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Abstract  7 

The ZDDP-derived tribofilm was recently reported to be viscoelastic based on a creep 8 

experiment, where a Burgers material model mathematically represents its creep compliance. 9 

This study develops a contact model for layered materials by extending a previously established 10 

viscoelastic half-space contact model. The approach involves converting analytical frequency 11 

response functions into influence coefficients, enabling the investigation of the viscoelastic 12 

behaviour of ZDDP-derived tribofilms. The results reveal that the tribofilm exhibits a highly 13 

fluid-like response when modelled as a half-space body being in contact with a carbon steel 14 

ball during indentation or sliding. When bonded to an elastic substrate in its typical thin-film 15 

form (on the nanometre scale), the contact behaviour can still exhibit time-dependent 16 

characteristics, depending on the operating conditions. Creep and stress relaxation are observed 17 

during indentation, particularly under low loads, while high loads result in a more pronounced 18 

viscoelastic response in extremely slow-speed contacts. However, under moderate sliding 19 

speeds ranging from millimetres to meters per second, time-dependent effects become 20 

negligible, regardless of the applied load. These findings indicate that although ZDDP-derived 21 

tribofilms exhibit significant viscoelasticity, their behaviour in practical applications generally 22 

resembles that of a soft elastic layer, as typical sliding speeds fall outside the range where 23 

pronounced time-dependent effects occur. 24 

Keywords 25 

Contact mechanics, ZDDP, Viscoelasticity, Layered contact 26 

1. Introduction  27 

Zinc dialkyl dithiophosphate (ZDDP) is one of the most common anti-wear additives applied 28 

in various industries considering its outstanding ability to generate protective films known as 29 

ZDDP-derived tribofilms on contacting surfaces [1, 2]. In addition to its anti-wear properties, 30 

ZDDP works as a multifunctional additive providing both anti-oxidant and anti-corrosion 31 

performance. Although its usage brings certain benefits to the system, ZDDP presents several 32 
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drawbacks. The generated tribofilms have been argued to aggravate the micro pitting in rolling 33 

contacts due to the consequent high friction and low wear rate [3, 4]. The running-in of rough 34 

surfaces was found to be hindered due to this protective tribofilm, which leads to plastic 35 

deformations and stress concentrations at surface asperities. This intensifies subsurface stress 36 

fields, increases the likelihood of micro-crack formation and propagation, and elevates the risk 37 

of surface fatigue. The severity degree of micro pitting increases with the thickness of tribofilm, 38 

which leads to the reduction of bearing service life [5]. In addition, due to the presence of 39 

sulphur and phosphorus, when ZDDP is applied to systems equipped with catalytic converters 40 

such as the exhaust system of vehicles, it can poison the catalyst producing harmful emissions 41 

[6, 7], although its performance is highly dependent on the two chemical elements [8]. 42 

Furthermore, ZDDP additives have been argued to be unsuitable for electrical vehicle (EV) 43 

and hybrid transmission systems [9]. While they provide anti-wear benefits, their sulphur 44 

content can corrode copper components, thus undermining motor functionality [10]. 45 

Additionally, ZDDP-derived tribofilm can increase electric resistance at contact points [9], 46 

leading to local overheating, oxidation, and wear under bearing currents [11, 12]. More recent 47 

studies showed that while ZDDP continues to provide wear protection in electrified 48 

environment [13], the electric currents hinder the formation of optimal protective films, which 49 

can compromise the anti-wear performance under certain conditions [13, 14]. To address these 50 

issues, e-fluids tailored for EVs are being developed to meet lubrication needs without 51 

sacrificing component integrity [15, 16]. With EVs gaining popularity and stricter limits on 52 

ZDDP usage, it is crucial to develop sulphur-free and eco-friendly alternatives with comparable 53 

performance. To completely replace ZDDP, knowledge about ZDDP-derived tribofilms in 54 

terms of their mechanical properties, kinetics, morphology, and relevant rheological study is 55 

necessary.  56 

Although ZDDP-derived tribofilms have been regarded as a solid-like surface film that reacts 57 

elastically under normal load for a long time [17], the viscoelasticity of tribofilms has been 58 

developed from a proposed assumption to an experimental finding. It was first proposed by 59 

Heinike [18] that the film inside the tribological contact should be in a magma state (an 60 

extremely viscous high-temperature liquid) and likely in the plasma state (a high-temperature 61 

ionized gas). A breakthrough was achieved by Pidduck and Smith [19], who found the 62 

existence of a soft and viscous overlayer covering the solid-like surface film. The presence of 63 

the viscous layer was further proved by the relevant chemical analysis on tribofilms [2, 20, 21]. 64 

From the pin-on-plate test by Minfray, et al. [22], the pads of tribofilms were found to elongate 65 

in the direction of sliding implying that the flow of the tribofilm is similar to fluid. Numerical 66 

results of their developed molecular dynamic model [22] showed a particular rheological 67 

behaviour of the zinc polyphosphate under friction conditions suggesting a zinc phosphate 68 

layer modification from a solid-like to a liquid-like phase under extreme conditions. Besides, 69 

the compositional gradient within the tribofilm [8] was argued to induce varying rheological 70 
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behaviours across the tribofilm thickness such that the layers of tribofilms close to the metal 71 

surface perform most likely elastic [23, 24] while the out layers are more viscous [19, 25, 26].  72 

Dorgham [27] recently reported that ZDDP-derived tribofilms behave as viscoelastic interfaces 73 

between rubbing surfaces, exhibiting fluid-like flow and spreading under shear. Through creep 74 

and squeeze-flow experiments, Dorgham, et al. [25] quantified the viscoelastic properties of 75 

these tribofilms. They found that the high viscosity of tribofilms can contribute to their superior 76 

anti-wear performance by allowing them to flow during formation (under shear) and to 77 

maintain nanoscale organization through adaptive movement of tribofilm pads at the contact 78 

interface. Notably, this extremely fluid-like state of the tribofilms was argued to hold during 79 

the period of rapid film formation [26] since the initially amorphous structure of tribofilms 80 

tends to become crystalline under continued rubbing. 81 

In the meantime, most solutions within the framework of classical contact mechanics [28, 29] 82 

are heavily dependent on the half-space approximation, where the thickness of contacting 83 

solids is considerably larger than the contact radius. However, owing to the nature of 84 

viscoelastic materials (e.g., low contact compliance) and the time-varying material creep, the 85 

viscoelastic contacting area is usually larger than the ordinary elastic solid. Indeed, a 86 

viscoelastic surface layer (e.g., the ZDDP-derived tribofilm investigated in the current study) 87 

has often to be accounted for many engineering surfaces. In these cases, the surface layer or 88 

coating always exhibits characteristics that are significantly different compared with the 89 

remaining bulk region of the contacting body. Therefore, the reliability of contact analysis 90 

based on the half-space approximation is undermined on this occasion. As argued by Pauk and 91 

Wozniak [30], Chen and Chen [31], and Zhang, et al. [32], viscoelastic materials such as 92 

polymers mainly exist as a finite film instead of a half-space when it comes to their application. 93 

The thin layers, or a more general layer-substrate system, are widely employed in engineering 94 

systems, such as gears with viscoelastic coatings, seals of finite thickness, and bearings with 95 

anti-wear layers. A model simulating the contact behaviour of these surface films is of 96 

fundamental importance in tribological applications, which shall be helpful for the analysis or 97 

design of relevant engineering components.  98 

Over the past decades, great efforts have been made in solving the indentation, sliding, or 99 

rolling contact problems of viscoelastic layers. The first attempt was made by Batra and Ling 100 

[33], who investigated the surface deformation, friction dissipation, and contact stresses of a 101 

viscoelastic-elastic layered system under the influence of a moving load. Later, Naghieh, et al. 102 

[34, 35] proposed analytical solutions to the frictionless indentation problem of a rigid smooth 103 

indenter against a single-layered viscoelastic material bonded to a rigid substrate. The key roles 104 

played by the viscoelasticity and sliding velocity in the distributions of contact pressure and 105 

internal stress (e.g., non-symmetrical pressure profile caused by a viscoelastic layer) were 106 

reported by Goryacheva, et al. [36] in their study about the contact of a rough body against a 107 

viscoelastic layered semi-infinite plane. The different indentation problems between layers of 108 



4 

 

arbitrary viscoelastic materials, including elliptical [37], rebound spherical [38] and cylindrical 109 

contact [39], were investigated analytically by Argatov and Mishuris. However, these proposed 110 

solutions are limited by the assumption of monotonic loading. A more general solution to 111 

indentation problems of viscoelastic layered materials was developed by Chen, et al. [40] using 112 

the Hankel transform. By extending Persson’s theory of contact mechanics to layered materials 113 

[41], Scaraggi and Persson investigated the behaviour of a viscoelastic layer in rough surface 114 

contact. Effects of finite roughness size and rubber thickness were studied in their study.  115 

Regarding the numerical attempts for layered contact of viscoelastic materials, a Boundary 116 

Element Method (BEM)-based model was developed by Carbone and Putignano [42, 43] to 117 

simulate steady-state sliding contact problems. A correction factor, which takes the thickness 118 

of the viscoelastic surface and sliding speed into account, was introduced in their novel 119 

formulation of Green’s function. The model was then extended to investigate the effect of the 120 

thickness of viscoelastic layer in rough surface contact [44, 45] and the problem of anisotropy 121 

induced by the viscoelasticity in rough sliding contact problems [46]. The two different 122 

material combinations, including a viscoelastic layer bonded with a rigid half-space and a 123 

viscoelastic half-space covered by a rigid surface layer, were simulated by Torskava and 124 

Stepanov [47]. The effects of the surface layer on the hysteretic losses during the viscoelastic 125 

sliding contact were reported in the study. A more general transient analysis of frictionless 126 

sliding viscoelastic problem was recently proposed by Wallace, et al. [48]. The involved layer 127 

and substrate can exhibit different properties (either elastic or viscoelastic). The problem of 128 

imperfect bonding between layer and substrate in viscoelastic sliding contact was analysed 129 

numerically by Zhang et al. [49]. To date, the framework of numerical modelling for 130 

viscoelastic layered contact has been initially established, but the application of these models 131 

to real-life contact scenarios is rather limited.  132 

In this study, by developing the elastic layered contact model first based on the well-established 133 

theory of elastic contact, a BEM-based model providing transient contact analysis of 134 

viscoelastic layered surfaces was developed after converting the elastic layered contact model 135 

through the elastic-viscoelastic correspondence principle. A Burgers material model was built 136 

to characterise the contact behaviour of the ZDDP-derived tribofilm by fitting the four-term 137 

equation with the creep compliance curve reported by Dorgham, et al. [25]. By using the 138 

specific properties of the ZDDP-derived tribofilm as the material input for the layer, the role 139 

played by the viscoelasticity of the tribofilm under different contact conditions, including 140 

normal indentation and sliding, was exposed numerically for the first time.  141 

2. Theory and Algorithm Description 142 

Before the formulation description of the contact problem, it is mentionable that a tribofilm is 143 

widely recognized as the thin reacted film on the substrate as a product of tribochemical 144 
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reactions at the interface driven by the frictional heating and rubbing of contacting surfaces 145 

[50]. It can be stress-induced at a temperature that is much lower than that required for thermal 146 

films under the effects of rubbing on the reaction kinetics. These thermal effects are out of the 147 

scope of the study but shall be investigated in the future considering the essential role of 148 

tribochemistry in the performance of tribofilms. Besides, as shown in Fig. 1, ZDDP-derived 149 

tribofilms were argued to exhibit a rough, patchy, and graded structure [2]. Each layer was 150 

found to exhibit distinct rheological behaviour such that the top layer performs the most fluid-151 

like while the bottom one close to the substrate performs the most solid-like. Notably, the 152 

sulphur-rich base layer was reported to perform like a glue binding the substrate with the zinc 153 

phosphate layers that constitutes the main bulk of tribofilms. In this work the tribofilm was 154 

assumed to behave as a uniform, smooth and homogenous layer to simplify the following 155 

formulation as well as simulation.   156 

 157 

Fig. 1 Patchy Structure of ZDDP-derived Tribofilms bonded to a steel surface [2]. 158 
Reproduced with permission from the work of Spikes [2], © Elsevier B. V., 2025.   159 

2.1 Problem Formulation 160 

The point contact problem of a spherical indenter against a smooth viscoelastic layer bonded 161 

to an elastic body is illustrated in Fig. 2. The viscoelastic layer is assumed to be in a uniform 162 

thickness ℎ and bonded perfectly to an elastic substrate. Regarding the 𝑧 coordinate illustrated 163 

in Fig. 2, the layer surface and the interface between the layer and substrate are defined as 𝑧 =164 0 and 𝑧 = ℎ respectively. 165 

For such layered contact problems, explicit expressions of influence coefficients relating the 166 

surface deformations with contact tractions can hardly be derived in a conventional way as 167 

those for homogeneous half-space (e.g., via Boussinesq integral [51] and Cerruti’s solutions 168 

[52]). However, as suggested by Liu, et al. [53, 54], the problem can be solved by deducing the 169 

response functions in the frequency domain first and then using the reverse Fourier transform 170 

to obtain the corresponding influence coefficients in the spatial domain. Considering that the 171 

correspondence principle was applied to the conversion between elastic and viscoelastic 172 

problems, only the derivation of the frequency response functions for elastic layered contact 173 

problems is described in detail here to avoid repeated contents.  174 
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 175 

Fig. 2 Geometrical description of the contact of a rigid sphere against a viscoelastic layer 176 
with uniform thickness 𝒉 bonded to an elastic substrate under the normal load 𝑾 and 177 
tangential loads 𝑭𝒙 and 𝑭𝒚 178 

For an elastic layered contact system, when considering the action of normal pressure 𝑝 and 179 

shear traction in x direction 𝑞𝑥, there exist following boundary conditions regarding the stress 180 𝜎 at the upper layer surface (𝑧 = 0), the layer is denoted with superscript 1: 181 𝜎𝑧𝑧(1)(𝑥, 𝑦, 0) = −𝑝(𝑥, 𝑦), 𝜎𝑥𝑧(1)(𝑥, 𝑦, 0) = 𝑞𝑥(𝑥, 𝑦), 𝜎𝑦𝑧(1)(𝑥, 𝑦, 0) = 0 Equation 1 

Besides, the following continuous conditions in terms of the stresses and displacements shall 182 

be satisfied for the interface between the layer and substrate (𝑧 = ℎ). 183 𝜎𝑥𝑧(1)(𝑥, 𝑦, ℎ) = 𝜎𝑥𝑧(2)(𝑥, 𝑦, 0), 𝜎𝑦𝑧(1)(𝑥, 𝑦, ℎ) = 𝜎𝑦𝑧(2)(𝑥, 𝑦, 0), 𝜎𝑧𝑧(1)(𝑥, 𝑦, ℎ) = 𝜎𝑧𝑧(2)(𝑥, 𝑦, 0), 𝑢𝑥(1)(𝑥, 𝑦, ℎ) = 𝑢𝑥(2)(𝑥, 𝑦, 0), 𝑢𝑦(1)(𝑥, 𝑦, ℎ) = 𝑢𝑦(2)(𝑥, 𝑦, 0), 𝑢𝑧(1)(𝑥, 𝑦, ℎ) = 𝑢𝑧(2)(𝑥, 𝑦, 0), 

Equation 2 

For the substrate denoted with superscript 2, the stresses and displacements shall vanish at a 184 

considerably large distance from the contact surface expressed as: 185 𝜎(2)(𝑥, 𝑦, ∞) = 0, 𝑢(2)(𝑥, 𝑦, ∞) = 0 Equation 3 

The response functions for calculating the displacements derived from contact tractions can be 186 

determined in the frequency domain by employing the Papkovich-Neuber potentials (results of 187 

the combination of Helmholtz representation and Navier equations) and double Fourier 188 

transform.  For zero body force, the Papkovich-Neuber potentials 𝜑 and 𝜓(𝜓1, 𝜓2, 𝜓3) are 189 

harmonic functions of 𝑥, 𝑦, 𝑧 in the spatial domain. The number of independent harmonic 190 

functions can be reduced to three by arbitrarily choosing one of 𝜓(𝜓1, 𝜓2, 𝜓3) functions to be 191 

zero. As a common practice, here 𝜓2 is taken to be zero.  192 
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The displacement and stress can be expressed in the following forms as functions of the 193 

Papkovich-Neuber potentials: 194 2𝐺𝑘𝑢𝑖(𝑘) = 𝜑,𝑖(𝑘) + 𝑥𝜓1,𝑖(𝑘) + 𝑧𝑘𝜓3,𝑖(𝑘) − (3 − 4𝜈𝑘)𝜓𝑖(𝑘), 𝜎𝑖𝑗(𝑘) = 𝜑,𝑖𝑗(𝑘) − 2𝜈𝑘(𝜓1,1 (𝑘) + 𝜓3,3(𝑘))𝛿𝑖𝑗 − (1 − 2𝜈𝑘)(𝜓𝑖,𝑗(𝑘) + 𝜓𝑗,𝑖(𝑘)) + 𝑥𝜓1,𝑖𝑗(𝑘) +𝑧𝑘𝜓3,𝑖𝑗(𝑘)
, 

Equation 4 

where the index notations 𝑖  and 𝑗  have values of 1 , 2  and 3  corresponding to 𝑥 , 𝑦  and 𝑧 195 

coordinates, respectively, the superscript 𝑘 represents the layer (𝑘 = 1) or substrate (𝑘 = 2) 196 

being referred to, 𝐺𝑘 denotes the shear modulus, 𝜈𝑘 denotes the Poisson’s ratio and 𝛿𝑖𝑗 denotes 197 

the Kronecker delta (𝛿𝑖𝑗 = 1 if 𝑖 = 𝑗, or 𝛿𝑖𝑗 = 0 if 𝑖 ≠ 𝑗). 198 

By applying double Fourier transform, Equation 4 is transformed into the following form: 199 �̃̃�𝑖(𝑘) = 12𝐺𝑘 𝐹𝑇𝑥𝑦[𝜑,𝑖(𝑘) + 𝑥𝜓1,𝑖(𝑘) + 𝑧𝜓3,𝑖(𝑘) − (3 − 4𝜈𝑘)𝜓𝑖(𝑘)], �̃̃�𝑖𝑗(𝑘) = 𝐹𝑇𝑥𝑦[𝜑,𝑖𝑗(𝑘) − 2𝜈𝑘(𝜓1,1 (𝑘) + 𝜓3,3(𝑘))𝛿𝑖𝑗 − (1 − 2𝜈𝑘)(𝜓𝑖,𝑗(𝑘) + 𝜓𝑗,𝑖(𝑘)) +𝑥𝜓1,𝑖𝑗(𝑘) + 𝑧𝑘𝜓3,𝑖𝑗(𝑘)], Equation 5 

where the hat “≈” and symbol 𝐹𝑇𝑥𝑦  indicate the double Fourier transform operation with 200 

respect to 𝑥 and 𝑦 directions. 201 

In the frequency domain, the double Fourier transformed forms of Papkovich-Neuber 202 

potentials are expressed as: 203 �̃̃�(𝑘) = 𝐴(𝑘)𝑒−𝛼𝑧𝑘 + �̅�(𝑘)𝑒𝛼𝑧𝑘, �̃̃�1(𝑘) = 𝐵(𝑘)𝑒−𝛼𝑧𝑘 + �̅�(𝑘)𝑒𝛼𝑧𝑘, �̃̃�3(𝑘) = 𝐶(𝑘)𝑒−𝛼𝑧𝑘 + 𝐶̅(𝑘)𝑒𝛼𝑧𝑘 , 
Equation 6 

Considering that the stresses and displacements at a large distance from the substrate surface 204 

can be assumed to be zero (expressed as Equation 3), �̅�(2) = �̅�(2) = 𝐶̅(2) = 0. Thus, there are 205 

nine unknown parameters in total. The parameter 𝛼 is determined by 𝛼 = √𝑚2 + 𝑛2, where 𝑚 206 

and 𝑛 are the transformed frequency variables with respect to 𝑥 and 𝑦 in the spatial domain, 207 

respectively. 208 

To substitute Equation 6 into Equation 5, considering that the stresses and surface 209 

displacements are subjected to the nine boundary and interfacial continuity conditions 210 

(expressed as Equation 1, Equation 2, and Equation 3), the nine parameters, including 𝐴(1), 211 �̅�(1), 𝐴(2), 𝐵(1), �̅�(1), 𝐵(2), 𝐶(1), 𝐶̅(1), 𝐶(2) can be determined. The closed-form expressions of 212 

the influence coefficients in the frequency domain, which are constituted by these parameters, 213 

are given in the Appendix A. For the detailed derivation describing the double Fourier 214 

transform of all the terms, it can be found in the work of Wang, et al. [55] and Wang and Zhu 215 

[56].  216 
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It is of note that the computation of the frequency response functions in the frequency domain 217 

requires a refined mesh (e.g., a small sampling interval) for reducing the effect of the aliasing 218 

phenomenon. For a detailed description of the aliasing and Gibbs phenomena in the Fourier 219 

analysis, it can be found in the work of Morrison [57] and Liu and Wang [54]. In this study, a 220 

refinement of 24  times the original mesh was applied to determine the frequency response 221 

functions accurately and efficiently. To avoid the singularity problem of the frequency response 222 

functions in the origin point (𝑚 = 0, 𝑛 = 0), the 64-point Gaussian quadrature integration 223 

method was applied to the region around the origin to calculate the response functions.  224 

After determining the frequency response functions for the elastic layered contact problems, 225 

those for viscoelastic counterparts can be derived readily by replacing the elastic properties (
12𝐺) 226 

with the viscoelastic creep compliance 𝜙(𝑡). The influence coefficients can then be determined 227 

by applying the inverse Fourier transform to the frequency response functions. Once the 228 

influence coefficients are obtained, contact tractions and surface displacements in normal and 229 

tangential layered contact problems can be determined following the same procedures taken to 230 

solve half-space contact problems.  231 

2.2 Algorithm Description 232 

Once the influence coefficients are obtained, contact tractions and surface displacements in 233 

normal and tangential layered contact problems can be determined following an algorithm that 234 

is similar with that taken to solve half-space contact problems developed previously [58, 59], 235 

as illustrated in Fig. 3. Computational techniques, including the discrete convolution Fast 236 

Fourier Transform (DC-FFT) and conjugate gradient method (CGM), were applied to improve 237 

the computational efficiency of the algorithm. Hence, instead of describing the details of the 238 

algorithms for the layered contact model, here the computational procedures to convert 239 

frequency response functions to influence coefficient matrices for layered contact modelling 240 

are presented.  241 

To describe the conversion process briefly, it mainly contains the following steps:   242 

1. Determine the frequency response function 𝐹 in an extended simulation domain; 243 

2. Determine the continuous Fourier-transformed influence coefficient �̃̃� from 𝐹; 244 

3. Determine the discrete Fourier-transformed influence coefficient �̂̂� from �̃̃�; 245 

4. Apply inverse Fourier transform and wrap-around order to �̂̂� to determine the influence 246 

coefficient 𝐼𝐶. 247 

To explain each step in detail, assuming that the target computational domain is in the size of 248 𝐿1 × 𝐿2 in the spatial dimension, the grid constituted with 𝑁1 × 𝑁2 elements in the uniform 249 

size of Δ𝑥 × Δ𝑦  is established to discretize the computational domain. A domain extension 250 

factor 𝜒, which is usually the power of 2 is employed to extend the established mesh system. 251 

By employing number of 𝜒𝑁1 × 𝜒𝑁2  elements to discretize the extended computational 252 
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domain, the initial sampling interval in the spatial dimension (Δ𝑥 = 𝐿1𝑁1 , Δ𝑦 = 𝐿2𝑁2) is preserved. 253 

On the other hand, after adopting an extended computational domain with more mesh elements, 254 

the sampling interval in the frequency dimension is reduced, thus alleviating the effects of the 255 

aliasing phenomenon since the domain size in the frequency dimension remains as 
2𝜋Δ𝑥  × 2𝜋Δ𝑦. 256 

The comparison between the computational parameters in the spatial and frequency dimensions 257 

is given in Table 1. 258 

 259 

Fig. 3 Overview of the algorithm for coupled viscoelastic contact problems (viscoelastic 260 
material can either exist as a half-space or layer) 261 

Once the frequency response function for each surface node at each discretized time step 262 𝐹(𝑚, 𝑛, 𝑡) in the extended computational domain is determined based on the equations given 263 

in Appendix A, instead of applying the inverse Fourier transform, the continuous Fourier-264 

transformed influence coefficients �̃̃� needs to be determined first through the shape function 265 

as follows: 266 �̃̃�(𝑚, 𝑛, 𝑡) = 𝐹(𝑚, 𝑛, 𝑡) ∙ �̃̃�(𝑚, 𝑛), Equation 7 

where 𝑌 is the shape function and has the following forms in the spatial and frequency domains 267 

and 𝑡 is the index for the discretized time steps (𝑡 = 1 … 𝑁𝑡−1, 𝑁𝑡, 𝑁𝑡 is the total number of 268 

time points). 269 

𝑌(𝑥, 𝑦) = {1, |𝑥| ≤ Δ𝑥2  and |𝑦| ≤ Δ𝑦20, otherwise , 
�̃̃�(𝑚, 𝑛) = 4 sin (𝑚Δ𝑥2 ) sin (𝑛Δ𝑦2 )𝑚𝑛 . Equation 8 
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Afterwards, the discrete transformed form of influence coefficient in the Fourier domain �̂̂� 270 

needs to be determined from the continuous Fourier-transformed influence coefficients �̃̃� in 271 

the following way: 272 �̂̂�(𝑚, 𝑛, 𝑡) = 1Δ𝑥Δ𝑦 ∑ ∑ �̃̃� ( 2𝜋𝜒𝑁1Δ𝑥 𝑖 − 2𝜋Δ𝑥 𝑟𝑥, 2𝜋𝜒𝑁2Δ𝑦 𝑖 − 2𝜋Δ𝑦 𝑟𝑦, 𝑡)𝑟𝑦=𝐴𝐿𝑟𝑦=−𝐴𝐿𝑟𝑥=𝐴𝐿𝑟𝑥=−𝐴𝐿 ,  Equation 9 

where the hat “ ^̂ ” represents double discrete Fourier transform operation with respect to 𝑥 273 

and 𝑦 directions. 𝐴𝐿 is the level of aliasing control, and 𝑖 and 𝑗 here are the indices for the 274 

coordinates of surface nodes in the spatial dimension (− 𝜒𝑁12 < 𝑖 ≤ 𝜒𝑁12 ), (− 𝜒𝑁22 < 𝑗 ≤ 𝜒𝑁22 ).  275 

Table 1 Computational parameters in spatial and frequency dimensions  276 

Parameters Spatial dimension Frequency dimension 

Length of domain before extension 𝐿1 × 𝐿2 2𝜋Δ𝑥  × 2𝜋Δ𝑦  

Length of domain after extension 𝜒𝐿1 × 𝜒𝐿2 2𝜋Δ𝑥  × 2𝜋Δ𝑦  

Number of elements before extension 𝑁1 × 𝑁2 𝑁1 × 𝑁2 

Number of elements after extension 𝜒𝑁1 × 𝜒𝑁2 𝜒𝑁1 × 𝜒𝑁2 

Sampling interval before extension Δ𝑥 = 𝐿1𝑁1 , Δ𝑦 = 𝐿2𝑁2 
2𝜋Δ𝑥 /𝑁1, 2𝜋Δ𝑦 /𝑁2 

Sampling interval after extension Δ𝑥 = 𝐿1𝑁1 , Δ𝑦 = 𝐿2𝑁2 
2𝜋Δ𝑥 /(𝜒 × 𝑁1), 2𝜋Δ𝑦 /(𝜒 × 𝑁2) 

After applying the inverse fast Fourier transform (𝐼𝐹𝐹𝑇) to the discretized series in the Fourier 277 

domain �̂̂�, attention needs to be taken when applying the DC-FFT method in terms of the wrap-278 

around and anti-wrap-around order [54]. The anti-warp-around order is first applied such that 279 

the terms corresponding to the negative frequencies are rearranged after the ones corresponding 280 

to positive frequencies. After extracting the real parts of the new series of discrete samples 281 𝐶𝑡𝑒𝑚𝑝, a matrix 𝐼𝐶𝑡𝑒𝑚𝑝 in the size of 2𝑁1 × 2𝑁2 can be obtained in the following way: 282 𝐼𝐶𝑡𝑒𝑚𝑝(𝑖, 𝑗) = 𝑅𝑒 (𝐶𝑡𝑒𝑚𝑝 (𝑖 + 𝜒𝑁12 − 𝑁1, 𝑗 + 𝜒𝑁22 − 𝑁2)), 
Equation 10 

where 𝑖 = 1 … 2 × 𝑁1 and 𝑗 = 1 … 2 × 𝑁2. 283 

To apply the wrap-around order to the matrix 𝐼𝐶𝑡𝑒𝑚𝑝 , the conversion from the frequency 284 

response function to the influence coefficient is eventually completed. Through converting the 285 

discrete linear convolution into discrete cyclic convolution, this transformed influence 286 

coefficient matrix 𝐼𝐶 is ready to be used for the determination of surface deformation in the 287 

DC-FFT algorithm [54] with the pressure matrix after the operation of zero-padding. 288 
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3. Model Validation 289 

Considering that the algorithm developed for the viscoelastic layered contact problems is 290 

basically identical to the one that was developed for viscoelastic half-space contact problems, 291 

only the layered aspect of the developed model (i.e., the conversion process from frequency 292 

response function to influence coefficients) was validated in this section. For the detailed 293 

validation in terms of the viscoelastic, coupled partial slip and sliding aspect, readers can refer 294 

to the work by Wang, et al. [59] [60]. 295 

As shown in Fig. 4, the first validation was done by comparing the solutions of the degenerated 296 

form of the developed model (i.e., elastic layered contact model) (solid lines) with analytical 297 

solutions by O’Sullivan and King [61] (scatters) to elastic layered indentation problems. Here 298 

the indentation contact problem between a rigid sphere against an elastic layer bonded to an 299 

elastic substrate was simulated. The contact inputs are given in Table 2. 300 

 Table 2 Parameters used in the validation of elastic layered indentation contact  301 

Parameter Value Description (Unit) 𝑅 18 Radius of sphere (mm) 𝐸1 52.5,105,210,420,840 Elastic modulus of layer (GPa) 𝐸2 210 Elastic modulus of substrate (GPa) 𝐸3 ∞ Elastic modulus of indenter (GPa) 𝜈1/𝑣2/𝜈3 0.3 Poisson’s ratio of layer/substrate/indenter 𝑊 𝑎0 ℎ/𝑎0 𝑝0 

20 105.373 1 860 

Input normal load (N) 

Hertzian contacting radius (μm) 

Nondimensionalized layer thickness  

Hertzian peak normal pressure (MPa) 

The computational domain is set to be 2𝑎0 × 2𝑎0 to accommodate the variation of contacting 302 

area under the effects of layers with different properties. The domain is discretised with 303 256 × 256 nodes. By varying the ratio of the layer modulus 𝐸1 to substrate modulus 𝐸2 as 304 

presented in Table 2, different pressure distributions are observed for elastic layered 305 

indentation problems. As shown in Fig. 4, the peak pressure 𝑝 increases with the modulus ratio 306 

while the contacting radius 𝑎0 responds oppositely. Good agreement can be found between the 307 

solution derived from our model (solid lines) and analytical solutions (dots) proposed by 308 

O’Sullivan and King [61].  309 

To validate the successful application of the elastic-viscoelastic correspondence principle to 310 

viscoelastic layered problems, another test was conducted. This test simulated the indentation 311 
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of a rigid sphere against a viscoelastic layered bonded to an elastic substrate. The computational 312 

domain is Two extreme cases were considered by specifying significantly larger and small 313 

dimensionless layer thicknesses (ℎ/𝑎0), respectively. Here, the parameter 𝑎0 represents the 314 

Hertzian contacting radius for the indentation problem of the rigid sphere against the elastic 315 

substrate without the viscoelastic layer. The viscoelastic material was modelled using a 316 

Maxwell model, which is constituted by a spring in series with a dashpot as illustrated in Fig. 317 

5. A Maxwell model mathematically express the mechanical properties of materials, including 318 

relaxation modulus 𝛹(𝑡) and creep compliance 𝛷(𝑡) as follows:  319 𝛹(𝑡) = 𝐺 ∙ exp (− 𝑡𝜏), 
Equation 11 𝛷(𝑡) = 1𝐺 + 𝑡𝜂, 
Equation 12 

where 𝜏 is known as the relaxation time of materials and is determined as the ratio of the 320 

dashpot viscosity 𝜂  to the spring modulus 𝐺 . The parameters for the established Maxwell 321 

model and other relevant contact inputs are given in Table 3. 322 

 323 

Fig. 4 Comparison of nondimensionalized results for elastic layered indentation derived 324 
from our model (solid line) and analytical solutions by O’Sullivan and King (scatter). 𝑬𝟏 325 
denotes the elastic modulus of layer, and 𝑬𝟐 denotes the elastic modulus of substrate. [55] 326 

 327 

Fig. 5 Structure of a Maxwell model: a linear elastic spring with modulus 𝑮 in series with 328 
a dashpot containing a Newtonian fluid (viscosity 𝜼) 329 

For this case, the computational domain is set to be 2𝑎𝑣0 × 2𝑎𝑣0 to accommodate the creep of 330 

viscoelastic materials under normal loads. This domain is discretised by 256 × 256 nodes. 331 

Besides, the simulation time is set to be 2𝜏, which is discretised by 41 time steps. As shown in 332 
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Fig. 6 (a), the contact solutions of the half-space contact (viscoelastic material as the half-space) 333 

and layered contact fit together when the viscoelastic layer is extremely thick (
ℎ𝑎0 = 1 × 104). 334 

To highlight the time dependency of materials, the parameters used to nondimensionalize the 335 

solutions shown in Fig. 6 (a), including 𝑎𝑣0 and 𝑝𝑣0, are the contacting radius and the peak 336 

normal pressure respectively when the viscoelastic contact initialises (𝑡 = 0). On the other 337 

hand, there tends to be no time dependency for the contact solutions when the viscoelastic layer 338 

is considerably thin (
ℎ𝑎0 = 1 × 10−5 ) as illustrated in Fig. 6 (b). Besides, the solution is 339 

extremely closer to the Hertzian half-space solution (elastic material as the half-space). The 340 

layered contact solutions are nondimensionalized by the Hertzian solutions (𝑎0  and 𝑝0) to 341 

highlight the effects of the layer. Unless otherwise specified, the half-space and layered contact 342 

solutions presented hereinafter are nondimensionalized in the same way, respectively.  343 

Table 3 Parameters used in the validation of viscoelastic layered indentation contact  344 

Parameter Value Description (Unit) 𝑅 3.5 Radius of sphere (mm) 𝐺 80.77 
Shear modulus of the spring in Maxwell model 

(GPa) 𝜂 80.77 Viscosity of the dashpot in Maxwell model (GPa. s) 𝐸2 210 Elastic modulus of substrate (GPa) 𝐸3 ∞ Elastic modulus of indenter (GPa) 𝜈1/𝜈2/𝜈3 0.3 Poisson’s ratio of the layer/substrate/indenter 𝑊 100 Input normal load (N) 𝑎0 104.388 Hertzian contacting radius (μm) ℎ/𝑎0 1 × 104, 1 × 10−5 Nondimensionalized thickness of viscoelastic layer  𝑎𝑣0 131.5206 
Initial contacting radius for viscoelastic half-space 

contact (μm) 𝑝0 4.3817 Hertzian peak pressure (GPa) 𝑝𝑣0 2.7603 
Initial peak pressure for viscoelastic half-space 

contact (GPa) 

The good agreement between the simulation results derived from our model and analytical 345 

solutions validates as best possible the viscoelastic layered aspect of the developed model.  346 

  347 
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a. 

 

b. 

 

Fig. 6 Comparison between the nondimensionalized solutions of viscoelastic layered 348 
indentation problem with different layer thicknesses (solid line) and half-space contact 349 

problems (scatter): (a) 
𝒉𝒂𝟎 = 𝟏 × 𝟏𝟎𝟒  and (b) 

𝒉𝒂𝟎 = 𝟏 × 𝟏𝟎−𝟓 350 

4. Contact Analysis on the Effects of a Viscoelastic ZDDP-derived 351 

Tribofilm Layer   352 

The validated model can now be extended to study the response of a ZDDP-derived tribofilm 353 

layer. To characterize the linear viscoelastic behaviour of the ZDDP-derived tribofilm, as 354 

proposed by Dorgham, et al. [25], a Burgers material model, which has a structure illustrated 355 

in Fig. 7 and can be mathematically expressed by the four-term Equation 13, was employed.  356 

To describe the experimental work by Dorgham, et al. [25] briefly, instead of studying tribofilm 357 

properties at the end of a rubbing test after the tribofilm had fully formed, they utilized an in-358 

situ atomic force microscopy (AFM) set-up in a high-temperature liquid cell to generate ZDDP-359 

derived tribofilm. The films were generated by rubbing the AFM tip (Diameter 𝐷 ≈ 150 𝑛𝑚) 360 

against a steel substrate in a liquid medium of poly-𝛼-olefin (PAO) base oil containing ZDDP 361 

additive under controlled high-temperature and high-pressure conditions. The AFM operated 362 

in a standard contact mode using a multi-pass and bidirectional raster scanning with a 363 

predetermined number of lines. The scanning lines were found to play a crucial role in the 364 

tribofilm morphology such that a high density of scanning lines leads to a congested and 365 

continuous morphology while a low density yielded a nanostructured tribofilm distinguished 366 

by distinctive line features. The nanoscale viscosity of the formed tribofilms was then 367 

quantified using a creep method, where a constant stress was applied via the AFM tip. The 368 

creep compliance was calculated based on the ratio of the strain (normalized change in 369 

tribofilm area) and stress (shear stress).   370 

According to Dorgham, et al. [25], it can be observed that after a relatively long time, the 371 

viscosity of tribofilm tends to play a dominant role in its creep behaviour as the creep 372 
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compliance keeps increasing with time following a linear trend. This implies that the ZDDP-373 

derived tribofilm is extremely fluid-like such that its creep compliance can hardly reach a 374 

steady state. According to the findings reported in our previous studies regarding the effects of 375 

the rheological behaviour of viscoelastic materials [59], pressure spikes on contacting edges 376 

shall be expected in the following tests, especially when the tribofilm exists as a half-space.  377 

 378 

Fig. 7 Structure of the Burgers material model used to characterise the creep compliance 379 
of the ZDDP-derived tribofilm:  𝑮 is the modulus of the linear spring and 𝜼 is the viscosity 380 
of the dashpot 381 𝛷(𝑡) = 1𝐺1 + 1𝐺2 (1 −exp(− 𝐺2𝜂2 𝑡)) + 1𝜂1 𝑡, Equation 13 

By applying curve fitting on several selected data points extracted from Fig. 8 (a) of the work 382 

of Dorgham, et al [25], and incorporated additional data points proximal to the linear-fit trend 383 

lines originally generated by Dorgham to refine the curve fitting effects, a trend line, which is 384 

mathematically expressed as Equation 14, is obtained as depicted in Fig. 8 (b). A close 385 

correlation can be found between the trend line and the referred data (𝑅2 = 0.9808) as 386 

observed in Fig. 8 (b). Notably, this work was conducted based on the built-in curve fitting 387 

toolbox in MATLAB, where Equation 13 is used as the input custom equation.  388 𝜙(𝑡) = 11.5 + 10.02778 [1 − exp (− 0.02778241.8 × 𝑡)] + 16297.2 𝑡,  ( 1GPa) 
Equation 14 

a. 

 

b. 

 

Fig. 8 (a) Creep compliance of the ZDDP-derived tribofilm reported by Dorgham, et al. 389 
[25], the term “Lines” in the legend stands for the scanning lines in the AFM experiments. 390 
Reproduced with permission from Ref. [25] , © Elsevier B. V., 2024.  and (b) Four-term 391 
trend line generated through curve fitting (𝑹𝟐 = 𝟎. 𝟗𝟖𝟎𝟖) 392 
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To study the effects of ZDDP-derived tribofilms with the aforementioned viscoelastic property, 393 

it is crucial to specify the typical contact conditions encountered in realistic applications. While 394 

the developed model can handle rough frictional contact problems (e.g., partial slip or sliding 395 

contact), our previous study [58] demonstrated that for steady sliding contact, the role of dry 396 

contact friction can be neglected due to its minimal impact on the steady solutions. Additionally, 397 

including dry contact friction significantly increases the computational cost due to the coupling 398 

between shear tractions and pressures during partial slip analysis. For instance, on a desktop 399 

computer with 6 cores, solving an uncoupled partial slip contact problem of elastic rough 400 

surfaces with a resolution of 512×512 nodes takes approximately 140 seconds [62], while 401 

incorporating coupling effects increases the computational time to 300 seconds [60]. This extra 402 

computational cost will be significantly higher for viscoelastic contact problems. 403 

In real-world applications, such as gears and bearings, tribofilms perform under sustained 404 

sliding conditions. These films form dynamically at contact interfaces, with their formation 405 

and removal rates balancing over time to eventually maintain a steady layer thickness. This 406 

mechanism ensures a continuous protective surface layer that mitigates direct contact between 407 

bodies in the long run [2, 27, 63]. By assuming frictionless contact, the balance between the 408 

computational efficiency and ability to capture the critical viscoelastic effects of the tribofilm 409 

under steady sliding conditions is achieved. To closely resemble the realistic scenarios, the 410 

applied load, geometry and materials of the two contacting bodies were selected based on the 411 

tribotest conducted by Ghanbarzadeh, et al. [64].  412 

Regarding other properties of the tribofilm, considering that it is usually very thin as it works 413 

in the boundary lubrication regime, the film thickness should be in the order of nanometers. 414 

Here the tribofilm thickness is assumed to be time-independent (ℎ = 150 nm), which is a 415 

typical value according to the experimental study of Ghanbarzadeh, et al.  [64] and Dorgham, 416 

et al. [25]. However, as mentioned before, the formation and removal of the tribofilm occur 417 

simultaneously in practice, the thickness of the tribofilm should vary with time before its 418 

generation process reaches a relatively steady state. The variation of the layer thickness as well 419 

as its material property may have synergistic effects on the contact solutions. To our best 420 

knowledge, the transient contact of a tribofilm with a time-dependent layer thickness cannot 421 

yet be simulated with the developed viscoelastic layered model alone as the time-dependent 422 

influence coefficient cannot describe the surface displacement induced by the unit pressure 423 

while the material property and layer thickness vary simultaneously. Thus, the following 424 

studies focus on the effects of the tribofilm when its thickness has already reached a steady 425 

state while the transient effects of tribofilm formation and removal are left for future work.  426 

The tribofilm is assumed to have a constant Poisson’s ratio (𝜈 = 0.3), which is within a 427 

reasonable range according to the study of Matori, et al. [65]. Given that the tribofilm itself has 428 

no steady state in terms of its creep compliance as mentioned above, the simulated contact time 429 
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starts with 120 minutes in the following simulations for the sake of computational efficiency. 430 

Such a test duration is commonly adopted in experimental work about ZDDP-derived 431 

tribofilms (e.g., the study of Ghanbarzadeh, et al. [64, 66]). All these contact parameters are 432 

given in Table 4. To note, the simulated contact time was adjusted according to the time when 433 

the solution becomes steady for the problems under different operating conditions. 434 

Table 4 Parameters used in the simulation of ZDDP-derived tribofilm 435 

Parameters Value Description (Unit) 𝐷 19.05 Diameter of sphere (mm) 𝐸2 210 Elastic modulus of substrate (GPa) 𝐸3 210 Elastic modulus of indenter (GPa) 𝜈1/𝜈2/𝜈3 0.3 Poisson’s ratio of the layer/substrate/indenter 𝑊 60 Input normal load (N) 𝑎0 155 Hertzian contacting radius (𝜇𝑚) 𝑝0 1.19 Hertzian peak pressure (GPa) 𝑇 120 Simulation time (min) ℎ 150 Thickness of tribofilm (nm) 

 436 

4.1  Indentation Contact 437 

Before the sliding simulation, the role played by the tribofilm under indentation conditions was 438 

first investigated to evaluate its time-dependent viscoelastic behaviour under quasi-static 439 

conditions. As a reference, the first test was conducted by assuming that the tribofilm has an 440 

infinite thickness such that it behaves as a half-space. This half-space case highlights the 441 

intrinsic viscoelastic behaviour of the tribofilm without the interference from layer thickness 442 

effects or substrate properties, which helps the following analysis of simulation outcomes. The 443 

simulation domain for this case is set to be 1.1𝑎𝑚𝑎𝑥 × 1.1𝑎𝑚𝑎𝑥 to accommodate the creep of 444 

viscoelastic materials under normal loads, where 𝑎𝑚𝑎𝑥  is the contacting radius when the 445 

viscoelastic contact reaches the end of simulation window (𝑡 = 120 𝑚𝑖𝑛). This computational 446 

domain is discretised with 256 × 256 nodes. For the contact between a steel sphere-shape 447 

indenter against the flat viscoelastic half-space under a normal load, the variation of the 448 

pressure distribution with time is shown in Fig. 9 (a). As expected, when existing as a half-449 

space body, the tribofilm behaves as an extremely fluid-like material. This is indicated by the 450 

phenomenon that the load keeps being distributed to both edges of the increasing contacting 451 

area, leading to sharp pressure spikes [59]. 452 
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a. 

 

b. 

 
c. 

 

d. 

 

Fig. 9 Pressure distributions for ZDDP tribofilm indentation problem under fixed normal 453 
loads: (a) half-space (𝑾 = 𝟔𝟎 𝑵), (b) layered (𝑾 = 𝟏 𝑵), (c) layered (𝑾 = 𝟏𝟎 𝑵), and (d) 454 
layered (𝑾 = 𝟓𝟎𝟎 ), 455 

To switch to the layered indentation problem (the contact between a steel sphere indenter 456 

against the tribofilm bonded to a flat steel substrate), the computational domain is decreased to 457 0.8𝑎𝑚𝑎𝑥 × 0.8𝑎𝑚𝑎𝑥 as the creep phenomenon is expected to be less significant for the layered 458 

case.  Under the same normal load, as illustrated in Fig. 9 (b), the compliant viscoelastic layer 459 

results in the decrease of the contact pressure and increase of contacting area. However, the 460 

pressure spikes cannot be observed in this case, which suggests that the combination of the 461 

tribofilm and carbon steel substrate now performs more solid-like compared with the tribofilm 462 

half-space. Such rheological behaviour can be modified by varying the input load when the 463 

layer thickness remains with time. As illustrated in Fig. 9 (c) and (d), more fluid-like contact 464 

behaviour (e.g., significantly reduced pressure profiles) is achieved for the current viscoelastic 465 

layered contact problem when the normal load decreases from 500 N to 10 N. This contact 466 

behaviour is related to the ratio of the layer thickness to the Hertzian contacting radius (ℎ/𝑎0) 467 
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given in Table 5. The contact response of the combined substance shall keep approaching that 468 

of a viscoelastic half-space when the dimensionless layer thickness increases. 469 

Apart from the creep phenomenon under a constant normal load, the stress relaxation 470 

phenomenon under a constant displacement for the ZDDP-derived tribofilm is investigated 471 

here. The rigid body displacements (𝛿𝑧) of the first time point determined in the former four 472 

creep tests are used as the input for the following relaxation tests, correspondingly.  473 

The half-space contact of the ZDDP-derived tribofilm under a fixed normal displacement (𝛿𝑧 =474 36.1380 μm) is first simulated as a reference. The simulation domain for this case is set is to 475 

be 1.2𝑎𝑣0 × 1.2𝑎𝑣0 , which is discretised by 256 × 256 nodes. As shown in Fig. 10 (a), a 476 

typical stress relaxation phenomenon, including the constant contacting area and significant 477 

decrease of pressure with time, is observed when the tribofilm performs as a half-space.  478 

Table 5 Variation of the dimensionless layer thickness 𝒉/𝒂𝟎 with the constant contact 479 
input in layered indentation problem 480 

Input in layered indentation 

problem 
ℎ/𝑎0 𝑝0 (GPa) 

𝑊 = 10 N 0.0018 0.657 𝑊 = 60 N 9.6853 × 10−4 1.2 𝑊 = 500 N 4.7772 × 10−4 2.42 𝛿𝑧 = 0.7796 μm  0.0096 0.665 𝛿𝑧 = 2.5468 μm 9.6308 × 10−4 1.2 𝛿𝑧 = 10.4002 μm 0.2313 2.43 

Notable results are observed as illustrated in Fig. 10 (b) when the tribofilm is modelled as a 481 

finite-thickness layer under a specific displacement (𝛿𝑧 = 2.5469 μm). For the layer contact 482 

case, the simulation domain is set to be 2𝑎0 × 2𝑎0  discretised by 256 × 256  nodes. The 483 

contacting area increases over time although it tends to be steady eventually. By increasing the 484 

surface displacement, thereby reducing the dimensionless layer thickness as given in Table 5, 485 

the stress relaxation effect becomes less pronounced as depicted in Fig. 10 (c) and (d), where 486 

the displacement increases from 0.7796 μm to 10.4002 μm, respectively. In all layered cases, 487 

an increase in the contacting areas was observed. These findings suggest that the combination 488 

of the tribofilm and substrate can demonstrate unique contact behaviour under a constant 489 

displacement, differing from the typical responses of purely viscoelastic or elastic solids.  490 

  491 
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a. 

 

b. 

 
c. 

 

d. 

 

Fig. 10 Solutions to the indentation problem of the ZDDP tribofilm in different forms 492 
under a fixed normal displacement: (a) half-space contact (𝜹𝒛 = 𝟑𝟔. 𝟏𝟑𝟖𝟎 𝛍𝐦) , (b) 493 
layered contact (𝜹𝒛 = 𝟐. 𝟓𝟒𝟔𝟖 𝛍𝐦) , (c) layered contact (𝜹𝒛 = 𝟎. 𝟕𝟕𝟗𝟔 𝛍𝐦) , and (d) 494 
layered contact (𝜹𝒛 = 𝟏𝟎. 𝟒𝟎𝟎𝟐 𝛍𝐦) 495 

To investigate why the contact area increases over time under a constant surface displacement 496 

in the layered tribofilm contact, the surface deformations for the half-space case and layered 497 

case are plotted in Fig. 11. These cases are simplified to the indentation of a rigid sphere against 498 

a flat half-space with equivalent material properties derived from all the contacting bodies. For 499 

the layered case, the contact becomes increasingly conformal over time, even though the 500 

surface displacement remains constant as illustrated in Fig. 11 (a). In contrast, the contact 501 

geometry for the half-space case remains unchanged over time, as illustrated in Fig. 11 (b). 502 

This difference can be attributed to the confinement by the substrate. It limits vertical 503 

deformation of the viscoelastic tribofilm, causing the tribofilm to flow laterally over time. This 504 

lateral flow leads to an increase in contacting area.  505 

  506 
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a. 

 

b. 

 

Fig. 11 Surface deformation of the contacting bodies under different conditions (a) 507 
layered contact (𝜹𝒛 = 𝟐. 𝟓𝟒𝟔𝟖 𝛍𝐦), and (b) half-space contact (𝜹𝒛 = 𝟑𝟔. 𝟏𝟑𝟖𝟎 𝛍𝐦)  508 

To validate this idea, two extreme cases under constant surface displacement (𝛿𝑧1 = 50 μm 509 

and 𝛿𝑧2 = 0.01 nm) were tested. As shown in Fig. 12 (a), when the displacement is extremely 510 

large (𝛿𝑧1 = 50 μm), the tribofilm initially has minimal effect on contact solutions, with the 511 

initial pressure closely matching the Hertzian solution. However, the contacting area starts to 512 

exhibit time dependency as time progresses, indicating the lateral flow of tribofilm. On the 513 

other hand, when the surface displacement is extremely small (𝛿𝑧2 = 0.01 nm) even compared 514 

with the ultra-thin tribofilm, the contacting area tends to remain constant while the pressure 515 

relaxes and reaches the steady state within a short time. This behaviour resembles a half-space 516 

contact, as the tribofilm tends to behave as if unbounded by the substrate under such a low 517 

displacement, which is in consistency with our prior understanding. 518 

It is important to note that this phenomenon is influenced by several factors, including the 519 

rheological properties of the material, layer thickness, specified surface displacement, and 520 

substrate stiffness. When the layered material behaves more solid like (high resistance to flow), 521 

the layer thickness is much greater than the specified surface displacement (contact response 522 

similar to a bulk material), and the substrate exhibits mechanical properties similar to the layer 523 

(insignificant confinement effect), the increase in the contacting area becomes negligible. For 524 

instance, Wallace et al. [48] conducted a test simulating the indentation of a rigid sphere against 525 

a thick polymethyl methacrylate (PMMA) coating bonded to the carbon steel substate under a 526 

comparatively low surface displacement, where no increase in contacting area was observed. 527 

  528 
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a. 

 

b. 

 

Fig. 12 Pressure distribution under extreme displacement: (a) 𝜹𝒛𝟏 = 𝟓𝟎 𝛍𝐦  and (b) 529 𝜹𝒛𝟐 = 𝟎. 𝟎𝟏 𝐧𝐦 530 

4.2  Sliding Contact 531 

Based on the previously developed algorithm for the sliding contact of viscoelastic half-space 532 

bodies [58], the sliding motion is achieved by keeping the indenter (sphere) static while moving 533 

the counter body (tribofilm and substrate) in the direction opposite to the sliding motion. The 534 

sliding speed correlates with the pixel width and time interval of the established system such 535 

that for each time step, the counter body is moved in the distance of certain amount of pixel 536 

width. This leads to one limitation of the developed model such that when a high sliding speed 537 

is specified, an extremely large simulation domain needs to be generated, within which the 538 

actual contacting area may take up a small amount and this can lead to serious discretization 539 

error. On the other hand, an extremely small simulation domain needs to be specified for a 540 

considerably low-speed sliding contact, which struggles to accommodate the real contacting 541 

area. The issue of the discretization of the spatial domain can be avoided by adjusting the way 542 

the temporal domain is discretized. However, this action may undermine computational 543 

efficiency from another perspective when a great number of time steps are used. A compromise 544 

needs to be made to ensure a balance between the computational accuracy and efficiency. 545 

To facilitate the following sliding simulation and result comparison, where varying speeds are 546 

specified for different cases, the computational domains are set relative to the same specific 547 

parameter 𝑎0∗ , which is the contact radius of the tribofilm layered contact (ℎ = 150 nm) under 548 

a low load 𝑊 = 1 N  when the viscoelastic contact initializes. The detailed computational 549 

parameters for each case, including the size of computational domain (denoted as 𝐿1 × 𝐿2), 550 

pixel width in 𝑥  direction (denoted as Δ𝑥 ), total simulation time (denoted as 𝑇) and time 551 

interval (denoted as Δ𝑡) are shown in Table 6. Notably, as the pixel width in 𝑦 direction is 552 

identical to that in 𝑥 direction, only that in 𝑥 direction is described here. 553 
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Table 6 Computational parameters employed for simulating viscoelastic sliding contact 554 

Contact Conditions 𝐿1 × 𝐿2 Δ𝑥  (μm) 𝑇 (min) Δ𝑡 (s) 𝑊 = 60 N, 𝑣 = 0.4028 𝜇𝑚/𝑠 
half-space contact 

16.5𝑎0∗ × 16.5𝑎0∗ 19.3324 240 48 𝛿𝑧 = 36.1380 𝜇𝑚, 𝑣 = 0.4028 𝜇𝑚/𝑠 

half-space contact 

16.5𝑎0∗ × 16.5𝑎0∗ 19.3324 240 48 𝑊 = 1 N, 𝑣 = 0.0336 μm/s 

layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 240 48 𝑊 = 60 𝑁, 𝑣 = 0.0336 μm/s 
layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 240 48 𝑊 = 1 N, 𝑣 = 0.4028 μm/s 

layered contact 

16.5𝑎0∗ × 16.5𝑎0∗ 19.3324 240 48 𝑊 = 60 N, 𝑣 = 0.4028 μm/s 
layered contact 

16.5𝑎0∗ × 16.5𝑎0∗ 19.3324 240 48 𝑊 = 1 N, 𝑣 = 0.8055 μm/s 

layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 2 2 𝑊 = 60 N, 𝑣 = 0.8055 μm/s 
layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 10 2 𝑊 = 1 N, 𝑣 = 6.441 μm/s 

layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 1 0.25 𝑊 = 60 N, 𝑣 = 6.441 μm/s 
layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 2 0.25 𝑊 = 1 N, 𝑣 = 12.89 μm/s 

layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 1 0.1250 𝑊 = 60 N, 𝑣 = 12.89 μm/s 

layered contact 

1.375𝑎0∗ × 1.375𝑎0∗ 1.6110 1 0.1250 𝑊 = 1 N, 𝑣 = 1.661 mm/s 
layered contact 

6.875𝑎0∗ × 6.875𝑎0∗ 8.0551 1/6 0.005 𝑊 = 60 N, 𝑣 = 1.661 mm/s 

layered contact 

6.875𝑎0∗ × 6.875𝑎0∗ 8.0551 1/6 0.005 
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To investigate the effects of tribofilm in sliding contact, the simulation starts with the case 555 

when the tribofilm exists as a half-space while the carbon steel sphere slides against it for 556 

reference. The sliding speed is assumed to be constant during the contact. To facilitate the 557 

sliding simulation, the speed is set to be 0.4028 μm/s (extremely small speed in practice) as it 558 

allows a quick computation while providing a typical fluid-like contact response in the long 559 

run. As shown in Fig. 13 (a), under a constant normal load (𝑊 = 60 N) , the expanded 560 

contacting area keeps shifting in the sliding direction with time. As a result, the pressure profile 561 

is skewed significantly such that pressure spikes are observed on the leading edge of the 562 

contacting area for the plotted time points. On the other hand, when a constant surface 563 

displacement (𝛿𝑧 = 36.138 μm) is specified in the normal direction, as illustrated in Fig. 13 564 

(b), apart from the phenomenon that the pressure relaxes with time, the rear part of the 565 

contacting area is found to keep decreasing with time. A sharp pressure spike can also be 566 

observed on the leading edge of the contacting area in this case. 567 

When the tribofilm performs as a layer with an ultra-low thickness (ℎ = 150 nm) , the 568 

combination of the tribofilm and substrate may still exhibit certain viscoelastic responses. In 569 

the following simulations, different load-controlled-based tests were conducted to investigate 570 

the effects of tribofilm under different operating conditions, including loads and sliding speeds. 571 

a. 

 

b. 

 

Fig. 13 Contact solutions to frictionless sliding problems of ZDDP-derived tribofilm in 572 
the form of half-space under a fixed sliding speed (𝒗 = 𝟎. 𝟒𝟎𝟐𝟖 𝛍𝐦/𝒔) with different 573 
contact inputs: (a) 𝑾 = 𝟔𝟎 𝐍 and (b) 𝜹𝒛 = 𝟑𝟔. 𝟏𝟑𝟖𝟎 𝛍𝐦 574 

Considering that the problem being simulated is on the length scale of micrometers (𝑎0 ranges 575 

from 40 μm  to 160 μm ), an extremely large simulation domain along with a substantial 576 

number of time steps are needed if a speed on the scale of millimeters per second needs to be 577 

specified, making the simulation computationally intensive. For example, obtaining the 578 

simulation result for the high-speed tests (𝑣 = 1.611 mm/s ) under low or high loading 579 

conditions, as shown in Fig. 15 (e) and (f) respectively in Appendix B, requires approximately 580 

9 hours of computation on a desktop computer with 6 cores. Instead of providing a quantitative 581 
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analysis on the behaviour of ZDDP tribofilm under an exact operating environment, the study 582 

aims to obtain a qualitative trend regarding the relationship between the sliding speed and 583 

viscoelastic response of tribofilm. To achieve decent computational efficiency and accuracy, 584 

the high speeds that are specified in the following simulations are still relatively low. As some 585 

of the tested cases exhibit similar features, limited results are shown and discussed below with 586 

more test results shown in Appendix B. 587 

At an extremely low sliding speed ( 𝑣 = 0.0336 μm/s ), the contact solutions exhibit 588 

pronounced viscoelastic characteristics under both loading conditions, such as pressure 589 

relaxation and shifting contacting areas shown in Fig. 14 (a) and (b). However, these effects 590 

are less significant compared to the half-space case, where distinct pressure spikes are observed 591 

at a higher sliding speed. Notably, when the sliding speed in the layered test is increased to the 592 

same value specified in the half-space test (𝑣 = 0.4028 μm/s), the viscoelastic effect of the 593 

tribofilm would be less pronounced, as illustrated in Fig. 15 (a) and (b) in Appendix B.  594 

When the sliding speed increases to 𝑣 = 0.8055 μm/s, the viscoelastic responses of the two 595 

loading cases become much less significant, where only micro changes of pressure distributions 596 

can be observed as shown in Fig. 14 (c) and (d) while the contacting area no longer shifts 597 

significantly with time.  598 

After further increasing the sliding speed to 𝑣 = 6.441 μm/s, time-dependent changes of the 599 

contact solutions can hardly be observed for both loading conditions, where micro changes of 600 

pressure distributions with time can only be observed in the zoomed-in views shown in Fig. 14 601 

(e) and (f). It is of note that it always takes longer time for the high-loading case (𝑊 = 60 N) 602 

to reach a steady state for all three tests conducted at different sliding speeds. 603 

The simulation outcome highlights the dual role of the tribofilm. On one hand, in ultra-low-604 

speed sliding or indentation cases, the viscoelasticity of tribofilms has pronounced effects on 605 

contact solutions. It gradually reduces the contact pressure over time for metal-to-metal contact. 606 

The reduced pressure can lead to the decline of subsurface stress and subsequently contribute 607 

to mitigation of surface wear. Additionally, the damping mechanism provided by the viscosity 608 

of the tribofilm can absorb a portion of the energy that would otherwise contribute to material 609 

wear. Dorgham, et al. [25, 27] conducted nanoscale experiments with sliding speed varying on 610 

the scale of micrometer per second, effectively capturing and validating the role of 611 

viscoelasticity in enhancing wear resistance. 612 

On the other hand, these potential benefits are speed-dependent (scale-dependent) and may 613 

diminish when operating conditions change. As mentioned before, the sliding speed considered 614 

in this study is relatively low, especially when compared to the typical operating conditions 615 

where ZDDP additives are used. For example, in cylinder liner piston ring assemblies, the 616 

average sliding speed is reported to range from 0.08 m/s to 0.32 m/s [67], and similar speeds 617 

ranging from millimeters to meters per second are employed in tribofilm formation 618 
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experiments [68, 69]. At these high sliding speeds, the viscoelastic response of the layered 619 

contact becomes negligible. Tribofilms primarily behave as soft elastic layers, with pressure 620 

reduction occurring primarily during the initial contact and stabilizing shortly thereafter. 621 

Consequently, the potential impact of viscoelasticity on wear reduction shall be less significant. 622 

a. 

 

b. 

 

c.  

 

d. 

 

e.  

 

f. 
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Fig. 14 Contact solutions for frictionless sliding of ZDDP-derived tribofilm layer under 623 
varying loading conditions and sliding speeds: (a) 𝒗 = 𝟎. 𝟎𝟑𝟑𝟔 𝛍𝐦/𝐬, 𝑾 = 𝟏 𝐍 (b) 𝒗 =624 𝟎. 𝟎𝟑𝟑𝟔 𝛍𝐦/𝐬, 𝑾 = 𝟔𝟎 𝐍 (c) 𝒗 = 𝟎. 𝟖𝟎𝟓𝟓 𝛍𝐦/𝐬, 𝑾 = 𝟏 𝐍,  (d) 𝒗 = 𝟎. 𝟖𝟎𝟓𝟓 𝛍𝐦/𝐬, 𝑾 =625 𝟔𝟎 𝐍, (e) 𝒗 = 𝟔. 𝟒𝟒𝟏 𝛍𝐦/𝐬, 𝑾 = 𝟏 𝐍 and (f) 𝒗 = 𝟔. 𝟒𝟒𝟏 𝛍𝐦/𝐬, 𝑾 = 𝟔𝟎 𝐍 626 

5. Conclusion 627 

By converting frequency response functions to influence coefficients, the model for 628 

viscoelastic layered contact is developed on the basis of the half-space contact model. The 629 

model is then extended to investigate the viscoelastic behaviour of a ZDDP-derived tribofilm, 630 

which is characterized by a Burgers material model. 631 

The contact response of tribofilm is found to be extremely fluid-like when it exists as a half-632 

space body. When the tribofilm is bonded to an elastic solid, for example a carbon steel 633 

substrate being considered in this study, viscoelastic contact responses, including creep, stress 634 

relaxation can be observed, while the extent of which is not as significant as that in the half-635 

space case. In the layered indentation case, the contact exhibits more remarkable viscoelastic 636 

response (creep or stress relaxation) under low-loading conditions. Additionally, it is found 637 

that when a constant surface displacement, which is not significantly lower than the layer 638 

thickness, is applied, the contacting area increases gradually with time due to the flow of the 639 

tribofilm being bounded to the elastic substrate. When it comes to layered sliding contact 640 

problems, significant time-dependent solutions are only observed under extremely low sliding 641 

speeds (𝑣 < 1 μm/s), where the high loading cases exhibit more significant viscoelastic effects. 642 

On the other hand, negligible changes of pressure are observed under moderate sliding speeds 643 

ranging from millimeters to meters per second. 644 

Given that ZDDP additives are typically applied in scenarios involving sliding or mixed 645 

sliding-rolling motion, which promote the formation of the protective tribofilm on metal 646 

surfaces through tribochemistry, the results suggest that the contact analysis of tribofilm can 647 

be simplified to a soft elastic layered contact problem depending on the sliding velocity where 648 

the ZDDP additive is applied. 649 

Therefore, the effectiveness of ZDDP-derived tribofilms as protective layers is not only 650 

governed by their inherent material properties but also by the operating conditions. At higher 651 

speeds, where viscoelastic effects are negligible, the performance of tribofilm is dominated by 652 

its instant elastic response. Conversely, under extremely-low-speed or static conditions (e.g., 653 

the work of Dorgham, et al. [25, 27]), viscoelasticity can emerge as a critical factor influencing 654 

pressure distribution, and wear mitigation. By integrating numerical, experimental and 655 

practical perspectives, a clear distinction is established between low-speed, viscoelastic-656 

dominated responses, and high-speed, elasticity-dominated tribofilm behaviors. This insight 657 

bridges the gap between the nanoscale findings of Dorgham on the viscoelastic nature of 658 



28 

 

tribofilms and large-scale experimental and practical observations, where tribofilms 659 

predominantly act as soft and elastic layers [2, 17].  660 

Based on this, how the interplay of loading conditions, film thickness, and speed variations 661 

affect the transition between viscoelastic and elastic-dominated behaviour for the tribofilms 662 

derived from different sources could be explored in the future work to provide deeper insights 663 

into optimizing additive performance for specific applications. Additionally, exploring the 664 

transient effects of tribofilm formation and removal can enhance the understanding of contact 665 

mechanics and provide more accurate solutions for tribofilm-affected systems. 666 
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Appendix A 674 

Frequency response function of surface displacements in elastic layered half-space due to 𝑝: 675 �̃̃�𝑝𝑢𝑧(𝑚, 𝑛, 0) = 12𝐺𝑐 [−𝛼(𝐴(1) − �̅�(1)) − (3 − 4𝜈1)(𝐶(1) + 𝐶̅(1))], 676 

or 677 �̃̃�𝑝𝑢𝑧(𝑚, 𝑛, 0) = 𝜈𝑐 − 1𝐺𝑐 (1 + 4𝛼ℎ𝑘𝜃 − 𝜆𝑘𝜃2)𝛼𝑅, 678 

�̃̃�𝑝𝑢𝑥(𝑚, 𝑛, 0) = 12𝐺𝑐 [𝑖𝑚(𝐴(1) + �̅�(1))], 679 

�̃̃�𝑝𝑢𝑦(𝑚, 𝑛, 0) = 12𝐺𝑐 [𝑖𝑛(𝐴(1) + �̅�(1))], 680 

𝛼 = √𝑚2 + 𝑛2 , 𝜃 = 𝑒−2𝛼ℎ, 𝐺 = 𝐺𝑐𝐺𝑠 , 𝑘 = 𝐺 − 1𝐺 + 3 − 4𝜈𝑐, 681 

𝜆 = 1 − 4(1 − 𝜈𝑐)1 + 𝐺(3 − 4𝜈𝑠) , 𝑅 = − 1[1 − (𝜆 + 𝑘 + 4𝑘𝛼2ℎ2)𝜃 + 𝜆𝑘𝜃2]𝛼2, 682 

𝐴(1) = 𝑅 {−(1 − 2𝜈𝑐)[1 − (1 − 2𝛼ℎ)𝑘𝜃] + 12 (𝑘 − 𝜆 − 4𝑘𝛼2ℎ2)𝜃}, 683 

 �̅�(1) = 𝑅𝜃 {(1 − 2𝜈𝑐)𝑘(1 + 2𝛼ℎ − 𝜆𝜃) + 12 (𝑘 − 𝜆 − 4𝑘𝛼2ℎ2)}, 684 𝐶(1) = [1 − (1 − 2𝛼ℎ)𝑘𝜃]𝛼𝑅, 685 𝐶̅(1) = (1 + 2𝛼ℎ − 𝜆𝜃)𝑘𝜃𝛼𝑅. 686 

Frequency response function of surface displacements in elastic layered half-space due to 𝑞𝑥: 687 �̃̃�𝑞𝑥𝑢𝑧(𝑚, 𝑛, 0) = 12𝐺𝑐 [−𝛼(𝐴(1) − �̅�(1)) − (3 − 4𝜈1)(𝐶(1) + 𝐶̅(1))], 688 

�̃̃�𝑞𝑥𝑢𝑥(𝑚, 𝑛, 0) = 12𝐺𝑐 [𝑖𝑚(𝐴(1) + �̅�(1)) − 4(1 − 𝜈1)(𝐵(1) + �̅�(1)) − 𝑚(𝐵,𝑚(1) + �̅�,𝑚(1))], 689 

�̃̃�𝑞𝑥𝑢𝑦(𝑚, 𝑛, 0) = 12𝐺𝑐 [𝑖𝑛(𝐴(1) + �̅�(1)) − 𝑛(𝐵,𝑚(1) + �̅�,𝑚(1))], 690 𝐵,𝑚 = 𝜕𝐵/𝜕𝑚, 691 𝛼 = √𝑚2 + 𝑛2 , 𝜃 = 𝑒−2𝛼ℎ, 𝐺 = 𝐺𝑐𝐺𝑠 , 𝑘 = 𝐺 − 1𝐺 + 3 − 4𝜈𝑐 , 𝜆 = 1 − 4(1 − 𝜈𝑐)1 + 𝐺(3 − 4𝜈𝑠), 692 𝑆0 = [𝐺 + (3 − 4𝜈𝑐)](1 − 𝑘𝜃), 693 �̅�(1) = − (𝐺 − 1)𝜃(1 + 𝐺) + (1 − 𝐺)𝜃 ∙ 12𝛼(1 − 𝜈𝑐), 694 

𝐵(1) = �̅�(1) − 12𝛼(1 − 𝜈𝑐), 695 
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 𝐵(2) = − 2(1 − 𝜈𝑐)1 − 𝜈𝑠 ∙ √𝜃(1 + 𝐺) + (1 − 𝐺)𝜃 ∙ 12𝛼(1 − 𝜈𝑐), 696 

𝐶(1) = (1 − 𝜆)𝑆0𝑅𝑐{4(1 − 𝜈𝑐)(𝐺 + 3 − 4𝜈𝑐)[1 − (𝜆 + 𝑘 + 4𝑘𝛼2ℎ2)𝜃 + 𝜆𝑘𝜃2]}, 697 

𝐶̅(1) = [2(𝐺 − 1)𝛼ℎ𝜃𝐶(1) + 𝜃𝑅𝑎]𝑆0 , 698 

𝐴(1) = [−(3 − 4𝜈𝑐)𝐶(1) + 𝐶̅(1) + 𝛼(𝑅1 + 𝑅2)]2𝛼 , 699 

�̅�(1) = {(1 − 𝜆)𝜃𝐶(1) + [(3 − 4𝜈𝑐)(1 − 𝜃) − 2𝛼ℎ]𝐶̅(1) + 𝜃𝑅𝑑}[2𝛼(1 − 𝜃)] , 700 𝐶(2) = {[4(1 − 𝜈𝑐)(1 − 𝜆)√𝜃]𝐶(1) + (1 − 𝜆)𝛼√𝜃(𝑅3 − 𝑅4 + 𝑅5 − 𝑅6)}/[4(1 − 𝜈𝑐)], 701 𝐴(2) = {2𝛼ℎ√𝜃[𝑆0 − (𝐺 − 1)(1 − 𝜃)]𝐶(1) − [(3 − 4𝜈𝑠)𝑆0]𝐶(2)702 + 𝛼√𝜃𝑆0(𝑅1 + 𝑅2 − 𝑅3 − 𝑅4) − √𝜃(1 − 𝜃)𝑅𝑎}/(2𝛼𝑆0), 703 −𝛼2𝑅1 = 𝑖𝑚(𝐵(1) − �̅�(1)) + 𝑖𝛼2(𝐵𝑚(1) − �̅�𝑚(1)), 704 −𝛼2𝑅2 = 2𝑖𝑚(1 − 𝜈𝑐)(𝐵(1) + �̅�(1)) + 𝑖𝛼2(𝐵𝑚(1) + �̅�𝑚(1)), 705 −𝛼2𝑅3 = 𝑖(𝑚 − 𝑚𝛼ℎ)𝐵(1) − 𝑖(𝑚 + 𝑚𝛼ℎ)𝜃−1�̅�(1) − 𝑖𝑚𝜃−12𝐵(2) + 𝑖𝛼2𝐵,𝑚(1) − 𝑖𝛼2𝜃−1�̅�,𝑚(1)
706 − 𝑖𝛼2𝜃−12�̅�,𝑚(2), 707 −𝛼2𝑅4 = [2𝑖(1 − 𝜈1)𝑚 − 𝑖𝑚𝛼ℎ]𝐵(1) + [2𝑖(1 − 𝜈1)𝑚 + 𝑖𝑚𝛼ℎ]𝜃−1�̅�(1)708 − [2𝑖(1 − 𝜈2)𝑚]𝜃−12𝐵(2) + 𝑖𝛼2𝐵,𝑚(1) + 𝑖𝛼2𝜃−1�̅�,𝑚(1) − 𝑖𝛼2𝜃−12�̅�,𝑚(2), 709 −𝛼2𝑅5 = −𝑖𝑚𝛼ℎ𝐵(1) + 𝑖𝑚𝛼ℎ𝜃−1�̅�(1) + 𝑖𝛼2𝐵,𝑚(1) + 𝑖𝛼2𝜃−1�̅�,𝑚(1) − 𝑖𝐺𝛼2𝜃−12�̅�,𝑚(2), 710 −𝛼2𝑅6 = 𝑖(𝑚 − 𝑚𝛼ℎ)𝐵(1) − 𝑖(𝑚 + 𝑚𝛼ℎ)𝜃−1�̅�(1) − 𝑖𝐺𝑚𝜃−12𝐵(2) + 𝑖𝛼2 𝐵,𝑚(1)
711 − 𝑖𝛼2𝜃−1�̅�,𝑚(1) − 𝑖𝐺𝛼2𝜃−12�̅�,𝑚(2), 712 𝑅𝑎 = (𝐺 − 1)𝛼(𝑅1 + 𝑅2) − 𝐺𝛼(𝑅3 + 𝑅4) + 𝛼(𝑅5 + 𝑅6), 713 𝑅𝑏 = 𝛼(𝑅2 − 𝑅1) + 𝛼𝜃(𝑅3 − 𝑅4), 714 𝑅𝑐 = 4(1 − 𝜈1)1 − 𝜆 (2𝛼ℎ𝜃𝑆0 𝑅𝑎 + 𝑅𝑏) − 𝛼𝜃(𝑅3 − 𝑅4 + 𝑅5 − 𝑅6), 715 

𝑅𝑑 = 𝛼(𝑅1 − 𝑅2 − 𝑅3 + 𝑅4) + (1 − 𝜆)𝛼4(1 − 𝜈1) (𝑅3 − 𝑅4 + 𝑅5 − 𝑅6).  716 

Frequency response function of surface displacements in elastic layered half-space due to 𝑞𝑦 717 

can be determined from symmetrical characters: 718 𝐶𝑞𝑦𝑢�̃�(𝑚, 𝑛, 0) = 𝐶𝑞𝑥𝑢�̃�(𝑛, 𝑚, 0), 𝐶𝑞𝑦𝑢�̃�(𝑚, 𝑛, 0) = 𝐶𝑞𝑥𝑢�̃�(𝑛, 𝑚, 0), 𝐶𝑞𝑦𝑢�̃�(𝑚, 𝑛, 0) = −𝐶𝑝𝑢�̃�(𝑛, 𝑚, 0) 719 

  720 
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Appendix B 721 

a. 

 

b. 

 

c. 

 

d. 

 

e. 

 

f. 

 

Fig. 15 Extra sliding solutions for layered tribofilm at varying inputs: (a) 𝒗 =722 𝟎. 𝟒𝟎𝟐𝟖 𝛍𝐦/𝐬, 𝑾 = 𝟏 𝐍  (b) 𝒗 = 𝟎. 𝟒𝟎𝟐𝟖 𝛍𝐦/𝐬, 𝑾 = 𝟔𝟎 𝐍  (c) 𝒗 = 𝟏𝟐. 𝟖𝟗 𝛍𝐦/𝐬, 𝑾 =723 𝟏 𝐍 ,  (d) 𝒗 = 𝟏𝟐. 𝟖𝟗 𝛍𝐦/𝐬, 𝑾 = 𝟔𝟎 𝐍 , (e) 𝒗 = 𝟏. 𝟔𝟔𝟏  𝐦𝐦/𝐬, 𝑾 = 𝟏 𝐍  and (f) 𝒗 =724 𝟏. 𝟔𝟔𝟏 𝐦𝐦/𝐬, 𝑾 = 𝟔𝟎 𝐍 725 
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Notably, for the high-speed case (𝑣 = 1.661 mm/s), the sliding contact quickly reaches the 726 

steady state, showing consistent results at 𝑡 = 1 s, 𝑡 = 5 s, and 𝑡 = 10 s. 727 
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