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Estimating the Mixing Coefficients of
Geometrically Ergodic Markov Processes

Steffen Griinewilder Azadeh Khaleghi
gruenew@gmail.com azadeh.khaleghi@ensae.fr

Abstract

We propose methods to estimate the individual S-mixing coefficients of a real-valued geometrically
ergodic Markov process from a single sample-path Xo, X1,..., X,. Under standard smoothness condi-
tions on the densities, namely, that the joint density of the pair (Xo, X ) for each m lies in a Besov space
B3 . (R?) for some known s > 0, we obtain a rate of convergence of order O(log(n)n~[//(2l=1+2)) for
the expected error of our estimator in this casd]. We complement this result with a high-probability bound
on the estimation error, and further obtain analogues of these bounds in the case where the state-space is
finite. Naturally no density assumptions are required in this setting; the expected error rate is shown to be
of order O (log(n)n~'/?).

1 Introduction

Temporal dependence in time-series can be quantified via various notions of mixing, which capture how
events separated over time may depend on one another. The dependence between the successive observations
in a stationary sequence implies that the sequence contains less information as compared to an i.i.d. sequence
with the same marginal distribution. This can negatively affect the statistical guarantees for dependent sam-
ples. In fact, various mixing coefficients explicitly appear in the concentration inequalities involving depen-
dent and functions of dependent sequences, making them looser than their counterparts derived for i.i.d. sam-
ples, see, e.g. (Ibragimov, [1962; [Viennet, [1997; Riq, 11999; [Samson, [2000; Rig, 2000; [Dedecker and Prieut,
2003; Bertail et all,[2006; Bradley, 2007; Kontorovich and Ramanan, 2008; Bosg, 2012) for a non-exhaustive
list of such results. Thus, in order to be able to use these inequalities in finite-time analysis, one is often re-
quired to assume known bounds on the mixing coefficients of the processes. Moreover, the quality of the
assumed upper-bounds on the mixing coefficients directly translates to the strength of the statistical guaran-
tees involving the sequence at hand. Therefore, one way to obtain strong statistical guarantees for dependent
data, is to first estimate the mixing coefficients from the samples, and then plug in the estimates (as op-
posed to the pessimistic upper-bounds) in the appropriate concentration inequalities. Estimating the mixing
coefficients can more generally lead to a better understanding of the dependence structure in the sequence.

In this paper, we study the problem of estimating the S-mixing coefficients of a real-valued Markov chain
from a finite sample-path, in the case where the process is stationary and geometrically ergodic. We start by
recalling the relevant concepts.

S-mixing coefficients. Let (Q,F, 1) be a probability space. The S-dependence (U, V) between U and V
is defined as follows. Let t(w) — (w,w) be the injection map from (£2, ) to (X x QU V), where U @ V is
the product sigma algebra generated by I/ x V. Let ug be the probability measure defined on (2 x Q,U @ V)

'We use [s] to denote the integer part of the decomposition s = [s] + {s} of s € (0, c0) into an integer term and a strictly positive
remainder term {s} € (0, 1].
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obtained as the pushforward measure of y under ¢. Let 1y and py denote the restrictions of p to & and V
respectively. Then

BU, V)= sup |pe(W) — py x py(W)] )
WeoUxV)

where p14 X 1y is the product measure on (2 x Q2,4 ®)) obtained from 1, and 1. This leads to the sequence
B = (B(m))men of B-mixing coefficients of a process X, where 3(m) is given by sup,cy B(o({X; :
1<t <j}),0({X::t >3+ m})). A stochastic process is said to be S-mixing or absolutely regular if
lim,, 00 B(m) = 0.

Geometrically ergodic Markov chains. In this paper, we are concerned with real-valued stationary Markov
processes that are geometrically ergodic. Recall that a process is stationary if for every m, ¢ € N the marginal
distribution on R™ of (X14¢,..., Xmte) is the same as that of (X1,...,X,,). In the case of stationary
Markov processes, the S-mixing coefficient 3(m), m € N can be simplified to the 3-dependence between
the o-algebras generated by X; and X, respectively, i.e. 3(m) = B(c(X1),0(X,)) (Bradley, 2007, vol.
1 pp. 206). A stationary Markov process is said to satisfy “geometric ergodicity” if there exists Borel func-
tions f : R — (0,00) and ¢ : R — (0, 00) such that for p-a.e. z € R and every m € N, it holds that
SUppes k) [Pm (7, B) — p(B)| < f(z)e=c@™ where p,,(x, B) defined for z € R and B € B(R) is the
regular conditional distribution of X, given X; and p denotes the marginal distribution of X; (Bradley,
2007, vol. 2 Definition 21.18 pp 325). It is well-known - see, e.g. (Bradley, 2007, vol. 2 Theorem 21.19 pp.
325) - that a stationary, geometrically ergodic Markov process is absolutely regular with 5(m) — 0 at least
exponentially fast as m — 0. This means that in this case the process has 3-mixing coefficients of the form
B(m) < ne= ™ for some 1, v € (0,00) and all m € N.

Overview of the main results. Our first result involves the estimation of 5(m) foreachm =1,2,...,0f a
real-valued geometrically ergodic Markov chain from a finite sample path X7, . .., X,,. Our main assumption
in this case is that the joint density f,, of the pair (Xo, X,,) lies in a Besov space Bj . (R?) ; roughly
speaking, this implies that f,,, has [s] many weak derivatives. As discussed above, for a geometrically ergodic
Markov chain, 3(m) is of the form n*e~7"™:; we assume the true parameters n* and v* to be unknown. Given
(potentially loose) upper-bounds 7 and  on * and «* we show in Theorem[3]that

E|3(m) — By (m)| € O(log(n)n™ 7%2), for all m < (logn)/y

where, By is given by (@) with N ~ yn/logn (given in Condition 2). Moreover, there exists a constant
[s]
¢ > 0 such that with probability 1 — ¢ log(n)n™ 2ET+2 it holds that

[s]

|8(m) = B (m)| € O(log? (n)n~ =7,
The constants hidden in the O-notation are included in the full statement of the theorem. An important
observation is that neither 7 nor v affect the rate of convergence. However, a factor 1/ appears in the
constant, and a pessimistic upper-bound on the mixing coefficients (i.e. a small ) can lead to a large constant
in the bound on the estimation error. Theorems 4| and 5] are concerned with a different setting where the
state-space of the Markov chains is finite. In this case, we do not require any assumptions on the smoothness
of the densities, and the rates obtained here match that provided in Theorem 3] if we let s — oo. For the
estimate Sy (m) given by @) with N ~ (logn)/~ and every m < (logn)/~y we have,

~ |2 |2 _
E|Bx(m) — B(m)] $ - log(n)n 1z, @)

Moreover, Pr(|Bx (m) — B(m)| > €) < |2 [Pn~"/2 + | 2> exp (—‘gﬂfiign) for € > 0. We refer to the
statement of Theorem [ for the explicit constants. Observe that we have a factor | 272/~ in 2). In other



words, -y has the same effect here as in the bound provided in Theorem[3] and the constant increases quadrati-
cally in the size of the state-space. In this setting, apart from estimating the individual mixing coefficients we
can also simultaneously estimate 3(m) for m up to some kT < (logn)/~ (see the full statement of Theorem[3]
for a specification). The analysis relies on a VC-argument in place of a union bound which leads to tighter
error bounds. We obtain,

wwp@wm—mmnsﬁ%w%mz%*@

m<kt

and, Pr(sup,, <t |Bx (m) — B(m)| > €) < |27 log(n| 2 |)n~Y/2 + | 2| exp (_Mv‘”ilgn) for all ¢ > 0.

Note that the parameter k! does not explicitly appear on the right hand side of the above bounds as it has
already been substituted for in the calculation.

Related literature. Research on the direct estimation of the mixing coefficients is relatively scarce. In
the asymptotic regime, [Nobel (2006) used hypothesis testing to give asymptotically consistent estimates of
the polynomial decay rates for covariance-based mixing conditions. [Khaleghi and Lugosi (2023) proposed
asymptotically consistent estimators of the a-mixing and 3-mixing coefficients of a stationary ergodic process
from a finite sample-path. Since in general, rates of convergence are non-existent for stationary ergodic
processes (see, e.g. |Shieldd (1996)), their results necessarily remain asymptotic and no rates of convergence
can be obtained. An attempt at estimating S-mixing coefficients has also been made by McDonald et al.
(2019). Despite our best attempts, we have been unable to verify some of their main claims and have particular
reservations about the validity of their rates. More specifically, their main theorem (Theorem 4) suggests a rate
of convergence of order log(n)n~'/2 for their estimator, independently of the dimension of the state-space
and under the most minimal smoothness assumptions on the densities. Given that under these conditions a
density estimator is known to have a dimension-dependent rate of about n~/(2+%) even when the samples
are iid (Giné and Nickl, 2021, pp. 404), it is highly unlikely that a dimension-independent rate would be
achievable for an estimator of the 5-mixing coefficient. We would like to point out that an interesting body
of work exists for a different, yet related problem, concerning the estimation of the mixing times of finite-
state Markov chains (Hsu. et al), 2019; [Wolfer and Kontorovich, 2019; [Wolfer, 2020). We believe that the
techniques developed in this line of work may have strong links to the estimation of the a-mixing (as opposed
to the S-mixing) coefficients of finite-state Markov chains.

2 Preliminaries

In this section we introduce notation and provide some basic definitions. We denote the non-negative integers
by N:={0,1,2,...}. If s € (0,00), then we let s = [s] + {s} be decomposed into its integer part [s] € N
and a strictly positive remainder term {s} € (0, 1]. In particular, if s = ¢ forany ¢ > 0 € N then, [s] =i — 1
and {s} = 1. As part of our analysis in Section we impose classical density assumptions on certain
finite-dimensional marginals of the Markov chains considered. The densities satisfy standard smoothness
conditions as controlled by the parameters of appropriate Besov spaces.

Besov Spaces B;  (R%). For an arbitrary function f : R* — R and any vector h € R? let Ay, f(z) :=
f(x + h) — f(z) be the first-difference operator, and obtain higher-order differences inductively by A} f :=
(Ap o A7~ f forr = 2,3,.... Denote by L,(R%), p > 1 the L, space of functions f : R? — R. For
s > 0 the Besov space B (R?) is defined as

B} o (RY) = {f € LR : |l 5 _ray < 00} 3)

: —s T d
with Besov norm ||f||B;Ym(Rd) = [[fllh + SuPgcrcoct ™ sUP L <4 | A% fll1 where |v] = > iy |vil for
v = (v1,...,v4) € RY and r is any integer such that » > s (Bennett and Sharpley, [1988). Denote by



wy (R9), r € N the Sobolev space of functions f : R? — R. We rely on the following interpolation result
concerning W (R%) and B5  (R?).

Remark 1. As follows from (Bennett and Sharple), 1988, Proposition 5.1.8 and Theorem 5.4.14) for any
ro, 11 € Nand ¢ := (1 — 6)rg + 6r1, 0 € (0,1) it holds that

ro (R d 1 (o d d ro (T d r1(mod
W, (R)ﬂWp (R)‘—>B;7OO(R)<—>WP (R)—FWP (RY). @)

Ifro < 11, then the left and right hand sides of (&) reduce to W (R?) and wpe (R%) respectively. Further-
more, in this case we have ||f||B; &) = |[fllwromay. To see this consider the K-functional

K(f,t; Wpe(RY), Wyt (RY)) == inf{|| follywro ay + tI fillwrr may : f = fo + fr}

and observe that by (Bennett and Sharpley, 1988, Theorem 5.4.14 and Definition 5.1.7) we have || f || By L (RY) =
Dy 10K (f, 15 W0 (D), W (RY) > K (f, 1; W (RY), W (R) > w0t (| follyzo e+ fr o e
[ = fotf1} = | fllwyo way- In particular, consider the Besov space B; o (RY) for some s € (0, 00) and take

0 ={s}/2, ro = [s] and r1 = [s] + 2 for the above convex combination. Then || f|

B; (R%) > HfHWl[S](Rd)'

3 Problem formulation and main results

We are given a sample Xy, X1,...,X,,_1 generated by a stationary geometrically ergodic Markov chain
taking values in some 2~ C R. As discussed in Section 2] such a process is known to have a sequence of
[B-mixing coefficients of the form

B(m) <n* e ™ meN

for some unknown constants 7*, v* € (0, 00). The mixing coefficient §(m) and its rate are unknown, and
our objective is to estimate its rate parameters n* and v*. We focus on two different settings, depending
on the state-space. First, in Section we consider the case where the process is real-valued and its one
and two-dimensional marginals have densities with respect to the Lebesgue measure. Next, in Section [3.2]
we consider the case where 2" is finite. In this setting we do not require any density assumptions, and are
able to control the estimation error simultaneously for multiple values of m. This is stated in Theorem [3
The following notation is used in both settings. For each m € N, denote by P, the joint distribution of the
pair (X, X,,) so that for each U € B(2°?) we have Pr({(Xo, X,n) € U}) = Pn(U). By stationarity,
Pr({(Xt,Xm+t) S U}) = Pm(U), teN.

3.1 Real-valued state-space

We start by considering the case where 2 is any subset of R. We assume that P, has a density f,, :
R? — R? with respect to the Lebesgue measure A on R?. Denote by Py the marginal distribution of
X, t € N whose density fy : R — R with respect to the Lebesgue measure A on R can be obtained
as fo(z) = [; fm((z,9))dA(y) for x € R. It follows that B(m) = % [oo|fm — fo ® foldXa. For
some fixed k € m+ 1,...,|[n/8] let N = N(k,n) := Lzzlk—:_kl)J and define the sequence of tuples
Zi = (X2ih+1)> X2i(k+1)4m)s @ = 0,1,2,..., N — 1. Define the Kernel Density Estimator (KDE) of
z — Zl
N

fm as
N 1
o) = i 25 (577 ®

with kernel K : R? — R and bandwidth h > 0. Marginalizing we obtain an empirical estimate of fj, i.e.
fon(x) := [ fm,N(x,y)dA(y). We define an estimator of 3(m) as

~

1 —~ —~ —~
Bn(m) = 3 /R oy = Fon ® fonlds ©)

4



where ® denotes the tensor product. Note that to simplify notation in (3) and (@), we have omitted the
dependence of N on the choice k. An optimal value for k, denoted, k* is provided in Condition 2l In our
analysis we make standard assumptions (see, Condition 2] below) about the smoothness of f,,, and the order
of the kernel K in (B)). Recall that a bivariate kernel is said to be of order ¢ if

L) = 3 [ ol 2P K (2)dha(z) < o0
i,jEN Zl;Z2)GR2
i+j=~L
2. K(2)d)\2(2) =1 and/ zizéK(z)d)\g(z) =0forallz, jeN, i 4+j </
z€R2 z=(z1,22) ER2

Condition 2. The density fm € B} . (R?) for some s > 1 and || 1| Bs _®2) < Afor some A € (O oo) It

is further assumed that the (™ moments of the pair (X1, X) areﬁnltefor £=1,...,[s], and fR2 )(1+
[2112)dX2(2), [go K2(2)(1+||2]|?)dA2(2) < co. While the parameters n* and v* are unknown some lower—
bound v < ~* and some upper-bound nn > n* are given. The estimator BN(m) given by (@) for m =
1,...,k" is obtained via

i. a convolution kernel K of order [s] such that ¢y := [, |K(2)|dA2(2) < oc.

[¢]
L] PInE=-R
ii. and a bandwidth of the form hy = (cA)” BT ([s] 1) T o

cls) (K)
[s]!
[s] 1 .
co)(L1) T (cA) I with L3 = 2+ fR2 YA+ (|22 dX2(2) [oo K2(2)(1 + [|2]|*)dA2(2).

and N = |3 k*+1)J with k* = %(log%—k(ggig)logn), and C = (2 +

where, ¢ =

We are now in a position to state our main result, namely, Theorem [3 below which provides bounds on the
estimation error of 3 N given by (6), when the assumptions stated in Condition 2] are satisfied. Note that
this condition is fulfilled by a number of standard models. For instance, consider the stationary, geometri-
cally ergodic AR(1) model X;11 = aX; + ¢, t € N, where ¢, ~ N(0,0?) for some ¢ > 0 and where
Xo ~ N(0,0%/(1 — a?)) for some a € R with |a] < 1. All of the finite-dimensional marginals of this
process are Gaussian; in particular, its marginal and joint densities fy and f,,,, m = 1,2, ..., being infinitely
differentiable, lie in any of the Besov spaces that we consider in this paper.

Theorem 3. Under the assumptions stated and with the parameters defined in Condition[2] for each m €
1,..., k" we have

)
E|B(m) — B (m)] < * T (

1+ log% + 2logn)
[s]
Moreover, with probability 1 — (2 + 8C log(% + % log n) ) n~ 2612 it holds that

,\ 6]

|B(m) — By (m)| < 64(1 + 2 3)(C1+ Calog(n) + 7|110g( Y~ T,

where

1 n S [ 12 [3] -1 [s1+2
— — —- +1 [s] 1
€1 = log () [ 3E0™ )7 + Aea) ( ,

_ 4K my, 3
Cy = S log (80) + 2 3(L1)

See SectionHlfor a proof.



3.2 Finite state-space

In the special case where the state-space 2~ of the Markov chain is finite, we can relax the density assump-
tions and obtain an empirical estimate of 3 by counting frequencies. More specifically, in this case, for each
t € N the o-algebra o(X;) is completely atomic with atoms {X; = s},s € 2 . Therefore, by (Bradley,
2007, vol. Proposition 3.21 pp. 88) we have

=3 ) |Pul — Py({u})Po({v})| %)

ueX ve&

where as before, P, and Py are the joint and the marginal distributions of (X, X,,,) and X respectively.
Given a sample Xo, ..., X,,—1, we can obtain an empirical estimate of S(m) in (@) as follows. Fix a lag
of length £ € 1,...,n (an optimal value for which will be specified in Proposition- Deﬁne the sequence
of tuples Z; = (Xogi, Xok(i41))» © = 0,2,...,]\7 1, with N = N(k,n) := |50 k+1 |. For each pair
(u,v) € 272 let ﬁmﬂN((u,v)) =¥ El 0 1{ uv)}( ;). Similarly, for each u € %  we can obtain an
empirical estimate of Py(u) as ]30_’N( ) = ok Zl o L1u} (Xpi). Define

= > Y [Pan{(u,0)}) = Pon({u})Pon({v})] ®)

ueX ve
Theorem 4. Consider a sample of length n € N of a stationary, geometrically ergodic Markov chain
. . n— n3/2
with finite state-space 2 . Define N(k,n) = L2(k—+kl)J, n,k € N. Let k* = %log (\%I%P) and
2/3 2/3 ~

N = N(k*,n), n > max{2|<%”|3 (%) : (I%z) } For everym = 1,...,k* and Bn(m) given
by B) we have,

5 3212 |Pn~1/2 3
Blfvon) - )| < YL (4 o () 4 Do)

Moreover, for € > 0 it holds that

5192 1/2 2
\/_||7 +4|2°|? exp{ e

— )
lo (gzr;;) 482 |*log n

Pr(|Bn(m) — B(m)| > ¢) <

The proof is provided in Sectiond]

In this setting, we are also able to simultaneously control the estimation error forall m = 1, ..., kT where
kT is specified in the statement of Theorem[3l The proof relies on a VC argument which helps replace a factor
of kT (which would have otherwise been deduced from a union bound) with a factor of log kT

Theorem 5. Consider a sample of length n € N of a stationary, geometrically ergodic Markov chain
with finite state-space 2 . Define N(k,n) = L2(k+1)J nk € N. Let N = N(kT,n) with kT :=

% log (ﬁ) and n > max { 8V Py } For By given by ®) we have,

8v2| 2 |2 log(n| Z|) nYy ’ 8V2| X |
5 8v2 2 ['n~"/ log(n] 2')) < ( nryn ) )
E[ sup [Bn(m)—pB(m)]] < 1+ log -
[mel ,,,,, Kt B (m) (m)l] 0l 8v2|.Z |2 log(n|Z|)

_____ Kt |BN(m) — B(m)| > ¢) is at most

2 ~-1/2 2
4\/_|3{| log(n|2"|)n + 16|%|2 log <3|23$| log(nz/‘a,yz/‘s )> exp {_ yne }

nyn3/2 4
10{-’;(8’]5‘%‘2) 3072|Z |4 logn

Furthermore, for € > 0 the probability Pr(sup,, ¢

The proof is provided in Sectiond)



4 Proofs

In this section we provide a proof for our theorems. A common ingredient in all three proofs is a coupling
argument for time-series, which allows one to move from dependent samples to independent blocks. This
is facilitated by Lemma 6] below, which is a standard result based on, commonly used in the analysis of
dependent time-series, see e.g. (Levental, [1988; [Yu, [1994; |Arcones and Yu, [1994). For completeness, we
provide a proof of this lemma, which in turns relies on a coupling Lemma of [Berbee (1979) stated below.

Lemma 6. Let X;, i € N be a stationary sequence of random variables with B-mixing coefficients 5(j), j €
N. For afixed k, £ € NletY; = Xiq0),- -, Xint(it1)e Jor i € N. There exists a sequence of independent
random variables Y;*, i € N taking values in R and have the same distribution as Y; such that for every
1 € N we have,

Pr(Y;" £ Yi) < B(k).

Lemma 7 (Berbee (1979)). Let X and Y be two random variables taking values in Borel spaces S, and
Sy respectively. Denote by U a random variable uniformly distributed over [0, 1], which is independent of
(X,Y). There exists a random variable Y* = g(X,Y,U) where g : S1 X Sz x [0,1] = Sa such that Y* is
independent of X and has the same distribution as Y, and that Pr(Y* #Y) = f(0(X),o(Y)).

Proof of Lemmal6l Let U;, j € N be a sequence of i.i.d. random variables uniformly distributed over [0, 1]
such that each Uj is independent of o({Y; : i € N}). Set Y;" = Y;. By Lemma 7] there exists a random
variable Y7* = g1 (Y, Y1, U1) where g; is a measurable function from R x R x [0, 1] to R? such that Y7* is
independent of Y, has the same distribution as Y; and Pr(Y7* # Y1) = B(o(Yy),0(Y1)). Similarly, there
exists a random variable Y5 = go((Y', Y7*), Y2, U2) where go is a measurable function from (Rf)? x R¢ x
[0,1] to R such that Yy is independent of (Y, Y7*), has the same distribution as Y3 and Pr(Yy" # Ya) =
B(o(Yy, Y{*), o(Y2)). Continuing inductively in this way, at each step j = 3,4, ..., by Lemmal] there exists

a random variable Y;* = g; (Y5, Yy",...,Y;" ), Y;,U;) where g; is a measurable function from (R®)7 x
R* x [0,1] to R such that Y* is 1ndependent of (Yo", Y7*,..., Y/ |), has the same distribution as Y; and that
Pr(Y; #Y;) = Blo(Yy ,Yl sy Y ), 0(Y;)). It remains to show that B(a (Y, Y7, ..., Y ), 0(Y;)) <

B(k) for all j € N. To see this, first note that Y;; = Y, by definition, and that for each ¢ € N, it holds that
Y eo((Yy, YT, ..., Y ), Y;,U;), we have

o(Yo, Y. Y ) CU VY, )

whereU; = o(Us,...,Uj—1) and V; = 0(Yy,Y1,...,Y;_1). Take any U € U; and W € o(Y;). We almost
surely have,

P(UNWI|V,) =E1ylw|V))
=E(E (1ylw|V; Va(¥;))|V;) since V; C o(Y;) V'V,
=EQAwE 1u|V; Va(Y;)) |V;) since W € o(Y;)
=EQ1wE1y)|V)) since U; is independent of o (Yo, ...,Y;)
— PW)PWIV;)
= PUV,)P(W|V;) since U; is independent of V;

Therefore, and U/, V; and U(Yj) form a Markov triplet in the sense of (Bradley, 2007, Vol. 1 Definition 7.1
pp- 205). Thus, as follows from (Bradley, 2007, Vol. 1 Theorem 7.2 pp. 205) we obtain,

BU; v Vj,a(Yj)) = B(Vj,0(Yj))- (10)
In light of (@) and (I0), and noting that by construction 5(V;,o(Y;)) < 8(k) we obtain
6(0(%*7Y1*7"'7§/}tl)7 ( ))<ﬁ(u \/Vjvo( ))<B(V770( ))<B( )



Proof of Theorem[3] Given the sample Xo, ..., X,,, consider the sequence Z; = (Xoj(k+1)s X2i(k+1)+m)
withi =0,1,2,..., N —1where N = N(k,n) := | 5571 k+1)J for some fixed k € m+1,..., |n/8]. (As part
of the proof, we propose an optimal choice for k, see m ) Enlarge €2 if necessary in order for Lemmalgl to
be applicable. As follows from Lemmal6] there exists a sequence of independent random variables Z}, i =

0,1,...,N — 1 each of which takes value in R? and has the same distribution as Z;, i = 0,1,..., N — 1,
with the additional property that
Pr({3ie0,....N—-1:Z #+7Z;}) < N3(k) (11
Define the KDE of fy, through Z*, i =0,...,N — 1
(0= sz L1 ()
with the same kernel K : R? — R and bandwidth hx > 0 as in (3) and let
Bi(m / |f;1N fON®fON|d)‘2 (12)

where f0 N@) = [ o N (T ) AN (Y).

1fo@ fo— Jon ® Jowlh

= [ [156@50) = fix ) fixiixa i

-/ / o)foly) = F5 (@) 1o(0) + i @) o) = T3 (@) iy ()N @aNG)

< [ 5o [ 150) = Bn@IN@D0) + [ 1w | o)~ Fin @A ware)

> (1+CO)||f0_fO,N”1 (13)

where co = [g. | K (2)]dX2(z) as specified in the theorem statement. It follows that

m) = By ml = 5 | [ 1= fo fldha = [ 1By = o ® Tl

IN

. ‘/ (1f = Fooe| + 10 © fo = T © Fonl) dhe

1 Tx 1 Tx Tx

3 / |[fm = frnnldAz + 5 / |fo® fo— fon ® fo,nldA2
1 N 1 Tx Tx

= §||fm — fmonll + §||f0 ® fo—fon® fonl

1 ~ ~
5 (1= Fruw Il + 4 co)llfo = Fonln) (14)

where (I4) follows from (I3). Next, it is straightforward to check that if f,, € Bf_ (R?) with || f||p: _(r2) <
A, then fo = [ fmdX € Bi (R) with || f||p: (=) < A. Moreover, observe that, as follows from RemarkIIL
forall f € B;_(R) and g € B (R?) we have HfHW @) < _(®?)
Therefore, with the choice of bandwidth % specified in the theorem statement by (Grne and Nrck] 2021
Proposition 4.1.5 and Proposition 4.3.33) and an argument analogous to that of (Giné and Nickl,[2021|, Propo-
sition 5.1.7), we obtain,

IN

-~ ~ ]
sup B[ fgn — folih < ON 26T (15)
fo:llfllBy <A



sl
where C' = 2(Ly) T+ (cA) T Similarly, by (Giné and Nickl, [2021, pp. 404) we have,

~ ~ __Is]
sup Ellfon = fml < ON 2T (16)
fm:”fHBfm(RZ)SA

Set C' := (2 + ¢)C/2. Define the event E := {Z} = Z;, i € 0,..., N — 1}. We obtain,

E|B(m) — By (m)| < E|B(m) — By (m)| + E[|Bx (m) — By (m)| | E°] Pr(E°) (17)
< E|B(m) — By (m)| + 2NB(k) (18)
< ON™7% 1+ 2NB(k) (19)
< CN~ + 2Npe ¥ (20)

[s]
4k RO R
gc(n_4k) + e @1
<c (8k> + ek 22)
n k
L i—— 23)
n2lsl+2

where (I7) follows from triangle inequality and observing that under E the estimators B n and B}‘v are equal,

(138)) follows from (1)), (I9) follows from (I4),(T3) and (T&), 20) follows from observing that 5(k) < 1 and
the geometric ergodicity of the chain, and 1) and 22) follow from the definition of N and the fact that
2 < k < |n/8]. Optimizing (23) for k we obtain

L1 o, (3ls]+2
k* = (lo 80+< [S]+2)10gn) (24)

which in turn leads to

N ]Cn
E|B(m) — Bl (m)| < # (1 +log % " 2logn) 25)

This completes the proof of the bound on the expected error. For the high probability bound observe that
(Giné and Nickl, 2021, Theorem 5.1.13) states that for all £ > 0,

Pr(N|fpn = E(fn)ll = B/2)NE| 5, v — E(fi )l + V2NEK L + 5] K[) < e (26)
Furthermore, E(ﬁ;N) = Kpy * fm, where K, (z) = (1/h)K (x/h) for h > 0,2 € R2. Hence,
o n = Fmlls < [ fonv = B, )l 4 Ky * frn = fnllr- 27
The latter term can be bounded by using (Giné and Nickl, 2021, Proposition 4.3.33),
1K # fon = fnll < BRI ol g (28)

Note that there is a typo in (Giné and Nickl, 2021, Proposition 4.3.33) which states the result as in the one-
dimensional case. The inequality (28} relies on the remainder term of a Taylor series. The remainder term in
|| - ||1-norm is upper bounded by (Minkowski inequality for integrals)

s1—1 a [s] s]—1
0> L Dl < [0 0l ol

lee|= [S]



where a = (a1, av2) is multi-index of dimension 2, ! = «a1!as!, the integral [s] fol (1- u)[s]’l isequal to 1,
and D f,, is a weak-derivative of f,, : R? — R. Hence,

NI Fon = Fulli < NI Ff sy — E(Fo )l + NARY

u

and with probability at least 1 — e™,
NIFix = fmlls < NARS + (3/2)NE[| i, v — E(F a)ll + V2Nl K |1 + ub|| K1

Recall that Hfm“vvl[S](W)
Hfm”B% (r2) < A, with probability 1 — e~* we have,

< |Ifmlls2 _(r2y and, therefore, from (I6) it follows that for any f,, such that

- s 1
v — frmll1 < AhE\,] + (3/2)CN™261+2 4+ /2u/N|| K||1 + ub|| K|]1/N.

Substituting kv as stated in Condition 2lii, yields that with probability 1 — ™%,

[ fom, 5 = fmlla

2

< [ 3/28 + Aty T <HT—1>H

[s]

__1s]
N7T2 + \/2u/N|| K ||1 + ub||K||1/N.

Similarly, we can bound the difference between f& n and fp in high probability; for u > 0, with probability
1 — e™%, it follows from (13) that

Ilfo® fo—fon®@ fonli/(1+co) < fon— fol

[5)2

~ — 1\ ZzE1+2 s
< [ @/20+ e (B2 N=T57 4 /TN Ky + S| K1/,

Substituting this into (I4) gives that with probability at least 1 — 2e™%,

1B(m) — By (m)|/(1+ co/2)
[s]2
< (3/2)5+A(c/1)ﬁ§%([3]2‘1> ) N 12wV K + us| K /.

Furthermore, with probability

1= NB(k") > 1-8Clog( 2L + 3ls] +2

[s]
1 ) ~ e
8C "2l 12 ®")"

]%Jv = fo.v and f;_’N = fum.n- By setting u = log(n)|s]/(2[s] + 2) we gain that with probability
yn 3 __lsl
— AL fo]
1 (2 + 8Olog(8c + 5 1ogn))n 26T F2
the following bound holds
|B(m) — B (m)| /(1 + co/2)

2
~ 512 — T 2fs]+2 s
< gC+A(cA)_[[“]*1([S]2 1) T N [ Lsllos(n).

([s| +1)N

5[s]log(n)| K |1
: :

]
1K+ (2[s] + 2)N

10



Ll
Finally, observing that N > (n/4k*) > (N + 1)” ==1+2 whenever N > 2

and [s] > 1, and simplifying, we get,

512

[<]
cor [ 3~ _=2 ([s] — 1Y IR
<16(1+—)| 3 A(eA) BT | ——F
_6(+2)<2O+ (cA) ( 5 )
[s)

[S] 5[5] n T 2[s]F2
+ ( EEn (2[s]+2)> log(””K'l) () :

[s]?
(2] — o
Noting that (4k*)*7¥2 < 4k* and letting Oy = = log (3%) <3C+ AleA)™ e ([S]—l) g ]“) and

8

__1s1?
o, = 4H17<H1 log (22) + & < C + AlcA)™ [1+1 ([S]T_l) 2M”),we obtain

|B(m) — EN(mﬂ < 64(1 + %0)(01 + Csylog(n) + % logQ(n))rf%.

O

Proof of TheoremHd] As in the proof of Theorem 3l we use a coupling argument together with concentra-
tion bounds on independent copies. More specifically, consider the geometrically ergodic Markov sample
Xo, .-, Xy, and define the sequence of tuples Z; = (Xo;(kt1), X2i(k+1)4m)> ¢ = 0,1,2,..., N — 1 where

N =N(k,n):=| (k+1)J for some fixed k € m +1,..., [n/8]; as in the continuous state-space setting, an
optimal choice for k is specified later in the proof, see (|ZS[) As follows from Lemmal6] there exists a sequence
of independent random vectors Z; = (Zi*)l, ZZ-*)2) fori =0,1,..., N — 1 each of which takes value in 22

and has the same distribution as Z; such that

Pr({Fie0,....N—-1:Z # Z;}) < Np(k) 29)
Define R R
Br(m) =" > B n({(w,0)}) = Py y({uh) Py ({0})]
ueX ved
where ﬁﬁl_’N((u,v)) =¥ ZZ 0 1{ (u0)} (Z7) and ﬁS‘N(u) = Z?LO 14,3(Z;,). By a simple appli-
cation of Jensen’s inequality and noting that the random variables Z, ¢ = 0,..., N — 1 are iid, for each
z € Z x Z we have,
~ 1 Nl
B[Py n(2) = Pu(2)] < 5 (D B(L(Z]) — E12(2)) /2 < NT1P2 (30)
=0

where the second inequality is due to Var(l{z}(Z ) — ]El{z}(Z»*)) < 1. Similarly, for each v € 2 we
obtain E[| B} y (u) — Po(u)]] < N~1/2. 1t follows that

E| By (m) — B(m)]
< > EPa({(wo)}) = Py x{(w, 0} +2 ) ElR({u}) - B y({u})] €Y

(u,v)e X2 weX
< 2|2 ANTY/2, (32)

11



In much the same way as in the proof of Theorem[3 let £ := {Z; = Z;, i € 0,..., N — 1}, and observe
that E(|8% (m) — By (m)||E) = 0. Moreover, recall that k < [n/8|. We obtain,

E|B(m) — Bn(m)| < E|B(m) — By (m)| + 2N (k) (33)
4k \Y?
<2|2)? (n — 4k> + 2nme 7k

8K\ /2
<2|2°)? (—) + 2nne ="
n
< V3212 P Y2k 4 2nme 7k (34)
where (I8) follows from (29). Optimizing (34) we obtain

3/2
W_q%GMLJ
¥ V8|2

where n is taken large enough so ensure that * > 1 (see (36) below). This choice of k* and n leads to

3 V32| 2 P2 al 3
E[Bn(m) — B(m)] < T (1 + log (\/§|%|2) + §logn> .

(35)

Take N = N(k*,n) = b&j—ffl)J, with £* given by (33) and

2/3 2/3
n > max 1 2|2 (ﬂ) < il ) : (36)
- my | 2|2

Substituting for k* and noting that N < n/k* we have,

. 519 |2n—1/2
Nne_"*k < % (37)
log(Ji77)
On the other hand, by Hoeffding’s inequality, for any € > 0 and each u € 2~ we have,
Pr(| Py ({u}) — Po({ud)| = 55=) < 2e Ne (38)
r u — u X —
o R WP E
Similarly, for each (u,v) € 272 it holds that
Pr(| Py, ({1, 0)}) = Pu({(u,0)})] > 5——) < 2e N (39)
N A E AL W AT

It follows that

Pr(|B3 (m) — B(m)| > €/2)
<Y Pr(|Pu({(uv)}) = Prov({(w,0)})] =

€

A7)

€

2|21

+2) Pr(|R({v}) — By n({u})| 2 )
9 Ne? Ne?
<2|Z| exp{—m} +2|%|exp{—m}

12



N 2
§4I<%”I2exp{——€}

A7

= (40)

<42 eXP{—m} “D

< 4| 2P exp{— e’ 42)
16| 27| (log Eachs 3 log, n)

<42 P exp{- g ) 3)

where, [@0) follows from the choice of N = |_2(k* +1)J 1) follows from recalling that in general, k (and

thus also k*), is less than |n/8], and finally, @2)) and (@3) follow from substituting the value of k* as given
by (24) and observing that by (36) we have % logn > log( i %‘2) Hence, by (29), (37) and (43) we obtain,

Pr(|Bx (m) — B(m)| = €) < NB(K*) + Pr(|Bx (m) — B(m)| > ¢/2)

. Ne?
< Npe 7" +4|%|Qexp{——€}

2127
\/—|£f|2 —-1/2 ”yne2
o 42 Pexp{—————
sty O o

O

Proof of Theorem[3 As in the proof of Theorem[d] we start by a coupling argument, with the difference that
instead of generating 2-tuples, we generate blocks of length £+-1 for an appropriate value of & which we spec-

ify further in the proof. Specifically, given Xy, ..., X, define Z; = (le(k+1), Xoi(ht )15+ > X(2i4 1) k423 )5 T =

0,1,...,N —1where N = N(k,n) := L2(k+1)J for some fixed k € 1,..., |n/8]; an optimal choice for
k is specified later in the proof, see #@9). By Lemmal 6] there exists a sequence of independent random vec-
tors Z; = (Z;O, R Z;k) fori = 0,1,..., N — 1 each of which takes value in .2 °%**! and has the same

distribution as Z such that
Pr ({EJieO,...,N—l:Z*;AZ}) < NB(k). (44)

Define
Bl(m) == > S|P v({(u,0)}) — P y({u}) P v ({0})]

ue X veZ

where ﬁLN((u, ) == £ SN Yy (ZEos Zf,,) and ﬁgN(u) = & S 0 14wy (Zfo). Asin the proof
of TheoremM] for each u € 2 it holds that

E[|P] y(u) — Po(u)]] < N1/, (45)
Define the class of indicator functions
Hi = {hm-: 25 =5 {0,1} 12 € Z X X, hyn2(x) := 1oy (0, Tm), m = 1,..., k}.

It is straightforward to verify that the VC-dimension of H,, is at most log,(|.2"|k). Therefore, as follows
from (Giné and Nickl, 2021, pp. 217) it holds that,

8logy (|2 k) log N
Bl s [P () = Pa(u )] < /a2 I log 6)
mel,..., k
(u,v)e.ﬁ?f2

13



By (43) and (@6) we have,
E[ sup |Bl(m) - B(m)]]

mel,... .k

<E[ sup > [Pa({(w.v)}) =Pl y{w o)) +2 " [R({u}) — Py y({ub)l]

mel""k(u,v)eﬂfz u€ X

<|ZPE[ sup [Pun({(w,0)}) =Pl y{w o))l +2 > E[P({u}) — B y({u})]

mel,...k
(u)eX?

< |%|2\/810g2(|%/v|k) log N T 2|3&”|N*1/2

S 2|%|2\/810g2(|‘%1;|k) IOgN

Together with the coupling argument given earlier we obtain,

uexX

E[ sup |By(m)—B(m)] <E[ sup [BL(m)—B(m)|]|+ NB(k)

mel,... .k mel,... .k

< 2|%|2\/810g2(|£];|k)10gN

< 2|22 1log(N|.2°|)V8N Y2 4 Npe= 7k

< 8122\ 22 tog(n] 2)) + nye—*
n

< 82|27 [P0~ log(n| 2|k + nne 7

Optimizing @8) we have
1 3/2
k= =log ( n )
7 P \8vV2 22 log(n| 27)
with n > % to ensure that kT > 1. This leads to

E[ sup |Bn(m)— B(m)]]

+ Npe= "

mel,... .k
2, —1/2 1/2
< 8v2| 2 |*n log(n|Z)) (1 —|—10g< nyn

aé

Take N = N(k',n) = | 54555, with k' given by (@9) and

8V2(2 [Per
n > max , .
0y 8v2|. 2|

It follows that,

2 —1/2
Mot < VA2 P log(n| 2 )

nyn3/2

log(5v5771)

On the other hand, by Hoeffding’s inequality, for any € > 0 and u € Z it holds that

€

)< 2e _Ne
2277 =P T 22

Pr(|Py y({u}) — Po({u})] >

14

8v2|2°[? log(n] 2])

(47)

(48)

(49)

(50)

(51

(52)

(53)



Furthermore, noting that H,, is a VC-class, by (Devroye et all, 2013, Theorem 12.5) for e > 0 we have,

-~ € . Ne2
Pr( sup [P,y ({(w0)}) = Pul{(w,0)})] 2 50) < Blogy(|2 ) 5T (54)
mel,... k' | |
(u,v)EX?
Therefore, for any € > 0 we have
Pr( sup |B(m) - B(m)| = ¢/2)
mel,... kt
Fay €
<|ZPPr| sw [Pa({(wo)}) - Bl x({w o)D) 2 5o
mel,... k' | |
(u,0)EX?
#23 P (I((e)) = Rl (D) 2 55 )
2 T N62
< 8|27 log(| 2 |k") exp “ToR|Z + 2|2 | exp (55)
Née?
2 1 n€2
< 16|27| log(| 2" [k )eXP{—W} (56)
3| yne?
< 16|32//|210g < | | log( 2/3 2/3 )) exXp {—W} (57)

where, (33) follows from (33) and (34), (36) follows from the choice of N = LQ(M J:l)J and noting that in
general all k£ (and thus also k") are taken to be less than |n/8], G2 follows from substituting for the value

of kT as given by (@9) and observing that by (5I) we have (nI;”\) > 5 2 W. Hence, by @4), (32)
and (37) we obtain,

Pr( sup [Bn(m)— B(m)| > €)
m=1,...,kT

< Nnpe ™' +Pr(_ sup |B}*V<m> —B(m)| = ¢/2)

4\/—|«%”|210g(n|<%”|)

n3/2
log( 2L

3|2 yne?
16127121 21 1, 2/3.2/3 =
el Og( 27 10801 ATn) | exP A~ 3 T og

and the result follows. O
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