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Linear-Time Graph Programs without Preconditions

Ziad Ismaili Alaoui * Detlef Plump
Department of Computer Science, University of Liverpool Department of Computer Science, University of York
Liverpool, United Kingdom York, United Kingdom
ziad.ismaili-alaoui@liverpool.ac.uk detlef.plump@york.ac.uk

We report on a recent breakthrough in rule-based graph programming, which allows us to reach the
time complexity of imperative linear-time algorithms. In general, achieving the complexity of graph
algorithms in conventional languages using graph transformation rules is challenging due to the cost
of graph matching. Previous work demonstrated that with roofed rules, certain algorithms can be
executed in linear time using the graph programming language GP 2. However, for non-destructive
algorithms that retain the structure of input graphs, achieving linear runtime required input graphs
to be connected and of bounded node degree. In this paper, we overcome these preconditions by
enhancing the graph data structure generated by the GP 2 compiler and exploiting the new structure
in programs. We present three case studies, a cycle detection program, a program for numbering
the connected components of a graph, and a breadth-first search program. Each of these programs
runs in linear time on both connected and disconnected input graphs with arbitrary node degrees. We
give empirical evidence for the linear time complexity by using timings for various classes of input
graphs.

1 Introduction

Designing and implementing languages for rule-based graph rewriting, such as GReAT [1l], GROOVE
[1O], GrGen.Net [11], Henshin [15], and PORGY [9]], poses significant performance challenges. Typi-
cally, programs written in these languages do not achieve the same runtime efficiency as those written in
conventional imperative languages such as C or Java. The primary obstacle is the cost of graph matching,
where matching the left-hand graph L of a rule within a host graph G generally requires time |G| Ll with
|X| denoting the size of graph X. (Since L is fixed, this is a polynomial.) As a consequence, standard
imperative graph algorithms running in linear time (see, for example, [7, [14]) may exhibit non-linear,
polynomial runtimes when recast as rule-based graph programs.

To address this issue, the graph programming language GP 2 [[13]] supports rooted graph transforma-
tion rules, initially proposed by Dorr [8]. This approach involves designating certain nodes as roots and
matching them with roots in the host graphs. Consequently, only the neighbourhoods of host graph roots
need to be searched for matches, which can often be done in constant time under mild conditions. The
GP 2 compiler [3]] maintains a list of pointers to roots in the host graph, facilitating constant-time access
to roots if their number remains bounded throughout the program’s execution. In [4], fast rules were
identified as a class of rooted rules that can be applied in constant time, provided host graphs contain a
bounded number of roots and have a bounded node degree.

The first linear-time graph problem implemented by a GP 2 program was 2-colouring. In [4} 3], it is
shown that this program colours connected graphs of bounded node degree in linear time. Since then,
the GP 2 compiler has received some major improvements, particularly related to the runtime graph data

*This author’s work was done while he was affiliated with the University of York.
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40 Linear-Time Graph Programs without Preconditions

structure used by the compiled programs [6]. These improvements made a linear-time worst-case perfor-
mance possible for a wider class of programs, in some cases even on input graph classes of unbounded
degree. See [5] for an overview.

Despite this progress, programs that retain the structure of input graphs, such as the aforementioned
2-colouring program, have until now required non-linear runtimes on disconnected graphs. The problem
is that, after a connected component is visited, the number of failed attempts to match a non-visited node
in a different connected component may increase. Consequently, in disconnected graph classes, this
number may grow quadratically in the graph size, leading to a quadratic program runtime. In connected
graph classes, this undesirable behaviour is ruled out because all nodes are reachable from a single
undirected depth-first search.

In this paper, we present two updates to the GP 2 compiler, one being introduced in [2], which allow
lifting the preconditions that host graphs must be connected and have a bounded node degree. In short,
the solution is to improve the graph data structure generated by the compiler. Nodes are now stored in
separate linked lists based on their marks (red, green, blue, grey or unmarked), and each node comes
with a two-dimensional array of linked lists storing all incident edges based on their marks (red, green,
blue, dashed or unmarked) and orientation (incoming, outgoing or looping). This enables the matching
algorithm to find in constant time a node with a specific mark or an edge with a specific mark and
orientation. For instance, if a red node is needed, a single access to the list of red nodes will either locate
such a node or confirm its absence. Similarly, if an outgoing green edge is required, a single access to
the corresponding linked list will either find such an edge or determine that none exists.

In addition to the new graph data structure, a programming technique is needed to take advantage
of the improved storage. In a case study, we demonstrate how to recognize acyclic graphs in linear
time with the new graph representation. Our program admits both connected and disconnected input
graphs with arbitrary node degrees. It either detects that a graph is cyclic or returns an acyclic graph
that is isomorphic to the input graph up to marking. Then, we discuss two more programs relying on
the improved compiler: one numbering the connected components of a graph, and another performing
a breadth-first search. For both programs, we give empirical evidence that they run in linear time on
different classes of input graphs.

2 The Problem with Graph Classes of Unbounded Degree

The current section and the next explain the problem caused by classes of input graphs with an unbounded
node degree, and how the updated compiler overcomes this problem. We include this material from [2]
for the benefit of the reader. For a description of the GP 2 programming language, we refer to [S].

Previously, non-destructive GP 2 programs based on depth-first-search ran in linear time on graph
classes of bounded node degree but in non-linear time on graph classes of unbounded degree [5]. For
example, consider the program is-connected in Figure which checks whether a graph is connected[]
Input graphs are arbitrary GP 2 host graphs with grey nodes and unmarked edges. The program fails on
a graph if and only if the graph is disconnected.

Rule init picks an arbitrary grey node as a root (if the input graph is non-empty) and then the loop
DFS! performs a depth-first search of the connected component of the node chosen by init. The rule
forward marks each newly visited node blue, and back unmarks it once it is processed. Procedure DFS

INode labels such as x are written inside nodes, whereas small integers below nodes are their identifiers. Nodes without
identifiers on the left-hand side are to be deleted; nodes without identifiers on the right-hand side are to be added. Nodes with
the same identifier on each side are to be kept.
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ends when back fails to match, indicating that the search is complete. Rule match checks whether a
grey-marked node still exists in the graph following the execution of DFS!. This is the case if and only if
the input graph contains more than one connected component. In this situation the program invokes the
command fail, otherwise it terminates by returning the graph resulting from the depth-first search.

Main try init then (DFS!; Check)
DFS forward!; try back else break
Check = if match then fail

init(x:1list) match(x:1list)

®- @ -9
forward(x,y,z:1ist) back(x,y,z:1ist)
@0 - 60 60 - eV
T 2 P N T

Figure 1: The old program is-connected.

It can be shown that the program is-connected runs in linear time on classes of graphs with
bounded node degree [S]. However, as the following example shows, the program may require non-
linear time on unbounded-degree graph classes. Figure 2] shows an execution of is-connected on a
star graph with 8 edges (see also Figure[I3). The numbers below the graphs show the ranges of attempts
that the matching algorithm may perform. For instance, in the second graph of the top row, either a
match is found immediately among the edges that connect the central node with the grey nodes, or the
dashed edge is unsuccessfully tried first. In order to find a match for the rule forward, the matching
algorithm considers, in the worst case, every edge incident with the root. When the node central to the
graph is rooted and the rule forward is called, the matching algorithm may first attempt a match with
the dashed back edge and all edges incident with an unmarked node. Therefore, the maximum number
of matching attempts for forward grows as the root moves back to the central node. As can be seen
from this example, the worst-case complexity of matching forward throughout the program’s execution

is 2|E| +Z‘ii‘1 i = O(|E|?) where E is the set of edges.

3 First Compiler Enhancement

To address the problem described in Section [2] we changed the GP 2 compiler described in [6], which
we refer to as the 2020 compiler. We call the version introduced in this paper the new compile The
2020 compiler stored the host graph’s structure as one linked list containing every node in the graph,
with each node storing two linked lists of edges: one for incoming edges and one for outgoing edges.
When iterating through edge lists to find a particular match for a rule edge, the 2020 compiler had to
traverse through edges with marks incompatible with that of the rule edge. This resulted in performance
issues, especially if nodes could be incident to an unbounded number of edges with marks incompatible
with the edge to be matched.

2 Available at: https://github.com/UoYCS-plasma/GP2
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= bk .<-

%
1 1-2 1 1-3
J1a
.<- <bk ." <~fd .% <bk .<-
1-5 1 1-4 1
U?fd,bk}
(@)
% = @ = @ = bk
1-8 1 8 1

Figure 2: Matching attempts with the forward rule. £d and bk denote forward and back, respectively.

For example, consider the rule move from Figure [§] Initially, the matching algorithm matches node
1 from the interface with a root node in the host graph. Subsequently, it iterates through the node’s edge
lists to locate a match for the red edge. In the 2020 compiler, all edges incident to this node were stored
within two lists, one for each orientation, irrespective of their marks. However, if the node is incident
to a growing number of unmatchable edges (because of mark changes), the matching algorithm would
face, in the worst case, a growing number of iterations through the edge lists to find a single red edge.

When considering a match for a rule edge, host edges with incorrect orientation or incompatible
marks do not match; thus, the matching algorithm need not iterate through them. By organising the
edges incident to a node into linked lists based on their mark and orientation, the matching algorithm
can selectively consider linked lists of edges of correct mark and orientation. More precisely, in the
new compiler, we updated the graph structure of the 2020 compiler by replacing the two linked lists
with a two-dimensional array of linked lists of edges. Each element of the array stores a linked list
containing edges of a particular mark and orientation. We also consider loops to be a distinct type of
orientation, separate from non-loop outgoing and incoming edges. The array, therefore, consists of 5
rows (unmarked, dashed, red, blue, green) and 3 columns (incoming, outgoing, loop), totalling 15 cells
that each store a single linked list. See Figure [3|for an illustration.

4 Finding Nodes in Constant Time

In this section, we explain the problem of disconnected input graphs. For example, consider the pro-
gram is-discrete in Figure ] The program fails if and only if the input graph is discrete, that is,
contains no edges. We assume that the input graph is unmarked. The program is composed of a loop
followed by a test. The rule mark in the loop marks and roots an arbitrary unmarked node while the
rule isolated checks whether the node rooted by mark is isolated. Notice that the node in the left-hand
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in out | loop

unmarked
dashed
red

blue

Figure 3: Two-dimensional array of linked lists of edges.

side of isolated is to be deleted and the right-hand side node is to be created. Hence, by the dangling
condition, the rule is applicable only to a red root node. If isolated is not applicable, the node rooted
by mark is not isolated and the loop is terminated by the break command. Finally, the rule root checks
if a red root exists in the host graph, which is the case if and only if the application of isolated failed.

Main = (mark; try isolated else break)!; if root then fail

mark(x:1list) isolated(x:list) root(x:1list)

©-® ©-0 | ®-®

1

Figure 4: The program is-discrete.

The 2020 compiler matched the rule mark with a complexity of O(n), where n is the number of nodes
in the host graph. In order to find an unmarked node, the matching algorithm had to iterate through the
linked list containing all nodes. As the loop body is executed at most n times, the overall complexity of
is-concrete was O(n?), as illustrated by the timing diagram in Figure

1,500 - =
2 1,000 - =
g
Q
§ —m— 2020 compiler
§ 500 + - —=— New compiler
OF- —a—8—8 5888885880
| | |

|
1 1.5 2 2.5
number of nodes 104

Figure 5: Measured performance of is-discrete on discrete graphs under the 2020 compiler and the
new compiler.
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unmarked

red

blue

Figure 6: Array of linked lists of nodes.

Procedure Description ‘ Complexity
alreadyMatched Test if the given item has been matched in the host graph. o(1)
clearMatched Clear the is matched flag for a given item. o(1)
setMatched Set the is matched flag for a given item. o(1)
firstHostNode (m) Fetch the first node of mark m in the host graph. o(1)
nextHostNode (m) Given a node of mark m, fetch the next node of mark m in the host graph. o(1)
firstHostRootNode | Fetch the first root node in the host graph. o(1)
nextHostRootNode Given a root node, fetch the next root node in the host graph. o(1)
firstInEdge (m) Given a node, fetch the first incoming edge of mark m. o(1)
nextInEdge (m) Given a node and an edge of mark m, fetch the next incoming edge of markm.  O(1)
firstOutEdge (m) Given a node, fetch the first outgoing edge of mark m. o(1)
nextOutEdge (m) Given a node and an edge of mark m, fetch the next outgoing edge of mark m. o(1)
firstLoop (m) Given a node, fetch the first loop edge of mark m. o(1)
nextLoop (m) Given a node and an edge of mark m, fetch the next loop edge of mark m. o(1)
getInDegree Given a node, fetch its incoming degree. o(1)
getOutDegree Given a node, fetch its outgoing degree. o(1)
getMark Given a node or edge, fetch its mark. o(1)
isRooted Given a node, determine if it is rooted. o(1)
getSource Given an edge, fetch the source node. o(1)
getTarget Given an edge, fetch the target node. o(1)
parselnputGraph Parse and load the input graph into memory: the host graph. O(n)
printHostGraph Write the current host graph state as output. O(n)

Figure 7: Updated runtime complexity assumptions. Procedures modified in this paper are highlighted
in grey. Procedures modified in [2] are highlighted in light blue. 7 is the size of the input.

S Second Compiler Enhancement

To overcome the problem described in Section 4] the new graph data structure stores host-graph nodes
in five global linked lists. Each list corresponds to one of the node marks red, green, blue, grey or
unmarked, and holds all nodes with that mark. The first element of each linked list can be accessed in
constant time and hence, for example, the rule mark in Figure 4] can be matched in constant time. The
matching algorithm inspects the first element in the linked list of unmarked nodes. As the left-hand side
of mark requires an unmarked node with an arbitrary label, the first node in the list will match. In case
the list of unmarked nodes is empty, the host graph does not contain any unmarked node and thus the
application of mark fails.

As a result of these changes, the time complexity of the program is-discrete under the new com-
piler is reduced to O(n). Figurehighlights the difference in runtimes of the program is-discrete run
under both compilers.

To reason about programs, we need to make assumptions on the complexity of certain elementary
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operations. Figure[7]shows the complexity of basic procedures of the C code generated by the GP 2 com-
piler, adapted from [5]]. The grey rows indicate existing procedures updated by the changes introduced in
this paper. The time complexities are consistent with the runtimes observed in all our case studies with
the new compiler.

6 Case Study: Recognising Acyclic Graphs

Checking whether a given graph contains a directed cycle is a basic problem in the area of graph algo-
rithms [14]]. A GP2 program solving this problem is given in [J5]], but to run in linear time it requires
input graphs of bounded node degree. The same paper contains a program for the related problem of
recognising binary DAGs, which are acyclic graphs in which each node has at most two outgoing edges.
This program has a linear runtime on arbitrary input graphs but is destructive in that the input graph is
partially or totally deleted.

6.1 Program

The program is-dag in Figure [§|recognises acylic graphs with respect to the following specification.

Input: An arbitrary GP 2 host graph such that

1. each node is non-rooted and marked grey, and
2. each edge is unmarked.

Output: If the input graph is acyclic, a host graph that is isomorphic to the input graph up to marks.
Otherwise failure.

Strictly speaking, this program is destructive in case the input graph is cyclic because the fail
command in the procedure Check does not return an output graph. However, is-dag could easily be
made completely non-destructive by replacing the fail command with a rule creating a distinct structure
(such as an unmarked node) which signals the existence of a cycle.

Figure [9) illustrates an execution of is-dag on a cyclic input graph, and Figure on an acylic
graph. The program implements a directed DFS (depth-first search) of the host graph that marks the
visited nodes red or blue, where the red nodes are currently being visited. When modelling the DFS with
a stack, red nodes are currently on the stack while blue nodes have been previously on the stack and were
popped because they require no further visits. Moreover, the top of the stack is a root node.

It is an invariant of is-dag that there is at most one root in the host graph throughout the program’s
execution. The graph contains a cycle if and only if the search finds an edge from the root to a red node.
In fact, if u is the root and v is a red node adjacent to u via an edge from u to v, then there must exist a
directed path from v to u. Hence a directed cycle has been found.

Consider the loop (init; DFS!; try unroot else break)! of is-dag’s main procedure. Rule
init selects an arbitrary grey node as a root to start a directed DFS. The loop DFS! moves the root
in depth-first fashion through the host graph. The procedure uses a try-else command to find any
unprocessed (that is, unmarked) edge outgoing from the root. It does this by calling next_edgeﬂ If there
is such an edge, the rule marks it red so that it can be uniquely identified by the rest of the procedure. If
no such edge exits, the root can no longer move forward and the else statement is invoked instead.

After a successful application of next_edge, the root is adjacent to either (1) a grey node, (2) a blue
node, or (3) a red node. In case (1), the rule move moves the root to the grey node, marks it red and

3In the programs of this paper, we use the magenta colour to represent the wildcard mark any.
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Main = (init; DFS!; try unroot else break)!; Check
DFS = try next_edge then (try {move, ignore} else (set_flag; break))
else (try loop; try back else break)

Check = if flag then fail

init(x:1list) unroot (x:1ist) set_flag(x:1list) flag(x:1list)

®-0e e-6 -6 6-06
1 1 1 1 1 1 1 1

next_edge(x,y,z:1list) ignore(x,y,z:1list)

z z z z
®@—® - @—0O ®@—® - @ —©@
1 2 1 2 1 2 1 2
move(x,y,z:1ist) back(x,y,z:1list)

z z z z
@@ - @& @ @
1 2 1 2 1 2 1 2
loop(x,z:1ist)

- @

@, @,

Figure 8: The program is-dag.

dashes the traversed edge. Dashed edges represent the path followed by the directed DFS. In case (2),
the red edge is marked blue by the rule ignore so that it can no longer be matched by next_edge. In
case (3), neither move nor ignore is applicable so that set_flag marks the root green, indicating the
existence of a cycle.

If next_edge is not applicable, the command sequence (try loop; try back else break) is
executed. Rule 1oop checks whether there is a loop attached to the root. If this is the case, the rule marks
the root green, similar to set_flag. Then rule back is tried which implements the pop operation in the
above mentioned stack model. The rule moves the root backwards along an incoming dashed edge. If
no incoming dashed edge is present, the root must be the only element on the stack so that the break
command terminates the loop DFS!.

Upon termination of DFS!, the rule unroot attempts to turn the root into an unrooted blue node.
If this is not possible, the root must have been marked green by set_flag or loop. This implies the
existence of a cycle and hence the outer loop of is-dag is terminated.

If rule unroot could be applied, there may still be nodes that have not been visited by the DFS. These
are nodes that are not directly reachable from the initial nodes chosen so far. In this case the execution
of the outer loop is continued until init is no longer applicable or unroot fails.

Finally, the procedure Check tests whether a green flag exists in the host graph. Should this be the
case, a cycle was found and the command fail terminates the program with failure. Otherwise, the
program terminates by returning a host graph which is isomorphic to the input graph up to the generated
marks.
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= init

<:mv

=il Failure

Figure 9: Sample execution of is-dag on a cyclic graph.

6.2 Time Complexity

All rules of the program is-dag apply in constant time under the complexity assumptions of the modified
GP 2 compiler (Figure[7). The rule init applies in constant time since any grey-marked node is a match
for the rule. As the generated graph data structure keeps a linked list of nodes for each node mark, the
matching algorithm can select a grey node in constant time regardless of the number of non-grey nodes
in the host graph.

It can be observed that nodes and edges are never remarked by a mark they previously had. Since
all rules, except flag called at most once in Check, remark at least one element, the overall program
runtime is linear in the size of the graph, i.e. O(n) where n is the number of nodes and edges in the input
graph. To support this claim, we conducted runtime experiments on various classes of bounded-degree

graphs (Figures 1] [12] [I4] [I5] and [16)), and unbounded-degree graphs (Figures [[3]and [I7). The timing
results are shown in Figure[I8]

S O UL IR

Figure 11: Grid graph.  Figure 12: Binary tree.  Figure 13: Star graph.  Figure 14: Cycle graph.

o000 coo Y Y Y

Figure 15: Linked list. Figure 16: Discrete graph. Figure 17: k k-star graphs.
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Figure 10: Sample execution of is-dag on an acyclic graph.
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Figure 18: Measured performance of the program is-dag under the modified compiler.

7 Case Study: Numbering Connected Components

A clear advantage of the new data structure is the ability to match an arbitrarily-labelled node of a
particular mark (or determine that none exists) in constant time. A natural choice of a program that can
be constructed under that paradigm is one that numbers all connected components of an input graph.

The program component-numbering from Figure [I9)appends a number to the list of each node of
an input graph unique to the connected component the node belongs to with respect to the following
specification.

Input: An arbitrary GP 2 host graph such that
1. each node is non-rooted and marked grey, and

2. each edge is unmarked.

Output: A host graph structually isomorphic to the input graph where a number is appended to the list
of each node, denoting the unique identifier of the connected component it belongs to.

7.1 Program

The program component-numbering works by first evoking the rule init, which marks an arbitrarily-
labelled node grey, roots it and appends 1 (first component identifier) to its list label. If the rule fails
to match, the graph is empty and the program terminates, given that unroot fails. The procedure DFS
works analogously to that of is-dag, except it is undirected. The rule move propagates the identifier.

The first looping body DFS! propagates the numbering 1 in a single connected component of the
graph. The next looping procedure repeats the process, except it invokes next instead of init. The rule
next simply unroots the current rooted node, roots another unvisited (grey-marked) node and appends
the identifier of the previous rooted node, incremented by 1. Once all unvisited nodes are exhausted, the
rule next fails to match and the break command is called. The rule unroot unroots the sole root of the
graph.
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DFS

init(x:1list)
® - @
1 1

next_edge(x,y,z:1list)

move(x,y,z:1list,i:int)

Main = try init then DFS!; (try next then DFS! else break)!; try unroot
(next_edge; {move, ignore})!; try back else break

unroot(x:1list)

® - @
1 1

Z
- @
1 2

next(x,y:1list,n:int)

@0 - @ @

1 1 1 1
ignore(x,y,z:1list)
@ 9® - @ ©®
1 2 1 2

back(x,y,z:1ist)

Figure 19: The program component-numbering.

7.2 Time Complexity

The time complexity of the program component-numbering is linear. That is largely attributed to
the fact that init and next match in constant time, which would have not been possible under the
unmodified compiler. Figure 20| offers corroborative evidence. As expected, the program exhibits a
linear runtime on discrete graphs, which are disconnected and require n — 1 calls of the rule next, with

n being the number of nodes.

200 [ ]
150 - 2
g :
e —=—  List graphs
§ 100 ¢ | |-= Cycle graphs
g Grid graphs
—=— Binary trees
50 1 |-= Star graphs
—m— Discrete graphs
| | —m— k k-star graphs

|
0.2 0.4

|
0.6

|
0.8 1

size (number of nodes and edges) .1(6

Figure 20: Measured performance of the program component-numbering under the modified compiler.
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8 Case Study: Breadth-First Search

The problem of traversing a graph in a breadth-first search (BFS) fashion in GP2 is interesting, as
previous techniques used to traverse graphs non-destructively in linear time involved variations of a
depth-first search. Bak proposed, in his PhD thesis [3]], an implementation of the BFS algorithm in GP 2.
However, that program ran in quadratic time. That is due to there being no way, prior to the compiler
enhancement of this paper, to find a node to expand from in constant time, given that the next node to
expand from is not necessarily adjacent to the one being expanded during a BFS.

Main = (init; BFS!)!
BFS = try mark else break;
mark!; (root; (next_edge; try move else ignore)!; unroot)!
init(x:1list) root(x:1ist) unroot (x:1list) mark(x:list)
® = ® ® = = @ ® - @
1 1 1 1 1 1 1 1
next_edge(x,y,z:1list) ignore(x,y,z:1list)
z z z z
®@—® - @®—0O ®—©® - @ —0©
1 2 1 2 1 2 1 2

move(x,y,z:1ist)

&0 -8 0

Figure 21: The program bfs.

In this section, we present the program bfs, capable of carrying out a breadth-first search of a graph
in linear time with respect to its size and the following specification.

Input: An arbitrary GP 2 host graph such that

1. each node is non-rooted and marked grey, and
2. each edge is unmarked.

Output: A host graph structually isomorphic to the input graph where all nodes and edges are marked
blue.

8.1 Program

The program exploits the advantages of the compiler modifications in order to find the next node to
expand from in constant time. The program bfs consists of a loop, (init; BFS!), which itself contains
a procedure, BFS, which marks all green nodes in the host graph red and, subsequently, marks all grey
nodes directedly adjacent to the red nodes green. Once a red node has been expanded from, it is marked
blue. That procedure loops as long as the connected component of the node marked green by init
contains non-blue nodes.

Intuitively, at the beginning of the execution of BFS, the program seeks to mark all nodes directedly
adjacent to the node marked green by init. Firstly, the rule mark is applied as long as possible to
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mark all green-marked nodes red. Then, for as long as possible, the program picks some red node
(which was previously green) with the rule root, and expands from it as long as possible. The nested
looping procedure ends when next_edge is no longer applicable, implying that there is no expansion
left from the node picked. The rule unroot then marks the chosen node blue, indicating that it was fully
processed, and moves on to the next red-marked node. The upper parenthetical looping procedure within
BFS! terminates when root no longer applies, indicating that all nodes that were previously green at the
beginning of BFS have been processed. Once BFS! terminates, the rule init is called again to start a
bread-first search procedure from a different non-visited connected component. The loop continues until
all nodes in the host graphs are visited.

8.2 Time Complexity

The program bfs runs in linear time with respect to the size of the graph (i.e. the number of nodes and
edges).

140 F ]
120 |- 2
100 2
g :
> 380 - List graphs
g —=— Cycle graphs
§ 60 |- | Grid graphs
Binary trees
40 - ./I/' | Star graphs
—=— Discrete graphs
20 2
| | —m— k k-star graphs

| | |
0.2 0.4 0.6 0.8 1
size (number of nodes and edges) .16

Figure 22: Measured performance of the program bfs under the modified compiler.

9 Conclusion

We have demonstrated by case studies how to implement in GP 2 graph algorithms based on depth-first
and breadth-first search such that a linear runtime is achieved, even if input graphs have an unbounded
node degree or are possibly disconnected. Addressing the issues of unbounded degree and disconnected-
ness has been an open problem since the publication of the first paper on rooted graph transformation [4]].
Up to now, only certain graph reduction programs that destroy their input graphs could be designed to
run in linear time on graph classes that have an unbounded node degree or contain disconnected graphs
[5].

Our approach involves both enhancing the graph data structure generated by the GP 2 compiler and
developing a programming technique that leverages the new graph representation. Previously, the graph
data structure in the C program generated by the compiler stored all host-graph nodes in a single linked
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list. Hence, if host graph nodes may have different marks, searches within this list required linear time,
preventing constant-time rule matching. In contrast, the new data structure finds a node with a given
mark or an edge with a given mark and orientation in constant time.

We speculate that all linear-time graph algorithms based on depth-first or breadth-first search can
be implemented as GP2 programs running in linear time. More generally, we intend to implement a
GP 2 library of advanced data structures, such as priority queues, Fibonacci heaps, or AVL trees, to
support programmers in constructing GP2 versions of conventional graph algorithms that match the
time complexity achievable in the imperative setting.
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