are applied to the
field.

2.1 Vacuum RSET with Dirichlet and Neumann boundary conditions

The vacuum Green functions Gé) /N (s) with Dirichlet (D) and Neumann (/N) boundary
conditions applied are [25]
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4dr L 2L

i 1 1 1 N
b F (2 +v = —v, - —sinh? [—]) 2.3a
8L sinh (5r)° 1(2 2 2 2L (232)

; 3
GY(s) = 4;—”L2F1 (1 +v,1—v, 35 —sinh? [1])

J 3
G(?(S) = — lel (1 +v,1—v, E; — sinh? [i])

2L

+ i ALl li g n[2-]). @30
- —4+v, = —v,=;—sinh" | —| ], .
rLsinh ()  \2 2 2 2L

where 5 Fi (a, b, c; 7) are hypergeometric functions and s (x, x’) is the proper distance
between the points x, x’, given by [12]

s(x, x) cos At ,
cosh = — tan p tan p’ cos A9, 2.4
L cos p cos p’

with At = t' — ¢t and A9 = 6’ — 6. The only difference between the Dirichlet and
Neumann vacuum Green functions is the sign of the first term.

To find the RSET, we first subtract from the Green functions (2.3) the singular
part Ging(x, x") of the Hadamard parametrix, leaving the state-dependent biscalar
W(x, x'):

W(x,x') = =i [G(x,x") — Gging(x, x)]. (2.5)

In three space-time dimensions, the RSET is then given, in terms of the coincidence
limits of W (x, x) and its derivatives, by [7]

A 1 1 1
(I/I|Tay|w) = —Wqy + E (1 -28) W:qy + 5 <2$ - 5) ganyV)\w + sRay Y2.6)
where
w(x) = lim W(x, x), Wy (x) = 1im W(x, x").qy. 2.7
x'—x x'—=x

The resulting v.e.v.s of the RSET when Dirichlet or Neumann boundary conditions
are applied are then [30]

o) = [ et — 1 _my 28
o) = T35 [+ 66 = Vv 8oy = 5 80r- (2.82)
5N 3 m*v

Tyl = =135 [P+ 66 = Dv]guy = 57 8ay. (280)

The v.e.v.s (2.8) differ only by an overall sign. Both are proportional to the metric,
indicating that the corresponding vacuum states respect the maximal symmetry of the
underlying space-time, and hence the v.e.v. of the RSET is determined entirely by its
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trace. For a massless scalar field, we find that (fay)é) /

is no trace anomaly in three space-time dimensions.

Since (f"ay )é) ™ is proportional to the metric, the NEC is satisfied trivially for both

Dirichlet and Neumann boundary conditions, and all scalar field masses and couplings.

~

Furthermore, (7, )e/" has the perfect fluid (1.2) form with

N _ 0, as expected since there

m2U

E=—-P=g2"
TlorL

2.9)
where the — sign is for Dirichlet boundary conditions and the + sign for Neumann
boundary conditions. Therefore, when 0 < v < 1, the WEC is satisfied by the v.e.v. of
the RSET for Neumann but not Dirichlet boundary conditions. However, if we consider
the semiclassical Einstein equations (1.6), then the RSETSs (2.8) correspond to a renor-
malization of the cosmological constant [30, 33], so there are no deep consequences
of any violation of the WEC.

2.2 Thermal RSET with Dirichlet and Neumann boundary conditions

The thermal Green functions, GI?/ N (x, x"), for inverse temperature 3, can be expressed
as an infinite sum involving the vacuum Green function Gé) N (x, x") [34]:

o
g N0t o0 = > G +ijBp. 05t 000, (2.10)

j=—0

G

giving [25]

o .
2%
GP(s) = —
p (=) Z 4w L

j=—00

3 g
F1 ,1—,—;—'h2[—]
21<+v v2 sin 3L

+ : F<1+ S 'hz[s’g]) (2.11a)
_ —4+v, - —v,-;—sinh” | =~ ], dla
SwLsinh (3)° '\2 " 2 2 20

o0 .
N _ iv 3. . o[ S8
Gﬂ (s) = Z sz] (1+v,1—v,§,—51nh [i]>
j=—00
n i F(l—l- 1 1 .hz[s,g]) (2.11b)
_ —+v,——v, —; —sinh” | — |}, .
SwLsinh (3)° \2 2 2 2L

where sg is given by

cosh (S_,g) _ cos(At +ijB)

T — — tan p tan p’ cos A6. (2.12)
COS p COS P

To determine the t.e.v. of the RSET with Dirichlet and Neumann boundary conditions,
we apply the methodology used in [25] and consider the difference between the expec-

@ Springer



81 Page8of44 S. Namasivayam, E. Winstanley

v=3/4

v=3/4

P I

Fig.2 Renormalized t.e.v.s of the energy density component of the RSET, —(7;/) £/", with Dirichlet (left)
and Neumann (right) boundary conditions, for a selection of inverse temperatures, § (8 — oo corresponds
to the vacuum state). For both plots v = 3/4 and £ = 1/8

tation values of the RSET in the thermal and vacuum states. As the vacuum Green
functions in (2.3) are given by the j = 0 contributions to the sums in (2.11), we define

a regular biscalar Wé) / N(x, x') as follows:
> iv 3 sg
D/N no_ _ v 2 _ainh2 | 22
Wg'(x, x') = ' Z :F_4nL2Fl <1+v,1 v, o sinh [ZLD
Jj=—00,j#0
i 1 1 1 B
+—F —+u,——v,—;—sinh2[—]).
87 L sinh (31)° 1(2 2772 2L

(2.13)

We then use this biscalar in (2.6) to give the difference between the t.e.v. and the
v.e.v. of the RSET. We can then simply add the relevant v.e.v. to the final answer, to
give the t.e.v.. Despite the simplicity of the expression (2.13), the resulting components
of the RSET are algebraically lengthy, these can be found in appendix A. We compute
the t.e.v.s numerically in Mathematica, and find that the sum over j converges very
rapidly.

In Fig. 2 we show the energy density component of the RSET, —(YA}’)II;/ N, for
Dirichlet (left) and Neumann (right) boundary conditions when v = 3/4, & = 1/8
and a selection of values of the inverse temperature 8. The red dotted lines denote
the v.e.v., which corresponds to 8 — o0. For both boundary conditions, we see that
the energy density as a function of p has a maximum at the space-time origin and is
monotonically decreasing as p increases. This is to be expected, as the local inverse
temperature E is related to the (fixed) inverse temperature § via [31, 35, 36]

B = Bv/—gu = BLsecp, (2.14)

and hence the local temperature E ~! has a maximum at p = 0 and tends to zero as
p — m/2 and the boundary is approached. The value of the maximum in the energy
density at p = 0, unsurprisingly, increases with increasing temperature g~

Of more interest is the difference between Dirichlet (left) and Neumann (right)
boundary conditions. In particular, we see that the energy density is significantly
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greater when Neumann boundary conditions are applied, compared to Dirichlet bound-
ary conditions. Similar behaviour is seen for the vacuum polarization on adS in three
dimensions [25]. We also see that the energy density decreases more rapidly as the
space-time boundary is approached for Dirichlet boundary conditions than for Neu-
mann boundary conditions.

For both Dirichlet and Neumann boundary conditions, for the values of v and &
considered in Fig. 2 (which correspond to a massive but conformally coupled scalar
field), we see that the energy density in the thermal states is always greater than that in
the corresponding vacuum state. For Dirichlet and Neumann boundary conditions, it
is the difference in expectation values between the thermal and vacuum states which
affects the backreaction of the quantum field on the space-time background, due to
the maximal symmetry of the vacuum states with these boundary conditions applied
[33]. To see this, following [33], we write (1.6) in the alternative form

1 R R
RY — SR8, + A8, = ATY + (115", (2.15)
where
ATY = (T = (0™ (2.16)

is the difference between the thermal and vacuum expectation values. Using the v.e.v.s
(2.8), we can write (2.15) as

1 ~ A
RY — ERSZ + AS8Y = ATY, (2.17)

where A = A +mv? /(12 L) is the renormalized cosmological constant. From Fig. 2,
we see that the effective RSET AT, for the conformally coupled field has a positive
energy density.

To explore whether this remains the case for nonconformally-coupled fields, in
Fig. 3 we show the energy density — (f”,’ )g/ V as a function of both the radial coordinate
p and coupling constant &, for fixed v = 1/4, and two values of the inverse temperature
B, considering Dirichlet boundary conditions on the left, and Neumann boundary
conditions on the right. For all values of &, the t.e.v. energy density approaches the
v.e.v. energy density (2.9) as p — /2 and the space-time boundary is approached.
However, the profiles of the energy density as a function of p depend strongly on
the value of the coupling constant £ (bearing in mind that varying & for fixed v (2.2)
corresponds to varying m?, the squared mass of the field). For sufficiently large &,
the energy density at the origin is a maximum and decreases as p increases towards
the boundary, as seen in Fig. 2 for a conformally coupled field (albeit with a different
value of v). However, as & decreases and becomes negative, the energy density takes
its minimum value at the origin and is monotonically increasing as p increases. In
this case the effective RSET (2.16) no longer satisfies the WEC. The violations of the
WEC are maximal at the origin, and tend to zero on the space-time boundary.
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Fig.3 3D surface plots of the energy density component — (Tt’ )f?/ N of the RSET as functions of the radial

coordinate p and the coupling constant &, for different values of the inverse temperature 8. The left column
has the Dirichlet boundary condition and the right column has Neumann boundary condition, with inverse
temperature 8 = 1 (top) and B = 3 (bottom). For all plots, the parameter v = 1/4 (2.2)

@R

m
3

Fig. 4 3D surface plots of the t.e.v.s of the (Tpp )/I;/ N component of the RSET, as functions of the radial
coordinate p and the coupling constant &. The left column shows Dirichlet and the right column Neumann
boundary conditions. For both plots, the parameter v = 3/4 (2.2) and the inverse temperature is 8 = 1
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v=3/4 v=3/4

D -nY
-rlﬁ B
— =35
¢ 0.10f
0.02F ——— §=-2I5
—— et 0.05p
00— ————————====3 p| ------ .
P §0 0.00 o
)
-0.02} — 25 -0.05¢p

— §=3/5 _010f

-0.041

-0.15F

Fig.5 Negative thermal pressure deviators, —Hg/ N forv =3 /4 with Dirichlet (left) and Neumann (right)
boundary conditions, as functions of the radial coordinate p for selected values of the coupling constant &.
For both plots, the inverse temperature is § = 1

To examine whether the NEC is satisfied even though the WEC is not, we need to

consider other components of the RSET. Figure 4 shows the component (T,f) )D/ N of
the RSET as a function of p and &, with fixed inverse temperature 8 = 1 and v = 3/4.
Once again we see a strong dependence on the coupling constant &, but rather different
behaviour from that observed for the — (7} )ﬁD/ N
D/N

component in Fig. 3. For sufficiently

large and positive &, the value of (T,f) ) has a minimum at the origin and increases
towards the boundary, while for sufficiently large and negative & the value at the origin

is a maximum and (T/f )g/ N decreases as the boundary is approached.

The surface plots of the remaining RSET component, (Té9 )g/ N, are indistinguish-

able by eye from those for (T,f )D/ N However, these two components of the RSET
are not, in fact, equal. We therefore employ the Landau decomposition of the RSET
in an analogous way to that in four space-time dimensions [31]

(@7 =piag [-E)N, PPN W PPN — PN s

where EP/V is the energy density, PﬁD N the pressure and l'[g/ Nis the pressure
deviator [31]. For a classical thermal gas of particles, the pressure deviator vanishes
identically. In Fig. 5 we show —HﬂD/ N as a function of the radial coordinate p. For
both Dirichlet and Neumann boundary conditions and all values of & considered, the
pressure deviators 12/V attain their maximum magnitude between the space-time
origin and boundary and are zero at the space-time origin. At the space-time bound-
ary however, the difference between the two boundary conditions is noticeable. For
Dirichlet boundary conditions, IT é’ vanishes on the boundary whereas for Neumann

boundary conditions, Hg is nonzero for all p considered, with its magnitude increasing

with increasing |&|. However, for both Dirichlet and Neumann boundary conditions,

I'I/?/ ¥ have their minimum magnitudes at fixed p for conformal coupling (§ = 1/8),

suggesting that it is for conformal coupling that the quantum scalar field most closely
resembles its classical counterpart.
Although the RSET no longer has the perfect fluid form (1.2), the NEC will be

satisfied if (7)™ — (1) 5" = 0 and (T7) 5" — (T1)g"™ > 0. However, since
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Fig.6 T.e.v.s of the combination of RSET components (f}f )g — (f",’ ) g with Dirichlet boundary conditions

and a selection of values of the coupling constant £. In the top row v = 1/4, middle row v = 1/2, whilst
the bottom row has v = 3/4. In the left column 8 = 1 whilst the right column has 8 = 3.

the pressure deviator H/?/ Vs roughly an order of magnitude smaller than the cor-
responding RSET components, in order to avoid a proliferation of plots displaying
qualitatively similar results, in this work we focus on the combination of RSET com-
ponents — (f}t )D/ Ny (f",f )5D/ N (further plots and discussion of the RSET components
can be found in [37]). The positivity of this combination is a necessary (but not suffi-
cient) condition for the NEC to be satisfied. Since for the v.e.v., (f}f )OD N _ (ft’ >§/ N
(2.8), when studying the NEC in this section we do not need to consider the effective
RSET (2.16).

In Figs. 6 and 7 respectively, we show the combination of RSET components
(f‘,f >§/ N (YA",’)/I;/ N for Dirichlet and Neumann boundary conditions, and selected
values of the coupling constant &, parameter v (2.2) and inverse temperature 8. The
NEC is violated when this combination of RSET components is less than zero.

Considering first Dirichlet boundary conditions (Fig. 6), at the higher temperature
(B = 1, left-hand plots) we see that, for the values of the coupling constant & consid-
ered, there are no violations of the NEC in a neighbourhood of the origin. However,
for sufficiently large positive &, there are small regions close to the boundary where
the NEC is violated. At the lower temperature (8 = 3, right-hand plots), the NEC is
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Fig.7 T.e.v.s of the combination of RSET components ( f",f )2] - (f,’ )N for Neumann boundary conditions
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the bottom row has v = 3/4. In the left column g = 1 whilst the right column had 8 = 3

-0.4

again violated in a neighbourhood of the boundary for sufficiently large and positive
&, but there are also violations of the NEC close to the origin for sufficiently large and
negative &, at least for some values of the parameter v (2.2).

The situation for Neumann boundary conditions (Fig. 7) is similar at the lower
temperature (8 = 3, right-hand plots), with violations of the NEC in a region including
the origin for sufficiently large and negative £, and violations in a neighbourhood of
the boundary for sufficiently large and positive &£. At the higher temperature (8 = 1,
left-hand plots), we again find that the NEC is violated close to the boundary for
sufficiently large and positive &, but, unlike Dirichlet boundary conditions, there are
also small violations of the NEC close to the origin for sufficiently large and negative
& when v = 3/4. We conjecture that similar violations of the NEC would occur
for Neumann boundary conditions and other values of v, and for Dirichlet boundary
conditions, if we considered coupling constants & having larger magnitudes.

For both Dirichlet and Neumann boundary conditions, and for both inverse tem-
peratures considered, we do not find any significant violations of the NEC for either
minimally (§ = 0) or conformally coupled (§ = 1/8) fields, and for values of £ lying
in a sufficiently small interval containing these two particular values (there may be
very small violations of the NEC very close to the space-time boundary).
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All of the plots in Figs. 6 and 7 have an additional feature in common, namely
that the curves for different & and fixed v, 8 all intersect at a particular value of
p ~ /6. This phenomenon can be understood as follows. The quantities w (and
its derivatives) and wy, (2.7) which appear in the RSET (2.6) are constructed from
the biscalar W (x, x) (2.5) which depends on the scalar field mass m and coupling
constant £ only through the combination v (2.2). Therefore the terms in the RSET
(2.6) which are proportional to & depend on v and not on &, m? separately. In all our
figures, we consider fixed v, even when varying the coupling constant &£. The curves
for varying values of £ intersect when the terms in (2.6) proportional to & vanish for
a particular value of the radial coordinate p.

3 RSET with Robin boundary conditions

To determine the RSET when Robin boundary conditions are applied to the scalar
field we employ Euclidean methods, following [23, 25, 27].

3.1 Euclidean Green functions and RSET
We perform a Wick rotation, ¢t — i7, to give the Euclidean adS3 metric
ds®> = L?sec? p [dt? + dp® + sin” p d6?]. (3.1

Suitable ansatze for the vacuum, Gg (x, x), and thermal, G g (x, x"), Buclidean Green
functions are [25]

1 [ . .

G = [ o Y o) B2a)
= J—oo {=—00
K oo o0

Gy, =1—5 3, Y "4 o, o), (3.2b)

n=—o0 {=—0o0

where AT = 7 — v/ and A@ = 0 — 0’ are the separation of the time and angular
coordinates respectively, k = 27/B (with 8 the inverse temperature) and gq¢ (o, p),
gni(p, p') are, respectively, the vacuum and thermal radial Green functions.

Applying Robin boundary conditions to the scalar field, the vacuum radial Green
function gil (p, p’) takes the form [25]

gor(0.p") = Ny, [eos I+ [cos /1 [sin ]! [sin o'

1 1
x 2Py (L4 1]+ v = o], S0+ 6]+ v+ o], 1+ 1€ sin? p< )

1 1
X =005C2F1 <§[1 + U] +v—iw], 5[1 + Ul +v+iow], 1 +v; cos2 p>)
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1
Fsing [cos p= 172" F) (5[1 T+l —v—iol,

%[I—HZ\—v+ia)],1—v;coszp>)}, (3.3)

where p. = min{p, p’} and p~ = max{p, p'}. The normalization constant N cil is
given by

-1
N&:[ZU{COS; TORA+IED g TCOTA 1D ”
DI+ 1] +v — iD)]? D01+ 1] = v —ie])]?

(34)

The corresponding thermal radial Green function, gi .(p, p"), is given by substituting
o = nk into the vacuum radial Green function (3.3). In (3.3, 3.4), the quantity ¢
parameterizes the Robin boundary conditions, with ¢ = 0 corresponding to Dirichlet
boundary conditions, and { = 7/2 corresponding to Neumann boundary conditions.
The denominator of (3.4) becomes zero if ¢ satisfies the equation

ant — TWIT G +1—v —iw]?
CTEIDANE A+ T+ —iw)]?

(3.5)

in which case the vacuum and thermal Green functions become divergent. Denoting
the smallest positive root of (3.5) by it (Where it > 7/2), we restrict attention to
values of the Robin parameter below this critical value, that is, 0 < { < it [25]. In
our numerical results in the following subsections, we will focus particularly on the
values v = 1/4, 1/2 and 3 /4 for the parameter v (2.2), for which ¢ is approximately
given by

0.647r  for v =1/4,
lait ©# 10.57T7 for v =1/2, (3.6)
0.52r  for v =3/4

Since the divergences in the Green functions are independent of the quantum
state under consideration, we follow [25] and employ a state-subtraction technique
to find the RSET when Robin boundary conditions are applied to the quantum scalar
field. Previous studies of the expectation value of the square of the scalar field (the
“vacuum polarization™) in both three [25] and four space-time dimensions [23] and
of the RSET for a massless, conformally-coupled scalar field on four-dimensional
global adS [27] have shown that it is Neumann boundary conditions which give the
generic behaviour on the space-time boundary. We therefore follow the methodol-
ogy of [25] and consider the difference in RSET between vacuum and thermal states
with Robin and Neumann boundary conditions applied. To implement this approach,
we subtract the vacuum/thermal Euclidean Green function with Neumann boundary
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conditions applied from the corresponding Green function with Robin boundary con-
ditions applied, to give the regular biscalars

W (x,x') = Gg(x,x') — GY (x, x)
1 * A . i(AG| ¢ N
dodw 3 gl (p, 0 — glo. )], BTa)

“4n? |
o0 {=—00

Wi (x, x') = Gy(x, x') — GJf (x, ')

ee} [ee]
K . .
= 2 2 emmrelma[gﬁz(/%p’)—g,%(p,p’)], (3.7b)

n=—o0 {=—00

where Gé /8 (x, x") are the vacuum/thermal Green functions (3.2) with Robin boundary

conditions applied, and G(’)\; 8 (x,x") = Gg/ 8 (x, x") are the vacuum/thermal Green
functions for Neumann boundary conditions. Similarly, we denote the radial Green
functions for Neumann boundary conditions by ga/\)’ ,(p, p") and g”NK (p, p') for vacuum
and thermal states, respectively.

The biscalars (3.7) are substituted into (2.6) to give the difference in RSET expecta-
tion values between the relevant states with Robin and Neumann boundary conditions.
The final v.e.v.s and t.e.v.s of the RSET for Robin boundary conditions are then found
by adding the corresponding RSET expectation values for Neumann boundary condi-
tions, computed in Sect. 2.

3.2 Vacuum RSET with Robin boundary conditions

Substituting the biscalar (3.7a) into (2.6) gives an expression for the difference in
v.e.v.s of the RSET with Robin and Neumann boundary conditions, involving an
infinite sum over the quantum number ¢ and an integral over the frequency w. The
lengthy expressions for the quantities to be summed/integrated over can be found in
appendix B. The sums and integrals are performed numerically using Mathematica,
following the methodology of [25]. The w integral is computed first, followed by
the sum over £. The integrals converge rapidly for large |w|, and, for fixed values
of the radial coordinate p, the sum over ¢ is also rapidly converging. We find that
truncating the integral at |w| = 100 and the sum at |[£| = 100 gives final results which
are sufficiently accurate for our purposes, away from the space-time boundary. For
example, for a representative value of the Robin parameter { = 7/10 withv = 1/2
and & = 1/8, the relative error in the (ff) component of the RSET at p = 947/200
is ~ 4 x 10~° comparing to performing the sum and integral over |w|, [£| < 200. As
observed in [25], the sum over £ is not uniformly convergent as the radial coordinate p
varies. Accordingly, the relative error is much smaller for smaller values of the radius
p.

We begin the discussion of our numerical results by examining, in Figs. 8, 9 and 10
respectively, the v.e.v.s — (f”f )f), (f‘pp )6 and minus the vacuum pressure deviator —1'[6
with Robin boundary conditions applied to the quantum scalar field (additional plots
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Fig.8 Renormalized v.e.v.s of the energy density component of the RSET, —(f"f )6, with Robin boundary

conditions and different values of v. Plots in the left column show —(TA"TT )6 as a function of the radial
coordinate p for a selection of Robin parameters, ¢. The right column shows the 3D-surface plots of the
energy density as functions of p and ¢. For all plots, £ = 1/8

and discussion can be found in [37]). We take the field to be conformally coupled,
& = 1/8, and consider three values of the parameter v (2.2), namely v = 1/4,v = 1/2
and v = 3/4. When v = 1/4, the scalar field has negative squared mass m> < 0;
for v = 1/2 the scalar field is massless and conformally coupled, while for v = 3/4
we have m> > 0. In adS, a negative squared mass does not necessarily indicate
an instability; we only consider values of v for which the Breitenlohner-Freedman
bound is satisfied [38, 39], and Robin boundary conditions for which the scalar field
is classically stable.

First consider the energy density component, shown in Fig. 8. For all values of
v, when either Dirichlet (¢ = 0) or Neumann (¢ = 7/2) boundary conditions are
applied, this does not depend on the radial coordinate p (2.8) (note that for a massless,
conformally coupled field with v = 1/2 the v.e.v. vanishes for Dirichlet/Neumann
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Fig. 9 Renormalized v.e.v.s of the (f/f )6 component of the RSET with Robin boundary conditions, for
different values of v. Plots on the left hand column show the (f"pp )6 as a function of the radial coordinate p

for a selection of Robin parameters ¢ . The right hand column shows the surface plots of (fpp )g as functions
of p and ¢. For all plots, £ = 1/8

boundary conditions). We can see that this is no longer the case when Robin boundary
conditions are applied; the maximal symmetry of the underlying space-time is broken
[32]. When the field is massless (v = 1/2, middle row), the profiles of the energy den-
sity have similar qualitative features to those seen for a massless, conformally coupled
scalar field in four space-time dimensions [27]. In particular, the energy density is pos-
itive throughout the space-time. The energy density is a maximum at the origin and
monotonically decreasing towards the space-time boundary. The value of the energy
density at the origin is zero for Dirichlet boundary conditions, then increases as the
Robin parameter ¢ increases, reaches a maximum, then decreases with increasing ¢
until it is zero again for Neumann boundary conditions. When ¢ > /2, the magni-
tude of the v.e.v. of the energy density at the space-time origin increases rapidly as
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Fig. 10 Negative vacuum pressure deviators, —1'16 , with Robin boundary conditions and different values of
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¢ increases, up to the critical value ¢ (3.6), beyond which the field is classically
unstable.

The energy density profiles for massive fields (v = 1/4 and v = 3/4) are qualita-
tively very different. When m? # 0, the v.e.v.s for Dirichlet and Neumann boundary
conditions (2.8) are no longer the same. As a function of p, the v.e.v. of the energy
density is either a monotonically increasing or monotonically decreasing function. As
p increases towards the space-time boundary, it seems to be the case that the v.e.v. is
approaching the v.e.v. when Neumann boundary conditions are applied. This suggests
that it is Neumann rather than Dirichlet boundary conditions which give the generic
behaviour on the boundary, as observed previously for the renormalized vacuum polar-
ization [25]. When v = 1/4 and the scalar field has negative squared mass, the v.e.v. of
the energy density is monotonically decreasing when 0 < ¢ < /2 and monotoni-
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cally increasing when ¢ > 7 /2. The opposite is the case when v = 3 /4 and the scalar
field has positive squared mass; in this case —(f"f)f) is monotonically increasing for
0 < ¢ < m/2 and monotonically decreasing for ¢ > w /2.

When —(YA"TT)(C) < 0, the WEC is violated. For v = 1/4, this is the case close
to the boundary for nearly all ¢ studied, and for sufficiently large ¢ it is the case
throughout the space-time. When v = 3/4 the energy density is positive (a necessary
but not sufficient condition for the WEC to be satisfied) throughout the space-time for
sufficiently large ¢, but for ¢ close to zero, the WEC is violated in a neighbourhood
of the origin. Since the energy density depends on p for { # 0, /2, when Robin
boundary conditions are applied it is not possible to absorb the v.e.v. of the RSET into
a renormalization of the cosmological constant, as in Sect. 2.2. However, we could
decide to take the vacuum state with either Dirichlet or Neumann boundary conditions
applied as a reference state, and, since the RSET for these boundary conditions is
a constant multiple of the a metric (2.8), absorb this into a renormalization of the
cosmological constant, so that we are interested in an effective stress-energy tensor
AT (as in (2.17)), where now

ATY =(T1)g — (T (3.8)

Since it is Neumann boundary conditions which give the generic behaviour of the
energy density at the space-time boundary, it would be natural to use these boundary
conditions in defining the reference state. With this choice, the effective RSET will
violate the WEC everywhere in the space-time for ¢ > 7 /2 for v = 1/4 and for
0 < ¢ < m/2 for v = 3/4. Alternatively, if we choose Dirichlet boundary conditions
to give the reference state, the effective RSET violates the WEC for all 0 < ¢ < it
when v = 1/4 but the WEC can potentially be satisfied for all { and v = 3/4
(whether or not the WEC is satisfied depends also on the sign of (f"pp )6 — (f"f)g,
which we consider later in this subsection).

The v.e.v.s of the component (f‘pp )6 of the RSET, shown in Fig. 9, have similar
properties to those of the energy density. In particular, as p increases towards the
space-time boundary, they seem to approach the v.e.v. when Neumann boundary con-
ditions are applied, and the profiles as functions of p are always either monotonically
increasing or decreasing. The (negative) vacuum pressure deviators —l'[é (Fig. 10)
also show significant differences between the different values of v that we consider.
For all v studied, the pressure deviator is zero at the space-time origin at p = 0, and
has a maximum magnitude at a point between the origin and the space-time bound-
ary at p = /2. For v = 1/2, the pressure deviator —1'[6 also becomes zero at the
space-time boundary (similar behaviour is found for a massless, conformally coupled
scalar field in four space-time dimensions [27]). However, for the other values of v
studied (v = 1/4, 3/4), while the pressure deviators are decreasing in magnitude as
the space-time boundary is approached, our numerical results suggest that they are no
longer zero at the boundary.

In Figs. 11 and 12 we explore the consequences for the WEC and NEC on varying
the coupling constant & and Robin parameter ¢. Given that the pressure deviator (see
Fig. 10) is roughly an order of magnitude smaller than the RSET components, we
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Fig. 11 Left-hand column: Renormalized v.e.v.s of the energy density component of the RSET, —(f})g.

Right-hand column: Renormalized v.e.v.s of the combination of RSET components (f" ,30 )8 — (frf )6. In the
top row we fix v = 1/4, in the middle row v = 1/2 and in the bottom row v = 3 /4. For all plots, the Robin
parameter { = 37/10, and the results are shown for a selection of values of the coupling constant &

consider only the combination (fpp )6 — (f}’)g in our study of the NEC. Recall, as
discussed in Sect. 2.2, whether the NEC is satisfied or violated is independent of the
choice of reference state to use in renormalizing the cosmological constant. In Fig. 11,
we fix the Robin parameter ¢ = 37 /10, consider three values of the parameter v (2.2),
namely v = 1/4, v = 1/2 and v = 3/4 and, in each plot, a selection of values of the
coupling constant £. The WEC is violated if the energy density — (YA’TT )6 < 0 (left-hand

column), while the NEC (and hence also the WEC) is violated if (YA";’ )6 — (f‘,’)g <0
(right-hand column). The WEC can be satisfied only if both quantities in the left- and
right-hand columns are positive.

The plots in Fig. 11 have qualitative features in common. As seen previously in
Figs. 6 and 7, in each plot the curves for different values of the coupling constant &
intersect at one value of the radial coordinate p (where the terms proportional to &
in (2.6) vanish). The values of —(f"f)g and (f}f )6 — (ff)é at the intersection point
are not exactly zero; by definition they are equal to their values for a conformally
coupled scalar field which are small but nonzero (as can be seen in Figs. 8 and 9). For
nearly all values of & studied, both the WEC and the NEC are violated in some region
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Fig. 12 Left-hand column: Renormalized v.e.v.s of the energy density component of the RSET, —(f",’ )6.

Right-hand column: Renormalized v.e.v.s of the combination of RSET components (f/f )6 - (f‘,"’ )6. In the
top row we fix the Robin parameter ¢ = 7/10, in the second row { = 3/10, in the third row ¢ = 47/10
and in the bottom row ¢ = 67r/10. For all plots, we fix v = 1/4, and the results are shown for a selection
of values of the coupling constant &

of the space-time, either in a neighbourhood of the origin (for sufficiently large and
positive &) or in a neighbourhood of the space-time boundary (for sufficiently large
and negative £). For a minimally coupled scalar field with & = 0, the NEC (and hence
also the WEC) is violated in a neighbourhood of the space-time boundary. The degree
to which the NEC is violated increases with increasing |&].

We explore the effect of changing the Robin parameter ¢ (as well as the coupling
constant &) in Fig. 12, where we have fixed v = 1/4. Examining first the energy
density —(f"f)g (left-hand column), the qualitative features of the profiles of this
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quantity as a function of the radial coordinate p depend strongly on the value of the
Robin parameter {. When ¢ = 7/10, the energy density has the same sign for all p,
and is positive for sufficiently large and negative &, but negative for sufficiently large
and positive £&. When ¢ = 37/10, the curves for different values of & intersect at a
particular value of the radial coordinate p, as seen in Fig. 11. For ¢ = 47/10 and
¢ = 6m/10, the sign of the energy density is again the same for all values of p, but
is now positive for sufficiently large and positive £ but negative for sufficiently large
and negative &. For both { = 7/10 and { = 67/10, the magnitude of the energy
density is monotonically decreasing as the radial coordinate p increases; in contrast,
for ¢ = 47/10, the magnitude of the energy density is monotonically increasing as
p increases. From the plots in the left-hand column of Fig. 12, we see that the WEC
is violated (due to the energy density being negative) throughout the space-time for
some combinations of the parameters ¢ and &, in particular for & sufficiently large and
positive when { = /10, and for & sufficiently large and negative for { = 4x/10,
67/10.

Turning now to the plots in the right-hand column of Fig. 12, the profiles of the
quantity (f”,ﬁo )6 - (f“f)é share qualitative features with those in Fig. 11. For all fixed
values of ¢ studied, the curves for the different values of the coupling constant &
intersect at a particular value of the radial coordinate p (the precise value depending
on ¢ ). We find violations of the NEC (corresponding to (f”,f) )6 — (f"f)é < 0) in some
region of the space-time for almost all values of ¢ and & shown in Fig. 12. When
0 < ¢ < m/2 (top three rows in Fig. 12), the NEC is violated in a neighbourhood of
the origin for & sufficiently large and positive, and in a neighbourhood of the space-
time boundary for & sufficiently large and negative. When ¢ > /2 (bottom row in
Fig. 12), the NEC is violated in a neighbourhood of the origin for & sufficiently large
and negative, and in a neighbourhood of the space-time boundary for & sufficiently
large and positive.

3.3 Thermal RSET with Robin boundary conditions

Substituting the biscalar (3.7b) into (2.6) gives an expression for the difference in
t.e.v.s of the RSET with Robin and Neumann boundary conditions, involving infinite
sums over the quantum numbers n and £. The lengthy expressions for the summands
can be found in appendix C. Again we follow [25] and our numerical computations are
performed in Mathematica. We sum over n first, and then £. In order to have a rea-
sonable computation time, we sum over |n| < 20 and |£| < 50. Taking a representative
value of the Robin parameter, ¢ = /10, with v = 1/2 and 8 = 1, for p = 947 /200
we find that the relative error in the RSET components is of order between 10~ and
10~7 compared to summing over |n|, |¢| < 150. As in the vacuum case, the relative
error is substantially smaller further away from the space-time boundary.

For t.e.v.s with Robin boundary conditions applied to the scalar field, we have a con-
siderable number of parameters on which the RSET depends: the inverse temperature
B, the parameter v in the scalar field equation (2.2), the coupling constant £ and the
Robin parameter ¢. It is not practical to perform an exhaustive analysis of the t.e.v.s of
all components of the RSET for the entire parameter space; instead we present, in this
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Fig. 13 Renormalized t.e.v.s of the RSET components —( f"} )fS (top row), (f",',o )% (middle row) and negative

pressure deviator —H% (bottom row), for a quantum scalar field subject to Robin boundary conditions. Plots
in the left column show how these quantities depend on the radial coordinate p for a selection of values of
the Robin parameter ¢, whilst the right column shows the 3D surface plots of the quantities as functions of
p and ¢. For all plots we have fixed the parameter v = 3/4 (2.2), the coupling constant £ = 1/8 (conformal
coupling), and the inverse temperature g = 1

section, a selection of plots illustrating the key qualitative features of both the RSET
and the consequences for the NEC and WEC. Further plots (and discussion thereof)
can be found in [37].

We begin, in Fig. 13, by fixing the inverse temperature § = 1, the parameterv = 3/4
and the coupling constant £ = 1/8, which corresponds to conformal coupling. For this
value of v, the squared mass of the scalar field is positive. Figure 13 shows how the

t.e.v.s of the RSET components —(f}’)f3 (top row), (f}f )fg (middle row) and negative

pressure deviator —H% (bottom row) depend on the Robin parameter ¢, as well as
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constant £ = 1/8 and fixed parameter v = 1/4 (left column) and v = 3/4 (right column). We consider a
selection of values of the inverse temperature, 8 = 1 (top row), 8 = 3/2 (second row), B = 2 (third row)

and B = 3 (bottom row). In each case we show the profiles of the energy density as a function of the radial
coordinate p for a selection of values of the Robin parameter ¢

Fig. 14 Renormalized t.e.v.s of the energy density component of the RSET, f(f‘T’ , for fixed coupling

the radial coordinate p. For these values of the parameters in the theory, the energy
density — (f”tf )fg is positive everywhere throughout the space-time, and monotonically
decreasing from its maximum at the origin. In contrast, while the component (f"/f) )%
also has a maximum at the origin (where it is positive), for sufficiently large values of
¢ it becomes negative for sufficiently large p, beyond which it has a local minimum.
As for Dirichlet and Neumann boundary conditions (see Fig. 5), the pressure deviator
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Fig. 15 Renormalized t.e.v.s of the energy density component of the RSET, —(YA",'.r )fg, for fixed inverse
temperature B = 1 and fixed parameter v = 1/4 (left column) and v = 3/4 (right column). We consider a
selection of values of the coupling constant, § = 1/2 (top row), & = 1/8 (conformal coupling, second row),
& = 0 (minimal coupling, third row) and & = —1/2 (bottom row). In each case we show the profiles of the
energy density as a function of the radial coordinate p for a selection of values of the Robin parameter ¢

is roughly an order of magnitude smaller than the RSET components. It vanishes at
the origin and its magnitude has a maximum at some value of the radial coordinate p.

We now explore in some detail how the parameters affect the t.e.v. of the energy
density, —(ﬁr)%, in Figs. 14-17. In Fig. 14 we fix the coupling constant £ = 1/8
(corresponding to conformal coupling), consider two fixed values of the parameter
in the scalar field equation, v = 1/4 (left-hand column) and v = 3/4 (right-hand
column), and a selection of values of the inverse temperature §. In each case we show
the energy density profiles as functions of the radial coordinate p for a selection of

@ Springer



Nonminimal coupling, quantum scalar field stress-energy Page27of44 81

v=3/4, {=rt/10, B=1

v=1/4, ¢=rt10, B=1 are
A ~«T
—(T,)f; (T )p
1.0 — =1 06 — &=-1
=112 05 §=-112
— §=0 04 &0
05 s — &=
&= 03 .
e — &=
=112 02
0.0 = | — & o — &
6 3 )
o.oE = = P
-05 B 3
v=1/4, {=11/110, B=3/2 V=314, 72110, =312
~T)% Ane
6 T )
0.4 — g=—1 0.15 — =1
03 =112 £=1i2
0.10
0.2 — &=0 — =0
o1 — &=18 005 — &=
— =12 — &
0.0 i > o & . =112
-0.1 6 3 — &= 0.00 = \E\/ o| — &
6
02 -0.05
-03
v=1/4, {=1t10, B=2 v=3/4, {=r1/110, B=2
Atg ALC
=T =T
020 — = 0.10 — &=
0.15 £=-112 £=-112
0.10 — =0 0.05 e
0.05 — &8 \ — 18
0.00 = = p| — &2 0.00 = p| — &2
-0.05 G 3 — & 6 3 — &=t
-0.10 -0.08
-0.15
v=1/4, {=rT110, B=3 v=3/4, {=r1/10, B=3
Atg ATLC
=T =T
0.04 — = — e
003 =112 010 £=-112
0.02 80 0.05 e
0.01 =B S\ — =118
— =12 0.00 - L o| — &2
0.00 % \5&/ [ — H 3 —
~0.01 6 ~0.05
-0.02 1o

Fig. 16 Renormalized t.e.v.s of the energy density component of the RSET, 7<7A’TT )/g, for fixed Robin
parameter { = /10 and fixed parameter v = 1/4 (left column) and v = 3 /4 (right column). We consider
a selection of values of the inverse temperature, 8 = 1 (top row), 8 = 3/2 (second row), 8 = 2 (third row)
and B = 3 (bottom row). In each case we show the profiles of the energy density as a function of the radial
coordinate p for a selection of values of the coupling constant &

values of the Robin parameter ¢. The following key features may be gleaned from
Fig. 14. First, the curves for the different values of the Robin parameter ¢ are less
spread out for smaller values of the inverse temperature . As observed for a massless,
conformally-coupled scalar field on four-dimensional adS [27], the effect of varying
the boundary conditions is less significant at higher temperatures. Second, varying the
boundary conditions has a rather smaller effect on the energy density when v = 1/4
than it does when v = 3/4. Third, for higher temperatures, the energy density is
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Fig. 17 Renormalized t.e.v.s of the energy density component of the RSET, —(f"f )g, for fixed parameter
v = 1/4 with Robin parameter ¢ = 67r/10 (left column) and v = 3 /4 with Robin parameter ¢ = 517r/100
(right column). We consider a selection of values of the inverse temperature, § = 1 (top row), g = 3/2
(second row), B = 2 (third row) and 8 = 3 (bottom row). In each case we show the profiles of the energy
density as a function of the radial coordinate p for a selection of values of the coupling constant &

-0.8

positive throughout the space-time for all values of ¢ considered, and is monotonically
decreasing as the radial coordinate p increases. This ceases to be the case for low
temperatures, for which we observe that the energy density profile can become negative
close to the boundary (and consequently the WEC is violated close to the boundary).

Our main focus in this section is the effect of nonminimal coupling on the t.e.v.s of
the RSET, and the consequences for the WEC and NEC. In Fig. 15 we fix the inverse
temperature § = 1, and consider the same two values of the parameter v as in Fig. 14,
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Fig. 18 Renormalized t.e.v.s of the combination of RSET components <f,§’ )% — (frf )%, for fixed Robin
parameter ¢ = 7/10 and fixed parameter v = 1/4 (left column) and v = 3/4 (right column). We consider
a selection of values of the inverse temperature, 8 = 1 (top row), 8 = 3/2 (second row), B = 2 (third row)
and B = 3 (bottom row). In each case we show the profiles as functions of the radial coordinate p for a
selection of values of the coupling constant &

namely v = 1/4 and v = 3/4. For four selected values of the coupling constant,
& =1/2,& = 1/8 (corresponding to conformal coupling), & = 0 (minimal coupling)
and £ = —1/2 we show how the energy density expectation values depend on the
radial coordinate p as the Robin parameter ¢ is varied. We see that changing the Robin
parameter has the least impact on the energy density profiles for conformal coupling,
& = 1/8, particularly for the lower value of v. For this coupling, and all values of
¢ studied, the energy density is positive for all p and monotonically decreasing as p
increases. This is not the case for a minimally coupled scalar field. While the energy
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Fig. 19 Renormalized t.e.v.s of the combination of RSET components (f/f >f3 - (f}’ )%, for fixed parameter

v = 1/4 with Robin parameter { = 67r/10 (left column) and v = 3/4 with Robin parameter { = 517/100
(right column). We consider a selection of values of the inverse temperature, § = 1 (top row), 8 = 3/2
(second row), § = 2 (third row) and B = 3 (bottom row). In each case we show the profiles as functions of
the radial coordinate p for a selection of values of the coupling constant &

density remains positive throughout the space-time for sufficiently small values of the
Robin parameter ¢, as ¢ increases we find that the energy density becomes negative
in a region close to the space-time boundary, and the size of this region increases as ¢
increases. This is particularly marked for the larger value of v, for which the energy
density is negative throughout the space-time for sufficiently large ¢ (with & = 0).
When & = —1/2, the energy density is negative throughout the space-time for nearly
all values of the Robin parameter, except for ¢ close to zero. We deduce that, depending
on the coupling constant £ and the Robin boundary conditions applied, the WEC may
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be violated in a significant region of the adS space-time, and even for the whole of the
space-time.

We explore the complex dependence of the energy density on the coupling constant
& and Robin parameter ¢ further in Figs. 16 and 17. In Fig. 16 we fix the Robin
parameter to have a small nonzero value ¢ = /10, for both values of the parameter
v, while in Fig. 17 we choose values of ¢ close to the critical value (3.6), namely
¢ = 6m/10 for v = 1/4 (left column), and { = 517 /100 for v = 3/4 (right
column). In each case we plot the energy density for a selection of values of the
inverse temperature 3, and show how the energy density as a function of the radial
coordinate p varies as the coupling constant £ varies.

Considering first the plots in Fig. 16 for v = 1/4, we see that for all the values
of the inverse temperature 8 shown, there is a point where the curves for different
& intersect. This point moves closer to the origin as 8 increases and the temperature
decreases. For nearly every value of & studied (the only exceptions being minimal and
conformal coupling), there is a region of the space-time for which the energy density
is negative (and the WEC is violated). This is near the origin for sufficiently large and
negative £, and near the space-time boundary for sufficiently large and positive &. For
this value of v, we do not find any values of the Robin parameter (at the temperatures
considered) for which the energy density is negative everywhere in the space-time.

Turning now to the plots in Fig. 16 for v = 3/4, a similar picture emerges at high
temperatures (lower values of ), in particular there is a point at which the curves
for different £ intersect. However, the regions of space-time for which the energy
density is negative are smaller than those we find for v = 1/4 at the same inverse
temperature, and the energy density is positive everywhere on the space-time except
for large |&| (larger than for v = 1/4). At lower temperatures (higher values of 8), the
intersection point disappears and the size of the neighbourhood on which the energy
density is negative increases. We also find negative energies for smaller values of &
than at higher temperatures. For both 8 = 2 and 8 = 3, and sufficiently large and
positive &, the energy density is negative throughout the space-time, and the WEC is
violated.

When the Robin parameter ¢ is close to the critical value (Fig. 17) the profiles of
the energy density have a much simpler dependence on the coupling constant &, and
a consistent picture emerges. At least for the values of & that we study, it appears
to be the case that the energy density is either positive everywhere throughout the
space-time (for £ sufficiently positive) or negative everywhere (for £ sufficiently large
and negative), independent of the value of v or the inverse temperature 8. Comparing
the results in Figs. 16 and 17, we also see that the magnitudes of the energy density
for large ¢ are considerably larger than for smaller ¢. This is due to the anticipated
breakdown in the semiclassical approximation used here as the scalar field becomes
classically unstable in the limit £ — Ecri¢ (3.6).

Having found violations of the WEC in Figs. 16 and 17, we now, in Figs. 18 and 19,
explore whether the NEC is satisfied. We plot the t.e.v.s of the combination of RSET
components (ff )é — (f"f)f8 (so that the NEC is violated when this is negative), and
consider the same parameters in Figs. 18 and 19 as in Figs. 16 and 17 respectively.
The plots in Figs. 18 and 19 share some common features. For example, the curves
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for different values of £ in each plot intersect at a particular value of p, an attribute
we have seen in previous figures. However, some of the plots in Fig. 18, for smaller
Robin parameter ¢, feature a second value of p at which the curves intersect. Thus, in
this case, there are two points at which the terms in (2.6) which are proportional to &
vanish.

Notably, for each combination of the fixed parameters v, ¢ and § studied in Figs. 18
and 19, we find values of the coupling constant £ for which the NEC is violated. For
v = 1/4and ¢ = 7 /10 (left-hand plots in Fig. 18), the NEC violations typically occur
for large positive £ in a region close to the space-time boundary, although the situation
for low temperature (8 = 3, bottom row) is more complicated, with an additional
small region near the origin for which the NEC is violated when § = —1. For the
larger value of v = 3/4 (right-hand plots in Fig. 18), violations of the NEC again
occur near the space-time boundary, although there are also violations of the NEC
closer to the origin at low temperature. For larger values of 8 (lower temperatures),
the NEC is violated in a neighbourhood of the space-time boundary at p = /2 for
& large and negative, whereas for & large and positive, small violations of the NEC
occur in a region between the origin and the space-time boundary.

When the Robin parameter ¢ is close to its critical value (see Fig. 19), a simpler
picture emerges. For both v = 1/4 and v = 3/4, and all values of the inverse tempera-
ture B considered, the NEC is violated in a neighbourhood of the space-time boundary
for sufficiently large positive &, and in a neighbourhood of the origin for sufficiently
large and negative &.

4 Conclusions

In this paper we have studied the vacuum and thermal expectation values of the RSET
for a quantum scalar field of general mass and curvature coupling on global, three-
dimensional adS space-time. We have examined a region of the (coupling, mass)
parameter space in which Robin boundary conditions can be applied to the scalar
field. Our main focus was to explore whether the RSET satisfies the pointwise energy
conditions, in particular the NEC and WEC.

We first reviewed the v.e.v. of the RSET when either Dirichlet or Neumann boundary
conditions are applied to the field. In this case the vacuum state preserves the maximal
symmetry of the underlying space-time and the RSET is a constant multiple of the
metric tensor. This v.e.v. can be absorbed into a renormalization of the cosmological
constant via the semiclassical Einstein equations.

Introducing a nonzero temperature and/or considering boundary conditions other
than Dirichlet or Neumann breaks the maximal symmetry and the RSET is no longer
a multiple of the metric tensor. We find the v.e.v.s and t.e.v.s in these situations using
a state-subtraction technique, since the divergences in the Green functions are state-
independent. Overall a complex picture emerges, with the RSET depending on the
temperature of the state, the parameter { which fixes the Robin boundary conditions,
as well as the quantity v which parameterizes the scalar field equation and the constant
& describing the coupling between the Ricci scalar curvature and the scalar field.
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The WEC is violated whenever the expectation value of the energy density is neg-
ative. We find this happens in a region of adS space-time for sufficiently large and
negative £ in thermal states with Dirichlet or Neumann boundary conditions. When
Robin boundary conditions are applied to the scalar field, it is possible for the energy
density to be negative throughout the space-time, even in the vacuum state, although
this depends strongly on the mass and coupling of the scalar field and the Robin
parameter ¢. Since the RSET in the vacuum state with Robin boundary conditions is
not a multiple of the metric, this negative energy density cannot be absorbed into a
renormalization of the cosmological constant.

The NEC can also be violated in a region of the space-time when we have a thermal
state, subject to Dirichlet or Neumann boundary conditions, when |£| is sufficiently
large. For Robin boundary conditions, sufficiently large || can also lead to a violation
of the NEC in a region of the space-time in both the vacuum and thermal states. The
size of the region depends strongly on the remaining parameters, namely the inverse
temperature, the mass of the scalar field, and the boundary conditions applied. We
have not found any combinations of these parameters for which the NEC is violated
on the whole of adS space-time.

In one sense our main result, that the nonminimally-coupled quantum scalar field
can violate the NEC (and hence also the WEC) is unsurprising, since there are clas-
sical configurations of a nonminimally-coupled scalar field violating the NEC [1].
Furthermore, it is well-known that the NEC is violated in general in quantum field
theory [11], even on flat space-time. However, it is worth emphasizing that the quan-
tum states we consider in this paper are extremely simple, namely global vacuum and
thermal equilibrium states on a maximally-symmetric space-time background. Such
states on Minkowski space-time, even if the scalar field is nonminimally-coupled,
satisfy both the WEC and NEC.

In this paper we have only considered the pointwise NEC and WEC. In quantum
field theory, itis averaged energy conditions which are more relevant [1]. These involve
integrating the RSET expectation value along a time-like (AWEC) or null (ANEC)
geodesic, and state that the resulting integral should be positive. Averaged energy
conditions are much less stringent than the corresponding pointwise energy conditions;
indeed, it is shown in [40] that the ANEC will be satisfied by a classical scalar field on
pure adS space-time if the coupling constant§ € [0, 1/4]. We do find (small) violations
of the NEC for values of £ in this interval for the vacuum state with Robin boundary
conditions applied (see Figs. 11 and 12), as well as larger violations for other values
of £ and thermal states. On three-dimensional adS space-time, there are circular null
geodesics at any fixed value of the radial coordinate pg, having momentum/energy
ratio equal to sin pg. Therefore, any violation of the pointwise NEC in a region of
adS, as found in this paper, will result in a violation of the ANEC along such a null
geodesic.

It would be very interesting to explore the backreaction of the RSET on the
space-time geometry when the energy conditions are violated, in particular to see
whether the quantum field can support exotic geometries such as wormholes [5, 6].
The quantum-corrected anti-de Sitter space-time resulting from the solution of the
semiclassical Einstein equations (1.6) sourced by the RSET of a quantum scalar field
was studied recently in the case of a massless and conformally-coupled scalar field on
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four-dimensional adS [33]. In that case the quantum-corrected metrics had a soliton
interpretation [33]. We intend, in future work, to extend the analysis of [33] to the
RSET configurations studied in this paper.

Appendix A Thermal expectation values with Neumann/Dirichlet
boundary conditions

In this appendix we explicitly present the terms arising in the RSET (2.6) for thermal

states with Dirichlet and Neumann boundary conditions applied. Since the biscalar

Wé) /N (x,x’) (2.13) involves a sum over j, the components of the RSET will also
be given as sums over j. Below we give the summands, with mixed indices. We first
define the following quantities:

X = v arccos |:1 + 2 sec? P sinh? <%)i| ,

Y = varccos [cosh(jﬂ) sec’ p— tan’ ,0] ,
12
T = 2isecp [1 — 2¢08(2p) + cosh(2j B) — 4 cosh(jB) sin> ,0] . @AD

and shall also require the following hypergeometric functions:
Fi1=,F (1 —v, 14, %; —secz,o sinh? [%]) ,
Fr=1F (2 -, 2+, ; — sec® p sinh? [%D ;
Fz =q2F) <3—v,3+v, %;—secz,osinh2 [%]) (A2)

In the expressions below, the +/— signs correspond to Neumann and Dirichlet bound-
ary conditions respectively.

(A3)

1
w=-—: l:tvfl +

\/Ecos2 p cos X cosech (%)
4L

24/cos(2p) + cosh(jB)

; isin2(2p){ 3iv/2cos Y
{

YT 92713 | {cos(2p) + cosh(jB)
12v sinY

~ [cos(2p) + cosh(jB)]

i cos p cosech (%)
7687 L3{cos(2p) + cosh(j )}
+ 13 cosh(jpB) + 4 cosh(2jB) 4 5cosh(3B)

+ 16{cosh(jB) + cosh(2jB)} cos(Zp)]

137 cosech (%) [cos(2p) + 2cosh(jB) — 1]

+ 8iFpv (v2 -1 sect P sinh? <§> }

[16cos2 0 +2{2 + 3cosh(jB)} cos(dp)
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x ( +4Tv(v2 — 1) F{cos(2p) + cosh(jB)}>/?
+ 24v cos’ p cosech <§) sin Y{cos(2p) + cosh(jB)}

+34/2Y cos Y cos pcosech3 ( 2'B> [sm p— cosh(]ﬁ)])

B cos® p sinh(jpB)
9607 L3{cos(2p) + cosh(jB)}? sinh# (%)

[30x/§cos Y sec p cosh ( ﬂ) {cos(2p) + cosh(]ﬁ)}l/z(cosh(]ﬂ) — sin? 0)

157 vsin ¥ cosh (££
2
_ - [cos(Zp) + cosh(jB) +2 sinh? (Jﬁ) j|

J/cos(2p) + cosh(jB)

60+/2 cos Y cosh (%) ;
Ny 2 (JB

+ os00) T ooh (i B) (cosh(jB) — sin“ p) sec p sinh < > >

+ 80Fv(v% — 1) sec® (p) sinh3 (%) cosh <%)

x [cosh(jB) + cos(2p)][sin® p — cosh(jB)]

— 15iv/2 cos Y sinh(jB) + 60iv sec p sin ¥ sinh(jﬂ)[cos(Zp) + 4sinh? (%) ]
+ 15iT.7-'2v(v2 — D{cos(2p) + cosh(jﬂ)}3/2 sec? p sinh <%) sinh(j )
+ SOtT]-'zv(v — 1)y/cos(2p) + cosh(jB) sec? P sinh3 ( '3> sinh(jB)

:|:41'Y‘.7-'3v(v - 4)(v — D{cos(2p) + cosh(Jﬁ)}%/2 sec® P sinh3 ( 2/3> sinh(jp)

) .
B 120iv= cos Y[cos(2p) + cosh(jB)] sec psmh2 (]ﬂ) th]ﬂ] (A4)
\/l — {tan? p — cosh(jp) sec? p}2 2

p _ isin’2p) 3iy/2cos Y
e e 81372
1927 L° {cos(2p) + cosh(j B)}3/
12vsinY ) ) w2 (B
o £8 -1 w2 (18
 cos@p) + cosh(py o7 2V T Dsectpsin ( 5
i cosech (%) cos’ p
" 61447 L3 {cos(2p) + cosh(jB)}
+2cosh(jB) [17 — 36.cos(2p) + 6 cos(4p) — cos(6p)]

cosech <j'3) [cos(2p) + 2cosh(jB) — 1]

< — 16[2 4+ 2 cos(2p) + cos(4p)]

+ 8cos(2jB) [2cos(2p) — cos(4p) — 3]+ 2cosh(3jB)[1 —3 cos(2,o)])
X < + 8T.7-'2v(v2 —-1) sec’ p{cos(2p) + cosh(jﬂ)}3/2
+ 3+/27 cos Ycosech? ( ﬂ) [cos2p +2cosh j — 1]

— 48v sin Y sec p{cos(2p) + cosh(jB)}cosech <J'B> )
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2i sin? ] cosd 0 cosech? (%)

19207 L3{cos(2p) + cosh(j B)}2

x [ + 207 F v(w? — 1) sec® p sinh? (%) {cos(2p)

+ cosh(jB)} /2[5 cos(2p) + 8 cosh(jB) — 3]
+4v2v(v? = 1) sec® p sinh? ( f) {cos(2p) + cosh(jB)}
[ 20iv2F cos® p + 242 F3(v? — 4) sinh <’2’3)
x [cos(20) + cosh(jp)) /]
+ 15[21' (NECOS Y{cos(2p) + cosh(jB)}/2 sec p
4 Tv{cos(2p) + cosh(j )} 172 sec? psin y)
+ 2sec? p sinh? ( 5) (=3v/2T cos Y + 8vcos(2p) sec psin ¥)
i sinh? (44

+
Jcos(2p) + cosh(jB)
X [2«5005 Y sec p(l + 202 cos(2p) sec? p) + Tvsec? p sin Yj|

+ 32vsec? psinY sinh? (%)
- ZﬁT cos Y sec? p sinh?2 (ﬁ) — 22T cos Y

+ 16v sec? psinY sinh? (J'B> cosh(jB)

+

16+/2iv? cosh(jB) sec3 0 v2 cos Y sinh3 (%)
Veos(2p) + cosh(jB) “
6i+/2 cosech (%) cos X cos? P
{cos(2p) + cosh(jB)}3/2

icoszp
487 L3 { B
12vsin X

i sin? 2p) cosech3 (%)
1287 L3{cos(2p) + cosh(jB)}3/2

. -
+V/2ivsin X sinh (%) cos(2p) + cosh(jﬂ):| + M

|:cos X[cosh(jB) — sin? ol

127 L3

w;;t = s;r;(i;;) { sin(2p) [Zﬁcos X (cosh(jﬂ) — sin? p) cosech (%)

o cos?p

4(cos(2p) + cosh(jB))3/2

+8iF) v(v2 -1 sinh? <Jﬂ> sect P

(A5)

(A6)

+ 4ivy/cos(2p) + cosh(jpB) sinX] 71)(1) - DHF sec? p tan p sinh? <Jﬂ) }, (A7)

Yo = 960 L3
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12010(7+ 4(2cosh j — 1) c0s(2p) + cos(4p) — 4 cosh(jB)) sin X
- [cos(2p) + cosh(jB)]?

+ 160\1(\12 — 1)F> 3cos(2p) — 5) sec? P sinh? <%)

960+/2 v2 cos X sin? p sinh (%)
[cos(2p) + cosh(jB)13/2
60sin(2p) tan p

[cos(2p) + cosh(jB)13/2

+ 4ivy/cos(2p) + cosh(jB) sin X:|

[Zﬁ cos X[cosh(jB) — sin? pJcosech <§)

+256v(v2 — 4)(V? — 1)F, sec? p tan? p sinh? (%) }, (A8)
0 cotp B sin(2p) ) Giay w2 . (ﬁ)
wy = 1L’ { Hcos2p) + coshG )2 [Zﬁcos X{cosh(jB) — sin” p}cosech )

+ 4ivy/cos(2p) + cosh(jB) sin X] + gv(v2 - DA sec? P sinh2 <%) tanp}, (A9)

cos? p cot p { 15cos X sin(2p)

Ow = —
v 2407L3 | /2 {cos(2p) + cosh(j B)}5/2

( — 1 4+4cos(2p) + cos(4p) + 4 cosh(2jB)

+ 8cosh(jpB) cos2 p)

+ 400 (12 5 e . .o (JB

v(ve — 1)Fr sec” p (sin(3p) — 7 sin p) sinh >
30iv [7 + cos(4p) + 8 cosh(jB) cos(2p)] sin X tan p

{cos(2p) + cosh(jB)}?
2404/2v2 cos X sin p tanp | " (jﬂ)
- sinh | —

{cos(2p) + cosh(jB)}3/? 2

+ 641)(1)2 — 4)(1)2 —1DF3 sec P tan? P sinh* <%) } (A10)

Appendix B Vacuum expectation values with Robin boundary condi-
tions

In this appendix we explicitly present the terms arising in the RSET (2.6) for vacuum
states with Robin boundary conditions applied. Quantities appearing in the RSET (2.6)
are derived from the biscalar Wg (x, x’) (3.7a), which involves an integral over w and
a sum over ¢. Below, using mixed space-time indices, we give the quantities in the
RSET which are to be integrated/summed over. In all the expressions below, £ is to be
interpreted as |£].

We first define the auxiliary quantities

A=1+4+02+20+v>+20(1 +v) + o,
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J = —4vF2J\/'Zg cos £ (cos p)2” — 54—/:/5?'1 +€+v+iw?cost(cos p)>t?
fs ¢
o _1)|1+£—v+lw| N ./\/Zsm;)cos 0,
C=f—1—v+(14+£€+v)cos2p,
IC:Ng cos ¢ (cos p)?’ Fr + F3 (Nz sin¢ — Ne) (B1)

where the normalization constant A/ ¢ 18 givenin (3.4) and NN ot is obtained by setting
¢ = m/2 (corresponding to Neumann boundary conditions) in (3.4). We will also
require the following hypergeometric functions:

1 1
Fl=2F1(§[1+€+v+ia)],2[1+£+v—za)] 14 ¢:sin%p),

\_/

2

1 1
F,=1F —[1+£+v~|—ia)],E[l—i—@—i—v—ia)],l—kv;cos 0

)

N—

1

Fy = F [1+€—v+ia)],§[1+£—v—iw],1—v;cos2p>,
I

Fi=1F [3+€+v+ia)],§[3+£+v—ia)],2+v;cos2p),
1

Fs =,F [3+£—v~|—ia)],5[3+£—v—iw],2—v;cos2,o>,

2

1
Fo =1 F [3+€+v+ia)],E[S+£+v—iw],2+€;sin 0

’

2

1
F;=,F [5+K+v+ia)],5[5+£+v—iw],3+€;sin 0

’

N— S

=N =N =N =N =N =N

2

1
Fs =, F —[5+£—v~|—ia)],5[5+€—v—ia)],3 V; Cos” p

e N N N N N NS
[\

\_/

1 1
Fo = zFl(E[S ey +io) SIS+ C4 —iw],3+v;cos2p>. (B2)

The quantities appearing in the v.e.v.s of the RSET with Robin boundary conditions
applied are then:

FIK
= 4;—2 coszp (sin p)ze, (B3)
w? cos? p Gin K [ o 2A L sin?(2p) — 16Fj@” cos” (B4)
= 7= 7 " — Fg s — w S
i 647212 T Tee p ! ol
2 B 20
o cos” p (sin p)=*IC
wp = — m SFI(1+O[1+36+v+3(14+£€+v)cos(2p)]

—4F6Ccos2p|1 —Q—If—i-v-‘,-iwl2
4F7 A

~ Gy Py Fiol cos’ psin® p— kg Acot psin(4p)

+ 2F(,Asin2(2p)<l v+ (1 — 0 cot? p) +8FC(1 + e)((l —fycot? p+ v)] (B5)
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2 i \2(0—1)
g _ cos” p(sinp) K
Yo = 647212 8hC+

2./4 .2 2 2
Fg sin“(2p) — 16F| ¢ , B6
o Fosin"@n) 1£% cos” p (B6)
cos? p (sin p)2(1+0

w;;rr - _ T{4F1€Kcot2p+ Fi(J —4K)

+

(1+E)|1+£+v+lw| cos p} B7)

: 2(1+£)
. COS Sin
Wl = 'OE;TITP;{F] cos? p[j(l L 40) — 4K+ sz)}

2
(1+£)\1+Z+v+zw\ cos p[lCcos p(1 +46) +sin p(J — 6IC)]

14F [/ce (2€cos? p — 1) cot® p — sin® p(T — 2IC)]

FK ) '

+ mu+f+v+tw|2|3+€+v|20054psm2p

Fysin? p

"
{

(1 + V)(2 +v)
x [4F4u(2 ) + Fol3+ €+ v+ iow]? cos? p}

<16F2er2 cos £(cos p)2Y + AF4 N |1 + € + v|? cos £ (cos p)21HV)

[14 £+ v+ iw® cos ¢ (cos p) 2tV

cos? p

v—Dw—2
x [4F5(v72)7Fg\3+67v+iwlzcoszp}>}, (B8)

N+ €=+ i WY, — NS, sing)

2 : 20
.9 cos” p(sinp) > FeK .2 0
wy :WPFIZICCOt p+F1(J—4IC)+m|1+Z+v+1w| cos“pt, (B9)

2 : 2¢
cos” p (sin p)
w = W{Fl J - 4IC)(3 140+ (1+40) cos(2p)>

+

14¢ 2 Kl 1 2 (14 4¢ in?
(1+£)| + €+ v+ iwl” cos ,o( [ + cos” p(1 + )]+Jsm p)

+2F] |:8]C(2 cos? p cot? p— 4K -37) sin? p]

S5FsKC
201+ 0)
FK

T B4 ltv+ioPl+L+v+iol?cost psin?
1+00+0 a [FeosTpsintp

\1+Z+v+zw\ sin (2,0)

+ Fysin?p <16F2./\/’(f)[v2 cos £ (cos p)2¥
+ 4F4N{£|1 + £ 4+ v|% cos ¢ (cos p) 2V
{

+ [
(I+ V)(2 +v)
x [4F4v(2 ) + Fol3+ €+ v+ iw]? cos? p:|

14 £+ v+ iw® cos ¢ (cos p) 2tV

cos? p )
mll-ﬁ-ﬁ—v-ﬁ-zwl (N stmg“)
x [4F5(v—2) - Fg\3+e—u+iw|2cos2pD}. (B10)
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Appendix C Thermal expectation values with Robin boundary condi-
tions

In this appendix we explicitly present the terms arising in the RSET (2.6) for thermal
states with Robin boundary conditions applied. Quantities appearing in the RSET (2.6)
are derived from the biscalar Wé (x, x”) (3.2b), which involves sums over n and £. As
in appendix B, we give the quantities in the RSET which are to be summed over, using
mixed space-time indices. In all the expressions below, £ is to be interpreted as |£].
We require the auxiliary quantities (B1), hypergeometric functions (B2) and nor-
malization constant (3.4) with w replaced by nk, as well as the additional quantities

F4Nui€|(1 + £+ v)B + 2inm|* cos £ (cos p)>1+Y)
1+v)B?
F5|(1+¢—v)B +2i”77|2C052p(Na’)Ve _Nf)e Sin &)
(v—1p? )

D= (1+C+v)p% +4n’n’. o

R=— 4vF2N£E cos ¢ (cos p)2’ —

The quantities appearing in the t.e.v.s of the RSET with Robin boundary conditions
applied are then:

FlICcos2 p (sin p)%
w=—"—

C2
2B (€2)
2 : 2¢ 02
. cos” p (sin p)=°IC 20 o 2 2D Fg sin“(2p)
= ————— 1 —64F 5 8B°CF| + —————— C3
wy 327rL2/33 1T n“ cos” p +8B“CF| + a+0 (C3)
p COSZ’)(““’))M’C{QF (1+ 0)(1 + £ + )2 cos?
wh = — ————— v)B< cos
, A+ or2p |7 P
— 4FgDcot psin(4p) + 2F¢D sin2(2p)
2i 2
£ 8F; C(1 + )% — 4F¢ Cp> l+€+v+% cos? p
4F7’Dcos4psin2p G+ €+ v)p +2i |2
e — v Imn
Q2+ 0p?
v [8F1 1+ 0%+ 2F6Dsin2(2p)]
+ (1 — &) cot? p[SFl(l +0)B%C +2FsD sin2(2p)] } (C4)
4 cot? p (sin p)2€K{16F 2282 cos? 8B2CF 2D Fg sin” 2p) } (C5)
w, = - — — _
0 3271263 ! P ! a1+0
2 5 (sin p)2(1+0
T cos” p (sin p) 2
w, = - W{Mﬂlﬂzot p+ F1 (R —4K)
Fg K cos? p 2}
+ ——— |1+ €+ Vv)B 4+ 2inw|” ¢, Co6
1+ 0p2 I( B \ (C6)
2 : 20
;p _ COs” p(sin p) 2
w/, = 7871L2ﬂ {Fl cos” p [—8/K(1 +5£) +2R(1 +40)]
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2COS4p 2 2 2
———— (1 + €+ v)B +2inw|” FeIC (1 +4£) + 8F 1 K€(2¢ cos” p — 1) cot
A+ 082 I( )B |7 FeKC( ) 1L p—1 P
. Fg sin” (2p) .
+8FQK —R)sin? p+ ———" |(1 + £+ v)B+2 R — 6K
1 sin® p e I v + 2inz | ( )

F K cos? p sinZ(2p)

RENIY R (14 €+ v)B +2inm[* |3 + £+ v)B + 2inz |2

+ Fysin?p (161)2F2./\/f)[ cos ¢ (cos p)2¥

4F4Nf)£ cos £ (cos p)2d+v)
(14 v)82
Fg./\ff)[ cos £(cos p)2(2+V)
A+ +vpt

4Fs cos?
57; [(1+¢—
(v—Dg

[(1+ 2+ 1)+ 2inm|* (1 +2v)

[(14 €4+ v)B + 2inm|? |3+ €+ v)B + 2inn|?

W) + 2inm|? <NA;Z —Nf)z sin {)

:

Fy cos4p .2 L2 N (.
_ m [(14+£2—v)B+2inm|* |3+ L€ —v)B +2inm| (Nw[ -N, sm{) ,
(C7)
2 : 20 2
.9 cos” p(sin p) > FgK cos” p .0
w;(_) :W{4F1K[00t p+F1(R—4K)+W|(1+£+l))/3+2ln7[‘ s
(C8)
cos? p(sin /0)2‘Z 2
Ow = W{ZFI (R —4K)[1 + cos” p(1 +40)]
2F6ICcoszp ) 2
—— (142 2 1+ 1+44¢
WY [(1+£+v)B+2inx| [ cos” p( )]
+2F1 [862KC cos? p oot p + (4K — 3R) sin? p
Fg sin®(2p) o
— (1 + ¢ 2 R — 10K
1108 [(1+€+v)B+2inm|” ( )

FeR sin?(2p)
1+20
FK cos? P sin2(2p)
(1+0Q2+0p

|(1+ €+ v)B + 2in |
[(1+ £+ v+ 2in7 2|3+ £+ v)B + 2inw|*

+ Fysin? p (16v2F2./\/f)K cos £ (cos p)2¥

4F4Na{)£ cos £ (cos p)21+v)
(1+v)p2

ng\ff)‘Z cos £ (cos p)22t)
A+vQ2+v)p

I(14 € 4+ v)B + 2inm|* (1 + 2v)

(14 €4+ v)B +2inm|? |3+ £+ v)B + 2inm|?

4Fs cos?
%ﬁ’:ﬂz” I(14 € —v)B + 2inn|? (Na’)‘i_, - N, sin;)
F. 4
- % |1+ € —v)B +2inm 2|3+ € — ) + 2inn|? (Njo\; - N, sing))}.

(C9)

@ Springer



81 Page42of44 S.Namasivayam, E. Winstanley

Acknowledgements We acknowledge IT Services at The University of Sheffield for the provision of
services for High Performance Computing. The work of E.W. is supported by STFC grant number
ST/X000621/1.

Author Contributions Both authors contributed to the study conception and design; analysis and numerical
computations were performed by S.N.; the first draft of the manuscript was written by E.W. and both authors
subsequently edited the manuscript. Both authors read and approved the final manuscript.

Data Availability Data supporting this publication can be freely downloaded from the University of Sheffield
research data repository at https://doi.org/10.15131/shef.data.28199933, under the terms of the Creative
Commons Attribution (CC-BY) licence.

Declarations

conflict of interest The authors declare no conflict of interest.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Kontou, E.A., Sanders, K.: Energy conditions in general relativity and quantum field theory. Class.
Quant. Grav. 37, 193001 (2020). https://doi.org/10.1088/1361-6382/ab8fcf. arXiv:2003.01815 [gr-qc]

2. Curiel, E.: A primer on energy conditions. Einstein Stud. 13, 43-104 (2017). https://doi.org/10.1007/
978-1-4939-3210-8_3. arXiv:1405.0403 [physics.hist-ph]

3. Martin-Moruno, P., Visser, M.: Classical and semi-classical energy conditions. Fundam. Theor. Phys.
189, 193-213 (2017). https://doi.org/10.1007/978-3-319-55182-1_9. arXiv:1702.05915 [gr-qc]

4. Flanagan, E.E., Wald, R.M.: Does back reaction enforce the averaged null energy condition in semi-
classical gravity? Phys. Rev. D 54, 6233-6283 (1996). https://doi.org/10.1103/PhysRevD.54.6233.
arXiv:gr-qc/9602052

5. Barcelo, C., Visser, M.: Traversable wormholes from massless conformally coupled scalar fields. Phys.
Lett. B 466, 127-134 (1999). https://doi.org/10.1016/S0370-2693(99)01117-X. arXiv:gr-qc/9908029

6. Barcelo, C., Visser, M.: Scalar fields, energy conditions, and traversable wormholes. Class. Quant.
Grav. 17, 3843-3864 (2000). https://doi.org/10.1088/0264-9381/17/18/318. arXiv:gr-qc/0003025

7. Decanini, Y., Folacci, A.: Hadamard renormalization of the stress-energy tensor for a quantized scalar
field in a general spacetime of arbitrary dimension. Phys. Rev. D 78, 044025 (2008). https://doi.org/
10.1103/PhysRevD.78.044025. arXiv:gr-qc/0512118

8. Magnano, G., Sokolowski, L.M.: On physical equivalence between nonlinear gravity theories and a
general relativistic selfgravitating scalar field. Phys. Rev. D 50, 5039-5059 (1994). https://doi.org/10.
1103/PhysRevD.50.5039. arXiv:gr-qc/9312008

9. Faraoni, V., Gunzig, E., Nardone, P.: Conformal transformations in classical gravitational theories and
in cosmology. Fund. Cosmic Phys. 20, 121 (1999). arXiv:gr-qc/9811047

10. Fliss, J.R., Freivogel, B., Kontou, E.A., Santos, D.P.: Non-minimal coupling, negative null energy, and
effective field theory. SciPost Phys. 16, 119 (2024). https://doi.org/10.21468/SciPostPhys.16.5.119.
arXiv:2309.10848

11. Epstein, H., Glaser, V., Jaffe, A.: Nonpositivity of energy density in quantized field theories. Nuovo
Cim. 36, 1016-1022 (1965). https://doi.org/10.1007/BF02749799

12. Avis, S.J., Isham, C.J., Storey, D.: Quantum field theory in anti-de Sitter space-time. Phys. Rev. D 18,
3565 (1978). https://doi.org/10.1103/PhysRevD.18.3565

@ Springer


https://doi.org/10.15131/shef.data.28199933
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1361-6382/ab8fcf
http://arxiv.org/abs/2003.01815
https://doi.org/10.1007/978-1-4939-3210-8_3
https://doi.org/10.1007/978-1-4939-3210-8_3
http://arxiv.org/abs/1405.0403
https://doi.org/10.1007/978-3-319-55182-1_9
http://arxiv.org/abs/1702.05915
https://doi.org/10.1103/PhysRevD.54.6233
http://arxiv.org/abs/gr-qc/9602052
https://doi.org/10.1016/S0370-2693(99)01117-X
http://arxiv.org/abs/gr-qc/9908029
https://doi.org/10.1088/0264-9381/17/18/318
http://arxiv.org/abs/gr-qc/0003025
https://doi.org/10.1103/PhysRevD.78.044025
https://doi.org/10.1103/PhysRevD.78.044025
http://arxiv.org/abs/gr-qc/0512118
https://doi.org/10.1103/PhysRevD.50.5039
https://doi.org/10.1103/PhysRevD.50.5039
http://arxiv.org/abs/gr-qc/9312008
http://arxiv.org/abs/gr-qc/9811047
https://doi.org/10.21468/SciPostPhys.16.5.119
http://arxiv.org/abs/2309.10848
https://doi.org/10.1007/BF02749799
https://doi.org/10.1103/PhysRevD.18.3565

Nonminimal coupling, quantum scalar field stress-energy Page43of44 81

13.

14.

15.

16.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Wald, R.M.: Dynamics in nonglobally hyperbolic, static space-times. J. Math. Phys. 21, 2802-2805
(1980). https://doi.org/10.1063/1.524403

Ishibashi, A., Wald, R.M.: Dynamics in nonglobally hyperbolic static space-times. 2. General analysis
of prescriptions for dynamics. Class. Quant. Grav. 20, 3815-3826 (2003). https://doi.org/10.1088/
0264-9381/20/16/318. arXiv:gr-qc/0305012

Ishibashi, A., Wald, R.M.: Dynamics in nonglobally hyperbolic static space-times. 3. Anti-de Sitter
space-time. Class. Quant. Grav. 21, 2981-3014 (2004). https://doi.org/10.1088/0264-9381/21/12/012.
arXiv:hep-th/0402184

Dappiaggi, C., Ferreira, H.R.C.: Hadamard states for a scalar field in anti—de Sitter spacetime with
arbitrary boundary conditions. Phys. Rev. D 94, 125016 (2016). https://doi.org/10.1103/PhysRevD.
94.125016. arXiv:1610.01049 [gr-qc]

. Benini, M., Dappiaggi, C., Schenkel, A.: Algebraic quantum field theory on spacetimes with timelike

boundary. Ann. Henri Poincare 19, 2401-2433 (2018). https://doi.org/10.1007/s00023-018-0687-1.
arXiv:1712.06686 [math-ph]

Dappiaggi, C., Ferreira, H.R.C.: On the algebraic quantization of a massive scalar field in anti-de-
Sitter spacetime. Rev. Math. Phys. 30, 1850004 (2017). https://doi.org/10.1142/S0129055X18500046.
arXiv:1701.07215 [math-ph]

Dappiaggi, C., Ferreira, H.R.C., Judrez-Aubry, B.A.: Mode solutions for a Klein-Gordon field in anti—
de Sitter spacetime with dynamical boundary conditions of Wentzell type. Phys. Rev. D 97, 085022
(2018). https://doi.org/10.1103/PhysRevD.97.085022. arXiv:1802.00283 [hep-th]

Dappiaggi, C., Ferreira, H., Marta, A.: Ground states of a Klein-Gordon field with Robin boundary
conditions in global anti—de Sitter spacetime. Phys. Rev. D 98, 025005 (2018). https://doi.org/10.1103/
PhysRevD.98.025005. arXiv:1805.03135 [hep-th]

Gannot, O., Wrochna, M.: Propagation of singularities on AdS spacetimes for general boundary con-
ditions and the holographic Hadamard condition. J. Inst. Math. Jussieu 21, 67-127 (2022). https://doi.
org/10.1017/S147474802000002X. arXiv:1812.06564 [math.AP]

Barroso, V.S., Pitelli, J.P.M.: Boundary conditions and vacuum fluctuations in AdS4. Gen. Rel. Grav.
52,29 (2020). https://doi.org/10.1007/s10714-020-02672-4. arXiv:1904.10920 [gr-qc]

Morley, T., Taylor, P., Winstanley, E.: Quantum field theory on global anti-de Sitter space-time with
Robin boundary conditions. Class. Quant. Grav. 38, 035009 (2021). https://doi.org/10.1088/1361-
6382/abaS8a. arXiv:2004.02704 [gr-qc]

Dappiaggi, C., Marta, A.: Fundamental solutions and Hadamard states for a scalar field with arbitrary
boundary conditions on an asymptotically AdS spacetimes. Math. Phys. Anal. Geom. 24, 28 (2021).
https://doi.org/10.1007/s11040-021-09402-5. arXiv:2101.10290 [math-ph]

Namasivayam, S., Winstanley, E.: Vacuum polarization on three-dimensional anti-de Sitter space-time
with Robin boundary conditions. Gen. Rel. Grav. 55, 13 (2023). https://doi.org/10.1007/s10714-022-
03056-6. arXiv:2209.01133

Campos, L.S., Dappiaggi, C., Sinibaldi, L.: Hidden freedom in the mode expansion on static spacetimes.
Gen. Rel. Grav. 55, 50 (2023). https://doi.org/10.1007/s10714-023-03099-3. arXiv:2207.08662
Morley, T., Namasivayam, S., Winstanley, E.: Renormalized stress-energy tensor on global anti-de
Sitter space-time with Robin boundary conditions. Gen. Rel. Grav. 56, 38 (2024). https://doi.org/10.
1007/s10714-024-03224-w. arXiv:2308.05623 [hep-th]

Allen, B., Jacobson, T.: Vector two point functions in maximally symmetric spaces. Commun. Math.
Phys. 103, 669 (1986). https://doi.org/10.1007/BF01211169

Allen, B., Folacci, A., Gibbons, G.W.: Anti-de Sitter space at finite temperature. Phys. Lett. B 189,
304 (1987). https://doi.org/10.1016/0370-2693(87)91437-7

Kent, C., Winstanley, E.: Hadamard renormalized scalar field theory on anti—de Sitter spacetime. Phys.
Rev. D 91, 044044 (2015). https://doi.org/10.1103/PhysRevD.91.044044. arXiv:1408.6738 [gr-qc]
Ambrus, V.E., Kent, C., Winstanley, E.: Analysis of scalar and fermion quantum field theory
on anti-de Sitter spacetime. Int. J. Mod. Phys. D 27, 1843014 (2018). https://doi.org/10.1142/
S0218271818430149. arXiv:1801.10366 [hep-th]

Pitelli, J.P.M.: Comment on “Hadamard states for a scalar field in anti—de Sitter spacetime with arbitrary
boundary conditions”. Phys. Rev. D 99, 108701 (2019). https://doi.org/10.1103/PhysRevD.99.108701.
arXiv:1904.10023 [gr-qc]

Thompson, J.C., Winstanley, E.: Quantum-corrected anti—de Sitter spacetime. Phys. Rev. D 110,
125003 (2024). https://doi.org/10.1103/PhysRevD.110.125003. arXiv:2405.20422 [hep-th]

Birrell, N.D., Davies, P.C.W.: Quantum Fields in Curved Space. Cambridge University Press (1982)

@ Springer


https://doi.org/10.1063/1.524403
https://doi.org/10.1088/0264-9381/20/16/318
https://doi.org/10.1088/0264-9381/20/16/318
http://arxiv.org/abs/gr-qc/0305012
https://doi.org/10.1088/0264-9381/21/12/012
http://arxiv.org/abs/hep-th/0402184
https://doi.org/10.1103/PhysRevD.94.125016
https://doi.org/10.1103/PhysRevD.94.125016
http://arxiv.org/abs/1610.01049
https://doi.org/10.1007/s00023-018-0687-1
http://arxiv.org/abs/1712.06686
https://doi.org/10.1142/S0129055X18500046
http://arxiv.org/abs/1701.07215
https://doi.org/10.1103/PhysRevD.97.085022
http://arxiv.org/abs/1802.00283
https://doi.org/10.1103/PhysRevD.98.025005
https://doi.org/10.1103/PhysRevD.98.025005
http://arxiv.org/abs/1805.03135
https://doi.org/10.1017/S147474802000002X
https://doi.org/10.1017/S147474802000002X
http://arxiv.org/abs/1812.06564
https://doi.org/10.1007/s10714-020-02672-4
http://arxiv.org/abs/1904.10920
https://doi.org/10.1088/1361-6382/aba58a
https://doi.org/10.1088/1361-6382/aba58a
http://arxiv.org/abs/2004.02704
https://doi.org/10.1007/s11040-021-09402-5
http://arxiv.org/abs/2101.10290
https://doi.org/10.1007/s10714-022-03056-6
https://doi.org/10.1007/s10714-022-03056-6
http://arxiv.org/abs/2209.01133
https://doi.org/10.1007/s10714-023-03099-3
http://arxiv.org/abs/2207.08662
https://doi.org/10.1007/s10714-024-03224-w
https://doi.org/10.1007/s10714-024-03224-w
http://arxiv.org/abs/2308.05623
https://doi.org/10.1007/BF01211169
https://doi.org/10.1016/0370-2693(87)91437-7
https://doi.org/10.1103/PhysRevD.91.044044
http://arxiv.org/abs/1408.6738
https://doi.org/10.1142/S0218271818430149
https://doi.org/10.1142/S0218271818430149
http://arxiv.org/abs/1801.10366
https://doi.org/10.1103/PhysRevD.99.108701
http://arxiv.org/abs/1904.10023
https://doi.org/10.1103/PhysRevD.110.125003
http://arxiv.org/abs/2405.20422

81

Page 44 of 44 S. Namasivayam, E. Winstanley

35.

36.

37.

38.

39.

40.

Tolman, R.C.: On the weight of heat and thermal equilibrium in general relativity. Phys. Rev. 35,
904-924 (1930). https://doi.org/10.1103/PhysRev.35.904

Tolman, R., Ehrenfest, P.: Temperature equilibrium in a static gravitational field. Phys. Rev. 36, 1791—
1798 (1930). https://doi.org/10.1103/PhysRev.36.1791

Namasivayam, S.: Quantum scalar field theory on anti-de Sitter space-time with Robin boundary
conditions. Ph.D. thesis, School of Mathematics and Statistics, The University of Sheffield (2024).
https://etheses.whiterose.ac.uk/35978/

Breitenlohner, P., Freedman, D.Z.: Positive energy in anti-de Sitter backgrounds and gauged extended
supergravity. Phys. Lett. B 115, 197-201 (1982). https://doi.org/10.1016/0370-2693(82)90643-8
Breitenlohner, P., Freedman, D.Z.: Stability in gauged extended supergravity. Ann. Phys. 144, 249
(1982). https://doi.org/10.1016/0003-4916(82)90116-6

Fewster, C.J., Osterbrink, L.W.: Averaged energy inequalities for the non-minimally coupled clas-
sical scalar field. Phys. Rev. D 74, 044021 (2006). https://doi.org/10.1103/PhysRevD.74.044021.
arXiv:gr-qc/0606009

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1103/PhysRev.35.904
https://doi.org/10.1103/PhysRev.36.1791
https://etheses.whiterose.ac.uk/35978/
https://doi.org/10.1016/0370-2693(82)90643-8
https://doi.org/10.1016/0003-4916(82)90116-6
https://doi.org/10.1103/PhysRevD.74.044021
http://arxiv.org/abs/gr-qc/0606009

	Nonminimal coupling, quantum scalar field stress-energy tensor and energy conditions on global anti-de Sitter space-time
	Abstract
	1 Introduction
	2 RSET with Dirichlet and Neumann boundary conditions
	2.1 Vacuum RSET with Dirichlet and Neumann boundary conditions
	2.2 Thermal RSET with Dirichlet and Neumann boundary conditions

	3 RSET with Robin boundary conditions
	3.1 Euclidean Green functions and RSET
	3.2 Vacuum RSET with Robin boundary conditions
	3.3 Thermal RSET with Robin boundary conditions

	4 Conclusions
	Appendix A Thermal expectation values with Neumann/Dirichlet boundary conditions
	Appendix B Vacuum expectation values with Robin boundary conditions
	Appendix C Thermal expectation values with Robin boundary conditions
	Acknowledgements
	References


