UNIVERSITYW

This is a repository copy of The Goldenshluger-Lepski Method for Constrained Least-
Squares Estimators over RKHSS.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/224482/

Version: Published Version

Article:

Page, S. and Grunewalder, Steffen (2021) The Goldenshluger-Lepski Method for
Constrained Least-Squares Estimators over RKHSs. Bernoulli. 2241-2266. ISSN 1350-
7265

https://doi.org/10.3150/20-BEJ1307

Reuse

Items deposited in White Rose Research Online are protected by copyright, with all rights reserved unless
indicated otherwise. They may be downloaded and/or printed for private study, or other acts as permitted by
national copyright laws. The publisher or other rights holders may allow further reproduction and re-use of
the full text version. This is indicated by the licence information on the White Rose Research Online record
for the item.

Takedown
If you consider content in White Rose Research Online to be in breach of UK law, please notify us by
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request.

\ White Rose -
university consortium eprinis@whiterose.ac.uk
/,:-‘ Uriversities of Leecs: Shetfiekd & York https://eprints.whiterose.ac.uk/




Bernoulli 27(4), 2021, 2241-2266
https://doi.org/10.3150/20-BEJ1307

The Goldenshluger—Lepski method for

constrained least-squares estimators over
RKHSs

STEPHEN PAGE! and STEFFEN GRUNEWALDER?

LSTOR-i, Lancaster University, Lancaster, LAI 4YF, United Kingdom. E-mail: s.page @lancaster.ac.uk
2Departmenl of Mathematics and Statistics, Lancaster University, Lancaster, LAl 4YF, United Kingdom.
E-mail: s.grunewalder@lancaster.ac.uk

We study an adaptive estimation procedure called the Goldenshluger—Lepski method in the context of reproducing
kernel Hilbert space (RKHS) regression. Adaptive estimation provides a way of selecting tuning parameters for
statistical estimators using only the available data. This allows us to perform estimation without making strong as-
sumptions about the estimand. In contrast to procedures such as training and validation, the Goldenshluger-Lepski
method uses all of the data to produce non-adaptive estimators for a range of values of the tuning parameters. An
adaptive estimator is selected by performing pairwise comparisons between these non-adaptive estimators. Apply-
ing the Goldenshluger—Lepski method is non-trivial as it requires a simultaneous high-probability bound on all of
the pairwise comparisons. In the RKHS regression context, we choose our non-adaptive estimators to be clipped
least-squares estimators constrained to lie in a ball in an RKHS. Applying the Goldenshluger—Lepski method in
this context is made more complicated by the fact that we cannot use the L? norm for performing the pairwise
comparisons as it is unknown. We use the method to address two regression problems. In the first problem the
RKHS is fixed, while in the second problem we adapt over a collection of RKHSs.

Keywords: Adaptive estimation; Goldenshluger—Lepski method; RKHS regression

1. Introduction

In nonparametric statistics, it is assumed that the estimand belongs to a very large parameter space in
order to avoid model misspecification. Such misspecification can lead to large approximation errors
and poor estimator performance. However, it is often challenging to produce estimators which are
robust against such large parameter spaces. An important tool which allows us to achieve this aim is
adaptive estimation. Adaptive estimators behave as if they know the true model from a collection of
models, despite being a function of the data. In particular, adaptive estimators can often achieve the
same optimal rates of convergence as the best estimators when the true model is known.

In this paper, we study an adaptive estimation procedure called the Goldenshluger—Lepski method in
the context of reproducing kernel Hilbert space (RKHS) regression. The Goldenshluger—Lepski method
works by performing pairwise comparisons between non-adaptive estimators with a range of values for
the tuning parameters. As far as we are aware, this is the first time that this method has been applied in
the context of RKHS regression. The Goldenshluger—Lepski method, introduced in the series of papers
[16-18,20], is an extension of Lepski’s method. While Lepski’s method focusses on adaptation over a
single parameter, the Goldenshluger—Lepski method can be used to perform adaptation over multiple
parameters.

The Goldenshluger—Lepski method operates by selecting an estimator which minimises the sum of
a proxy for the unknown bias and an inflated variance term. The proxy for the bias is calculated by
performing pairwise comparisons between the estimator in question and all estimators which are in
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some sense less smooth than this estimator. A key challenge in applying the Goldenshluger—Lepski
method is proving a high-probability bound on all of these pairwise comparisons simultaneously. This
bound is called a majorant.

We now describe the RKHS regression problem studied in this paper. We denote our covariate space
by S and we assume that the regression function lies in an interpolation space between C (S), the space
of continuous functions equipped with the supremum norm, and an RKHS. Depending on the setting,
this RKHS may be fixed or we may perform adaptation over a collection of RKHSs. The non-adaptive
estimators we use in this context are clipped versions of least-squares estimators which are constrained
to lie in a ball of predefined radius in an RKHS. These estimators are discussed in detail in [32].
Constraining an estimator to lie in a ball of predefined radius is a form of Ivanov regularisation (see
[31]). One advantage of these estimators is that there is a clear way of producing a majorant for them,
especially when the RKHS is fixed. This is because we can control the estimator constrained to lie in
a ball of radius » by bounding quantities of the form rZ for some random variable Z which does not
depend on r.

When the RKHS is fixed, the only tuning parameter to be selected is the radius of the ball in which
the least-squares estimator is constrained to lie. Estimators for which the radius is larger are considered
to be less smooth. In order to provide a majorant for the Goldenshluger-Lepski method, we must prove
regression results which control these estimators for all radii simultaneously. When we perform adap-
tation over a collection of RKHSs, we must prove regression results which control the same estimators
for all RKHSs and all ball radii in these RKHSs simultaneously. We demonstrate this approach for
a collection of RKHSs with Gaussian kernels. Estimators for which both the width parameter of the
Gaussian kernel is smaller and the radius of the ball in the RKHS is larger are considered to be less
smooth. These results extend those of [32].

Our main results are Theorems 4 (page 2248) and 9 (page 2253). These show that a fixed quantile of
the squared L2(P) error of a clipped version of the estimator produced by the Goldenshluger—Lepski
method is of order n~#/(1+8) Here, n is the number of data points and 8 parametrises the interpolation
space between C(S) and the RKHS containing the regression function. We use C(S) when interpolat-
ing so that we have direct control over approximation errors in the L?(P,) norm. Theorem 4 addresses
the case in which the RKHS is fixed and Theorem 9 addresses the case in which we perform adaptation
over a collection of RKHSs with Gaussian kernels. The order n—#/(1+8) for the squared LZ(P) error
of the adaptive estimators matches the order of the smallest bounds obtained in [32] for the squared
L?(P) error of the non-adaptive estimators. In the sense discussed in [32], this order is the optimal
power of n if we make the slightly weaker assumption that the regression function is an element of
the interpolation space between L?(P) and the RKHS parametrised by f. In particular, for a fixed
B € (0, 1), Steinwart et al. [38] show that there is an instance of our problem such that the following
holds. For all estimators f of g, for some ¢ > 0, we have

1/ = &l32(py = Caren™

with probability at least ¢ for all n > 1, for some constant Cy ¢ > 0, for all @ > B/(1+ ). This implies
that for all estimators f of g, we have

E(If - &l72p)) = Caeen™

for all n > 1, for all « > B/(1 + B). In this sense, our expectation bound in this setting is optimal
because it attains the order n~#/(1+5) the smallest possible power of 7.

Under further assumptions on the effective dimension of the RKHS faster rates of convergence can
be obtained. For instance, in Steinwart et al. [38] optimal rates of convergence under assumptions on
the effective dimension are attained and our rates correspond to their worst-case rates. Also see [10,28]
for results on estimating the effective dimension from data.
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1.1. Literature review

Lepski’s method was introduced in the series of papers [24-26] as a method for adaptation over a
single parameter. It has since been studied in, for example, [6] and [15]. Lepski’s method selects the
smoothest non-adaptive estimator from a collection, subject to a bound on a series of pairwise compar-
isons involving all estimators at most as smooth as the resulting estimator. The method can only adapt
to one parameter because of the need for an ordering of the collection of non-adaptive estimators.

Lepski’s method has been applied to RKHS regression under the name of the balancing principle.
However, as far as we are aware, Lepski’s method has not been used to target the true regression
function, but instead an RKHS element which approximates the true regression function. In [13], the
authors note the difficulty in using Lespki’s method to control the squared L?(P) error of an adaptive
version of a support vector machine (SVM). This difficulty arises because Lepski’s method generally
requires the norm we are interested in controlling to be known in order to perform the pairwise com-
parisons. However, P is unknown in this situation. The authors of [13] get around the problem that
P is unknown as follows. Lepski’s method is used to control the known squared L?(P,) error and
squared RKHS error of two different adaptive SVMs. The results of these procedures are combined to
produce an adaptive SVM whose squared L>(P) error is bounded. The above alteration is also noted
in [27]. Furthermore, the authors show that it is possible to greatly reduce the number of pairwise com-
parisons which must be performed to produce an adaptive estimator. This is done by only comparing
each estimator to the estimator which is next less smooth.

Lepski’s method is common in the inverse problems literature and is there also known as the bal-
ancing principle. In this context, it is not assumed that the target function lies in a particular RKHS
but within a scale of Hilbert spaces. Scales of Hilbert spaces have been developed in [23] and have
been introduced to the inverse problems literature in [29] and [30]. These scales of Hilbert spaces are
closely linked to interpolation spaces [23]. Adaptation over these scales is typically achieved by com-
bining Tikhonov regularisation with Lepski’s method. This approach achieves in various settings close
to optimal rates of convergence (e.g. [19,35]).

The Goldenshluger-Lepski method extends Lepski’s method in order to perform adaptation over
multiple parameters. The method is introduced in the series of papers [16—18,20]. The first two papers
concentrate on function estimation in the presence of white noise. The first paper considers the problem
of pointwise estimation, while the second paper examines estimation in the L” norm for p € [1, oo].
The third paper produces adaptive bandwidth estimators for kernel density estimation and the fourth
paper considers general methodology for selecting a linear estimator from a collection.

Another popular approach to model selection is to use a training and validation set. The training set
is used to produce a collection of non-adaptive estimators for a range of different values for the tuning
parameters and the validation set is used to select the best estimator from this collection. This selection
is performed by calculating a proxy for the cost function that we wish to minimise. An example of
using training and validation to perform adaptation over a Gaussian kernel parameter for an SVM
can be found in [14]. The procedure produces an adaptive estimator of a bounded regression function
from a range of Sobolev spaces. This estimator is analysed using union bounding, as opposed to the
chaining techniques used to analyse the Goldenshluger-Lepski method in this paper. The training and
validation approach is studied in a more general context in [11] using inverse problem techniques. One
important advantage of the Goldenshluger—Lepski method in comparison to training and validation is
that it uses all of the data to calculate the non-adaptive estimators. This is because it does not require
data for calculating a proxy cost function. However, the Goldenshluger-Lepski method does require us
to calculate a majorant, as discussed above, which is often a challenging task.

There are various other approaches to gain adaptive estimators. For instance, in [2] regression under
random design is studied. The estimators are chosen adaptively from a family of finite dimensional
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subspaces of L?(v), where v is a known measure on the covariate space. The estimation approach se-
lects a member of the family of subspaces by minimising a linear combination of the best least-squares
error that can be achieved within the class and a penalty term which penalises model complexity. In
contrast to Lepski’s method the model class is selected based solely on this value and no pairwise com-
parison between model classes is performed. Model selection based on penalised least-squares values
is a well-studied area, in particular, in the Gaussian noise case. To mention but a few references, in [8]
a versatile framework for model selection under a penalised least-squares criterion is developed and in
[9] the role of the penalty term in this framework is analysed in depth. Closely related are earlier works
[3,7] where penalty terms are used in conjunction with sieves to produce adaptive estimators.

We perform in this paper adaptation over a family of kernel functions. This approach touches on the
topic of multiple kernel learning (MKL) where a family of kernels is given and a regressor is chosen
from the corresponding family of RKHSs. Early MKL papers like [1,12] focus on the optimisation
aspect of the problem, i.e. how to efficiently find a suitable kernel within a large family of kernels
to gain small empirical errors. In [21] a broad overview of MKL techniques up to the year 2011 is
given. A more recent overview is contained in [34]. Much of the MKL literature focuses solely on
the optimisation problem and not on controlling the risk of estimators. To the best of our knowledge,
the risk has not been studied in the MKL literature under our assumption that the unknown regression
function can lie outside of all the involved RKHSs.

2. Problem definition

We give a formal definition of the RKHS regression problem. First, recall that an RKHS H on S is
a Hilbert space of real-valued functions on § such that, for all x € §, there is some k, € H such that
h(x) = (h,kc)p for all h € H. The function k(x1, x2) = (ky,, kx,)n for x1,xp € § is known as the
kernel and is symmetric and positive-definite.

For a topological space T, let B(T') be its Borel o-algebra. Let (S, S) be a measurable space and
(X;,Y) for 1 <i <mbeiid. (S xR, S ® B(R))-valued random variables on the probability space
(22, F,P). We assume X; ~ P and E(Yiz) < 0o, where E denotes integration with respect to P. We
have E(Y;|X;) = g(X;) almost surely for some function g which is measurable on (S, S) (Section A3.2
of [40]). Our goal is to estimate g from the data (X;, ¥;), | <i <n. Since E(Yiz) < 00, it follows that
g € L?(P) by Jensen’s inequality. We consider the quadratic loss with the corresponding risk function
for an estimate given by

E(h(X) - Y)*,

where the pair (X, Y) has the same distribution as (X1, Y1) and is independent of (X;, ¥;), 1 <i <n.
Furthermore, h is assumed measurable with respect to (X;, Y;), 1 <i <mn, and to attain values in an
RKHS or in a collection of RKHSs.

We assume throughout that

(gD liglloc < C for C > 0.

We also need to make an assumption on the behaviour of the errors of the response variables Y; for
1 <i <n.LetU and V be random variables on (2, F,P). We say U is o2-sub-Gaussian if

E(exp(tU)) < exp(o?t?/2)
for all t € R. We say U is o2-sub-Gaussian given V if

]E(exp(tU) | V) < exp(02t2/2)
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almost surely for all # € R. We assume

(Y) Y; — g(X;) is o%-sub-Gaussian given X; for 1 <i <n.

3. Regression for a fixed RKHS

We continue by providing simultaneous bounds on our collection of non-adaptive estimators for a fixed
RKHS. Our results in this section depend on how well the regression function g can be approximated
by elements of an RKHS H with kernel k. We make the following assumptions.

(H) The RKHS H with kernel & has the following properties:

e The RKHS H is separable.
e The kernel & is bounded.
e The kernel k is a measurable function on (S X §,S ® S).

We define

K lldiag = supk(x, x) < 0o,
xes
We can guarantee that H is separable by, for example, assuming that k is continuous and S is a sepa-
rable topological space (Lemma 4.33 of [37]). The fact that H has a kernel k which is measurable on
(S x §,5 ® S) guarantees that all functions in H are measurable on (S, S) (Lemma 4.24 of [37]).
Let By be the closed unit ball of H and r > 0. We define the estimator

n

//Alr = arg min l Z(f(X,-) — Y,-)2

n
ferBy i=1

of the regression function g. We make this definition unique by demanding that hy e splkx, : 1 <i <n}
(see Lemma 3 of [32]). We also define fzo =0. Lemma 11 on page 11 states that this estimator is well
defined.

Since we assume (g1), that g is bounded in [—C, C], we can make fzr closer to g by constraining it
to lie in the same interval. As in [32], we define the projection V : R — [-C, C] by

—C ift<—-C,
Vi)y=1t if [t] < C,
C ift > C,

for t € R. For a function f : § — R we write V f for the composition of V and f.

We now prove a series of result which allow us to control fzr for r > 0 simultaneously, extending the
results of [32] while using similar proof techniques. This is crucial in order to apply the Goldenshluger—
Lepski method to these estimators. The results assign probabilities to events which occur for all » > 0
and all &, € r By. These events are measurable due to the separability of [0, co) and r By, as well as
the continuity in r of the quantities in question, including h, by Lemma 11. By Lemma 2 of [32], we
have

. 4 & .
oy = hellZap,, < p > (Y — g (X)) (hr (Xi) — by (X)) + 410y = gl 72,

i=1



2246 S. Page and S. Griinewdlder

for all r > 0 and all i, € r By. We can remove h, in the first term on the right-hand side by taking
a supremum over r By . After applying the reproducing kernel property and the Cauchy-Schwarz in-
equality, we obtain a quadratic form of sub-Gaussians which can be controlled using Lemma 36 of
[32]. See Lemma 22 in [33] on page 1 for details.

It is useful to be able to transfer a bound on the squared L?(P,) error of an estimator, including the
result above, to a bound on the squared L?(P) error of the estimator. By using Talagrand’s inequality,
we can obtain a high-probability bound on

1 ) ,
sup sup - ”Vfl — Vf2|| _ ”Vfl _ Vf2||
r>0 f]ﬂfZGVBH r| Lz(Pn) LZ(P)}

by proving an expectation bound on the same quantity. By using symmetrisation (Lemma 2.3.1 of
[39]) and the contraction principle for Rademacher processes (Theorem 3.2.1 of [15]), we again obtain
a quadratic form of sub-Gaussians, which in this case are Rademacher random variables. The result is
stated in Lemma 24 in [33] on page 3.

To capture how well g can be approximated by elements of H, we define

Iso(g,r) =inf{||h, — gll2 :hy €rBy}
for » > 0. We use this measure of approximation as it is compatible with the use of the bound
ey = gl13cp, < Iy — gl

in the proof of Lemma 22. It is easy to show that /(g, r) is continuous in r under Assumption (H).
We obtain a bound on the squared L2(P) error of Vh, by combining Lemmas 22 and 24. To state
this result we need the following events

1/2 172
A 20|kl 4iagO 7t
Ape= {nhr — 3 g, < i+ 4, — g%, forall r = o},
Az ={ sup IV fi = Vhallzap, = IV =V 2lTap)|
fi.f2€rBu
1/2 1/2 1/2
97kl 4. Crt 8|kl 4o Crt

d'agz + diag , forallr >0¢.
nl/ 3n

Theorem 1. Assume (g1), (Y) and (H) and let t > 1. On the set A1 N Az € F, for which P(A1; N
Ay ) =1—2e", we have

1/2 1/2 1/2
. 2|1kl ghaq (97C +200)rt 16|kl e CTt
IVhr = gll7ap) < =g 7 + 3:9 +10700(g, 1)

simultaneously for all r > 0.

3.1. The Goldenshluger-Lepski method for a fixed RKHS

We now produce bounds on our adaptive estimator for a fixed RKHS. Lemma 12 (p. 2255), which is a
simple consequence of Lemma 22, can be used to define the majorant of the non-adaptive estimators.
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This motivates the following definition of the adaptive estimator used in the Goldenshluger-Lepski
method.

Let R C [0, 0o0) be closed and non-empty. The Goldenshluger—Lepski method defines an adaptive
estimator using

t(r—i—s)) 2(1 —l—u)'tr) W

Azargmin< sup (”hr—hS”%Z(P,l)_ 12 12

rer SER,s>r

for tuning parameters t, v > 0. The supremum of pairwise comparisons can be viewed as a proxy for
the unknown bias, while the other term is an inflated variance term. Note that the supremum is at least
the value at r, so

A N T(r+s) 2(14+v)tr  2vtr
B e Rt ®
The role of the tuning parameter v is simply to control this bound. In fact, the parameter v only affects
the constants and not the rate of convergence in Theorem 4 and Theorem 9. The parameter t controls
the probability with which our bound on the squared L2(P) error of sz; holds. Lemma 13 on page
2255 shows that the estimator 7 is well-defined by Equation (1).
It may be that 7 is not a random variable on (2, F) in some cases, but we assume

(r) r is a well-defined random variable on (€2, F)

throughout. Later, we assume that R is finite, in which case 7 is certainly a random variable on (2, F).
If 7 is a random variable on (2, F), then fz; is a (H, B(H))-valued measurable function on (€2, F) by
Lemma 11.

By Lemma 12, the supremum in the definition of 7 is at most 40/ (g, ) for an appropriate value
of ¢. The definition of 7 then gives us control over the squared L?(P,) norm of h —h, when 7 <r.
When 7 > r, we can control the squared L*(P,) norm of hﬂ —h, using Lemma 12. However, we must
control a term of order 7/n'/? using (2) and the definition of 7. In both cases, this gives a bound on
the squared L?(P, ) norm of Vh — Vh,. Extra terms appear when moving to a bound on the squared
L%(P) norm of Vh; — Vh, using Lemma 24. However, these terms are very similar to the inflated
variance term, and can be controlled in the same way. Applying
+2||Vh,

IVh; — <2|\Vh; = Vh, |3,

2 2
g||L2(P) (P) _g||L2(P)

leads to Theorem 14 (p. 2256). Combining it with Theorem 1 gives us the following main result.

Theorem 2. Assume (gl), (Y), (H) and (r). Let T > SO”k”magU v>0and

- 2
t=[—— ) >1.
(80||k||1/2 )

d|ag

Onthe set A1 ;N Ay, € F,for whichP(A1 ;N Ay,;) >1—2e™ ", we have

| Vh; < 1nf((1 + DiTn~ 1/2) (Datrn™ 12 4 D3lo(g, r))

g”LZ(P)

for constants D1, Dy, D3 > 0 not depending on t, r or n.
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We can obtain rates of convergence for our estimator sz; if we make an assumption about how
well g can be approximated by elements of H. Such assumptions are typically stated in terms of
interpolation spaces between a Banach space (Z, ||-||z) and a dense subspace (V, ||-||v) (see [5]). The
K -functional of (Z, V) is

K(z,1) = Uilel‘f/(llz —vliz+1lvllv)

for z € Z and ¢t > 0. We define

00 1/q
||z||ﬁ,q=< / (tﬁK@,r))‘fr‘dt) and ||z]lg,00 = sup(t PK (z.1))
0

t>0

forze Z,B€(0,1)and 1 < g < co. We then define the interpolation space [Z, V]g 4 to be the set of
z € Z such that ||zl g,4 < oo. The size of [Z, V]g , decreases as f increases. The following result is
Lemma 1 of [32], which is essentially Theorem 3.1 of [36].

Lemma 3. Let (Z, ||-||z) be a Banach space, (V, ||-|lv) be a dense subspace of Z and z € [Z, V8,00
We have
lzllgse *
. ,00
inf{|lv—zllz:veV, vy <r}< BB
Results like this have a long history in inverse problem theory [4,22]. From the above, when H is
dense in C(S), we can define the interpolation spaces [C(S), H]g 4. We set ¢ = co and work with the
largest space of functions for a fixed 8 € (0, 1). We are then able to apply the approximation result in
Lemma 3.
Let us assume

(g2) g €[C(S), H]g,00 with norm at most B for 8 € (0,1) and B > 0.

The assumption (g2), together with Lemma 3, give

B2/(1-8)
Ix(g,7) < 2B/(0-F) 3)

for » > 0. In order for us to apply Theorem 2 to this setting, we need to make an assumption on R. We
assume either

(R1) R =10, c0)
or

(R2) R=1{bi:0<i<I—1}U{an'?}and p =an'/?fora,b > 0and I = [an'/?/b].

The assumption (R1) is mainly of theoretical interest and would make it difficult to calculate 7 in
practice. The estimator 7 can be computed under the assumption (R2), since in this case R is finite.
We obtain a high-probability bound on a fixed quantile of the squared L?(P) error of sz; of order
t1/2p=B/(+B) with probability at least 1 — e~ when 7 is an appropriate multiple of 7'/2.

1/2

Corollary 4. Assume (g1), (g2), (Y) and (H). Let T > 80”k”diag

= ( t )2>
8Ok|2e)

diag

o,v>0and
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Also assume (R1) and (r), or (R2). On the set A1 ;N Ay, € F, for which P(A1; N Az;) >1—2e,
we have

||Vh g”LZ(P) < Dytn P/A+B) 4 p,2,~(1438)/20+H)

for constants D1, Dy > 0 not depending on n or t.
From the high probability bound we obtain a bound on the expected squared L?(P) error.

Corollary 5. Assume (g1), (g2), (Y), (H) and either (R1) and (K), or (R2). We have
E(IVh; — g2 p)) < DnP/0HD

for constant D not depending on n.

4. Regression for a collection of RKHSs

In this section, we again provide simultaneous bounds on our collection of non-adaptive estimators.
Our results still depend on how well the regression function g can be approximated by elements of an
RKHS. However, this RKHS now comes from a collection instead of being fixed. Let C be a set of
kernels on § x S. We make the following assumptions.

(K1) The covariate set S and the set of kernels X have the following properties:

e The covariate set S is a separable topological space.

e The set of kernels (I, ||-||0) is separable.

e The kernel k is bounded for all k£ € .

e The kernel k is continuous for all k € K.

Since (K, ||-|lco) is a separable set of kernels, we have that /C has a countable dense subset . For all
& > 0 and all k € IC, there exists kg € Ko such that

ko — klloo = sup |ko(x1,x2) — k(x1, x2)| <e.
xl,xzeS
Let Hy be the RKHS with kernel & for k € K. Since k is continuous and S is a separable topological
space, we have that H, is separable by Lemma 4.33 of [37]. Hence, the assumption (H) holds for Hj.
We use the notation ||-||; and (-, -} for the norm and inner product of Hj.
Let By be the closed unit ball of H for k € K and r > 0. We define the estimator

n

hy.» = argmin ! Z(f(xi) - Yi)2

3 n
ferBy i=1

of the regression function g. We make this definition unique by demanding that flk resplky, : 1<
i <n} (see Lemma 3 of [32]). We also define hk o = 0. Since we assume (g1), that g is bounded in
[—=C, C], we can make hk » closer to g by clipping it to obtain th +. Lemma 26 ([33], p. 6) shows

that hk,r is a well-defined estimator.
Let

= {k/Ilklldiag : k € K} U {0}
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and

D= sup |Ifi— falloo <2.
f1.hel

We include 0 in the definition of £ so that, when analysing stochastic processes over £ using chaining,
we can start all chains at 0. Note that (L, ||-||co) is separable since £ \ {0} is the image of a continuous
function on (K, ||-||c0), Which is itself separable. Let N(a, M, d) be the minimum size of an a > 0
cover of a metric space (M, d). The following quantity is key to quantifying the complexity of our
collection of kernels,

D/2 172
J= <162/ log(ZN(a, L, ||~||<>o)) da + 1> .
0

Using J we upper bound the empirical L?-distance between the estimator fzk, » and hy , in Lemma 29
([33], p. 9). Instead of one quadratic form of sub-Gaussians as in Lemma 22, we obtain a supremum
over K of quadratic forms of sub-Gaussians. This can be controlled by chaining using Lemma 28 of
[33].

It is again useful to be able to transfer a bound on the squared L2%(P,) error of an estimator to a
bound on the squared L2(P) error of the estimator. Lemma 31 ([33], p. 11) allows us to do such a
transfer. The result is proved using the same method as Lemma 24, although we obtain a supremum
of quadratic forms of sub-Gaussians which are controlled using chaining. The event in the result is
measurable by Lemma 30 of [33].

To capture how well g can be approximated by elements of Hj, we define

Iso(g, k,r) = inf{|\hx — gll2 : hic.r € 7 Br}

for k € KC and r > 0. We obtain a bound on the squared L>(P) error of Vilk, » by combining Lemmas 29
and 31. In the following, let A3 ; € F be an event such that P(A3 ;) > 1 — ™" and on which

1/2 1/2

N 21J |kl giagO T2

Vot = b Wap,y < —— 15— +4llhir — g%

simultaneously for all k € KC, all » > 0 and all iy, € r By. By Lemma 29 in [33] such an A3, exists.
Furthermore, let

A4,t={ sup [IVfi = VhllZap, = IVi= VA7)

f1. fr€r By
12 12 12
1517 k|12 Cre 8IklILE Cre
< diag + 989" forallk e Kandallr >0}.
w2 3n

With these definition in place the following holds.

Theorem 6. Assume (g1), (Y) and (K1). Let t > 1 and recall the definitions of Az ; and As,; from
Lemmas 29 and 31. On the set A3; N Ag, € F, for which P(Az ;N Agy) > 1—2e™", we have

1/2 1/2 12
. 27 |k[IL2(51C + 210)rt 1611k 2 Cre
IVher = gll7acp < = g+ 100 k1)

simultaneously for all k € K and all r > 0.
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4.1. The Goldenshluger-Lepski method for a collection of RKHSs with
Gaussian kernels

We now apply the Goldenshluger-Lepski method again in the context of RKHS regression. However,
we now produce an estimator which adapts over a collection of RKHSs with Gaussian kernels. We
make the following assumptions on S and K.

(KC2) The covariate set S and the set of kernels K have the following properties:

e The covariate set S C R for d > 1.
e The set of kernels

K ={ky (x1,x2) =y Y exp(—|lx1 —x2013/¥*) : ¥ €T and x1, x; € S}
for I C [u, v] non-empty for v > u > 0.
Recalling the definitions from the previous section, we have
_ _ 2,.2Y.
L={fy &1, x)=exp(—lx1 — x2l3/y%) :y €T and x1,x2 € S} U{0}.

The assumption (K2) implies the assumption (K1). This is because Lemma 33 of [33] shows that
(£, |I"llso), and hence (X, ||-||o0), is separable. We change notation slightly. Let H,, be the RKHS with
kernel k,, for y €I', let |||, and (., -),, be the norm and inner product of H,, and let B, be the closed
unit ball of H,, . Furthermore, we write h,, » in place of hk o and Io(g, y,r) inplace of Ioo(g, kyy, 7).

The scalmg of the kernels is selected so that the followmg lemma holds. The result is immediate from
Proposition 4.46 of [37] and the way that the norm of an RKHS scales with its kernel (Theorem 4.21
of [37]).

Lemma 7. Assume (K2). Let y,n € I with y > n. We have B, C B;,.

By Lemma 33 of [33], the function F : I" — £\ {0} by F(y) = f, is continuous. Hence, the function
G:T'— Kby G(y) =k, is continuous. Lemma 34 ([33], p. 15), which follows directly from Lemma
26, now states that the estimator is well-defined.

Recall the definition of J from the previous section. Lemma 36 ([33], p. 15) provides us with a bound
on J. Furthermore, Lemma 15 on page 2259 can be used to define the majorant of the non-adaptive
estimators and is a simple consequence of Lemma 29. This motivates the definition of the adaptive
estimator used in the Goldenshluger—Lepski method.

Let R € [0, c0) be non-empty. The Goldenshluger—Lepski method creates an adaptive estimator by
defining (7, 7) to be the minimiser of

—d/2 —d/2 —d)p
L A 2 T(V r"l_ﬂ S) 2(1—|—1))7;y r

Torey sk, (”h’ = nslliay = + @)
nel,n<y seR,s>r v S ULy (Pn) nl/2 2

over (y,r) € I' x R for tuning parameters 7, v > 0. Again, the supremum of pairwise comparisons can
be viewed as a proxy for the unknown bias, while the other term is an inflated variance term. Note that
the supremum is at least the value at (y, r), which means the above is at least

vty 42y
i 5)



2252 S. Page and S. Griinewdlder

® (r2,12)
o (7,7) ® PV, Y AY)

w(r, ¥1) m(FVrL, Y Ay

Figure 1. A demonstration of the parameter comparisons made in the proof of Theorem 16.

Again, the role of the tuning parameter v is simply to control this bound. The parameter t controls the
probability with which our bound on the squared L?(P) error of Vhy ; holds. It may be that y is not
a well-defined random variable on (£2, F) in some cases, but we assume

(7) 7 is a well-defined random variable on (€2, F)

throughout. Later, we assume that R and I are finite, in which case 7 and 7 are certainly well-defined
random variables on (2, F). If y and 7 are well-defined random variables on (2, F), then fz};, ;1san
(C(S), B(C(S)))-valued measurable function on (€2, F) by Lemma 34.

By Lemma 15, the supremum in the definition of (y,7) is at most 40/ (g, y, r) for an appropriate
value of 7. The definition of (p,7) then gives us control over the squared L%*(P,) norm of hA ;=
thW. We can control the squared L?(P,) norm of thW hy.r using Lemma 15. In both cases,
we use the boundedness of I" when controlling the squared L?(P,) norm before clipping the estimators
using V. Extra terms appear when moving from bounds on the squared L?(P,) norm to bounds on the
squared L?(P) norm using Lemma 31. We must then control terms of order p —d/2p 1p1/2 using (5)
and the definition of (y, 7). Combining the bounds gives a bound on the squared L2(P) norm of
Vhy p — Vhy . Applying

|V h;

<20Vhy i = Vhy s p +20Vhy.,

2
g”L2(p) (P) _g”LZ(P)

leads to Theorem 16 on page 2260. Comparisons between (7, 7), (r, ) and (y A y, 7 V r) are demon-
strated in Figure 1 for two different values of (r, y).
‘We now combine Theorems 6 and 16.

Theorem 8. Assume (g1), (Y) and (K2). Let T > 84Jo,v >0 and

T 2
= >1
<84Jo> -

On the set Az ;N Ayg; € F, for which P(Az ;N Ag,y) > 1—2e™ ", we have

IVh, < 1nf mf((l + Ditn™ ) (Doty ™2 rn ™2 4 D3lso(g, v, 1))

g||L2(P)

for constants Dy, Dy, D3 > 0 not depending on t, y, r or n.
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We can obtain rates of convergence for our estimator Vl;);, ; if we make an assumption about how
well g can be approximated by elements of H, for « € [u, v]. Let us assume
(g3) g €[C(S), Hylp, 0o with norm at most B for « € [u, v], B € (0,1) and B > 0.
The assumption (g3), together with Lemma 3, give

B2/(1-B)
Ioo(g,a,r)im (6)

for r > 0. In order for us to apply Theorem 8 to this setting, we need to make assumptions on I" and R.
We assume either (R1) and

(T I' =[u,v],
or (R2) and

(IM'2) T={uc' :0<i<L—1}U{v}forc>1and L = [log(v/u)/log(c)].

The assumptions (R1) and (I"'1) are mainly of theoretical interest and would make it difficult to cal-
culate (y, 7) in practice. The estimator (3, 7) can be computed under the assumptions (R2) and (I"2),
since in this case R and I' are finite. We obtain a high-probability bound on a fixed quantile of the
squared L2(P) error of sz;,); of order ¢'/2n=B/(1+F) with probability at least 1 — e~ when 7 is an

appropriate multiple of ¢1/2.

Corollary 9. Assume (g1), (g3), (Y) and (K2). Let t > 84Jo, v > 0 and

T 2
t= > 1
<84JO’>

Also assume (R1), (I'1), (r) and (r), or (R2) and (I'2). On the set Az ;N Aa € F, for which P(A3 ;N
Agy)=1—2e", we have

1Vhj i = 8132 py < Dren P/0HH) 4 Dyg2p=(1438)/C0+8)

for constants D1, Dy > 0 not depending on n or t.

From the high probability bound we obtain a bound on the expected squared L?(P) error similarly
to Corollary 5.

Corollary 10. Assume (g1), (g3), (Y), (K2) and either (R1), (I'1), (r) and (r), or (R2) and (I"2). We
have

E(I|Vhs 5 = gll72gp) < Dn=P/ 0

for constant D not depending on n.

5. Discussion

In this paper, we show how the Goldenshluger—Lepski method can be applied when performing regres-
sion over an RKHS H, which is separable with a bounded and measurable kernel k, or a collection of
such RKHSs. We produce an adaptive estimator from a collection of clipped versions of least-squares
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estimators which are constrained to lie in a ball of predefined radius in H. Since the L?(P) norm
is unknown, we use the L?(P,) norm when calculating the pairwise comparisons for the proxy for
the unknown bias of this collection of non-adaptive estimators. When H is fixed, our estimator need
only adapt to the radius of the ball in H. However, when H comes from a collection of RKHSs with
Gaussian kernels, the estimator must also adapt to the width parameter of the kernel. As far as we are
aware, this is the first time that the Goldenshluger—Lepski method has been applied in the context of
RKHS regression. In order to apply the Goldenshluger—Lepski method in this context, we must pro-
vide a majorant by controlling all of the non-adaptive estimators simultaneously, extending the results
of [32].

By assuming that the regression function lies in an interpolation space between C(S) and H
parametrised by 8, we obtain a bound on a fixed quantile of the squared L*(P) error of our adap-
tive estimator of order n~#/U+P)_ This is true for both the case in which H is fixed and the case
in which H comes from a collection of RKHSs with Gaussian kernels. The order n=#/(1+8) for the
squared L2(P) error of the adaptive estimators matches the order of the smallest bounds obtained in
[32] for the squared L2(P) error of the non-adaptive estimators. In the sense discussed in [32], this
order is the optimal power of n if we make the slightly weaker assumption that the regression function
is an element of the interpolation space between L>(P) and H parametrised by f.

For the case in which H comes from a collection of RKHSs with Gaussian kernels, our current
results rely on the boundedness of the set I' of width parameters of the kernels. This is somewhat
limiting as allowing the width parameter to tend to O as n tends to infinity would allow us to estimate a
greater collection of functions. We hope that in the future the analysis in the proof of Theorem 16 can
be extended to allow for such flexibility.

The results in this paper warrant the investigation of whether it is possible to extend the use of the
Goldenshluger—Lepski method from the case in which H comes from a collection of RKHSs with
Gaussian kernels to other cases. The analysis in this paper relies on the fact that the closed unit ball
of the RKHS generated by a Gaussian kernel increases as the width of the kernel decreases. It may be
possible to apply a similar analysis to other situations in which H belongs to a collection of RKHSs
which also exhibit this nestedness property. If the RKHSs did not exhibit this property, then a new form
of analysis would be necessary to apply the Goldenshluger-Lepski method. In particular, we would
need a new criterion for deciding on the smoothness of the non-adaptive estimators when performing
the pairwise comparisons.

Appendix A: Proof of the Goldenshluger-Lepski method for a fixed
RKHS

This section is composed of two subsections: in Section A.1 we derive a number of auxiliary results
and in Section A.2 we provide proofs for our main results.

A.1. Auxiliary results

The following combines parts of Lemmas 3 and 32 of [32].

Lemma 11. Assume (H). We have that h, is a (H, B(H))-valued measurable functlon on (2 x
[0, 00), F ® B([0, 00))), where r varies in [0, 00). Furthermore, ||h — h ||H < |r — s2| forrs e
[0, 00).
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‘We bound the distance between ﬁ, and fls in the Lz(Pn) norm for s > r > 0 to prove the following
Lemma.

Lemma 12. Assume (Y) and (H). Let t > 1 and recall the definition of A1 ;. On the set A1 ; € F, for
which P(Ay;) > 1 —e, we have

1/2 1/2

N N 8011kl giag® (r + $)t

”hr_hS”iZ(Pn) S |agnl/2 +40100(g9r)

simultaneously for all s > r > 0.

Proof. By Lemma 22, we have
W = bl o ) < 4Mhr = helGa ) + 4l = &7 p
+4lg = sl o, + 45 = Al T2 p

1/2
5 80[1k oy (r + 51172

= n1/2

+20Ilh, — gllZ + 200 hs — gl

forall r,s > 0 and all h, € r By, hy € s By . Taking an infimum over 4, € r By and hg € s By gives

2
80(1k oy (r + 51172

lar = b3 p,, < /2 20000(g: 1) 420100 (8. 5)-

The result follows. O
Next, we show that the estimator 7 is well-defined.

Lemma 13. Let 7 be the infimum of all points attaining the minimum in (1). Then 7 is well-defined.

Proof. Let K be the n x n symmetric matrix with K; ; = k(X;, X ;). By Lemma 3 of [32], we have

that K is an (R"*", B(R"*"))-valued measurable matrix on (£2, F) and that there exist an orthogonal

matrix A and a diagonal matrix D which are both (R"*", B(R"*"))-valued measurable matrices on

(2, F) such that K = ADAT. Furthermore, we can demand that the diagonal entries of D are non-
negative and non-increasing. Let m =rk K and

m 1/2
- 2
p= (Z Di,il (ATY)i> ’
i=1

which are random variables on (€2, F). By Lemma 3 of [32], we have that ﬁ, is constant in r for r > p.
Hence,

r(r+s)> + 2(1 +v)rr>

inf( sup <||iz N
reR(sER,sZr r slhip2ep,) n1/2 n1/2

r(r+s)> 2(1+v)rr). o

= inf su h —h.l? _
rERﬂ[O,p](SGR’E)zr<“r slz2cp,) nl/2 n1/2
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By Lemma 11, we have

}Al l:\l T (r + S)
” r = S”LZ(P,,) - W
is continuous in r for all s € R such that s > r. The supremum of a collection of lower semi-continuous
functions is lower semi-continuous. Therefore,

N A~ T(r+s) 2(1 4+ v)tr
sup <||hr—hxl|i2(1)”)_ n1/2 ) n1/2

SER,s>r

is lower semi-continuous in . Hence, the infimum (7) is attained as it is the infimum of a lower semi-
continuous function on a compact set. By lower semi-continuity, 7 also attains the infimum and is
well-defined. ([l

A.2. Main results

We use the Goldenshluger—Lepski method to prove the following theorem.

Theorem 14. Assume (Y), (H) and (K). Let T > 80||k||d|ag‘7 v > 0 and

- 2
t=——) >1.
(80||k||1/2 )

d|ag

Recall the definitions of Ay ; and Ay ;. Onthe set Ay ;N Ay € F, for whichP(A1 ;NAy;) > 1—2¢7",
we have

IVh: = gll7ap,
is at most
) 2tr 1 97C Ct 20 +v)tr
inf (max{ 75T (— + 73 )(40]00(& r) + Rt 1/2) _),
reR v 800w T 24001k | glago 2vn'/? "
42 4+v)rr  97Ctr Ct%r } ~ 2
+ +801(g.7) +2[|Vh, — gl :
2 400072 " 1200]1k )Y/ 2 0 ” Lo

Proof. Since we assume (Y) and (H), we find that Lemma 22 holds, which implies that Lemma 12
holds. By our choice of ¢, we have

T(r+s)

r = sl p,, < =15 +400(g.7) @®)

simultaneously for all s, r € R such that s > r > 0. Fix r € R and suppose that 7 < r. By the definition
of 7 in (1) and (8), we have

t(f +r) t(F+r)
(Py) 0172 n1/2

PP (7 +5) 2tr
=< sup (”hf - hS”L2(P,1) - n1/2 + nl/z

SER,s>7F

Vi = Al = 7 = B2,
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o N T(r+s) 22 4+v)rr  2(1+v)tr
S sup (”hr - hS“iZ(Pn) - n1/2 )

2257

SER,s>r n1/2 a n1/2
202 T
< 401uo(g. ) + T
n
This shows
N A~ 2Q+v)tr
Vi = Virlzagp,) < 400eo(8, 1) + =— 17—,
and it follows from Lemma 24 and our choice of ¢ that
. . 22 +v)rr  97Ctr Ctr
hy — Vi ||%,, . <401

IVhe = Vhrllia ) = 900e& 104 =2 5=+ Gogpia * 2400]1k |y 0%
Hence,

r 2

” Vhf - g||L2(P)
<2UVhi = Vil Jagp) + 20V = glI7ap)
42+wv)tr  97Crtr Ct’r . )
<80Ix(g,r)+ +2(Vhr —gll72p)-
n1/2 400‘n1/2 1200||k||5é29 2 r L*(P)
Now suppose instead that 7 > r. Since (8) holds simultaneously for all s, r € R such that s > r > 0,
we have
T(r+7)
Vi =l s,y < =5+ 400s0(g.7).

This shows

”V/:\W_V}:;r”%}(l)n) = 1/2 +40100(g’r)+ 1/2’
and it follows from Lemma 24 that

IVhi = Vil gz,

R o T,a o1CTi | Co
L 401 8000172 " 24001k |1 12 0%
iy 1 97C Cr 2ve?
+ 401 (g, r)+< * ) |
S+ 401 2v " 1600w " 4800k Y2 0212 ) n'/2

diag

By (2), the definition of 7 in (1) and (8), we have

2vtr T(F +s)> 2(1 +v)tr

r 2
——> < sup (Ilh;—hsll 2py
nl/2 CRwoF L2(Py) nl/2 nl/2

T(r+s) 2(1+v)tr
Ssei‘fﬁ’zr(”h il = ) ni/2
20 +v)tr

<401 ,
= oo(g r)+ I’ll/z
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Hence,
IVh: = gl }2p)
<20\Vhs = Vil jap) +21Vhr = gl p,
2 1 97C Ct 2(14+v)tr
+80/0(g, 1) + < )(401 (g.r)+ —)
nl/2 O 800 v 2400||k||},§azun1/2 * nl/?

+20IVh, = gl p)-

The result follows. O

We assume (g 1) to bound the distance between Vh ; and g in the L?>(P) norm and prove Theorem 2.

Proof of Theorem 2. By Theorem 14, we have
1Vhi = g132py < inf((1+ Dazn="?)(Dstrn™ + Dsloo(g. 1)) + 20 Vir = 8132 p))

for some constants D4, D5, D¢ > 0 not depending on 7, r or n. By Theorem 1, we have

A (97C +200)tr Celr
Vi, =gl p = " e
r = 8l2p) 400n1/2 120011k | fagorn )

< D7rrrf]/2 + Dgtzrif1 4+ 1015(g,r).
for all r € R, for some constants D7, Dg > 0 not depending on t, r or n. This gives

|V h; < mf((l + Dytn ') (Dstrn™? + Dglso(g, 1))

g”LZ(P)
+ 2D7rrn_1/2 + 2Dgt2rn_1 + 2015 (g, r)).
Hence, the result follows with

_ D4Ds5+2Dg

Ds +2D- 2 5 +2D7 3 6 + 0

We assume (g2) to prove Theorem 4.

Proof of Corollary 4. If we assume (R1), then r = an!=#)/CU+£) ¢ R and

|Vh; — (1+ Dgfn_l/z) (D41rn_1/2 + Dslso(g. 1))

2
g||L2(P) E

D<B%/(1=8)
~12 —-B/(1+8) 5
<(1+ Ds3tn )<D4Ta” + azﬁ/(l—ﬂ)nﬁ/(1+ﬂ))

for some constants D3, D4, Ds > 0 not depending on n or T by Theorem 2 and (3). If we assume (R2),
then there is a unique r € R such that

an1=BICULE) < o _ 1 (1=B/QU+E) |}y
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and
IVh: = gl

< (14 D3tn™ ') (Datrn™' + Dslo(g, 1))

2/(1-p)
< (1+ D3tn™'7?) <D4r(an<1—ﬁ>/<2”+ﬂ” +b)n~ V2 4 D58 )

a2B/(1=B)pB/(1+B)
by Theorem 2 and (3). In either case,
IVhi = 122 p) < Dyt P04 4 Dyr2y=(1438)/CA+H)
for some constants D1, D> > 0 not depending on n or 7. ]
. 1/2
Proof of Corollary 5. Under the stated assumptions, we can apply Theorem 2. Let D} = 80||k|| dé\g X

o Din=P/UTP) and D) = 6400k ||giag D20 2n~ 1138/ 2U+E) with constants Dy, D, from Theorem 2.
Furthermore, let ¢ () = Diz‘l/2 + D)t then

E(IVh: = gll72p))

o0
= fo P Vi; = 32, = a) da

o0
_ /0 P(IVh; — 8122, = 6 (0) (D} + D) dt
< (' +1)D} + 3D},

using the bound on P(|| Vﬁ; —g|? > ¢ (1)) for t > 1. The result follows by letting D = 80(x /% +

) L2(P)
Dkl dago D1 + 19200]|K [lgiag D202 0

Appendix B: Proof of the Goldenshluger-Lepski method for a
collection of RKHSs with Gaussian kernels

This section is composed of two subsections, one containing auxiliary results (Section B.1) and one
containing the proofs of our main results (Section B.2).

B.1. Auxiliary results

We bound the distance between fl,,,, and fzw inthe L2(P,) normfory,n e M withn <y ands >r >0
to prove the following lemma.

Lemma 15. Assume (Y) and (K2). Let t > 1 and recall the definition of A3 ;. On the set A3, € F, for
which P(A3,) > 1—e~", we have

A

A 84J0 (y~4/%r 4 n=4/25)t1/2
”hy,r _h"~5||iz(P,,) = W2 +4015(g,v. 1)

simultaneously for all y,n € I such that n <y and all s > r > 0.
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Proof. By Lemma 29, we have

Wy = Fp s\ oy <4y =Ryl 3o + 4Ry = &l

+4llg = hy sl 2 gp +4hns = hysl 3o p

- 84J0(y_d/2r + n_”l/zs)tl/2

72 + 2001y, — glI5 +20ly.s — g%

forall y,neT,all r,s >0 and all 4y, €rB,, h; € sB),. Taking an infimum over s, , € rB, and
hy.s € s By gives

A A 84J0 (y =4/ 2r 4 =4/ 25)t1/2
Wy r = sl 32y < 17 +20100(8, ¥, 1) +2010(8, 7 9).-

The result follows from Lemma 7. O

B.2. Main results
We use the Goldenshluger—Lepski method to prove the following theorem.

Theorem 16. Assume (Y) and (K2). Let T > 84Jo, v > 0 and

. 2
t= >1
(84]0)

Recall the definitions of A3, and A . On the set A3 ;N Asy € F, for whichP(A3;NAg,) >1—2e",
we have

IVhs s = gljap

is at most

442 (5 4 20)Ty 42

inf inf (SZOIOO(g, y,r)+

yelreR ud/2pl/2
3O2Cvd/21:y_d/2r 4Cvd/212y_d/2r
21ud2gnl/? 1323J2ud/2¢2p
12042 302Cv4/? 4Cvi/2¢ A +v)ry =42
ud/2y + 21ud2qv + 1323J2ud/2¢2yp1/2 Wloo(g,y.1) + nl/2

r 2
+2| Vhy,r - g”Lz(P))'

Proof. Since we assume (Y) and (K2), which implies (K1), we find that Lemma 29 holds, which
implies that Lemma 15 holds. By our choice of ¢, we have

—d/2 —d/2
A A t(y " r4+n"%"s)
Wy = by sl 7o p,) < e +40100(8, v, 7) ©)
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simultaneously for all y,n €' andall r, s € R suchthat n <y and s >r.Fix y € [ and r € R. Then
||Vh;9,? - Vhy,r”iz(P) = 2||Vh;9,f - Vh;?Ay,er”%z(p) + 2||Vh;?/\y,fw - Vhy,r”%z(py
We now bound the right-hand side. By " C [u, v], the definition of (7, 7) in (4) and (9), we have

r r 2
||h)?,f - h)?/\y,f\/r”Lz(P,,)

_i TGP A G ARG V)

_ A R
= llh pavivellLy e, pYE

7

TP+ P AY)TVF + 1))
+ nl/2

)
n1/2

< sup  sup (||h;7,f_hw”%z(Pn)_

nel,n<y seR,s>r

O VD A o A 9)
+ nl/2

Ty Pr+ n‘d/zs)>

< sup sup <||hy,r - hm‘”%z(ﬂ.) - nl/2

nel\n<y seR,s>r
20+ vy~ 204+ v)rp PR w2 PR 4y
nl/2 N nl/2 T ud/2p1/2

vi2@B 4 2v)ry 42y 202y —dl2p
A2 12 L4212

E 40100(83 y5 r) +

This shows

V2@ 420ty 2042042}

Do —Vha . 2
” Vhy,r Vhy/\)/,r\/r"Lz(Pn) = 40100(g7 Vs r) + ud/2n1/2 ud/2n1/2 ’

and it follows from Lemma 31, our choice of t and I C [u, v] that

~ ~ 2
Vit = VhyayivrlL,py

423 4 2 —d)2, yd/2pp—d/2F
v V)T r v T r
<401 (g, y.r) 4+ LB T2V v

A2 12 A2 12
151Ct Ct? d
A —d/2a
(84on1/2 + 2646J202n>(y Ay) V)

V2@ 4 20Ty Td2r 208 2pp—d/2p
wd 2,172 w2172

151Ct Ct? J
J2(n—d)2a | - —d)2
(84on1/2 + 26461202;1)(”/“) (=5 )

v2@ 420ty 151Cv4 2y A2y Cvd P2y 2y
ud/2pl/z 84ud/2gnl/2 2646J2ud/262p
( v/2 - 151Cv72 Cvi/?t )2ur;>—d/2f

S 4OIOO(g9 J/, r) +

240100(87 J/5 r) +

ud/2y + 168ud/ 25 v + 5292 J2ud/262ypl/2 nl/2
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By (5), the definition of (y, 7) in (4) and (9), we have
vty 42}
nl/2

5—d/2n o o —d)2 a2
ho s —hy 2 (P AP\ | 20+ v)Tp TR

< sup R sup A<||h}7,f—hn,s”L2(pn)— i 7
nel,n<y seR,s>r

_d/z —d/2 —d/2
A ho12 t(y r+n s) 2(1 +v)Ty r
< sup sup <||h = hysll —
nel,n<y seR,s>r nr TS UL (Pa) nl/2 2

2(1 +v)ry ~4/%r

<401 LV, 1)+
<40/50(g. 7. 1) YR

(10)
Hence,

r r 2
IVhy i = Vhyny ivrl T, p)

vd/2(3+2v)ty_d/2r 151Cvd/2ty_d/2r Cvd/ztzy_d/zr

540100(5’, yvr)+

ud/2pl/2 84ud/2gnl/2 2646J2ud/2¢2%n
20472 151C d/2 C d/2 1 —d/2
D4 A - ZOIoo(g,J/,r)Jr—( ey T .
w2y 84ud2gv - 2646J2ud/252vnl/? nl/2

Since (9) holds simultaneously for all y,n € I" and all r, s € R such that n <y and s > r, we have

. ) Ty Pr+ @ Ay) PG V)
||h)9/\y,?vr —hy.r ”iZ(Pn) =40lso(8, ¥, 1) + nl/2 .

This shows

@ Pr+ @A) RE V)

|| V]:\l)?/\y,f\/r - Vﬁy,r”%z(pn) < 40100(8, Y, r) =+ iR

and it follows from Lemma 31, our choice of ¢ and (10) that

r r 2
”Vh)?Ay,?Vr - Vhy,r”Lz(P)

t(y 2+ (P Ay)TIEFE V)

84onl/? + 2646J%02n

401 " Ty =% n T . 151Ct " Cct?
= s Vs T - 1/, V)
ool8> ¥ nl/2 nl/2 ° 84onl/?2 ~ 2646J%02n

151 2
( >ler cr )(?Ay)“’”(fvm

)(ﬁ ARGV

ry_d/zr
<401x(g,y,r) + W

T 151Ct Ct? J
T 12 (n—d/2s | . —d)2
+ (nl/2 + 84onl/2 + 2646J202n>(v/u) (P =)

2vd/21:y_d/2r 151Cvd/2ry_d/2r Cvd/2r2y_d/2r
ud/2pl/2 + 84ud/2gnl/? +2646J2ud/202n

540100(87 yvr)+
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2ud/?y + 168ud/2g v + 5292J2ud/2g2ypl/2 nl/2

2vd/2ry’d/2r 151Cvd/21’)/’d/2r Cvd/zrzy’d/zr

( ve/? 151Cv?/? Ccvi/?t )2\)1:)7‘1/2?

<40l (g,y,r) +

ud/2pl/z 84ud/2gnl/2 2646J2ud/262n
a2 151Cv?? Cvi/? 1+ vty 42r
v v vi/2¢ T
+ + 20100(873/,’”)4-% .
ud’2y - 84udlgv  2646J2ud/2¢2vnl/? nl/?

Hence,
7 roo2
I Vh)?,f - Vhy,r”LZ(P)
<20\Vhy i = Vhynyivell,py + 20V g nyivr = Vi rlT oy
20925+ 20)ty 42 151Cv4 2Ty =42y 204212y 42y

E 160]00(83 y5 r) +

ud/2pl/2 21ud/2gnl/2 1323J2ud/262n
6v?/2 151Cv?/? 2Cv1/2¢ 201 (1+v)ry=42r
W2 T 2udey T 133200 tun 2 0o(8: 7. 1)+ nl/2 :
We have
IVhy ;= glf,py <20Vhy 3 = Viy 117, py + 20 Viyr = 8l1T )
and the result follows. O

We assume (g1) to bound the distance between ViAz);,; and g in the L?(P) norm and prove Theo-
rem 8.

Proof of Theorem 8. By Theorem 16, we have

IVhy s —gl7ap,

< Virelg riglfe((l + Dytn™ ) (Dsty =22 4 Deloo(g. v 1)) + 20 Vhyr — g||§2(P))

for some constants D4, Ds, Dg > 0 not depending on t, y, r or n. By Theorem 6, we have

(51C +210)ry~42r  Coly=d/2
g”LZ(P) B 420n1/? 132372021
420y =12 4 Dgr?y =12 4 10100 (g. . 1)

IVhy, — +107s(g, v, 1)

< Djty rn

forall y € I" and all r € R, for some constants D7, Dg > 0 not depending on t, y, r or n. This gives

I Vfl); P < 1nf mf((l + D4‘L’I’l_1/2) (D57:)/_d/2rn_1/2 + Delxo(g, v, r))

I're

g||L2(P)
+ 2D7‘1:)/_d/2rn_1/2 + 2Dgrz)/_d/2rn_1 +201(g, v, r)).

Hence, the result follows with

_ D4Ds5+2Dg

, Dy = D5 +2D7, D3 = D¢ + 20.
Ds +2D- 2 5+ 207 3 6+ 0
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We assume (g3) to prove Theorem 9.

Proof of Corollary 9. If we assume (R1) and (I'1), then @ € I" and r = an!=A)/CU+A) ¢ R 50

IVhs i —&l72py < (14 D3tn™ ) (Dara™"2rn™"2 + Dslo(g, @, 1)

D< B2/(1-8)
<(1 +ng—lﬂ)<D4m—d/2an—ﬂ/<1+ﬂ>+ 5 )

2B 0=P) pBI(1+B)

for some constants D3, D4, D5 > 0 not depending on n or T by Theorem 8 and (6). If we assume (R2)
and (I"2), then there is a unique y € I" such that @/c < y <« and a unique r € R such that

an=B/CQAB) < o gy (1=B)/QUH) 4 .
By Theorem 8, Lemma 7 and (6), we have
IVhs s = gl7ap,

< (1 + D3tn_1/2)(D4ry_d/2rn_l/2 + Ds51x(g, v, ”))

2/(1-B)
< (1 + D3tn_1/2) <D4rcd/2ot_d/2(an(l_ﬁ)/(2(l+’3)) +b)n_1/2 + DsB )

a2B/(A=B)pB/(1+B)

In either case,

Vg — 8122 p) < DitnF/UHE) 4 Dy (H38)/CO4H)

for some constants D1, D> > 0 not depending on n or t. (|

Proof of Corollary 10. The proof is identical to the proof of Corollary 5. ]

Supplementary Material

Regression results (DOI: 10.3150/20-BEJ1307SUPP; .pdf). We provide the proofs of the results for
the two regression problems, including the majorants, along with some technical results.
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