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THE METHOD OF FUNDAMENTAL SOLUTIONS FOR SOLVING DIRECT

AND INVERSE SIGNORINI PROBLEMS IN ELASTICITY

ANDREAS KARAGEORGHIS AND DANIEL LESNIC

Abstract. The method of fundamental solutions (MFS) is a meshless boundary collocation method
the implementation of which is very simple rendering the numerical solution of challenging boundary
value problems such as free boundary and inverse problems. For this reason, in the current study
we apply the MFS for the solution of a specific category of two–dimensional free boundary value
problems in elasticity, namely, Signorini problems. We demonstrate that the proposed method is
ideally suited for solving such problems. In the MFS, the displacement and traction are approximated
by linear combinations of fundamental solutions with sources located outside the closure of the solution
domain. The unknown coefficients in these expansions as well as the separation points on the Signorini
boundary are determined by imposing/collocating the boundary conditions which can be of Dirichlet,
Neumann or Signorini type. The MFS reformulation results in a constrained minimization problem
which is solved using the MATLAB R⃝ optimization toolbox routine fmincon. The proposed technique
is applied to problems from the literature previously solved using the boundary element method.

1. Introduction

Signorini problems in solid mechanics describe the deformation of an elastic body in contact with a
rigid foundation [25, 37]. As such, these are contact problems in which on the known or unknown
contact boundary, Dirichlet and Neumann conditions alternate in conjunction with certain inequality
constraints [6, 13]. The problem is further complicated by the fact that the number and the location of
the points where the change in the boundary conditions occurs are unknown [36]. Typical applications
occur in beach percolation [1], electropainting [2], free surface problems [16], etc.

Since Signorini problems are contact boundary problems, the interest lies primarily on the boundary
of the domain of the problem under consideration. For this reason, it is natural to apply boundary
methods such as the boundary element method (BEM) for their solution, as evidenced by numerous
applications to Signorini boundary value problems for the Laplace equation, see e.g., [3, 10, 18,
34, 36, 39, 42, 43]. On the other hand, the method of fundamental solutions (MFS) is a meshfree
boundary method which, due to its simplicity, is suitable for the solution of problems in complex
geometries, as demonstrated in the recent book [11]. Prior to this study, it has been applied to solve
free boundary problems [19, 33, 35], see also [9], and direct Signorini potential problems in both
two and three dimensions [31, 32, 44], using the FORTRAN NAG routine E04UPF [29]. More recently,
two–dimensional direct and inverse Signorini problems for the Laplace equation were solved using
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the MFS in [22]. Note that the MFS has, in the last two decades, been employed extensively for
the solution of various types of inverse problems [20, 21]. Moreover, Signorini problems in elasticity
were considered, primarily using the BEM, in [14, 15, 17, 28, 30, 37, 38, 40, 41]. A related meshless
method known as the backward substitution method has recently been used for the solution of three–
dimensional linear elasticity boundary value problems [27]. To the best of our knowledge, this is the
first time the MFS is applied to Signorini (including inverse) problems in elasticity.

The paper is structured as follows. In Section 2 we present the elasticity Signorini boundary value
problems to be studied while in Section 3 we describe how the MFS is applied to such problems and
provide extensive implementational details. The method is then applied to two numerical examples
from the literature in Section 4. In Section 5 we show that the proposed method may be naturally
adapted to solve inverse Signorini problems. Finally, in Section 6 we provide some conclusions and
ideas for future work.

2. Signorini problems

We consider the two-dimensional Cauchy–Navier system in linear elasticity in the absence of body
forces given by





L1(u1, u2) ≡ µ∆u1 +
µ

1− 2ν

(
∂2u1

∂x2
+

∂2u2

∂x∂y

)
= 0,

in Ω,

L2(u1, u2) ≡
µ

1− 2ν

(
∂2u1

∂x∂y
+

∂2u2

∂y2

)
+ µ∆u2 = 0,

(2.1a)

for the displacement vector u = (u1, u2) subject to the Dirichlet boundary condition

u = f 1 on Γ1, (2.1b)

the Neumann traction t = (t1, t2) boundary condition

t = f 2 on Γ2, (2.1c)

and the contact conditions on the Signorini boundary

n · u ≤ g, n · t ≤ 0, τ · t = 0 on Γs, (2.1d)

and
(n · t) (n · u− g) = 0 on Γs, (2.1e)

where n = (nx, ny) is the outward normal unit vector to the boundary, τ = (τx, τy) is the tangential
unit vector to the boundary, ∂Ω = Γ1 ∪ Γ2 ∪ Γs, Γ1 ∩ Γ2 = Γ1 ∩ Γs = Γ2 ∩ Γs = ∅, f 1 = (f11 , f21)
is given Dirichlet data on Γ1, f 2 = (f12 , f22) is given Neumann data on Γ2 and g is a given function
describing the initial gap between the domain Ω of the elastic body and the rigid foundation. In
(2.1a), the constant ν ∈ [0, 1/2) is Poisson’s ratio and µ = E/ (2(1 + ν)) is the shear modulus, where
E is Young’s modulus. The traction vector, t = (t1, t2) in (2.1c) and (2.1d) is given by

t1 = 2µ

[(
1− ν

1− 2ν

)
∂u1

∂x
+

(
ν

1− 2ν

)
∂u2

∂y

]
nx + µ

[
∂u1

∂y
+

∂u2

∂x

]
ny,



MFS FOR SIGNORINI PROBLEMS IN ELASTICITY 3

t2 = µ

[
∂u1

∂y
+

∂u2

∂x

]
nx + 2µ

[(
ν

1− 2ν

)
∂u1

∂x
+

(
1− ν

1− 2ν

)
∂u2

∂y

]
ny.

In (2.1d), the first constraint represent the non-penetration condition, the second constraint repre-
sents the direction of the surface pressure and the third constraint stands for the absence of friction
[5] (in case of friction, see [15]). Also, (2.1e) represents the complementary condition, which states
that at any point on the contact boundary not in contact with the foundation, the traction in the
normal direction is zero [5]. The configuration of boundary value problem (2.1) is shown in Figure 1.

Using variational inequalities it can be established that the direct problem (2.1a)–(2.1e) has a unique
weak solution, see e.g., [12] and [30, p.113].

1
2

s

Figure 1. Geometry and boundary conditions of the Signorini problem (2.1).

3. The method of fundamental solutions (MFS)

We approximate the components of the displacement vector as

uℓ(x) ≈ uℓN (x) =
N∑

n=1

U(x, ξn)dℓn , x ∈ Ω, ℓ = 1, 2, (3.1)

where dℓ = (dℓn)
N
n=1 for ℓ = 1, 2 are 2N unknown coefficients and

U(x, ξ) =
1

8 π µ(1− ν)

[
−(3− 4 ν) log |x− ξ| I +

(x− ξ)⊗ (x− ξ)

|x− ξ|2

]
, (3.2)
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(with x = (x, y), ξ = (ξx, ξy)) is the fundamental solution of the two–dimensional Lamé system of

elasticity. Also, the points (ξn)
N
n=1 ∈ R

2\Ω are the ’singularities’ (or sources) associated with the
fundamental solution.

The components of the traction vector are approximated by

tℓ(x) ≈ tℓN (x) =
N∑

n=1

T (x, ξn)dℓn , x ∈ Ω, ℓ = 1, 2, (3.3)

where T is the two–dimensional fundamental solution for the traction tensor in elasticity given by,
see e.g. [4],

T1j(x, ξ) =
2µ

1− 2 ν

[
(1− ν)

∂U1j

∂x
(x, ξ) + ν

∂U2j

∂y
(x, ξ)

]
nx(x)

+µ

[
∂U1j

∂y
(x, ξ) +

∂U2j

∂x
(x, ξ)

]
ny(x), j = 1, 2,

T2j(x, ξ) = µ

[
∂U1j

∂y
(x, ξ) +

∂U2j

∂x
(x, ξ)

]
nx(x)

+
2µ

1− 2 ν

[
ν
∂U1j

∂x
(x, ξ) + (1− ν)

∂U2j

∂y
(x, ξ)

]
ny(x), j = 1, 2.

We place M1 collocation points (xm)
M1

m=1 on Γ1, M2 collocation points (xm)
M1+M2

m=M1+1 on Γ2 and Ms

collocation points (xm)
M1+M2+Ms

m=M1+M2+1 on Γs. We denote the total number of collocation points by

M = M1+M2+Ms. We also spread the N sources (ξn)
N
n=1 on an enlarged pseudo–boundary similar

to ∂Ω. More specifically, we first distribute N points
(
ξ̂k

)N
n=1

as uniformly as possible on ∂Ω. We

then define the source points

ξn = xc + η
(
ξ̂n − xc

)
, n = 1, . . . , N, (3.5)

where xc = (xc, yc) is the geometric centre of Ω and η > 1 is a prescribed dilation parameter.

3.1. Implementation details. There are 2N unknowns coefficients d1 and d2 in (3.1) which can
be determined by imposing the boundary conditions (2.1b)–(2.1e). This is achieved by using the
MATLABR⃝ optimization toolbox routine fmincon which finds the constrained minimum of a scalar
nonlinear multivariate function. In the past, the routine lsqnonlin which minimizes a sum of squares
has been extensively utilized with the MFS in the context of inverse geometric problems. The choice
of fmincon was made because of its ability to include both linear and nonlinear constraints thus
accommodating those resulting from the first two conditions in (2.1d), see [22]. In addition, the
routine offers the option of providing the gradient of the objective function being minimized, which
leads to substantial savings in CPU time.
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In particular, the scalar function F (d1,d2), which is to be minimized by the routine fmincon, is
defined as follows. We denote

ϕm(d
1,d2) = u1N (xm)− f11(xm), m = 1, . . . ,M1,

ϕM1+m(d
1,d2) = u2N (xm)− f21(xm), m = 1, . . . ,M1,

ϕM1+m(d
1,d2) = t1N (xm)− f12(xm), m = M1 + 1, . . . ,M1 +M2,

ϕM1+M2+m(d
1,d2) = t2N (xm)− f22(xm), m = M1 + 1, . . . ,M1 +M2, (3.6)

ϕM1+M2+m(d
1,d2) = t1N (xm)τx(xm) + t2N (xm)τy(xm),

m = M1 +M2 + 1, . . . ,M1 +M2 +Ms,

ϕM1+M2+Ms+m(d
1,d2) =

(
t1N (xm)nx(xm) + t2N (xm)ny(xm)

)

×
(
u1N (xm)nx(xm) + u2N (xm)ny(xm)− g(xm)

)
,

m = M1 +M2 + 1, . . . ,M1 +M2 +Ms,

where φ(d1,d2) =
(
ϕ1(d

1,d2), ϕ2(d
1,d2), . . . , ϕ2M(d1,d2)

)
, and define

F (d1,d2) = ||φ(d1,d2)||22 =
2M∑

m=1

ϕ2
m(d

1,d2). (3.7)

Moreover, we have the 2Ms linear constraints

n(xm) · uN(xm) ≤ g(xm) and n(xm) · tN(xm) ≤ 0, m = M1 +M2 + 1, . . . ,M1 +M2 +Ms,(3.8)

which may be recast in the form

A

(
d1

d2

)
≤ b, (3.9)

where A is a 2Ms×2N matrix and b is a 2Ms×1 vector. We also provide the gradient of the function
F in (3.7) given by

∇F (d1,d2) = Ψ(d1,d2) =




∂F (d1,d2)

∂d1

∂F (d1,d2)

∂d2


 , (3.10)

where
∂F (d1,d2)

∂dℓ
=

(
∂F (d1,d2)

∂dℓn

)N

n=1

, ℓ = 1, 2.

Clearly, Ψ(d1,d2) is a 2N × 1 vector with Ψ(d1,d2) =
[
Ψ1(d

1,d2),Ψ2(d
1,d2), . . . ,Ψ2N(d

1,d2)
]T

.
The minimization process terminates when either a user–specified tolerance tol is met (after a
number of iterations niter) or a user–specified maximum number of iterations maxiter is reached.
Note that fmincon also accommodates nonlinear constraints of the form

c(d1,d2) ≤ 0. (3.11)
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Finally, we should mention that the user may provide fmincon with the vectors lb and ub which are
the lower and upper bound vectors for the vector of unknowns x, which in this case is

x =

(
d1

d2

)
and we have lb ≤ x ≤ ub.

4. Numerical examples

In all examples we took the initial guess to be

x
(0) =

(
d1(0)

d2(0)

)
=

(
0

0

)

and set tol=10−14 and maxiter ∈ [2000, 10000]. All numerical computations for the results re-
ported in this paper were carried out using MATLABR⃝ R2024a on an x64-based processor, Intel(R)
Core(TM) i5-10310U CPU @ 1.70GHz, 32 GB memory. The input data for the examples were taken
from [14, 37, 40].

4.1. Example 1. We consider an elastic deformable square body Ω = (0, 10) × (0, 10) in contact
with a rigid foundation and gap g = 0. We take Γs = (0, 10)×{0} and prescribe Neumann boundary
conditions as t = f 2 = (0,−1) on (5, 10)×{10}, t = f 2 = (1, 0) on {0}× (5, 10) and t = f 2 = (0, 0)
on {0}×(0, 5)∪(0, 5)×{0}. Symmetry conditions are applied on {10}×(0, 10) as u ·n = u1 = 0 and
t · τ = t2 = 0. The conditions on the Signorini boundary Γs = (0, 10) × {0} are −u2 ≤ 0, −t2 ≤ 0,
t1 = 0 and u2 · t2 = 0. The geometry and boundary conditions of this example are presented in
Figure 2. As in [40], we took E = 20000 and ν = 0.3.

We distributed 2M collocation points uniformly on the segments Γs, and {10} × (0, 10), and M
collocation points uniformly on the each of the segments (0, 5) × {10}, (5, 10) × {10}, {0} × (0, 5),
and {0} × (5, 10) yielding a total of M = 8M collocation points. Note that here Ms = 2M. The
necessary details for the application of fmincon as well as the distribution of the collocation points
in this example are provided in the Appendix.
In Figure 3 we present the results obtained for

(i) M = N = 240, niter=2500,

(ii) M = N = 320, niter=3000,

(iii) M = N = 400, niter=2000,

where in all cases η = 1.023. Note that the pseudo–boundary needs to be placed close to the physical
boundary of the problem due to the boundary singularities at the points (5,10) and (0,5), see e.g. [26].
In particular, in Figures 3(a) and 3(b) we present the normal displacement −u2 and the normal stress
−t2, respectively, on the Signorini boundary Γs for case (i). The initial and deformed configurations
(magnified by 5000) of the body for the same case are presented in Figure 3(c). The corresponding
results for increased numbers of M = N given by the cases (ii) and (iii) are presented in Figures 3(d)–
3(f) and Figures 3(g)–3(i), respectively. These results show the convergence of the numerical solution.
Furthermore, they are in good agreement with the corresponding results presented in [14, 40].
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t
1
=1
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2
=0
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1
=0
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=0
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1
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=0
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1
=0
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=0
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1
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2
 t
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−u
2
 ≤ 0,  −t

2
 ≤ 0

 (0,0)  (10,0)

 (10,10) (0,10)

 (0,5)

 (5,10)

Figure 2. Example 1: Geometry and boundary conditions. The boundary values for
the traction manifest discontinuities at the points (5, 10) and (10, 10) in t2 and at the
points (0, 5) and (0, 10) in t1.

Table 1. Example 1: CPU times in seconds with number of iterations, with and
without providing the gradient (3.10) for M = N = 240.

niter With gradient Without gradient
10 0.64 14.58
20 1.27 26.53
50 2.94 66.43
100 4.95 129.54
200 10.09 261.41
400 23.09 525.48

In Table 1 we present the CPU times required for different numbers of iterations when providing and
when not providing the gradient (3.10) in case M = N = 240. Clearly, the savings when providing
the gradient are considerable.

4.2. Example 2. We consider an elastic rectangular body Ω = (0, 3)× (0, 1). In this case
Γs = (0, 3) × {0}. The Neumann boundary condition (2.1c) is given by t = f 2 = (0,−2)
on {3} × (0, 1) and t = f 2 = (0, 0) on (0, 3) × {1}. The Dirichlet boundary condition (2.1b) is
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tions

Figure 3. Example 1: Results for M = N = 240 ((a)–(c)),
M = N = 320 ((d)–(f)), M = N = 400 ((g)–(i)).

u = f 1 = (0, 0) on Γ1 = {0}× (0, 1). We take the gap g(x, y) = 0.003(x−1.5)2+0.001, which means
that on the Signorini contact boundary Γs = (0, 3)× {0} the boundary conditions (2.1d) and (2.1e)
are:

−
(
u2(x, 0) + 0.003 (x− 1.5)2 + 0.001

)
≤ 0, −t2(x, 0) ≤ 0, t1(x, 0) = 0, x ∈ (0, 3),
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and

t2(x, 0)
(
u2(x, 0) + 0.003 (x− 1.5)2 + 0.001

)
= 0, x ∈ (0, 3).

The geometry and boundary conditions of Example 2 are presented in Figure 4. As in [40], we took
E = 5000 and ν = 0.4.

We distributed 3M collocation points uniformly on the segments Γs and (0, 3)×{1}, and M collocation
points uniformly on the each of the segments {0}×(0, 1) and {1}×(0, 1), yielding a total of M = 8M
collocation points. Note that here Ms = 3M. The implementational details for the application of
fmincon as well as the collocation points distribution in this example are provided in the Appendix.

In this example, because of the elongated shape of the domain Ω, in order to place the pseudo–
boundary more uniformly close to the physical boundary of the problem, we modified (3.5) to

ξxn = xc + ηx

(
ξ̂xn − xc

)
, ξyn = yc + ηy

(
ξ̂yn − yc

)
, n = 1, . . . , N, (4.1)

where ηx = 1 + (η − 1)/3 and ηy = η. In Figure 5 we present the results obtained for:

(i) M = N = 240, niter=3000,

(ii) M = N = 320, niter=5000,

(iii) M = N = 400, niter=9000,

where in all cases η = 1.17. More specifically, in Figures 5(a) and 5(b) we present the normal
displacement −u2 and the normal traction −t2, respectively, on the Signorini boundary Γs for case
(i). The initial and deformed configurations (magnified by 20) of the body for the same case are
presented in Figure 5(f). The corresponding results for increased numbers of M = N given by
the cases (ii) and (iii) are presented in Figures 5(d)–5(f) and Figures 5(g)–5(i), respectively. These
results show the convergence of the numerical solution. Furthermore, they are consistent with the
corresponding results presented in [37, 40].

5. Inverse Signorini problems

In reality, Signorini problems are actually inverse problems since the contact boundary Γs is, in gen-
eral, unknown and has to be determined from some extra (non–intrusive) displacement measurements

u = f on Γ, (5.1)

on a non–zero measure sub–portion Γ of Γ2. The inverse Signorini problem then requires determining
the contact boundary Γs along with the displacement u satisfying equations (2.1a)–(2.1e) and (5.1).

In case Ω is a connected domain, f 1 = 0, g = 0,
(
H−1/2(Γ2)

)2
∋ f 2 ̸≡ 0 and the endpoints of Γs are

known, the solution u ∈ (H1(Ω))
2

and Γs ∈ C1,1 of this inverse problem is unique [7].

With reference to Example 2, we consider the solution domain Ω bounded by the segments {0}×(0, 1),
(0, 3)×{1} and {3}×(0, 1), and the contact boundary being represented by the graph of an unknown
function y ∈ C1,1(0, 3) with known ends y(0) = y(3) = 0, namely,

Γs = {(x, y)|y = y(x), x ∈ (0, 3)} . (5.2)
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Figure 4. Example 2: Geometry and boundary conditions.

In the process of imposing the physical constraints (2.1d) and (2.1e) on this boundary we need to
use that

n(x, y(x)) =
1√

1 + (y′(x))2
(y′(x),−1) , τ (x, y(x)) =

1√
1 + (y′(x))2

(1, y′(x)) , x ∈ (0, 3). (5.3)

The Dirichlet boundary condition (2.1b) is given by

u = f 1 = 0 on Γ1 = {0} × (0, 1), (5.4)

and the Neumann boundary condition (2.1c) on Γ2 = ((0, 3)× {1}) ∪ ({3} × (0, 1)) is given by

t = f 2 =

{
(0, 0) on (0, 3)× {1},
(0,−2) on {3} × (0, 1).

(5.5)

As in Example 2, we take E = 5000, ν = 0.4 and g(x, y(x)) = 0.003(x− 1.5)2 + 0.001 for x ∈ (0, 3).
We also assume that the displacement in (5.1) is measured on the top boundary Γ = (0, 3)× {1}.

In the inverse problem, since the contact boundary Γs is unknown, the functional which is minimized
will also depend (through (5.2)) on y, and it will also incorporate the measurement (5.1).

We generated the Cauchy data (u1, u2) at 60 points on the top boundary by solving the direct
boundary value problem in Example 2 with M = N = 240 (M = N = 30), η = 1.17 and niter=3000.



MFS FOR SIGNORINI PROBLEMS IN ELASTICITY 11

0 0.5 1 1.5 2 2.5 3

x

0

1

2

3

4

5

6

7

-u2

10-3

(a) -u2 on Γs,M = N = 240

0 0.5 1 1.5 2 2.5 3

x

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

0

-t
2

(b) -t2 on Γs

0 0.5 1 1.5 2 2.5 3
-0.5

0

0.5

1

1.5

(c) Initial and deformed configura-
tions

0 0.5 1 1.5 2 2.5 3

x

0

1

2

3

4

5

6

7

-u2

10-3

(d) -u2 on Γs,M = N = 320
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(g) -u2 on Γs,M = N = 400
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Figure 5. Example 2: Results for M = N = 240 ((a)–(c)),
M = N = 320 ((d)–(f)), M = N = 400 ((g)–(i)).

We also added noise to the Cauchy data by taking

(û1(xj), û2(xj)) = (1 + ρj p) (u1(xj), u2(xj)), j = M+ 1, . . . , 4M, (5.6)
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where p represents the percentage of noise added to the Cauchy data on the top boundary (0, 3)×{1}
and ρj is a pseudo–random noisy variable drawn from a uniform distribution in [−1, 1] using the
MATLABR⃝ command -1+2*rand(1,3M).

The initial guessed location of the boundary Γs was taken to be the parabola

y(x) =
1

10
x(3− x), x ∈ [0, 3].

In the inverse problem, to avoid an inverse crime, we took M = N = 20, meaning that we have
22M = 440 collocation equations to satisfy in 16N+3M = 380 unknowns (the coefficients d1,d2 and
the 3M heights h of the points on the Signorini boundary Γs). In this instance, the use of the lower
and upper bound vectors for the unknowns is particularly useful, especially for the heights h. Noting
that now

x =




d1

d2

h




we took

lb =




−10
10

−10
10

−0.5


 and ub =




10
10

10
10

0.5


 .

We also took η = 1.19. Further details regarding the solution of the inverse problem are provided in
the Appendix.

In Figures 6, 7, 8 and 9, we present the results for the reconstructed boundary Γs (in red dots)
obtained using various numbers of iterations niter for noise p =0%, 3%, 6% and 9%, respectively.
Note that for the higher amounts of p =6% and 9% noise, when maxiter is set to 2000, the maximum
number of iterations before tol is reached is at lower values of 1136 and 438, respectively. These
earlier stopping numbers of iterations also act as some form of regularization, which is necessary
to be applied in order to restore stability of the inverse and ill–posed Signorini problem when the
noise in the input Cauchy data (5.6) becomes significant. On comparison with the true boundary
Γs = {(x, 0)|x ∈ [0, 3]}, the numerical results presented in Figures 6–9 show good accuracy and
stability.

6. Discussion and conclusions

In this work, we considered the application of the MFS to two–dimensional Signorini boundary value
contact problems in linear elasticity. The linear or nonlinear inequality constraints which appear in
such problems have been incorporated in the minimization procedure in a natural way, when using
the flexible and robust MATLABR⃝ toolbox routine fmincon. In it, we have provided the gradient
of the objective function (3.7) which leads to substantial savings in computational time. The MFS
has been applied to two physical problems from the literature yielding results consistent with those
previously obtained with the BEM. The analysis was further extended successfully to solving inverse
Signorini problems in linear elasticity.
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Figure 6. Inverse problem: Results with no noise for different numbers of iterations.

In the MFS, the fictitious boundary containing the source points entering the expansion (3.1) was
placed at a fixed distance from the boundary ∂Ω. For the first direct problem (Example 1 in
Section 4.1), due to the presence of boundary singularities, the fictitious boundary was placed very
close to the physical boundary ∂Ω, as stated in the text and recommended in the literature [26]. For
the second direct problem (Example 2 in Section 4.2), due to the elongated shape of the domain of
the problem in question the fictitious boundary position was placed according to equation (4.1). In
this case, the solution was less sensitive to the position of the pseudo–boundary than in Example 1.
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Figure 7. Inverse problem: Results with p =3% noise for different numbers of iterations.

In the inverse problem considered in Section 5, the position of the fictitious boundary was adjusted
according to the moving boundary as explained in the Appendix (Inverse problem). Alternatively,
one could use the leave–one–out cross validation (LOOCV) technique [8] to determine an appropriate
location of the pseudo–boundary containing the source points in the MFS expansion (3.1). However,
we have not used this approach in our work as it would render the overall technique too tedious and
expensive. On the other hand, an adaptive approach for the optimal pseudo–boundary placement
could be used, such as the one employed in [23], and this could be the subject of future research.
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Figure 8. Inverse problem: Results with p =6% noise for different numbers of iterations.

As for the generality of the solution domain Ω, the fact that the domains in the direct problems
(Examples 1 and 2) are rectangular is not a restriction or limitation, as the main difficulty lies
rather with the complicated alternating boundary condition satisfaction which leads to a constrained
minimization discrete problem. This is why the MFS is ideally suited for the numerical solution of
such problems where the interest and difficulty are concentrated on the boundary. For the inverse
problem examined, this difficulty is aggravated as now, as well as the determination of the separation
point(s), one needs to determine the (unknown) position of part of the boundary. In future studies
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Figure 9. Inverse problem: Results with p =9% noise for different numbers of iterations.

we intend to work on elasticity Signorini problems in more irregular domains, as well as three–
dimensional geometries.
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Appendix

Example 1. The collocation points were distributed as follows (moving clockwise from the origin):

xm =

(
0,

5m

M+ 1

)
, xM+m =

(
0, 5 +

5m

M+ 1

)
, m = 1, . . . ,M,

x2M+m =

(
5(m− 1)

M
, 10

)
, x3M+m =

(
5 +

5m

M
, 10

)
, m = 1, . . . ,M,

x4M+m =

(
10, 10−

10m

2M + 1

)
, x6M+m =

(
10−

10(m− 1)

2M− 1
, 0

)
, m = 1, . . . , 2M.

With reference to Section 3.1, we took for (3.7) (moving clockwise from the origin):

ϕm(d
1,d2) = t1N (xm), ϕM+m(d

1,d2) = t2N (xm), m = 1, . . . ,M,

ϕM+m(d
1,d2) = t1N (xm)− 1, ϕ2M+m(d

1,d2) = t2N (xm), m = M+ 1, . . . , 2M,

ϕ2M+m(d
1,d2) = t1N (xm), ϕ3M+m(d

1,d2) = t2N (xm), m = 2M+ 1, . . . , 3M,

ϕ3M+m(d
1,d2) = t1N (xm), ϕ4M+m(d

1,d2) = t2N (xm) + 1, m = 3M+ 1, . . . , 4M,

ϕ4M+m(d
1,d2) = u1N (xm), ϕ6M+m(d

1,d2) = t2N (xm), m = 4M+ 1, . . . , 6M,

ϕ6M+m(d
1,d2) = t1N (xm), ϕ8M+m(d

1,d2) = u2N (xm)t2N (xm), m = 6M+ 1, . . . , 8M,

and for the gradient (3.10),

Ψn+(ℓ−1)N(d
1,d2) = 2

M∑

m=1

[t1N (xm)T1ℓ(xm, ξn) + t2N (xm)T2ℓ(xm, ξn)]

+ 2
2M∑

m=M+1

[(t1N (xm)− 1) T1ℓ(xm, ξn) + t2N (xm)T2ℓ(xm, ξn)]

+ 2
3M∑

m=2M+1

[t1N (xm)T1ℓ(xm, ξn) + t2N (xm)T2ℓ(xm, ξn)]

+ 2
4M∑

m=3M+1

[t1N (xm)T1ℓ(xm, ξn) + (t2N (xm) + 1) T2ℓ(xm, ξn)]

+ 2
6M∑

m=4M+1

[u1N (xm)U1ℓ(xm, ξn) + t2N (xm)T2ℓ(xm, ξn)]

+ 2
8M∑

m=6M+1

[t1N (xm)T1ℓ(xm, ξn)

+ u2N (xm)U2ℓ(xm, ξn) · (t2N (xm))
2 + t2N (xm)T2ℓ(xm, ξn) · (u2N (xm))

2] ,
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for ℓ = 1, 2 and n = 1, . . . , N . Moreover, the linear constraints (3.8) become

−u2N (xm) ≤ 0 and − t2N (xm) ≤ 0, m = 6M+ 1, . . . , 8M.

Example 2. The collocation points were distributed as follows (moving clockwise from the origin):

xm =

(
0,

m

M+ 1

)
, x4M+m =

(
3, 1−

m

M+ 1

)
, m = 1, . . . ,M,

xM+m =

(
0,

3(m− 1)

3M− 1

)
, x5M+m =

(
3−

3(m− 1)

3M− 1
, 0

)
, m = 1, . . . , 3M.

With reference to Section 3.1, we took for (3.7) (moving clockwise from the origin):

ϕm(d
1,d2) = u1N (xm), ϕM+m(d

1,d2) = u2N (xm), m = 1, . . . ,M,

ϕM+m(d
1,d2) = t1N (xm), ϕ4M+m(d

1,d2) = t2N (xm), m = M+ 1, . . . , 4M,

ϕ4M+m(d
1,d2) = t1N (xm), ϕ5M+m(d

1,d2) = t2N (xm) + 2, m = 4M+ 1, . . . , 5M,

ϕ5M+m(d
1,d2) = t1N (xm), ϕ8M+m(d

1,d2) = (u2N (xm) + g(xm)) t2N (xm), m = 5M+ 1, . . . , 8M,

and for the gradient (3.10),

Ψn+(ℓ−1)N(d
1,d2) = 2

M∑

m=1

[u1N (xm)U1ℓ(xm, ξn) + u2N (xm)U2ℓ(xm, ξn)]

+ 2
4M∑

m=M+1

[t1N (xm)T1ℓ(xm, ξn) + t2N (xm)T2ℓ(xm, ξn)]

+ 2
5M∑

m=4M+1

[t1N (xm)T1ℓ(xm, ξn) + (t2N (xm) + 2) T2ℓ(xm, ξn)]

+ 2
8M∑

m=5M+1

[t1N (xm)T1ℓ(xm, ξn)

+ (u2N (xm) + g(xm)) U2ℓ(xm, ξn) · (t2N (xm))
2

+ t2N (xm)T2ℓ(xm, ξn) · (u2N (xm) + g(xm))
2] ,

for ℓ = 1, 2 and n = 1, . . . , N . Moreover, the linear constraints (3.8) become

−u2N (xm) ≤ g(xm) and − t2N (xm) ≤ 0, m = 5M+ 1, . . . , 8M.

Inverse problem. The collocation points and sources were taken exactly as in Example 2 with the
exception of the points on Γs which were taken as

x5M+m =

(
3−

3m

3M + 1
, hm

)
, m = 1, . . . , 3M,
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where, via (5.2), the heights hm := y

(
3−

3m

3M + 1

)
for m = 1, . . . , 3M are unknown and have to be

determined as part of the solution. In addition, the sources (ξn)
8N
n=5N+1 (note that in this problem

we took N = M) were adjusted at each iteration, as follows:

ξ5N+m =

(
3−

3m

3M + 1
, hm −

(η − 1)

2

)
, m = 1, . . . , 3M.

With this adjustment, the sources are kept outside the domain. Importantly, at the points xm,
m = 5M + 1, . . . , 8M, on the Signorini boundary we require τ and n, which can be evaluated from
(5.3). In these, the derivative y′ is approximated using the central difference formulas

y′(xm) ≈
y(xm−1)− y(xm+1)

2h
, m = 5M+ 2, . . . , 8M− 1,

y′(x5M+1) ≈ −
y(x5M+2)

2h
, y′(x8M) ≈

y(x8M−1)

2h
,

where h = 3/(3M+1). With reference to Section 5, we took for the objective functional (3.7) (moving
clockwise from the origin):

ϕm(d
1,d2,h) = u1N (xm), m = 1, . . . ,M,

ϕM+m(d
1,d2,h) = u2N (xm), m = 1, . . . ,M,

ϕM+m(d
1,d2,h) = t1N (xm), m = M+ 1, . . . , 4M,

ϕ4M+m(d
1,d2,h) = t2N (xm), m = M+ 1, . . . , 4M,

ϕ7M+m(d
1,d2,h) = u1N (xm)− û1N (xm), m = M+ 1, . . . , 4M,

ϕ10M+m(d
1,d2,h) = u2N (xm)− û2N (xm), m = M+ 1, . . . , 4M,

ϕ10M+m(d
1,d2,h) = t1N (xm), m = 4M+ 1, . . . , 5M,

ϕ11M+m(d
1,d2,h) = t2N (xm) + 2, m = 4M+ 1, . . . , 5M,

ϕ11M+m(d
1,d2,h) = t1N (xm)τx(xm) + t2N (xm)τy(xm), m = 5M+ 1, . . . , 8M,

ϕ14M+m(d
1,d2,h) =

(
t1N (xm)nx(xm) + t2N (xm)ny(xm)

)

×
(
u1N (xm)nx(xm) + u2N (xm)ny(xm)− g(xm)

)
, m = 5M+ 1, . . . , 8M,

where h := (hℓ)
3M
ℓ=1, and û1N (xm) and û2N (xm) for m = M+1, . . . , 4M are the Cauchy data generated

by solving the direct problem in Example 2. For the inverse problem, the analytical calculation of
the gradient of (3.7) becomes too complicated and therefore is not considered. We also have the
following nonlinear constraints (3.11) in fmincon:

t1N (xm)τx(xm) + t2N (xm)τy(xm) ≤ 0, m = 5M+ 1, . . . , 8M,(
t1N (xm)nx(xm) + t2N (xm)ny(xm)

)
×
(
u1N (xm)nx(xm) + u2N (xm)ny(xm)− g(xm)

)
≤ 0,

m = 5M+ 1, . . . , 8M.
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