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Active suspensions, which consist of suspended self-
propelling particles such as swimming microorgan-
isms, often exhibit non-trivial transport properties.
Continuum models are frequently employed to elu-
cidate phenomena in active suspensions, such as
shear trapping of bacteria, bacterial turbulence and
bioconvection patterns in suspensions of algae. Yet,
these models are often empirically derived and
may not always agree with the individual-based
description of active particles. Here we review the
essential coarse-graining steps to develop commonly
used continuum models from their respective mi-
croscopic dynamics. All the assumptions needed to
reach popular continuum models from a multi-particle
Fokker-Planck equation, which governs the proba-
bility of the full configuration space, are explicitly
presented. In the dilute limit, this approach leads
to the mean-field model (a.k.a. Doi-Saintillan-Shelley
model), which can be further reduced to a continuum
equation for particle density. Moreover, we review
the limitations and highlight the challenges related to
continuum descriptions, including significant issues in
implementing physical boundary conditions and the
possible emergence of singular solutions.
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1. Introduction

Active suspensions are suspensions of self-propelling (or motile) particles whose propelling di-
rection depends on the particles’ (stochastic) orientation and their biases to move towards or away
from certain external stimuli (called taxes). Typical examples include suspensions of motile mi-
croorganisms, such as bacteria, spermatozoa and algae, and artificial microswimmers such as
Janus particles. In soft matter and statistical physics, active suspensions are distinctive in how
they are driven out of equilibrium locally when particles expend energy to maintain locomotion.
From a fluid dynamics perspective, they have unusual transport properties due to the particles’
motility, and their rich and complex phenomenology in flows with vanishing Reynolds number
is non-trivial. The stress they exert on the flow can also give rise to peculiar rheological properties
like superfluidity, which are not observed in passive fluid systems. Understanding the funda-
mental processes in these complex systems may benefit applications, such as the management
of biofilms on surfaces, mixing and unmixing at the microscale, the modelling of phytoplank-
ton and thus the carbon cycle in the ocean, food and beverage production and the biochemical
manufacturing of medicines and biofuels [1-3].

A key challenge in modelling active suspensions is to derive a macroscopic continuum model
that is tractable for analysis and interpretation, while remaining grounded in the essential physics
of the microscopic dynamics. Early models [4,5] incorporated the effects of taxes by modifying the
effective drift in the particle density equation. These phenomenological models could only cap-
ture certain collective behaviours qualitatively, as they did not take into account the microscopic
orientational dynamics. The seminal work by Pedley & Kessler [6,7] made a significant advance-
ment in explicitly accounting for the orientational dynamics within their continuum description.
Taking inspiration from how the mean-field stresses from passive particles are modelled [8,9], they
wrote down the mean disturbance due to particle motility. As for the particle transport, they used
statistical moments of their orientation distribution to derive the effective drift and diffusivity due
to biased motility. Although the model was based on the microscopic dynamics, the particle’s ef-
fective diffusivity D remains ad hoc and fails to capture the theoretical D ~ (Ve)2 /4, scaling [10],
as Pedley & Kessler [6] separated the orientational and spatial distribution without full consider-
ation of the coupling between the particle’s random rotation with rotational diffusivity d, and its
swimming speed V°.

The more rigorous approach is to model the probability of the particle configuration in both
position and orientation space, governed by the Fokker-Planck equation, which is derived from
the microscopic Langevin equation. Hill & Bees [11] and Manela & Frankel [12] first demonstrated
how the coupling between position and orientation space in the Fokker—Planck equation gives rise
to an effective dispersion of active particles using the generalized Taylor dispersion (GTD) theory
[13]. Later work by Saintillan & Shelley [14] wrote down the same equation and the mean-field
flow equation from a kinetic theory perspective. They then used a linear stability analysis to show
how the coupling between the particle configuration and the mean flow caused by particle stresses
can lead to collective behaviour at a length scale much larger than the particles themselves. Sub-
ramanian & Koch [15] also independently arrived at a similar set of equations for motile bacteria,
with an additional term for the run-and-tumble dynamics. Despite the apparent success of the
mean-field model, its prediction of the onset of bacterial turbulence was later challenged by the
supposedly equivalent simulation [16], where no discrete transition as predicted by the mean-field
theory was observed. Instead, even at particle density well below the onset, they observed strong
spatio-temporal correlations in the velocity fluctuations that are reminiscent of the observed tur-
bulence. Later work by Skultéty et al. [17] showed that this fluctuation correlation can be captured
by a careful reconsideration of the kinetic theory, where, in addition to the mean field, they have
also considered explicitly the fluctuations in addition to the mean field when reducing the multi-
particle description of the suspension. Their work illustrated how the implicit assumptions of a
certain model might result in unforeseen yet significant repercussions. Such repercussions may
not be easily evident until the model’s assumptions are thoroughly scrutinized.
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Hence, the purpose of this article is to offer a thorough examination of the foundation underly-
ing current continuum models for active suspensions, laying bare all the assumptions necessary
to scale up the microscopic dynamics of individual particles to a suspension. Particular focus will
be on the derivation of the mean-field model, sometimes known as the Doi-Saintillan-Shelley
(DSS) model, and its limitations due to the dilute assumption. This work is not the first to present
a detailed derivation towards a macroscopic model from the underlying microscopic dynamics of
individual particles (see [17-19]). Here, we aim to provide a brief and precise derivation, coupled
with a critical review of constraining assumptions and outstanding challenges, to aid the reader
in understanding the accuracy and limitations of the model. Other practical issues, such as the
high dimensionality of the model and boundary conditions, will also be discussed. Finally, we
will explore the possibility of adopting coarse-graining methodologies from neighbouring fields
to extend continuum modelling to concentrated suspensions.

Besides rigorous coarse-graining from the bottom up, we should also briefly mention phe-
nomenological approaches to modelling systems of active particles. Originally developed for
flocking, the Toner-Tu theory [20] proposed that a phenomenological equation can be written
down by including all terms allowed by symmetry. The theory was extended to suspensions of
self-propelled particles [21] and for modelling active turbulence in dense bacterial suspensions
[22,23]. Another popular approach for modelling active nematic systems, such as a microtubule—
kinesin mixture, is to modify the continuum equations from liquid crystal theory by including
new terms arising from the activity [24]. These models are often associated with very dense
systems of active particles, which are beyond the scope of this work. The review by [25] pro-
vides an overview of these phenomenological approaches and their comparisons with coarse-
grained models [14,26]. Instead, here we shall focus on coarse-graining dilute suspensions of
self-propelled particles where hydrodynamic interactions dominate.

The article is structured as follows. First, we quantify the trajectory and hydrodynamic distur-
bances arising from a single stochastic self-propelling particle in §2. Then, in §3, we consider N
suspended particles and write down the equivalent N-particle Fokker-Planck equation and ex-
plain the approximation required to reduce it to the mean-field (DSS) model (§3b). The resulting
one-particle Fokker-Planck equation in the DSS model can be further reduced to a particle density
equation (§3c). After that, we will discuss several issues resulting from the approximations used
to derive the DSS model (§4). These issues include the emergence of singular solutions due to the
lack of volume exclusion in the model (§4a), difficulties in closing the many-body problem (§4b)
and choice of boundary conditions (§4c). Finally, in §5, we lay out the direction and priorities in
the development of continuum models for active suspensions.

2. Microscopics: Stokes flow around an active particle

We start by considering a single rigid active particle suspended in a Newtonian fluid. Given
the density p; ~ 1000 kg m™ and viscosity u~ 0.001Pas of the fluid, the size of the particle
a ~ 10-100 pm and the slip velocity (approx. 10100 ums™!), the particle Reynolds number
Re, ~ 10~* — 1072 < 1 is vanishingly small [27, figure 2.2]. Assuming that the particle j is of vol-
ume v; and mass v;p,, its inertia can be neglected, as biologically active particles usually have
density Pp close to that of the fluid pr Hence, the flow around the particle can be treated as steady
and Stokesian, governed by

0=-V,q() +uViux) +f, and V.- u(x)=0, (2.1)

where u(x) is the flow velocity at location x, g the pressure and f the external forces on the fluid.
Note that the flow around the particle only truly satisfies the Stokes equation below the inertial
length scale ¢; ~aRe, ! The macroscopic flow, however, can be inertial at the phenomenological
scale.
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Figure 1. Particles (or swimmers) in a typical active suspension. (a,b) Disturbance flow from (a) a point force F, and (b) an
axisymmetric force dipole S;. (c) Detailed view of how the locally linear flow advects and rotates a particle. (d—f) Modelling of a
suspension of hydrodynamically interacting particles, in which (e) the particles are modelled as point forces and force dipoles,
(f) exerting an averaged driving force on the averaged flow that, in turn, rotates and advects the particles.

(a) Disturbance flow due to an active particle

First, we consider the disturbance flow around a single particle in an otherwise quiescent flow.
For zero Re), one can exploit the linearity of (2.1) to represent how a particle centred at x; exerts
stresses from its surface onto the fluid and creates a disturbance flow velocity u?. At a location
x far from x; (i.e. at r=x—x;, r =|r| > a), this disturbance flow u? can be approximated by the

multipole expansions of the Green’s function G, such that
wl(r) = (8rw)~! (g(r) “Fi+[V,90] : M + O (r‘3)) , where G@®)=r"1+4r3mr. (2.2)

Here, F; is the net force and M; the net first moment of traction that particle j exerts on the fluid.
(Note that the double contraction : is with respect to the gradient and second index of G, i.e.
9y, GavMyc-) Expansion up to the first-order terms is usually sufficient to represent the flow at
large 7, as terms at order n decay as 1/7"*! as r — oo; a particle can be approximately represented
by a point force and a point dipole in a Stokesian flow. A point force is called a Stokeslet (figure
1a) and is non-zero only when the particle experiences an external net force (e.g. buoyancy force
F; =v;Ap;g due to gravity g, where Ap; = (p),; — p) is the density mismatch between the particle
and the fluid). The moment M; has an antisymmetric part called a rotlet (L;, antisymmetric force
dipole) and a symmetric part called a stresslet (S;, symmetric force dipole). These components cor-
respond to the net torque and symmetric first moment of stresses the particle exerts on the flow,
respectively. A net torque L; can arise when the centre of hydrodynamic forcing is offset from the
centre of the external force by a finite length ¢; (e.g. L; =L;g X p, L; = ¢;v;Ap; when the particle
is bottom-heavy under gravity). A stresslet S; can arise from the particle’s self-propulsion or fric-
tion against the background flow due to its inability to deform. In the absence of strong external
flow, the stress generated by the self-propulsion of an active particle usually dominates over other
flow-dependent dipoles, and the resulting time-averaged disturbance flow is well approximated
by an axisymmetric force dipole $; = o;p;p; (figure 1b) [28,29], where p; is the normalized vector
representing the particle’s orientation. A self-propelling particle with o; > 0 is called a puller and
o; <0 a pusher.

(b) Typical trajectories of hydrodynamically interacting active particles

Now, consider N inertia-free active particles that are far apart from each other in a dilute suspen-
sion, i.e. the volume fraction ¢ is negligibly small. The configuration £; = (x;, p;) of each particle
i is defined by its position x; and orientation p;. Collectively, they define the configuration of the
suspension & = (£, &,, ..., £). Assuming each particle i is axisymmetric along its swimming direc-
tion p;, balancing the external and hydrodynamic forces from self-propulsion gives the particle’s
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overdamped trajectory as (c.f. figure 1c)
X0, pis 2) = u(x;, EENE) + Vip; + Vi (py)- (2.3)

Here, pri represents the self-propulsion, Vf (p;) represents the orientation-dependent transla-
tional velocity due to external force F; and u(x;, t; E\£,) represents the passive advection by the
flow at time ¢, which includes both the background flow and the disturbance from Z\¢,, which
is the ensemble of particles other than itself. In other words, the trajectory of a particle i depends
on the configuration of all other particles in the suspension. We further assume that particles are
sufficiently small relative to the flow length scale such that Faxén corrections can be omitted (cf.
§4a).

Similarly, the inertia-less torque balance provides the rotational dynamics as (cf. figure 1c)
P (%, Pi:Z) = (Qyesr (u (6, 5E\E,) . pi) + Bips X k) X i, (24)
1
Qe (u, p;) = 5Q+aip; XE-pi, (2.5)

where Q¢ is the rotation due to 2 = V,, X u the vorticity and E = (V,u + V.uT)/2 the rate-of-strain
of the local flow, governed by the Jeffery’s equation (2.5) [30], which applies to any axisymmetric
particle, in which a; depends on the particle’s shape and has the value (ARl2 - 1) / (AR,«2 + 1) for
a spheroidal particle with aspect ratio AR;. Meanwhile, the last term of (2.4) models any restoring
torque arising from bottom heaviness [7] or preferred sedimentation orientation [31], in which
B; quantifies the timescale of the restoration and the unit vector k; points towards the preferred
orientation, which is usually in the opposite direction to F;. As for asymmetric or shape-changing
particles, readers can refer to a recent review by Ishimoto [32] on the impact of particle asymmetry
on their generalized Jeffery orbits.

Most active particles are large enough that Brownian diffusion due to thermal fluctuation is
insignificant. However, imperfections or variations in actuation that induce self-propulsion can
incur an effective stochasticity to their trajectories. For simplicity, here we model an active sus-
pension as a system of N active Brownian particles, each of which has a trajectory i given by

ax;(x;, pis E) = X(x;, pis E)dt + /2D 7dW,; (2.6)
dp,-(xi, pPi; E)= p(Xl‘, Pi; E)dt — ZdrPi + 2d,de X pi- (2.7)

Here, D7 and d, are the translational and rotational diffusivities that model the biological stochas-
ticity, respectively, and W, and Wp are the Wiener processes in translation and rotation, respec-
tively. Both processes are assumed to have zero mean and unit isotropic variance. Note that (2.7)
is interpreted in the Ito sense, and thus the rotation requires an extra —2d,p; term to conserve
the unity norm. Due to the orientation-dependent propulsion or translation, the dispersion effect
with rotational noise [11,12] is usually more significant than the diffusion due to translational
noise (see §3c). However, the translation noise can also be significant when the particle is in very
close proximity to boundaries (see §4c).

While ((2.3)~(2.7)) form a complete description of the trajectories of particles i in a given flow
field, the flow field also depends on the configuration of other particles. More specifically, the
flow u at a certain location x is disturbed by the forcing F; and M;, which are from other particles,
and is governed by the incompressibility condition V, - u =0 and the Navier—Stokes equation

1
pdu+u-Vou)=-Veg + uViu+ ), (i + M - V)8(x = x)) = 3 3. F. (2.8)

For the flow external to the particles, u =u(x, t; ), the summations in (2.8) are for j=1,2,...,N,
whereas the flow experienced by the i-th particle u(x;, ; E\§,) will exclude the force on the par-
ticle itself (j=1,2,..,i—1,i4+1,...,N). Note that the sum of external forces averaged over the
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domain volume V is subtracted to conserve momentum in the fluid.! The full Navier-Stokes
equation is invoked here as the macroscopic bulk flow can still be nonlinear and unsteady de-
spite the Stokesian microscopic flow around each particle. Indeed, in some phenomena, such as
bioconvection, the nonlinear and unsteady terms play a significant role at the phenomenological
scale [7,34]. However, coarse-graining the stochastic and nonlinear partial differential equation
(PDE) (2.8) is very difficult. Therefore, in the following derivation, we shall assume that we have
effectively a Stokesian bulk flow. Linearity and the vanishing ¢ approximation allow the superpo-
sition u(x;, t; E\& D= z]‘l\iu ” u]-(x,-; 3 j(t)), where u; is the flow due to the presence of each particle j,
governed by (2.1) with f substituted by (F; + M; - V,)é(x — x;) — F;/V. Equations (2.3)=(2.7) and so-
lution to u form a complete description of the active suspension, but a direct integration is difficult
and likely analytically intractable. Therefore, coarse-graining is necessary.

3. Coarse-graining through reducing the Fokker—Planck equation

For the set of stochastic equations (2.6) and (2.7) for N particles, one can write down the equivalent
N-particle Fokker-Planck equation,

N
ANCIHEDY {in [~%(x;, pis E)P + DrVy, W] + V7, - [—p(xi, PiE)PN + d,V,,ilPN]}, 3.1)
i=1

governing the joint probability density function (p.d.f.) ¥y for the N-particle configuration =. The
high-dimensional N-particle Fokker—Planck equation (3.1) is intractable without appropriate re-
duction, which we shall demonstrate in the following section, but writing (3.1) down explicitly
serves as a reminder that this is the common starting point for most coarse-grained continuum
models [18,35,36]. For pedagogical simplicity, in this article, we will assume all particles are iden-
tical, allowing for the removal of the subscript i from particle parameters such as V¢, Vf, 8 and a.
However, it should be stressed that, in reality, parameters such as V° can have a large variation
among particles, which can significantly impact their collective dynamics [37].

(a) Averaging towards a one-particle equation

Our goal now is to obtain a macroscopic model for the one-particle density by reducing (3.1)
through a series of approximations. Let us first define the notation for the averaging operator. For
any function *(2) of the configuration =, the ensemble average over all particle configurations
except for the first k particles is defined as

(Ve = Synx *(E)ONAE, . dE (3.2)

where Z € YN7F is the domain of all allowed configurations for the (k + 1)-th to N-th particles.
The joint p.d.f. for the first k-particles is thus defined by putting * =1, ¥ (§,,...&,. D) =(1) =
Syn OndEy,...dE . For example, with % =1, putting k= 0 recovers the normalization constant
(1)o, which we set to unity, while putting k=1 provides the 1-particle p.d.f., for which the
evolution equation can be obtained by performing the same (%), operation on (3.1), yielding

8;¥1 (x1,p1. 1) = Vy, - [—(u)y (x1, ) — (Vop1 + VI (p1)) W1 + D1V, ¥4 ]

3.3
+Vp1 . [— (Qjeff ((u)l,pl) +5<p1 XR) 1111) X p1 +derIlP1], (3.3)

'The removal of the sum of external forces is the equivalent of renormalization [33], in which a net flow condition is enforced
by balancing the total external net forces on the system with the pressure gradient. Under our point particle approxima-
tion, the particle has no volume, and, therefore, there is no exclusion of regions of overlap that generate extra hindrance to
sedimentation. Instead, the sum of external forces simply modifies the pressure gradient [33]
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where the averaged velocity (u);(xq, t) is defined as

N
(u)g(xq, 1) = / u(xy, £ E\E)PNAE,...d€ = / Zuj(xl,t;gj)qudgz...dgN. (3.4)
TN-1

YN-1j=2

Since the particles are approximated as flow-independent point forces (F; a constant vector) and
dipoles (M; = ojp;p;), there are no three-way particle interactions. Therefore, under the assump-
tion that the particles are also indistinguishable, we can further simplify the N-particle integral
into a 2-particle integral,

(W)(x1, ) = (N = DWP1(€1, 1) Sy1 ua(xq, £ €5) W21 (&5, tIEDAE (3.5)

where ¥y); = ¥, /¥ is the conditional p.d.f. of §, given the configuration of the first particle &;.
Therefore, defining the average flow (and the corresponding pressure) due to the presence of the
other particle as @(x, t) = (N — 1) 1 up(x, £;£,)¥p1 (&5, t1€,)d€, (and §), we have

0% (x1,p1,t) =Yy, - [— (@ (xq, 1) + Vopy + VE (p1)) W1 + D1V, ¥ 56)
+Vp, - [~ (@ese (@ 0x1. 5, p1) + Bp1 X k) X 19y +4,9,, 71

and
- ~ F -~
0=—V,7+uV2a + (N = 1), (Fy + My - V)W dp; — 72) , V=0 (3.7)

In essence, the equations above summarize the basis of a typical continuum model for the ac-
tive suspensions, which are also represented in figures figure 1c—f. Now, computing ¥; requires
11(£5, t|€7). This can be found by repeating the above procedures using (x), in place of {x);
to get the 2-particle equation for ¥,(§,£,, 1), but the corresponding flow equation will require
Y3, and so on, forming a hierarchy analogous to the BBGKY hierarchy for Hamiltonian systems
[35,36]. To close this reduction to a 1-particle equation requires further assumptions or approx-
imations. In the following section, we will discuss the simplest way to close the problem—the
mean-field approximation. A more general discussion on other potential closure relationships
will be discussed at the end of the work.

(b) Mean-field approximation

In the dilute limit ¢ — 0, particles do not interact frequently or strongly, allowing the proba-
bilities of two particles” configurations to be approximated as independent, i.e. ¥5(£,,£,,0) =
v (€, HP1(€,, 1) and, consequently, W51 (£, £,, ) = W1 (£, ). Substituting the approximation into
((3.6) and (3.7)) gives rise to the DSS model (cf. equations (1)—(5) in [14])

6,‘?1 (Xl,Pl, t) = Vxl . [— (fl (Xl, t) + VCPl + ‘/‘F (Pl)) gll + DTVxl lpl] (3 8)
+Vp, - [— (Qjeff (@(xq,£),p1) + Bp1 X R) X p1¥1 +4d,V, Wl] .

and
~ ~ F ~
0=—V,j+uViia+(N— 1)(fpl F1¥ + Y, - (M ¥))dp; — 71), v, -i=0. 3.9)

Note the subtle difference in the subscripts between (3.7) and (3.9) and the new definition of
alx,t) = (N = 1) fin wy(x, £ £DW1(€, t1€,)dE, (and the corresponding 7). They are the results of the
independence assumption under the dilute approximation, which removes the dependence on the
configurations of other particles and effectively closes the BBGKY hierarchy. In addition to the in-
dependence assumption above, here we also summarize all the other assumptions made so far. (1)
Particles are inertia-less and small enough to be considered Stokesian. Their overdamped trajecto-
ries can be explicitly written out. (2) Particles are indistinguishable to allow for the simplification

H
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from the N-particle integral (3.4) to the 2-particle integral (3.5). (3) Particle disturbances are rep-
resented by the first two terms in the multipole expansion, dependent only on the particle’s own
configuration and not the others (i.e. flow-independent); all hydrodynamic interactions are ap-
proximated as one-way, which is accurate up to O(¢'/3) [38]. (4) Near-field interactions between
particles are neglected; there are no repulsive, lubrication or steric forces between the particles
and, therefore, no volume exclusion. The whole domain is accessible to each particle. (5) There is
no correlation between the distribution of any two particles, leading to W51 (£,, t|€;) = ¥1(£,. b).
The lack of domain exclusion (4) implies the result is only O(1) accurate in ¢ [33]; the DSS model is
accurate only when ¢ — 0. Later in §4a, we will show how the assumption can lead to unphysical
artefacts.

Also, note that the equivalent procedure from (2.8) to (3.9) with the full Navier-Stokes equa-
tion instead of the Stokes equation will not result in a Navier-Stokes extension to (3.9) in the form
of

PO + Tt Vi) = =V, + uV2a + (N = 1) ([, F1® + V. - (M 9y)dpy — F—V‘) . (3.10)

This is because the ensemble averaging of velocity (u)(xq, t) in (3.4) implicitly requires a linear
superposition of the governing equation of the flow, which is not supported by the nonlinearity
in the Navier-Stokes equation. Therefore, despite its common usage in modelling nonlinear phe-
nomena such as bioconvection (e.g. equation (1.2) in [6] and equation (4.4) in [7]), the derivation
of this equation is not formally established here and should be treated with caution. Nonetheless,
in the absence of a better model, (3.10) remains a widely accepted empirical model for nonlinear
phenomena in dilute active suspensions.

Lastly, we should emphasize that the mean field may not always account for all spatio-
temporal correlations in the system. As mentioned in §1, in bacterial turbulence, the statistical
correlation between two points can still show the presence of large vortices before the onset of
instability [16], where the mean field is supposedly isotropic and homogeneous [14]. To capture
such correlation, one will have to go beyond the mean field in the BBGKY hierarchy and explicitly
calculate the correlation functions [17].

(c) Reducing the high-dimensional Fokker—Planck equation

While the DSS model is a good approximation for dilute suspensions and can be rigorously
derived from microscopic dynamics, in practice, (3.6) is rarely numerically solved in three-
dimensional systems due to its high dimensionality [39,40].

To overcome this limitation, one approach is to take successive orientational moments of (3.6),
which yield a set of ‘hydrodynamic’ equations for particle density, polar order and nematic order
[26,41] that also resemble the equivalent phenomenological models [25]. However, this approach
gives rise to a hierarchy of equations that require either an ad hoc closure [42—44] or an asymp-
totic approximation [45] of the higher-order moments [46, §2.7.1]. A notable closure model is the
Bingham closure, which approximates the distribution to take the form of a Bingham distribution
[47]. It has been shown to be both computationally attractive while retaining the essential physics,
such as the evolution of system entropy and the trace condition on the nematic order [44]. On the
other hand, since fluctuations were found to be crucial in phenomena like bacterial turbulence,
some [19] have also proposed that closure takes into account these fluctuations.

The second approach involves asymptotically separating the rapid orientational dynamics
from the slower translational dynamics, assuming that the orientational distribution relaxes to
a quasi-steady state much more quickly than the translational dynamics. To this end, the GTD
theory has been employed to derive the effective drift and dispersion of tactic particles in simple
linear flows [11,12]. However, the particle density equation obtained using GTD in one flow is
not intended to be applicable to other flows. Furthermore, inappropriate application of GTD may
result in inaccurate estimations of particle density [48] or singularities in the effective diffusivity

‘e1s1/Jounof/biobuysyigndiraposiefos

LSCOVC0C +€8€ Y 205 Y Subil Iiyd



Downloaded from https://royal societypublishing.org/ on 17 September 2025

[49]. To address this issue, Fung et al. [50] proposed the local approximation model. Similar to Ped-
ley & Kessler's model [7], this method gives effective drift and dispersion as functions of the local
flow field and particle taxes instead of the global flow field like GTD. It was demonstrated to be
accurate in predicting shear trapping phenomena [51] and requires no knowledge of the global
flow field, making it more generalizable than the GTD [48]. However, the local approximation
model is still limited to cases where orientational dynamics are fast and has limited applicability
to fast unsteady flows.

4. Qutstanding challenges in continuum modelling

(a) Volume exclusion and near-field interactions between particles

An underlying assumption in the derivation above is that the particles are treated as point par-
ticles, meaning that the volume fraction ¢ — 0. Occasionally, this assumption can result in un-
physical outcomes as the model does not account for volume exclusion effects. To illustrate, let
us consider the example of gyrotactic focusing of bottom-heavy (8 « L >0, k || —g), negatively-
buoyant (Ap > 0) motile microorganisms such as Chlamydomonas augustae (née nivalis) [5,7]. The
DSS model was applied to this suspension in a recent work [52], which revealed a surprising
equivalence between the DSS model for gyrotactic focusing and the Keller-Segel model for au-
tochemotaxis. Similar to the well-known chemotactic collapse in the Keller-Segel model [53], the
steady-state velocity and particle density in the DSS model also tend to infinity locally in three-
dimensional systems. The same singularity was also found when applying the DSS model to the
sedimentation of spheroids [52] and chemotactically active immotile particles on gas—fluid inter-
faces [54]. Although the aggregation of particles does corroborate experimental observations, the
unrealistic blow-up of local particle density shows the importance of incorporating the volume
exclusion effect.

The finite volume of particles can necessitate multiple corrections: (1) The passive advection
u(x;, t,E\§;) should be corrected using the Faxén law to account for variation in the flow at the
length scale of the particle. (2a) The naive superposition of multipole expansions of Green’s func-
tion as a representation of disturbance by each particle is no longer strictly valid, but remains a
good approximation by the method of reflections. The finite size of particles implies that each
particle will exert an extra stresslet depending on the local strain rate due to background flow
and disturbance flow from other particles. (2b) Since this stresslet depends on the configuration
of other particles, three or more particle interactions become finite (but small), and the step from
(3.4) to (3.5) isno longer exact. (3) Volume exclusion implies that the domain of ¥|; has impenetra-
ble regions, which can induce significant corrections. For example, in the sedimentation problem
[33], it is the exclusion of this region during renormalization that induces a correction to the aver-
age sedimentation speed, which is —6.55¢ including the Faxén correction. (4) There is a non-zero
chance that particles will come into close contact with each other. When their surfaces are at a dis-
tance h S a, the far-field multipole expansion of the disturbance flow is no longer valid, and the
flow field around two particles must be calculated explicitly [55,56]. (5) As a result of the near-
field interactions, the pairwise correlation ¥;; is likely not well approximated by %51 = ¥1(£,, 1),
and the closure relationship between ¥, and ¥ near particle 1 must be re-examined.

Methodologies to account for (1-3) are well-established [33] if the pair correlation ¥5); is
known, but the exact physics of the near-field interactions (4) is still an active area of research
even in passive suspensions [57] due to lubrication breakdown [58]. Moreover, past work on
passive suspensions showed that the approximation of ¥|; in (5) is highly sensitive to the ex-
act near-field interactions in some problems due to the singular nature of pairwise trajectories in
Stokes flow [59]. As a result, macroscopic properties like the bulk stress in the sheared passive
suspension are hard to predict and are highly sensitive to the near-field interactions governed
by the geometry and surface properties of the particles [59]. For self-propelling particles such
as swimming microorganisms and artificial microswimmers, deriving macroscopic models that
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account for the finite volume will be more challenging, as the near-field interactions will likely de-
pend on the specific propulsion mechanics and microscale flow around the particles. While exact
analytical results are available for simple spherical squirmers [56], there is no general theory to
calculate near-field interactions between arbitrary particles other than employing prohibitive nu-
merical methods. Moreover, it is expected that real biological microswimmers will have a wide
variety of shapes and sizes, making the calculation of near-field interactions intractable. There-
fore, it remains an open challenge to derive a general framework that can include complex and
wide variations of two-particle interactions in a coarse-grained model.

(b) Overcoming the closure problem in many-body systems

The above discussion focuses on pairwise interactions, which, when resolved, can improve the
model accuracy at finite volume fractions. To extend the approximation to higher ¢, many-body
interactions should be considered [59]. However, as demonstrated by the derivation of (3.7), the
consideration of N-body interactions in equation for ¥y always requires information from ¥n1.
This is the BBGKY hierarchy, which is a fundamental challenge in many-body systems. While
there are many approaches to overcome this closure problem, here we present two recent de-
velopments in neighbouring fields that may offer new opportunities in addressing the problem
in the context of active suspensions. Reviews by [35,36,60] offer an introduction to alternative
approaches.

(i) Dynamical density functional theory

Density functional theory (DFT) is a powerful tool in statistical mechanics that is used to write
down the equilibrium description of an interacting particle system as a one-particle density that
minimizes the free energy functional. It determines the distribution correlation between particles
by using an equilibrium argument, effectively closing the BBGKY hierarchy. In dynamical DFT
(DDFT), the idea of solving distribution correlation using free energy functionals is extended to
dynamically evolving systems, where the pairwise correlation in the dynamically evolving non-
equilibrium system is approximated to be the same as that of the equilibrium system with the same
one-body density. This heuristic approximation is known as the adiabatic approximation. DDFT
has been used to study the dynamics of hydrodynamically interacting particles [61], ‘dry” active
Brownian particles [62] and, most notably here, for microswimmers (i.e. suspended active parti-
cles) [63]. A caveat of the theory, however, is that for the adiabatic approximation to remain valid,
the dynamics of the system must evolve close to equilibrium, which is particularly problematic
for active particles where the system is driven far from equilibrium by the activity of the parti-
cles. Therefore, the approach may be limited to systems with weak activity. The review by [60]
provides a good summary of the method, its limitations and a comprehensive list of applications
of theory in various fields.

(ii) Matched asymptotic method for excluded-volume active particles

Bruna & Chapman [64] demonstrated a novel matched asymptotic technique to account for the
excluded-volume effect when reducing the N-particle Fokker—Planck equation into a one-particle
equation for a system of interacting hard-sphere particles. Focusing on the interaction between
two spheres, Bruna & Chapman separated the inner region near the first sphere, where the prob-
abilities of two spheres are correlated, from the outer region, where the two spheres are uncor-
related, via asymptotic expansion in the limit of small volume fractions. Then, by matching the
inner and outer solutions, Bruna derived a one-particle equation that corrects the drift and diffu-
sion terms to first order in ¢. Recently, Bruna extended the method to active Brownian particles
[35] under the assumption that the particles only interact through a hard-core potential. It remains
to be seen if the method can be extended to suspended active particles, where both long-range hy-
drodynamic interactions and short-range lubrication forces are present. A challenge in extending
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the method to suspended particles is that hydrodynamic interactions are long-range, in contrast
to the short-range hard-core potential of previous work.

(c) Prescribing physically relevant boundary conditions

A further challenge in developing continuum models for active particles is prescribing a math-
ematically well-posed and physically correct boundary condition that captures the interaction
between the particles and the boundary. Active particles are well known to exhibit unique inter-
actions with the boundary. Observations include bacteria swimming in circles [65], attraction to
or repulsion from the boundary [66], upstream swimming near boundaries [67,68] and biofilm
formation [69]. These phenomena are primarily related to the existence of a plane boundary. Ob-
servations diversify even further if one considers constrictions [70,71], the geometric complexity
of the boundaries [72] and/or behavioural change of the particle [73]. Several reviews are available
summarizing such findings [74-76].

(i) Individual interactions with the boundary

The existence of a boundary brings three kinds of interactions into consideration: hydrodynamic,
steric and behavioural. We denote contact-free interactions via the fluid medium as hydrody-
namic, the contact-driven interactions as steric and any biological response near the boundary as
behavioural. Much focus has been given to the debate on whether hydrodynamic or steric interac-
tions dominate the entrapment of pusher particles such as bacteria near the boundary [66,77-81],
as both hydrodynamic and steric interactions can give rise to the accumulation of particles near the
boundary. Recent experiments [29,82-85] have shown a more nuanced picture where, depending
on the exact geometry and swimming mechanisms of the particle, both hydrodynamic and steric
interactions can play a role in the entrapment or scattering of particles at the boundary. However,
one should also note the potential for behavioural changes of microorganisms near the boundary
(e.g. [73]), which can become dominant and further complicate the picture. Here, we shall not
discuss how these mechanisms give rise to different phenomenology, but merely highlight how
one can account for these effects in a continuum model.

Individually, hydrodynamic interactions with the boundary can be represented as corrections
to the translational and rotational dynamics that depend on the position and orientation relative
to the boundary. For example, a pusher (o > 0) is attracted to a no-slip wall and will reorient to
swim parallel to the wall due to the reflected disturbance flow from the axisymmetric force dipole
S=opp [66]. Surprisingly, the far-field representation of the particle (2.2) is accurate enough to
capture the essential boundary interactions even when the distance between the particle and the
boundary is a fraction of the particle length scale [78]. Further corrections can be built upon this
framework, such as time dependency due to flagella undulation [86] and noise-induced drift due
to wall-induced spatial gradient of particle motility [87]. We refer the reader to [27, ch. 11] for
more details on hydrodynamic interactions at the boundaries.

Regardless of complexity, the hydrodynamic interactions with the boundary can always be
represented by a correction to ((2.3)-(2.5)) if particles are assumed to only affect themselves. Al-
ternatively, extra disturbance in the form of (2.2) from the image of the particle can be added
to the coarse-graining framework in the previous sections if hydrodynamic interactions between
particles via reflection of the wall are of concern. Either way, one can incorporate hydrodynamic
interactions with the boundary in a mean-field continuum model simply by adding the correction
terms in either (2.2) or ((2.3)-(2.5)) and follow the coarse-graining procedure laid out in the pre-
vious section. Nonetheless, continuum modelling of hydrodynamically interacting particles near
the wall remains sporadic [88].

As for steric interactions, on an individual level, the common approach is to empirically add
a repulsive force from a wall potential [79,89,90]. While some authors have opted for smooth ap-
proximations to potential functions that are easier to treat analytically [29], the physical origin
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of such contact forces merits more attention [91]. Although the reorientation of active particles
near walls is often attributed to hydrodynamics, it should be noted that a contact force from the
boundary can also cause particle reorientation if the particle is not spherical and the force acts off-
centre [82,85]. Much like hydrodynamic interactions, the effects of repulsive forces can be easily
accounted for by adding correction terms to ((2.3)—(2.5)).

(ii) Boundary conditions for the Fokker—Planck equation at different scales

When particles are stochastic, volume exclusion further restrains the stochastic force from push-
ing the particles through the boundary, which requires further treatment in both individual-based
and continuum models. At the individual and microscopic level, the conventional method to pre-
vent particles experiencing thermal Brownian motion from crossing the boundary is to reflect
their positions about the boundary but not their orientations [92,93].2 This reflection ensures that
no particle flux passes through the boundary. At the continuum level, this treatment is equivalent
to the no-flux Robin boundary condition [80,81,94], given by

o
DTa_n =V,p-nY, (4.1)

where n is the normal vector to the boundary. Since the balance between the swimming and
diffusive flux is enforced at each p, (4.1) will lead to a boundary layer of polarized particles ac-
cumulating near the wall with a thickness scaling with Dt. Some authors [80,81,95] argue that
the near-wall accumulation is in qualitative agreement with experimental observations [77,96],
although further work is required to establish this conclusively. Others interpret the boundary
condition as unrealistic [97] and over-restrictive, as (4.1) prescribes that particles do not reorient
upon contacting the wall. Also, for many realistic active particles, Dt is vanishingly small, which
may lead to an impractical boundary layer thickness or ill condition in (4.1). Here, it is important
to note that D1 does not represent the thermal diffusivity because active particles of pm size are
too large to experience significant translational Brownian motion (cf. §2b). Instead, it is exploited
as a ‘catch-all’ model for any physical, stochastic or biological behaviour that is not captured in
(2.3)=(2.5). The question of how these behaviours change upon contact with the boundary remains
unanswered, but it is probable that simple reflection off the wall without reorientation would be
an oversimplification. Nonetheless, in theoretical studies of reorientational dynamics in stochas-
tic point/spherical particles near a boundary due to hydrodynamic and contact forces, it is still
reasonable to use the reflection or the corresponding Robin boundary condition (4.1) to keep par-
ticles from crossing the boundary, as they are mathematically consistent with the bulk and do not
introduce any additional reorientation dynamics. As for non-spherical particles, the admissible
position of the centre of the particle constrained by the boundary depends on the particle shape
and p, thereby creating a complex boundary geometry in the x — p space. To this end, Chen &
Thiffeault [72] proposed a mapping method to specify the boundary geometry according to the
particle shape.

While the above-mentioned boundary conditions hold theoretical significance for studying
the microscopic dynamics near the wall, their applications in confined macroscopic systems are
often impractical due to the large separation of scales between the microscopic dynamics near
the wall and the bulk scale dynamics. Moreover, modelling realistic biological swimmers with
the above-mentioned methods often proves too complex. For example, real biological swimmers
have complex time-varying geometry, like beating cilia or flagella, to generate propulsion, deem-
ing Chen & Thiffeault’s method challenging to apply. In other cases, behavioural changes near the

*The word ‘reflecting’ boundary is taken from the convention [93] on modelling random walks close to a boundary, where a
random walker is reflected about the boundary when it crosses, while keeping the configuration in the dimensions orthog-
onal to the wall direction unchanged. To avoid confusion with boundaries that reflect both the position and orientation of
the particle like a pin-ball, we will use the term ‘specularly reflecting’ boundary to refer to the latter case where both p and
position in the wall-normal direction are reflected.

e1sy/jewinol/610'buiysigndiaapos(efos

LSCOVC0C +€8€ Y 205 Y Subil Iiyd



Downloaded from https://royal societypublishing.org/ on 17 September 2025

boundary, such as the sharp turn of algae [73] and the change in phenotype of biofilm-forming
bacteria [69], dominate over other physical interactions.

Considering the challenges to accurately model boundary interactions, a more feasible way to
represent them at the bulk scale may be to encompass all of the above-mentioned effects in an
empirical boundary condition inferred from statistical data of particle scattering or entrapment at
the boundary [78,82,84]. For example, the sharp turnaround of algae [73,82] motivates a specular
reflection boundary condition [49,98],

Y(x,p,H) =¥, p+2(p- -nn,t), (4.2)

where particles bounce off the wall like a billiard ball with the angle of reflection equal to the angle
of incidence. This condition is popular among the recent work in continuum models [94,99,100]
due to its ease of implementation and admission to simple solutions such as a uniform steady so-
lution [81], but itis likely an oversimplification of the real scattering correlation between incoming
and outgoing angles, which often shows particles emerging at a fixed angle irrespective of the in-
coming angle [78,82]. In other cases, particles may emerge from the wall with a wide distribution
of orientation [84], which motivates a uniform random reflection condition in the limiting case.
The entrapment of some bacteria on the surface and their eventual formation of biofilms may
motivate an absorbing boundary condition. The effects of these possible limiting boundary con-
ditions on the bulk were explored in [97] in the context of a channel flow where the absorbing
boundary is simply represented by ¥ =0 on the boundaries for all orientations.

(iii) Boundary conditions for the particle density equation

As mentioned in §3c¢, the equation for the probability density ¥(x, p, t) in x and p can be further
reduced into an equation for the particle density n(x, ). The most basic boundary condition to
apply in this case is the no-flux condition, where the advective flux due to motility must balance
the diffusive flux, such that

n-(Vn-D-V,n)=0 on Q. (4.3)

Here, V and D can be modelled using the effective drift and diffusivity derived from the reduction
in the bulk (§3c), but using the bulk values would be an oversimplification, as particle trajectories
are modified by boundaries. However, given the aforementioned difficulties in accounting for the
exact interactions between the particles and the boundary, there is little work on how V and D
should be modified by the boundaries.

Besides the no-flux boundary, it is also possible to have an absorbing boundary at the macro-
scopic scale, given that particles can be trapped at the boundary at the microscopic scale physi-
cally or biologically. The condition has practical relevance in terms of biofilm formation, a phe-
nomenon detrimental to many systems such as bioreactors and catheters [101]. This will require
the boundary conditions to be updated to the form

n-(Vn—D-V,n)=—yn on Q, (4.4)

where y appears as an absorption coefficient. This condition renders the classical methods
founded upon no-flux boundaries cumbersome to manipulate [102], requiring different ap-
proaches [100,103,104].

5. Conclusion and outlook

In this work, we have presented the systematic derivation of a mean-field model for dilute active
suspensions from the microscopic dynamics of active particles and their far-field hydrodynamic
interactions. In particular, we have clarified the approximations required to reduce the N-particle
Fokker-Planck equation (3.1) to the one-particle mean-field equation (the DSS model). The ap-
proximations assume that suspensions are dilute (¢ — 0), and the probability of each particle
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configuration is independent of the others (¥y; = ¥1). However, as the mean-field model does
not account for volume exclusion between particles, it can lead to unphysical artefacts, such as
particle density singularities when modelling gyrotactic focusing [52]. Moreover, recent work on
bacterial turbulence has shown that the mean-field model is not sufficient for describing the full
dynamics of the system [16]. Even when the mean field is isotropic and homogeneous, fluctuations
may be correlated, leading to the emergence of bacterial turbulence [17].

We also briefly reviewed the approximation techniques for further reducing the high-
dimensional one-particle Fokker-Planck equation. One strategy, popular among soft matter
physicists, led to the ‘hydrodynamic’ equations for self-propelling particles [26,41]. Others pro-
vide an effective transport equation for particle density, assuming that the orientational distribu-
tion rapidly converges to a quasi-steady equilibrium [11,12,50]. However, one should exercise
caution when interpreting the resulting transport model, as some methods, such as the GTD
model, are based on the restrictive assumption of homogeneity in the global flow field. Fortu-
nately, with the advent of increasing computational power, direct numerical simulation of the
Fokker-Planck equation may soon become practical, with recent methods [50,94,99] tackling four
of the five dimensions in the equation.

To further develop the coarse-graining framework into a mature and quantitatively accurate
model for active suspensions, there remain several major challenges. Firstly, recent results on
phenomena such as gyrotactic focusing suggest that one should account for the finite volume of
the particles and their near-field interactions [52]. Although some analytical treatments for near-
field interactions between active particles in simple geometries exist [56], most studies on such
interactions rely on well-established numerical methodologies (e.g. [105]). There is also a trend
towards higher fidelity in near-field models, where particle geometries are increasingly complex
and the flow increasingly intractable. Therefore, developing coarse-graining frameworks that can
incorporate the numerical results of near-field interactions is a pressing challenge.

Secondly, there needs to be more development beyond the current mean-field model, which
the field has relied on since the early 2000s [11,12]. To include the volume exclusion effect and
better account for two-particle correlations, one could borrow techniques from the classical litera-
ture [33,59] on passive suspensions and extend them to active suspensions. Further improvements
may be made by considering three-body interactions and beyond, using the methods in §2b. Al-
ternatively, the neighbouring fields of plasma physics and self-gravitating matter may also offer
valuable lessons in modelling many-body systems with long-range interactions.

Finally, modelling particles close to boundaries remains a significant challenge. The physi-
cal interactions between individual particles and the boundary have received a lot of attention
[29,77-85], but the continuum modelling of these interactions is sparse. As the interactions occur
at the particle length scale, the particle density can form a microscale boundary layer. To sim-
plify computations, it might be necessary to further homogenize the boundary interactions into
an effective boundary condition at the macroscopic scale. Also, as biological microswimmers can
alter their behaviour close to the boundary [73], it may be more practical to adopt a data-centric
approach to the creation of macroscopic effective boundary conditions. Rather than establish-
ing the boundary interactions from physical principles, statistical data on particle scattering or
entrapment at the boundary [78,82,84] can be used to infer empirical boundary conditions for
macroscopic continuum models.

Aside from these key challenges, there are other important outstanding questions. For exam-
ple, biological swimmers are typically propelled by relatively long rotating or beating flagella, but
these may interact hydrodynamically and synchronize when in close proximity [106]. How does
one account for the effect of synchronization and indeed the complex flagellum-wall interactions
in a continuum model? In addition to the noise in orientation d,, bacteria also tumble randomly.
How does run-and-tumble motion, or more generally taxes, change near the boundary, and how
does one coarse-grain such a change in behaviour? In realistic microswimmer suspensions, swim-
ming speed and gyrotactic strength can vary widely in the population. How does polydispersity
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influence their collective dynamics [34]? These questions present additional challenges to the
coarse-graining framework described in this work.
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