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Abstract

We use the derived moduli of sections RSecyy,(3/€) to give derived enhancements
of various moduli spaces, including stable maps and stable quasi-maps, which are
compatible with their usual perfect obstruction theories. As an application, we prove
that G-theoretic stable map and quasi-map invariants of projective spaces are equal.
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Introduction

Statements of the main results. This work suggests a new approach to virtual push-
forward formulae via derived geometry. In the first part we explain how to obtain quasi-
smooth derived enhancement for certain moduli spaces of curves. These enhancements
encode both the classical and the virtual geometry of many well-studied moduli spaces,
such as moduli of stable maps and quasi-maps (see Sect. 2); in the second part we use
these derived moduli spaces to give a novel geometric proof of the following theorem.

Theorem 0.0.1 Let g,n,r and d be positive integers and let ng,n (P, d) and
Rég’n(]P” ,d) denote the derived moduli space of genus g, degree d stable maps,
respectively quasi-maps to a projective space P".

(1) We have a derived morphism
C:RMg (P, d) — RQ, (P, d)
and an isomorphism
O, .0y = Org, @ a) it Deon ROE, ).
(2) There is an equality of virtual structure sheaves

0©@:0% o0y =0g. @ a) " G0(Qgn @, d)). e

Consequently, G-theoretic stable map and quasi-map invariants are the same
(see Corollary 5.2.3).

The second part of the theorem generalises the already known cohomological result
(see [11], [47, Theorem 3] and [44, Proposition 5.19]):

10(©)«[Mg n (P, VT = [Qg (P, d)]'" in A (Qy.n (P, d)). )
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This shows that our statement is a categorification of (2).

The equality above is part of a family of results on wall-crossing formulae on
moduli spaces of quasi-maps. In [14] Ciocan-Fontanine and Kim provide a wall-
crossing formula for complete intersections in projective spaces and Zhou generalises
this to (certain) GIT quotients [67]. Recently, Zhang and Zhou proved the analogue
statement in G-theory [68]. These proofs rely on the construction of a clever master
space and localisation on this space.

Our strategy is new, since endowing the moduli spaces with a derived structure
allows us to give local geometric arguments while still carrying the information about
the virtual structures of these spaces. We first construct a contraction morphism ¢ (see
Theorem 0.0.1.(1)) at the derived level. Then, it is enough to prove the isomorphism
of the structure sheaves of the derived enhancement locally, which is easier. As the

. vir vir
virtual sheaves Oﬂg,n ) and Oég,n ) are shadows (see (4)) of the structure

sheaves ORﬂg_n(IP”, &) and OR@g.n (P .d)» Our result implies the G-theoretic statement.
The main part of our local argument consists in constructing compatible derived atlases
on the space of stable maps and on the space of quasi-maps.

The advantage over the classical situation is that local information can now be used
to obtain global statements: rather than having external information based on choices
of perfect obstruction theories, this data is now encoded in the geometry of the derived
moduli spaces. We hope that having a derived enhancement of the quasimap moduli
space will give a new perspective on wall-crossing and mirror symmetry.

In the following we introduce the moduli of sections (see Chang-Li [20, §2]), which
is the central object of study in this paper. Consider an Artin stack 9t with a flat, nodal,
projective curve € and a morphism of 91-Artin stacks 7 : 3 — €. For any test scheme
S — 9 the moduli of sections is defined as

Secon(3/€)(S — M) = {f : Cs > Zslas o f = idey},

for mg : Zg:=3 x9gn § — Cs:=C€ xgn S. In order to obtain a representable derived
enhancement of this space, we additionally need to require that the Artin stack 3 is
smooth relative to €.

M= sm};fi is the moduli space of genus g, n-pointed prestable curves and € is
its universal curve, we can take 7 : 3 — € to be a trivial fibration 3:=€ x93 X where
X is a smooth projective variety or DM stack. Then Secq, (€ x X /C) is the moduli
stack of prestable maps, containing as an open the usual moduli space of stable maps
to X (see Example 1.1.3). For nontrivial fibrations, this construction recovers moduli
of quasi-maps and twisted theories such as stable maps with fields (see examples in
Sect. 1.2).

In Sect. 1, we recall a construction of Lurie [42, 19.1] which gives a natural derived
structure, denoted by RSecq,(3/€), on the moduli of sections. Its relative tangent
complex turns out to be compatible with the perfect obstruction theory defined by [20]
and vastly generalized by [66] (see 1.2). For a precise statement, see Corollary 1.3.2.

The moduli space of curves on projective spaces (or more generally on toric DM
stacks) admits various compactifications, which are all substacks of a common moduli
of sections. As a map to the projective space P" is a line bundle with sections, the

) Birkhauser
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(underived) moduli of quasi-maps to P, denoted by ég,n(]P”, d), and the moduli of
stable maps, denoted by ﬂg,n (P", d), are both open substacks of a moduli of sections
over Pic = Pic, , ;,—the moduli space of line bundles over pre-stable curves. We
thus obtain derived structures on the moduli space of stable maps and quasi-maps,
denoted by R/\_/lg,n(]P’r ,d) and Rég,n (P", d) respectively. In [57] the authors define
another derived structure on mg,n(]P”, d), which is induced by a Hom-space over
Dﬁgfi. In Sect. 2, we prove that the derived structure in [57] and the derived structure
described above are the same (see Theorem 2.3.2).

Outline of the paper.

In Sect. 1 we review the natural derived structure on the moduli of sections and its
properties. We also investigate the case when 3 is a bundle (see Proposition 1.2.3).

In Sect. 2 we study in detail the cases of the moduli of stable maps and quasi-
maps viewed inside the derived stacks of sections. We prove that the two derived
structures—the one coming from the moduli of sections and the one from maps—are
equivalent (see Theorem 2.3.2).

In Sect. 3 (see Theorem 3.3.10) we construct the derived morphisms

~®r4l ~
(£

¢ : RSecq; (£%7+1/€) — RSecq /), 3)
where Pic denotes the stack parametrising pre-stable curves together with a line bun-

dle and Pic denotes the stack parametrising pre-stable curves without rational tails'
together with a line bundle. Over Pic we have a universal curve and a universal line
bundle:

£ — ¢ — Pic.

Similarly, over Pic we have a universal family

~

£>C— &]\31/c
The truncation of morphism (3) recovers the map
i Mg a(P', d) — Qg (P, d)

defined in [11], [47, Theorem 3] and [44, Proposition 5.19], which contracts rational
tails.

In Sect. 4 we prove that the pushforward by ¢ of the derived structure sheaf of the
moduli space of stable maps is the structure sheaf of the space of quasi-maps (see
Theorem 5.2.1). The main idea is to find compatible derived atlases on the two spaces.
On Rﬂg,n(ﬁ”’, d) each chart consists of a triple (W, F, 6), where W is a smooth
stack over ‘Pic, F is a vector bundle over W and 6 is a section of F such that locally
ng,n(IP’, d) ~ Z"(6). Here Z"(0) denotes the derived vanishing locus of 8. We

construct a similar atlas for ]R@g,n (P, d).

I Rational tails are trees of P! that do not have marked point. See Definition 3.1.1 for details.

) Birkhauser
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Historical note on derived algebraic geometry applied to moduli spaces. Mod-
uli spaces appearing in Gromov—Witten theory and, more broadly, in enumerative
geometry, are usually singular and they may have irreducible components of different
dimensions. To extract information about enumerative problems, such as various types
of invariants, one needs to integrate over these moduli spaces. As such spaces do not
carry a fundamental class of pure dimension, various techniques have been developed
to construct an ersatz.

Historically, Li—Tian [40] and Behrend—Fantechi [6] have proposed solutions to
the integration problem by introducing virtual cycles, which allowed cohomologi-
cal Gromov—Witten invariants to be formally mathematically defined. Using similar
techniques, Lee [38] constructed a virtual structure sheaf, which is key in defining
K -theoretical (or in fact G-theoretical) invariants. These constructions formalize the
objects used by Kontsevich in [36]. The definitions of these virtual objects are not
intrinsic; rather, they depend on the choice of a replacement for the cotangent com-
plex of the singular moduli space. The unworkable cotangent complex is replaced
locally by a 2-term complex of vector bundles: this is the perfect obstruction theory.
For many moduli spaces, the choice of this replacements comes from the geometry of
the original moduli problem.

In the seminal paper [36], Kontsevich proposed a different approach to solve this
problem via the notion of differential graded manifolds (or schemes), in short, dg-
manifolds. This idea was developed by Kapranov and Ciocan-Fontanine in [9] and
[10].

In [57], Schiirg—Toén—Vezzosi use derived algebraic geometry to give a more
geometric interpretation of these virtual objects. This idea is one of the numerous
applications of the field derived algebraic geometry developed by Toén—Vezzosi (e.g.
[60, 61], see [59, §3.1] for a nice overview) and by Lurie in [42]. The derived and dg
approach are related, but they are not equivalent (see [59] for the difference).

On the side of differential geometry, Joyce has developed parallel theories of d-
manifolds and d-orbifolds and closely related theories of Kuranishi spaces (see [28]
for a summary of d-manifolds, [30] for Kuranishi spaces). Central to the study of
moduli spaces are the ideas of derived critical loci [64], studied by Vezzosi, and the
parallel concept of algebraic d-critical loci introduced by Joyce [29], as well as those
of shifted symplectic structures [53] of Pantev—Toén—Vaquié—Vezzosi, applied to the
study of Donaldson—Thomas invariants by Brav—Bussi—Joyce [5]. Nowadays, many
works use derived algebraic geometry to study moduli spaces amongst them we recall
[1,4,7,31-34, 48, 49, 54]. Just as perfect obstruction theories, derived structures on
a scheme (or stacks) are not unique: they depend on a choice. In many cases there are
natural ones coming from the geometry.

Virtual structure sheaves via derived algebraic geometry. In this paper, we use
derived algebraic geometry to study the moduli space of sections. In the following
we sketch the way in which derived algebraic geometry recovers virtual objects. For
a derived stack RX, its truncation f5(RX) = X has a closed embedding or derived
enhancement:

j X — RX.

) Birkhauser
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Informally, RX and X have the same underlying geometric space, but the derived stack
is akin to a nilpotent thickening. If the derived stack RX is quasi-smooth, that is its
cotangent complex is cohomologically supported in (—1, co], its structural sheaf O
has only finite cohomology. We can define a sheaf class on X via

O;Eir,DAG::(j*)—l(ng € Go(%), @

where j, is the induced map between G-theory groups, which by dévissage is invert-
ible.

On the other hand, the derived enhancement gives a perfect obstruction theory for
X, as long as RX is quasi-smooth and X is a Deligne-Mumford stack. The differential
of the inclusion j gives a morphism

dj : j*Lrx — Lz,

which, under our assumptions, is a perfect obstruction theory [57, Proposition 1.2].
Using this perfect obstruction theory, we can follow the recipe of Lee [38] to construct

a virtual sheaf Ogr’POT for X. We get an a priori different sheaf on X. The equality of

vair’POT and vair’DAG in the G-theory of X is a deep statement, which was proved in
[7, MR, §5.4 and §5.5] (see also [54, §6]).

Historical note on quasi-map wall-crossing. The moduli of quasi-maps for a
toric variety was defined in 2010 by Ciocan-Fontanine and Kim in [11]. These moduli
spaces carry enumerative information closely related to the one of moduli of stable
maps, but with an easier geometry. Previous related spaces appeared in [46, 47]. The
definition of stable quasi-maps was generalised by many authors in [8, 15, 58]. One
of the main uses of quasimaps is in mirror symmetry (see [18, 23-25, 55, 68]). A nice
overview of the quasi-map theory can be found in [12].

Wall-crossing between quasi-map spaces has been extensively studied (see [8, 13,
14, 17, 18, 63, 67]). Wall-crossing is trivial for sufficiently Fano varieties and non-
trivial in the non-Fano case. This translates into no-mirror transformation in the first
case and a non-trivial mirror transformation in the second. In the case of Grasmannians
it is easy to obtain a statement using virtual push-forwards, giving a good geometric
understanding. For the more general case, we do not have an analogous proof of the
wall-crossing formula in [13]. We hope that derived geometry will shed light on this
case.

Further directions. We believe that our main theorem is part of a new strategy to
prove equalities between virtual objects. The strategy is:

(1) to construct a morphism at the derived level so that we have a morphism
between virtual structure sheaves, and
(2) to prove locally that this morphism is an isomorphism.

For more general statements, one needs to develop a more general machinery: we
expect situations in which we have a simple virtual push-forward theorem, but a more
complicated relation between derived structure sheaves.

) Birkhauser
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In terms of applications of such a machinery, it is natural to consider stable maps

and quasi-maps to a general toric variety X and to try to derive a relation between
(derived) structure sheaves. This is not straight-forward, as for a general X there is no
morphism

C:RMgn(X,d) —» RQ, (X, d).

On the other hand, it is possible to get an easy local picture.

We will treat these problems in future works.

Notation

e Everything is over C.
e For locally free sheaf £ on a space X (a scheme, stack, or derived stack) the vector

bundle of € is V(&):=SpecySym), £".

Let 991 be an Artin stack with a flat proper family 7 : € — 9% of relative dimension
1. For any morphism 4 — 971, we denote g : € — I the pullback of (7, €).
The most classical example would be 2T being the moduli of prestable curves,
denoted by 9, ,, of genus g with n marked points and &, , its universal curve.
We use R to mean a derived structure on a geometric object (for example RX),
and R (respectively L) a right (resp. left) derived functor, for example R f; (resp
Lf™*).

For X, Y, Z non-derived stacks Homy (Y, Z) are Hom-stacks (relative internal
hom) whereas Homy (Y, Z) are groupoids.

For X, Y, Z derived (or non-derived) stacks RHomy (Y, Z) are derived Hom-
stacks whereas RHomy (Y, Z) are simplicial sets.

For X a non-derived stack, F, G sheaves on X, Homp,_mod(F, G) is the
global Hom of sheaves. For X a derived stack and F, G complexes of sheaves,
RHomg, _4gm (F, G) denotes the simplicial set associated by the Dold—Kan corre-
spondence to the complex Hom® (F, G) defined as Hom' (F, g)::Hom0 (F, GliD.
Pic, p,a (or Pic for short) is the moduli space of prestable curves of genus
g with n marked points together with a degree d line bundle, more formally,
micg’n’d:zHo_mgmg." (€g.n, BGy x My ;). When we impose some stability con-
ditions, we will write Bic® (see Notation Sect. 3.1).

Mg,n (P", d) and ]R/Vg,n (P", d) are the (derived) moduli of stable maps of genus
g with n marked points to projective space P".

@g,n (P, d) and R@g,n(ﬂl”, d) are the (derived) moduli of quasi-maps of genus g
with n marked points to projective space P".

We use the notations M ., €, 4, Pic, PBic®, RU, RV, W, W, ... for all the objects
related to stable maps (for example prestable curve), that is objects where the
curve could have @ional tails. We put a “check” on the same kind of objects
§J/Tg,n, Eg,,,, ‘,]\Zs‘t/c Pic®, RU, RV, W L\ﬁ ... for all the objects related to quasi-
maps, that is without rational tails.

) Birkhauser
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1 Background on the derived moduli of sections

In this section, we recall the definition and basic properties of the derived moduli of
sections, also known as Weil restriction, constructed by Lurie in [42, 19.1]).

1.1 Derived structure of the moduli of sections

Let 9t be a (possibly derived) Artin stack, 7 : € — 91 a flat, proper morphism
of relative dimension 1. Let 3 be a (possibly derived) Artin stack with a smooth
morphism p : 3 — €. We have an co-functor 7, called the Weil restriction of scalars,
right adjoint to the base-change oco-functor 7* (and constructed for example in [42,
Construction 19.1.2.3]), that will be seen to preserve derived Artin stacks of locally
finite presentation as stated in [62]:

n*

—
dSt/om L dSt/¢.

TTx

Definition 1.1.1 [42, §19.1] For a derived Artin stack 3 ES ¢, we denote
RSecy(3/€):=7,3.

Proposition 1.1.2 [42, §19.1]

(1) The derived moduli of sections RSecyn(3/€) is the homotopical cartesian
product

RSecqy(3/€) ———— M

L I s)

RHomgy (€, 3) — RHomgy (€C).

where q is induced by composition by p : 3 — Cand i is given by the identity
morphism.

(2) If 3 — Mis a locally almost finitely presented (relative) 1-Artin derived stack
with quasi-affine diagonal, then RSecyy (3/€) — Mis a locally almost finitely
presented 1-Artin derived stack, with quasi-affine diagonal.

(3) If 3, €, M are classical (non derived) stacks, the truncation

Secon(3/€):=t0 (RSecyn(3/9))

is given by the functor Secgn(3/€) : (Sch/9M)? — Gpoid taking sections of
3 over €, that is:

Secon (3/ON(T — M) = {S :Cr:i=T xon € - Z7:=Cr X¢ 3|pros = idCT}
=H0mCT(CT, ZT)

) Birkhauser
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where pr: Zt — Cr is the projection induced by p.

Example 1.1.3 (Moduli of stable maps) Let € . 9 be the moduli space of pre-stable
genus g, n-pointed curves with its universal family. Let 3 = € x X for a smooth
projective variety X. Then

Secon (€ x X /€) = Homgy (€, M x X).

For any choice of effective class §, the moduli space /V(X , B) of stable maps to X is
then an open substack of the moduli of sections Secqyy (€ x X /€). Similarly,

RSecqn (€ x X/€) = RHomgyy (€, M x X).
The usual derived enhancement of the moduli of stable maps [57, Section 2], denoted

RM(X, B), is the unique derived structure on M(X, B) which makes the following
diagram homotopy Cartesian

MX, pye———RM(X, B)

Secoy (€ x X /&) RSecgy (€ x X/€).

Remark 1.1.4 The stack RSecqy(3/¢) is in general a derived stack even if (9, €, 3)
is a triple of classical stacks.

We also record here the following functoriality result, which we will use in Sect. 2.
If we have stacks 3, — 31 — € — 90, we can take sections of 3 — € by passing
through sections of 3; — € first.

Proposition 1.1.5 Consider

3 —— 3

R ¢ n ©)
I

m
with 31, 32 as in Definition 1.1.1. For i € {1, 2}, we form the moduli of sections
G;:=RSecyy(3;/€) — M

with their universal curves w; : €, — &; and evaluations ev; : €, — 3;. We can
also form the moduli of sections over S| of the morphism q:

Gr:=RSecg, (e, x4 32/Ce)).

) Birkhauser
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Then &) and éz are derived equivalent as derived stacks over .

Proof To fix ideas and notation, consider the following diagram

o 3
0|
32 x3, €, 31
]
@gz > @gl > €< Q:@z

e [ ]

Gy — &) = RSecqn(31/€) —> M +— &,

~_

7

The composition pry o €v gives an evaluation map €z , = 32 over €, which in turn

defines a morphism f : éz — &,. For simplicity, we consider f a morphism over
&1, where the map r : G, — G is that corresponding to the evaluation ev o g. The
classical truncation of this morphism is an isomorphism, as proved in [19, Lemma
A.1.2]. Moreover, the differential of f induces an equivalence of tangent complexes
(we anticipate here the formulae of 1.3). We have a distinguished triangle

Te,/e, = Te,m = R°m24ev3T3,/¢ = r* T, m = R°m2,4ev5¢™ T3, /¢
which we can use to identify Tg, /s, with R®m3 xev3T3,/3,. On the other hand,

~ — [ Jasd o3k _ [ Yol ~ % *
TGQ/G] = R°my .ev T32X{%1¢61/€61 = R*my«ev” priTs,/3,

So the result follows by identifying r o f : S, — & with the structure morphism
of &, = RSecg, (€, xgl 32/€s,) — &1, which is simply the observation that the
square

30— 3

pri oe~vT evlT

@@2 — Cg,
of the big diagram is commutative. O

1.2 The linear case: 3 is a vector bundle
We will now consider the important special case where 3 is a linear stack. As we will
see, this case covers many disparate constructions: moduli of stable maps to projective

spaces (see Sect. 2.3), and more generally to varieties which are GIT quotients by linear

) Birkhauser
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groups, as well as moduli spaces of quasi-maps (see Sect.2.4) and moduli of stable
maps with fields (Example 1.2.5). In this case, the derived moduli of sections is an
affine stack over its base.

We start with a review of the classical (non derived) construction. Let 3 =
V(&):=SpeceSym(E) for £ a locally-free sheaf over €. As proved in [20], sections
of V(&) over 91 are an affine scheme, in fact an abelian cone:

Secan (V(E)/€) = SpeconSym(R! 7. ® wy).

Indeed, let f : T — 9t and f: Cr — €, by Serre’s duality and flat base change we
have

Secon (V(E)/E)(T — M) = Home, (Cr, f*E)
= Homo, —mod R' 774 F*E¥ ® 0y, Or)
= Homo, —modR' 774 f¥(£” ® wz), Or)
= Homo, —moa(f*R' .Y ® wx, Or)
= SpecopSym(R!' 7,Y ® wy )(T — IM).

Example 1.2.1 (Hodge bundle) For 9t = smgfi, the moduli of pre-stable curves, the
Hodge bundle $ is the cone of sections

Secon (V(wy)/€) = SpecgrSym(R! 7, O¢).

This is a vector bundle of rank g, since ROz, O¢ = Ony.

Example 1.2.2 (Stable maps with fields) Let X = Mg,,,(x , B) with its universal fam-
ily

(mx,evy) 1 €y > X x X.

Let £ be a locally-free sheaf over X. The moduli space of stable maps with fields in
E =V (&) — X (see [19, 20, 51]) denoted XE can be seen as

xF = Secy (V(eviE” ® wey/x)/€x) = Specy Sym(R' wx.evi).
We will now cover the general case where 3 is a derived vector bundle, that is
3 = V(&):=RSpec, (Sym(£Y))

for £ € Perf=%(Oy).
In this specific case, the derived space of section is itself a derived vector bundle.

Proposition 1.2.3 Let 3 = V(&) for € as above. Then

RSecyy (V(€)/€) = RSpecy Sym((Rmx4E) ™).

) Birkhauser
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Fj[oof Let f : T = RSpecA, — 9 be an affine derived scheme over 9t with
f:Cr:=T xgﬁ ¢ — ¢ the induced map and w7 : Ct — T the induced projection.
From Definition 1.1.1, we have

RSecqy (V(E)/E)(T — M) = RHomyz (Cr, V(LF*E)) XRHomy (Cr.cr) T
= RHoch (CT, V(LJ/C\*C‘:))
= RHomOCT—dgm(OCTsLﬁkg)'

The second line follows by [41, 5.5.5.12]. On the other hand,

RSpecy Sym((Rrx+&) ") (T — M) = RHOmOy, —cdga (Sym((R7x.)Y, R £ O7)
= RHomOT—dgm((Lf*RT[X*g)va Or).

By flat base-change,
RHomo, —ggm (Lf*R72.8)", Or) = RHomo, _ggm (R, LF*E)", Or).
By the sheafified Grothendieck duality statement of [50, Corollary 4.4.2],

RHomo, —gem (R7,LF*8)Y, Or) = RHomo, _gem (R7sRHomc, (LF*E, wzy), Or)
= RHomo, —ggm (R774 (LF*EY ® wry), Or).

By the global duality statement of [50, Theorem 4.1.1],
RHomo, —ggm (R774(L*EY ® wr; ), Or) = RHomo,, —dgm (LF*EY ® Wy, w3 Or).
So finally,

RHomo,., —dgm (LF*EY ® wnp, 1y Or) = RHomo,, —dgm (LY @ wrp, wry)
= RHOH](QCT —dgm(OCT s L]?*g)
[m}

Example 1.2.4 (Derived Hodge bundle) The derived version of the Hodge bundle of
Example 1.2.1 is

R$ = RSecon(V(r)/).

In [7, Theorem 5.4.2] (see also [54, § 8.1]), we have a deformation from this
derived bundle to

9 xon Adp[—11.

The latter consists of the usual Hodge bundle in degree 0 and a trivial line bundle in
degree 1.
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Example 1.2.5 (Derived stable maps with fields) Keeping the notation from Example
1.2.2, we define the derived version of the moduli space of stable maps with fields.
We have from Example 1.1.3 a derived enhancement of the moduli of stable maps to
X, R%::ng,n with a universal family 7rx, evrx : €rx — RX x X. The derived
enhancement of the moduli of stable maps can be constructed as

RxE = RSecpy (V(eviE' ® wepy/rx)/Crx) = RSpecpy Sym(Rary, eviE[1]),

the second equality coming from Proposition 1.2.3 and Grothendieck duality.

Remark 1.2.6 The formation of the derived definition of the moduli of sections com-
mutes with flat base-change, so for a flat morphism £ — 9t we have

RSecy (V(Ey)/Cy) = L xgn RSecon(V(£)/€).

1.3 Tangent complex and perfect obstruction theory

Recall that for a derived Hom-stack H:=RHom (Y, Z) we have a universal family

Hxly 27

rm

H

and the relative tangent complex T, x is given by the following simple expression
(see [10, Thm 5.4.8] or [57, p.13] or the proof of [48, Prop.4.3.1] or [16, Proposition
B.10.21]):

TH/X = RTL’H*LGV}}TZ/X. (7)

Applying this fact to the diagram in Definition 1.1.1 allows us to compute
TRrsecyy (3/¢)/om- The cotangent complex of a Weil restriction is also computed in [42,
§19.1.4].

Theorem 1.3.1 [42, §19.1.4] Let RG:=RSecy,(3/€), as per our convention we have
rRe: Cres = RS Xgﬁ ¢ > RS and evigs: Crs — 3.

TrSeco(3/¢)/m = RareLevesTs/e.

Using the well-established relationship between quasi-smooth derived enhance-
ments and perfect obstruction theories, we obtain the following.

Corollary 1.3.2 (c.f. [57, §2.2]) If 3 — € is a smooth Deligne—-Mumford (not derived)
stack,

&:=Secy (3/€) = 1o(RSecyy (3/€))
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has a relative perfect obstruction theory in the sense of [6] given by

Te/m — EG/{U{::RT[G*CV% T3¢.

2 Derived structure on stable maps and quasi-maps

There are several ways of constructing derived moduli spaces of maps to a quotient.
The rest of the paper is concerned with maps to projective space P". Below we describe
the construction of the stacks of prestable curves with line bundles, stable maps and
quasi-maps to projective spaces as particular cases of the moduli space of sections.

2.1 Background on the classifying stack BG,

We first recall the following algebro-geometric description of the classifying space
of line bundles, which is representable by a smooth algebraic stack of locally finite
type by [39]. The classifying stack of line bundles, or equivalently G,,-torsors, is the
quotient stack BG,;, = [¢/Gy,]. By definition a morphism T — BG,, is given by
Cartesian diagram

1

T — BG,,

where the vertical morphisms are G,,-torsors. The universal G,,-torsor over the clas-
sifying stack B(G,,, is the quotient morphism ¢ — B(,,. The associated universal line
bundle is [A] /Gyl = Al X@,, ® = BGyy, sothat aline bundle L — T is a pullback

L — [A'/Gn]

l

T —— BGy,

Finally, as first observed by Lafforgue, and shown in the derived setting in [37, Propo-
sition 3.2.6], [A!/G,,] is the classifying stack of line bundles together with a global
section, since given T — BG,,, the dashed arrow in the following Cartesian diagram
is equivalent to specifying a section of L:

L — [A!/Gp]

L1

T ~—— BG,

By the same token, [A"/G,,] is the stack classifying a line bundle together with r
global sections.
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2.2 Prestable curves with a line bundle

The stack parametrizing prestable curves with a line bundle can be viewed as an
example of a derived moduli of sections. We require line bundles to be sufficiently
ample when restricted to unmarked components, this slight modification simplifies
the arguments of Sect. 3.

Let M = zmgfi be the moduli space of pre-stable genus g, n-pointed curves with
universal curve €. Consider the moduli space Pic®;:="Pic", , ; parametrizing pairs
(C, L) of apre-stable curve and a line bundle of degree d with the additional “stability”
conditions

ey

a)lcog (X)L@’3 >0

where a)lcog is the canonical bundle of the curve twisted by the sum of the n
marked points.

2
deg(L)|c; =0

on all components C; of C.

This is an open substack of the usual stack of curves with a degree d line bundle,
denoted by Pic®,.

Then Bic®,; and an open substack of the derived moduli of sections of € x BGy,,
that is

Pic®; C RSecop (€ x BGy, /€).
The pullback of the universal curve over Pic® ; is denoted as usual by ;s , : Copies, —

Pic® ;. The universal section induces an evaluation £4 : Cpis , —> BGy. By Theorem
1.3.1, the relative tangent of the morphism PBic®; — 9N is

Topics,jom = Ragies Ly TG,
= R”‘Bicsd*oemcsd [1]

Pic®; — M is a smooth Artin stack of relative dimension g — 1.

2.3 Stable maps to P" as sections

From Example 1.1.3, we can construct ng,n(ﬂl”,d) as an open substack of
RSecg (€ x P"/€). Then Theorem 1.3.1 recovers the usual formula

_ _ k
Tert, @ .aym = RTex, @ a0/ TP
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where f : CRﬂg’n@r’ F e IP" is the second component of the universal evaluation

eVng’n P ,d):

On the other hand, we may view degree d maps into P" as (an open substack of)
sections of » 4 1 degree d line bundles over a curve. With notation from Example 2.2
we can define the universal bundle of Jic*; as the pullback of the universal bundle
[A! /G, ] over the classifying space BG,, = [¢/G,,]:

L4 — [A'/Gy]

l |

4
Cpicc, —— BGp.

The corresponding locally-free sheaf is denoted by £,. In the non-derived setting,
this is indeed well-known that we can think of stable maps to projective space as an
open substack of the moduli of sections of line bundles:

Men(®".d) C Seegyer, (S5 /€y, )-

This description gives rise to a perfect obstruction theory relative to 3ic®; which has
been proved to be compatible with the usual one (see for example [11, 20]). In the
discussion below, we strengthen previous results by proving a derived statement (our
Theorem 2.3.2) which easily implies the classical one (Theorem 2.3.4).

Lemma 2.3.1 The derived stack of sections RSecon(€ x P /€) is an open substack
of R&‘Bicsd (S?r + /€spics, ), the derived stack of (r + 1)-tuples of sections of the
universal bundle of Pic*,.

Proof By definition, £2" "' = Cyis, X(e/G,1 [A7T/Gy]. Since P* = [A"F!\
{0}/G,,]is open in the global quotient stack [A"*!/G,,], then at the level of derived
moduli of sections we obtain an open immersion:

RSecysies, (Cpict, X(o/Gul P /Cict,) C RSecqsies, (L7 /Copics ). ®

Finally, can identify the derived stacks of sections RSecq;s (€gpics, X[o/G,]
P" /&qsies ) and RSecqy (€ x P /&) by applying Proposition 1.1.5 with 31 = € x BGy,
32 =Cx Pr. O

So far, we have two ways of obtaining a derived enhancement of Mg,n P, d):

e RM, ,(P", d) obtained from the open immersion M, , (P, d) C Secqy (€ x
P /©) and the enhancement Secgy (€ x P /€) — RSecon (€ x P"/€), or
e R'M ¢.n(P", d) obtained from the open immersion M, ,(P", d) C &%csd

(£§r+l/€mics ,) and the derived enhancement Secyics, (EZB’“LI/ Cpic,) =
RSecqyes, (€% /€pies, ).

We will see below that these two enhancements are equivalent, thus we use the notation
RM, ,(P", d) freely for either of them.
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Theorem 2.3.2 The derived enhancement R/Vg,n(]P’r, d) and R’Hg,n P",d) of
mg,n(Pr , d) described above are equivalent derived stacks.

Proof The proof easily follows from Lemma 2.3.1 and the fact that given an open
substack i : X — Q) and a derived enhancement 9) of 9), there exists a unique (up to
derived equivalence) derived open substack 7 : X — ) enhancing i.

More explicitly, observe that the open immersion

M (P, d) C Secyies, (£5 ! /Cpies,)
factors as
M n(P", d) C Secyies (€pics, X[o/G1 P/ Cipics,) C Secqies, (€ /i)

and by the proof of Lemma 2.3.1 the middle space has equivalent derived enhance-
ments RSecqyis (Cqpies, X[o/G,1 P/ Eopics,) and RSecyn(€ x P'/€). Moreover,
RSecqsics, (Copic, X (oG, P/ Eqpics,,) s also equivalent to the enhancement of its clas-
sical truncation coming from

Secqsies, (€spic, X[o/G1 P/ Copics,,) C Secpics, (&% /€pis) <> RSecqyies ; (Lo /i)

by Eq.8. This shows that there is a unique derived enhancement R/Vgﬁ(]P” ,d) of
Me.(P", d) that is open in both RSecyy (€ x P"/€) and RSecqyes (£ /&)
]

From this discussion, we can write a point in ng,n(IP’r, d)as (C,L,sq,...,sr)
where C is a genus g, n-marked prestable curve (we suppress the notation for the
marked points), L is a degree d line bundle on C and so, . .., s, are sections. In this
notation, the stability conditions of stable maps translate to the following.

Definition 2.3.3 (Stability conditions of stable maps as sections)

(1) The bundle a)lcog Q L®is ample, which is a condition on the pair (C, L) already
present in ic®,
(2) The sections (sg, ..., s;) have no common zeros.

Corollary 2.3.4 There is a forgetful morphism /Vg’n (P, d) — Pic®, sending
(Cs L,S(), "'7Sr) = (C9 L)'

The morphism is quasi-smooth with dual perfect obstruction theory

" . _ °__ @r+1
M@ aypicy = Bl aymic, = R0, @ L5, , 0 a)

where Eﬂw @ .a) S the locally-free sheaf on Cﬂg,n(w, ) obtained from the map into

Bic® ;. This perfect obstruction theory is compatible with the usual perfect obstruction
theory of stable maps in the sense of [43].

Proof This follows from the discussion above and Corollary 1.3.2. O
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2.4 Quasi-maps to P" as sections

We have another way of understanding maps of curves to P, by relaxing the concept
of map and allowing a linear system (L, so, ..., s;) onacurve C to develop some base
points. Consider ‘Pic; = Pic, , 4 the usual stack parametrizing genus g, n-marked
pre-stable curves with a degree d bundle without stability conditions. Let €, £4
denote the universal curve and universal bundle respectively.

Definition 2.4.1 (Stable quasi-maps[11, Definition 3.1.1])
Qen(P,d) C Secqy (L5 /Epic,)

is the open substack defined by imposing following conditions on each geometric fiber

(1) (non-degeneracy )The linear system (L, sg, ..., s;) has finitely many base
points away from the nodes and the markings of C.
(2) (stability) The line bundle wlgg ® L®€ > 0forany € € Q..

The derived enhancement Secgs;, (Sff’“ /Cpic,) — RSecqy, (,ﬁf}a”rl /Copic,) gives

a derived enhancement Qg,,, P, d) <y R@w (P", d). The usual perfect obstruction
for the moduli of quasi-maps (e.g. [11]) comes from this derived extension. Indeed,
the computation in Theorem 1.3.1 shows that

T@g,n (Pr,d)/mic — j*TRég,n(Pr,d)/mic = RT[* f*o]pr (1),

where as usual w and f are the universal projection and evaluation respectively
from QR@“(W 4)- We will see in the next section a slightly different construction

of @g, #(P", d) that yields an equivalent derived enhancement.
3 Stable maps and quasi-maps to P"

In this section, we construct a morphism between the derived enhancement of the
moduli space of stable maps to P" and of quasi maps that is

¢ RMg (P, d) — RQg (P, d).
We prove that

— . b by
C*ORﬂg,n(Pr,d) = OR@g,n(Pr,d) m DCoh(RQg,n(]Pr? d)).

3.1 Revised notation

From here, we will adopt a slightly different notation from that of the preceding
sections in the interest of clarity. Let 901:=90, , denote the moduli space of genus
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g pre-stable curves with n marked points and let # : € — 9T denote its universal
curve. Let Pic*:=Pic*, , ;, denote the moduli space defined in Example 2.2 and let
7 : € — Pic® denote its universal curve. Recall, that Bic® parametrizes pairs (C, L),
with C a prestable curve in 9T and L is a line bundle of fixed degree d over C subject
to the stability conditions in 2.2. Then we define € by the following cartesian diagram

¢ — [
ok
Pic® — M.

Notice that € — 91 is flat so that the stack fiber product is also the homotopical
fiber product. Let £ over € denote the universal bundle so we have

£ —5 ¢ Iy Picc — M. )

Definition 3.1.1 Let C be a point in 9. A rational tail T in C is a maximal tree of
rational components without marked points and such that ' N C \ T is a point.

Let Mt denote the moduli space of pre-s stable curves of genus g with n marked
points without rat10nal tails. Let  : L’l —s 9% denote the universal curve. In [11,p.12],
the authors prove that M is an open substack of finite type in 971, with universal curve
isomorphic to the restriction of € to i

Let ‘Ih/c denote the Cartesian product

‘1\3i/c — Pic
U
m —— M.
A closed point in ‘ft/c is a pair (C, L) of a marked pre-stable curve with no rational

tails and a line bundle.

Definition 3.1.2 As in the case of Pic® let ‘5;5 denote the substack of ‘El/c with the
additional stability conditions:

(1) for any € € Q. , we have
a)lf)g [ Z®€ > 0,
c
Here wlcf)g denotes the dualizing sheaf of the curve twisted by the sum of the

n marked points. _
(2) on all components C; of C, we have

deg(L)|g, = 0.

) Birkhauser



40 Page20of 46 D.Kern etal.

We have that ‘gi?s is an open substack of ‘}\3;
We define € as the following fiber product

We have a universal line bundle, denoted by Lover €. Asin (9), we have the following
morphisms.

E—>E—>‘f¥i€s—>9\ﬁ. (10)

3.2 Quasi-maps are defined over %s

In Sect. 2.4 we defined

RQg (P, d) C RSecqy (L% /&pio). (11)

Given the definitions of this sections, we have a new substack ‘fi?s C Pic. The
stability conditions of quasi-maps imply that the source curve cannot have rational
tails. So the morphism Rég,n(IP’r ,d) — PBic factors through ‘}\31/c Moreover, the
stability conditions of Rgg,n(IP’, d) imply those of Definition 3.1.2, so we obtain a

morphism RQ,, (P, d) — Pic* C Pic.
By Remark 1.2.6, we have that

~®r+1 > —
Rﬁﬁs(ﬁ ' /&) = Pic® xfjm Rﬁmic(g@”l/@%c).

So the open embedding in (11) factors through an open embedding Rég) (P, d) C
- 1 ~
RE@? (£®r+ /€). We state the implications of this below.

Proposition 3.2.1 The moduli space of quasi-maps @g,,, (P", d) has a forgetful mor-
phism to the stack ‘}?i?s of pre-stable curves with no rational tails with a stable line
bundle (Definition 3.1.2). Over ‘fl?‘ it admits an open embedding into the derived stack
of sections Rﬂﬁs (ivl@r—H / E). This endows Qg, 2(P", d) with a derived enhancement

Rég, n (", d) which is compatible with the derived enhancement from Sect.2.4.
In particular, this derived enhancement recovers the canonical perfect obstruction
theory of the moduli space of quasi-maps.
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3.3 Derived morphism between stable maps and quasi-maps

In this subsection, we want to construct the following.
(1) A commutative diagram

7 12)

which relates (9) and (10).
(2) A morphism (see Proposition 3.3.10 below)

_ ~@r+l >
¢ : RSecqyen (£57F1/€) — RSec (87 /€)

that restricts to a morphism RM (P, d) — RO(P", d).
3.3.1 Construction of contraction morphism ¢ : 9t — m

Recall that in [52, proof of Thm 7.1] or [45, Prop 2.3]) one can construct a non
separated” morphism

c:IM—->M
which contracts the rational tails. For S — 901,

c:IM— M
(Cs.8) > (Cs. 9)
where 55 is the family Cg with rational tails contracted in each fiber. Recall that €

(resp. €) is the universal curve of 901 (resp. 9T). Moreover, we have a commutative
diagram which is not Cartesian

&
[ 3

2 This morphism is not separated because, the trivial family P! x Al \ {0} — Al \ {0} can be completed
at {0} by P! or the blowup of the trivial family in any number of points in the special fibre.
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Notice that ¢ is a birational morphism.

3.3.2 Construction of contraction of tails morphism ¢ : Pic® — Pic®

Recall that we have (9),
£ — ¢ T Picd — M.

Let 1™ be the divisor in 9T where the curve has rational tails. We obtain a divisor
D on € by pulling back 9™ to ¢ and taking the irreducible components of each fiber
which correspond to rational tails.

Example 3.3.3 Consider a trivial family of smooth curves C x A — Al  and let
p € C a closed point. We can obtain a family of curves with rational tails C =
Bl,x0)(C x AY) — Al Then the divisor of rational tails on C is the exceptional
divisor E, which is an irreducible component of the pullback of the divisor 0 € A!.

Definition 3.3.4 Let denote ® be the divisor in € described above. By considering the
restriction of the universal bundle £ on ® we can split the divisor into

such that £|p, has degree §;. We write §© for ), §;D.
We first define ¢ : Pic® — q?i?s at the level of points (see [45, §2.2]). Let (C, L) €
Bic®. Let T; be the rational tails of C and let §; denote the total degree of L on T;.

Notice that ) ; 8; = deg(L|y,T;). Let C be the closure of C\U; Ti. Let Q; denote the
point 7; N C. We define

L:=L|z(} 8 Q0.

In families we proceed similarly: let § — Pic® with a family of curves Cs — S and
a line bundle Lg. We define Cs:=¢(Cs) contracting rational tails. We put

Ls:=L|s (D),
and we obtain a morphism

¢ : Pic® — Pic®

(Cs, Ls) + (Cs, Ls).
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To show it factors as the required morphism
¢ Pic® — PVic®

we need to check that the following are true:

(1) If L has non-negative degree on each component of C, then L has non-negative
degree on each component of C.
) If a)lcog ® L®3 > 0, then a)lgg ® L® > 0foralle € Q..

The first statement is clear. The only case where the first condition does not immedi-
ately imply the second is that of a genus O component C; with less than two marked
points. The first condition then requires that the degree of L|c; is at least 1. Note that

~ . log .
any component of C has at least one marked point, so the degree of a)cf)g is greater or

equal than —1. This shows that the degree of Ijlg(ci) is at least 1 and thus the claim.
We thus get the following commutative diagram

Pic® —<5 Pic*
l | (14)

9)2;)9\7/1.

3.3.5 Construction of the morphismk : ¢ — ¢
As €:=€ xgp Pic® (resp. E::E X557 fi?s) and the Cartesian diagram (13), writing all

the diagrams, we get the morphism k : € — € such that the following diagram is
commutative

Pict — Pic® (13

3.3.6 Construction of the morphism £ — Iy

We can decompose the morphism k as £ o k as in the following diagram:
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e K*EF—MV)
LTl
¢ Ly ¢ Ly ¢
lv (16)

Notice that 77, = and ¢*7 are projective, so k is projective. As « is birational and
L(89) is trivial on rational tails, we have that

Rk, L(5D) = 0.

Then R, £(8D) is a line bundle on c*C. (See [52, Lemma 7.1 and p.652-654].
Claim 3.3.7 We have that

R, L(5D) = ¢*L.

Proof of the claim 3.3.7 As « is birational, the two sheaves are isomorphic away from
the tails. On the tails, both are trivial. On a smooth atlas of ¢*€, they are isomorphic
away from the locus where the tails are attached to the curve which is of codimension
2. We deduce the statement. O

Remark 3.3.8 At the level of sheaves we have:
L — L£(8D) and by adjunction «*k, L(8D) — L(5D).

Notice that k*k, L(6D) = L(8D) because both are isomorphic outside tails and
trivial on tails. Finally, we get a morphism from

L — LOD) = ¥k, L(6D) = k**L,
which leads to a morphism £ — «,£(89) = ¢* £ that fills the diagram (16).

3.3.9 Construction of the morphism € : RSecyy;, (g0 > RSec (2 /¢)

Theorem 3.3.10 We have a morphism

¢+ RSeay (8%7+1/€) — RSecyr @),

Moreover, the restriction of ¢ to R/\_/lg,,, (P", d) factors through
~@®r+1

ROy (P", d) C RSecyn (£ /®),
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giving a morphism, denoted by the same name,
¢:RM, (P, d) — RQ, ,(P", d).

Proof Multiplication by the canonical section gives a morphisma : £ — L(§9). We
have the divisor exact sequence

0—> L—> L(BD) = L(§D)|sp — O a7

over Pic®.
The morphism a of sheaves induces a morphism £ — £(8®) of total spaces, which
induces

RSecqyes (£/€) — RSecqys (£(8D)/). (18)

Now recall the locally-free sheaves

LD) — RO, L(6D) = ¢ L

! !

¢ —*K ¢
\ lc*ﬁ
Pic®

and let «, £(69) denote the total space of RO, £(8D). There is an equivalence

R&%ics (£(89D)/€) = Spec;mcsSym((Rn*ﬁ(S@))v)
~ SpecmicsSym((R(c*ﬁ)*K*L(SD))V)
= RSecqys (k: £(5D) /c* ). (19)

This equivalence is simply a restatement of the fact that the sections of the push-
forward of a sheaf on an open are sections of the original sheaf on the preimage. Then
by claim 3.3.7 and (19), we have

RSecqyes (£(8D)/€) = RSecyyes (6 £(8D)/c*€) = RSecqes (€ £/ D). (20)
Now we just have to construct a morphism
RSecqy (¢*£/c*E) — RSec (£/9).
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Let us consider the cartesian diagram

(—(G(

c*e —>€
p=c*ﬁl

Pics — Pics.
By cohomology and base change, we get an isomorphism
Rp*E*Z — c*Rﬁ*Z,
that is we deduce that at the level of spaces, we have
RSecqss (£ (89) /€) = ¢*RSecyis (£/€) = RSecqys (€7 £/c*€).
By composing, we deduce a morphism
RSecyyes (£(8D)/€) = c*RSecyzs (£/€) — RSecy (£/€). @1
Composing (18) with (21) we get a morphism

RSecyyes (£/€) — RSecqes (£(3D)/€)—RSecyzrs (£/0).

By applying the same argument to £&" !, we deduce the desired morphism ¢

- c ~Or+l >
RSecq; s (L¥F1/€) —— RSecm (L7 /0) (22)
Pic® - ‘ﬁi?s.

Now we are left to check that the restriction of ¢ to R/Vg,n(P’, d) takes image in
R@g)n(]ly, d). We can check this on points, let (C, L, sg, ..., $;) € ng,n(ﬂ’”, d).
We need to see that stability conditions of stable maps on (C, L, s, ..., s;) imply
those of quasi-maps on ¢(C, L, sg, ..., s;). The conditions ab\oBt the ampleness of
the bundles, are already checked at the level of ¢ : ‘,Qics — Pic®. We only need to
show that if (L, so, ..., sr) has no base points, then (L, 59, ..., 5,) has finitely many
base points away from markings and nodes. Let Q; be the attaching nodes of the
rational tail 7; on C. The only base points that are acquired by applying ¢ are on the
images of the Q;s in C, but these are smooth and unmarked points of C.

Thus we have a well-defined map given by the restriction of 22, which we will still
denote by the same name:

C:RMg (P, d) — RQ, ,(P", d).
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4 Local embeddings

The idea of this section is to control the map ¢ locally. In this section, by a slight abuse
of notation we also denote by ¢ the restriction/ base-change of ¢ to various charts of
RMg (P, d).

For any point £ € Rﬂg,n(ﬁ"’, d) we construct

(1) RV —» Rﬂgyn (P", d) an étale neighbourhood of &,

2) RV — Rég,n(]P” ,d) an étale neighbourhood of g::E(S ), where the map
¢:RV — RV is the base change of € : RM, (P, d) — RQ, (P, d),

(3) A smooth Deligng—Mumford stack W and a smooth scheme W with a mor-
phism g : W — W which is proper and birational,

(4) avector bundle F on W together with a section 6 such that

e the homotopical zero locus of 8 is RV,
e the homotopical zero locus of g*6 is RV.

Letus sum up the situation in the following diagram, where each square is Cartesian.

RV > W
r I_h q
N A
R r—> w
L 0 (23)
W —— F
q
~ Lh \ v
w > g*F
q*0

Practically, we have that
RV = Z"(0) and RV = Z"(¢*0).

Notice that the right and bottom squares are homotopically Cartesian by [56, Lemma
08I6].
We will construct a different collection of open stacks: RU C RSecqys £+,

- - 1 ~ -
and RU C R@ﬁs (2®r+ /). We will also construct i/, I/ smooth stacks such

that RU and RU sit inside them as a derived vanishing locus. These are all moduli of
sections with aminor stability condition. Later, by imposing the full stability conditions
for stable maps and quasi-maps respectively, we will obtain schemes RV, W and RV,
w.
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4.1 Constructions

For any point (C, L, ..., 5,) € RO ,(P", d), let BL(¥) = N/_,Z(5;) be the base
locus of (3q, ..., ). By construction, R@g,n(P’, d) comes with a universal curve, a
universal line_bundle over it and a universal (r + 1)-tuple of sections &. We have that
BL(G) — RQ, ,(P", d) is a finite morphism.

Fix a closed point & € Rﬂg,n(ﬁ"’, d) and ¢ = (C',L,¥) its image in
Rég 2(P", d). We construct here some open substacks of the moduli of sections

RSecyy; s (£ /€) and RSec (S / &) containing & and £ in respectively. Later
on, we will impose stability COIldlthIlS on these opens.

Construction 4.1.1 (Construction of the DM sEtgks W, RU and l\Ij ]le) The first
step will be to choose an open substack i c PVic® containing the point (5 L ) and
a divisor A on the universal curve ¢ that behaves nicely over U. These choices will
depend on the choice of the quasi- -map E and not just on its source curve.

By the stability conditions on ‘,Blc the line bundle wy; ® £ is 7- -relatively ample.
After replacing wy ® Iy by an appropriate multiple, we may assume we have a very
ample line bundle with vanishing R'7,. The divisor A is given by a choice of a
section of this very ample line bundle, i.e. a hyperplane on the projective space of
sections of this bundle. We can choose one such hyperplane that intersects the image
of (5 'L ) transversally at non-special points, and we can restrict to the complement
I of the closed substack where A intersects the curves in the fiber at special points
or is ramified. We can moreover guarantee by a change of coordinates that ANC
consists of points disjoint from BL(S"). Recall that BL(5") comes from the choice of
\S/. By construction,

R'7%.L(A) =0 (24)

on all curves in this chosen neighborhood. To sum up, by our choice of hyperplane we
have that

(1) A does not contain 1-dimensional fibers of the restriction of éﬂ — $land

(2) A on the chosen curve C' is disjoint from the base locus of 5 of the fixed
quasi-map 5

(3) Ais disjoint from the special points of (C L) (i.e. nodes and marked points)
for all points (C,L) e 4.

We fix the notation {c fi?s for this substack, which depends on a choice of a point
& € RQg (P, d).

Let Ll::cfl(fl) and A:=k*A. Since L has positive degree on rational tails (see
Sect. 2.2 for the definition of Bic*), on U, we have

R'7.L(A) =0. (25)
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We define
RU :=RSec, (£3 " /¢y) W :=RSecy (L (A) ¥+ /€y)
RU = RSec- (£x /& W := RSec;: (L (A)®r+1/¢-
L ﬂu( 3yl /u) = Eu( Ll( ) /u)

- - 1 ~
Note that RU and RU are open in RSecys (£ /&) and R@%@@” /©)
respectively by Proposition 1.2.6. Moreover, we have § € RU and c(§) € RU. By
(24) and (25) we see that W and W are smooth Artin stacks and have no derived
structure. Multiplication by the defining equations of the divisor A gives a morphism

ofvsheav\e/s Ly — Ly(A) that gives a morphism RU — W . \Sjmilarly, we have
RU — W. As in Theorem 3.3.10 we have a morphism g : W — W

Construction 4.1.2 (Labelling of base points) Fix &:=(C',L’ sy, ....s.) €
RMg (P, d) a closed point and &:=¢(§) = (C',L',5),...,5.) € ROy (P, d)
and construct the neighborhoods described above.

Letz = (5’, L. W, ..., W) be the image ofg inlW. Let BL(5") be the base locus
of 5y, ..., 5.), and BL(W") be the base locus of (W, ..., W,).

By construction, we have that the base locus BL(w') = BL(5") U A. This follows
because BL(3') and A are disjoint by construction and for each i, W, is obtained by

multiplying 5. by the local defining equation of A. Then we have a labelling

BLO)={y=--=w.=0}NAUE)=--=5}.

BL@); BL(W)y

By Sect. 4.1 we have that the pull-back of A on the universal curve over W is finite
and étale over W. The chosen pointz has the sections 5; generically non-degenerate—
i.e. they do not all vanish on any component of C'. By passing to the open substack
inside W where the sections are generically non-degenerate, we may assume W is
itself a Deligne—Mumford stack (see [11, Lemma 3.1.6]). With this assumption, J
admits an étale chart, which is a scheme. On this chart we consider a lift of E which
by abuse of notation we denote E Passing to an étale cover of this chart as in [56,
Lemma 04HL], we obtain an étale neighborhood L\Ij’ of E, i.e. a scheme, such that
on this neighborhood we have that BL(w") jand B L") i lie on different connected

components. This shows that the base-change of BL(W) to W' can be written as a
union of disconnected components BL(W) y and BL(W)y, which contain BL(W') y
and BL(W')y respectively.

_This means that for a point (5, L, WQ, ..., W) € W' the base points BL(W) of
(L, Wy, ..., w,) are labelled by the connected components of the base locus

BL(#) = BL() y U BL();.
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We define the smooth Artin stack
W' =w X W.

Now we define a smooth scheme W U’ by imposing stability conditions.

Construction 4.1.3 (Construction of schemes W and RV ) Let
(C, L o, ..., W) € W' — Secy(Lg(A)/Cy).

This point is in W if
(i) the base locus of wWo, . .., Wy is discrete and disjoint from all the special points
of C,
(ii) for any € € Q.,

w?g ® L(A)®¢ > 0.

Note that the base locus is labeled in the sense of construction 4.1.2, because we are
in W'. Finally, we define

RV:=RU X Ww.

Remark 4.1.4 We have that W is a smooth scheme as it is étale over an an open substack
of V(Rnu*vﬁu(A)) and V(R £5((A)) is smooth as Ry, £ (A) = 0. By possibly
shrinking W we may assume it is an affine scheme.

Construction 4.1.5 (Construction of W and RV ) Let /' = w X W. It is a smooth
Artin stack. We have that ' contains the point £, the image of € in W. By construction,
we have amap q : W' — W' and an induced map between universal curves €. If for
any point (C, L, w) € W', we denote its image under q by (5, Z, w), then we have
that ¢ maps BL(w) to BL(w). Since the base locus in lz/// is labelled, we have that
the base locus in W' is labelled:

BL(w) = BL(w)4 UBL(w)p.
Let
(C,L,wyg,...,w,) el C Secy (£4((A)/Cy).

This point is in W if

(i) the base locus BL(w) of wy, ..., w, is discrete and disjoint from the special
points of C,
(ii) the subset BL(w)y of the base locus is empty and
(iii) the line bundle wlcog ®L® s ample.
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Notice that by the definition of W' we have that the base locus is labelled and thus
condition (ii) makes sense. Finally, we define

RV:=RU xyg W.

Remark 4.1.5 Notice that for any (C, L, wy, ..., w,) € W, the choice of A and the
stability condition imply that A |¢ does not intersect rational tails for any C.

This was not the case for points in /" without the stability condition in (i) in
Construction 4.1.5.

Remark 4.1.6 The idea behind the construction is to define compatible atlases on
RM ¢o.n(P", d)and RQg 2(P", d), in the sense that we want charts RV and RV respec-
tively such that

RV — RM, ,(P", d)
l rh lc

RV — RO, ,(P", d).

In addition, we want RV and RV to be derived vanishing loci of triples (W, F, )
and (W, F, 5) where the first family is a pullback of the second. These are triples
of a smooth scheme, a vector bundle and a section. To achieve this, we start by
covering RM, ,(P", d) and RQ, ,(P", d) by sets open in RSecq;s (£9+1/¢) and

o« 1 ~
RSec &% /€). These sets will be of the form RU = RSec(£"+1/¢y).

RU = R@ﬂ(ﬁeyﬂ / éﬂ). They are chosen so that it is possible to pick sufficiently
ample divisors on A and A on éﬁ and €y which are away from the rational tails
and base points and give RU and RU smooth embeddings (see Proposition 4.2.1 and
Lemma 4.2.2 for more details) (Fig. 1).

We end up with a closed embedding m4 : RU — W = R@u(E(A)GBr“/@u)
and a similar one for RU. Here, m 4 (RU) is the space of (r 4+ 1)-tuples of sections
of £(A) which are all divisible by the local equation of A. Now we could define
RV = RU HRQg 2P, d)and RV = RU ﬂRMg 2 (P, d), but more care is needed
at this stage. _

Here W and W are necessary to define “non-degeneracy conditions” on UJ that
will restrict to those of stable maps when restricted to the subvariety RU. This is the
reason we pass to different (étale) neighbourhoods in the construction.

4.2 Properties

Recall that W :=RSec(L£y(A)®*+!/Cy) and l\IjzzR@g(Eﬁ(Kﬁ’“/Cﬁ) are
smooth (thus only trivially derived) Artin stacks.

Proposition 4.2.1 There exists a vector bundle E on W and a section o such that RU
is the derived zero locus of o.
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Fig. 1 The ambient space is J

which is an open in the moduli of

sections of E(A)VH, RU is an

open in the moduli of sections of

£, RV isRU NRMg ,(P", d).

We draw this picture for stable

maps (in W and not L\l//) but we

should imagine the same for w
quasi-maps in a compatible way

Similarly, there exists a vector bundle E on W and a section & such that RU is the
derived zero locus of &.

Proof Recall from (25) and (26) that we have Rlmy, Ly (A) = R1F, Ly(A) = 0.
Multiplying by alocal equation of A and pushing forward gives a distinguished triangle
of sheaves on l.

Ry Ly — Ry Ly(A) = Ry Ly(A)]a SAN (26)
Observe that RU = V(Ruy, L£y), and
W = VRmy, Ly (A)) = V(g Ly (A)).

We also have R, £ (A)|4 = 0, forced by the long exact sequence of (26) and (25).
Then &:=V (my, Ly (A)|4) is a non-derived vector bundle on L. The distinguished
triangle in (26) can be thus written as a fibered and cofibered diagram of derived
complexes

Ry L4 r—> 73+ L3((A)

l L

00— myuLy(A)]a.

Taking the total space V(—) = RSpecy Sym®(—)" functor gives us a homotopical
fibered product

RU

!
i

w
27)

@

—
“n
0
— ¢

Let E be the pullback of the bundle & by the projection I/ — i1, and o be the section
induced by s. We claim that the homotopical fibered square above implies that the
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square below is also homotopically fibered

RU —— W (28)
|
w % E
To see this, consider
0
— 29)

0
—

i

which is obviously fibered. Stacking (28) and (29) yields (27). Since (29) and (27) are
homotopical fibered products, (28) must also be a homotopical fibered product.

The second part of the statement is proved in the same way, with E and & coming
from the following triangle over e

G

. I O I
RT[Q*EQ — ﬂﬁ*ﬁﬁ(A) N ”Q*‘CQ(ANX — . 30)
O

The contraction ¢ : Pic® — ‘ﬁ;s restricts to ¢ : 4 — ${ and induces maps
¢:RU — RU and g : W — W by the same construction as 3.3.6, 3.3.10. All these
maps are in particular birational.

Lemma 4.2.2 We have a homotopically cartesian diagram

RUFA w
R 31
RU — 1.

Proof By Proposition 4.2.1, it suffices to show that E = §*E and ¢ = §*&. Recall
that (E, o) is defined by the following diagram coming from (26).

E —— SpecySym(my Ly (A)] 4)
o

U—— i
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Similarly (E , 0) is defined by the diagram below coming from (30).

E — SpecySym (g, Ly (A p)
1 |
Ui

For ¢ : 84 — I the usual contraction, we need to show that c*ﬁﬁ*Zﬁ(Kﬂ i =
s+ Ly (A)] 4 and that § o § = s. 5
To see these, start with the triangle (30) defining E and &.

< o ux *¥ < 1
C*Rnﬂ*ﬁﬁ _ C*nﬂ*EQ(A) —_ C*ﬂﬁ*ﬁﬁ(A)lg S SN

Rory (6 Ey) —— e (€ £) ® Ou(4)) — (rae (KL © Ou(4)) 1a =

| Iz I2

Ry, (Ly(3D)) —— 7y (Ly (3D + A)) ————— my(Ly(A)]a ——

The first set of vertical isomorphisms are by cohomology and base-change and the fact
that k*A = A. The following are given by k*L = k*€*L = k*1, L£(8D) >~ L(5D)
(see Remark 3.3.8).

By the requirements of our construction, A does not meet ®. Then for the last
term we have 75, (Ly(A))|a = s (Ly (8D + A))|a. We conclude that ¢*(30) is
isomorphic to the following triangle:

Ry (Lu(89)) — e (Lu(BD + A)) > my (Lu(BD + A)la > . (32)

Now we compare ¢*(30) =(32) to (26). Twisting by §9 induces a map between them

1
Rty Ly ———— Ty Ly(A) ———— my, Ly(A)| g ———

! v 5

Ry, (L4 (8D)) —— T (Ly(8D + A)) —3 mu (Ly(8D + A)|a ——

! ! !

Ry, (Ly(3D)) 5o — Ty (Ly (3D + A))|sp ———— 0.

The vertical map f above is as follows:

ZIJU]LC*I\I?—)L\[?

Thisfshows that c*ﬁﬁ*Zg(X)u = g L5(A)|4 and that 5 o ¢ = s, completing the
proof. O
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Recall that we have that W is a DM stack and ' and W are Artin stacks such that

Zariski open
c

w S e .

We also have

~ Zariski open ~—/ étale =~
. > W

> W

where I is a smooth Artin stacks and the étale map factors through an open Deligne—

Mumford substack. Also, W and L\IZ ' are smooth affine schemes. _
From the definitions of W and W we see that ¢ restricts toamap g : W — W.

Lemma 4.2.3 We have a commutative diagram

W — w
lq Jﬁ

W —s W.

Proof We only need to check that the image of W is contained in W. This follows by
comparing the stability conditions in Construction 4.1.5 and Construction 4.1.3. O

Lemma 4.2.4 We have that RV is an étale neighbourhood of & in Rﬂg,n (", d).

Proof Recall that RV is defined by

RV — W

l rh létale

RU — W.

ma

The first observation is that W is étale over W . Indeed, we have defined an étale
neighborhood W' — W around ¢, the image of & under the morphism m 4 induced
by tensoring with O(A). In this, W is cut out in Construction 4.1.5 by imposing open
stability conditions. Since the point { was the image of a stable point &, the stability
conditions hold for it. So W — WU is an étale neighborhood of ¢.

Thus, RV — RU is also étale, and £ € RV. On the other hand, we have an open
subset V of RU = RSec, (£® 1 /¢y given by

V=RM,,[P",d) X BSecys (221 ) (RU < W),
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that is fits in the cartesian diagram

RV |—h—> w

! !

Ve—— SRUxyllll —— W'
o ét.l rh J’ét‘

ét. RU — 5 W

!

RMn(P", d) — RSecqy+ (£ 1/@).

We want to show that RV and Vare equivalent. First, we show that their truncations
are isomorphic, that is 7(V) = V' >~ 1p(RV) = V. It suffices to show that the
conditions of Construction 4.1.5 are equivalent to the stability conditions of stable
maps on points in the image of (the truncation of) m 4. We recall them here for the
reader’s convenience. At any point (C, L, s, ..., s;) of U xg ' Definition 2.3.3
state it is in V'’ iff the following hold:

(1) the bundle a)lcog ® L®3 is ample and
(2) the linear system (L, s, . . ., s») has no base points.

On the other hand, at any point (C, L(A), wo, ..., w,) of W', Construction 4.1.5
states it is in W iff:

(i) the base locus BL(w) of wo, ..., w, is discrete and disjoint from the special
points of C,
(ii) the subset BL(w)y, of the base locus is empty and

(iii) the line bundle wf ® L3 is ample.

Conditions (1) and (iii) are clearly equivalent. We want to show that for pointsinm 4 (U)
condition (ii) implies condition (2), and that (2) holding for points of U implies (i)
and (ii), that is: their image under m 4 lies in W.

Let (C, L, s, ...,s,) beapointin U,

mA(C’ LaSOa"'asr) = (CaL(A)vw()’-"’wr)

where w; is the image of s; under H%(C, L) — H°(C, L(A)). Condition (ii) implies
that the BL(w) C A. On the other hand, A and {1 were chosen so that BL(s) does not
intersect A on the open U, then also BL(s) does not intersect A in U. Then we see
that B L(s) must be empty.

Conversely, if BL(s) is empty, B L(w) must be contained in A, which implies both
condition (i) and (ii).

We have that V > V' = M n (P, d) Xgoo (oot ) (U Xy W").

Now the two maps V — RSecqy;s (£9+1/¢) and RV — RSecqp;s (£9+1/¢) are
étale maps having the same truncation, so by [60, Corollary 2.2.2.9] V and RV are
equivalent. O
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Lemma4.2.5 We have that RV is a neighbourhood ofg in @g,n(]P’r, d).

Proof This is similar to the proof of 4.2.4.

Lemma 4.2.6 We have a homotopical cartesian diagram

bbRV — W
Cl/ rh Jﬂ

RV —— W.

Proof We denote the restriction of (E, o) to W by (F, 0). By Proposition 4.2.1 we
had RU = RZ" (o). Since RV = RU xy W, we have

RV =RZ" (). 33)

By Lemmas 4.2.3 and 4.2.2 the restriction of (E, o) from wto W is (q*F, cL*Q).

From Proposition 4.2.1 we had that RU = RZ"(5). Then by the definition of RV we
have

RV = RZ"(¢%0). (34)

]

5 Main theorem

We are now ready to prove our main theorem on the derived push-forward of the
structure sheaf of RMy ,,(P", d). Just recall that contracting rational tails gives a
morphism

c: ng,n(Pr, d) — Rég,n(ﬂpr’ d)

To prove our main theorem (see Theorem 5.2.1) that is

&Opid, @ .a) = ORD, ¢ a)-
itis enough to do it locally. That’s why Sect. 4 is useful as we have a local picture for
c.In Sect. 5.1, we will prove that g : W — W is proper and birational (see Proposition
5.1.1.In 5.2, we use the Zariski Main theorem to prove that

3.0 = Oy (35)

(see proof of Lemma 5.2.6). Then by cohomology and base change, we prove our
main theorem (see Theorem 5.2.1).
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5.1 Properness of g

Recall that W is a smooth DM stack and W is smooth affine scheme of finite type.

Proposition 5.1.1 The morphismq : W — W is proper and birational.

Proof Birationality follows from the fact that g : I — W is birational and W, W are
open subsets of I and w respectively.

We use the valuative criterion to prove properness. Let R be a valuation ring with
K its field of fractions.

Consider the following diagram

SpecK —o> w
| 27 e (36)
W.

SpecR —>

The morphism ¢ above is given by a family C— SpecR, together with a line bundle
g and sections (W, ..., ;). We denote by C’ the restriction of C to SpecK. The
morphism ¢° gives a famlly (C°,G°, wg, ..., wy) such that

g(C. G ws, ..., w)=(C .G, W, ..., 0.

Here, by abuse of notation we denoted by ¢ the map induced by g : W — w.

In the following we show that there exists a unique morphism ¢ which extends
¢° and makes diagram (36) commute. In concrete terms, this amounts to finding
(C, G, wo, ..., w,)afamily over SpecR which extends (C°, G°, wg, ..., w;) and such
that

qC, G, wy, ..., wy) = (E, é, wo, ..., Wr).

Existence.

By definition, W parameterises tuples (C L(A) W, . .. Wy), subject to the non-
degeneracy condition in 4.1.3. This shows that W is a subset of Qg 2P, d+a).

Let W be the fibre product

W — Mga(P",d +a)
le

W — Qu (P, d +a).

(<—

In the following we construct a morphism W — W such that W — W factors
through W — W. The construction is the one in Theorem 3.3.10 with minor modifi-
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cations. Let (€, Q~5) denote the universal curve and universal bundle on ic®,,,. We
have

W C Seeqe,, @/

W C Secqies (E(A)®T1/€) = W C Secyys (6% /)

~ @r+1 ®r+1
W C Seega (SATH/E) = Secg (B, [Cara) = e ity [€asa)

where Edﬂ,, EdJra are the universal curve and line bundle over ‘}?1; dta = q&? 4- The
isomorphism ‘ﬁtc 4= ‘Btc d+a is given by (C L) — (C L ® Ox (A))
Claim. Let (C G w) € W and let RT be a rational tail of C. We have

RT = RTZ L RTA.

The claim follows from the fact that w = w outside the exceptional locus of C—C
and the fact that BL(w) = BL(w)r U BL(w)a. We need to show that the labelling
on W lifts to a labelling of the rational tails of the universal curve of W. We have that
p : € — € contracts rational tails. Since the base loci of w; and w4 are disjoint we
get that the base loci of p~'w; and p~'w4 are disjoint. Moreover, since the base
loci of wy, and w4 form disconnected components, the same holds about their inverse
images. This proves the claim.

By possibly shrinking W and changmg the basis of P, we have a divisor Z(w) 3
on C, which we denote by A. Let £ denote G ® O A) ~

Let S be a scheme. In the following we contract rational tails of Cg which intersect
A.LetD Al be the divisor of C s, which consists of rat10nal tails RT3y and let 54 be the
degree of £5 restricted to the tails. We have that £/ —55(5 aDy) is trivial along the
exceptional locus D4 and base point free. Let us define

C= PrO]ZH (Cs, (L')®™M).

Letk : Cs — Cgs and let Ls:=kL. Since L is trivial along D4, Lemma 7.1 in [52]
implies that Lg is a line bundle. In the same way as we did in the proof of Theorem
3.3.10, we construct (wy, . . ., w,) sections of L. We thus obtain a surjective morphism
W — W. It can be seen that W — W factors through W — W.

Since W — W is surjective, there exists a (non unique) family of maps

€. G, W, ... W) eW
such that
qoGC .G Wy, ... W) = (C G wf, ..., wp).
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Equivalently, we have a family ¢° : SpecK — W which commutes with ¢°. Hence
we have the following diagram

— M (P, d +a)

7
’
/
/

/ SpecK w

L

> SpecR —> W — @g,n(Pr,d‘i'a)-

N
N
\Soz AN
PR
o=

ol

Since Mg, 2(P", d) is proper, we have that ¢ is proper. This implies that W W
is proper. This shows that @° extends (uniquely) to ¢ : SpecR — W, and thus the
morphism g o ¢ : SpecR — W proves the existence.

we consider the image of (C, £, Wy, ... w,) in W.

Uniqueness. In notations as before, we have morphisms W W W We have
that W — W is separated, because by construction it is proper. The map W — Wis
surjective and proper by the discussion above. With this, we are under the assumptions
of [56, Tag 09MQ)]. This shows that W — W is separated.

O

As W is a smooth DM stacks, we denote its coarse moduli space by |W|. Recall
that W is a smooth scheme and that we have a morphismg : W — w.

Lemma 5.1.2 The morphism |q| : |W| — W is projective.

Proof In the following we show that |W| is projective. This implies that the morphism
lg| : |[W| — W is projective.

Recall that W is open in a DM stack 7, £(A) defined by the following stability
conditions, for a point (C, L(A), wg, ... w;)

(1) the bundle wp¥ @ L3 is ample
(2) The base locus BL(w) = ﬂfzo Z(w;) has dimension 0 and is distinct from
marked points and nodes.

To show projectivity, we can follow the proof of [21]. We sketch here the necessary
modifications, trying to adhere to the notation of the original proof as much as possible.

A family F : § — W consists of a pre-stable curve g : Cg — S with n marked
points (x1, ...x,) : S = Cg, adistinguished divisor A of degree a, a line bundle Lg
of degree d and sections (wy, ... w,) of Ls(Ags). We can define define a line bundle
on S by

Vr = (g2 ® Ls(A)®, 0% @ Ls(A5)®)
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using Deligne’s bilinear pairing, explicitly for Vp = wlgsg ® Ls(As)®3, we have
Vi = det Rs, Os ® (det R, Vi)® 2 @ det Rrss (Ve @ V).

We want to show this bundle VFr is ample. Following Cornalba’s approach, which
relies on Seshadri’s criterion, it suffices to show that there exists a constant o =
a(g,n,r,d) > 0 such that for any non-isotrivial family F over an integral complete
curve S, since we have already proved that |¢| : |[W| — W is proper.

(V- VF) =z am(S) (37)

where m(S) denotes the maximum multiplicity of points in S.

Since the number of nodes of the curve Cg is bounded in terms of (g, n, d, r) for
any family, we may reduce to the case of a family F whose generic curve is smooth,
as in the original proof. Now the idea is to add marked points to Cg to obtain a stable
domain curve. Since we do not have a well-defined map to P, we can use the sections
to add 3(d + a) marked points. Indeed, by taking linear combinations of the sections
(wo, ..., w,) we may assume that we have a linearly independent set (wg, w1, w>)
such that for i € {0, 1, 2} the following conditions hold (c.f. [21, Lemma 2] note that
our condition (iii) is equivalent to (i), (iii) and (v)):

(i) Z(w;) does not contain components of the fiber of 7
(ii) Z(w;) does not contain x; for j =1,...,n
(iii) Z(w;) consists of d + a distinct, non-special points on all the fibers of g which
are singular or lie over singular points of S.

We take

Z(wo) = Xp+1*** Xn+d+a

Z(W1) = Xntd+a+l " Xnt2(d+a)

Z(w2) = Xn42(d+a)+1 ** * Xn+3(d+a)
where we may assume, up to some finite base change of bounded degree, that
(Xn41 - -+ » Xn4+3(d+a)) are distinct as sections of g and distinct from the original
sections (xi, ..., xX,). Now, on smooth fibers of mg, some of the x;’s may still meet,
indeed they will if the w’s defined a linear system with non-empty base-locus. We may

proceed to resolve them as in [21, Proof of Lemma 2] and obtain a family of stable
curves

F/ — [Cé — S,.Xi, . ,x,’l+3(d+a)}
with
(Vr - VF) = (0cg (D) - ocg (D)) = (wc; (D) - oy (D). (38)
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where D = Y '  and D' = YT x! We may assume F is a non-
isotrivial family, otherwise we proceed as in [21, Lemma 3]. Now, (S, C%, D’) is anon-
isotrivial stable family, so k] = ngr*(wC/S(D/)‘m) is ample on S, thus by Seshadri’s
criterion and (38) we have the required « to conclude that (37) holds.

O

5.2 Derived push-forward

In this subsection, we will prove the main theorem of this paper that is:

Theorem 5.2.1 For any, g, n and d, we have that
O, ) = O, a) i Deon ROE, ).
Remark 5.2.2 At the level of virtual classes, we have that
ClMg (P, ) = [Qy o (B, )™

This was proven in [11, 45, 47].

We deduce the following corollary.

Corollary 5.2.3 The G-theoretic Gromov-Witten invariants and the G-theoretic
quasimaps invariants are equal.

Remark 5.2.4 Let X be a Noetherian derived Artin stack. Recall that by definition (cf.
[35] for this definition for derived stacks)

K (X):=K (Perf(X)) and G (X):=K (D, (X)).

If X is smooth, D?:oh (X) and Perf (X) coincide. When X is a scheme, Lee (see [38])
denotes them respectively K °(X) and K, (X). Our G-theoretic Gromov—Witten invari-
ants are often called K -theoretic invariants by other authors.

We prove the theorem by using the étale neighborhoods RV and RV constructed in
the previous section. With Lemma 4.2.6 in mind, we first want to study the morphism
qg:W—->W.

Proposition 5.2.5 We have

ROy = Oy in D, (W) (39)
Riq,.Ow =0 fori > 0. (40)
Proof of Proposition 5.2.5 Recall that W is a smooth DM stack. Denote its coarse mod-
uli space by W % |[W|. The scheme |W| is normal with rational singularities (see

[65], Proposition 1), since it is locally the quotient of a smooth scheme by a finite
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group. Since W is a (smooth) scheme, ¢ factors as W —%5 |W| al, W, with o
a finite morphism and |g| a projective birational morphism. As |W]| is also a good
moduli space (see [2] or [3]), we have
R’ O = O in Doy (1W))

R'a, Oy =0fori > 0. (41)

Now |W| admits, by Hironaka’s work [26], a projective resolution of singularities and
since the singularities were rational we have that

p:A— |W|
with
Rp,04 = Oy in D2y, (W)
R p,O4 =0fori > 0. (42)
The composite map

Foat w4y

is a projective birational map between smooth schemes, then by [22, Theorem 1.1] we
have

R £.04 = Oy in DRy, (W)
R f,04 =0fori > 0.

(43)
The relative Leray spectral sequence, defined by

EY = Ri|gl(R! p.Oy)

converges to Ri*/ £,0 4. By Eq.42, the spectral sequence degenerates on the second
page and

R’ .04 = Ri|q|.(R°p.04) = R'|g.Opw,

and the result follows from combining this with Eqs.43 and 41.

O
Recall from Lemma 4.2.6, we have the homotopically Cartesian diagram

RV —y W

™ e

(44)
RV —s W,
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Lemma 5.2.6 We have Rc,.Ory = Oy

Proof This follows from derived base change, which works by Lemma A.1.3 in [27]
as i is of finite Tor amplitude thanks to Proposition 4.2.1 and Oy is cohomologically
bounded below as W is smooth. We thus get:

Rz, Ory = Re,Li*Oy
= LzY*Rq*(’)W
= Li*Oy; by (39) and (40)
= Oy

]

Proof of Theorem 5.2.1 The morphism ¢ : Rﬂg,n(}}’”, d) — R@gy,, (", d). Gives a
morphism of structure sheaves

C: ORﬂg,n(Pr,d) — E*ORég,n(Pr,d).

To prove that it is an isomorphism, it is enough to prove it étale locally. That’s exactly
what we have done in Sect. 4. Hence we are in the situation of diagram (44), the
Lemma 5.2.6 finishes the proof. O

Acknowledgements We are thankful to the anonymous referee for their very useful suggestions.
E. Mann and R. Picciotto received funding by the Agence National de la Recherche (ANR) for the “Cate-
gorification in Algebraic Geometry” Project ANR-17-CE40-0014. R. Picciotto also acknowledges support
from the ERC Advanced grant “Mirror Symmetry in Algebraic Geometry” during the revision stages of this
project. D. Kern received funding from the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation programme (Grant “Derived Symplectic Geometry and Applica-
tions” Agreement No. 768679) and the Goran Gustafsson Foundation for Research in Natural Sciences and
Medicine. C. Manolache was supported by a Royal Society Dorothy Hodgkin Fellowship and an Emmy
Noether Fellowship of the London Mathematical Society.

Funding Open access funding provided by Université d’ Angers.

OpenAccess This articleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Aranha, D., Khan, A.A., Latyntsev, A., Park, H., Ravi, C.: Localization theorems for algebraic stacks.
arXiv: 2207.01652 (2022)

2. Alper, J.: Good moduli spaces for Artin stacks. Ann I’Institut Fourier 63(6), 2349-2402 (2013)

3. Abramovich, D., Olsson, M., Vistoli, A.: Tame stacks in positive characteristic. Ann I’Institut Fourier
58(4), 1057-1091 (2008)

) Birkhauser


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2207.01652

Derived moduli of sections and push-forwards Page450f46 40

11.

12.

13.

14.

15.

16.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

33.
34.

. Aranha, D., Pstragowski, P.: the intrinsic normal cone for artin stacks. arXiv:1909.07478 (2019)
. Brav, C.,Bussi, V.,Joyce, D.: A Darboux theorem for derived schemes with shifted symplectic structure.

J. Am. Math. Soc. 32(2), 399-443 (2019)

. Behrend, K., Fantechi, B.: The intrinsic normal cone. Invent. Math. 128(1), 45-88 (1997)
. Ben-Zvi, D., Calaque, D., Grivaux, J., Mann, E., Nadler, D., Pantev, T., Robalo, M., Safronov, P.,

Vezzosi, G.: Derived algebraic geometry. Panoramas et Syntheses, vol. 55. Société Mathématique de
France, Paris (2021)

. Cheong, D., Ciocan-Fontanine, I., Kim, B.: Orbifold quasimap theory. Math. Ann. 363(3—4), 777-816

(2015)

. Ciocan-Fontanine, I., Kapranov, M.: Derived Quot schemes. Ann. Sci. Ecole Norm. Sup. (4) 34(3),

403-440 (2001)

. Ciocan-Fontanine, 1., Kapranov, M.M.: Derived Hilbert schemes. J. Am. Math. Soc. 15(4), 787-815

(2002)

Ciocan-Fontanine, I., Kim, B.: Moduli stacks of stable toric quasimaps. Adv. Math. 225(6), 3022-3051
(2010)

Ciocan-Fontanine, I., Kim, B.: Quasimap theory. In: Proceedings of the International Congress of
Mathematicians—Seoul 2014, vol. II, pp. 615-633. Kyung Moon Sa, Seoul (2014)
Ciocan-Fontanine, I., Kim, B.: Wall-crossing in genus zero quasimap theory and mirror maps. Algebr.
Geom. 1(4), 400-448 (2014)

Ciocan-Fontanine, I., Kim, B.: Quasimap wall-crossings and mirror symmetry. Publ. Math. Inst. Hautes
Etudes Sci. 131, 201-260 (2020)

Ciocan-Fontanine, 1., Kim, B., Maulik, D.: Stable quasimaps to GIT quotients. J. Geom. Phys. 75,
17-47 (2014)

Calaque, D., Haugseng, R., Scheimbauer, C.: The aksz construction in derived algebraic geometry as
an extended topological field theory. arXiv: 2108.02473, to appear in Mem AMS (2022)

. Clader, E., Janda, F, Ruan, Y.. Higher-genus quasimap wall-crossing via localization.

arXiv:1702.03427 (2017)

Clader, E., Janda, F., Ruan, Y.: Higher-genus wall-crossing in the gauged linear sigma model. Duke
Math. J. 170(4), 697-773 (2021) With an appendix by Yang Zhou

Chen, Q., Janda, F., Webb, R.: Virtual cycles of stable (quasi-)maps with fields. Adv. Math. 385(49),
107781 (2021)

Chang, H.-L., Li, J.: Gromov—Witten invariants of stable maps with fields. Int. Math. Res. Not.
2012(18), 4163-4217 (2012)

Cornalba, Maurizio: Gromov—Witten invariants of stable maps with fields. Istit. Lombardo Accad. Sci.
Lett. Rend. A 129(12), 111-119 (1996)

Chatzistamatiou, A., Riilling, K.: Vanishing of the higher direct images of the structure sheaf. Compos.
Math. 151(11), 2131-2144 (2015)

Givental, A.: Permutation-equivariant quantum k-theory iv. d;-modules. (2015)

Givental, A.: Permutation-equivariant quantum k-theory v. toric ¢-hypergeometric functions (2015)
Givental, A., Tonita, V.: The Hirzebruch-Riemann—Roch theorem in true genus-0 quantum K-theory.
In: Symplectic, Poisson, and noncommutative geometry. Math. Sci. Res. Inst. Publ., vol. 62, pp. 43-91.
Cambridge Univ Press, New York, (2014)

Hironaka, H.: Resolution of singularities of an algebraic variety over a field of characteristic zero. I,
II. Ann. Math. (2) 79 (1964), 109-203; ibid. (2), 79:205-326, 1964

Halpern-Leistner, D., Preygel, A.: Mapping stacks and categorical notions of properness. Compos.
Math. 159(3), 530-589 (2023)

Joyce, D.: Anintroduction to d-manifolds and derived differential geometry. In: Moduli spaces. London
Math. Soc. Lect. Note Ser., vol 411, pp. 230-281. Cambridge Univ. Press, Cambridge (2014)

Joyce, D.: A classical model for derived critical loci. J. Differ. Geom. 101(2), 289-367 (2015)

Joyce, D.: Kuranishi spaces as a 2-category. In: Virtual Fundamental Cycles in Symplectic Topology.
Math. Surveys Monogr., vol. 237, pp. 253-298. Amer. Math. Soc., Providence (2019)

Joyce, D., Safronov, P.: A Lagrangian neighbourhood theorem for shifted symplectic derived schemes.
Ann. Fac. Sci. Toulouse Math. (6) 28(5), 831-908 (2019)

. Kern, D.: A categorification of the quantum lefschetz principle. arXiv Preprint, arxiv:2002.03990

(2020)
Khan, A.A.: Virtual fundamental classes of derived stacks I. arXiv:1909.01332, (2019)
Khan, A.A.: Virtual excess intersection theory. Ann. K-Theory 6(3), 559-570 (2021)

) Birkhauser


http://arxiv.org/abs/1909.07478
http://arxiv.org/abs/2108.02473
http://arxiv.org/abs/1702.03427
http://arxiv.org/abs/2002.03990
http://arxiv.org/abs/1909.01332

40

Page 46 of 46 D.Kern et al.

35.
36.

37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.

49.

50.
51.
52.
53.
54.
55.
56.
57.
58.

59.
60.

61.

62.
63.

64.
65.

66.

67.
68.

Khan, A.A.: K-theory and g-theory of derived algebraic stacks. Jpn. J. Math. (2022)

Kontsevich, M.: Enumeration of rational curves via torus actions. In: The moduli space of curves (Texel
Island, 1994). Progr. Math., vol. 129, pp. 335-368. Birkhduser Boston, Boston (1995)

Khan, A.A., Rydh, D.: Virtual cartier divisors and blow-ups (2019)

Lee, Y.-P.: Quantum K -theory. I. Foundations. Duke Math. J. 121(3), 389-424 (2004)

Laumon, G., Moret-Bailly, L.: Champs algébriques. Ergebnisse der Mathematik und ihrer Grenzgebi-
ete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas.
3rd Series. A Series of Modern Surveys in Mathematics], vol. 39. Springer, Berlin (2000)

Li, J., Tian, G.: Virtual moduli cycles and Gromov—Witten invariants of algebraic varieties. J. Am.
Math. Soc. 11(1), 119-174 (1998)

Lurie, J.: Higher Topos Theory (AM-170). Princeton University Press, Princeton (2009)

Lurie, J.: Spectral algebraic geometry (2018)

Manolache, C.: Virtual pull-backs. J. Algebraic Geom. 21(2), 201-245 (2012)

Manolache, C.: Virtual push-forwards. Geom. Topol. 16(4), 2003-2036 (2012)

Manolache, C.: Stable maps and stable quotients. Compos. Math. 150(9), 1457-1481 (2014)
Mustatd, A., Mustatd, M.A.: Intermediate moduli spaces of stable maps. Invent. Math. 167(1), 47-90
(2007)

Marian, A., Oprea, D., Pandharipande, R.: The moduli space of stable quotients. Geom. Topol. 15(3),
1651-1706 (2011)

Mann, E., Robalo, M.: Brane actions, categorifications of Gromov—Witten theory and quantum K-
theory. Geom. Topol. 22(3), 1759-1836 (2018)

McDuff, D., Tehrani, M., Fukaya, K., Joyce, D.: Virtual fundamental cycles in symplectic topology.
Mathematical Surveys and Monographs, vol. 237. American Mathematical Society, Providence, RI,
2019. Papers based on the lecture courses held at Simons Center for Geometry and Physics, 2013-2014,
Edited by John W. Morgan

Neeman, A.: Derived categories and Grothendieck duality. In: Triangulated Categories. London Math.
Soc. Lecture Note Ser., vol. 375, pp. 290-350. Cambridge Univ. Press, Cambridge (2010)

Picciotto, R.: Moduli of Stable Maps with Fields. Columbia University (2021)

Popa, M., Roth, M.: Stable maps and Quot schemes. Invent. Math. 152(3), 625-663 (2003)

Pantev, T., Toén, B., Vaquié, M., Vezzosi, G.: Shifted symplectic structures. Publ. Math. Inst. Hautes
Etudes Sci. 117, 271-328 (2013)

Porta, M., Yu, T.Y.: Non-archimedean quantum k-invariants. arXiv preprint arXiv:2001.05515 (2020)
Ruan, Y., Zhang, M.: The level structure in quantum k-theory and mock theta functions (2018)

The Stacks project authors. The stacks project. https://stacks.math.columbia.edu (2022)

Schiirg, T., Toén, B., Vezzosi, G.: Derived algebraic geometry, determinants of perfect complexes, and
applications to obstruction theories for maps and complexes. J. Reine Angew. Math. 702, 140 (2015)
Toda, Y.: Moduli spaces of stable quotients and wall-crossing phenomena. Compos. Math. 147(5),
1479-1518 (2011)

Toen, B.: Derived algebraic geometry. EMS Surv. Math. Sci. 1(2), 153-240 (2014)

Toén, B., Vezzosi, G.: Homotopical algebraic geometry. I. Topos theory. Adv. Math. 193(2), 257-372
(2005)

Toén, B., Vezzosi, G.: Homotopical algebraic geometry. II. Geometric stacks and applications. Mem.
Am. Math. Soc. 193(902), x+224 (2008)

Toen, B., Vezzosi, G.: Foliations and stable maps. arXiv preprint arXiv:2202.09174 (2022)

Tseng, H.-H., You, F.: K-theoretic quasimap invariants and their wall-crossing. arXiv:1602.06494
(2016)

Vezzosi, G.: Basic structures on derived critical loci. Differ. Geom. Appl. 71(11), 101635 (2020)
Viehweg, E.: Rational singularities of higher dimensional schemes. Proc. Am. Math. Soc. 63(1), 6-8
(1977)

Webb, R.: The moduli of sections has a canonical obstruction theory. Forum Math. Sigma, 10:Paper
No. €78, 47 (2022)

Zhou, Y.: Quasimap wall-crossing for GIT quotients. Invent. Math. 227(2), 581-660 (2022)

Zhang, M., Zhou, Y.: K-theoretic quasimap wall-crossing. arXiv:2012.01401 (2020)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

) Birkhauser


http://arxiv.org/abs/2001.05515
https://stacks.math.columbia.edu
http://arxiv.org/abs/2202.09174
http://arxiv.org/abs/1602.06494
http://arxiv.org/abs/2012.01401

	Derived moduli of sections and push-forwards
	Abstract
	Introduction
	Notation
	1 Background on the derived moduli of sections
	1.1 Derived structure of the moduli of sections
	1.2 The linear case:  is a vector bundle 
	1.3 Tangent complex and perfect obstruction theory

	2 Derived structure on stable maps and quasi-maps
	2.1 Background on the classifying stack 
	2.2 Prestable curves with a line bundle
	2.3 Stable maps to  as sections
	2.4 Quasi-maps to  as sections

	3 Stable maps and quasi-maps to 
	3.1 Revised notation
	3.2 Quasi-maps are defined over 
	3.3 Derived morphism between stable maps and quasi-maps
	3.3.1 Construction of contraction morphism 
	3.3.2 Construction of contraction of tails morphism 
	3.3.5 Construction of the morphism 
	3.3.6 Construction of the morphism 
	3.3.9 Construction of the morphism


	4 Local embeddings
	4.1 Constructions
	4.2 Properties

	5 Main theorem
	5.1 Properness of 
	5.2 Derived push-forward

	Acknowledgements
	References


