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LDMA-NOMA beamforming in near-field

communication systems
Chenguang Rao, Zhiguo Ding, Fellow, IEEE, Kanapathippillai Cumanan, Senior Member, IEEE and Xuchu Dai

AbstractÐIn this paper, a novel LDMA-NOMA hybrid beam-
forming scheme is proposed for near-field communication sys-
tems, which improves the performance of both location-division
multiple access (LDMA) and non-orthogonal multiple access
(NOMA), simultaneously. The key innovation of the proposed
scheme is the flexible utilization of user resolution information:
LDMA is applied to users with better resolution, while NOMA
is used for those users with poor resolution. For each NOMA
user, the most suitable beam will be selected by optimizing the
system performance and beam efficiency. A unique feature of our
scheme is its effectiveness even under limited beam resources.
The performance of the scheme is analyzed and the closed-form
results are obtained. Simulation results validate the theoretical
results and demonstrate superior performance compared to that
of the conventional schemes.

Index TermsÐNear-field communication, uniform planar ar-
ray, multiple-input multiple-output (MIMO), location-division
multiple access (LDMA), non-orthogonal multiple access
(NOMA).

I. INTRODUCTION

In recent decades, wireless communication technologies

have advanced rapidly. From the first generation (1G) to the

fifth generation (5G) and beyond, the requirements of commu-

nication systems have evolved from simple analog audio signal

transmission to supporting diverse high-speed, low-latency

multimedia services, which highly demands efficient and re-

liable wireless communication systems [1], [2]. Therefore,

designing more efficient, stable, and reliable communication

systems to meet the ever-growing demand with limited re-

sources has become a challenging task for the relevant research

communities. Among the many technologies, multiple-input

multiple-output (MIMO) and extremely large-scale antenna

arrays (ELAAs) have emerged as key technologies for next-

generation communication systems, which can provide higher

spectral and energy efficiencies as well as massive connectivity

[3]±[6]. However, as the number of antenna arrays increases,

their impact on the physical model becomes non-negligible.

Specifically, the radiation region of an antenna array can be

divided into the near-field and far-field regions [7], [8]. In the

far-field region, electromagnetic waves can be approximated
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as plane waves, while within the near-field region, they must

be considered as spherical waves. The range of the near-field

region depends on the number of elements in the antenna

array, the spacing between elements, and the frequency of the

electromagnetic waves. In the communication system with a

small-scale antenna array, the range of the near-field region,

which is named as Rayleigh distance, is usually small enough

to be neglected. However, when the system is equipped

with a large-scale antenna array, the Rayleigh distance might

reach tens or even hundreds of meters. This phenomenon has

inspired recent studies on near-field communication [9].

Research on near-field communication technology can be

mainly classified into two categories. The first category fo-

cuses on the performance degradation caused by the unique

characteristics of near-field communication systems. Due to

the characteristics of spherical wave, some fundamental tech-

niques of current MIMO systems, including channel estima-

tion and beamforming, are no longer suitable for near-field

communication. For example, because of the nonlinear phase

characteristics of spherical waves in near-field communication,

conventional channel estimation methods based on far-field

assumptions are no longer applicable. To address this issue,

several new codebook designs method for spherical waves

were proposed in [10]±[13], based on which the channel

estimation scheme techniques were implemented. Another ex-

ample is the phenomenon of beam split, which has a significant

impact and is challenging to deal with in the near field region

compared to the far field [14]. To address this problem, a

number of effective solutions were proposed in [6], [15].

In contrast, another category of research focuses on utilizing

the unique characteristics of near-field propagation to improve

the performance of communication systems. For instance,

in far-field MIMO communication, the rank of the line-of-

sight (LoS) channel matrix is often limited to one, resulting

in little spatial degrees of freedom, which limits the spatial

multiplexing gain of MIMO systems. Conversely, the spatial

degrees of freedom in the near field are significantly increased

[16], which provides additional multiplexing gains that can

improve the system performance. Based on this additional

degree of freedom, new precoding schemes were designed in

[17]±[19] to achieve a better performance with a single-user

communication scenario.

Recently, it has been found that near field communications

have great potential for multi-user scenarios. In multi-user

near-field communication systems, the special characteristics

of spherical wave provides opportunities for employing multi-

ple access techniques based on the users’ location information

[20]. In [21], the authors utilized this characteristic to extend
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the space-division multiple access (SDMA), which had already

been proposed for far-field communication systems, to the

location-division multiple access (LDMA) for near-field com-

munication systems. In general, SDMA can only exploit the

azimuth differences between users but cannot utilize the dis-

tance differences. Fortunately, LDMA can distinguish between

two near-field users located on a same line and introduce the

multiplexing gain based on distance differences. The authors

also indicated that with an increasing number of antenna

elements, two near-field users on the same line can be perfectly

distinguished, and the system performance can achieve the

ideal upper bound given by Shannon theory. This has opened

up a new possibility for exploring the potential of near-field

communication. However, in [22], the author found that when

the physical parameters of the users and the channel satisfy

certain conditions, even with a continuous increase in the

number of antenna elements, it is still challenging to perfectly

distinguish between two near-field users on the same line.

Fortunately, this finding of the inability to distinguish the users

allows for the possibility of serving two users with the same

beam. Based on this, the author has introduced the concept

of resolution, which can measure the ability of distinguish-

ing the near-field users. To utilize the imperfect resolution,

non-orthogonal multiple access (NOMA) technique has been

exploited in a communication network with poor-resolution

near-field users, and achieved a performance improvement.

Both works made substantial contributions in the field, but

their research perspectives are insufficient for comprehensive

analysis due to the lack of effective measurement framework.

In [23], the authors have developed a general near-field beam

analysis framework based on resolution to analyze and com-

pare the performance of LDMA and NOMA schemes. It has

been suggested that by measuring near-field resolution, the

base station can determine which scheme is more efficient

in achieving a higher performance. However, this study only

discussed the two schemes separately and failed to exploit

the strengths of both schemes, which motivates our work to

use the resolution to utilize the location information between

users more flexibly. Specifically, in this paper, an LDMA-

NOMA hybrid scheme is proposed, in which the resolution

between nearby users can be utilized for beam allocation.

LDMA is applied to users with a better resolution, while

NOMA is employed for users with a worse resolution. The

main contributions of this paper are as follows:

• The resolution of near-field beamforming is applied to

analyze and compare the performance of the LDMA-

based and NOMA-based schemes, providing a conclusion

to determine in which case the LDMA or the NOMA

scheme should be applied. This also demonstrates the

significance of investigating resolution.

• An LDMA-NOMA hybrid scheme is proposed for a near-

field communication scenario. In this scenario, including

a new secondary user to an existing LDMA user group is

discussed. According to the proposed scheme, the base

station treats the secondary user as a NOMA user and

serves it with an existing LDMA beam. The comparison

of it with conventional LDMA-based schemes is also

presented. Additionally, a beam selection method is pro-

posed for the case when existing beams can be adjusted.

Specifically, based on the resolution between users, a rule

to select a user as a NOMA user for better performance is

proposed. To understand the significance of this study, a

new evaluation metric, beam efficiency, is introduced and

used to assess the performance of the proposed scheme.

As the indicator of performance analysis, the closed-form

expressions of beam efficiency is obtained.

• Another communication scenario where beam resources

are insufficient to serve all users is discussed. Specifically,

a resolution-based grouping algorithm is proposed to

categorize users into LDMA and NOMA groups. Subse-

quently, the LDMA-based scheme is applied to allocate

beams to serve LDMA users. This approach can make the

most utilize of limited beam resources. Simulation results

are presented to demonstrate the significant performance

improvements of the proposed scheme.

II. NEAR-FIELD BEAMFORMING SCHEMES

In this section, we first describe the model of near-field com-

munication systems. Then we introduce the existing LDMA-

based and NOMA-based beamforming schemes, respectively.

A. Near-Field Communication Systems

Consider a base station, (BS), equipped with a UPA with

(2M + 1) × (2N + 1) elements. The antenna spacing is

denoted by d, which is set as d = λ
2 , where λ represents

the carrier wavelength. The rectangular coordinates of the

UPA elements are given by sm,n = (nd, 0,md), −M ≤
m ≤ M , −N ≤ n ≤ N . BS serves K users, denoted by

U1,U2, . . . ,UK . The spherical coordinate of Ui is given by

ri = (ri, θi, ϕi). The angles θi and ϕ satisfy 0 < θi, ϕi < π.

Denote dRay = 8d2(M2+N2)
λ = 2λ(M2+N2) as the Rayleigh

distance of BS. Then when ri ≤ dRay , the near-field channel

model should be adopted. In this paper, it is assumed that

ri ≤ dRay with any i ∈ [1,K]. The channel vector between

BS and Ui can be modeled as hH
i = αib

H
i , where αi =

√
tλ

4πri
and bi represent the channel gain and the response array,

respectively. According to the definition of near-field channel

model [24], bi can be expressed as follows:

bi =

1√
t

[

e−j 2π
λ

(||ri−s−M,−N ||−ri), e−j 2π
λ

(||ri−s−M,−N+1||−ri),

. . . , e−j 2π
λ

(||ri−sM,N ||−ri)
]

T ,
(1)

where t = (2M + 1)(2N + 1) represents the normalization

coefficient, and || · || represents the Euclidean norm of a

vector. Different from far-field communication, the response

array of near-field communication users not only depends on

the azimuth and elevation angles of users, but also on the

distances between users and the base station. This property

makes it possible to design new multi-access schemes for

near-field communications. An existing LDMA-based scheme,

which utilizes the location information to serve multiple users

has been proposed, which is introduced in the following

subsection.
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B. An Existing LDMA-based Scheme

An LDMA-based beamforming scheme was proposed

in [21], when there are sufficient beamforming resources,

i.e., NRF ≥ K. Denote NRF as the number of ra-

dio frequency (RF) chains equipped at BS. For concise,

NRF = K is assumed in this subsection. Denote x =√
P (

√
l1x1,

√
l1x1, . . . ,

√
lKxK)T as the transmission vec-

tor, where P represents the transmission power, 0 <
l1, l2, . . . , lK < 1 represents the power allocation coefficients,

which satisfy
∑K

k=1 lk = 1. Then the received messages by

users can be expressed as follows:

y = HFx+ n, (2)

where H = (h1,h1, . . . ,hK)H denotes the channel matrix,

F represents the precoding matrix, and n is the additive

white Gaussian white noise. The precoding matrix usually

contains an analog precoder and a digital precoder. Then F

can be expressed as F = FAFD , where FA ∈ C
t×NRF and

FD ∈ C
NRF×K represent the analog and digital precoder,

respectively. Denote B = (b1,b2, . . . ,bK) as the response

matrix. According to the LDMA-based scheme, the analog

precoder is set as FA = B, and the digital precoder is

set as FD = H̄H(H̄H̄H)−1Λ, where H̄ = HB represents

the effective channel matrix. Λ = diag(λ1, λ2, . . . , λ0,K) is

designed to ensure ||FAfD,k||2 = 1, where fD,k is the k-th

column of FD, 1 ≤ i ≤ K. From [21], λk can be known as

λk =

√

1

[(FH
AFA)−1]k,k

|αk|, (3)

where [(FH
AFA)

−1]k,k denotes the k-th diagonal element of

(FH
AFA)

−1. Then the message vector received by users can

be expressed as follows:

y = Λx+ n. (4)

The Signal to Interference plus Noise Ratio (SINR) of xk can

be expressed as follows:

γL
k =

ρα2
klk

[(FH
AFA)−1]k,k

, (5)

where ρ = p/N0 represents the signal-noise-ratio (SNR). Then

the overall data rate can be expressed as

RL =

K
∑

k=1

log(1 + γL
k ). (6)

According to (5) and (6), [(FH
AFA)

−1]k,k is the key factor

of the performance. In [21], the authors believed that as the

number of antenna elements M,N → +∞, |bH
i bj | → 0 for

any i ̸= j, and

FH
AFA =











1 |bH
1 b2|2 . . . |bH

1 bK |2
|bH

2 b1|2 1 . . . |bH
2 bK |2

...
...

|bH
Kb1|2 |bH

Kb2|2 . . . 1











→ IK .
(7)

In this case, the system’s rate will approach the ideal upper

bound.

C. An Existing NOMA-based Scheme

A NOMA-based beamforming scheme was proposed for

near-field users in [22]. According to the scheme, only one

beam is designed to serve all users. The selection of the beam

usually depends on the channel fading of users. Without loss

of generality, we assume that α1 > α2 > · · · > αK , then the

beamforming vector is set as p1. The transmitted signal vector

is expressed as follows:

x =
√
P

K
∑

i=1

√

lixi. (8)

Then the message received by Uk is given by

yk = hH
k p1x+ nk

=
√
Pα2

k|bH
k b1|

K
∑

i=1

√

lixi + nk.
(9)

In Ui, successive interference cancellation (SIC) is applied

to eliminate xi+1, xi+2, . . . , xK , then the SINR of xk can be

expressed as follows:

γN
k =

ρα2
k|bH

k b1|2lk
ρα2

k|bH
k b1|2

∑k−1
i=1 li + 1

, (10)

and the overall data rate can be expressed as

RN =

K
∑

k=1

log(1 + γN
k ). (11)

According to [22], when certain conditions are met, even as

the number of antenna elements M,N → +∞, |bH
k b1| > 0.

Therefore, the NOMA-based scheme might work effectively.

However, these two studies did not investigate in which

scenarios the scheme should be used. This is due to the lack

of a measurement framework. Therefore, in [23], the authors

proposed a general framework for near-field beamforming

based on the resolutions between users, which is discussed

in the next section.

III. RESOLUTION OF NEAR-FIELD BEAMFORMING

One of a potential frameworks for near-field beamforming

analysis is named resolution, which is defined as ∆i,j =
|bH

i bj |2. It can measure the effectiveness of distinguishing the

near-field users. From [23], ∆i,j can be expressed as follows:

∆i,j ≈
1

t2
(

3
∑

i=1

Ii +
I2I3
t

), (12)

where I1 = t,

I2 = 2(2M + 1)

2N
∑

s=1

Φ(z, s,N) cos(2πbs), (13)

I3 = 2(2N + 1)

2M
∑

r=1

Φ(c, r,M) cos(2πar), (14)

Φ(x, y,K) =
sin(2πxy(2K − y + 1))

sin(2πxy)
, (15)
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a = 1
2 (cosϕi − cosϕj), b = 1

2 (cos θi sinϕi −
cos θj sinϕj), c = λ

8

(

sin2 ϕi

ri
− sin2 ϕj

rj

)

, and z =

λ
8

(

1−cos2 θi sin
2 ϕi

ri
− 1−cos2 θj sin2 ϕj

rj

)

.

The physical meaning of ∆i,j is explained as follows: If

∆i,j = 0, the response vectors of Ui and Uj are orthogonal,

indicating that there is no interference between these two

users. In this scenario, BS can formulate two separate beams

for each user based on their locations without interference,

which is referred to as ’perfect resolution’. Conversely,, if

∆i,j > 0, interference will arise between the two beams when

using the same beamforming scheme. This situation is called

as ’imperfect resolution’. In general, for multi-user case, if

∆i,j = 0 for any i ̸= j, the resolution of users can be

considered perfect, and the LDMA-based scheme performs

the best. However, if ∆i,j > 0 for some i ̸= j, i.e., the

resolution is imperfect, the LDMA-based scheme might not

perform very well. On the other hand, it makes it possible to

use a single beam to serve two or more users at the same

time, i.e., the NOMA-based scheme. The question now is,

which scheme is better? The answer depends on the locations

of users. We can take the case of K = 2 as an example to

illustrate this answer. As for the LDMA-based scheme, when

K = 2, FA = (b1,b2), and

(FH
AFA)

−1 =

(

(1−∆1,2)
−1 ∗

∗ (1−∆1,2)
−1

)

., (16)

then RL can be expressed as follows:

RL =

2
∑

k=1

log
(

1 + ρα2
klk(1−∆1,2)

)

. (17)

As for the NOMA-based scheme, when K = 2, RN can be

expressed as follows:

RN = log
(

1 + ρα2
1l1
)

+ log

(

1 +
ρα2

2∆1,2l2
ρα2

2∆1,2l1 + 1

)

. (18)

Denote l(∆1,2) = exp(RN −RL), then

l(∆1,2) =
1 + ρl1α

2
1

1 + ρl1α2
1 − ρl1∆1,2α2

1

1 + ρα2
2∆1,2

1 + ρl1α2
2∆1,2

× 1

1 + ρl2α2
2 − ρl2∆1,2α2

2

.

(19)

When l(∆1,2) ≥ 1, the NOMA scheme is better than LDMA

and vice versa. It is obvious that l(∆1,2) is monotone in-

creasing when 0 ≤ ∆1,2 ≤ 1. Therefore, the threshold for

l(∆1,2)
∗) = 1 can be obtained by using dichotomy. In practice,

l(∆1,2) can be calculated by via (12), and then l(∆0,1) can

be obtained to decide which scheme to adopt.

In the case of high SNR, i.e., whenρ → +∞, l(∆1,2) can

be approximately simplified as follows:

l(∆1,2) ≈
1

1−∆1,2

1

l1

1

ρl2α2
2(1−∆1,2)

. (20)

Then the closed-form approximated solution of l(∆1,2) ≥ 1
can be expressed as follows:

∆1,2 ≥ 1− 1√
ρl2l1α2

, (21)

0.1 0.2 0.3 0.4

8.2

8.4

8.6

8.8

9

Fig. 1. The data rates of LDMA and NOMA-based schemes with different
resolutions.

To better illustrate the impact of resolution on these two

schemes, the simulation results of a two-user system are

presented as an example in Fig. 1. In the system, one user

is fixed while the location of another user is changed. The

large scale fading is ignored for fairness. The ideal capacity

is also presented for comparison. It can be observed from

the figure that the LDMA-based scheme performs well with

small ∆, while the performance of the NOMA-based scheme

is not that good. As ∆ increases, the performance of the

LDMA-based scheme becomes worse, while the NOMA-

based scheme performs better, which implies that ∆ impact

significantly on the performance of near-field beamforming

communication. It can be noted that both schemes have their

own advantages and disadvantages: LDMA can make use of

the difference in location information between users, but it will

suffer from performance loss caused by resolution reduction.

NOMA can utilize the poor resolution for multiplexing, but

hard to deal with the interference between users. Therefore,

it is meaningful to find a new scheme that can combine the

advantages of the two schemes. Based on these two schemes,

we propose an LDMA-NOMA hybrid scheme, which can

used for various communication scenarios more flexibly and

effectively, which is discussed in the next section.

IV. LDMA-NOMA HYBRID SCHEME

In this section, we propose a hybrid LDMA-NOMA scheme,

and compare it with the conventional LDMA-based scheme.

NRF = K is assumed in this section.

A. The Proposed Hybrid LDMA-NOMA Scheme

As shown in Fig. 2, there are K legacy users, denoted by

U1, . . . ,UK , which are served by one BS. Denote hH
k =

αkbk(rk, θk, ϕk) as the channel vector of Uk. The LDMA-

based scheme is applied for these legacy users, i.e., the beam-

forming vector for Uk is set as pk = bk. Now an additional
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Fig. 2. The system model of hybrid LDMA-NOMA scheme.

secondary user1 U0 needs to be served by this system. Then

BS can serve U0 via an existing beam, which is chosen

according to the resolutions between users. Without loss of

generality, it is assumed that ∆0,1 ≥ ∆0,2 ≥ · · · ≥ ∆0,K .

Then the closest beam to U0, i.e., U1 is selected to ride on.

Denote H = (h1, . . . ,hK)H as the channel matrix for

LDMA users. The analog precoder for the LDMA users is set

as FA = (b1, . . . ,bK). The design of digital precoder FD and

the diagonal matrix Λ is similar to the LDMA-based scheme,

which is expressed as FD = H̄H(H̄H̄H)−1Λ, H̄ = HFA,

Λ = diag(λ1, . . . , λK), and

λk =

√

1

[(FH
AFA)−1]k,k

|αk|. (22)

The transmitted signal vector from the BS is given by

x = FAFDxL +
√
Pp0

√

l0x0, (23)

where xL =
√
P (

√
l1x1, . . . ,

√
lKxK)T represents the sig-

nals intended for the LDMA users, and p ∈ {b1, . . . ,bK}
represents the beamforming vector for UN

i . Then the message

received by LDMA users can be expressed as follows:

yk =
√
P
(

λk

√

lkxk + αk

√

∆k, 1
√

l0x0

)

+ nk. (24)

The SIC is adopted in LDMA users to eliminate the inter-

ference x0, then the SINR of xk, k ≥ 1 can be expressed as

follows:

γk = ρλ2
klk =

ρα2
klk

[(FH
AFA)−1]k,k

. (25)

The message received by U0 is expressed as follows:

y0 = hH
0 FAFDxL + hH

0

√
Pb1

√

l0x0 + n0

=
√
P



α0

√
∆0,1

√

l0x
N
l + α0h

H
0

K
∑

j=1

FAfD,j

√

ljxj





+ n0,
(26)

The SINR of x0 can be expressed as follows:

γ0 =
ρα2

0∆0,1l0

ρ
∑K

j=1 |hH
0 FAfD,j |2lj + 1

=
ρα2

0∆0,1l0

ρα2
0

∑K
j=1 λ

2
j∆0,j lj + 1

,

(27)

1A secondary user refers to a new user added to the communication system,
as opposed to the legacy users who are already part of the system. This concept
is similar to the one introduced in [25].

The overall rate of the system is given by

RH =
K
∑

k=1

log(1 + γk) + log(1 + γ0). (28)

B. The Comparison of the proposed hybrid LDMA-NOMA

scheme and LDMA-based scheme

Another available option is to formulate a new beam

for U0 and apply the LDMA to all users. Denote H0 =
(h0, . . . ,hK)H as the channel matrix. According to the

LDMA scheme, the analog precoder is set as FA,0 =
(b0,FA) = (b0, . . . ,bK), and the digital precoder is set

as FD,0 = H̄H
0 (H̄0H̄

H
0 )−1Λ0, where H̄0 = H0FA,0 is

the effective channel matrix. Λ0 = diag(λ0,1, . . . , λ0,K) is

designed to ensure ||FA,0fD,0,i||2 = 1, where fD,0,i is the i-th
column of FD,0, 1 ≤ i ≤ k. From [21], λk can be known as

λk =

√

1

[(FH
A,0FA,0)−1]k,k

|αk|, (29)

where [(FH
A,0FA,0)

−1]k,k denotes the k-th diagonal element

of (FH
A,0FA,0)

−1. The transmitted signal sent by BS is given

by

x = FA,0FD,0x
L
0 , (30)

where xL
0 =

√
P (

√
l0x0, . . . ,

√
lKxK)T represents the signals

intended for the users. 0 < lk < 1 represents the power allo-

cation coefficient of the k th user and satisfies
∑K

k=0 lk = 1.

Then the message vector received by users can be expressed

as follows:

yL = Hx+ n = Λx+ n. (31)

The SINR of xk can be expressed as follows:

γL
k =

ρα2
klk

[(FH
A,0FA,0)−1]k,k

, (32)

where ρ = p/N0 represents the SNR. Then the sum rate can

be expressed as follows:

RL =

K
∑

k=0

log(1 + γL
k ). (33)

The data rate is used as an indicator to compare the

performance of the two schemes. By solving RH − RL ≥ 0,

it can be realized that

∆0,1 ≥
ρ
∑K

j=1 |hH
0 FAfD,j |2lj + 1

ρα2
0l0

(

1

g(FA,b0)
− 1

)

,

(34)

where

g(FA,b0) =
1

1 +
ρα2

0
l0

[(FH
A,0

FA,0)−1]1,1

×
K
∏

k=1

1 +
ρα2

klk
[(FH

A
FA)−1]k,k

1 +
ρα2

k
lk

[(FH
A,0

FA,0)−1]k+1,k+1

.

(35)
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Denote

f(∆0,1) = ∆0,1

−
ρα2

0

∑K
j=1 λ

2
j∆0,j lj + 1

ρα2
0l0

(

1

g(FA,b0)
− 1

)

.

(36)

When f(∆0,1) ≥ 0, the NOMA scheme is better than LDMA

and vice versa. This condition can be used to decide which

scheme to adopt. From (36), it can be seen that the value of

f(∆0,1) depends on the locations of users, which is discussed

through the following corollary.

Corollary 1. When b0 is a linear combination of b1 ∼ bk,

the proposed LDMA-NOMA hybrid scheme reaches the highest

performance.

Proof. Since FA,0 = (b0,FA), we can express (FH
A,0FA,0)

−1

with FA and b0 via block matrix computation as follows:

(FH
A,0FA,0)

−1

=

(

(1− b
H
0 FA(F

H
AFA)

−1
F

H
Ab0)

−1
∗

∗ (FH
A (I− b0b

H
0 )FA)

−1

)

.

(37)

Then it can be seen that [(FH
A,0FA,0)

−1]1,1 = (1 −
bH
0 FA(F

H
AFA)

−1FH
Ab0)

−1. To satisfy (34), it is necessary

to make the right side of the inequality as small as possible,

i.e., it is necessary to make (FH
A,0FA,0)

−1 as large as possible.

To make [(FH
A,0FA,0)

−1]0,0 as large as possible, the problem

can be formulated as follows:

max{bH
0 FA(F

H
AFA)

−1FH
Ab0}

s.t. bH
0 b0 = 1.

(38)

This is a problem about principle component analysis [26],

which returns the possible solutions of the eigenvectors of

FA(F
H
AFA)

−1FH
A , i.e., FA(F

H
AFA)

−1FH
Ab∗

0 = λb∗
0, and

FA(F
H
AFA)

−1FH
A = λ. Notice that FA(F

H
AFA)

−1FH
A is the

projection matrix of FA, λ is either 0 or 1. It is obvious that

λ = 0 is not the solution. Therefore, when λ = 1, i.e., when

b0 is a linear combination of b1 ∼ bK , the proposed hybrid

LDMA-NOMA scheme has the greatest advantage over the

LDMA-based scheme.

Remark 1. The result in Corollary 1 is also physically

intuitive. b0 is a linear combination of b1 ∼ bK means

that the resolution between U0 and K legacy users is poor.

This makes it challenging to distinguish U0 and legacy users,

resulting in a lower performance for the LDMA-based scheme.

On the contrary, when b1 is orthogonal to b1 ∼ bK , the

LDMA-based scheme reaches the highest performance. In

other cases, it can be measured by the angle between b0 and

span{b1,b2, . . . ,bK}, which can be expressed as follows:

θ(b0,B) = arccos ||B(BHB)−1BHb0||2. (39)

Lower θ(b0,B) means a smaller distance between b0 and

span{b1,b2, . . . ,bK}, and means a better performance of

LDMA-NOMA hybrid scheme. This result can be used as a

simple judgment for deciding which option to adopt.

Remark 2. From the analysis above, the proposed hybrid

scheme is not always better than the LDMA-based scheme

when the rate is used as the indicator. However, the hybrid

scheme can reserve the beam resource. To show this advan-

tage, we define a new indicator η, named beam efficiency,

which is defined as

η =
Rate

The number of used beam
. (40)

It is important to note that the unit of beam efficiency is the

same as that of the rate. Then the beam efficiency of the two

schemes can be respectively expressed as follows:

ηN =
RN

K
, ηL =

RL

K + 1
. (41)

It can be seen that the proposed hybrid scheme has more

advantages in beam efficiency.

SNR is also an important factor in communication systems.

To study the performance of the two schemes with high or

low SNR environments, the following corollary is given.

Corollary 2. When ρ → +∞,

f(∆0,1) → ∆0,1 − C1ρ+ C2, (42)

where C1, C2 > 0 are constants independent of ρ.

On the contrary, when ρ → 0,

f(∆0,1) → ∆0,1 − (1− bH
0 FA(F

H
AFA)

−1FH
Ab0). (43)

Proof. See Appendix A.

Remark 3. From Corollary 2, it can be known that with

the high SNR environment, the LDMA-based scheme per-

forms well. When SNR is low, it depends on the locations

of users, i.e., if the response vector of b0 is closely re-

lated to the response vectors of other users, the value of

(1 − bH
0 FA(F

H
AFA)

−1FH
Ab0) is smaller, and the LDMA-

NOMA hybrid scheme performs well.

C. The Improved Scheme with Beam Selection

In the scheme proposed in Subsection IV-A, the exiting

beams are fixed and cannot be changed. However, if BS
can decide which user to be a ªNOMA userº and others

to be ªLDMA usersº from all K + 1 users, rather than

using the existing beams from K legacy users directly, the

performance might be better. The problem can be described as

follows: Choose a ªNOMA userº UN from U0,U1, . . . ,UK ,

and regards it as the secondary user. The remaining users

are regarded as legacy users, then apply the LDMA-NOMA

hybrid scheme to the users. Notice that the performance of

the LDMA or NOMA scheme depends on the resolution ∆,

smaller ∆ tends to choose the LDMA scheme while larger ∆
prefers NOMA. Therefore, BS can choose the ªNOMA userº

depending on the resolutions. Specifically, to better quantify

and compare the resolution of each user with all other users,

let us define the sum resolution S(i) as

S(i) =
K
∑

j=0,j ̸=i

∆i,j . (44)

Then BS can choose UN as

UN = arg max
0≤N≤K

S(N). (45)
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Fig. 3. The user grouping scheme.

Once BS has selected UN , BS can apply the LDMA-based

scheme to U0,U1, . . . ,UN−1,UN+1, . . . ,UK and formulate

K− 1 beams. And then choose the closest beam to serve UN

and with the NOMA-based scheme. The performance of the

scheme can be obtained by setting FA = BN and replacing

b0 with bN in (28).

The complexity of this method can be easily determined.

It requires K calculations of S(i), where each S(i) involves

K − 1 computations. Additionally, it is necessary to compute

∆i,j for any 1 ≤ i < j ≤ K, which involves a total of

K(K − 1)/2 resolution calculations. From 12, the number

of calculations required to obtain the resolution is given by

2(M +N). Therefore, the total complexity is K(K−1)(M +
N + 1) ≈ K2(M +N).

Remark 4. This discussion shows that adding a new user

to the existing near-field LDMA network may have a better

or worse performance with the NOMA-LDMA scheme than

with LDMA-based scheme. This discussion considers the case

of sufficient beam resources (enough RF chains, see [21]).

However, when the beam resources are less than the total

number of users, the NOMA-LDMA scheme should be used. At

this point, how to allocate the limited beam to users reasonably

is a significant problem, which will be discussed in the next

section.

V. THE LDMA-NOMA HYBRID SCHEME FOR THE CASE

WITH LACK OF BEAM RESOURCES

Consider K users, which are denoted by U1, . . . ,UK ,

served by BS. Limited by the beam resources, only NRF =
KL < K RF chains are available, i.e., only KL beams can be

designed. Therefore, it is necessary to divide the users into two

groups UL and UN . After the user grouping, BS formulates

KL beams for all users in UL according to the LDMA-based

scheme. Then BS chooses a beam for each user in UN to

apply NOMA-based scheme. Denote UL
i and UN

j as the i-th
and j-th user in UL and UN , respectively. The performance

significantly depends on the grouping strategy. An efficient

grouping strategy is discussed in this section.

A. User Grouping

The approach is to extend the method in Subsection IV-C to

the multi-user case, which is illustrated in Fig. 3. Specifically,

BS chooses the user with the maximum S as the first user

for UN . Then BS continues to choose the second user from

the remaining users with the same process until the number

of elements in UN becomes 1−KL. After obtaining UL, BS
can design the beamforming vectors as the response vectors

of users in UL. Then the nearest beam is chosen to serve

each user in UN . Define a multi-valued mapping g(j) :
[1,KL] → [1,KN ] to describe the pairing situation by the

rule that the j-th beam serves UN
g(j), i.e., pN

g(j) = bL
j , where

g(j) ∈ g(j). Denote ∆ξ1,ξ2
i,j = |bξ1H

i b
ξ2
j |2, ξ1, ξ2 ∈ {L,N} as

the resolution between Uξ1
i and Uξ2

j . Then the overall grouping

and pairing strategy is provided in Algorithm V-A.

Algorithm 1 User Grouping and Pairing Algorithm

Input: The location information of U1, . . . ,UK , KL,M,N .

Output: User groups UL, UN , and pairing map g().

1: For any 1 ≤ i < j ≤ K, obtain ∆i,j according to (12).

2: For any 1 ≤ i ≤ K, obtain S(i) according to (44).

3: for ↕(UN ) ≤ KN do

4: Choose UN = arg max
0≤N≤K

S(N), add UN to UN .

5: j = 1
6: for j ≤ K do

7: S(j) = S(j)−∆j,N .

8: j = j + 1.

9: Add UN to UN .

10: Add all remaining users to UL.

11: Set i = 1.

12: for i ≤ KN do

13: Find j∗ that satisfies ∆N,L
i,j∗ = max

1≤j≤KL

∆N,L
i,j .

14: Add a new value i for g(j∗).
15: i = i+ 1.

16: return UL, UN , g().

The complexity can be easily obtained. According to the

analysis in Subsection IV-C, the complexity of Step 1 and 2

is K(K − 1)(M +N) +K − 1. Steps 3 to 6 require 2KKN

computations, while the remaining steps involve KNKL com-

putations. Consequently, the total complexity is given by

K(K−1)(M+N)+K−1+2KKN+KNKL ≈ K2(M+N),
which is similar to the case in Section IV.

The performance of proposed algorithm will be presented

in the following subsection.

B. Performance Analysis

Denote UL = {UL
1 , . . . ,U

L
KL

}, UN = {UN
1 , . . . ,UN

KN
},

K = KL + KN . The channel vector of Uξ
i is denoted by

h
ξH
i = αξ

ib
ξH
i , where ξ ∈ {L,N}. Hξ = (hξ

1, . . . ,h
ξ
Kξ

)H

represents the channel matrix. Then the analog precoder for the

LDMA users is set as FA = (bL
1 , . . . ,b

L
KL

), and the digital

precoder is set as FD = H̄H(H̄H̄H)−1Λ, where H̄ = HFA

is the effective channel matrix. Λ = diag(λ1, . . . , λKL
) is

designed to ensure ||FAfD,i||2 = 1, where fD,i is the i-th
column of FD, 1 ≤ i ≤ k. From [21], λj can be known as

λj =

√

1

[(FH
AFA)−1]j,j

|αL
j |, (46)
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where [(FH
AFA)

−1]j,j denotes the j-th diagonal element of

(FH
AFA)

−1.

The message sent by BS is given by

x = FAFDxL +
√
P

KN
∑

i=1

pN
i

√

lNi xN
i , (47)

where xL =
√
P (
√

lL1 x
L
1 , . . . ,

√

lLKL
xL
KL

)T represents the

signals intended for the LDMA users, xN
i and pN

i ∈
{bL

1 , . . . ,b
L
KL

} represent the signal and the beamforming

vector for UN
i , respectively. Then the received signal vector

by LDMA users can be expressed as follows:

yL = Hx+ n = Λx+

√

P

K

KN
∑

i=1

HpN
i

√

lNi xN
i + n. (48)

Then the message received by UL
j can be expressed as

follows:

yLj =
√
P (λj

√

lLj x
L
j +

∑

g∈g(j)

αL
j

√

lNg xN
g

+ αL
j

KN
∑

i=1,i/∈g(j)

√

∆L,L
j,g−1(i)

√

lNi xN
i ) + n,

(49)

where g−1() denotes the inverse mapping of g().The SIC is

adopted in UL
j to eliminate the interference caused by the users

from UN , then the SINR of xL
j can be expressed as follows:

γL
j = ρλ2

j l
L
j =

ραL2
j lLj

[(FH
AFA)−1]j,j

, (50)

where ρ = P/N0 represents the SNR. Similarly, the message

received by UN
l can be expressed as follows:

yNl = hNH
l FAFDxL + hNH

l

√

P

K

KN
∑

i=1

pN
i

√

lNi xN
i + n

=
√
P (αN

l

√
∆

N,L

l,g−1(l)

√

lNl xN
l + αN

l hNH
l

KL
∑

j=1

FAfD,jx
L
j

+

KN
∑

i=1,i ̸=l

√
∆

N,L

l,g−1(i)

√

lNi xN
i ) + n,

(51)

where and fD,j represents the j-th column of FD. SIC is

adopted in the NOMA users in sequence to eliminate the other

NOMA users’ message.

NOMA users decode their own messages directly, and the

SINR of xN
l can be expressed as follows:

γN
l =

ραN2
l ∆N,L

l,g−1(l)l
N
l

Il
, (52)

where

Il =ραN2
l

KL
∑

j=1

|bNH
l FAfD,j |2lLj

+ ραN2
l

KN
∑

i=1,i ̸=l,i/∈h(l)

∆N,L
l,g−1(i)l

N
i + 1

=ραN2
l

KL
∑

j=1

λ2
j∆

N,L
l,j lj

+ ραN2
l

KN
∑

i=1,i ̸=l,i/∈h(l)

∆N,L
l,g−1(i)l

N
i + 1,

(53)

h(l) denotes a set that each element i in h(l) needs to satisfy

the following two conditions:

g−1(i) = g−1(l)

|hN
i | < |hN

l |.
(54)

The overall rate of the system is given by

R =

KL
∑

j=1

log(1 + γL
j ) +

KN
∑

l=1

log(1 + γN
l ). (55)

The beam efficiency can be obtained by η = R
KL

. To study the

performance with high or low SNR environment, the following

corollary is given.

Corollary 3. When ρ → +∞, R ∼ KS log(ρ), where KL ≤
KS ≤ KL+Kbeam depends on the users. Kbeam denotes the

number of beams that carry any NOMA user.

Proof. See Appendix B.

Remark 5. From Corollary 3, it can be seen that the increased

rate of R with increasing SNR is related to the total number

of beams and the number of beams carrying NOMA users.

Considering the balance with beam efficiency, when kL is

small, it is better to maximize Kbeam as much as possible

to achieve optimal performance. Maximizing Kbeam implies

that the resolution between each NOMA user is good, which

may provide a reference for further optimizing the grouping

strategy.

VI. SIMULATION

In this section, the simulation results are presented. The

carrier frequency is set as f = 30 Ghz, and thus wavelength

is λ = 10−2 m. The antenna spacing is chosen as d = λ
2 =

5× 10−3 m. The simulations in this paper has not considered

large-scale fading.

Fig. 4 illustrates the overall rate of the proposed LDMA-

NOMA hybrid scheme, alongside the results of the LDMA-

based scheme for comparison. The antenna array size is set

to M = N = 32. There are K = 40 legacy users uniformly

distributed along four straight lines with azimuth angles of

θ1 = −π/3, θ2 = −π/9, θ3 = π/9, θ4 = π/3, ϕ = π/6.

The users are distributed along the lines with a range of 2.1
m to 9.4 m. The additional user is placed at two different

angles, θ0 = 0 and θ0 = π/9, respectively, with a radial
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Fig. 4. Comparison of the proposed scheme and LDMA-based scheme in
terms of overall rate.

distance of r0 = 3.27 m. It can be observed that when

θ0 = π/9, i.e., the additional user is at a same line with a

group of legacy users, the proposed hybrid scheme performs

better than LDMA-based scheme. The reason is the poor

resolutions between the additional user and legacy users in

this case. However, when θ0 = 0, the additional user is more

easily distinguishable, thus the LDMA-based scheme performs

better. This result suggests that the proposed hybrid scheme

does not always perform better than the LDMA-based scheme.

Its performance advantage depends on the spatial distribution

of users, as discussed in Remark 2.

To study the relationship between the performance of the

proposed scheme and user locations, Fig. 5 illustrates the

variation of rate with the change in the positions of secondary

users while the positions of legacy users are fixed. The

elevation angle of the 5 legacy users is fixed at ϕi = π/6,

with azimuth angles uniformly distributed in the range of

[−π/3, π/3], and they are located at a distance of 24.6 m

from the base station. The elevation angle of the secondary

user is also fixed at ϕ0 = π/6, located at a distance of

12.3 m from the base station, while its azimuth angle θ0
varies. The ratio of rates between the two schemes RN/RL

are plotted in Fig. 5, marked by circular symbols and red

lines. Additionally, the angle θ(b0,B) between the beam

vector of the secondary user and the subspace formed by

the beam vectors of legacy users is presented in the Fig. 5,

marked by diamond symbols and green lines. The number

of antennas is set to M = N = 32, while the SNR is

chosen as ρ = 40 dB. From the figure, it can be seen that

the rate ratio fluctuates significantly with θ0, indicating that

the performance is influenced by the angle of the secondary

user. This is because that the angle determines its resolution

concerning other users. Moreover, the angle θ(b0,B) is found

to be inversely correlated with the rate ratio, i.e., a higher rate

is achieved when the angle is smaller, indicating the superiority

of the LDMA-NOMA hybrid scheme, while the advantage is

less outstanding when the angle is larger. This aligns with the

-1 -0.5 0 0.5 1

0.8

0.9

1

1.1

1.2

0

0.5
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1.5

Fig. 5. Comparison between the proposed LDMA-NOMA hybrid scheme and
the LDMA-based scheme and their relationship with the angle between the
beam vectors. The red line marked with circles represents rate ratio RN/RL,
while the green line marked with diamonds represents the spatial angle
θ(b0,B) = arccos ||B(BH

B)−1
B

H
b0||2. The unit of the horizontal and

right-hand vertical axis represents the multiple of pi.

conclusion drawn in Fig. 1. Hence, in practice, this angle can

be utilized to determine which scheme to choose.

Fig. 6 presents the beam efficiency of the proposed LDMA-

NOMA hybrid scheme and compares it with that of the

LDMA-based scheme. Additionally, the results of an improved

scheme based on user selection are also shown in the same

figure. Three different user distribution scenarios are consid-

ered:

• All users are uniformly distributed along a single straight

line with an azimuth angle of θ1 = −π
6 , θ2 = π

6 , ϕ = π
6 .

• All users are uniformly distributed along two straight

lines with azimuth angles of θ1 = −π
3 and θ2 = π

3 .

• All users are uniformly distributed along four straight

lines with azimuth angles of θ1 = −π
3 , θ2 = −π

9 , θ3 =
π
9 , θ4 = π

3 , ϕ = π
6 .

The users are distributed along the lines within a range

of 8.2 m to 21.3 m. The number of antennas is set to

M = N = 32. Results for different numbers of users K
are shown in the figure. It can be observed from the figure

that the proposed LDMA-NOMA hybrid scheme achieves

higher beam efficiency compared to that of the LDMA-based

scheme. The scheme with user selection can further increase

the beam efficiency. This demonstrates the superiority of the

proposed scheme in this paper. Specifically, from Subfigure

(a), it can be observed that when all users are distributed

along a single straight line, the beam efficiency of the LDMA-

based scheme is almost zero. The proposed LDMA-NOMA

hybrid scheme significantly improves beam efficiency in this

case. This is because the resolution between adjacent users is

very poor, making it nearly impossible to distinguish between

these users, which leads to a poor performance of the LDMA-

based scheme. However, this poor resolution provides a good

opportunity for the application of NOMA. By selecting any
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beam as a NOMA user, since RN > 0, the overall rate

increases significantly. However, when users are distributed

along two or four straight lines, the performance of the

LDMA-based scheme is no longer extremely low, though it

still falls short of the beam efficiency of the proposed LDMA-

NOMA hybrid scheme. Specifically, for example, in subfigure

(b) with K = 20 and in subfigure (c) with K = 40, the

beam efficiency of the LDMA-based scheme is only slightly

lower than that of the LDMA-NOMA hybrid scheme. This is

because the resolution between U0 and other users is good,

allowing the LDMA-based scheme to be effectively applied.

However, it can still be observed from the figure that if

NOMA users are selected appropriately, the beam efficiency

can still be significantly improved. This is because there are

still users whose resolution between other users are not good.

The LDMA-NOMA hybrid scheme accurately identifies such

user pairs and utilizes the fact of their poor resolution to

maximize beam efficiency. In addition, it can be observed

that as the number of users increases, the beam efficiency

decreases. The reason is evident, serving more users with the

same resources leads to increased interference among users,

resulting in a decline in system performance. However, even in

scenarios with a large number of users, the proposed scheme

in this paper still provides a significant advantage.

Fig. 7 presents the impact of the number of transmitting

antennas on the performance of the two schemes. All users

are uniformly distributed along a single straight line, identical

to the scenario in Fig. 6(a). The SNR is set to ρ = 40 dB.

The number of antennas M = 32 is fixed, while N varies

from 32 to 512. It can be observed from the figure that as N
increases, the beam efficiency of both schemes also increases

until it reaches the upper bound, beyond which it no longer

grows. The reason can be explained as follows. When N is not

large, as N increases, the resolution between users gradually

improves, leading to an increase in the performance. However,

when N is larger than a certain value, the resolution tends to be

a non-zero constant, and further increasing N does not lead

to performance improvement. This also has been explained

in previous works in the literature [22], [23]. Additionally,

it can be observed from the figure that as N increases, the

performance difference between the two schemes becomes

smaller until they are almost identical. This indicates that as

long as the number of transmitting antennas is sufficiently

large, the LDMA-based scheme can also achieve a good per-

formance. However, when the number of antennas is not large

enough, the LDMA-NOMA hybrid scheme is still superior.

Furthermore, it can be noticed from the figure that more users

imply poorer performance, which is consistent with the finding

in Fig. 6.

Fig. 8 presents the beam efficiency under conditions of

limited beam resources, applying the grouping algorithm pro-

posed in this paper. For comparison, the results of random

grouping are also shown in the figure. The user distribution

and other physical parameters are the same as those in Fig.

6. From the figure, it can be seen that after grouping using

the algorithm proposed in this paper, the beam efficiency is

significantly improved compared to random grouping. This

indicates that the proposed algorithm effectively utilizes the
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(a) The users are distributed linearly. θ = π
6
, φ = π

6
.
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(b) The users are distributed along two straight lines. θ1 = −π
6
, θ2 = π

6
, φ =

π
6

.
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(c) The users are distributed along four straight lines. θ1 = −π
3
, θ2 =

−π
9
, θ3 = π

9
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3
, φ = π

6
.

Fig. 6. Comparison of the proposed scheme and LDMA-based scheme in
terms of beam efficiency.
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Fig. 7. The impact of the number of antennas on the beam efficiency of the
two schemes when user positions are fixed.

resolution between users to enhance system performance.

Particularly, in subfigures (a) and (b), it can be observed

that increasing the SNR has little impact on the performance

improvement of random grouping. This is because incorrect

grouping may apply NOMA to two users with good resolution,

while applying LDMA to two users with poor resolution, thus

failing to effectively utilize the advantages of both multiple

access schemes. This emphasizes the importance of accurate

grouping of users based on their resolution. Additionally, it

can be observed from the figure that as the beam resources

KL increase, the beam efficiency decreases. This is because

although increasing the beam resources improves the overall

information rate, the amount of increase cannot match the

number of consumed beam resources, resulting in a decrease

in the beam efficiency. This further highlights the significant

improvement in the beam efficiency realized by the proposed

hybrid LDMA-NOMA scheme in our work.

To study the impact of the number of available beams on

the beam efficiency, the results for different KL are presented

in Fig. 9. Two cases of different user distribution model,

distributed linearly in a line and distributed uniformly in two

lines are considered. The parameters of the communication

system are the same as in Fig. 6. It can be observed from

the figure that the beam efficiency is inversely correlated with

KL. The reason is that the improvement of rate brought by

the increasing of KL cannot match the number of utilized

beam resources, which is also discussed in Fig. 8. When

KL ≥ 20, the utilization of beam resources has been saturated,

the beam efficiency cannot be improved by just increasing

the transmission power. In addition, it can be seen from the

figure that the case of uniform distribution performs better than

the case of linear distribution. This is because the resolution

of users distributed in a line is much worse, and leads to

performance loss. This also demonstrates the significance in

the proposed hybrid LDMA-NOMA scheme.
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0.3

(a) The users are distributed linearly. θ = π
6
, φ = π

6
, K = 10.
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(b) The users are distributed along two straight lines. θ1 = −π
6
, θ2 = π

6
, φ =

π
6

, K = 20.
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(c) The users are distributed along four straight lines. θ1 = −π
3
, θ2 =

−π
9
, θ3 = π

9
, θ4 = π

3
, φ = π

6
, K = 30.

Fig. 8. Performance comparison of the proposed scheme and arbitrarily
grouping scheme with limited beam resources.
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Fig. 9. The impact of the number of available beams on the beam efficiency.

VII. CONCLUSION

In this paper, we proposed a novel LDMA-NOMA hybrid

scheme for near-field communication beamforming, which

uniquely combines the advantages of location-division mul-

tiple access (LDMA) and non-orthogonal multiple access

(NOMA). The key innovation of proposed scheme lies in

its ability to dynamically allocate beam resources based on

user resolution information, optimizing beam efficiency. The

performance of the proposed scheme was also analyzed.

Simulation results were provided to demonstrate the benefits

of the proposed scheme, drawing a performance comparison

against different benchmark schemes, highlighting its potential

to significantly enhance beamforming performance in near-

field communication scenarios.

APPENDIX A

PROOF OF COROLLARY 2

When ρ → +∞, g(FA,b0) can be known as

g(FA,b0) →
[(FH

A,0FA,0)
−1]1,1

ρα2
0l0

×
K
∏

k=1

[(FH
A,0FA,0)

−1]k+1,k+1

[(FH
AFA)−1]k,k

.

(56)

Then f(∆0,1) can be known as

f(∆0,1) → ∆0,1 −
∑K

j=1 |hH
0 FAfD,j |2lj
α2
0l0

(

1

g(FA,b0)
− 1

)

= ∆0,1 − C1ρ+ C2,
(57)

where

C1 =

K
∑

j=1

|hH
0 FAfD,j |2lj

K
∏

k=1

[(FH
A,0FA,0)

−1]k+1,k+1

[(FH
AFA)−1]k,k

,

C2 =

∑K
j=1 |hH

0 FAfD,j |2lj
α2
0l0

.

(58)

The first part of the Corollary is proved.

When ρ → 0, g(FA,b0) can be known as

g(FA,b0) →
(

1 +
ρα2

0l0
[(FH

A,0FA,0)−1]1,1

)−1

. (59)

Then f(∆0,1) can be known as

f(∆0,1) → ∆0,1 −
1

ρα2
0l0

(

1

g(FA,b0)
− 1

)

= ∆0,1 −
1

[(FH
A,0FA,0)−1]1,1

= ∆0,1 − (1− bH
0 FA(F

H
AFA)

−1FH
Ab0).

(60)

The second part of the Corollary is proved.

APPENDIX B

PROOF OF COROLLARY 3

We prove the corollary based on different cases of Il for

the l-th user:

• When Il ≈ 1. This requires users to meet the following

conditions:

±
∑KL

j=1 λ
2
j∆

N,L
l,j ≈ 0, i.e., λj ≈ 0 with any 1 ≤

j ≤ KL. This condition occurs when the resolution

between LDMA users is poor.

±
∑KN

i=1,i ̸=l,i/∈h(l) ∆
N,L
l,g−1(i)l

N
i ≈ 0, i.e., there is no

interference between NOMA users assigned to the

same beam. This can almost only occur after the

final stage of SIC is completed, so at most one user

per beam can meet this condition.

If both conditions are met, then γN
l = CNρ, where CN

is a constant that independent of ρ.

• When I1 > 1, i.e., either of the above conditions is not

met, then γN
l can be approximated as follows:

γL
l

≈
∆N,L

l,g−1(l)l
N
l

∑KL

j=1 |bNH
l FAfD,j |2lLj +

∑KN

i=1,i ̸=l,i/∈h(l) ∆
N,L
l,g−1(i)l

N
i

,

(61)

which is independent of ρ.

Denote 0 ≤ KN,0 ≤ KBeam as the number of users that

satisfy both conditions, where KBeam is the number of beams

that carry any NOMA user. Then R can be approximated as

follows:

R = KL log(1 + CLρ) +KN,0 log(1 + CNρ)

≈ (KL +KN,0) log(ρ),
(62)

where CL, is constant that independent of ρ. Based on the

range of KN , the result of the corollary can be derived.
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