. eprints@whiterose.ac.uk
Whlte Rose https://eprints.whiterose.ac.uk

N
(®)) Research oni
N’ esearc niine Universities of Leeds, Sheffield and York

Deposited via The University of Sheffield.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/226467/

Version: Submitted Version

Preprint:
Stone, J. (Submitted: 2025) Why bigger training sets must yield diminishing returns: An
information-theoretic speed limit for Al. [Preprint - Neural Computation] (Submitted)

© 2025 The Author(s). This is an author-produced version of a paper submitted for
publication in Neural Computation. Uploaded in accordance with the publisher's self-
archiving policy.

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

ﬁ <&, | University of

UNIVERSITY OF LEEDS & Sheffleld



mailto:eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk/id/eprint/226467/
https://eprints.whiterose.ac.uk/

Why Bigger Training Sets Must Yield Diminishing Returns:

An Information-Theoretic Speed Limit For Al

JV Stone,
j.v.stone@sheffield.ac.uk

File: whytrainingislogarithmicv8NCPaperv2arxivl.tex

April 25, 2025

Abstract

It is now well established that Al systems suffer diminishing performance returns as the number of
training items is increased. Given that a fundamental limit on the performance of any system is the
amount of Shannon information in its training set, we prove that adding one item to a training set of
n items cannot provide more than AH = 0.5log,((n + 1)/n) bits of additional information. Because
AH shrinks rapidly as n increases, it is inevitable that the performance of any Al system suffers from

diminishing returns as n is increased.

1 Introduction

All modern AI systems rely on large amounts of training data. This remains true of all Al systems that
classify inputs into different classes, as well as Al systems that generate images or words (e.g. chatGPT).
For the sake of simplicity, we assume the Al systems considered here classify images.

An AT system trained to classify images into cats and dogs (for example) needs a large training set, which
typically consists of millions of images. As expected, classification performance increases with the number
n of training images. However, it is becoming apparent that there are diminishing returns on the size of
training sets(Radford et al., 2019; Sun, Shrivastava, Singh, & Gupta, 2017; Kaplan et al., 2020).

Accordingly, a key question is: Is there a fundamental ’speed limit’ for the rate at which the performance

of Al systems can increase with n?



2 How much information does each extra training item provide?

Any system which attempts to classify data into different classes must be able to estimate the distribution
associated with each class. If each distribution is Gaussian then all of the information implicit in each class
is captured by its mean and standard deviation. The uncertainty with which the mean is measured can be
defined as the standard deviation in the estimated mean. For example, a system which classifies data into
different classes must choose where to place its estimate of the border between classes. If we choose to define
this border as (possibly a multiple of) the standard deviation of the mean then the uncertainty of this border
decreases with the standard deviation in the estimated mean.
2

For the present, we assume the training set has a distribution with mean p and variance o°. Given n

training items {z1,...,x,}, the estimate of the mean p is,

1 n
= n Z L (1)
i=1

And the standard deviation of the estimated mean is

6(n) < a/vn, (2)

with equality if the distribution of means is Gaussian. Note that the central limit theorem ensures that, if n
is sufficiently large then the distribution of sample means is approximately Gaussian. Consequently, because

n is usually large for Al systems, Equation 2 can be expressed as an approximation,
6(n) ~ ofvn. (3)

The uncertainty in the estimated mean can be expressed in terms of Shannon’s information theory(Shannon
& Weaver, 1949; Stone, 2022), as follows. The differential entropy of a Gaussian distribution with standard

deviation & is

H(n) = 0.5log,2med?(n) (4)
= 0.5log, 2me + 0.5log, 62 (n) (5)
= 0.5log, 2me + log, 6(n) (6)
= K +log,6(n) bits, (7)



where the constant K = 0.5log, 2me = 2.0471 bits. Substituting Equation 3,

Hn) ~ K+ logyo/yi ®)
= K +logyo+logy 1/v/n 9)
= C +log, 1//n bits, (10)
= C +0.5log, 1/n bits, (11)

where the constant C = K +log, 0. Because the Gaussian is a maximum entropy distribution, any distribu-
tion with standard deviation & must have an entropy that is less than (or equal to) the entropy of a Gaussian
distribution with standard deviation 6(n). Consequently, the decrease in entropy that results from adding

one extra data training item is,

AH ~ H(n+1)— H(n) bits. (12)

Using Equation 11,
AH = [C+0.5logy(1/n+1)]—[C +0.5logy(1/n)] (13)
= 0.5logy (n +1)/n bits. (14)

Information added by 1 extra item
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Figure 1: How the maximum amount of Shannon information AH (in bits) provided by one additional
training item decreases as the number n of training items increases (using Equation 14).



This implies that the rate at which information is gained by adding extra training items does not depend on
the standard deviation o of the training items (even though the absolute amount of information gained is
proportional to log, o, see Equation 8). The rate at which extra information is acquired for each additional

training item (Equation 14) is plotted in Figure 1.

3 Discussion

Irrespective of the nature of the task being learned, the number of parameters in a model, the partic-
ular training algorithm used, or the speed of the processors used to implement that algorithm, Shannon’s
information-theoretic data processing inequality places a fundamental limit on the rate at which performance
can increase as the number n of training items increases. Given that each extra training item cannot increase
the amount of Shannon information gained by more than AH = 0.5log,((n + 1)/n) bits, it is inevitable that
any system which relies on training data must suffer from diminishing returns on performance as n increases.

Finally, it might be thought that reinforcement learning systems(Sutton & Barto, 2018) do not suffer
from diminishing returns because their learning relies on feedback from the environment. However, if that
environment is constant then the analysis above implies that even reinforcement learning systems must suffer
diminishing returns in each feedback signal (learning trial) they receive as the number of feedback signals is

allowed to increase.
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