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We investigate the topological quantum compilation of two-qubit operations within a system of
Fibonacci anyons. Our primary goal is to generate gates that are approximately leakage-free and
equivalent to the controlled-NOT (CNOT) gate up to single-qubit operations. These gates belong
to the local equivalence class [CNOT]. Additionally, we explore which local equivalence classes of
two-qubit operations can be naturally generated by braiding Fibonacci anyons. We discovered that
most of the generated classes are located near the edges of the Weyl chamber representation of
two-qubit gates, specifically between the local equivalence classes of the identity [1] and [CNOT],
and between those of the double-controlled-NOT [DCNOT] and [SWAP]. Furthermore, we found a
numerically exact implementation of a local equivalent of the SWAP gate using a sequence of only
nine elements from the Fibonacci braiding gate set.

I. INTRODUCTION

Quantum computation [1] can solve an important class of computational problems with a considerable speed-up
compared to its classical counterpart. Nevertheless, it faces important challenges due to quantum errors in the
computation process. In order for quantum computation to achieve its full quantum power, it has to go beyond the
intrinsic limitations of noisy intermediate-scale quantum devices [2]. This requires a complex fault-tolerant quantum
computing architecture [3] which is based on quantum error correction with strict error-correction thresholds [4–6].

Topological quantum computation [7–10] promises to bypass these requirements by storing and processing quantum
information in topological quantum states. These states are effectively described by topological quantum field theory
from which they inherit robustness against errors, for example, due to undesired interactions with stray particles or
physical fields. When realized, for example, in a two-dimensional many-body quantum system, these states correspond
to ground states with a finite degree of degeneracy, which depends on topological properties of the underlying two-
dimensional manifold such as its genus – the number of defects such as punctures or the number of quasi-particle
excitations. The physical realization of topological quantum computation is an area of intense research activity with
most recent examples including for instance the work [11], which demonstrated a realization utilizing superconducting
circuits, and [12] which demonstrated a realization in ion traps.

Point-like excitations, specifically in two-dimensional topological systems, are called anyons as they are characterized
by fractional quantum statistics which are linked to irreducible representations of the braid group [13]. Braiding
anyons results in a transformation of the quantum state of the anyonic system which can be Abelian or non-Abelian.
In the non-Abelian case, this transformation corresponds to a unitary rotation of a state vector within the manifold
of degenerate ground states of the topological many-body system. Braiding of anyons thus implements quantum
computing operations on n quantum bits or qubits, encoded in the ground-state manifold with the Hilbert space
dimension d ≥ 2n. An important attribute of anyon theory from the point of view of quantum computation is
universality, that is, whether braiding permits universal quantum computing operations from the unitary group
U(2n).

Fibonacci anyons, which are at the center of our interest, are known to be universal for quantum computation [14].
The Fibonacci theory [8] consists of two topological charges, or q-spins, the trivial charge 1 and the Fibonacci anyon
charge τ , which satisfy the single non-trivial fusion rule

τ × τ = 1 + τ, (1)

which makes this theory particularly simple. The fusion rules allow us to define an orthogonal basis for the system of
two Fibonacci anyons using a convenient notation introduced by Bonesteel et al. [15]. The state |(•, •)1⟩ is obtained
when two topological charges τ fuse to a trivial charge, and the state |(•, •)τ ⟩ when they fuse to the charge τ .

In addition, Fibonacci theory is characterized by the R and F matrices. The R matrix gives the phase shifts
associated with the interchange of two anyons and is, in the basis given above, characterized by the 2 × 2 diagonal
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matrix

R = diag(Rττ
1 , Rττ
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(
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3πi
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)

. (2)

The F matrix corresponds to a change of basis or re-coupling in a system of three anyons and is defined via the
following relation

|(•, (•, •)i)k⟩ =
∑

j

[F τττ
k ]ij |((•, •)j , •)k⟩ . (3)

If these anyons fuse to the trivial charge 1, F τττ
1

is trivially unity. Nevertheless the matrix [F τττ
τ ] is nontrivial,

F =

(

F11 F1τ

Fτ1 Fττ

)

=

(

ϕ−1
√

ϕ−1
√

ϕ−1 −ϕ−1

)

(4)

where ϕ = (
√
5 + 1)/2 is the golden ratio.

The seminal works on topological quantum compilation [15–17] primarily use a three-anyon encoding of a logical
qubit to realize both single-qubit and two-qubit operations via braiding or weaving. In more recent work, Carnahan
et al. [18] develop a systematic approach to the generation of two-qubit anyon braids based on an iterative procedure,
which was proposed earlier by Reichardt [19]. Kliuchnikov et al. [20] developed an asymptotically optimal probabilistic
polynomial algorithm to generate single qubit gates exactly and also to produce depth-optimal approximations of two-
qubit gates in the Fibonacci anyon model. Relevant to the topological quantum compilation problem is also the work
on topological hashing by Burrello et al. [21] and a recent application of reinforcement learning [22].

Implementation of two-qubit gates in topological quantum computing requires elementary braiding operations acting
on a Hilbert space of a larger dimension than that of two qubits. The problem of leakage in relation to topological
quantum compilation, particularly in the context of the implementation of two-qubit gates, was recognized early on by
Bonesteel et al. [15]. This problem was studied later by Xu and Wan [23] and later by Ainsworth and Slingerland [24]
who focused on the leakage problem in connection with topological qubit design and showed that the requirement of
leakage-free design is too restrictive and can only be realized in non-universal Ising-like anyon models. A large family
of leakage-free Fibonacci braiding gates were studied by Cui et al. [25], who proved that they were all non-entangling.
Moreover, brute-force numerical searches failed to identify any leakage-free implementations of entangling operations
using braids with a word length of up to seven.

In this work, we focus on the approximate implementation of two-qubit operations in the Fibonacci anyon frame-
work. We employ the geometric theory of two-qubit operations, developed by Zhang et al. [26] in the context
of quantum control. The geometric theory stems from the Cartan decomposition of the Lie group SU(4) and the
Makhlin local invariants [27] and provides a representation of two-qubit operations in terms of their local equivalence
classes. In our context, a local equivalence class is defined as the set of two-qubit gates that are equivalent up to
single-qubit transformations, and thus correspond to the co-set of SU(4) by the subgroup SU(2)⊗ SU(2).

The local invariants were previously used by DiVincenzo et al. [28] to find a local equivalent of the CNOT gate in
a system with the Heisenberg Hamiltonian in the context of encoded universality. Müller et al. [29] have combined
optimal quantum control with the geometric theory of two-qubit operations to derive an optimization algorithm that
determines the best two-qubit gate entangling in the system of trapped polar molecules and neutral atoms. This
work was later followed by a generalization of the optimal control objective to include an arbitrary perfect entangler
[30, 31]. In all these cases, the use of geometric theory and the Makhlin local invariants in particular led to significant
enlargement of the optimization target, its dimension, and size, which considerably improved both the accuracy and
convergence of the optimization process.

The structure of this paper is as follows. In Sec. II, we present an encoding of a two-qubit system in the Fibonacci
anyons and the discrete set of gates that correspond to elementary braids and which constitute the gate alphabet. We
then attempt to generate the CNOT operation exactly in Sec. III. We shift our focus to the generation of the local
equivalence class [CNOT] in Sec. IV, wherein we present the main results. The question of what local equivalence
classes are generated naturally in our system of Fibonacci anyons is addressed in Sec. V. We specifically show that
most of the local equivalence classes of two-qubit operations which are naturally generated by Fibonacci anyon braids
are located close to the edges of the Weyl chamber representation of two-qubit operations which connects the identity
local equivalence classes [1] and [CNOT], and the classes of the double-CNOT [DCNOT] and [SWAP]. In addition,
we found a numerically exact implementation of a local equivalent of SWAP with a sequence of only nine elements
from the Fibonacci braiding gate alphabet. We conclude in Sec. VI.
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FIG. 1: Graphical representation of the basis states of two qubits in the six-anyon system.

II. TWO QUBITS ENCODING

Cui et al. [25] presented the encoding of two qubits into the system of six Fibonacci anyons, illustrated in Fig. 1, and
also derived the six-anyon representation of the five braiding operations, ρ6(σk). We have verified both the encoding
and the braiding and adopted them in this work. The braiding matrices, σk, that braid the k and k + 1 anyons, in
the basis {|NC⟩ , |11⟩ , |1τ⟩ , |τ1⟩ , |ττ⟩} are given by the following:

• ρ6(σ1) = Rττ
τ ⊕ (R⊗ 12)

• ρ6(σ2) = Rττ
τ ⊕ (FRF ⊗ 12)

• ρ6(σ3) = P14(R
ττ
τ ⊕R⊕ FRF )P14

• ρ6(σ4) = Rττ
τ ⊕ (12 ⊗ FRF )

• ρ6(σ5) = Rττ
τ ⊕ (12 ⊗R).

Here, R and F are the matrices defined in Equations (4) and (2) respectively, P14 is the permutation matrix obtained
by exchanging the first and fourth rows of a 5× 5 matrix, and 12 is the 2× 2 identity matrix.

These braiding matrices constitute the basic gate alphabet for the topological quantum compilation. In an
abuse of notation, we will denote the basic alphabet by {σ1, σ2, σ3, σ4, σ5}. In addition, we also consider an ex-

tended gate alphabet which includes the inverse braiding matrices and thus consists of ten operations in total,
{σ1, σ2, σ3, σ4, σ5, σ

−1
1 , σ−1

2 , σ−1
3 , σ−1

4 , σ−1
5 }. As is discussed in the following, the extended alphabet impacts the

complexity of the topological compilation but does not appear to lead to a significant advantage.

A unitary operation U , which results from a product of elements of one of these alphabets, is considered leakage-free
if it preserves the 4-dimensional computational subspace VC [25]. This requires that the 5 × 5 matrix, which results
from a sequence of elementary braids, can be written as M ⊕ U where the matrix M is one-dimensional with the
element M11 ∈ U(1) and has unit norm. Since our objective is to approximate a leakage-free gate, we require that
the norm of M11, given by its absolute value, satisfies |1− |M11|| < δ for δ ≪ 1. All the gates that constitute both
the basic and extended alphabets are leakage-free gates.

III. APPROXIMATING THE CNOT GATE

Our first task is to realize the controlled-NOT gate (CNOT) as a product of the elements of one of these alphabets.
The CNOT gate acts on a two-qubit Hilbert space in such a manner that it applies the bit-flip operation, given by the
Pauli matrix σx, on the target qubit if the control qubit is in the state |1⟩. We choose the first qubit as the control
qubit so that the CNOT gate can be written in the two-qubit standard computational basis {|00⟩ , |01⟩ , |10⟩ , |11⟩} as
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the 4× 4 matrix in Eq. (5). Two other matrices which will be of relevance in Section V are also shown.

CNOT = 12 ⊕ σx =







1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0






, SWAP =







1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1






, DCNOT =







1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0






. (5)

As our system of six Fibonacci anyons corresponds to a five-dimensional Hilbert space, we will be looking for
implementations of the CNOT gate in the form of M11 ⊕ A, with A acting on the four-dimensional computational
subspace VC and satisfies two conditions: (i) it is approximately unitary and (ii) it is ‘close’ to the CNOT gate.

The first condition requires finding the 17-dimensional subspace of the manifold U(5) which has the total dimension
25. Specifically, we will first look for the implementations where |M11| ≈ 1 which defines our first measure of unitarity
according to [25]. In general, a more sophisticated measure of unitarity of the matrix A may be desired, for example,
in the case that a required implementation has the form M ⊕ A where M is more than one-dimensional. In our
context, we do not consider the measure given by tr

(

A†A
)

/dim(A) = 1 sufficient, as the tracing operation essentially
excludes much information and permits misclassification of unitary/non-unitary matrices.

We instead choose to utilize a notion of distance between matrices to construct a measure of unitarity – the Schatten
p-norm of the difference between two matrices. The Schatten p-norm is given by

∥A∥p = tr(|A|p)1/p (6)

for a Hermitian matrix A, with 1 ≤ p ≤ ∞, and |A| =
√
A†A denotes the operator square root. In our case, it suffices

to use the trace norm, which corresponds to the p = 1 norm, to define a unitarity measure via

dU (A) = ∥A†A− 1∥1 = tr
∣

∣A†A− 1
∣

∣, (7)

In our computations, we calculate both measures of unitarity as they offer a complementary perspective.
For the second condition, we desire the 4×4 sub-matrix, constructed in the 4-dimensional computational space VC ,

to be as close to the CNOTmatrix as possible. To quantify this distance, we shall use the (normalized) Hilbert-Schmidt
distance (i.e., the Schatten p = 2 distance)

d2(A,B) =

∥

∥

∥

∥

A

∥A∥2
− B

∥B∥2

∥

∥

∥

∥

2

, (8)

where ∥.∥2 is the Hilbert-Schmidt (p = 2) norm, and each matrix is normalized by its norm. We use this distance
measure as it is bounded between 0 and 2, thus it provides a clear sense of small versus large distances.Using this
notion of distance, we define the distance of the matrix A to the CNOT matrix as

d2(A) =

∥

∥

∥

∥

A

∥A∥2
− CNOT

∥CNOT ∥2

∥

∥

∥

∥

2

. (9)

We note that as a result of using the distance measure Eq. (9), a matrix A that is proportional to the CNOT gate
will return a distance zero.
Now, the procedure for finding a 4× 4 sub-matrix A that is both approximately unitary and as close to the CNOT

matrix as possible is as follows:

1. Pick a braid combination length L. This will be the number of matrices to take the product of.

2. For each matrix in the combination, pick one of the 5 braiding matrices σk of the basic gate alphabet (resp.
one of the 10 braiding matrices of the extended alphabet) to use. For a combination of length L, there will be
a total of 5L (resp. 10L) combinations to choose from.

3. Compute the product of the chosen matrices in this combination to obtain the resulting 5× 5 matrix M .

4. Compute the norm of the (1, 1) element (|M11|) which serves as the leakage indicator.

5. Compute the unitary measure dU (A) of the 4× 4 sub-matrix A.

6. If the unitarity of the 4 × 4 sub-matrix A is approximately satisfied within a given threshold, compute the
distance d2(A) between A and the CNOT matrix. Otherwise, repeat the steps 1-5.

7. Store the combination (‘Operator’), distance (‘d2(A)’), norm of the (1, 1) element (‘|M11|’), and the unitary
measure (‘dU (A)’).
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No. L Operator d2(A) |M11| dU (A)
1 3 111 1.176 1 0
2 4 1001 1 1 0
3 5 00000 1 1 0
4 6 443344 1.076 1 0
5 7 4334300 0.897 1 0
6 8 33333300 0.896 1 0
7 9 100100000 1 1 0
8 10 0000000000 1 1 0
9 11 31001000000 0.897 1 0
10 12 322022222222 0.809 1 0
11 12 011311331113 0.841 1 0
12 13 4420410200044 0.827 1 5.246 · 10−15

13 16 3244411044114244 0.809 1 0
14 17 03043034440033034 0.798 1 0
15 21 223400344020222234322 0.632 0.984 5.881 · 10−2

16 21 423333044023300323423 0.652 0.996 1.49 · 10−2

17 23 34344031313404411322240 0.785 0.954 9.017 · 10−2

18 27 340113211204400220142121340 0.484 0.984 9.142 · 10−2

19 27 423344224432003320410410133 0.542 0.984 6.26 · 10−2

20 31 2430341014411443041020323332434 0.482 0.981 7.314 · 10−2

21 31 4040232033011013103334443303002 0.699 0.99 2.764 · 10−2

TABLE I: Strings of operators from the basic gate alphabet and their corresponding distance d2(A) to the CNOT
operation, and the norm of the (1,1) element |M11| and dU (A) which indicate the leakage into the non-computational

subspace. The horizontal dividing line separates the results obtained by an exhaustive search and sampling.

In Table I, we show the results of searching for an exact CNOT gate using braid sequences of lengths from 3 up
to 31 from the basic gate alphabet. Note that in the table, a string ”0104230...” indicates that the matrix is made
up of the product σ1σ2σ1σ5σ3σ4σ1...”. The results represent the best outcomes from the total number of trials on
the order of 1012. For braid sequences up to length 13, we perform an exhaustive search of all combinations. For
braids of length 14 and above, an exhaustive search is intractable and we instead randomly sample the search space
in a brute-force manner. The results in Table I, are the braids that have the lowest distance to the exact CNOT gate
while having a unitary measure less than 0.1.
Table II shows the results of the same compilation problem with the extended gate alphabet which also includes

the inverse operations. These operators are labeled as

{

σ1, σ2, σ3, σ4, σ5, σ
−1
1 , σ−1

2 , σ−1
3 , σ−1

4 , σ−1
5

}

→ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} .

The exhaustive search in this case is possible with standard computing resources only for sequences up to the length
of 8, beyond which it becomes intractable. We noted that including also the inverse braid operations did not seem to
lead to any significant improvement of the convergence to the target CNOT, at least using the available resources.

We see from the results in Tables I and II, that the search for an approximate implementation of the CNOT operation
fails to reach the optimization target within a reasonable error ϵ ≪ 1 while satisfying the unitarity condition. It seems
plausible that the CNOT operation is not a natural target for sequences taken from either the basic or extended
gate alphabet. Clearly, longer sequences of elementary braids need to be employed in the implementation of the
CNOT gate in the Fibonacci anyon system considered here. In other words, finding, or at least approaching a small
neighborhood of a single point, such as the CNOT gate, in the 16-dimensional manifold of U(4) using five or ten
discrete operations, most of them from the subgroup U(2) ⊗ U(2) of single-qubit operations, may not have an easy
solution. In the following, we will focus on a different approach to implement two-qubit operations such as the CNOT
gate with the Fibonacci anyons which is considerably more efficient.

IV. APPROXIMATING THE LOCAL EQUIVALENCE CLASS [CNOT]

Now, instead of looking for a matrix that is as close as possible to the CNOT gate, we will instead search for any
two-qubit operation that is approximately equivalent to the CNOT gate up to any single qubit transformations. The
set of all operations equivalent in this sense to the CNOT gate forms the local equivalence class [CNOT]. The local
equivalence class is uniquely characterized by three real parameters called local invariants, first introduced by Makhlin
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No. L Operator d2(A) |M11| dU (A)
1 2 30 0.8092 1 0
2 3 880 1.1667 1 0
3 4 5300 0.8092 1 0
4 5 48440 0.9708 1 0
5 6 553000 0.8092 1 0
6 7 4334300 0.8972 1 0
7 8 37770000 0.7916 0.9539 0.0902
8 9 441001048 0.8191 1 0
9 10 2555337582 0.7916 0.9539 0.0902
10 11 59672955693 0.8191 1 0
11 12 374050007970 0.7916 0.9539 0.0902
12 12 306947382105 0.8092 1 0
13 13 6595888969003 0.7985 1 0
14 14 75139699757375 0.6428 0.9842 0.0588
15 20 78450807782427077787 0.6145 0.9759 0.0939
16 24 287430798424700981936977 0.5498 0.9842 0.0588

TABLE II: Strings of operators from the extended gate alphabet and their corresponding distance d2(A) to the
CNOT operation, and the norm of the (1,1) element |M11| and dU (A) which indicate the leakage into the

non-computational subspace. The horizontal dividing line separates the results obtained by exhaustive search and
sampling.

[27]. These were used, in combination with the Cartan decomposition of the Lie group SU(4), by Zhang et al. [26] for
the development of the geometric theory of two-qubit operations which forms the basis for our considerations here.

Employing the local equivalence class of a two-qubit gate instead of the gate itself significantly expands the opti-
mization target [29] which now corresponds to a point in a three-dimensional space of local equivalence classes called
the Weyl chamber. This space is defined either by the coefficients c1, c2, c3 of a corresponding element of the Cartan
subalgebra, with certain Weyl reflection symmetry removed, or by the local invariants g1, g2, g3. Both representations
of the set of local equivalence classes are illustrated in Fig. 2. The procedure for finding the desired local equivalence
class is essentially the same as in Section III. We take a product of the elementary braiding matrices σk and first test
for the unitarity of the overall operation in the 4-dimensional subspace. If this condition is satisfied, we search for an
element of the local equivalence class [CNOT] using a cost function defined in terms of the local invariants.

(a) (b)

FIG. 2: Illustration of the Weyl chamber [30] (a) in the representation given by the coefficients of the elements of
the Cartan subalgebra c1, c2, c3, and (b) in the representation given by the local invariants g1, g2, g3.

A. Cost function

We briefly review the construction of the local invariants and then define the relevant cost function. A two-qubit
unitary operation U ∈ SU(4) has the Cartan decomposition given by U = k1Ak2 where k1, k2 ∈ SU(2)⊗ SU(2) and
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A is generated by an element of the Cartan subalgebra of the algebra su(4) spanned by the generators proportional
to the tensor products of the Pauli matrices σx ⊗ σx, σy ⊗ σy, σz ⊗ σz. We first transform U from the standard
computational basis to the Bell basis,

Q =
1√
2







1 0 0 i
0 i 1 0
0 i −1 0
1 0 0 −i






, =⇒ UB = Q†UQ. (10)

In this representation, the local factors k1 and k2 of the Cartan decomposition become respectively elements O1 and
O2 of the orthogonal group with the property OTO = OOT = 1, and the non-local factor Q†AQ becomes diagonal.
To define the Makhlin matrix, we take the following product

mU = UT
B UB , (11)

which eliminates one of the local operations. The other set of local operations in fact diagonalizes the Makhlin matrix
mU to produce the diagonal Q†AQ. From the relevant characteristic equation, one can derive the local invariants in
the following form:

g1 =
Re{tr2(mU )}

16
, g2 =

Im{tr2(mU )}
16

, g3 =
tr2(mU )− tr

(

m2
U

)

4
. (12)

The values of these invariants for various equivalence classes are given in Table III.

Class g1 g2 g3
[1] 1 0 3
[DCNOT] 0 0 −1
[SWAP] −1 0 −3
[B] 0 0 0
[CNOT] 0 0 1

[
√
SWAP] 0 1/4 0

TABLE III: Values of the Makhlin invariants for different local equivalence classes.

These invariants are defined for the elements of the Lie group SU(4). In order to generalise these to elements of

U(4), we express U = eiαŨ ∈ U(4), where Ũ ∈ SU(4). The global phase, eiα can be eliminated by dividing the local
invariants Eq. (12) by det(U) = e4iα. Thus, the final form of the invariants, for elements of U(4), are

g1 = Re

{

tr2(mU )

16 · det(U)

}

, g2 = Im

{

tr2(mU )

16 · det(U)

}

, g3 =
tr2(mU )− tr

(

m2
U

)

4 · det(U)
. (13)

Note that since U ∈ U(4), g1, g2, g3 ∈ R as stated earlier.

While the full 5× 5 matrices that we obtain from an arbitrary sequence of σk will be unitary, the 4× 4 sub-matrix
will generally be only approximately unitary. As a result, g3 can have complex values. As previously, we first test
the unitarity of the resulting 4 × 4 sub-matrix and only if it is satisfied to the required accuracy, do we proceed to
the calculation of the local invariants. In these cases, the imaginary component of g3 does not exceed the numerical
value of 10−5.

We now define a distance measure to a given local equivalence class using the local invariants, namely, we define
the distance of a matrix U to an equivalence class E as

dE(U) =
3

∑

i=1

∆g2i , ∆gi = |gi(E)− gi(U)|. (14)

We are now prepared to search for sequences of braiding matrices, intending to approximate the CNOT local equiva-
lence class. In the following discussion, we denote the distance of an approximately unitary 4× 4 matrix A from the
local equivalence class [CNOT] as d(A) = dCNOT(A).
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No. L Operator d(A) |M11| dU (A)
1 3 000 5 1 0
2 4 0000 5 1 0
3 5 00000 5 1 0
4 6 222000 2.908 0.954 9.017 · 10−2

5 7 0000000 5 1 0
6 8 00000000 5 1 0
7 9 000000000 5 1 0
8 10 2221001222 0.463 0.976 4.76 · 10−2

9 11 22210012220 0.463 0.976 4.76 · 10−2

10 12 223443100122 2 · 10−5 0.976 4.76 · 10−2

11 13 2213404301242 2 · 10−5 0.976 4.76 · 10−2

12 17 34224334310031224 2 · 10−5 0.976 4.76 · 10−2

13 21 242314040312211412221 9.434 · 10−2 0.992 2.928 · 10−2

14 24 422211222020214000112021 7.829 · 10−3 0.995 1.776 · 10−2

15 27 101422102223130431111322222 1.232 · 10−3 0.994 2.201 · 10−2

16 29 31423322434332420442310301422 1.06 · 10−4 0.995 1.841 · 10−2

17 30 222223043422422024043333320003 7.779 · 10−9 0.998 7.564 · 10−3

18 31 2344130440331032213334400344312 2.2 · 10−8 0.997 9.476 · 10−3

19 33 423330314001220244224333334034032 7.8 · 10−9 0.998 6.829 · 10−3

20 39 132424244140142042111112011202122020400 2.058 · 10−4 0.999 2.089 · 10−3

21 39 231333001244422220433403402422343302043 7.8 · 10−9 0.998 4.745 · 10−3

,

TABLE IV: String of operators and their corresponding distance d to the local equivalence class [CNOT], the norm
of the (1,1) element |M11|, and the unitary measure dU . The horizontal dividing line separates the results obtained

by an exhaustive search and sampling.

B. Results

We first look for sequences of σk, whose 4×4 sub-matrix is approximately unitary over the computational subspace.
Then we compute the distance d(A) of the matrix A to the local equivalence class [CNOT]. Table IV shows the
results for the basic gate alphabet. We perform an exhaustive search up to length 14, and randomly sample for
longer sequences. It is evident from the results that there is a trade-off between having a unitary matrix and having
a matrix that is close to the CNOT local equivalence class (in terms of the invariants). Nevertheless, one can
achieve very small distances while maintaining a very good approximation to unitarity by increasing the length of
the chain. Table V shows the compilation results obtained for the extended gate alphabet which includes also inverse
operations. In this case, we have only been able to perform the exhaustive search for sequences of length up to 8. We
observe no obvious difference between the results obtained for the basic or extended alphabet, though we acknowledge
that a more comprehensive search may need to be employed for such a comparison. This is however beyond our
present objectives which reside in comparison between topological compilation with respect to a specific entangling
operation and compilation with respect to its local equivalence class. It is evident that the latter results in significant
improvements in terms of convergence as well as the length or number of elementary operations required for the
implementation of an entangling operation from the local equivalence class [CNOT]. It is of course plausible that
other local equivalence classes may be generated from our gate alphabet more naturally, as we shall discuss next.

V. NATURAL LOCAL EQUIVALENCE CLASSES

We now aim to identify which, if any, local equivalence classes can be naturally generated by braiding Fibonacci
anyons. Since we do not observe a significant difference between the results obtained with the basic and extended
alphabet, we use the former which allows us to explore longer sequences via an exhaustive search approach, and also
sample larger fractions of the total space in the cases where exhaustive searches are intractable. Since we perform
our computations using the local invariants, we plot our results in the Weyl chamber in the representation given by
g1, g2, g3. As before, our first step is to test the unitarity of the 4 × 4 sub-matrix. If this is satisfied, we evaluate
the local invariants and locate the relevant class in the Weyl chamber. Table VI shows the unique invariants for
resulting matrices that are close to unitary for combinations of lengths up to 39. For the sequences presented therein,
Im(g3) < 10−5, and hence it is omitted from the table.
Although a comparison could be made between the values in this table and those in Table III, we find that a graphical
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No. L Operator d(A) |M11| dU (A)
1 1 0 5 1 0
2 2 00 5 1 0
3 3 222 2.908 0.954 9.017 · 10−2

4 4 2220 2.908 0.954 9.017 · 10−2

5 5 22200 2.908 0.954 9.017 · 10−2

6 6 222000 2.908 0.954 9.017 · 10−2

7 7 2220000 2.908 0.954 9.017 · 10−2

8 10 6577100177 0.463 0.976 4.76 · 10−2

9 12 208923329892 2 · 10−5 0.976 4.76 · 10−2

10 13 3734788743705 2 · 10−5 0.976 4.76 · 10−2

11 14 26952811352642 2 · 10−5 0.976 4.76 · 10−2

12 17 76177322244377075 6.785 · 10−2 0.984 4.974 · 10−2

13 19 9777577842888487783 1.579 · 10−2 0.994 1.784 · 10−2

14 20 13282844544028208235 1.16 · 10−3 0.984 4.577 · 10−2

15 21 726202360623786904622 7.7 · 10−4 0.988 4.8 · 10−2

16 21 524546245839171526261 2 · 10−5 0.976 4.76 · 10−2

TABLE V: String of operators from the extended gate alphabet and their corresponding distance to the CNOT
equivalence class (d), and the norm of the (1, 1) element, and the unitary measure dU . The horizontal dividing line

separates the results obtained by an exhaustive search and sampling.

No. L Operator g1 g2 Re(g3)
1 3 000 1 0 3
2 4 0000 1 0 3
3 5 00000 1 0 3
4 6 222000 0.76 2.01 · 10−2 2.52
5 7 0000000 1 0 3
6 8 00000000 1 0 3
7 9 000000000 1 0 3
8 10 2221001222 0.3 1.12 · 10−2 1.61
9 11 22210012220 0.3 1.12 · 10−2 1.61
10 12 223443100122 1.79 · 10−3 1.07 · 10−3 1
11 13 2213404301242 1.79 · 10−3 1.07 · 10−3 1

12 17 34224334310031224 1.79 · 10−3 1.07 · 10−3 1
13 21 242314040312211412221 0.14 −5.86 · 10−4 1.27
14 24 422211222020214000112021 3.96 · 10−2 −7.91 · 10−4 1.08
15 27 101422102223130431111322222 1.57 · 10−2 −2.56 · 10−4 1.03
16 29 31423322434332420442310301422 4.59 · 10−3 3.1 · 10−4 1.01
17 30 222223043422422024043333320003 3.88 · 10−5 −7.3 · 10−6 1
18 31 2344130440331032213334400344312 6.39 · 10−5 1.76 · 10−5 1
19 33 423330314001220244224333334034032 3.88 · 10−5 −7.3 · 10−6 1
20 39 132424244140142042111112011202122020400 6.42 · 10−3 3.64 · 10−5 1.01
21 39 231333001244422220433403402422343302043 3.88 · 10−5 −7.3 · 10−6 1

TABLE VI: Operators (equivalent to Table IV) and their corresponding invariants g1, g2, g3. The horizontal dividing
line separates the results obtained by an exhaustive search and sampling.

representation offers a clearer illustration of our results. In Fig. 3, we first plot the invariants for the matrices that
are shown in Table VI, and also illustrate the Weyl chamber in the invariant space, highlighting the perfect entangler
region in red. The relevant equivalence classes are highlighted as points on the vertices of the chamber. Since the
matrices in the table above a braid of length 12 have a small distance to the CNOT local equivalence class, the data
points are generally concentrated around the [CNOT] point in the Weyl chamber.

Other unitary operations, which we can obtain from sequences of the elementary braids and which are not close
to [CNOT], are particularly interesting as they provide insight into what type of entangling operations are naturally
generated in our anyonic system. In Figure 4 we plot the matrices found that approximately satisfy the unitarity
condition following a random sampling of the combinations of length 40. We observe that these natural operations lie
between the local equivalence classes [1] and [CNOT], and the classes [DCNOT] and [SWAP] for the length of braid
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(a) Data plotted alongside the full Weyl chamber.
(b) Data plotted alongside the full Weyl chamber,

focused on the top half of the Weyl chamber.

FIG. 3: Invariants of matrices from Table VI plotted in g1, g2, g3 space (braids of length 3-39).

sequences investigated here. The forms of these matrices are given in Eq. (5).
Now that we have seen there are other equivalence classes that our combinations of σk flow to, we shall determine

the distance to the closest equivalence class of some of the selected two-qubit operations, such as CNOT, double-
CNOT (DCNOT), SWAP and the identity operation 1, in terms of the local invariants. In Table VII we show the
results for some of the braiding matrices in Figure 4. Note that we only show a small sample of the ∼ 1000 points.
From this table, we observe that we can achieve a perfectly unitary matrix that is locally equivalent to a SWAP gate.
We provide an example of the 5× 5 matrix [M11 ⊕A] which is locally equivalent to the SWAP gate in Eq. (15).

M11 ⊕A =











−1.0 + 0.0i +0.00 + 0.00i +0.00 + 0.00i +0.00 + 0.00i +0.00 + 0.00i
+0.0 + 0.0i −0.04− 0.31i −0.36 + 0.18i +0.49 + 0.22i +0.07− 0.67i
+0.0 + 0.0i +0.49− 0.22i −0.46− 0.50i +0.04− 0.31i −0.39 + 0.07i
+0.0 + 0.0i −0.39− 0.07i −0.04− 0.31i +0.46− 0.50i +0.49 + 0.22i
+0.0 + 0.0i −0.07− 0.67i −0.49− 0.22i −0.36− 0.18i +0.04− 0.31i











(15)

We see that the norm of the element M11 is, within the numerical accuracy, equal to 1. The form of the sub-matrix
A is clearly distinct from the form of the SWAP gate in the standard representation, however, the two are locally
equivalent up to single-qubit transformations.

No. Operator d(A) Class |M11| dU (A)
1 0131130443333410041340121001420341430104 0 ID 1 2.43 · 10−14

2 1332041020222120241220324100023023433334 0 SWAP 1 2 · 10−14

3 1433031222342422203023223230240443302034 4.29 · 10−11 CNOT 0.99 4.47 · 10−2

4 2042023223234230444023402233310403144302 2.2 · 10−8 CNOT 1 9.48 · 10−3

5 2111210000021122401344030030343310112200 2.78 · 10−8 CNOT 0.99 3.66 · 10−2

6 2000011042011221000220214134423024141113 4.98 · 10−6 CNOT 0.98 3.94 · 10−2

7 4424112204224004142400202443114301430203 1.22 · 10−5 CNOT 0.99 4.83 · 10−2

8 4123222404221021243042034403104041340422 2.17 · 10−5 DCNOT 0.98 4.76 · 10−2

9 4111441434443422140131014432210304341300 2.17 · 10−5 CNOT 0.98 4.76 · 10−2

10 3214304124313214030210210410322210013242 9.86 · 10−5 DCNOT 0.99 3.16 · 10−2

11 3010240424120241112044202220001020142122 2.99 · 10−4 CNOT 0.99 3.48 · 10−2

12 2303323004100444134324422204022120202124 1.23 · 10−3 CNOT 0.99 3.46 · 10−2

13 4403124432032044210003142322243041131112 1.23 · 10−3 CNOT 0.99 4.34 · 10−2

14 1442024304110331441224310343121400044432 1.23 · 10−3 DCNOT 0.99 4.34 · 10−2

TABLE VII: Operators consisting of combinations of length 40, and their corresponding distance to the closest
equivalence class in terms of the Makhlin invariants g1, g2, g3, the norm of the (1, 1) element, and their unitary

measure dU .

In this section thus far, we have focused on large combination lengths. Now, we reduce the length of the braid
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(a) Data plotted alongside the full Weyl chamber.
(b) Data plotted alongside the perfect entangler section
of the Weyl chamber – coined the ‘Eye of Sauron’ in [32].

(c) Data plotted alongside the full Weyl chamber,
focused on the top half of the Weyl chamber.

(d) Data plotted alongside one half of the Weyl
chamber, focused on the CNOT point in the space.

FIG. 4: Invariants of random combinations (∼ 1000) resulting in approximately unitary matrices plotted in g1, g2, g3
space - Braids of length 40.

sequences while searching for 4 × 4 unitary operations that are close to some local equivalence classes. We perform
an exhaustive search up to length 14, and remarkably, we can obtain a unitary matrix that is exactly within the local
equivalence class [SWAP] using a braid of a length of only 9. Beyond L = 12 we stop searching for SWAP gates as
we have already achieved an optimal SWAP gate at L = 9. We summarize the results in Table VIII.

VI. CONCLUSIONS

We numerically address the problem of topological compilation of two-qubit operations in the system of six Fibonacci
anyons. This system gives rise to a five-dimensional Hilbert space which permits encoding of two qubits while leaving
one-dimensional subspace as non-computational. This encoding has previously been studied by Cui et al. [25] who
focused on the question of leakage-free two-qubit operations that are at the same time also entangling. They performed
brute-force numerical searches for anyon braids with a length up to seven but found no entangling gates that would
be exactly leakage-free.
In this work, our objectives were different. Firstly, we focused on relaxing the compilation target from a single
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No. L Operator d(A) Class |M11| dU (A)
1 1 0 0 ID 1 0
2 2 00 0 ID 1 4 · 10−16

3 3 000 0 ID 1 7 · 10−16

4 4 0000 0 ID 1 4 · 10−16

5 5 00000 0 ID 1 0
6 6 000000 0 ID 1 2 · 10−16

7 7 0000000 0 ID 1 7 · 10−16

8 8 00000000 0 ID 1 4 · 10−16

9 9 234123012 0 SWAP 1 4.7 · 10−15

10 10 2341230120 0 SWAP 1 4.6 · 10−15

11 10 2223443222 0.463 CNOT 0.976 4.76 · 10−2

12 11 23412301200 0 SWAP 1 4.1 · 10−15

13 11 22234430222 0.463 CNOT 0.976 4.76 · 10−2

14 12 423123041302 0 SWAP 1 6.2 · 10−15

15 12 223104403122 2.169 · 10−5 CNOT 0.976 4.76 · 10−2

16 13 1133100000022 2.169 · 10−5 CNOT 0.976 4.76 · 10−2

17 14 03023010000322 2.169 · 10−5 CNOT 0.976 4.76 · 10−2

TABLE VIII: Operators and their corresponding distance to the closest equivalence class in terms of the Makhlin
invariants g1, g2, g3, the norm of the (1, 1) element, and their unitary measure dU .

two-qubit operation, such as the CNOT gate, to its entire local equivalence class. This class is defined by the set of
all two-qubit operations which are locally equivalent up to single-qubit transformations and it is uniquely determined
by three numerical local invariants [26, 27]. This approach contrasts with finding a specific two-qubit operation,
that is an element of the Lie group SU(4) (or U(4)) which is characterized by 15 (or 16) parameters. Finding a
specific operation is thus equivalent to finding a point in a fifteen-dimensional parameter space. In other words, using
local invariants of two-qubit operations, we show that this problem, which is akin to finding a needle in a fifteen-
dimensional haystack, can be considerably reduced. The resulting search, which then takes place in a rather intuitive
three-dimensional space, has significantly improved convergence properties in both the length of the braids required
as well as its accuracy compared to a search for a specific gate.

Our numerical calculations were based on exhaustive search up to the braid length L = 14 and random brute-force
search up to L = 40. We point out that our search for the CNOT gate, using both the basic and extended alphabet,
manifestly failed. None of the approximately leakage-free two-qubit operations could be considered close to the CNOT
gate. On the other hand, our search for the local equivalence class [CNOT] led to satisfactory results. These are
characterized by the unitarity measure dU (A) on the order of 10−2 and the distance to the local equivalence class
dE(A) on the order of 10−5 for the braids of the length L = 12 and generally improving with the growing L. We do
not observe a significant difference when using the basic or extended gate alphabets. However, more studies, perhaps
with improved optimization techniques, may be required to fully understand this behavior. It seems plausible that
the employed discrete gate alphabets, which effectively consist of only one two-qubit operation, may be too coarse to
explore the relevant parameter space of two-qubit operations or their local equivalence classes more efficiently.

Finally, we study what local equivalence classes are naturally generated by our basic gate alphabet. We select braids
that are unitary over the four-dimensional computational subspace and identify their local invariants. We observe
the concentration of the resultant matrices along the line of so-called controlled unitary operations which connect the
identity local equivalence class [1] and the class [CNOT]. We also observe a somewhat lesser concentration of the
results along the line connecting the classes [DCNOT] and [SWAP]. In fact, the class [SWAP] features prominently
in our results as its generation is exactly leakage-free within standard numerical accuracy. On the other hand, all the
entangling operations (and their local equivalence classes) are approximately leakage-free. This seems to be consistent
with the results by Cui et al. [25] who suggested the negative for the open question of whether there are leakage-free
entangling Fibonacci braiding gates.
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