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THE METHOD OF FUNDAMENTAL SOLUTIONS FOR OPTICAL
FLUORESCENCE

ANDREAS KARAGEORGHIS AND DANIEL LESNIC

ABSTRACT. In this paper, we develop the method of fundamental solutions (MFS) for solving
boundary value problems in the field of optical fluorescence. The governing system of diffusion—
absorption equations for the excitation and emission fluences is transformed into a single fourth—
order partial differential equation whose fundamental solution can be expressed as the difference of
two fundamental solutions of the complex Helmholtz equation. The numerically obtained results
confirm the accuracy of the MFS when compared with an available analytical solution. Numerical
results are also provided for a physical application in optical fluorescence. Furthermore, extensions
to three dimensions along with numerical verification are performed.

1. INTRODUCTION

Based on the fact that near—infrared light at wavelengths between 700 to 900 nm can travel several
centimeters into a biological tissue, fluorescence optical tomography has emerged as a suitable
molecular imaging tool for anomaly detection, see e.g., [1, 12, 13, 14, 18]. In the iterative process of
inverse retrieval of a concealed defect in a tissue, a direct solver has to be called repeatedly many
times until convergence of a nonlinear minimization algorithm is achieved. Prior to this study, the
finite element method (FEM) has been utilized and applied adaptively with some success [1, 11,
13, 14]. The FEM has the advantage of dealing with inhomogeneous media, but in many cases the
biological properties of tissues as well as the fluorescent properties of contrasting agents employed in
molecular imaging are piecewise constant across various layers of material. In these situations it is
then possible to apply simpler and faster approximation methods such as the method of fundamental
solutions (MF'S), which is a versatile meshless boundary collocation technique for solving both direct
and inverse boundary value problems [6, 16] without the need of internal domain discretisation.
This method, like the boundary element method (BEM) |7, 10], is applicable to problems governed
by equations, the partial differential operators of which possess explicitly available fundamental
solutions.

The paper is organized as follows. In Section 2 we describe the mathematical model of optical
fluorescence and the details of its approximation by the MFS are provided in Section 3. Numerical
experiments are presented and analyzed in Section 4 with the three-dimensional extension provided
in Section 5. Finally, Section 6 highlights the conclusions of the present study.

1991 Mathematics Subject Classification. Primary 65N80; Secondary 65N38.
Key words and phrases. Optical fluorescence; method of fundamental solutions; elliptic equations.



2 ANDREAS KARAGEORGHIS AND DANIEL LESNIC

2. MATHEMATICAL MODEL

The governing equations of photon propagation in a bounded tissue €2, in the frequency domain,
can be obtained as the scattering limit of the full radiative transfer equations [2] and are given by
1, 11]
— V.- (DsVu) + rxu=0 in Q, (2.1)
— V- (DuVu) + kv = fyu in (2.2)
where u is the excitation (incident) light fluence, v is the emission (fluorescence) light fluence, , and
km are the total photon absorption coefficients at excitation (subscript x) and emission (subscript
m) wavelengths, respectively, Dy and D,, are the photon diffusion coefficients at excitation and
emission wavelengths, respectively, and [, is a coupling coefficient defined below in equation (2.5).
The boundary conditions associated to (2.1) and (2.2) are of Robin type and given by

2D 2y yutS=0 on 00, (2.3)
on

2D @—i— v=0 on 09 (2.4)
man fy - ’ .

where n is the outward unit normal to 02, 7 is a constant depending on the optical refractive index
mismatch at the boundary [8] and S is an excitation source.

The mathematical model given by equations (2.1)-(2.4) can be interpreted as follows [1]. The
excitation fluence u is described by the diffusion-absorbtion equation (2.1) that is excited by the
boundary source S in equation (2.3). On the other hand, there is no boundary source term in (2.4)
for the emission fluence v. Equation (2.2) states that the fluorescence light is only produced in
the interior of the imaged body €2 where the excitation (incident) fluence u is absorbed by a dye
(characterized by its absorption coefficient p,y¢) and then re-emitted with probability ¢ and phase
shift (1 —iw 7)™, where w is the modulation frequency of the amplitude of the incident light field
and 7 is the life-time of the fluorosphore (associated with first order fluorescence decay kinetics).
The emission fluence v is then propagated through the tissue ) in the same way as the excited
fluence, i.e. following the diffusion—absorption process according to equation (2.2), coupled with
equation (2.1) through the term

P Haxf
P Haxt 2.5
P 1—-iwT (25)
The photon diffusion and absorption coefficients in (2.1) and (2.2) are given by [11]
1 1
D, = D, = (2.6)

3 (,uaxi + Haxf + ,uéx) 7 " 3 (,uami + Hamf + :u;m) ’

iw iw
Kx = fhaxi T Maxt T 7 s Km = Hami + Hamf + 7 5 (27)

where ¢ = 3 x 1010 cm/s is the speed of light, and pl, ftaxi and paye are coefficients characterizing
reduced scattering, absorption due to endogenous chromophores and absorption due to exogenous
fluorosphore at the excitation wavelength. The similar coefficients gl , ftami and fams correspond
to the emission wavelength.
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In the above model defined by equations (2.1)—(2.7), u, v, Ky, km, fx and S are complex quantities.
We also dimensionalize the space variables by a characteristic length L of €.

3. THE METHOD OF FUNDAMENTAL SOLUTIONS (MFS)

Assuming homogeneous media such that all properties Dy, D, Ky, km and [ are constant, equa-
tions (2.1) and (2.2) in non-dimensional form may be simplified as

Au—oyu=0 in Q (3.1)

Av—anv=—Bou in € (3.2)

where € denotes the non-dimensionalised solution domain, By, = B,L*/Dy, ay = kL?/D, and

Qm = kmL?/Dy,. We can eliminate u in the system of equations (3.1)-(3.2) by taking the Laplacian
of (3.2) and using (3.1) and (3.2) to obtain

A% —ap Av=—ByAu=—Byoyu=a,Av—ayanuv in

or
0=A% — (o + @) AV + a0y v = (A — ax I) (A —ay I)v  in Q, (3.3)
where Z is the identity operator.

The boundary conditions (2.3)-(2.4) in non-dimensional form are given by

9 -
QDX—U+7u—|—S:0 on 0, (3.4)

on
2Dm§—v+w:o on S, (3.5)

n
where D, = D, /L and Dy, = Dy,/L. Also, from (3.4) and (3.2), eliminating u, we obtain
0 ~

Q'DX%(AU—O&mU)—G—’Y(AU—Osz)—SBX:O on Jf). (3.6)

Boundary value problem (3.1), (3.2), (3.4) and (3.5) has therefore been reduced to (3.3), (3.5) and
(3.6). Equation (3.3) is a fourth-order partial differential equation (PDE) and the boundary con-
ditions (3.5) and (3.6) involve all the primary and secondary variables v, dv/dn, Av and I(Av)/0on.
Various meshless methods [4, 19, 20| can be employed for solving boundary value problem (3.3),
(3.5) and (3.6).

We may rewrite the fourth-order equation (3.3) as a system of two second-order complex Helmholtz
equations
Av— v =w inQ, (3.7)
Aw —axw =0 in €. (3.8)
Equation (3.7) is subjected to the Robin boundary condition (3.5), whilst for equation (3.8), equa-
tion (3.6) implies the Robin boundary condition

22—7::—1—710:53)( on 0. (3.9)
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We may therefore first solve (3.8) and (3.9) to obtain w in 2, after which we can solve the inho-
mogeneous equation (3.7) subject to (3.5) to determine v in Q. Alternatively, we may solve the
fourth-order PDE (3.3) directly without the splitting (3.7)—(3.8) by remarking that a particular
solution to (3.3) can be written as the difference

v = % : (3.10)
where @, and ¢, are particular solutions to the second-order complex Helmholtz equations
Ab, —a, P, =0 and AP, —a,d, =0, (3.11)
see [19]. Applying the Laplacian operator to (3.10) and using (3.11) we remark that

m q)m - Ox (I)x
Av =12 O T (3.12)

Oy — O

which gives an effective way of computing the Laplacian of v needed in (3.6). Moreover, dv/0n and
J(Av)/0On may be obtained by taking the normal derivatives of (3.10) and (3.12), respectively.

3.1. The MFS for finding the excitation fluence u satisfying equations (3.1) and (3.4).
The fundamental solution of the complex Helmholtz equation

AD—ad =0, (3.13)

with a € C, in two dimensions is given by [9]:

O(x; §) = ——Ko(\/—|w £l) (3.14)

where K is the modified Bessel function of the second kind of order zero and, for a = a + ib, we
take

Va =

In the MFS, we approximate the solution of (3.1) and (3.4) by a linear combination of non-singular
fundamental solutions of the form (3.14), namely,

A VETT b e VETE
] '

N
1 -
uy(x) = —5- § ¢ Ko (Voxle — &), xeQuo, (3.15)
j=1

where (Ej)j:m are source points located outside Q U dQ (such that uy satisfies PDE (3.1) in

§~2) and (c¢;);_1 are unknown complex coefficients to be determined by imposing the boundary
condition (3.4). In doing so, we also require the normal derivative of uy, which, from (3.15), can
be approximated as:

B N —¢)-
o, PEREE S

where K; = — K], is the modified Bessel function of the second kind of order one.

. x €09, (3.16)

]:
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The boundary condition (3.4) is imposed at (xy),_73; points uniformly distributed over the bound-

ary a0 yielding the following system of M complex equations in the (c;) j—1~ complex unknowns:

2D, 8875( k) +yun(xr) = =S(xg), k=1,M, (3.17)

Remark 1. The source points (E j)j:ﬁ are generated as follows. We first distribute the points

(é j> _ uniformly around the boundary 9 and then take
j=LN

&=x+n(&-x), j=TN (3.18)

where X is the centroid of Q and n > 1 is an appropriately chosen dilation parameter.

3.2. The MFS for finding the emission fluence v satisfying equations (3.3), (3.5) and
(3.6). According to (3.10) we obtain that the fundamental solution of the fourth-order PDE (3.3)
in two dimensions is given by

V(w;§) = -

In the MFS, we approximate the solution to (3.3), (3.5) and (3.6) by a linear combination of
non-singular fundamental solutions (3.19) in the form

2N
x) =) d;V(x;€))

! 5 1o (Vs | — €)= Ko (v 2 = €1 (3.19)

27 (i — Qi

:_;_azd (Ko (Vam & — &) — Ko (Vax |z —&)], @cQuah,  (3.20)

27 (

where (E j)j v are source points located outside QU (such that vy satisfies the PDE (3.3) in

§~2) and (d; )j Tan are unknown complex coefficients to be determined by imposing the boundary
conditions (3. 5) and (3.6). In doing so, we also need the derivatives of vy, which from (3.20) can
be approximated as (see also (3.12)):

2N

() - Z 4 G @i,) = m 2 Vo Ko (vl =6

Vs (e~ g))) S

x € 89, (3.21)

Avy(z ZdAVacﬁ)
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2N
= _QW(aml_ ~ jzldj [OémKo (\/a_mkﬂ — €j|) — ay Ky (\/a_x|ag — £j|)} , TCE Qu 8@, (3.22)
d(Avy) N 2N

2@ =>4y S @it = s Sy [0l (Ve - &)

7K (vas fe - &) 'J“”),

The boundary conditions (3.5) and (3.6) are imposed at the points (xy),_137 resulting in the
following system of 2M complex equations in the (d;);_i5x complex unknowns:

x € 09 (3.23)

2Dx a(gsN) (@) = 2Dx oy 831}_7]1\[(3316) + 7 Avy (@) =7 om on(@k) = B S(xr), k=1,M. (3.25)

Remark 2. Following the ideas developed for polyharmonic boundary value problems in [15], the
source points (5 j)j:m are now generated as follows. As in (3.18), we first distribute the points

(%) ~ uniformly around the boundary 99 and then distribute the sources on two pseudo—
j=1,2N

boundaries as follows:
U (éj . xc> L j=T,N, (=12, (3.26)

where 71y, ¢ = 1,2, are appropriately chosen dilation parameters with 7y > n; > 1.

4. NUMERICAL EXPERIMENTS

Mimicking previous experiments [11, 12, 13, 14|, two—dimensional phantom numerical experiments
for optical fluorescence are considered using a (0, L) x (0, L) = Q acrylic square plate with L = 8
cm filled with 1% liposyn solution containing 1x M indocyamine green (ICG) dye. This dye
has the quantum efficiency and the lifetime of fluorophore equal to ¢ = 0.016 and 7 = 0.56 X
1079 s, respectively, [11]. The excitation wavelength of the ICG dye is 785 nm modulated at
w =100MHz=10% s~! and the emission wavelength is 830 nm, according to the literature. The
index mismatch parameter at the boundary 0¢2 between the acrylic plate and the phontom is given
by v = 1/1.0454 = 0.9566, see [8]. The scattering and absorption coefficients characteristic to the
1% liposyn solution are [11]

o, =pl, =984cm™t,
Hami = 0.0289 Cnlil, MHaxi = 0.023 CHli1 ,
flami = 0.00506 cm ™Y, fiaxs = 0.005cm ™,
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which are similar to the optical properties of the human breast tissue. The above data on the
physical quantities L, ¢, T, w, v, fle, fhos Hamis Haxis Mamt a0d Ly introduced into (2.5)—(2.7) yield

Q= (0,1) % (0,1) and

5 © Haxt 0.016 x 0.005 8 x 1075 x (14 0.0561) !
x — : - 3 = m -,

l—iwr 1—-1x0.59 %1079 x 108 1.001566773

D L L 0.03378

< o = = . CH].’
3 (Jaxi + faxt + p4y)  3(0.023 +0.005 + 9.84)
1 1
Dy, = = = 0.03376 cm,

3 (fami + Hamt + (i) 3(0.0289 + 0.00506 + 9.84)

ix 108

K = flaxi + flaxt -+ % — 0.023 + 0.005 +
ix 108
3 x 1010

Furthermore, in (3.1), (3.2), (3.5) and (3.9) we need the non—dimensional quantities @ = (0,1) x (0,1)
and

Fom = fami + Mami + % = 0.0289 + 0.00506 + = (0.03396 + 0.00331) cm ™.

Ky L*  64(0.0280 + 0.00331)
D, 0.03377921902

= 53.0503 + 6.30921,

Ay =

K L?  64(0.03396 + 0.00331)
D. 0.03375882962

= 64.3813 + 6.30301,

Oy, =

B L? 64 x8x 1077 (1+0.0561)
~ D, 1.001566773 x 0.03375882962

Dy 0.03377921902

B, =0.1514 + 8.48 x 10731,

DX — — 4. 1 3

We also illuminate the top boundary y = 1 by a Gaussian source such that in (3.6) we input

1 _ 2
exp I G ony=1,z¢€(0,1),
202

S(xz,y) =4 ¢ 2% (4.1)

0 elsewhere on 8?2,

where v = 0.5 is the mean and ¢ = 0.1 is the standard deviation.
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4.1. Verification of the numerical code. Before attempting to solve the direct problems given
by equations (3.1) and (3.4) for u, and by equations (3.3), (3.5) and (3.6) for v, which do not
have a readily available simple explicit exact solution, we verify the numerical code on fabricated
analytical solutions given by

u(z) = —%KO(\/OT,(@—g*D, x € QU O, (4.2)
and - ~
v(e) =V(x;€"), xe€QUI, (4.3)

where £* = (3,0) is well-outside the solution domain Q = (0,1) x (0,1).

The function defined in equation (4.2) satisfies the PDE (3.1) and the inhomogeneous boundary
conditions

2D, g—Z( )+ v ula)
- D (e - © |5)é","@—%Kow—xrw—s*D::R(w), xcof. (4.4)

Imposing this boundary condition at (xx),_137 37 Ppoints uniformly distributed over the boundary Q)
results in the following linear system of M complex equations in the complex unknowns (¢;);_ix:

2D, agg(wk)quuN(azk) R(zy), k=T1,M, (4.5)

where uy is given by equation (3.15) with the source points (& ) v Placed according to (3.18).

Also, the function defined in equation (4.3) satisfies the PDE (3.3) and the inhomogeneous boundary
conditions

0 ov -
2D, aZ< z) +yv(@) = 2Dy (@) + V(@) = Ri(w), @€ (4.6)
and
J(A 0 J(AV
2D, (8nv) (x) — 2Dy a—Z(m) + v Av(x) — v ay v(x) = 2Dy (8n )(a:, £)
—2Dy ap, a—V(a:, E)+ 7 AV (2 &) — o V(; €°) = Ro(x), @ € Q. (4.7)

Imposing the boundary conditions (3.5) and (3.6) at the points (xy),_157 results in the following
linear system of 2M complex equations in the complex unknowns (d )

B
2D, %(wk) tyox(ay) = Ri(zy), k=T1,M, (4.8)

A(A 9 S
2Dx (371:]\[) (®4) = 2Dy am ;TJZV (i) + v Aoy (k) — v om on (k) = Ro(xk), k=1,M, (4.9)

where vy is given by equation (3.20) with the source points (Ej)j distributed according to

(3.26).

=12N
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We calculated the approximations and the exact solutions on a uniform 21 x 21 grid in QUIN. We
the calculated the maximum relative errors

Juw = e [ox = vlee *here jwlo = max_[u(@)] (4.10)
|uoo V)00 2eQUIN

for varying n = n, = 1+ k/30, 1m0 = 1+ k/25, k = 1,49 taking M = N = 16,32,64 and

128. The corresponding plots are given in Figure 1. From this figure it can be observed that the

maximum errors (4.10) decrease as the number of degrees of freedom M = N increases indicating

the convergence of the MFS employed. Moreover, for the various values of the parameters =

and 1)y, determining the distance between the two pseudo-boundaries and the boundary 0f2, the

errors tend to decrease as this distance increases, but start to increase once the sources get closer
to the singularity £&* = (3,0) in (4.2) and (4.3).

Eu: ) Ev:

Figures 2 and 3 show the numerical solution for the real and imaginary parts of u(z, 1) and v(zx, 1),

€ [0,1], obtained using the MFS with M = N = 128, n = n; = 2, i = 2.2, in comparison
with the exact solutions derived from (4.2) and (4.3). From Figures 2 and 3, excellent agreement
between the numerical and exact solutions can be observed.

4.2. Application to the physical problem. Once the numerical method has been verified for
accuracy, the physical problem given by equations (3.1) and (3.4) for u, and by equations (3.3),
(3.5) and (3.6) for v can be solved by replacing in the code R(x) (previously given by (4.4)) by
—S(x), and R;(x) and Ry(x) (previously given by (4.6) and (4.7)) by 0 and B,S(x) for € 012,
respectively. In Figure 4 we present the real and imaginary parts of the approximation uy on the
top boundary while in Figure 5 we present the contours of the real and imaginary parts of the
approximation for uy with (z,y) € QU Q = [0,1] x [0,1]. The corresponding results for vy are
presented in Figures 6 and 7. These results were generated with M = N = 32, n =n, = 1.2,
T2 = 1.6.

5. EXTENSION TO THREE DIMENSIONS

In three dimensions, the fundamental solution of the complex Helmholtz equation (3.13) is given

by [17]
' 1 exp(—al|z —§|)

Bazg) = o UYL, (5.1
and, as a result, approximations (3.15) and (3.16) become
N
1 exp (—/ox [ — &) -
uy(x) =~ jzlc Py , @ eQUI, (5.2)
o, (@ ¢) (o) N
S ch exp (—vox |z — &) [1+ Vaxlz — &]] wogp 0 © € dQ. (5.3)
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Also, in three dimensions, the fundamental solutions of the fourth-order PDE (3.3) is given by

e [en(—yamle—g) e (—yarle - g))]
Vi(z;€) = P p—— = ¢ .

Consequently, approximations (3.20)—(3.23) become

vy(x) = Z d; V(z; §;)

L2 e (vamle &) —ew (—vale—&)] 5o
:m;dj 2 ¢, , xeQUoI,

2N

(%N . 8V .
a—n(fﬂ) = Zdy‘ 8_n($’ j)

1 2N
e ;dj [oxp (—y/am @ — &) [1+ vam |2 — ]
—e (—varle - g [+ varle - g )) TLEEE, e
2N
Avy(x) = Zdj AV(“’?fj)
j=1
v fjd. [ exp (=vam |2 = &) — ax exp (—vax |z = &)])]
N A (o — o) ‘= 7 | — €]| 7
x QU (’3?2,
DAy, | <~ AV)
on (@) = ;dj on (@:€;)

Zdj [&m exp (—\/@]w — Sj\) [1 + Vo |z — EjH

1
AT (am — o) =

(x &) n(x)

FRraE , @ € 0.

—ay exp (—v/ox e — €j‘) 1+ Vox |z - Sjm

(5.4)

(5.5)

(5.6)

(5.8)

Note that in three dimensions, Remarks 1 and 2 on the placement of source points still apply.



MFS FOR OPTICAL FLUORESCENCE 11

5.1. Verification of the numerical code. We consider the solution of boundary value problems
(3.1) and (3.4) for u, and (3.3), (3.5) and (3.6) for v for the analytical solutions given by

(@) = % iy (_’f‘;f &) Leauon, (5.9)
and - ~
v(x) =V (x;€"), xe€QUIQ, (5.10)

where £ = (3,0,0) is well-outside the solution domain € = (0,1) x (0,1) x (0,1) and V is given
by (5.4). We apply the boundary condition (4.5), (4.6) and (4.7), as in Section 4.1.

Figures 8 and 9 show the numerical solution for the real and imaginary parts of u(x,1/2,1) and
v(xz,1/2,1), x € [0,1], obtained using the MFS with M = N = 2400, n =y, = 1.6, 7o = 2, in
comparison with the exact solutions derived from (5.9) and (5.10). Clearly, excellent agreement
between the numerical and exact solutions can be observed. In addition, in Figures 10 and 11
we present, respectively, the contours of the real parts of the exact solution u and approximation
uy, and the real parts of the exact solution v and approximation vy, on the top face of the
cube [0,1] x [0,1] x {1}. Again excellent agreement between the exact and numerical solutions is
observed. Although not illustrated, it is reported that similar observations have been made for the
corresponding imaginary parts.

6. CONCLUSIONS

In this paper, the MFS has been developed for solving the coupled system of diffusion—absorption
equations governing optical fluorescence subject to Robin boundary conditions. The numerical
results presented and discussed in both two and three dimensions confirm the accuracy of the
numerical method employed. Furthermore, its meshless feature offers simplicity and ease of im-
plementation for solving iteratively nonlinear inverse problems in forthcoming studies of optical
fluorescence tomography. Note that the current study does not deal with implementational issues
of the MFS such as the selection of the source points, the ill-conditioning of the MF'S system and
the potential difficulties in dealing with complex domains, as these are amply addressed in previous
studies [3] and the recent book [5].
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FIGURE 2. Real and imaginary parts of numerical and exact solutions for u(x,1)
with x € 0,1] on top boundary y = 1.
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FIGURE 3. Real and imaginary parts of numerical and exact solutions for v(zx,1)
with = € [0,1] on top boundary y = 1.
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FIGURE 4. Real and imaginary parts of numerical solution for u(z,1) with = € [0,1]
on top boundary y = 1, for the physical problem.
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FIGURE 5. Real and imaginary parts of numerical solution for wu(x,y) with
(x,y) € QUIN =10,1] x [0,1], for the physical problem.
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FIGURE 6. Real and imaginary parts of numerical solution for v(z,1) with = € [0,1]
on top boundary y = 1, for the physical problem.
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FIGURE 7. Real and imaginary parts of numerical solution for wv(x,y) with
(x,y) € QUIN = 0,1] [0,1], for the physical problem.
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FIGURE 8. Real and imaginary parts of numerical and exact solutions for u(z,1/2,1)
with z € [0,1] on top face z = 1 and y = 1/2.
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FIGURE 9. Real and imaginary parts of numerical and exact solutions for v(z,1/2,1)
with = € [0,1] on top face z = 1 and y = 1/2.
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[0, 1], on top boundary z = 1.
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of numerical and exact solutions for wu(x,y,1) with
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FIGURE 11. Real parts of numerical and exact solutions for w(z,y,1) with
(z,y) € [0,1] x

[0, 1], on top boundary z = 1.



