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The probability distribution for vacuum fluctuations of the energy flux in two dimensions is constructed,
along with the joint distribution of energy flux and energy density. Our approach is based on previous work
on probability distributions for the energy density in two-dimensional conformal field theory. In both cases,
the relevant stress tensor component must be averaged in time, and the results are sensitive to the form of
the averaging function. Here we present results for two classes of such functions, which include the
Gaussian and Lorentzian functions. The distribution for the energy flux is symmetric, unlike that for the
energy density. In both cases, the distribution may possess an integrable singularity. The functional form of
the flux distribution function involves a modified Bessel function and is distinct from the shifted Gamma
form for the energy density. By considering the joint distribution of energy flux and energy density, we
show that the distribution of energy flux tends to be more centrally concentrated than that of the energy
density. We also determine the distribution of energy fluxes, conditioned on the energy density being
negative. Some applications of the results are also discussed.

DOI: 10.1103/PhysRevD.111.085015

I. INTRODUCTION

This paper deals with some exact solutions for the vacuum
state probability distribution for the fluctuations of the
energy flux in two-dimensional conformal quantum field
theories. The vacuum expectation value of the flux vanishes,
but an individual measurement can return a nonzero
result, which is equally likely to be positive or negative.
Furthermore, the probability of finding a given magnitude
for the flux is independent of its sign, so the distribution will
be symmetric. This work extends previous exact results for
the energy density in two dimensions [1—4], and is related to
approximate results in four dimensions [5—10]. The flux
operator must be averaged in time to be well defined, and the
averaging function describes the details of a physical
measurement. Here we consider two classes of averaging

“Contact author: chris.fewster@york.ac.uk
Contact author: ford@cosmos.phy.tufts.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2025,/111(8)/085015(9)

085015-1

functions which have previously been used for the energy
density; these include the Gaussian and Lorentzian func-
tions as special cases. We also consider the joint distribution
of energy flux and energy density and, by computing the
probability that the absolute value of the flux is less than the
absolute value of energy density, show that the energy flux is
the typically more centrally concentrated of the two.
Furthermore, we show that the distribution of fluxes changes
markedly when conditioned on the energy density being
negative, despite the fact that the probability for obtaining a
negative energy density is typically greater than 1/2. Some
applications of the results to four-dimensional models,
numerical simulations of quantum fluctuations, and analog
models in condensed matter systems are also discussed.

II. VACUUM ENERGY DENSITY

Here we review results from Refs. [1-3] for the proba-
bility distributions for the energy density in (unitary, positive
energy) conformal field theories (CFTs) including the
massless free scalar field as a special case. The stress tensor
for such a theory is determined by right-moving and left-
moving components, Tx(u) and T;(v), which have the
same central charge assuming parity invariance. Here
u=t—x and v =1+ x are null coordinates on Minkowski

Published by the American Physical Society
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spacetime. These components have a well-defined proba-
bility distribution only if they have been averaged by a
suitable sampling function, f(u) or f(v), conveniently
normalized so that

/oof(u)du — 1. (2.1)
Let wy denote the dimensionless averaged operator
o = 22Ty = 22 / Y HWTRWdu,  (22)

and define w; and T'; similarly in terms of 7, (v). Here ris a
timescale, for example a characteristic width of the sampling
function. We are interested in the probability distribution
Py r(w) for the outcomes of individual measurements of
w;, g in the vacuum state of the theory. Explicit results [1-3]
have been found for specific choices of f, including
generalizations of the Gaussian and Lorentzian functions.
In all these cases, the probability distributions are of the form
of a shifted Gamma distribution,

Ppr(w) = %Q(a) + @g)e PO (0 + )", (2.3)

with dimensionless positive parameters @, &, and f which
depend upon the choice of f(u) and the central charge of the
CFT. Note that our notation differs slightly from that of
Refs. [1-3], where @ and @, have dimensions of length—2
and B has dimensions of length?. Features of note are
that P;  vanishes for @ < —w,, which is also the quantum
inequality bound for a null component of energy density
[1,4], and displays an integrable singularity as @ — —wy+
if @ < 1. The probability of obtaining a negative result,
f9w0 P; r(w)dw is (often substantially) greater than the

probability [5° P, g(w)dw of a positive result, but the mean
of the distribution is zero, in agreement with the expectation
of w; g in the vacuum state.

The energy density is the sum of the right-moving and
left-moving components:
Because these components are decoupled from one another
(see Sec. IV) and have the same central charge, their
vacuum fluctuations are identical and independent, and the

energy density probability distribution is a convolution of
Pr and P;:

P,(x) = /_ " doPy () Pg(x — o).

(5]

(2.5)

Here x = p7? is the dimensionless averaged energy density.
Explicit evaluation of the above integral using Eq. (2.3)
leads to

ﬁZa

T(2a) O(x + 2wy )ePF200) (x 4 2 ) 22

Py(x) (2.6)

In effect, the parameters @, and a have been doubled,
reflecting the fact that these are proportional to the central
charge of the conformal field theory.

Note that P,(x) = 0 for x < —2aw,, the lower bound
on the allowed averaged energy density in the vacuum
state [4]. Also note that P,(x) decays exponentially
for large x, and displays an integrable singularity at the
lower bound —2w, if 0 < a < 1/2. Although this result
is specific to two-dimensional spacetime, some of its
features, such as the existence of a lower bound on the
energy density probability distribution, also apply in
four dimensions. More generally, the explicit two-
dimensional results can be a guide to possible effects
in four dimensions. For example, they were used by
Carlip et al. [11,12] to explore effects near a cosmo-
logical singularity.

III. VACUUM ENERGY FLUX

The dimensionless averaged energy flux operator is
determined by an off-diagonal component of the averaged
stress tensor

F:TZTtx :TZ(TR_TL). (31)
The probability distribution for vacuum energy flux fluc-

tuation may be constructed as a convolution, in analogy
with that for the energy density:

Pr(F) = /_oo doP;(0)Pgr(—F + w)

[Se]

_ /_ " doPL(@+ F/2)Pa(w—F/2).  (3.2)

[Se]

This is an even function of F, as follows from physical
grounds and the fact that P = P;. We now proceed to use
Eq. (2.3) to find it explicitly in cases where P; and Py are
shifted Gamma distributions:

085015-2
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/}Zae—Zﬁwo o0
Pp(F) = 7/ dod(w + F/2 + wy)0(w — F/2 + wy)e P[0 + wy)? — F? /4]

I'(a)?

5]

A 2w 2 _ g2 pe-1
— 7”0[)2 " dwe [(w+ wy)* — F*/4]
—Wy

ﬁZa 0
— / dwe—Zﬁm(wZ _ F2/4)a—1
\

()

F|/2

. (IFl/2)%! /oo dne ¥l (> — 1)*1. (3.3)

[(a)? I
[

Note that P(F) is independent of the parameter @,. Using ~ for @ = 1/2, and
standard formulas (see 3.387.3 in [13] or 10.32.8 in [14])

i i i I'(a—1/2
:Zefﬁzy evaluate the integral as a modified Bessel function Py(F) ~ pl(a—1/2) (3.9)

a—1/2
pp(py = PPV T BIFD).

Val'(a)

Here the constants a and f# depend upon the specific choice
of sampling function and the assumption that P; = P are
shifted Gamma distributions. The distribution Pp is a
centered symmetric variance-gamma distribution in which
a is the shape parameter and £ is an inverse width scale; in
fact, it has been known for a long time that the difference of
two identically distributed Gamma distributions is distrib-
uted in this way [15], and the same applies to the shifted
Gamma case.

The asymptotic probability distribution for large argu-
ment is

(3.4)

B (PIF]
PrtF)~5r @) (T

BIF|>1.

)MG_W [1+O(BIF)],
(3.5)

Thus, the probability of a large fluctuation decreases
exponentially with the same decay constant as for P,
Near the origin, we can use the asymptotic formula

ir(v) v>0
(z/2)"K,(z) ~ —log(z/2) v=0 (3.6)
%F(—z/) (z/2)* v<O,
to see that the distribution satisfies
2)2-1r(1/2 -
P Nﬂ(ﬂlFl/z)ﬁ K 0({)/ D o)
for a < 1/2,
Pe(F) ~Llog(plFI/2) (.8

2y/al(a)

for « > 1/2. In particular, P has an integrable singularity
at F =0 for a < 1/2, and is continuous for a > 1/2.
The variance of the flux fluctuations is

(F?) = /_ ¥ AFF2P(F) = ;‘;

[So]

(3.10)

as can be seen using the integral identity 6.561.16in [13] or
10.43.19 in [14]. It is also of interest to examine the
cumulative distribution function

P_(F) = / " avPr(y). (3.11)

o

which is the probability to find a value less than F in a
measurement. It may be calculated in terms of modified
Bessel and Struve functions as

PL(F) = 3 {1+ BFIK s PIFD Lo AIF)

+ K32 (BIF|)Lom1 2(BIF])]} (3.12)
Here we have again used the identities 6.561.16, as well as
6.561.4, in Ref. [13] (see also 10.43.2 in Ref. [14]). We
may use either the above result, or numerical integration of
Eq. (3.4), to obtain equivalent numerical results for P_(F).

IV. THE JOINT DISTRIBUTION OF
AVERAGED FLUX AND ENERGY DENSITY

The results of Secs. II and III can be understood from a
more general perspective that leads to further results. As the
two averaged null components wg, @; of the stress tensor
commute, they have a joint probability distribution, whose
joint moment generating function is the product of the two
independent generating functions

<eswk+twL> — <eswk> <etwL>’

(4.1)

085015-3
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because the vacuum expectation values factorize (see the
Appendix)

(wRor) = () {@f). (4.2)
Consequently, the joint probability distribution function is
the product of the two individual ones, giving

Prob((wg. w,) €A) = / Pr)PL(W)didu  (4.3)
A

for any Borel subset A C R?. In the above expressions, the
generating functions may be understood as formal series in
s and t. Petersen’s theorem (see [16], Theorem 14.6) states
that the joint moments uniquely determine the joint
probability distribution provided that the marginal distri-
butions are uniquely determined by their moments. This is
certainly satisfied if P;  are given by shifted Gamma
distributions, because their moments satisfy the Hamburger
moment condition [1].

The averaged flux F = wp —; and energy density
p = wp + ®; also commute and have a joint probability
distribution given in terms of that of w; and wg.
Specifically,

Prob((p. F) €8) = | Pu(2)P ()i

= / P(p, F)dpdF,
A

where A = {(4, ) €ER?*: (A + u, 1 — u) € A}, and the joint
probability density function is

—3Pe(30+ )P (30-P). @3)

The factor of % arises from the change of variables.
Integrating out F or p in (4.7), one obtains the formu-
las (2.5) and (3.4) for the marginal distributions of p and F
as above. To understand the significance of the joint
probability density function, consider the simple example
A={py<p<po+Ap,Fy<F<F,+ AF}, where
Ap < |pg| and AF < |Fl, in which limit we have

(4.4)

P(p,F)

Prob((p, F) € A) = P(py, Fy) ApAF. (4.6)

Due to P; and Py being supported in [—@g, o), P
effectively has a factor of 6(p + F + 2w)0(p — F + 2w,)
and one easily sees that P is supported in the set of
(p, F) €R? such that |F| < p+2wy. As p — —2aw,, the
quantum inequality lower bound, the flux must vanish in
the following sense: for any p, > —2®,, the conditional
random variable F|(p < py) (i.e., F conditioned on p being
less than py) takes values in the interval [—2wg — p, 2w +

po] and therefore the expectation value of its absolute value

is bounded above by 2w 4+ py, which vanishes in the limit
po = —2wg. Thus, in this limit, F|(p < py) converges in
mean to the random variable taking the constant value 0.
Note that this conclusion does not depend upon the specific
functional forms of Py and P;.

In the case where Py and P, are identical shifted Gamma
distributions, a similar calculation to one given in Eq. (3.3)
shows that

Prob((p, F) € A)

/)’/2 20/ / dFya(p' = 20y, F)e™"

x <<p> — P, (4.7)

where y, is the characteristic function of A, i.e.,
xalp, F) =1 for (p, F) €A and y(p, F) = 0 otherwise.
Using the joint distribution, we can determine, for
example, the probability that |F| < |p|, corresponding to
A = {(p. F):|F| < |p|}, for which A is the union of the
first and third open quadrants of R%. With P; = Py (but not
necessarily of the shifted Gamma form) this gives

Prob(|F| < |p|) = p>+ (1 =p)> =1-2p +2p> (4.8)

where p = Prob(w; z <0). One typically has p > 1,
because the expectation is zero and the distribution has a
long positive tail but cannot take negative values below the
quantum inequality bound. It follows that Prob(|F| <
lp|) >3, as well, indicating the flux tends to be more
centrally concentrated than the energy density. This effect
can be quite marked: for instance, with ¢ = 1 and Gaussian
smearing, p = 0.89 [1] and Prob(|F| < |p|) = 0.81 (quot-
ing values to 2d.p.).

As another example, we can compute the probability
density function P, o(F) of the flux, conditioned on the
energy density being negative (thus lying in [—2my, 0]),
which is given in general by

Prvalf) =5, [ aopa(50+P)) P (50-F) )
(4.9)

where g = Prob(p < 0). This formula is obtained by
setting A = (2w, 0) X (—o0, F) in (4.5) and differentiat-
ing with respect to F, then dividing by ¢ to normalize the
distribution. Given that P; and Py both have support
[~wg, o0), we see that Pp,.o(F) =0 for [F| > 2w, so
this distribution has compact support [—2wy, 2w,]. In the
case where P p are identical shifted Gamma distributions,
this gives

085015-4
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PF\p<O<F)
ﬂ2a6—2ﬂwn 0 o0

=£ - F+2
qF(a)222“‘1 /—2(00 P <p+ + Cl)())

x 0(p — F + 2w0)e((p + 2ay)* — F?)*"!

2a @
_ 02w, — |F|) /2 0 dp’e‘ﬁ”/((p’)z _ FZ)a—l
\

gl (a)?2%* 1 Jip
_ %Q(a, BIF: |1/ 2w0))0 2w, — |F)),
(4.10)
where

Qa,n;z) = /1/Z dse™ (s> —1)*1 (4.11)
1

Consider the limit in which |F| - 2wy—, s0 1/z = 1 + ¢,
with 0 < € = 2w,/ |F| — 1 < 1, and 1 = 2wof3/(1 + €) -
2wopf. Now Q/e* becomes

1 € a—1
€Q = —a/ dxe"HI[(1 4 x)% = 1)o7 — e 2008
€ Jo a
(4.12)

as can be confirmed by a dominated convergence argument,
leading to

ﬂZa wg— 1 e—Zﬁa}O

ot 20|

Prip<o(F) ® (4.13)

as |F| approaches 2w, from below. An example of this
behavior will appear in Fig. 3 below.

We can also investigate the limit in which |F| < wj.
Here, it is convenient to use the penultimate expression
in (4.10), also noting that the exponential factor lies in the
interval [e=2? 1] for all p' € [0, 2w). Thus

2w,

PryolF) < 106) = [ a2 =P (414

IF|

as |F| — 0, where the < symbol means that the left-hand
side is bounded above and below by constant multiples of
the right-hand side. There are three cases. For 0 < a < 1

27

we have
Pryeo(F) = P21 [ ag(@ — et (@
F\/)<0( )’\ . S(S ) ( : )

and because the integral is finite and nonzero in the limit
|F| = 0, it follows that Pg,.o(F) < F?*~!, which is an
integrable singularity (see Fig. 3 for an example). On the
other hand, if a = % the above integral can be evaluated
exactly and grows logarithmically in 2wy/|F|, so

Ppp<o(F) < log(2w,/|F|). Finally, if a > 1, an integration
by parts argument based on multiplying and dividing the
integrand of Eq. (4.14) by 2p’ gives

((p)?=F?)e,

(4.16)

(g =FY* 1 [ ]
1(F) =2~ /|

4wy 2a Fl p(p’)2

where I(F) is the integral on the right-hand side of
Eq. 4.14). As (p')72 < ((p')> = F?)7!, the second term
on the right-hand side is bounded above by I(F)/(2a). On
rearranging,

2a  ((2wy)? — F?)“

I(F
( )<2a—1

4.17
4wy ’ ( )

which shows that Py, o(F) remains bounded as |F| — 0
for a > % Note that the behavior we have given here results

in the same singularity structure exhibited by Pp(F) as
|F| - 0, described in Egs. (3.7)—(3.9).

V. SPECIFIC SAMPLING FUNCTIONS

Here we discuss some choices of sampling function for
which the probability P, p distributions take the shifted
Gamma form given in Eq. (2.3).

A. Gaussian-like functions

The class of functions of the form

Fap(u) = yutte, (5.1)
where a is a non-negative integer, b >0 and y =

b*t1/2 /T (a4 1/2), was discussed in Ref. [3]. Here we
may take

(5.2)

The results of Ref. [3] may be expressed in our present
notation as

_ c(4a-1)
and
B =n. (5.4)

Here c is the central charge of the conformal field theory,
and ¢ = 1 for a massless scalar field. The usual Gaussian,
which was treated in Ref. [1], is the case a = 0, so
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1 L Il L L L L L L L L
-1.0 -0.5 r 0.5 1.0

FIG. 1. The probability distribution, Pp(F), with Gaussian
averaging is plotted as a function of the dimensionless flux, F.

(5.5)

The vacuum probability distribution for the Gaussian
averaged flux of a massless scalar field, ¢ = 1, is plotted in
Fig 1. Here P;  |F|~'/12 near the origin.

The cumulative distribution function P_(F) is plotted
for the Gaussian averaged scalar field case with ¢ =1 in
Fig. 2. Note that the integrable singularity in P (F) leads to
P_(F) approximating a step function. Numerical evalu-
ation gives P_(1071%) = 0.585 and P_(—10"'0) = 0.415,
so the average slope in the interval |F| < 1071 is

AP
=~ 8.5 x 108,
F

(5.6)

which is consistent with the lower panel in Fig. 2.

The distribution Pp|,.o(F) given in Eq. (4.10) is plotted
in Fig. 3 for values a = ¢/24, p = &, with central charge
¢ = 8 to indicate better the shape of the plot near the end of
the support.

B. Lorentzian-like functions

Another class of functions considered in Ref. [3] takes
the form

Cu2a
9n.ab (u) = (

b2 + u2)n ’ (57)

where 0 < a < n are integers and » > 0, and we may now
take

7 =">. (5.8)

Now

_ cn(4a® —4an—4a+n)
CBa-2m-Dnt a1 O

P(F)

1.0+

0.8}

0.6}

0.4}

0.55
0.50}

0.45}

/‘/,

-5x10710

- F

10 1x10

—1x107? 5x10

FIG. 2. The cumulative probability distribution, P_(F), with
Gaussian averaging is plotted as a function of the dimensionless
flux, F, on two different scales. These plots may be obtained by
numerical integration of Eq. (3.4) or numerical evaluation of the
exact expression, Eq. (3.12).

and

dnr

p= Mn—af =1 (5.10)
The usual Lorentzian is
b
910(u) :W, (5.11)
for which
c ¥4
a=. == (5.12)

In the massless scalar field case, ¢ = 1, Pr(w) is qualita-
tively similar to the Gaussian averaged case plotted in
Fig. 1. However, here P o |w|™!"/!® near the origin, and
P_(w) is plotted in Fig. 4.

We find in this case that P_(107'%) =0.775 and
P_(—10719) = 0.2255, so the average slope in the interval
|F| < 10710 is of order

085015-6
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Ppjy<o(F)

= F/(2wo)

FIG. 3. The probability distribution of flux, conditioned on the
energy density being negative.

5x10710 1x1070

-1x107° -5x1071°
FIG. 4. The cumulative probability distribution, P_(F), with
Lorentzian averaging is plotted as a function of the dimensionless
flux, F.

AP
=~ 2.7 x 10°,
F

(5.13)

This is about a factor of 3 larger than the Gaussian case, and
is presumably due to the more singular behavior of P for
the Lorentzian case.

Note that for the massless scalar field case, ¢ = 1, both
the Gaussian and Lorentzian averaging functions lead to
a< %, and hence an integrable singularity in P. This need
not be the case for some of the generalized averaging
functions discussed above. For example, if we set a = ﬁ in
Egs. (5.1) and (5.3), we obtain a generalized Gaussian for
which a = 1, leading a probability distribution which is
finite everywhere. This is a good illustration of how
sensitive stress tensor probability distributions are to the
details of the measurement process.

C. Compactly supported functions

Compactly supported functions, those which vanish
outside of finite intervals, are the appropriate descriptions
foe physical measures of finite duration. All of the smearing
functions discussed above have tails, and hence are not
compactly supported. A class of infinitely differentiable
compactly supported functions was described in Ref. [5],
and used in Refs. [8—10]. They have Fourier transforms
which decay as an exponential of a fractional power of
frequency:

flw)~e=e”  0<a,<1. (5.14)
Although the Lorentzian function is not compactly sup-
ported, its Fourier transform corresponds to the a, = 1
limit of this class.

The focus of Ref. [5] was on the rate of growth of
moments and the asymptotic probability distributions for
stress tensor components in four-dimensional spacetime.
The explicit example used was that of :¢?: , the normal
ordered square of the time derivative of a massless scalar
field. This operator appears as part of the energy density
and other stress tensor components, and its asymptotic
probability distribution was assumed to model those of a
general component. If we set p = 1 in the discussion in
Sec. IV of Ref. [5], we can infer the asymptotic probability
distribution for :p?: in two dimensions sampled by a
compactly supported function. If we assume that asymp-
totic distribution also holds for the flux in two dimensions,
we have

p

P(F) ~ e PIFI" (5.15)
for some constant . The a, = 1 limit of this expression
agrees with the form found in Eq. (3.5).

VI. SUMMARY

We have treated the probability distributions for vacuum
fluctuations of the energy flux in two-dimensional space-
time. These distributions depend upon the details of the
sampling function used to find spacetime averages of the
flux operator. In many, but not all cases, the distribution has
an integrable singularity at the origin. In particular, if & > 1,
the distribution P(F) is finite at F = 0. In all cases, P(F)
decays as an exponential for large arguments, an illustration
of the non-Gaussian character of vacuum stress tensor
fluctuations.

In addition, in Sec. IV, we construct a joint probability
distribution for the energy flux and energy density oper-
ators which have been averaged with the same sampling
function. The joint distribution may be used, for example,
to compute a modified probability distribution for the
energy flux under some condition on the energy density,
such as being negative.
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Both of these sets of results have potential physical
applications to four-dimensional models and to condensed
matter systems with effectively one spatial dimension.
Two-dimensional models have often been used to infer
insights into possible behavior in four dimensions [11,12].
Electromagnetic vacuum flux fluctuations could have
observable effects on the motion of electrons [17], and
the two dimensional flux fluctuation models may be useful
in further studies of this effect.

Zero point density fluctuations in a fluid [18] are an
analog model for quantum stress tensor fluctuations. Thus,
phonons in a one-space-dimensional system form an analog
model for two-spacetime-dimensional quantum field the-
ories, and one which may be experimentally accessible.

The results of this paper are expected to be useful for
future numerical simulations of stress tensor fluctuations.
Simulations of energy density fluctuations without corre-
lations were performed in Refs. [11,12], and simulations of
Gaussian field fluctuations including correlations between
different times were treated in Ref. [19]. The results of
Sec. I for P(F) will be useful for simulations of energy
flux fluctuations which include correlations between differ-
ent times.

The first step in a numerical simulation is an algorithm to
generate a set of outcomes which obey a given probability
distribution. This is usually done using a cumulative
probability distribution, such as P_(F). The numerical
challenges are greater when P(F) has an integrable
singularity, and hence P_(F) is close to a step function.
The nonsingular a > % cases seem likely to lead to more
stable simulations, but all values of « are of interest. A first
step will be a simulation of flux fluctuations at different
times using both our results for P(F) and the flux-flux
correlation function.

Future simulations of both the energy flux and density
fluctuations could employ either a correlation function or
a joint probability distribution. A preliminary study using
a flux-density correlation function was done in Sec. III of
Ref. [20], where the correlation between energy density
and flux in adjacent space time regions was discussed.
An extension of this work which uses the detailed
probability distributions treated in the present paper is
now possible. The joint distribution also provides infor-
mation about correlations about flux and density fluctua-
tions, but when averaged over the same space time
region. The possibility of a joint distribution for flux
and energy density averaged over different regions is an
open question.
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APPENDIX: FACTORIZATION OF THE JOINT
MOMENT GENERATING FUNCTION

The decoupling of the left- and right-moving expectation
values is well known in CFT, but we did not find a simple
direct argument in the literature. However an argument is
easily given, assuming that the CFT obeys standard proper-
ties of a quantum field theory, specifically the translational
invariance of the vacuum and the cluster property [21]
(more directly, but less simply, one could argue from the
spectral properties of the translation operator, cf. [22,23]).
Suppose Z is any product of m factors of wp and n factors
of w;. Because they commute, one has

(2) = (who}) = (UL DoRoiU(-12) (A1)
for any A€R, where U(t,x) is the unitary operator
implementing translation through (z,x), and we have
used the translation invariance of the vacuum. But
as translation through (4, 1) [respectively, (—4,1)] leaves
u (respectively, v) unchanged, [U(4,4),wg]=0=
[U(—A,4), w;]. Consequently,

(Z) = (0?U(0,20) %) = (02U (0,20) 0 U(0,22)71)
(A2)
using translation invariance of the vacuum again. As
A — o0, the left-hand side is constant, but the right-hand
side tends to (w})(w]) by the cluster property for large

spacelike separations, giving (Z) = (wjw}). Thus, for
any integer N > 0,

m tn

1 s
N\ _ § :

N! (s + to,)) = = m!n!

m+n=N

(wp)(@i),  (A3)

and Eq. (4.1) for the joint moment generating functions
follows, understood as an equality of formal power series
in s and .
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